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Abstract

Contextual Stochastic Bilevel Optimization (CSBO) extends standard stochastic
bilevel optimization (SBO) by incorporating context-dependent lower-level prob-
lems. CSBO problems are generally intractable since existing methods require
solving a distinct lower-level problem for each sampled context, resulting in pro-
hibitive sample and computational complexity, in addition to relying on impractical
conditional sampling oracles. We propose a reduction framework that approximates
the lower-level solutions using expressive basis functions, thereby decoupling the
lower-level dependence on context and transforming CSBO into a standard SBO
problem solvable using only joint samples from the context and noise distribution.
First, we show that this reduction preserves hypergradient accuracy and yields an e-
stationary solution to CSBO. Then, we relate the sample complexity of the reduced
problem to simple metrics of the basis. This establishes sufficient criteria for a basis
to yield e-stationary solutions with a near-optimal complexity of O(e~3), matching
the best-known rate for standard SBO up to logarithmic factors. Moreover, we
show that Chebyshev polynomials provide a concrete and efficient choice of basis
that satisfies these criteria for a broad class of problems. Empirical results on in-
verse and hyperparameter optimization demonstrate that our approach outperforms
CSBO baselines in convergence, sample efficiency, and memory usage.

1 Introduction
Many real-world optimization tasks involve solving a bilevel problem where the lower-level (LL)

solution depends on the upper-level (UL) uncertainty (or “context"). We formalize this structure as
the following Contextual Stochastic Bilevel Optimization problem (CSBO):
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where ¢ is the context, 77 the LL uncertainty, and g is strongly convex w.r.t. y for any given z, £
to ensure that y*(x, £) is uniquely defined. Compared to standard Stochastic Bilevel Optimization
(SBO), CSBO is significantly more challenging since the LL must be solved for every realization

of £. SBO methods achieve e-accurate solutions with a sample complexity of O(e~%) [} 2] and
up to 0(6’3) with variance reduction methods [3} 14, 13, 16, [3]. CSBO can be solved naively by
solving the LL problem from scratch at each UL iteration, achieving an e-stationary point with
O(e~°) samples, or by partitioning the context space to approximate the problem with an SBO with
multiple subproblems. Existing CSBO methods based on multilevel Monte Carlo reduce the sample
complexity to O(e~*) [7] but typically assume access to a conditional sampling oracle P, ¢, and their
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practical performance depends on the existence of a reference point yo(z) that is independent of &
and close to y*(z, £).

A

We propose a reduction that parametrizes the LL solution with yo (W (), &) = W (z)®(§) where
® : = — RV is a feature map and W (z) € R%*¥ are context-independent coefficients. This
decouples the LL from £ and yields a single LL problem whose uncertainty is the joint (£, 7)
distribution, resulting in the following SBO problem:

Igl]égm F@(Qf) £ ]E(§,77)~P(5m) [f(.]?, Yo (W*(JI), 5) 7£v 77)] (SBOg)
st W)= argmin Eeyper, 9@ ye (V.6 .Em)], Vo e RE
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As aresult, (i) only i.i.d. joint samples are required (no conditional oracle), (ii) with a suitable choice
of @, the strong convexity of the LL is preserved, and (iii) off-the-shelf SBO solvers can be used
to solve the reduced problem. While recent approaches propose to solve a surrogate for the UL
or LL objective [8, 9} [10, [11} [12] [13]], their complex structure does not enable deriving tight error
guarantees.

Our work makes the following contributions:

1. Valid Reduction. We show that an e-stationary solution to the original CSBO can be
constructed from an 62 -stationary solution to the reduced SBO.

2. Basis-dependent complexity. We express the regularity constants of the reduced

problem in terms of two simple basis metrics: the magnitude Mg (e) and the non-
degeneracy mg(€). We then show that existing SBO solvers yield a sample complexity

O (e *poly (Mg (€), 1/ma(e))). N
3. Near-optimality with Chebyshev basis. Bases satisfying Mg (€) = O(1) and 1/mq(€) =
O(1) yield a near-optimal sample complexity O(e~3). Under mild assumptions on g and

P¢, we show that the Chebyshev basis is such a basis - matching the sample complexity
lower bound for nonconvex stochastic optimization up to logarithmic factors.

2 Main Results

Throughout the paper, we make the following assumptions about problem (CSBO)).

Assumption 2.1.

(i) The functions f, Vf, Vg, and V?g, are Lo, Lf1, Ly1, and L, o-Lipschitz continuous
with respect to (z, y) for any fixed (£, n), respectively.
(i1) The function g is p-strongly convex with respect to y for all x, £, and 7.
(iii) If  ~ [Py, then the gradients V f(z,y,&,n), Vg(z,y,£,n), and Vig(z,y,&,m), are
unbiased and have variance bounded by O'J%, 03)1, and o , uniformly across all z, y, and &,
respectively.

For a given countable basis ®, we let ®¢ : £ — R” denote the smallest mapping whose components
are the first NV elements of ® and that satisfies for some W1 : R% — Rdv*N:

2
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Ee ||y (W (2),8) —y*(z,8)| < KL, Vo € R, (1)
where K is a constant depending only on the regularities of f and g.

Our first theorem states that by working in the ®¢-parametrized space, any off-the-shelf SBO solver
can be used to solve the CSBO instance.

Theorem 2.2. Suppose that assumption 2.1 holds, and let ® be an expressive basis. If (z*, W*(z*))
is an —=-stationary solution to , then (z*,& — ype (W*(x*),£)) is an e-stationary solution
to (CSBO).

Since the upper and lower level expectations of (SBOg-)) are both taken over IP(¢ ,,), one can obtain
a solution to CSBO without a conditional sampling oracle. Moreover, if ® induces a smooth map




& — yoe(x, ), then a gradient step at a given £ generalizes to its neighbors, yielding computational
efficiency and guarding against overfitting to context-specific noise.

Next, we show that the reformulation can be solved efficiently as it satisfies the assumptions
of [3]] with Lipschitz constants and variance bounds that depend on Mg (€) and mq (€). Substituting
these regularity coefficients into Theorem 1 of [3]], we obtain the following result.

Theorem 2.3. Suppose that assumption 2.1\ holds. Then, an e-stationary solution to can be
achieved with a sample complexity in o E% - poly (Mq> (€), m))

Fundamentally, this Theorem shows that the sample complexity of (SBOg<|) scales polynomially in
Mg and 1/me. Specifically, the complexity remains well-controlled when:

1. the magnitude of ®¢ grows slowly, ensuring that the Lipschitz and smoothness constants
of the reformulation remain comparable to those of the original problem, and avoiding the
need for significantly smaller step-sizes.

2. the conditioning of ®¢ decreases slowly, guaranteeing that the reformulation’s lower level
retains a pronounced strong convexity.

Under these two favorable regimes, the number of iterations and samples required to obtain an
e-accurate solution to (SBOg)) is tightly controlled. Theorem [2.3]also reveals that a basis satisfying

Mg (e) = O(1) and 1/mq(€) = O(1) yield a near-optimal sample complexity of O(e~3).

Under mild additional assumptions on the regularity of g and the joint distribution P(¢ .,y given below,
we show that the basis of Chebyshev polynomials is such that the growth of Mg (€) and mg (¢) is
sub-polynomial in e ~!. These assumptions are formalized as follows.

Theorem 2.4. Suppose that Assumption 2.1 holds, along with the following conditions:

(c.1) The cardinality of Z is finite, or there exists ¢ > 0 such that the density of P¢ is lower
bounded by c on E.

(c.2) The support = is bounded.

(c.3) The function G(z,y,&) = Ey¢ [9(x, y, &, n)] is analytic in (y, £) for any fixed x.

Then the Chebyshev polynomial basis ® satisfies Mg (€) = O (1) and mg' (€) = O(1).

This Theorem uses the exponentially decreasing uniform error of approximation of Chebyshev series
(14} (150 116k 17, 18L119]. We extend these convergence results to multivariate analytic functions, and,
combined with the fact that real-analytic functions are analytically continuable in an open complex
set, show that the number of basis functions required for @€ to satisfy (I) grows sub-polynomially in
¢~ L. Along with Theorems and it follows that one can reduce (CSBO) to (SBOg-:)) using the
Chebyshev basis and solve the latter with O(e~?) samples as the terms involving Mg and 1/mg in
Theorem [2.3] collapse into polylogarithmic factors.

Corollary 2.5. Under the conditions of Theorem[2.4, an e-stationary solution to (CSBO) can be
achieved with a near-optimal sample complexity of O (6_3).

3 Numerical Experiments

Although standard SBO covers a broad range of settings, it becomes computationally impractical
when the LL problem is context-dependent or when a large (potentially infinite) number of LL
problems must be solved. CSBO addresses these limitations by making the LL approximation more
expressive and scalable, thereby enabling us to solve complex problems ranging from hyperparameter
optimization [20} 21]], inverse optimization [22], meta-learning [23]], reinforcement learning from
human feedback [24], and personalized federated learning [25].

We compare our proposed reduction framework against STOCBIO [[1] applied to discretized SBO
approximations of CSBO. For STOCBIO[N], the context space Z is partitioned uniformly into N
intervals, each treated as a subproblem, yielding a SBO formulation with N subproblems.

Our method, denoted R [N], uses the first N elements of the basis ® and STOCBIO[1] as a backbone
to solve the reduced SBO problem. We experiment with monomial, Chebyshev, and Fourier bases; we
report only Chebyshev and monomial results, as Fourier and Chebyshev perform nearly identically in



that setting. Importantly, for any fixed N, STOCBIO[N] and R¢[N] have identical memory usage:
d, + Nd,, enabling a fair comparison under fixed resource constraints.

We consider a temperature-dependent data-cleaning task inspired by [26], a challenging hyperparam-
eter optimization problem. In this experiment, we aim to train a linear classifier for MNIST [27]
where a fixed fraction p = 0.3 of the training labels have been randomly corrupted. Here, the UL
seeks to weight the training points to minimize the expected validation loss across a distribution of
model temperatures P¢, while the LL computes, for each &, the model parameters y by minimizing a
weighted and regularized training loss. Formally:

min - Bevp Ep~p,, [Le(y™(2,8); D)] 2
st. y*(z,8) =argminEp.p,,, [J(x)ﬁg(y; D)+ )\Hy||2]
Y

where L¢ is a temperature-specific convex loss, and P¢, Dyq1, and Digin, denote the distributions over
temperatures, validation data, and training data, respectively. This CSBO formulation encourages
robustness to label noise while generalizing across temperatures.
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Figure 1: Moving average of the validation (left) and training (right) losses over epochs of stocBiO
as well as monomial and Chebyshev bases on hyperparameter optimization.

Figure[I] compares our method R [N] against STOCBIO[N] baselines. By discretizing the context
space into N subproblems, larger N with STOCBIO[N] yields lower final validation loss at the cost
of slower convergence. The high training loss of STOCBIO[N] indicates its inability to accurately
estimate y* across all contexts and adapt to new training weights. In contrast, our method cuts
computational overhead by learning global coefficients across all contexts. As a result, Rcnebyshev[ZV]
delivers both the fastest convergence and the lowest final training and validation losses. In comparison,
the monomial basis lacks the expressiveness to substantially improve the accuracy of the lower-level
solution approximation as [N grows.

Due to space limits, we provide a second experiment on inverse optimization in Appendix[A.2] further
supporting that, by leveraging the continuity of y*, the parametrization can achieve similar or better
accuracy using an order of magnitude less memory or, with the same memory budget, an order of
magnitude lower optimality gap.

4 Conclusion

We presented a framework that reduces any Contextual Stochastic Bilevel Optimization (CSBO)
problem to a standard Stochastic Bilevel Optimization (SBO) problem by parameterizing the lower-
level solution with expressive feature maps. This decouples the context from the lower-level decision
and removes the need for conditional sampling oracles. Under smoothness and strong-convexity
assumptions, we showed that choosing Chebyshev polynomials as a basis yields a sample complexity
of O(e~3), an order-of-magnitude improvement over existing CSBO methods and matching the
lower bound for nonconvex stochastic optimization up to logarithmic factors. Experiments on
hyperparameter tuning and inverse optimization confirm faster convergence, lower final loss, and
reduced memory compared to baselines. More broadly, this work helps bridge the gap between
CSBO and SBO, offering a principled and efficient method that advances our understanding of bilevel
optimization in context-rich learning environments.
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A Further Specifications on Numerical Experiments

Experiments are run in parallel on an AMD EPYC 9734 processor. Each individual run uses 16MB
for a runtime ranging from 10 to 90 minutes, depending on the application and parameters used.

We omit the DL-SGD and RT-MLMC schemes [7] from our benchmarks because of their inner-loop
strategy: both schemes use start from an arbitrary yg and use the EPOCH-GD algorithm of [28]]
without the projection step. The convergence of these schemes thus relies on a choice of lower-level
step-size By < 1/L, 1, potentially preventing the recommended choice of 8y = 1/(44). In practice,
those schemes perform best when either:

1. {y*(x,€&) : & € =} is contained in a small ball around some yo(z), where yo(x) is known
or estimable from previous iterations.

2. The lower-level problem is sufficiently well-conditioned that only a few inner-loop steps
suffice for convergence.

In our experiments, such a yo(z) does not exist since the lower level solutions y*(z, -) vary sub-
stantially in £. Furthermore, depending on the inner-loop step size, the solution either diverges or
requires a large number of steps to provide a reasonable estimate of y* (and thus V F'), resulting in an
excessive runtime.

A.1 Hyper-parameters Optimization

We compare the performance of our proposed algorithm with stocBio, a reference algorithm that
outperforms other baseline algorithms BSA, TTSA, HOAG on the MNIST Data Hyper-Cleaning task,
a hyperparameter optimization problem. The dataset consists in 19,000 for training and 1,000 images
for validation. The objective of Data hyper-cleaning involves training classifiers on a dataset where
each label has been randomly and independently corrupted with probability p; that is, each label is
replaced by a random class with chance p. The classifiers have losses with different temperatures.
Formally, the objective function is:

. 1
min: Eepe |51 D, L@ 9Xi/9).Y)
Y (X,Yi) €D

. o@)LyXi/€),Yi) + Ayl

(X4,Y3) € Dain

st. y*(z,&) = argmin ——
( ) gy ‘,Dtrain|

where L is the cross-entropy loss and o(-) is the sigmoid function. Here P, = #/(0.1,10) and
we choose the regularization parameter A = 10~3. The results are averaged over 20 randomized
trials. We use a batch size of 512 and use grid search to choose: the inner-loop stepsize 3 from
{0.001,0.01,0.1, 1,10}, the outer-loop stepsize o from {10* : k € [-5,5]}, and the number of
inner-loop steps Tpner from {1,10,100}. We choose a number of samples K = 10 and a scaling

~ . ~1
s = 1072 to approximate (E,~p,  V3,9(x,y,&,n))  ass- Hle (I —5-Vig(z,y,&m)).

A.2 Inverse Optimization

We consider the Static Traffic Assignment (STA) problem [29], which models network equilibrium
flows under fixed origin-destination (OD) demand. Using Beckmann’s convex-potential formulation
and introducing a penalty for constraint violations, we cast inverse capacity estimation as a CSBO
problem:

lein E(E,n)wp(g,n) ||y*($7§) - 77” (3)
Ye
sty (z, &) = argminZ/ te(z;x)dz + Ae(y)
v ece /0

where y*(z, £) is the equilibrium flow given edge capacities = and OD demand &, 7 is the correspond-
ing noisy observation of that flow, . is the edge performance function relating the flow to the travel
time, and ¢ (y) penalizes infeasible flows and the violation of OD pairs demand constraints.



We simulate a two-edge network with a single OD pair. We use the edge performance function
B
te(y;2) Etoe - (1 +a (Z—e) ) with @ = 1 and 8 = 4. To penalize negative flows and violation of

the travel demand &, we define

2

+
Ai(y) £ Ademand * (5 - Z ye) + )\Jr : Z (ye_)z

eef ec&

where 2 (resp. z7) denotes the positive (resp. negative) part of 2, Agemana = 100, and Ay = 50. Note
that one only needs to penalize insufficient total flow since the edge performance function is strictly
increasing with respect to the flow y. The results are averaged over 50 runs, with 95% confidence
intervals assuming normally distributed errors across runs. Each run uses a synthetic dataset generated
with the following procedure. The free flow travel times ¢y and ground truth capacities =* are sampled
from the uniform distribution supported on [1,2]I¢! and [0.2,0.8]!€l, respectively. We generate
Nwain = 1000 training samples by drawing each context £ independently from a standard uniform
distribution. For each &, we compute the corresponding optimal flow y* (z*, €) using gradient descent,
and set n = y*(z*, &) + € where € ~ N(0, o). We resample the noise € until 77 is non-negative. We
follow the same procedure for the n.y = 1000 samples forming the test set. We follow the same
steps as gn the hyperparameter optimization experiment to select «, 3, Tinner, and set K = 10 and
s=10"".

For every trial, we sample a ground truth capacity vector * and generate training and test sets
with 10% i.i.d. samples (£,7n) each. The final solution (Z,#(-)) is averaged over the last 10%
epochs. Performance is evaluated via the test loss F'(Z), evaluated over the test set after computing

the exact lower-level solutions y*(Z,&). We also report the expected lower-level error A, £
Ee||y*(z, &) — 5(€)||* and the the upper-level parameter error A, £ ||z — z*||2.
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Figure 2: Loss F'(Z) (left), lower level solution error A, (center), and upper level solution error A,
(right) of STOCBIO and our reduction framework using monomial, Fourier, and Chebyshev bases.
The reference loss is Fior = F'(x*).

Figure 2] demonstrates the advantage of our CSBO reduction. As few as N = 3 basis functions suffice
to produce reasonable solutions, whereas STOCBIO struggles with instability or excessive sample
requirements. By N = 5, all three bases close the optimality gap to within 3%, while STOCB10
achieves a comparable accuracy at N = 50. Beyond N = 5, the lower-level error stops decreasing
significantly for the monomial basis, while the more expressive Chebyshev and Fourier bases continue
to reduce the error and consistently outperform STOCBIO at every N.

At N = 10, Rchebyshev and Rrourier achieve the best performance, whereas STOCBIO requires
N = 100, and still fails to match training loss. These results validate our theoretical claims:
expressive bases can compactly approximate context-sensitive solutions in CSBO. Compared to
partition-based SBO approximations, the parametrization leverages the continuity of y* to achieve
similar or better accuracy using an order of magnitude less memory or, with the same memory budget,
an order of magnitude lower optimality gap.



B Similarity of Hypergradients
Proposition B.1. Under assumption the following holds for any © € R%=:
IVF(x) = VEpe ()| < K- Eellyac(W"(2),8) —y" (2, 8| Q)

L LyoLg1L LiaL
where K = Ly 1 + 92 £ 4 9’2:2;1 LELNE f'lﬂg’l.

Proof. Let * € Ré. Recall that VF(z) = E¢,[VF(z,&n)] and VFge(z) =
Een) [VEpe(2,€,n)], where:
VF(z,&n) £ Vif(z,y"(2,6),&mn)
~Viag(a,y* (2,).&m) [Varg(@, v (2.9).6m)] ' Vaf(@,y*(@.).6,m)
VFae(2,€,m) £ Vif(z,ya(W*(2),£),&n)
—Viag(w, ye (W*(2),€),€1) [Virg(w, ye (W (2),€),€m)] " Vaf (@50 (W*(2),€),€7)

Consider a sample (&, 7). For readability, we define A, (z,€) £ [lys (W*(2),€) — y*(z,£)|| and:

A(y<1>) = V12g(mqu>(W*('r)a€)’§an) A(y*) V1zg(l' Yy (x’§)7§an)
B(ys) = Vg(z,ye(W*(2),€).&,m)  B(y*) = Vayg(x,y*(2,€),&,m)
C(ys) = Vaf(z,yo(W*(x),£),£,n) C(y*) = Vaf(z,y"(x,€),&m)

We can then write and bound ||V Fg< (z, £, ) — VF(x, &, n)| using the triangular inequality as:

IV Fge(z,&,n) = VE(z,§n)|| < [[Vif(2,ye (W (2),6),6,m) — Vif(z,y*(z,8), &)
+ | A(ya) B(ya) "' Clya) — Aly*)B(y") " Cly")||
< LpalAy(z,8) + [ A(ye) — Al - IBGH 7 - ICWHI
+1B(ya)~ = By - 1 Awa) | - IC(ya)l
+1Cya) — CH) - Ayl - 1 By™) 7!

From the regularity of f, g, and their gradient given in Assumption [2.1] we obtain:
[A(ya) — A(y")|| < Lg,2Ay(2,€)
1 %\ —1 -1 * *\—1 LQ,Q
1B(ya)™" = B(y") "l < 1B(ye)” || - [B(ya) — By")| - [[By") "I < Fﬁy(ax&)

1C(ye) = CYII < LyiAy(x,€)
[A(ye)ll < Lg.1,
A < Lg.1,
1C(ya)ll < Ly,o,
ICW)I < Lo,

where the second inequality uses the identity || X! — Y~ < | X1 - || X = Y| - [|[Y ! and the
fact that | B(ye) ! and || B(y*)~!|| are upper bounded by 1/u from the strong convexity of g.

It follows that:
LyoLyso
||VF¢‘(xa€an) - VF(J’.75777)H S Lf,lAy(xaE) + TAy(x7€)

Ly2LyiLy,
+ —e220 1200 :2’1 LOA (2,6) +

L Lyo2LgaL Li1L
where K = Ly + 92 £0 4 “:Z’l £0 4 f"luf”l.
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We then bound the difference between the hypergradients using Jensen’s inequality:
IV Fpe(x) = VE (@) < Een|[VFe (2, 8,m) = VF(x, & 1)
SK-Eg [Ay(2,8)]
= K- Eellya (W (2),£) — v (z,

O
Proposition B.2. Under assumption we have for any x € R% and W € Rv*Ne(e).
* * 2L 3 *
Eellye: (W* (2),€) = y* @ OII* < == - Eellyor (W.€) = ¢ (@, OII* 5)

Proof. Letx € R%, W € R%*N and G(z,y,¢) £ Eyp, . [9(z,y,§,m)]. As g is Ly 1-smooth
in (x,y) for any (£,7n), and p-strongly convex in y for any fixed (z,,n), so is G. Since W*(z)
minimizes E¢ [G(z, ya (-, ), )], we have in particular:

Additionally, since y*(z, £) minimizes G(z, -, ), it also holds that:

G(‘Ta y*(IL'7 5)7 6) < G(l’, y@(W*(I)7 5)7 5)
Using the strong convexity of G at W*(z) we thus obtain:

G(z,yo(W*(2),€),6) — G(z,y"(x,§),§) > gllydW*(w),&) -y (@ O)?, VEEE (D)
On the other hand, the smoothness of G yields:

|G (@, y2(W,€),€) = G2,y (@,€), O < Loallye (W) —y* (2,7, ¥¢€E @
Taking the expectation over £ on both sides in (7) and (8), and using the inequality (6) we have:

E¢llys(W*(2),€) — y* (2, 6] < %Es Gz, Yo (W*(2),£).8) — Glz,y"(2,),¢)]
< 2Be 6o 1a (W.€),6) - Go.y" (2., €)
< 2018 a1, 6) - v (@,
As this holds for any = € R we obtain the desired result. ]
We then proceed with the proof of Theorem [2.2]

Proof. Combining Propositions [B.T|and [B:2] we obtain:
E|VE(z*)|?* < E|[VFpe(a*)||* + E|[VE(a*) — V Fpe ()|

ay €2

<5 +E [K2 (E¢ [lyoe (W (27),€) — y*(x*,f)ll)ﬂ

@ €2 2K?L, 4

<5 TE [ﬂg’Esllyv(WT(w*),é) - y*(w*af)“Q]
9 € 2K°Ly, . e

- 2 i 4K2Lg’1

<€

€

where (1) uses Proposition and the fact that (z*, W*(z*)) is an 5 -stationary solution to

o), (2) results from Proposition[B.2]and Jensen’s inequality, and (3) holds since @€ satisfies
O
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C Regularity of

For readability, we refer in this section to Mg (¢) as Mg, and to me(€) as me.
Lemma C.1. If A > ply, and B = Owithpu > 0, then AQ B = pul;,  Band B A= nB®1,,.

Proof. By the bilinearity of the Kronecker product we have:
A®B_MIdA ® B = (A_MIdA)(X)B

Since the Kronecker product of two positive definite matrix is positive definite, it holds that (A —
ulg,) ® B = 0and thus A ® B — uA ® Iy, = 0. With a symmetrical argument, we obtain
BA>uB®I1,,. O

C.1 Strong convexity of Goc (x, W) £ E ¢, [g(x, W®(E),&, )]

Lemma C.2. Under assumptions (ii) and if @ is well-conditioned, G- is pme(€)-strongly
convex in W for any fixed x € R% .

Proof. We have for any fixed z € R% that G- is twice differentiable with respect to W as the
expectation of compositions of twice differentiable and linear mapping. Additionally:

V3,Goc (2, W) = E¢ [V3,G(z, WO(£),&) @ ®(£)D(¢) ]

Since G is pi-strongly convexity with respect to y with 1 > 0 and E¢ [®(€)®(€) 7] = ma(€)Ing () =
0, we obtain using Lemma [C.T| twice:

V32Gae (2, W) = B¢ [1a, @ ®(€)(€) "]
= pula, ® B¢ [2(E)(€) "]
= uma(€)lg, @ Ing (e
= uma(€)lq,. Ny (e)

and we conclude that Gg< (x, W) is pmg (€)-strongly convex with respect to W forany x € Ry, . [

C.2 Lipschitz continuity

Lemma C.3. Let h(x,y,£,n) : R% x R x = x R — R™ and I(£) : = — RN, Suppose the
following conditions hold:

1. h is L-Lipschitz continuous with respect to (x,y) for any fixed (£, ).

2. There exists a constant M such that:
[HOI <M, V€&
Then the mapping he : (x, W, &, 1) — h(z, W®(&),&,n)l(§) is LMe M -Lipschitz continuous with
respect to (x,y) for all fixed (&, 7).

Proof. Since h(z,y,§,n) is L-Lipschitz continuous in (z,y) and sup,cz [|®(§)[| < Mg, we have
for any (z, W) and (z/, W'):

e (2, W, £, ) — hao (!, W, €, m)| = [, WB(E), €. m)I(E) — h(a!, W' B(€), &, mI(€)|
< b, Wo(E), &, m) — ha', W'B(E), & )] - 1)
< ML (o — o[ + [Wo(E) — W'a(E)])
< MLz — ' + Ma|[W — W'|)

@)

< LMo M (|lz —2'|| + [|[W — W)
where (1) uses the sub-multiplicativity of || - ||, (2) follows from the Lipschitz continuity of h
and this inequality ||I(£)|| < M, (3) uses again the sub-multiplicativity of || - || and the inequality
|12(&)|| < Mg (e), and (4) holds since 1 < Mg. Therefore hg is LMg M-Lipschitz continuous in
(x, ). O
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Lemma C.4. The following hold under assumption 2.1}
1. The functions fo(x, W,&,n) is Ly oMa-Lipschitz with respect to x and W.

2. The gradients V foc(x, W,&,n) and V goe (xz, W, &,n) are L1 Mz and L, 1 M2-Lipschitz,
respectively, with respect to x and W.

3. The second order gradients V3iygpe(x,W,&,n) and V3,90-(x, W,&,n) are Ly M-
Lipschitz with respect to x and W .

Proof. Under assumption (i), the mappings f, Vf, Vg, and VQg, are Ly, Ly 1, Lg1,and Ly o-
Lipschitz continuous with respect to (x, y) for any fixed (&, n), respectively. Additionally, the chain
rule gives:

Vifoe(z, W,&n) = Vi f(z, We(E),&,n)
Vafoe (@, W,6,n) = Vaf (r, WO (£),£, )2 ()
Vigee(z, W,§,n) = Vig(z, We(§), &, n)
Voga:(z, W,€,n) = Vag(z, WO(£), & n)P(€)
Viagas (z, W,€,1m) = Vig(x, We(€), &, m)@(€)"
Viagae(x, W,€,n) = Viag(z, WO(E).&,1) © 2(§)2(€) "
We can then use Lemma|[C.3]to obtain the following:
| n | 1 | L | M | Lipschitzcoefficient of h(x, W (€), &, 1) wart. (x, 1) |
foe 1 Lso 1 LioMg
Vifae Iy, | Lya 1 L1 Mg
Vafoe ®" | Lyy | Mg Ly M3
Vigee | la, | Lg1 | 1 Lg1 Mg
Vagoe ®" | Ly | Mo Ly M3
Viygae | ®7 | Lyo | Mg LyoM2
Vi,gee | ®®T | Lyo | M2 LgoM3
and we conclude using the inequality 1 < M. O

C.3 Bounded variance

Lemma C.5. Under assumption then for all §, y* (-, &) is Ly-Lipschitz continuous with:
L

9,1

I

L

y:

Proof. Let g(z,y,&) = Eyeg(xz, W, £, n). By definition of y*, we have Vag(z,y*(z,),£) = 0.
Then, by taking the derivative on both sides w.r.t. x, using the chain rule, and the implicit function
theorem, we obtain:

129(

Wy (2),€ )+V%zg(ﬂf,y*(x,E),f)Vly*(fE,E) =0
It follows that ||V, y* (z, €)|| < 2

O

Lemma C.6. Let h(x,y,&,n) : R% x R¥ x = x R — R™ and I(£) : = — RY. Suppose the
following conditions hold:

1. h(z,y,&,m) has, conditioned on &, a variance bounded by o2 i.e.

2
Epmp, |[(2,9,6,m) = By, [M(2,0,6,7)]||” < 0, Vo e R%,y e RW ¢ € R%.
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2. There exists a constant C' such that:
|h(z,y,&,n)|| < C, VYoeR¥ yeRlv ¢cRE

3. There exists a constant M such that:
[N <M, VE€E
Then the mapping he : (x,W,&,n) — h(z, W®(&),&,n)l(§) has a variance bounded by
M2 (0% 1 C?),

Proof. Let Z = ho(x, W, &, n). Using the law of total variance we have:

Var(e ) [Z] = E¢ [Varyj¢ [Z | €]] + Vare [Eyj¢ [Z | €]]
For all ¢ € = it holds that:

Vary e [Z | €] = Eyje [Hh(% W(E), & m(E) = Eyje [z, WE(E), & n)U)]||”

J
< U - Eyje {Hh(w,vwr(f) &) = Eyje [z, Wo(6),&,7)]||° 5]
< 1@ - o?

where the second inequality follows from the sub-multiplicativity of || - || and the fact that [(&) is
deterministic when conditioned on £, and the last inequality holds under condition 1.

Similarly, we have that for all £ € = and under condition 2:
Enie [Z 1 €][| < |[Bje [n(z, W(E), & m)i(€) | €]
< U - |Eyje [z, W, €,m) | ]|
< |[lul-¢

Combining the above results, we obtain:
2
Var(e ) [Z] < B [[[1(€)]?0?] + Ee MEnI& [Z 1€ }
< M?o® + Ee [[I(9)]? - C?]
< M? (0® +C?)
where the last inequality uses condition 3. O

Lemma C.7. Under assumption the mappings Vi foc(x, W, £,n), Vafec(z, W, £, n),
Vagae (2, W, &,n), Viygae(x, W, £,n), and Viygee(x, W, &, 1) have a bounded variance for all
x and W such that ||W — W*(z)|| < Ao.

Proof. Under assumption 2. 1] n(m) we have for any (z,y, £) that the variances of V1 f (x y,&,m) and
ng(x y,&,n) are upper bounded by O'f, and the variance of V2,¢(z, v, ¢, 77) and V3,9(z,v,&,1)

by ag 5. Thus these 4 functions satisfy the first condition of Lemma From the Lipschitz
continuity of f and Vg (assumption (i)) we have for any (z,y,£,7):

||v1f($7y7£a 7])” < Lf,O
||V2f(x,y,§, 77)” < Lf,O

||V12g(xa y7£777)H S L.‘Ll

||V229 z,Y, 57 H < L

Taking the expectation over np ~ IP, ¢, the second condition of Lemmalglholds for theses 4 functions.
We then use the chain rule to get:

Vifoe(x, W,&,n) = Vif(x, WO(£),&,n)
v2f<1>5(x Wf, ) VQ (IL‘ W(I)( )7 1 ) ( )T
V129<1>f(95 W,&,m) = 129(957 Wo(§),8,n)P(¢ )

VQQQCI?‘E(Iamfan) = QQg(xa W(I)( )76777) ®(I)(£)(I)(§>T
Since || ®(£)|| < Ma, Lemma|C.6|applies and we obtain the following bounds:
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h o2 l C | M | Bound on Var ) [h(z, W,&,1)]
Vi fo 0,20 Ia, | Lyo 1 012‘ + L?",O
Vafor | 03 | ®7 | Lyo | Me M3 (o34 13,)
Viggee | 02y | ®7 | Lyy | Mg Mg (02,4 L2 ;)
Viygee | 024 | @OT | Ly | M2 Mg (02,4 L2 1)

We conclude that these 4 mappings have a bounded variance.

The case of Vagge requires extra care since it is not uniformly bounded. We have:

Vag(z, W (E), &)l < [|[Vag(z, W(E),&,m) — Vag(z,y*(z,£), &)l + | Vag(z, y* (2, €),&,n)|l
S LQJHW(I)(&-) - y*(xvg)n + ||Vgg(ac7y*(x,§),§,77)H

Using the identity (a + b)? < 2a® + 2b?, we have:
[Vag(z, W), &,m)|I* < 2L5  [WE(E) — y* (z,&)|” + 2/ Vag(z, y* (2, 6). & )|
We use the triangular inequality, the identity (a + b)? < 2a® + 2b%, and ||®(¢)|| < Mg to bound:
W) - y* (2, )7 < (IWD(E) = W (@)BE)I| + W () (6) — y* (x,6)|)
< 2We(E) = W () @)1 + 2[W* (2)2(€) — y* (=, )|
S 2MG|W — W (@) |? + 2| W*(2)@(€) — y*(x, )|
Finally, combining ||W — W*(z)|| < Ao, @), and (1) yields:
Ee|[W®(€) — y* (2, &)l < 2MGA] + 2/[W* (2)@(€) — y* (=, )|
< 2MEAT + LB W (2)0(6) - y* (@,

2
<2MAY+

From Assumption 2.1} for any fixed £, Vag(x,y,&,n) is unbiased with variance bounded by o7 ;.
By definition of y*(z, {) we have E, ¢ Vag(x, y* (2, §),§, 1) = 0 for all £ and it follows that:

E’r]\f”vlg(xa y*(l', E)a 57 77)"2 - Varﬁ‘f [VQQ(I7 y*(gj, 5)7 53 77)]
<og
Taking the expectation over £ yields:

E(f,n) ||VQg(.’E, y*(fE, 5)7 57 77)”2 < 0-3,1
Combining the above results we have:

EemlIVag(@, WO (E),&n)1* < 2L 1Ee ) IWR(E) — y* (2, 9)” + 2E ¢, [ V2g(z, y* (2, ), &) |?

62
<2L?, <2M§A§ + K2> + 20,

Since Vagae (z, W, €, 1) = Vag(x, WP(£),£,n)®(£) T and || ()| < Mg we obtain:

Vare ) [Vagae (2, W,€,1)] < Ee.y [ Vago: (z, W, & n)|)? ©)
< Eeo [[Vagla, Wo(E),€,m)|12]|®(€)]?]

2
€
< ALY MpAj + 2L§)1M§>ﬁ + 207 M3

L2 e
<AMg | L7 AF + %2 +og4

which concludes the proof. O

14



D Proof of Theorem

In this proof, we use the notations <, ~, and 2 to denote relations up to a constant. We will show

that under assumptions [2.1]and if (I>Nis well-conditioned, the assumptions 1 and 2 of [3]] hold for fg
and g¢. Namely, we want to show:

Assumption D.1. Forany x € R%, E ) [go (z, W, &,7)] is A-strongly convex and L-smooth.

and
Assumption D.2. The following hold:

(i) Vifs is Ly,-Lipschitz continuous, Vi fe is Ly,-Lipschitz continuous, Vage is Lgy-
Lipschitz continuous, V%59% is Lgqy-Lipschitz continuous, V3,gg is Ly, -Lipschitz con-
tinuous, all with respect to (z, W).

(i) Vife, Vafs, Vags, V35 fs, and V3, fo have a variance bounded by o2.

(iii) | VoE(ep) [f (2, W.Em]I* < CF,. [VE:Ee ) [9(z, W, &) [P < CF

gry*
Under assumption [2.1] and if ® is well-conditioned, Lemma gives B¢ ) [go (z, W, &,1)] is

puma (€)-strongly convex with respect to W for any = € R% . Further, we have from Lemmathat
Vage (z, W, €, n) is Ly 1 MZ-Lipchitz continuous in W for all fixed (z, £, ). Taking the expectation
over (£,n) we obtain:

HVQ]E@W) [g‘1> (1"’ W 57 77)] - VQE(E,U) [g<I> (l’l, W/7 57 77)] H

= ||Ee.) [V2ga (2, W, €, 1) — Vags (z/, W', & n)]||

S ]E(ﬁ,n) [HVQQ‘IZ' (xv VV; 57 77) - VQQ‘IZ' (xlv Wl» 57 77) ”]

< LgaM§ (lz — 'l + W — W)
where the first inequality holds since assumptionimplies that Voge (z, W, €, n) is unbiased and
the first inequality uses Jensen’s inequality. Therefore E ¢ ) [go (z, W, &, 1)] is Ly,1 M3-smooth for
any fixed z € R% and assumption [D.1]holds with A\ = pimq(€) and L = Ly 1 M3.
Using the implicit-function theorem, the accuracy of the estimate of V Fy degrades linearly with the
gap ||W; — W*(x¢)||. Hence ||W; — W*(x)|| cannot diverge and there exists Ay < oo such that the
iterates W satisfy |W; — W*(a;)|| < Aop. In particular, this is holds for RSVRB as per Lemma 6 of

[3]]. Henceforth, we restrict our analysis to {(9:, W) € R% x R Nele) o || — W*(z)|| < AO}
for the rest of the proof.

Lemma|C.4Jand Lemma|C.7|show that assumption— (¢) and[D.2]— (i) hold fg and gq for with

Lipchitz constant L and uniform variance bound o given in the table below.

h L o?
Vifee | LyiMog of +Lio
Vafae | LyiM2 M3 (o3 + 13,)
Vagee Lg,1M¢2> 4Mé (L;lA% + % + 0371)
Visgae | Lg2M3 Mg (055 +Lj,)
Visgae | Lg2M3 Mg (05, + L3,

Further, Lemma also gives that fe and g4 are LyoMg and L, oMg-Lipschitz continu-
ous in (x, W), respectively. It follows that that |V1E , [fe (z, W,§,n)]|| < LyoMs and
VaE e [90 (2, W,&,m)] || < Ly oMs. Hence condition — (i44) hold for fg and gg with
Cry = LyoMg and Cyyy = Ly 1 M§.

Therefore Theorem 1 of [3] holds. Before stating it we first bound some quantities in term of Mg
and me.
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Since ® is well conditioned, we have ¢ = mgl Na(e)- Therefore:
Ee [[W* (20)®(€)[2] = Ee [(W* (20)®()) T W* (0)®(€)]

= Eg [t (W (20)D(&) (W* (0)®(£)) )]
= tr (W (20)Be [2(€)2(6) ] W*(wo) ")
> mtr (W*(zo)W*(xO)T)
= mg||W* (z0)|| %
> mg||W* (o) |®

For any (zg, Wy) and by the p strong convexity of g we have:

Ee,n [92(z0, Wo,&,m)] > E(e ) [98 (20, W*(20),§,m)] + %E(g,n) (W (0)®(€)?]

and thus, taking Wy = 0:

Ee [[W* (z0)@(&)II°]

IN

2 *
;E(ﬁ,n) [9<I>($07 Wo, 57 77) - gq>(x0, w (1‘0), 57 77)]

2

; (E(ﬁm) [9(9307075777) - H%Uing(x()n’%ga 77):|)

IN

A970

Combining the above results we obtain:

E¢ [[[W* (20)2(&)II°]

2
W (o)[|” <
me
< 2Ag,0
< 7# M
. * . . . . . . _ Loy _ LgalM;
From Lemma 2.2 in [30]], W*(z) is Lipschitz continuous in  with constant Ly, = X T Thma

Additionally, V F' is Lipschitz continuous in z with constant

Ly =Ly, + 7Lfngy 4 @ (Lfy + LyyLgy + L Lgay + LgyyLgy }) + Ly {Lyﬂcyl’f + LgyyLgy

A A A A A2 A A2
- 2LfyLgy + L?"Lgﬂcy Lfngy + LyLgyLgay + LyLgyyLgy Lngngyy
=Ly + B\ + A2 + A3

M3 MS M
S Mg+ % Sttt ==
mq) m<b
< M3
~ 3

mg

Using the notations of [3]], we have dyo 2 ||[W; — W*(z¢)||? with Wy = Wy — 197w, and:

)
E [652.0] S V1 fae (zo, Wo))[I* < Mg
E[87y.0] S Vafa(xo, Wo))|I> S Mg
E [8gzy.0] S IV129@ (z0, Wo))[I* S Mg
E [8gyy.0) < [ Vazga« (x0, Wo))|I> S Mg
E [§gy.0] S ElVaga« (zo, Wo))|I* < Mg

where the first 4 inequalities follows from the Lipschitz constants given in Lemma[C.4] and the last
holds given (@) .
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Theorem 1 of [3] finally give:

T
1 Fg(xo) — Fo(z*) | CE[dw,]
——FE VEgpe(z)|?| < + : (10)
E [6gy,0 + 6£2,0 + 0ry,0 + Sgay,0 + gyy0] | O (In(T +2))
+ +
ynonr T ynr'T
where for c = 1:
2 12 2 M2 12 2 2
Co= (212 + 6nyngy + GnyCg:rngyy + 6Lfycgmy < M¢1>2
r A2 A4 A2 ~ mé
Ci=2
2
Cy— 6ny N %{%
A2 T md
2 2
= Gnyngy ~ M7§>
A m3,
2
.y 6Cgmy N Mijf>
A2 m3
1 1
T=—~
3L, M%
2 2 2 2 2
4cy 4 (Lgy + Lo & Ly + Lgay + Lgyy) < Mg
O = Imax K, ~ N m5
o
+ = min VTA 1 > mg
9 ~ 12
8VCLw 16 (Lgy + L3+ L3+ L2, + Lgyy) Mg
A 3/2 2 3/2 M24
= 2,64L%, | ——=—— — 2(Cy + Cy + C: 3/2% ~ 22
o max{ ,6 F’(lGCvr) 7(7LF) ,(2(C1 + Cy + C3 + Cy)y) md,
1
=T = —
"t t (co+)1/3

Here the bounds on C' and -y are obtain after considering all 4 possible cases. We can also bound
7)’L3
lwi || < 2Ly, M, thus [W1]| S 5%, and dwo < ([Wi | + [[W*(20))* <

Mg’ ~ e

Substituting in (I0) we finally obtain:

SV P m)ﬂ?] T e BRI
t=0

n E [59%0 + 0520+ 0py,0 + Ogay,0 + 5gyy,0} + O (In(T + 2))}
Mo Y
< 1 [Mqlf Mql)8 1 WES Mgﬁ

< — +—2 + O (In(T + 2 ]
nrT | m3 my me  mk m3, (In( )

1
— — _E
2(T +1)

In particular, following the analysis in [31], the sample complexity is O (6% %) .

E Chebyshev Series: Uniform Convergence and Conditioning

Lemma E.1.
Under assumptions (ii) and condition y*(x, €) is real-analytic over Z for any fixed x € R,
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Proof. Recall that G(z,y, &) = E,~p, . [9(z,y,€& n)]. Under assumption (ii), g is p-strongly
convex in y for any fixed (x, £, 7). Thus, G is pu-strongly convex in y for any fixed (z, §) and y*(x, §)
is the unique solution to V2G(z,y’€) = 0. Additionally, since G is real-analytic in (y, &) for all
r € R%, s0is VoG. Define H(z,y,¢) = VaG(z,y,&). Then H(z,y*(z,£),£) = 0 forall z € R,
Further, the strong convexity of G with respect to y gives that Vo H = V3, is invertible. We can
then use the analytic implicit function theorem to obtain that, for any fixed x € R there exists a
unique function y'(z, ) real-analytic over = and solution to H (x, 3, £) = 0 for all ¢ € =. By unicity,
we must have y* = y' and it follows that y* is real-analytic over = for any fixed z € R% . O

Lemma E.2.
Let f be an analytic function in [—1,1]™ that is analytically continuable to the open region E,,

delimited by the Bernstein ellipse with parameter p € (1, /2], where it satisfies | f(x)| < M for all
x € R(E,). Then for each k > 0 its Chebyshev coefficients satisfy

lar| < 2Mp~*.

E, - R

Proof. LetF:{ e f

(Z+Z—1 ) . Since f is analytic in E,,, F' is also analytic in £, as the
2

composition of the two analytic functions z — (z + 27 !)/2 and 2 + f(x). From Theorem 3.1 of

[L8], the Chebyshev coefficients are given by

2

ag = — 27 F(2)dz
T J)z|=1

and )
ap = — z7(1+k)F(z)dz, Vk > 1.
™ |z]=1

If F is analytic in the closure of E,, we can expand the contour to |z| = p without changing the value
of these integrals. Since |F(z)| < M forall z € E, and p € (1, e!/?] we obtain for k = 0:

2
lag| = = / 2 (F(2)dz
T\ 1zl1=p
M -
< — 12| ' dz
T Jzl=p
= 4M In(p)
<2M
and similarly for all £ > 1:
1
lak| = — / 2R P(2)dz
T |J1zl=p
M _
<— 2|79 4z
T Jlzl=p
=2Mp~*

Otherwise, we can expand the contour to |z| = s for any s < p, giving the same bound for all s < p
and thus also for s = p.
Therefore |ax| < 2M p~* holds for any k& > 0. O

Lemma E.3.
Let f be an analytic function in [—1,1]™ that is analytically continuable to the open region E;

delimited by m-dimensional Bernstein space [~ E, with p € (1,e*/?] and |f(z)| < M for all
reR(ED).
Then the coefficients of the m-dimensional Chebychev expansion:

f(.’I}) = Z Z Ay .k HTkl(LCZ)
i=1

k1=0 km=0
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are such that, for any k1, ..., k., >0,

m
|y e | < MH (2p7).

Proof. Let Ri, 2R (Eé) be the projection of Eﬁ, onto R, We begin by defining two classes of
functions:

HO(M) = {f :[~1,1]' = R | f analytically continuable to E,l), sup |f(z)] < M}
zERL

1
POM) = {f : [~1,1]" — R | the Chebychev coefficients of f satisfy |ay, x| < MH (Qp_k"')}
=1

Let the hypothesis of induction be that the statement holds for a dimension [ — 1 < m. Namely,
H=D (M) € PV (M). We want to show that HO (M) € PO (M).

Let f(O ¢ HO(M). For any fixed (z1,...,7_1) € [~1,1]", define the single-variable function:
FO @, o)) 2 fO, e, @), Vag e [1,1).

Note that since f&) € H® we have in particular for any fixed (x1,...,21-1) € Rlp’1 that
SUpP,, e fl(l)(xl, . ,xl,l)[xl]' < sup,ep [ fP(x)| < M. Since fU is jointly real-analytic
P P
in all its variables and can be continued analytically to £!, the mapping x; — fl(l) (21, 2z1-1)[m1]
is also real-analytic and can be continued analytically to E, for any (21,...,2-1) € Eé‘l.
Applying Lemma[E.2] we have that the coefficients of the Chebyshev expansion:
l
@, o)) =Y e (@, wen) T (a).
k=1
satisfy
ok (21, om1)| < 2Mp~F Vi > 0.
Since this hold for any fixed (z1,...,21-1) € R, we have SUp,, ¢ i1 i, (7)) < 2M p~H,

Further, because f*) is jointly analytic in all its variables and can be continued analytically to E,
for any fixed x;, the mapping (z1,...,2;_1) = f®(x1,...,2_1,2;) is also analytic and can be
continued analytically to Ef)_l. By definition,

2 T
ey (T1,. . x1) = = / fl(l)(acl, ooy xp—1)[cos(0)] Tk, (cos 6)do
0

_2 / FO(xy,. .. 211, cos(6))Tx, (cos 8)df
T Jo

$0 ¢y, is analytic on [—1,1)'~! and can be continued analytically on Ef,_l as integration preserves

analyticity. Therefore, ¢y, € H(!=1 (2M p~*t). By the induction hypothesis, it follows that ¢y, €
PU=1)(2Mp~*t). Thus, each cy, can be expanded as:

0o oo -1
oy (T150 0, 1) = Z Z S HTk(xz)
i=1

k}1:1 k?171:1
with
-1

Aoy, by k| < (QMpfk,) H (2107,%)

i=1

= Mﬁ (2,0*’“)
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It follows that for any (21,...,7;) € [—1,1],

FO@r, .. z) = (P, o) ]

tnqg

Ckl (.731, e 7-Tl—1)Tkl (a:l)

k=0

o

- Z Z Aky ek 1szTl~c )| Tk, (1)

k=0 [k1=0  k_1=0

E E Aky,yki— 1J€LHT7€ ;)

k1=0 k=0

with |ag, k1 k] < M]_[i,:1 (2p*ki). This shows that () ¢ P(l)(M), completing the induction
step.

The initialization (I = 1) of the induction reduces to Lemma We conclude by induction that:

H™ (M) € PU™ (M)

O
Lemma E4.
Let f = lim,_, o f, where
1,1 — R
n - n n m 5 Vn >1
f { z = Zklzo s ka:o ky oo | Lim Thes (4) -

and a satisfies for p > 1:

m
|ak1, km H ki Vki,...,kn > 0.

Then the residual Ty, = Sup,¢(_1 1ym | f(z) — fn(z)| is bounded by

2 e a-am.

rn < M (
p—
Proof. By definition, the remainder after truncation is

m

f@) = fa@) = D ks e [ To (@)

ki yeeeskiyn >0 i=1
djst. kj>n
Since T}, (z;)| < 1 forall z; € [—1, 1], we have

m

rn < sup Z ks, . ke | H | T, ()]
m i:1

C€[=LA™ k) km >0

Jjst kj>n
<D kol
ki,.o0skm >0
Jj s.t. kj>n
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Since |ag, .. k.| < M-, (2p~ %), it follows that

rn <M Z H(Qpiki)

E1yeookm>0i=1

Jj st kj>
~ary e 3 et a3 3 et
k1=0 kp=01=1 k1=0 kpm=01=1

Since p > 1 we have:
for the full sum, and

for the truncated sum.

Substituting this back into our bound, we get:

o] (25 )
p— P
Y (p?l)m 1= (1= (1/p)")")

which gives the desired result. O

Proposition E.5. Let ® be the basis of d¢-dimensional Chebyshev polynomials and

N(@) =0 (s (7).
If assumptions and the conditions of Theorem hold, then Ng is expressive with Ng(€) =

_€_ 12
N<2K Lg71 :

Proof. We give a proof for = = [—1, 1]%. This is without loss of generality, as discussed in the
main text. Under assumptions (i1) and condition we have from Lemma that y* (z, -)
is real-analytic over Z for any fixed € R% . Hence there exists p € (1, e'/?) such that y*(x, )
is analytically continuable to the closure of F,, the open region delimited by the d¢-dimensional
Bernstein space [[;-, E,. Since y*(z,) is analytic on the compact set E,, it is in particular
continuous and y*(z, -) is bounded on E,, by some constant M. For any j € [d,] Using Lemmal[E.3]
y5 (@, -) admits the d¢-dimensional Chebyshev expansion:

oo oo de
@ =3 > al ., [17@)
i=1

k1=0 kd& =0

where for any k1, ...,k >0,



Let W be such that its j-th row contains the elements of /). Then

Yo, (Wi(z),&) = Wl (2)2(¢)

n n de
= Z e Z ak17~--7kd§ HTkz (S’L)
=1

k1=0 k‘dgzo

Lemma [E-4]then yields for any n > 1:

wt x < (-2 d£1 1—(1/p)™)% 11
sup 3,01 (2).€) = )| < M (25 ) 1= (0= 1/ (1)
Define:

- 1\ % 1/de
n(e) = |~ 1n 1_<1_M€dy <p;) ) /In(p)| and N(&) £n(e)% (12)

Note that N(¢) = © <lnd5 (1/ E)) as € — 0. Furthermore, for any number of basis functions

N > N(é), we have at least n = N'/% > n(é) elements per dimension. As the right hand side of
(TT) decreases in n, we have for any n > n(é):
€

itelg|yq>,j(W*(x),€) —yi(z,8)| < NG Vj € [d,]

Since this holds for any j € [d, ], we obtain:
* 2 ~
iugHy@(WT(l’),i) -y (@) <&
€=
O

Lemma E.6. Let AN) € RN*N be a zero-indexed matrix containing the unweighted scalar product
of d-dimensional Chebyshev polynomials. Then A, (A(N )) =0 (N _1).

Proof. We first consider the 1-dimensional case and define B € R™*"™ satisfying:

1
B = [ T

For any zero-indexed vector v € R", we have:

I
|
\\H
=
-
]
AN
&
!
—
&
~_
no
jsW
S

Il
|
—
— =

VO

=0
After substituting z = cos(0) and dz = —sin(6)df we obtain for § = -
1 T~ [/n—1 2
v Bv = 5/ <Z v; cos(i@)) sin(0)do
0 \i=0
s /n—1

v; cos(i9)> sin(6)df

sin LR ’
2(5)/6 <Zyicos(i6’)> do

1=0

\Y4
N
o\:‘
|
. |l

v
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On one hand, we know from Fourier theory that

. 0 ifi#j
/cos(i@)cos(j@):{ m ifi=j=0
0 ks
2

otherwise.

and thus

/W (szcos z@) do = Tvi + — Zv
i=0

> 2ol

On the other hand, we have using Cauchy-Schwartz inequality:

T [n—1 2 —6 [n—1 2
v; cos (16 df = / v; cos (16 df +/ v; cos(if) | db
/0 <§ ( )> s (g ( )> (0810l —6.7] (Z )

n—1

T—34 - 2
S/& <Zvicos(i0)> df + ||v|| /[ o] (Zcos z@)dﬁ

1=0

=6 [n—1 2
g/ <Z v; cos(i@)) do + 25||v|*n
5

=0

Hence we obtain:

/; (Z v; cos(i) > T 25n) o2

and we conclude using sin(5) > £ forany ¢ € (0, 1) that:

. —6 n 2
v By > @ / (Z v cos(i0)> df
4 i=0

> g (5~ 20n) ol

1 T 1
=== ) lvl?
16n

Therefore we obtain for all n € N* that A\, (B ) > 2], with cg = ”3—_21

d
Suppose first that N = n¢ for some n € N*. We can decompose AN = &) B. Using Lemma
i=1
we obtain:

Consider now an arbitrary N € N*, and n € N* such that N' € [(n — 1)¢ + 1,n?]. Since A is a
principal submatrix of A(”d), the Eigenvalue Interlacing Theorem gives:

Amin (A(N)) Z Amin (A(nd))
h
= pd
ch
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where the second inequality uses the result of the case N = n?, and the last equality hold since
N € [(n—1)%+1,n%].
We conclude that Ay (AN)) = Q (N71).

O

Proposition E.7. Let ® be the basis of d¢-dimensional Chebyshev polynomials. If condition|(c.T)]
holds, then mg(e) = Q (ﬁ(e))

Proof. Under condition [(c.1), we have that = is finite or there exists ¢ > 0 such that the density of P¢
is lower bounded by c on =.

Suppose first that |=| is finite. Then for any N < |=| we have that {®(£)}¢c= spans RY. Thus there
exists ciy > 0 such that ¢ > cyIy. Since n — 1 polynomials of distinct order can interpolate

n point, we have Ng(€) < |E|. Therefore, for any N € N* we have X¢ = min‘,i1 enn and in
c =]

particular mg (€) > ¢ > ey With ¢ = min, =, ;..

Suppose now that the density of P¢ is lower bounded by c on =. Then:
Se = E¢ [2(6)D(6)T]
1

o[ B Tde+ [ @087 (@O - oo
From Lemma we have Apin (f_ll <I>(§)<I>(§)Td§> = Q(1/Ns(€)). Additionally, (dP(§) —
cde)P(§)P(E)

we have:

> 0 for any £ € E as the product of a positive term and a rank 1 matrix. Therefore

>\min (Eé) = Q (1/N‘i’(€))
and we conclude that mg () = Q(1/Ng(e€)). O

Combining the above results, we obtain Theorem [2.4]

Proof. Suppose that assumptions [2.1] and the conditions of Theorem 2.4]hold. The first statement
of the theorem follows from Proposition Indeed we have that @ is expressive with Ng(€) =

N (2§< Lgﬂ) and since N(é) = O (lndf(é_l)), we obtain Ng(e) = O (lndﬁ(e_l)). Since

® encodes multivariate Chebyshev polynomials, we have |®;| < 1 for any ¢ € [Ng(¢€)] and thus

Mg (e) < \/No(e) = O (lndf/ 2(6_1)). The second statement directly follows from Proposition
, where substituting N (e) = O (lnd5 (6_1)> gives into mg () = Q (ﬁ(e)) gives mg(€) =
Q (In—% (e—l)). 0
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