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Abstract

Non-conservative uncertainty bounds are key for both assessing an estimation
algorithm’s accuracy and in view of downstream tasks, such as its deployment
in safety-critical contexts. In this paper, we derive a tight, non-asymptotic uncer-
tainty bound for kernel-based estimation, which can also handle correlated noise
sequences. Its computation relies on a mild norm-boundedness assumption on
the unknown function and the noise, returning the worst-case function realization
within the hypothesis class at an arbitrary query input location. The value of this
function is shown to be given in terms of the posterior mean and covariance of a
Gaussian process for an optimal choice of the measurement noise covariance. By
rigorously analyzing the proposed approach and comparing it with other results
in the literature, we show its effectiveness in returning tight and easy-to-compute
bounds for kernel-based estimates.

1 Introduction

Many problems in machine learning can be phrased in terms of estimating an unknown (continuous)
function from a finite set of noisy data. A popular, non-parametric technique to perform such a
task and return point-wise estimates is given by the class of kernel-based methods [Wahba, 1990;
Schölkopf and Smola, 2001; Suykens et al., 2002; Shawe-Taylor and Cristianini, 2004; Steinwart
and Christmann, 2008]. Complementing such estimates with non-conservative and non-asymptotic
uncertainty bounds enables evaluating their reliability, for example, in view of deploying Bayesian
optimization [Berkenkamp et al., 2023; Sui et al., 2018] or model-based reinforcement learning [Kuss
and Rasmussen, 2003; Chua et al., 2018] to safety-critical systems.

Classical uncertainty bounds for kernel-based methods have been developed in statistical learning
theory [Cucker and Smale, 2002; Cucker and Zhou, 2007; Guo and Zhou, 2013; Lecué and Mendelson,
2017; Ziemann and Tu, 2024]. However, these results are mostly aimed at characterizing the learning
rate of the kernel-based algorithm and they tend to be difficult to apply in practice, being overly
conservative or even depending on the unknown function to be estimated. Another viewpoint is given
by Gaussian process (GP) regression [Rasmussen and Williams, 2006], a kernel-based method that is
naturally endowed with an uncertainty quantification mechanism. However, closed-form uncertainty
bounds are only available when assuming independent and Gaussian-distributed variables [Lederer
et al., 2019], and their computation in other cases is non-trivial [Gilks et al., 1995]. To address
this issue, high-probability and non-asymptotic uncertainty bounds have been derived by Srinivas
et al. [2012]; Abbasi-Yadkori [2013]; Burnaev and Vovk [2014]; Fiedler et al. [2021]; Baggio
et al. [2022]; Molodchyk et al. [2025], phrasing the problem as estimation in Reproducing Kernel
Hilbert Spaces (RKHSs) [Aronszajn, 1950; Berlinet and Thomas-Agnan, 2004]. Yet, these bounds
still heavily rely on the (conditional) independence of the noise sequence, which can be hard to
satisfy in practice. This difficulty can be circumvented by leveraging an assumed bound on the
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noise [Maddalena et al., 2021; Reed et al., 2025; Scharnhorst et al., 2023] – however, these results
tend to be conservative or rely on solving a computationally intensive, constrained optimization
problem to evaluate the uncertainty bound.

Contribution In this paper, we propose a novel non-asymptotic uncertainty bound for kernel-
based estimation assuming a general bound on the noise energy. In particular, for each query input
location, the proposed bound exactly characterizes the worst-case latent function within the given
hypothesis class. The obtained uncertainty bound has the same structure as the high-probability
uncertainty bounds from GP regression [Srinivas et al., 2012; Abbasi-Yadkori, 2013; Fiedler et al.,
2021; Molodchyk et al., 2025], but with a measurement noise covariance σ2 that depends on the
test input location. Furthermore, we show that the derived bound recovers results from kernel
interpolation [Weinberger and Golomb, 1959; Wendland, 2004] and linear regression [Fogel, 1979] as
special cases. Finally, we contrast the proposed robust treatment to existing bounds for GP regression.

Notation The matrix In ∈ Rn×n denotes the identity matrix of dimension n. For a symmetric
positive-semidefinite matrix A ∈ Rn×n, A1/2 denotes the (positive-semidefinite) symmetric matrix
square root, i.e., A1/2A1/2 = A, and ∥x∥2A

.
= x⊤Ax denotes the weighted Euclidean norm of a

vector x ∈ Rn. The Dirac delta function is denoted by δ : Rnx → R, with δ(x) = 1 for x = 0 and
δ(x) = 0 otherwise. Superscripts f and w will refer to the latent function and the noise, respectively.
Accordingly, the kernel function is denoted by k□ : Rnx × Rnx → R, with □ ∈ {f, w}, and the
associated RKHS is denoted by Hk□ . For two arbitrary ordered sets of indices I, J ⊆ N, the matrix
K□

I,J
.
= [k□(xi, xj)]i∈I,j∈J is the Gram matrix collecting the evaluations of the kernel function k□

at pairs of input locations xi, xj , with i ∈ I and j ∈ J. We denote by 1 : N
.
= {1, . . . , N} ⊆ N the

set of indices for the training data-points, while we use xN+1 to represent the arbitrary test input.
For instance, Kf

N+1,1:N ∈ R1×N corresponds to
[
kf (xN+1, x1), . . . , k

f (xN+1, xN )
]

and can be
interpreted as the covariance matrix between the test- and training-input locations.

2 Problem set-up

We consider the problem of estimating an unknown latent function f tr : X → R, with X ⊆ Rnx

from noisy measurements

yi = f tr(xi) + wtr(xi), i = 1, . . . , N, (1)

collected at known training input locations xi ∈ X . Our goal is to compute worst-case uncertainty
bounds around the latent function f tr given the observed data set D .

= {(xi, yi)}Ni=1, which is
subject to the unknown noise wtr : X → R. We phrase the problem in the framework of estimation
in RKHSs [Aronszajn, 1950; Berlinet and Thomas-Agnan, 2004], and we model both the latent
function f tr and the noise wtr as elements of an RKHS with a known kernel and a bound on their
RKHS norm.

Assumption 1. The unknown latent and noise functions are respective elements of the RKHSs
corresponding to the positive-semidefinite kernel kf : X × X → R≥0 and the positive-definite kernel
kw : X × X → R≥0, where both kf and kw are uniformly bounded. There exist known constants Γf ,
Γw > 0 strictly bounding their respective RKHS norms, i.e., ∥f tr∥2H

kf
< Γ2

f and ∥wtr∥2Hkw < Γ2
w.

Characterizing boundedness of the noise using a kernel kw and an RKHS-norm bound Γ2
w provides

a very general description and can model various scenarios: for instance, it captures the setting in
which the noise sequence has bounded energy, as we elucidate in Section 4.1. Additionally, modeling
noise as a deterministic quantity allows us to by-pass additional assumptions on the distribution or
independence of the noise, latent function or input locations.

Since we model both the latent function and the noise as deterministic objects, there cannot be
multiple output measurements at the same input location. Hence, we consider distinct inputs.

Assumption 2. The training input locations in X .
= {x1, . . . xN} are pairwise distinct, i.e., xi ̸= xj

for all i, j = 1, . . . , N and i ̸= j.
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3 Kernel regression bounds for energy-bounded noise

In the following, we present the main result of our paper, determining tight point-wise uncertainty
bounds f(xN+1) ≤ f tr(xN+1) ≤ f(xN+1) for the value of the latent function at an arbitrary test
point xN+1 ∈ X . This task can be formulated as an infinite-dimensional optimization problem,
taking the bounded-RKHS-norm assumption into account. The optimal upper bound f(xN+1) is
defined as

f(xN+1) = sup
f∈H

kf ,
w∈Hkw

f(xN+1) (2a)

s.t. f(xi) + w(xi) = yi, i = 1, . . . , N, (2b)

∥f∥2H
kf

≤ Γ2
f , (2c)

∥w∥2Hkw ≤ Γ2
w. (2d)

Analogously, the optimal lower bound is given by:
f(xN+1) = inf

f∈H
kf ,

w∈Hkw

f(xN+1) (3a)

s.t. (2b)-(2d). (3b)

In the following, we focus on computing the upper bound f(xN+1); for the lower bound, the
presented results in Sections 3.1 and 3.2 are analogously derived in Appendices B and C, respectively.

Stated as in (2), the optimization problem is infinite-dimensional and is not directly tractable. Our
key result, presented in the remainder of the section, consists in finding an exact reformulation of
the constrained, infinite-dimensional problem (2) as a scalar, unconstrained one. The solution of the
latter at an arbitrary input location is expressed in terms of familiar quantities from Gaussian process
regression, for an optimal choice of measurement noise covariance. We present our derivation by first
studying a relaxed formulation of this optimization problem in Section 3.1. Then, in Section 3.2, we
discuss how to recover the optimal solution from the relaxed problem.

3.1 Relaxed solution

The relaxed formulation of optimization problem (2) considers the sum of the RKHS-norm con-
straints (2c), (2c) instead of enforcing them individually:

f
σ
(xN+1) = sup

f∈H
kf ,

w∈Hkσ

f(xN+1) (4a)

s.t. f(xi) + w(xi) = yi, i = 1, . . . , N, (4b)

∥f∥2H
kf

+ ∥w∥2Hkσ ≤ Γ2
f +

Γ2
w

σ2
. (4c)

This problem uses a scaled noise kernel kσ(x, x′)
.
= σ2kw(x, x′) with a constant output scale σ > 0,

which is key in relating the solution of the relaxed problem (4) to the original formulation (2).
Additionally, note that the scaling implies ∥w∥2Hkσ = ∥w∥2Hkw /σ

2 ≤ Γ2
w/σ

2, as displayed in the
constraint (4c).

The bound f
σ
(xN+1) obtained from the relaxed problem depends on the noise parameter σ, as the

joint RKHS-norm constraint (4c) is given by a weighted sum of both original constraints (2c) and (2d).
Any feasible solution of (2) – a tuple (f, w) of functions satisfying the constraints (2b)-(2d) – is also
a feasible solution for Problem (4) for any σ ∈ (0,∞). Thus, f tr(xN+1) ≤ f(xN+1) ≤ f

σ
(xN+1),

i.e., the uncertainty envelope obtained by solving the relaxed problem (4) contains the one obtained
by solving the original problem (2) for all test points xN+1 ∈ X and noise parameters σ ∈ (0,∞).

Before stating the first result of this paper, the following definitions in terms of known quantities
from Gaussian process regression are required. First, we define

fµ
σ (xN+1)

.
= Kf

N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

y, (5a)

Σf
σ(xN+1)

.
= Kf

N+1,N+1 −Kf
N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

Kf
1:N,N+1, (5b)
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with measurements y
.
= [y1, . . . , yN ]

⊤ ∈ RN . For the particular choice of noise kernel as
kσ(x, x′) = σ2kw(x, x′) = σ2δ(x− x′), it holds that Kw

1:N,1:N = IN and the above quantities re-
spectively correspond to the GP posterior mean and covariance for independently and identically
distributed (i.i.d.) Gaussian measurement noise with covariance σ2 [Rasmussen and Williams, 2006,
Chapter 2]. Additionally, we denote by

∥gµσ∥2H
kf+kσ

.
= min

g∈H
kf+kσ

∥g∥2H
kf+kσ

s.t. g(xi) = yi, i = 1, . . . , N,

= y⊤
(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

y (6)

the RKHS norm of the minimum-norm interpolant in the RKHS Hkf+kσ defined for the sum of
kernels kf + kσ [Berlinet and Thomas-Agnan, 2004, Theorem 58]. Lastly,

β2
σ

.
= Γ2

f +
Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ
(7)

defines the maximum norm (4c) in the RKHS Hkf+kσ based on Assumption 1, reduced by the
minimum norm required to interpolate the data.

The relaxed problem (4) admits the following closed-form analytical solution.
Lemma 1. Let Assumptions 1 and 2 hold. Then, the solution of Problem (4) is given by

f
σ
(xN+1) = fµ

σ + βσ

√
Σf

σ(xN+1). (8)

Sketch of proof: First, following arguments from the Representer Theorem [Kimeldorf and Wahba,
1971; Schölkopf et al., 2001], we show that the solution of Problem (4) is finite-dimensional. Next,
two coordinate transformations are employed to reduce the number of free variables resulting from
the interpolation constraint (4b), and to address the possible rank-deficiency of the kernel matrix
Kf

1:N+1,1:N+1 for the latent function at the test and training input locations. Finally, the problem is
reduced to an equivalent linear program with a norm-ball constraint that can be analytically solved.
Expressing the solution in terms of the original coordinates then leads to (8). The detailed proof can
be found in Appendix B.

This leads to the relaxed bound fσ(xN+1) ≤ f(xN+1) ≤ f
σ
(xN+1), valid for all σ ∈ (0,∞). Due

to the relaxation, the obtained upper and lower bounds are conservative with respect to the original
problems (2) and (3) – nevertheless, the optimal solutions of (2), (3) can be retrieved for a suitable
choice of the noise parameter σ, as shown in the following subsection.

3.2 Optimal solution

Our main result is formulated in the following theorem.
Theorem 1. Let Assumptions 1 and 2 hold. Then, the solution of Problem (2) is given by

f(xN+1) = inf
σ∈(0,∞)

f
σ
(xN+1). (9)

Sketch of proof: Similarly to Lemma 1, we first show that Problem (2) admits a finite-dimensional
representation. The latter is analyzed depending on which of the constraints (2c) and (2d) are active,
i.e., influence the optimal solution and have a corresponding strictly positive optimal Lagrange
multiplier λf,⋆, λw,⋆. This leads to three non-trivial scenarios: In Case 1, it holds that λf,⋆ > 0,
λw,⋆ = 0 and the optimal solution of (2) can be recovered by the relaxed problem for σ⋆ → ∞, for
which the combined RKHS-norm constraint (4c) reduces to (2c). In Case 2, λf,⋆ = 0, λw,⋆ > 0 and
σ⋆ → 0 recovers the optimal solution, rendering the constraint (4c) equivalent to (2d). In Case 3, both
constraints are active and the optimal noise parameter is determined by σ⋆ =

√
λf,⋆/λw,⋆ ∈ (0,∞),

i.e., the ratio of the optimal Lagrange multipliers. The set of active constraints at the optimal solution
can be determined by case distinction, based on the feasibility of the primal solutions under the
respective active-constraint set. Finally, it is shown that the optimal noise parameter σ⋆ in all three
cases minimizes (9). This is illustrated in Fig. 1, which depicts the optimal noise parameters σ⋆

sup, σ⋆
inf ,
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σ →∞

σ = 1.0

σ → 0

σ?sup

σ?inf

10−3

10−2

10−1

100

101

102

103

data y

true f tr(xN+1)

mean fµσ (xN+1)

optimal (Thm. 1)

Figure 1: Illustrative example for Theorem 1. The optimal upper and lower bounds (solid black)
for the (unknown) latent function f tr (dashed white) are determined by the relaxed bounds (shaded)
around the GP posterior mean (dotted black) for an optimal choice of noise parameter σ⋆

sup (upper
bound) and σ⋆

inf (lower bound). The three upper plots show the relaxed upper and lower bounds,
f
σ

and fσ for the values σ = {102, 100, 10−2}, respectively. The two bottom colorbars indicate the
respective optimal values σ⋆

sup and σ⋆
inf for the upper and lower bound. The plotted relaxed upper

(lower) bounds equal the optimal upper (lower) bound for each test point where the color of the
shaded area matches the color indicated in the colorbar for the optimal value σ⋆

sup (σ⋆
inf ).

for which the relaxed upper and lower bound, f
σ
(xN+1) and fσ(xN+1), correspond to the optimal

bounds, f(xN+1) and f(xN+1), respectively. The detailed proof can be found in Appendix C.

Theorem 1 reduces the solution of the infinite-dimensional optimization problem (2) to a scalar,
unconstrained optimization problem over the noise parameter σ. As such, it is amenable for efficient
iterative optimization. Since running a fixed number of iterations of, e.g., gradient descent applied to
Problem (9) returns a valid, improved upper bound f

σ
(xN+1), this allows for iterative refinement of

the uncertainty envelope. The solution thereby obtained can thus be easily integrated into existing
pipelines for downstream tasks, such as uncertainty quantification in streaming-data settings or
model-based reinforcement learning [Deisenroth and Rasmussen, 2011; Berkenkamp et al., 2017;
Kamthe and Deisenroth, 2018].

3.3 Special cases

For both cases with only one active constraint, the optimal bound can be determined directly in closed
form, without optimizing for the noise parameter σ. In the following, we provide the respective
optimal solutions, as well as easy-to-evaluate expressions for determining the active constraint set.
Noteworthy, the analytic solutions recover known bounds in specific regression settings, highlighting
that the proposed bound is a generalization thereof; we detail these connections in Section 4.1.

Case 1 (σ → ∞). When the value Γ2
w is sufficiently permissive, constraint (2d) does not influence

the optimal solution of (2). This leads to the optimal latent function f⋆ being chosen irrespective of
the training data, while the optimal noise function w⋆ ensures consistency with the data (2b). The
optimal bound f(xN+1) is then given by the prior GP covariance inflated by the full available RKHS
norm Γf , recovering a classical kernel interpolation bound [Fasshauer and McCourt, 2015, Eq. (9.7)].
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Proposition 1. Let Assumptions 1 and 2 hold. If∥∥∥∥∥∥y −Kf
1:N,N+1

Γf√
Kf

N+1,N+1

∥∥∥∥∥∥
2

(Kw
1:N,1:N )−1

≤ Γ2
w, (10)

then the solution of (2) is given as

f(xN+1) = lim
σ→∞

f
σ
(xN+1) =

√
Kf

N+1,N+1Γf . (11)

The feasibility condition (10) verifies if the bound (2d) on the noise function’s RKHS norm allows
for it to interpolate the points w⋆(xi) = yi − f⋆(xi), i = 1, . . . , N , given the data-independent,
worst-case latent function f⋆(·) = kf (·, xN+1)

Γf√
Kf

N+1,N+1

.

Case 2 (σ → 0). For infinite-dimensional hypothesis spaces, a regularity constraint on the latent
function of the form (2c) is typically required to yield finite uncertainty bounds [Scharnhorst et al.,
2023, Remark 1]. Therefore, it is possible that merely constraint (2d) is active only in degenerate
cases – when the kernel matrix Kf

1:N+1,1:N+1 is singular, i.e., has rank r ≤ N . The kernel matrix
can then be expressed as Kf

1:N+1,1:N+1 = Φ1:N+1Φ
⊤
1:N+1, where Φ1:N+1 ∈ R(N+1)×r denotes the

r-dimensional map of linearly independent features at the training and test input locations. This
results in the following closed-form optimal solution of (2).

Proposition 2. Let Assumptions 1 and 2 hold. Define P
.
= (Φ⊤

1:N

(
Kw

1:N,1:N

)−1
Φ1:N )−1 and

θµ
.
= PΦ⊤

1:N

(
Kw

1:N,1:N

)−1
y. Then, if

∥θ⋆∥22
.
=

∥∥∥∥∥θµ +
PΦ⊤

N+1

∥Φ⊤
N+1∥P

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1

∥∥∥∥∥
2

2

≤ Γ2
f , (12)

the solution of (2) is given as

f(xN+1) = lim
σ→0

f
σ
(xN+1) = ΦN+1θ

µ + ∥Φ⊤
N+1∥P

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1 .

(13)

Since the RKHS norm of the noise function is the limiting factor in this case, the optimal pair of
functions (f⋆, w⋆) generally shows the opposite behavior as in Case 1, utilizing the minimum RKHS
norm of the noise w⋆ to interpolate the data in order to achieve a maximum value of the latent
function f⋆ at the test point. The feasibility condition (12) verifies that the RKHS norm of the optimal
latent function f⋆ satisfies the bound (2c).

Case 2 can happen in two scenarios: For finite-dimensional hypothesis spaces, i.e.,
f tr(·) = [ϕ1(·) . . . ϕr(·)] θtr for some features ϕi(·), i = 1, . . . , r, the latent function f⋆(xN+1)
generally does not have sufficient degrees of freedom to interpolate an arbitrary data set. As such,
the optimal bound f(xN+1) in (13) consists of two components, the value of the least-squares
estimator fµ(xN+1)

.
= ΦN+1θ

µ, as well as a term proportional to the maximum RKHS norm of
the noise Γ2

w, subtracted by y⊤(Kw
1:N,1:N )−1y − ∥θµ∥P−1 , the minimum RKHS norm required to

eliminate the offset between the least-squares estimator and the data. For infinite-dimensional hy-
pothesis spaces, the latent function f⋆ can generally interpolate the offset between the optimal noise
function w⋆ and the training data; however, neglecting the RKHS-norm constraint (2c) on f⋆ only
leads to sensible estimates when the test point coincides with a training input location. In this case, the
feature vector ΦN+1 ∈ R(N+1)×r has rank N , which simplifies the general result in Proposition 2.

Corollary 1. Let Assumptions 1 and 2 hold. Suppose that Kf
1:N,1:N is invertible and xN+1 = xk ∈ X.

Then, if

∥θ⋆∥22
.
=

∥∥∥∥∥∥y +Kw
1:N,k

Γw√
Kw

k,k

∥∥∥∥∥∥
2

(Kf
1:N,1:N )−1

≤ Γ2
f , (14)
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the solution of (2) is given as

f(xN+1) = lim
σ→0

f
σ
(xN+1) = yk +

√
Kw

k,kΓw. (15)

In this case, the optimal solution at a training input location xN+1 = xk ∈ X is given by the corre-
sponding measurement yi, inflated by the maximum RKHS norm Γw of the noise function.

4 Related work and discussion

In this section, we discuss the obtained bounds also in view of known results from the literature. In
particular, in Section 4.1 we detail known bounds that are recovered as special cases of Theorem 1.
In Sections 4.2 and 4.3, we respectively compare Theorem 1 with deterministic bounds, obtained for
bounded noise sequences, and probabilistic bounds, for noise sequences with an assumed probability
distribution. Specifically, Section 4.3 encompasses a thorough numerical comparison of the bounds,
including an application on safe control that shows the effectiveness of the proposed bounds on a
downstream task.

4.1 Recovering existing bounds as particular cases

Linear regression under energy-bounded noise We first elucidate the connection between As-
sumption 1 on the deterministic noise function and energy-boundedness of the noise sequence. As
a straightforward consequence of the Representer Theorem [Wahba, 1990; Schölkopf et al., 2001],
for the presented results in this paper, the values of the noise function outside the training input
locations are irrelevant (see Appendix A): there exists a noise-generating function wtr for the data
set D satisfying Assumption 1 if and only if the minimum-norm interpolant wµ of the (unknown)
noise realizations wX

.
= [w(x1), . . . , w(xN )]

⊤ satisfies the RKHS-norm bound ∥wµ∥2Hkw < Γ2
w,

where

∥wµ∥2Hkw

.
= min

w∈Hkw
∥w∥2Hkw

s.t. w(xi) = wtr(xi), i = 1, . . . , N,

= w⊤
X
(
Kw

1:N,1:N

)−1
wX.

Therefore, instead of imposing a maximum RKHS norm on wtr, one could equivalently assume a
bounded RKHS norm for the minimum-norm interpolant generating the data set. For the Dirac noise
kernel kw(x, x′) = δ(x− x′), since Kw

1:N,1:N = IN , the bounded-RKHS-norm assumption on the
noise function implies bounded energy of the noise sequence, i.e.,

∥wµ∥2Hkw =
N∑
i=1

wtr(xi)
2 < Γ2

w.

The assumption of bounded energy for the data set has been employed by Fogel [1979] to obtain
bounds for the latent function in the setting of linear regression, i.e., finite-dimensional hypothesis
spaces. Using the notation adopted in Section 3.3, the non-falsified parameter set is obtained as

∥θtr − θµ∥2P−1 ≤ Γ2
w − y⊤y + ∥θµ∥2P−1 , (16)

see [Fogel, 1979, Eq. (3)]. Proposition 2 shows that the obtained bound recovers this known result
from set-membership estimation for finite-dimensional hypothesis spaces. In fact, for the Dirac noise
kernel, the worst-case realization of the unknown parameters is given by θ⋆ in (12), for which (16)
holds with equality. Note that the optimal bound in Theorem 1 does not only recover the bounds
by Fogel [1979] for the linear-regression case, but, moreover, provides bounds under the additional
complexity constraint ∥θtr∥22 ≤ Γ2

f .

Noise-free kernel interpolation Building upon the kernel interpolation bound by Weinberger and
Golomb [1959] (see [Wendland, 2004, p. 192], [Fasshauer and McCourt, 2015, Section 9.3]), under
Assumption 1 the following bound can be derived, cf. [Maddalena et al., 2021, Proposition 1]:

|f(xN+1)− fµ
0 (xN+1)| ≤

√
Γ2
f − ∥fµ

0 ∥2H
kf

√
Σf

0 (xN+1), (17)

7



where fµ
0 is the minimum-norm interpolant in the RKHS Hkf (see (6)) and

√
Σf

0 (xN+1) is commonly
referred to as the power function. The relaxed bound in Lemma 1 generalizes this result: for noise-free
measurements, i.e., Γ2

w → 0, and in the limit for the noise parameter σ → 0, (17) is recovered exactly
by noting that the bound in Lemma 1 is symmetric around the estimate.

4.2 Comparison with existing deterministic bounds

Interpolation using sum-of-kernels For the Dirac noise kernel kw(x, x′) = δ(x− x′), uncertainty
bounds have also been obtained by [Kanagawa et al., 2025, Section 6.4] based on the minimum-norm
interpolant gµσ ∈ Hkf+kσ using the sum of kernels kf + kσ . Utilizing the fact that, for all x /∈ X, the
GP posterior mean (5a) and covariance (5b) are equal to the interpolant gµσ and the corresponding
power function, respectively, a bound on the true data-generating function g ∈ Hkf+kσ has been
established by [Kanagawa et al., 2025, Corrolary 6.8]. However, the bound does not take into account
the actual value of the measurements {g(xi) = yi}Ni=1, but rather the worst-case realization thereof,
rendering it conservative. Additionally, the bound is only valid for the data-generating process g and
does not provide bounds for the latent function.

Point-wise bounded noise As energy-boundedness is a weaker assumption than point-wise bound-
edness of the noise, Theorem 1 can also be applied in the setting of point-wise bounded noise, see
Section 4.1. In this setting, [Maddalena et al., 2021; Reed et al., 2025] provide closed-form, yet con-
servative, bounds for the latent function under an RKHS-norm constraint on the latter. The bounds are
improved upon by Scharnhorst et al. [2023], which provides optimal point-wise bounds for the latent
function. As the bounded-energy and pointwise-boundedness assumptions are equivalent for N = 1
data points, so are the bounds by Scharnhorst et al. [2023] and Theorem 1 in this case. For larger
data sets, under the point-wise-boundedness assumption, the optimal bounds by Scharnhorst et al.
[2023] are tighter than the optimal bounds in Theorem 1 obtained under the weaker bounded-energy
assumption. Still, their computation relies on solving a constrained convex program, cf. [Scharnhorst
et al., 2023, Eq. (6)], whose number of optimization variables is proportional to the number of training
data points N . Additionally. this optimization problem has to be solved to optimality in order to
obtain valid bounds for the latent function, while optimization over the noise parameter σ in (9)
returns a valid upper bound for all σ ∈ (0,∞).

4.3 Comparison with existing probabilistic bounds

High-probability bounds for Gaussian-process regression are derived in [Srinivas et al., 2012; Abbasi-
Yadkori, 2013; Fiedler et al., 2021; Molodchyk et al., 2025], which are generally of the form

Pr

[
|f(x)− fµ

σ (x)| ≤ βσ

√
Σf

σ(x) ∀x ∈ X
]
≥ p.

Compared to Theorem 1, these bounds hold with a user-chosen probability p ∈ (0, 1), use a fixed con-
stant σ > 0, but otherwise have the same structure and the same assumption on the latent function f tr

in terms of a known bound on its RKHS norm. However, while the proposed analysis considers
energy-bounded noise, ∥wtr∥2Hkw < Γ2

w (Assumption 1), these results apply to (conditionally) inde-
pendent sub-Gaussian noise [Srinivas et al., 2012; Abbasi-Yadkori, 2013; Fiedler et al., 2021]. This
is a stronger1requirement as it does not allow for biased or correlated noise, which can be difficult to
ensure in real-world experiments. Nonetheless, both the proposed bound and existing high-probability
bounds can be applied in case of independent, zero-mean and bounded noise; in the following, we
numerically investigate the conservativeness of the bounds in this setting2.

Numerical comparison In this experiment, the size of the uncertainty regions is compared. Using a
squared-exponential kernel kf (x, x′) = exp(−∥x− x′∥2/ℓ2), ℓ = 1, for the latent function, as well
as a Dirac noise kernel kw(x, x′) = δ(x− x′) on the domain X = [0, 4], random latent functions

1To be precise, if the noise is sub-Gaussian, we can derive an energy bound Γ2
w, such that wtr satisfies

Assumption 1 with the kernel kw(x, x′) = δ(x− x′) and a desired probability p ∈ (0, 1). However, the
converse is not true as energy-bounded noise may be correlated and biased.

2The code to reproduce the experiments is publicly available at https://gitlab.ethz.ch/ics/
bounded-energy-rkhs-bounds and at https://doi.org/10.3929/ethz-c-000785083.
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Figure 2: Numerical comparison of area of uncertainty region for increasing number of data points N
with {5%, 95%}-percentiles shown in shade.

are generated with ∥f tr∥2H
kf

= Γ2
f = 1. Training data are sampled based on measurement noise

following a zero-mean truncated Gaussian distribution with standard deviation and bounded absolute
value equal to ϵ = 0.01, which is R-sub-Gaussian for R = ϵ. The corresponding noise-energy bound
is derived as Γ2

w = Nϵ2. We compare the proposed bound (Theorem 1), which is optimal given
only the information ∥wtr∥2Hkw ≤ Γ2

w, the relaxed bound (Lemma 1) with σ = ϵ, and a standard
high-probability error bound [Abbasi-Yadkori, 2013], cf. [Fiedler et al., 2024, Eq. (7)], which uses
only sub-Gaussianity of the noise and provides a valid bound with probability p = 0.99, similar
to [Srinivas et al., 2012; Fiedler et al., 2021]. Optimality of the numerical solution to (9) is guaranteed
by solving a convex reformulation of (2) (see Appendix A) using CVXPY [Diamond and Boyd, 2016;
Agrawal et al., 2018]. Figure 2 compares the area of the uncertainty region for N = 1, . . . , 103

randomly sampled training points, averaged over 103 runs for randomly sampled latent functions f tr.
In the low-data regime, the proposed optimal and relaxed bounds, leveraging energy-boundedness of
the noise, are significantly less conservative. However, as multiple similar data points may provide
no additional information without probabilistic information, they do not significantly improve after
a certain number of data points N . In contrast, the probabilistic bound leverages independence,
asymptotically attaining smaller uncertainty bounds with increasing data. However, it should be
noted that these probabilistic bounds are only valid if indeed the noise is (conditionally) independent
and zero-mean; otherwise, these shrinking confidence intervals would be misleading.

Safe control for uncertain nonlinear systems Lastly, we demonstrate the application of the
proposed bounds to the downstream task of safe control. Consider the uncertain (for simplicity scalar)
nonlinear dynamical system

x(k + 1) = fknown(x(k), u(k)) + f tr(x(k), u(k)), (18)

with known dynamics fknown and unknown residual dynamics f tr. Given the current state
x(k) ∈ R of the system at time k ∈ N, the goal is to find an optimal control input
u(k) ∈ R that minimizes a user-defined cost function c(x(k), u(k)), subject to a safety-critical
constraint, fknown(x(k), u(k)) + f tr(x(k), u(k)) ≥ (1− γ)x(k) – similar to a control barrier func-
tion [Agrawal and Sreenath, 2017; Ames et al., 2019; Jagtap et al., 2020]. The uncertainty in the
system dynamics is handled by leveraging the proposed (the probabilistic) bound to enforce robust
constraint satisfaction for all functions in the uncertainty set, containing the unknown function f tr

(with probability p). Importantly, this makes tight uncertainty bounds desirable, since they generally
lead to lower costs and a larger feasible region, where safety of the control input can be guaranteed.

We compare the bounds for the following example setup: fknown(x, u)
.
= 0.5x+ u− 1, f tr(x, u)

.
=

exp(−x2) sin(10x), c(x, u) .
= (fknown(x, u) + fµ

σ (x, u))
2 + u2, kf , kw as above with ℓ =

√
2/20.

For the proposed bound, the optimization problem is formulated using the relaxed bound in Eq. (8),
optimizing σ ∈ (0,∞) and u(k) ∈ [−2, 2] simultaneously; for the probabilistic bounds, σ = ϵ is
fixed with the same noise assumptions as in Section 4.3; see Appendix D for implementation details.
Additionally, we implement the proposed bound using only the nearest 10 training points to construct
the uncertainty bounds. Fig. 3 shows the success rate in terms of the share of feasible problems for an
increasing amount of training data on a grid of 500 test points in the domain x(k) ∈ [−2, 2], repeated
20 times with random noise realizations. Due to the smaller uncertainty bounds, the proposed bound
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Figure 3: Application of uncertainty bounds for safe control. Success rate (upper plot) and solve time
(lower plot) with {5%, 95%}-percentiles shown in shade.

using the full data set achieves the highest success rate, albeit at a high computational cost. In contrast,
using the probabilistic bounds and the subset-of-data variant of the proposed bounds leads to similar
success rates, with the latter exhibiting significantly lower computation times due to its independence
of the number of training points. Note that utilizing the probabilistic bounds with test-point-dependent
subsets of data would generally deteriorate the probability p of their joint validity for all test points,
compromising the controller’s safety guarantees.

4.4 Limitations

The obtained bounds suffer from common criticalities and limitations of kernel-based learning, which
are (a) dealing with kernel mis-specification and (b) knowing valid RKHS-norm bounds. Both
issues are typically addressed empirically, (a) by hyper-parameter tuning via cross-validation or
maximum-likelihood estimation ([Wahba, 1990], [Rasmussen and Williams, 2006, Section 5.4],
[Karvonen et al., 2020]) and (b) by estimating the bound value from data [Csáji and Horváth, 2022;
Tokmak et al., 2024]. While a rigorous investigation of (a) is beyond the scope of this paper, we
note that mis-specification of kf may also be compensated by an inflated RKHS-norm bound Γw.
Regarding (b), for the latent function, this is a common assumption in the literature on kernel-based
uncertainty bounds; for the noise function, we discuss in Section 4.1 how it generalizes the common
setting of energy-bounded noise. Under-estimation in the RKHS-norm bounds could be detected
by checking feasibility of the optimization problem. Conversely, we point out that considering
conservative values of Γf and Γw merely results in a sublinear inflation of the computed uncertainty
envelope, cf. Eq. (7). Nevertheless, further research will be devoted to rigorously assessing the
robustness of the obtained bounds with respect to possible mis-specifications in (a) and (b).

5 Conclusions

The main contribution of this paper is an optimization-based, distribution-free bound for kernel-based
estimates that is tight, even in the non-asymptotic, low-data regime, and that can handle correlated and
biased noise sequences. The proposed bound generalizes known results from kernel interpolation in
the noise-free setting and from linear regression under energy-bounded noise. In the case of bounded
sub-Gaussian noise, the numerical results highlight the competitiveness of the bound with existing
probabilistic bounds in terms of its conservatism, and showcase its high potential for safe control as a
downstream task. Moreover, the experiments highlight how the deterministic nature of the proposed
bound enables the rigorous certification of subset-of-data selection or mixture-of-experts strategies
to handle large data sets. Future work may investigate the effectiveness of the proposed bound for
further downstream tasks, such as Bayesian optimization or model-based reinforcement learning.
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Technical Appendix

The following sections contain the proofs of the mathematical claims made in the paper, as well as
implementation details for the numerical examples. Specifically, Appendix A collects ancillary results,
showing that the original infinite-dimensional problems yielding the upper- and lower bounds admit
a finite-dimensional representation, which is the first step in computing their analytical solutions;
additionally, it also presents two coordinate transformations that are useful for the following results.
Appendix B provides the proof of Lemma 1. Appendix C contains the proof of Theorem 1, together
with those for the special cases presented in Propositions 1 and 2 and Corollary 1. Finally, Appendix D
provides further implementation details for the numerical example on “Safe control for uncertain
nonlinear systems” in Section 4.3.
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A Finite-dimensional representation of optimization problems

In this Section we first prove that optimization problems (2) and (4) admit a finite-dimensional
representation (Lemma A.1 and Lemma A.2 in Appendix A.1). Next, in Appendix A.2 we present
two coordinate transformations that will be deployed in the remaining sections.

A.1 Representer Theorems

By using standard ideas from the representer theorem Kimeldorf and Wahba [1971]; Schölkopf et al.
[2001] and [Scharnhorst et al., 2023, Appendix C.1], it can be established that the maximizer of (2) is
finite-dimensional.
Lemma A.1. A global maximizer of Problem (2) is given by

f⋆(·) =
N+1∑
i=1

kf (·, xi)α
f
i ∈ Hkf , w⋆(·) =

N∑
i=1

kw(·, xi)α
w
i ∈ Hkw . (A.1)

Furthermore, Problem (2) is equivalent to the following finite-dimensional problem
with cw

.
= Kw

1:N,1:Nαw ∈ RN :

f(xN+1) = sup
αf∈RN+1,

cw∈RN

Kf
N+1,1:N+1α

f (A.2a)

s.t. Kf
1:N,1:N+1α

f + cw = y, (A.2b)

(αf )⊤Kf
1:N+1,1:N+1α

f − Γ2
f ≤ 0, (A.2c)

1

σ2

(
(cw)⊤(Kw

1:N,1:N )−1cw − Γ2
w

)
≤ 0. (A.2d)

Proof. Let X = {x1, . . . , xN} be the set of training input locations and X+ = X ∪ {xN+1}, the same
set augmented with the test point. We denote by H∥

kf = {f ∈ Hkf : f ∈ span(kf (·, xi), xi ∈ X+)}
the span of kernel functions evaluated at the training and test input locations, as well as by H⊥

kf its
orthogonal complement, i.e., H⊥

kf = {f⊥ ∈ Hkf : ⟨f⊥, f∥⟩H
kf

= 0 for all f∥ ∈ H∥
kf }. Hence, any

function f ∈ Hkf can be written as f = f∥ + f⊥, where f∥ ∈ H∥
kf and f⊥ ∈ H⊥

kf . Note that the
cost of the optimization problem is f(xN+1) = ⟨f, k(xN+1, ·)⟩H

kf
, which is insensitive to the orthog-

onal part f⊥. Regarding the constraints, note that all functions f⊥ ∈ H⊥
kf do not affect the equality

constraint (2b) while tightening the inequality constraints (2c); hence, it is optimal to set f⊥ ≡ 0.
By the same arguments, it is optimal to set w⊥ ≡ 0. where the orthogonal complement is defined
with respect to the finite-dimensional subspace H∥

kw = {w ∈ Hkw : w ∈ span(kw(·, xi), xi ∈ X)},
which excludes kw(·, xN+1) as the cost is insensitive to w(xN+1), the value of the noise function at
the test point. Hence, it follows that for all functions f ∈ Hkf and w ∈ Hkw , the respective orthogo-
nal parts f⊥ ∈ H⊥

kf and w⊥ ∈ H⊥
kw can be set to zero without affecting feasibility or optimality of

the candidate function.

Next, we show that the supremum is actually attained, i.e., that the optimizers f⋆ and
w⋆ are elements of the respective finite-dimensional subspaces H∥

kf and H∥
kw . First,

we note that the norm constraints (2c) and (2d) define closed and bounded sets in
the metric spaces Hkf and Hkw , respectively. By the Cauchy-Schwartz inequality, the
norm constraints (2c) and (2d) imply bounds on the pointwise evaluation of f and
w: |f(xi)| = ⟨f, kf (xi, ·)⟩H

kf
≤ ∥kf (xi, ·)∥H

kf
∥f∥H

kf
≤ cfΓf , where cf

.
= supx∈X

√
kf (x, x).

Similarly, it holds that |w(xi)| = ⟨w, kw(xi, ·)⟩Hkw ≤ ∥kw(xi, ·)∥Hkw ∥w∥Hkw ≤ cwΓw, where
cw

.
= supx∈X

√
kw(x, x). Note that cw, cf < ∞ holds by Assumption 1. Jointly with the data

interpolation constraint (2b), this defines closed and bounded sets

Di
.
=
{
(f(xi), w(xi))

∣∣∣ f ∈ H∥
kf , w ∈ H∥

kw , f(xi) + w(xi) = yi, |f(xi)| ≤ cfΓf , |w(xi)| ≤ cwΓw

}
in R2, for all i = 1, . . . , N . As the evaluation functionals Ef

xi
(f) = f(xi) = ⟨f, kf (xi, ·)⟩H

kf
and

Ew
xi
(w) = w(xi) = ⟨f, kw(xi, ·)⟩Hkw corresponding to the RKHSs Hkf and Hkw , respectively, are

16



linear and continuous, the pre-image of Di, pre(Di) = {(f, w) | (f(xi), w(xi)) ∈ Di}, is closed
in H∥

kf ×H∥
kw , for all i = 1, . . . , N . Furthermore, the intersection of pre(Di), i = 1, . . . , N and

the bounded norm constraints (2c) and (2d) is closed and also bounded in H∥
kf × H∥

kw i.e., the

feasible set of Problem (2) is closed and bounded. Since H∥
kf and H∥

kw are finite-dimensional, by the
Heine-Borel theorem, the feasible set is compact; the value of the continuous objective f(xN+1) =
⟨f, kf (xN+1, ·)⟩H

kf
is thus attained by the Weierstrass extreme value theorem.

The finite-dimensional formulation (A.3) follows directly from inserting the finite-dimensional
representations of f⋆ ∈ H∥

kf and w⋆ ∈ H∥
kw in (2) and defining cw = Kw

1:N,1:Nαw.

Similarly, we now prove that the relaxed infinite-dimensional problem (4) admits a finite-dimensional
representation.

Lemma A.2. A global maximizer of Problem (4) is given by (A.1), and the resulting finite-dimensional
problem can be written as

f
σ
(xN+1) = sup

αf∈RN+1,

cw∈RN

Kf
N+1,1:N+1α

f (A.3a)

s.t. Kf
1:N,1:N+1α

f + cw = y, (A.3b)

∥αf∥2
Kf

1:N+1,1:N+1

+ ∥cw∥2(σ2Kw
1:N,1:N )−1 ≤ Γ2

f +
Γ2
w

σ2
. (A.3c)

Proof. Analogous to Lemma A.1, it holds that setting f⊥ ≡ 0 retains optimality of any candidate
function f ∈ Hk, with f = f∥ + f⊥. Similarly for the noise, it holds that w⊥ ≡ 0. Attainment
of the supremum is also established along the lines of Lemma A.1, noting that the sum of norm-
constraints (4c) defines a closed and bounded set in H∥

kf × H∥
kw . Finally, the finite-dimensional

optimization problem follows from replacing f, w with their finite-dimensional expressions (A.1).

A.2 Coordinate transformations

We now present two transformations that will allow us to simplify the finite-dimensional represen-
tations (A.2) and (A.3). The first one will be used to deal with the possible rank-deficiency of the
kernel matrix, the second one, to decompose the hypothesis space into orthogonal features. A subset
of the corresponding weights will be fully determined by the training data, while the remaining ones
will be adversarially chosen to obtain the worst-case value of the latent function at the test point. We
point the interested reader to Müller and Schaback [2009]; Pazouki and Schaback [2011] for details
on similar basis transformations for kernel spaces.

Eliminating the null space of the kernel matrix

For degenerate kernel functions, i.e., finite-dimensional hypothesis spaces, as well as in the case
when the test point coincides with a training data point, the kernel matrix Kf

1:N+1,1:N+1 associated
with the latent function f can be singular. To handle the rank-deficiency, let us denote the rank of
the matrix Kf

1:N+1,1:N+1 by r, which satisfies r ≤ N + 1 by definition. To eliminate redundant
variables, we employ a singular value decomposition (SVD) of Kf

1:N+1,1:N+1:

Kf
1:N+1,1:N+1 =

[
Kf

1:N,1:N Kf
1:N,N+1

Kf
N+1,1:N Kf

N+1,N+1

]
= V SV ⊤ (A.4)

=

[
V11 V12

V21 V22

] [
Sr 0
0 0

] [
V ⊤
11 V ⊤

21

V ⊤
12 V ⊤

22

]
(A.5)

Thereby we have partitioned the rows of the orthonormal matrix V , with V V ⊤ = I , according to
the separation of Kf

1:N+1,1:N+1 into evaluations at the training points and the test point. Note that
if Kf

1:N+1,1:N+1 has full rank, i.e., r = N + 1, then the diagonal and positive-definite matrix Sr,
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containing the non-zero singular values of Kf
1:N+1,1:N+1, is equal to the matrix S containing all

singular values, S = Sr; and the the matrices V12, V22 are void in this case. The first r vectors in V

form a basis for the image of Kf
1:N+1,1:N+1: A coordinate transformation[

v1
v2

]
=

[
V ⊤
11 V ⊤

21

V ⊤
12 V ⊤

22

]
αf ⇔ αf =

[
V11 V12

V21 V22

] [
v1
v2

]
(A.6)

reveals that Kf
1:N+1,1:N+1α

f =

[
V11

V21

]
Srv1. Hence, neither the optimal cost nor the constraints

of (A.1) and (A.3) depend on v2, implying that there exists an optimal solution which satisfies v2 = 0.

To simplify notation, we denote by

Φ1:N+1 =

[
Φ1:N

ΦN+1

]
=

[
V11

V21

]
S1/2
r (A.7)

the feature matrix associated with the kernel matrix

Kf
1:N+1,1:N+1 = Φ1:N+1Φ

⊤
1:N+1 (A.8)

Defining as θ .
= S

1/2
r v1 ∈ Rr the corresponding weight vector, it holds that

Kf
1:N+1,1:N+1α

f = Φ1:N+1θ. (A.9)

Eliminating the subspace determined by training data

Interpolation of the training data by the latent function and noise process uniquely determines the
components of the optimal solution in an N -dimensional subspace, while the remaining orthogonal
components are not affected by this constraint. We find this subspace by applying a QR decomposition[

Φ⊤
1:N

(σRw
1:N,1:N )⊤

]
=

[
Q11 Q12

Q21 Q22

]
︸ ︷︷ ︸

.
=Q

[
R
0

]
, (A.10)

where Q ∈ R(N+r)×(N+r) is an orthonormal matrix, R ∈ RN×N is upper-triangular, and

σ2Kw
1:N,1:N = σRw

1:N,1:N (σRw
1:N,1:N )⊤ (A.11)

is the (upper-triangular) Cholesky decomposition of the noise covariance matrix or, equivalently,

(σ2Kw
1:N )−1 =

(
σRw

1:N,1:N (σRw
1:N,1:N )⊤

)−1
= (σRw

1:N,1:N )−⊤(σRw
1:N,1:N )−1 (A.12)

is the standard (lower-triangular) Cholesky decomposition of the inverse noise covariance matrix. We
use the orthogonal matrix Q from the QR decomposition to define a coordinate transformation[

Q11 Q12

Q21 Q22

] [
δ1
δ2

]
=

[
Ir 0
0 (σRw

1:N,1:N )−1

] [
θ
cw

]
, (A.13)

with δ1 ∈ RN , δ2 ∈ Rr, which allows compute the components of the solution determined by the
training data. For clarity, we emphasize that the partitioning of the matrices in Eq. (A.13) on the left-
and right-hand side is different: the first line on the left-hand side contains N rows, the first line on
the right-hand side, r rows.
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B Proof of Lemma 1

Starting from the finite-dimensional formulation of the relaxed problem (4) as given in (A.3), we first
apply the two coordinate transformations presented in Appendix A.2 (Appendix B.1). This allows us
to obtain a simplified problem formulation — a linear program with a single norm-ball constraint —
that can be solved directly (Appendix B.2). Finally, we also present the result for the lower bound
(Appendix B.3).

B.1 Preliminary coordinate transformation

Using the SVD of the kernel matrix (A.5) as well as the coordinate transformation (A.13), the data
equation (A.3b) reads

y
(A.9)
= Φ1:Nθ + cw,

=
[
Φ1:N σRw

1:N,1:N

] [IN 0
0 (σRw

1:N,1:N )−1

] [
θ
cw

]
,

(A.10)
=

[
R⊤ 0

] [Q⊤
11 Q⊤

21

Q⊤
12 Q⊤

22

] [
IN 0
0 (σRw

1:N,1:N )−1

] [
θ
cw

]
(A.13)
= R⊤δ1. (B.1)

This leads to δ⋆,σ1 = R−⊤y being fully determined by the data, leaving only δ2 ∈ Rr to be optimized.
The RKHS-norm constraint (A.3c) is reformulated as

(αf )⊤Kf
1:N+1,1:N+1α

f + (cw)⊤(σ2Kw
1:N,1:N )−1cw

(A.8),(A.9)
=

∥∥∥∥[IN 0
0 (σRw

1:N,1:N )−1

] [
θ
cw

]∥∥∥∥2
2

(A.13)
= ∥δ1∥22 + ∥δ2∥22, (B.2)

where we have used that Q is orthogonal, i.e., ∥Qx∥22 = ∥x∥22 for all x ∈ Rr+N . Finally, in the new
coordinates, the cost is expressed as

Kf
N+1,1:Nαf (A.9)

= ΦN+1θ
(A.13)
= ΦN+1(Q11δ1 +Q12δ2). (B.3)

Problem (A.3) is thus equivalently reformulated as follows:

f
σ
(xN+1) = sup

δ2∈Rr
ΦN+1Q12δ2 +ΦN+1Q11δ

⋆,σ
1 (B.4a)

s.t. ∥δ2∥22 ≤ Γ2
f +

Γ2
w

σ2
− ∥δ⋆,σ1 ∥22. (B.4b)

B.2 Analytical solution

With its linear cost and norm-ball constraint, problem (B.4) has the unique optimal solution

δ⋆,σ2 =
Q⊤

12Φ
⊤
N+1

∥Q⊤
12Φ

⊤
N+1∥2

√
Γ2
f +

Γ2
w

σ2
− ∥δ⋆,σ1 ∥22 (B.5)

and associated optimal cost

f
σ
(xN+1) = Φ1:NQ11δ

⋆,σ
1 + ∥Q⊤

12Φ
⊤
N+1∥2

√
Γ2
f +

Γ2
w

σ2
− ∥δ⋆,σ1 ∥22 (B.6)

To obtain the formulation in in (8), we use the following relations inferred from the QR decomposi-
tion (A.10):

Q12Q
⊤
12 = I −Q11Q

⊤
11, (B.7a)

Q11 = Φ⊤
1:NR−1, (B.7b)

R⊤R = R⊤Q⊤QR = Φ1:NΦ⊤
1:N + (σRw

1:N,1:N )⊤σRw
1:N,1:N
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= Kf
1:N,1:N + σ2Kw

1:N,1:N . (B.7c)

We can now simplify the terms in the optimal cost (B.6). First, it holds that

ΦN+1Q11δ
⋆,σ
1

(B.7b)
= (ΦN+1Φ

⊤
1:N )R−1R−⊤y,

(B.7c)
= Kf

N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

y,

(5a)
= fµ

σ (xN+1).

Then, we have

∥Q⊤
12Φ

⊤
N+1∥22 = ΦN+1Q12Q

⊤
12Φ

⊤
N+1

(B.7a)
= ΦN+1(I −Q11Q

⊤
11)Φ

⊤
N+1

(B.7b)
= ΦN+1Φ

⊤
N+1 − (ΦN+1Φ

⊤
1:N )R−1R−⊤(Φ1:NΦ⊤

N+1)

(B.7c)
= Kf

N+1,N+1 −Kf
N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

Kf
1:N,N+1

(5b)
= Σf

σ(xN+1).

Lastly, we obtain

∥δ⋆,σ1 ∥22
(B.1)
= y⊤R−1R−⊤y

(B.7c)
= y⊤

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

y

(6)
= ∥gµσ∥2H

kf+kσ
.

To summarize, this shows that the optimal cost of (4) is given by

f
σ
(xN+1) = fµ

σ (xN+1) +

√
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

√
Σf

σ(xN+1).

B.3 Optimal relaxed solution for the lower bound

For the lower bound, the same derivations apply with a minor change. Flipping the sign in the cost
leads leads to a flipped sign in the optimal solution for the free variables δ2, i.e., δ⋆,inf2 = −δ⋆,σ2 . This
results in the optimal cost for the lower bound

fσ(xN+1) = fµ
σ (xN+1)−

√
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

√
Σf

σ(xN+1).

Due to the symmetry of the relaxed bounds around fµ
σ (xN+1), the following corollary is immediate.

Corollary 2. Let Assumptions 1 and 2 be satisfied. Then, for all σ ∈ (0,∞), it holds that

|f tr(xN+1)− fµ
σ (xN+1)| ≤

√
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

√
Σf

σ(xN+1).
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C Proof of Theorem 1

In the following, we derive an analytic solution to Problem (2). Taking its finite-dimensional
formulation (A.2), we eliminate the noise coefficients as a function of the latent function coefficients,
cw = y − Φ1:Nθ, and deploy (A.7) to obtain the following reformulation:

f(xN+1) = sup
θ∈Rr

ΦN+1θ (C.1a)

s.t. θ⊤θ − Γ2
f ≤ 0, (C.1b)

(y − Φ1:Nθ)⊤(Kw
1:N,1:N )−1(y − Φ1:Nθ)− Γ2

w ≤ 0. (C.1c)

We will analyze the solution of Problem (C.1) for different active sets. Here, the term “active
set” refers to a subset of the RKHS-norm constraints (C.1b) and (C.1c) that are strictly active, i.e.,
influence the optimal primal solution of the problem. For strictly active constraints (C.1b) and (C.1c)
there exist respective Lagrangian multipliers, λf and λw, that are strictly positive. We investigate the
following combinations:

Case 1 : only (C.1b) is strictly active (λf > 0, λw = 0),
Case 2 : only (C.1c) is strictly active (λf = 0, λw > 0),
Case 3 : both (C.1b) and (C.1c) are strictly active (λf > 0, λw > 0).
Case 4 : both (C.1b) and (C.1c) are not strictly active (λf = 0, λw = 0),

Based on the solutions for fixed active sets3, the optimal solution can then be found by case distinc-
tion. We discuss each case separately, obtaining the corresponding analytical solution, presenting
the feasibility check and elucidating the connection with the solution of the relaxed problem in
Appendices C.1 to C.4; note that Appendices C.2 and C.3 provide the proofs for Propositions 1 and 2
and Corollary 1. We then show how to practically check which set is active, and obtain the desired
claim (9) in Appendix C.5. We conclude the section by presenting the result for the lower bound
(Appendix C.6).

C.1 Case 1: Noise constraint inactive

We now consider the case in which only (C.1b) is active, proving Proposition 1.

Optimal solution Problem (C.1) with omitted constraint (C.1c) is given by

f1(xN+1) = sup
θ∈Rr

ΦN+1θ (C.2a)

s.t. θ⊤θ − Γ2
f ≤ 0. (C.2b)

The solution of the above optimization problem is given as

θ⋆,1 =
Φ⊤

N+1

∥ΦN+1∥2
Γf , (C.3)

which results in the optimal cost given in (11), namely

f1(xN+1) =
ΦN+1Φ

⊤
N+1

∥ΦN+1∥2
Γf

(A.7)
=
√
Kf

N+1,N+1Γf .

Feasibility check The optimizer θ⋆,1 is a feasible solution of (C.1) if the corresponding optimal
noise coefficients

cw,⋆,1 .
= y −

Φ1:NΦ⊤
N+1√

ΦN+1Φ⊤
N+1

Γf
(A.7)
= y −Kf

1:N,N+1

Γf√
Kf

N+1,N+1

,

3The presented analysis of Cases 1-3 considers a slightly more permissive setting, which allows some of the
Lagrange multipliers to be zero, i.e., the corresponding constraint to be inactive or weakly active. Thus, in some
scenarios multiple cases might be applicable (see Appendix C.5); yet, this does not affect our analysis as the
cases cover all possible scenarios.
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satisfy the neglected constraint (C.1c), i.e., if∥∥∥∥∥∥y −Kf
1:N,N+1

Γf√
Kf

N+1,N+1

∥∥∥∥∥∥
2

(Kw
1:N,1:N )−1

≤ Γ2
w,

as given in (15)).

Connection to relaxed solution For σ → ∞, for the relaxed solution f
σ
(xN+1) in Appendix B, it

holds that

lim
σ→∞

fµ
σ = lim

σ→∞
Kf

N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

y

= 0,

lim
σ→∞

βσ = lim
σ→∞

√
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

= Γf ,

lim
σ→∞

Σf
σ(xN+1) = lim

σ→∞
Kf

N+1,N+1 −Kf
N+1,1:N

(
Kf

1:N,1:N + σ2Kw
1:N,1:N

)−1

Kf
1:N,N+1

= Kf
N+1,N+1.

Thus, the relaxed solution converges to the optimal solution for σ → ∞, i.e.,

lim
σ→∞

f
σ
(xN+1) = lim

σ→∞
fµ
σ + βσ

√
Σf

σ(xN+1)

=
√

Kf
N+1,N+1Γf

= f1(xN+1).

C.2 Case 2: Function constraint inactive

We proceed by considering the case in which only (C.1b) is active, proving the result given in Propo-
sition 2.

Optimal solution Problem (C.1) under this active set is given as

f2(xN+1) = sup
θ∈Rr

ΦN+1θ (C.4a)

s.t. (y − Φ1:Nθ)⊤(Kw
1:N,1:N )−1(y − Φ1:Nθ)− Γ2

w ≤ 0. (C.4b)

This optimization problem only has a finite optimal cost if the span of Φ⊤
N+1 ∈ Rr×1 is contained

in the span of Φ⊤
1:N ∈ Rr×N , i.e., if span(Φ⊤

N+1) ⊆ span(Φ⊤
1:N ). Otherwise, there would exist

a direction d1 ∈ span(Φ⊤
N+1) such that Φ1:Nd1 = 0: the optimal solution to (C.4) would then be

unbounded and thus would not satisfy the constraint (C.1b) of the original problem. Hence, in the
following, we focus on the case where span(Φ⊤

N+1) ⊆ span(Φ⊤
1:N ).

If span(Φ⊤
N+1) ⊆ span(Φ⊤

1:N ), we can write Φ⊤
N+1 as a linear combination of the column vectors of

Φ⊤
1:N , i.e., Φ⊤

N+1 = Φ⊤
1:Nλ, where λ ∈ RN×1. Since the r feature vectors in

Φ1:N+1 =

[
Φ1:N

ΦN+1

]
=

[
IN
λ⊤

]
Φ1:N (C.5)

are linearly independent, Φ1:N has full column rank. As Φ⊤
1:N thus has full row rank, λ can be

determined as λ = Φ1:N (Φ⊤
1:NΦ1:N )−1Φ⊤

N+1.

To reformulate constraint (C.4b) as a norm-ball constraint, we employ a QR decomposition. Recalling
the upper-triangular Cholesky factor Rw

1:N,1:N (Rw
1:N,1:N )⊤ = Kw

1:N,1:N of the noise covariance
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matrix from (A.11), we factor the matrix

(Rw
1:N,1:N )−1Φ1:N =

[
Q̃11 Q̃12

Q̃21 Q̃22

]
︸ ︷︷ ︸

.
=Q̃

[
R̃
0

]
, (C.6)

to obtain an orthonormal matrix Q̃ ∈ RN×N , with Q̃⊤Q̃ = I , and an upper-triangular matrix
R̃ ∈ Rr×r. The QR factorization implies the following relations required for the proof:

Q̃Q̃⊤ = I (C.7a)[
Q̃11

Q̃21

]
= (Rw

1:N,1:N )−1Φ1:N R̃−1, (C.7b)

R̃⊤R̃ = R̃⊤Q̃⊤Q̃R̃ = Φ⊤
1:N (Kw

1:N,1:N )−1Φ1:N , (C.7c)[
Q̃12

Q̃22

] [
Q̃⊤

12 Q̃⊤
22

]
= I −

[
Q̃11

Q̃21

] [
Q̃⊤

11 Q̃⊤
21

]
. (C.7d)

This allows to write the constraint (C.4b) as

Γ2
w ≥

∥∥(Rw
1:N,1:N )−1(y − Φ1:Nθ)

∥∥2
2

(C.6)
=

∥∥∥∥(Rw
1:N,1:N )−1y − Q̃

[
R̃
0

]
θ

∥∥∥∥2
2

(C.7a)
=

∥∥∥∥Q̃⊤(Rw
1:N,1:N )−1y −

[
R̃
0

]
θ

∥∥∥∥2
2

(C.7d)
=
∥∥∥[Q̃⊤

11 Q̃⊤
21

]
(Rw

1:N,1:N )−1y − R̃θ
∥∥∥2
2

+
∥∥(Rw

1:N,1:N )−1y
∥∥2
2
−
∥∥[Q̃⊤

11 Q̃⊤
21

]
(Rw

1:N,1:N )−1y
∥∥2
2

(C.7b)
=
∥∥∥R̃−⊤Φ⊤

1:N (Kw
1:N,1:N )−1y − R̃θ

∥∥∥2
2

+
∥∥(Rw

1:N,1:N )−1y
∥∥2
2
−
∥∥∥R̃−⊤Φ⊤

1:N (Kw
1:N,1:N )−1y

∥∥∥2
2

(C.7c)
= ∥z1∥22 + ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ,

where we used the following definitions in the last line:

z1
.
= R̃−⊤Φ⊤

1:N (Kw
1:N,1:N )−1y − R̃θ, (C.8)

ỹ
.
= (Kw

1:N,1:N )−1y, (C.9)

M
.
= Φ1:N

(
Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1
Φ⊤

1:N . (C.10)

Using the coordinate transformation (C.8) and Φ⊤
N+1 = Φ⊤

1:Nλ, the cost (C.4a) is rewritten as

λ⊤Φ1:Nθ = λ⊤Φ1:N R̃−1
(
R̃−⊤Φ⊤

1:N (Kw
1:N,1:N )−1y − z1

)
= λ⊤Mỹ − λ⊤Φ1:N R̃−1z1, (C.11)

leading to the formulation of (C.4) in the transformed coordinates:

f2(xN+1) = sup
z1∈Rr

λ⊤Mỹ − λ⊤Φ1:N R̃−1z1 (C.12a)

s.t. ∥z1∥22 ≤
(
Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ
)
. (C.12b)

Noting that, by Assumption 1, the right-hand side of the constraint (C.12b) is non-negative, the
optimal solution of the above problem is given as

z⋆1 = − R̃−⊤Φ⊤
1:Nλ

∥R̃−⊤Φ⊤
1:Nλ∥2

√
Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ, (C.13)
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leading to the corresponding optimal cost (13):

f2(xN+1) =
√
λ⊤Mλ

√
Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ + λ⊤Mỹ, (C.14)

(C.7c),(C.10)
= ∥PΦ⊤

N+1∥P−1

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1 +ΦN+1θ
µ, (C.15)

where (C.15) follows by utilizing that Φ⊤
1:Nλ = Φ⊤

N+1 as well as by defining the weighting matrix

P
.
=
(
Φ⊤

1:N

(
Kw

1:N,1:N

)−1
Φ1:N

)−1

and the least-squares estimator for the unknown parameters

θµ
.
= PΦ⊤

1:N

(
Kw

1:N,1:N

)−1
y.

Feasibility check In the original coordinates, the optimal solution is given as

θ⋆,2 = R̃−1R̃−⊤Φ⊤
1:N (Kw

1:N,1:N )−1y − R̃−1z⋆1

(C.7c)
=
(
Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1
Φ⊤

1:N

ỹ + λ

√
Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ

√
λ⊤Mλ


= θµ +

PΦ⊤
N+1

∥PΦ⊤
N+1∥P−1

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1 ; (C.16)

the point θ⋆,2 is feasible for the original problem (C.1) if it satisfies the neglected constraint (C.1b),
i.e., if ∥θ⋆,2∥22 ≤ Γ2

f , retrieving (12).

Connection to relaxed solution The quantities in the optimal cost (C.14) can be expressed as
limiting values related to the relaxed solution for σ → 0. For the matrix M in (C.10), it holds that

M = Φ1:N

(
Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1
Φ⊤

1:N

= lim
σ→0

Φ1:N

(
σ2Ir +Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1
Φ⊤

1:N

= lim
σ→0

1

σ2
Φ1:N

(
Ir − Φ⊤

1:N

(
(σ2Kw

1:N,1:N ) + Φ1:NΦ⊤
1:N

)−1
Φ⊤

1:N

)
Φ⊤

1:N

= lim
σ→0

1

σ2

(
Φ1:NΦ⊤

1:N − Φ1:NΦ⊤
1:N

(
(σ2Kw

1:N,1:N ) + Φ1:NΦ⊤
1:N

)−1
Φ1:NΦ⊤

1:N

)
.

With λ⊤Φ1:N = ΦN+1, this results in

λ⊤Mλ = lim
σ→0

1

σ2

(
ΦN+1Φ

⊤
N+1 − ΦN+1Φ

⊤
1:N

(
(σ2Kw

1:N,1:N ) + Φ1:NΦ⊤
1:N

)−1
Φ1:NΦ⊤

N+1

)
= lim

σ→0

1

σ2

(
Kf

N+1,N+1 −Kf
N+1,1:N

(
(σ2Kw

1:N,1:N ) +Kf
1:N,1:N

)−1

Kf
1:N,N+1

)
(5b)
= lim

σ→0

1

σ2
Σf

σ(xN+1). (C.17)

The offset λ⊤Mỹ in (C.14) is equivalent to the offset fµ
σ (xN+1) in the optimal cost (C.1a) for the

relaxed problem:

λ⊤Mỹ = lim
σ→0

1

σ2

(
ΦN+1Φ

⊤
1:N − ΦN+1Φ

⊤
1:N

(
(σ2Kw

1:N,1:N ) + Φ1:NΦ⊤
1:N

)−1
Φ1:NΦ⊤

1:N

)
(Kw

1:N,1:N )−1y

= lim
σ→0

ΦN+1Φ
⊤
1:N

(
(σ2Kw

1:N,1:N ) + Φ1:NΦ⊤
1:N

)−1 (
Φ1:NΦ⊤

1:N − Φ1:NΦ⊤
1:N + σ2Kw

1:N,1:N

)
(σ2Kw

1:N,1:N )−1y

= lim
σ→0

Kf
N+1,1:N

(
(σ2Kw

1:N,1:N ) +Kf
1:N,1:N

)−1

y
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(5a)
= lim

σ→0
fµ
σ (xN+1) (C.18)

For the last term, Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ, we have that

Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ = lim

σ→0
σ2Γ2

f + Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ

= lim
σ→0

σ2

(
Γ2
f +

Γ2
w

σ2
− 1

σ2
ỹ⊤
(
Kw

1:N,1:N −M
)
ỹ

)
= lim

σ→0
σ2

(
Γ2
f +

Γ2
w

σ2
− y⊤

(
W−1 −W−1(σ2M)W−1

)
y

)
,

(C.19)

where we have introduced the abbreviation W
.
= σ2Kw

1:N,1:N for notational simplicity; similarly, we
abbreviate F

.
= Kf

1:N,1:N . Recalling that M = 1
σ2 (F − F (W + F )−1F ) and by using [Searle and

Khuri, 2017, Exercise 16.(d), Chapter 5], the data-dependent term in the above expression can be
simplified as follows:

W−1 −W−1
(
F − F (W + F )

−1
F
)
W−1

=W−1 −W−1FW−1 +W−1FW−1
(
W−1 +W−1FW−1

)−1
W−1FW−1

=W−1 − (W−1 −W−1(W−1FW−1 +W−1)−1W−1)

=W−1(W−1 +W−1FW−1)−1W−1 = (W + F )−1.

To summarize, it holds that

Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ = lim

σ→0
σ2Γ2

f + Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ

= lim
σ→0

σ2

(
Γ2
f +

Γ2
w

σ2
− y⊤

(
Kf

1:N,1:N + (σ2Kw
1:N,1:N )

)−1

y

)
= lim

σ→0
σ2

(
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

)
and the total bound for Case 2 is given as

f2(xN+1) =
√
λ⊤Mλ

√
Γ2
w − ỹ⊤

(
Kw

1:N,1:N −M
)
ỹ + λ⊤Mỹ

=

√
lim
σ→0

1

σ2
Σf

σ(xN+1)

√
lim
σ→0

σ2

(
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ

)
+ lim

σ→0
fµ
σ

= lim
σ→0

(√
Σf

σ(xN+1)

√
Γ2
f +

Γ2
w

σ2
− ∥gµσ∥2H

kf+kσ
+ fµ

σ

)
= lim

σ→0
f
σ
(xN+1).

Proof of Corollary 1

We now prove Corollary 1, which simplifies the general result of Proposition 2 under the assumptions
that the kernel matrix Kf

1:N,1:N is invertible and the test point is equal to the k-th training point, i.e.,
xN+1 = xk, for some k ∈ {1, . . . , N}. In this case, the k-th and (N +1)-th row of the kernel matrix
Kf

1:N+1,1:N+1 are identical. In terms of the singular value decomposition, by (A.5) this implies that

Kf
k,1:N = e⊤k Φ1:NΦ⊤

1:N = ΦN+1Φ
⊤
1:N = Kf

N+1,1:N ,

i.e., the relation Φ⊤
N+1 = Φ⊤

1:Nλ holds for λ = ek, with ek being the k-th unit vector. Since
Φ1:N ∈ Rr×N has rank r = N , it is invertible. This allows to simplify the expression for the
optimal cost using that Mỹ = y, with M and ỹ defined as in Eqs. (C.9) and (C.10):

f2(xk) =
√

e⊤k Mek
√
Γ2
w + e⊤k y
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=

√
e⊤k Φ1:N

(
Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1

Φ⊤
1:NekΓw + e⊤k y

=
√
e⊤k K

w
1:N,1:NekΓw + e⊤k y

=
√
Kw

k,kΓw + yk,

which is the optimal cost as given in (15). By inserting the simplified expressions into (C.16), the
optimal θ becomes

θ⋆,2 =
(
Φ⊤

1:N (Kw
1:N,1:N )−1Φ1:N

)−1
Φ⊤

1:N

ỹ + ek

√
Γ2
w√

e⊤k Mek


= Φ−1

1:N

y +Kw
1:N,k

Γw√
Kw

k,k

 .

Recalling the low-rank factorization of Kf
1:N,1:N in (A.7), the feasibility condition based on the

neglected constraint (C.1b) reduces to

∥θ⋆,2∥22 =

∥∥∥∥∥∥
y +Kw

1:N,k

Γw√
Kw

k,k

∥∥∥∥∥∥
2

(Kf
1:N,1:N )−1

≤ Γ2
f ,

as presented in (14).
Remark. Corollary 1 has been derived as a particular case of Proposition 2, which provides the
analytic solution for the case σ → 0 occurring when the kernel matrix is rank-deficient. From this
perspective, the scenario in which the test-input belongs to the training data-set is one of the particular
situations leading to a drop in the rank of the kernel matrix. However, the proof of Corollary 1 could
be alternatively carried out following the steps of the one of Proposition 1.

C.3 Case 3: Both constraints active

Next, we consider the case when both constraints (C.1b) and (C.1c) are active.

Optimal solution We first show that strong duality holds for both the relaxed problem (A.3) as
well as the original problem (C.1). Afterwards, we establish that there exists a value σ ∈ (0,∞),
such that the primal optimizer of the relaxed problem is a primal optimizer for the original problem.

For the original problem (C.1), we show that a strictly feasible solution can be constructed using the
true latent function and noise process. Let f tr,int ∈ Hkf be the minimum-norm interpolant of the
latent function at the test and training input locations, i.e.,

f tr,int = argmin
f∈H

kf

∥f∥2H
kf

(C.20a)

s.t. f(xi) = f tr(xi), i = 1, . . . , N + 1. (C.20b)

Similarly, let wtr,int ∈ Hkw be the minimum-norm interpolant of the noise-generating process at the
training input locations (excluding the test point),

wtr,int = argmin
w∈Hkw

∥w∥2Hkw (C.21a)

s.t. w(xi) = wtr(xi), i = 1, . . . , N. (C.21b)

The representer theorem [Kimeldorf and Wahba, 1971] establishes that the solutions to the above
optimization problems is finite-dimensional and given by

f tr,int(·) =
N+1∑
i=1

kf (·, xi)α
f,tr
i , wtr,int(·) =

N∑
i=1

kw(·, xi)α
w,tr
i .
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By design, the sum of both functions interpolates the training data, i.e., f tr,int(xi) + wtr,int(xi) = yi
for i = 1, . . . , N . Additionally, by Assumption 1, it holds that f tr,int and wtr,int

satisfy their corresponding RKHS-norm bound, i.e., ∥f tr,int∥2H
kf

≤ ∥f tr∥2H
kf

< Γ2
f

and ∥wtr,int∥2Hkw ≤ ∥wtr∥2Hkw < Γ2
w. Thus, the corresponding coefficient vector

θtr
(A.7)
= S

1/2
r vtr1 = S

1/2
r

[
V ⊤
11 V ⊤

12

]
αf,tr constitutes a strictly feasible solution of the finite-

dimensional problem formulation (C.1). This implies that Slater’s condition is satisfied for the
convex program (C.1), which implies that strong duality holds. Since every strictly feasible solution
for the original problem (C.1) is also strictly feasible for the relaxed problem (B.4), similarly, Slater’s
condition and strong duality hold for the relaxed problem.

Due to strong duality, the point θ⋆,σ is the unique minimizer of the relaxed problem (A.3) if and only
if the primal-dual pair (θ⋆,σ, λ⋆,σ

g ) satisfies the KKT conditions
∇θLσ(θ

⋆,σ, λ⋆,σ
g ) = 0, (C.22a)(

∥θ⋆,σ∥22 − Γ2
f

)
+

1

σ2

(
∥y − Φ1:Nθ⋆,σ∥2(Kw

1:N,1:N )−1 − Γ2
w

)
≤ 0, (C.22b)

λ⋆,σ
g

((
∥θ⋆,σ∥22 − Γ2

f

)
+

1

σ2

(
∥y − Φ1:Nθ⋆,σ∥2(Kw

1:N,1:N )−1 − Γ2
w

))
= 0, (C.22c)

λ⋆,σ
g ≥ 0, (C.22d)

with the corresponding Lagrangian

Lσ(θ, λg) = ΦN+1θ − λg

(
∥θ∥22 − Γ2

f +
1

σ2

(
∥y − Φ1:Nθ∥2(Kw

1:N,1:N )−1 − Γ2
w

))
= ΦN+1θ − λg

(
∥θ∥22 − Γ2

f

)
− λg

σ2

(
∥y − Φ1:Nθ∥2(Kw

1:N,1:N )−1 − Γ2
w

)
.

Similarly, due to strong duality, the point θ⋆ is the unique minimizer if the original problem (C.1) if
and only if the primal-dual pair (θ⋆, λ⋆

f , λ
⋆,σ
w ) satisfies the KKT conditions

∇θL(θ⋆, λ⋆
f , λ

⋆,σ
w ) = 0

∥θ⋆∥22 − Γ2
f ≤ 0

∥y − Φ1:Nθ⋆∥2(Kw
1:N,1:N )−1 − Γ2

w ≤ 0

λ⋆
f

(
∥θ⋆∥22 − Γ2

f

)
= 0

λ⋆,σ
w

(
∥y − Φ1:Nθ⋆∥2(Kw

1:N,1:N )−1 − Γ2
w

)
= 0

λ⋆
f , λ

⋆,σ
w ≥ 0

with corresponding Lagrangian

L(θ, λf , λw) = ΦN+1θ − λf

(
∥θ∥22 − Γ2

f

)
− λw

(
∥y − Φ1:Nθ∥(Kw

1:N,1:N )−1 − Γ2
w

)
.

Let (θ⋆,3, λ⋆,3
f , λ⋆,3

w ) be the optimal primal-dual solution satisfying the KKT conditions of the original
problem (C.1) under the imposed active set. Since the constraints (C.1b) and (C.1c) are active, it

holds that λ⋆,3
f , λ⋆,3

w > 0. Now, let (σ⋆)2 =
λ⋆,3
f

λ⋆,3
w

. Then, λ⋆,3
f = (σ⋆)2λ⋆,3

w and the primal-dual pair

(θ⋆,3, λ⋆,3
f ) satisfy the KKT conditions (C.22) of the relaxed problem:

1. Since ∇θLσ(θ
⋆,3, λ⋆,3

f ) = ∇θL(θ⋆,3, λ⋆,3
f , λ⋆,3

w ) = 0, the stationarity condition is fulfilled.

2. As both constraints (C.1b) and (C.1c) are active,

∥θ⋆,3∥22 − Γ2
f = −

(
∥y − Φ1:Nθ⋆,3∥2(Kw

1:N,1:N )−1 − Γ2
w

)
= 0,

i.e., primal feasibility and complementarity slackness are fulfilled.

3. The optimal multiplier λ⋆,σ
g = λ⋆,3

f > 0 for the relaxed problem is positive.

Hence, due to strong duality since both constraints (C.1b) and (C.1c) are active, (θ⋆,3, λ⋆,3
f ) is the

optimal primal-dual solution for the relaxed problem (A.3) with σ = σ⋆ =
√

λ⋆,3
f /λ⋆,3

w if and only

if (θ⋆,3, λ⋆,3
f , λ⋆,3

w ) is the optimal primal-dual solution for the original problem (C.1).
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Feasibility check The solution is feasible by definition.

Connection to relaxed solution As shown above, the optimal cost can be recovered by the cost of
the relaxed problem for a specific choice of noise parameter σ = σ⋆, i.e.,

f3(xN+1) = f
σ⋆

(xN+1). (C.23)

C.4 Case 4: Both constraints inactive

Last, we investigate the case when both constraints (C.1b) and (C.1c) are inactive.

Optimal solution The optimal solution to the unconstrained linear program is given by case
distinction:

f4(xN+1) = sup
θ∈Rr

ΦN+1θ (C.24)

=

{
0, if ΦN+1 = 0,
∞, if ΦN+1 ̸= 0.

Feasibility check For ΦN+1 ̸= 0, as the optimal solution is unbounded, it is infeasible for the
original problem (C.1), whose feasible set is compact, in particular due to constraint (C.1b). Hence,
this case never corresponds to the optimal solution.

If ΦN+1 = 0, any θ⋆,4 ∈ Rr is optimal. Thus, any feasible solution satisfying constraints (C.1b)
and (C.1c) is also optimal.

Connection to relaxed solution If ΦN+1 = 0, the solution of the relaxed problem (A.3) is given
by f

σ
(xN+1) = 0, i.e., it recovers the solution of the original problem (C.24) for any σ ∈ (0,∞).

C.5 Finding the correct active set

Let θ⋆,i denote the primal solution corresponding to Case i, with i = 1, . . . , 4. The active set for the
optimal solution is given by the one for which the corresponding primal solution θ⋆,i is feasible for
the original problem and leads to the maximum cost among all feasible optimizers θ⋆,i for a specific
active set, i.e.,

f(xN+1) = max
i∈{1,2,3,4}

ΦN+1θ
⋆,i (C.25a)

s.t. ∥θ⋆,i∥22 ≤ Γ2
f , (C.25b)

∥y − Φ1:Nθ⋆,i∥2(Kw
1:N,1:N )−1 ≤ Γ2

w. (C.25c)

The solution to the above problem can be obtained by case distinction. The optimal
cost for a subset of active constraints lower-bounds the optimal cost for a superset, i.e.,
ΦN+1θ

⋆,4 ≥ ΦN+1θ
⋆,j ≥ ΦN+1θ

⋆,3 for j ∈ {1, 2}. Thus, if θ⋆,4 is feasible, it will be optimal.
Otherwise, if either θ⋆,1 or θ⋆,2 is feasible, it will be optimal. If neither of the other cases is feasible,
θ⋆,3 is the optimal solution.

Now, we compare the optimal cost if both θ⋆,1 and θ⋆,2 are feasible. If θ⋆,1 is a feasible solution
of (C.1), then it holds that the neglected constraint (C.1c) does not change the optimal solution of (C.1).
Similarly, if θ⋆,1 is a feasible solution of (C.1), then it holds that the neglected constraint (C.1b) does
not change the optimal solution of (C.1). Combining both facts, it holds that

ΦN+1θ
⋆,1 = ΦN+1θ

⋆ = ΦN+1θ
⋆,2,

i.e., the optimal cost in Case 1 and Case 2 is equal, f1(xN+1) = f2(xN+1). Finally, we note that in
Case 4 it holds that ΦN+1θ

⋆ = ΦN+1θ
⋆,4 = 0 = ΦN+1θ

⋆,j , j ∈ {1, 2, 3}, i.e., the optimal cost in
all four cases is equal. Therefore, it does not need to be considered explicitly.
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To summarize, the optimal cost is determined as follows:

f(xN+1) =



√
Kf

N+1,N+1Γf , in Cases 1 and 4,

ΦN+1θ
µ + ∥PΦ⊤

N+1∥P−1

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1 in Cases 2 and 4,

fµ
σ⋆(xN+1) +

√
Γ2
f +

Γ2
w

(σ⋆)2 − ∥gµσ⋆∥2H
kf+kσ⋆

√
Σf

σ⋆(xN+1), in Cases 3 and 4.

=



limσ→∞ f
σ
(xN+1), if

∥∥∥∥∥y −Kf
1:N,N+1

Γf√
Kf

N+1,N+1

∥∥∥∥∥
2

(Kw
1:N,1:N )−1

≤ Γ2
w ,

limσ→0 f
σ
(xN+1), if

∥∥∥∥∥θµ +
PΦ⊤

N+1

∥PΦ⊤
N+1∥P−1

√
Γ2
w − y⊤

(
Kw

1:N,1:N

)−1

y + ∥θµ∥2P−1
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2

2

≤ Γ2
f ,

infσ∈(0,∞) f
σ
(xN+1), otherwise.

Finally, we show that the analytical solutions in all cases can be reduced to a single expression:

1. Let Case 1 be feasible, i.e., f(xN+1) = f1(xN+1) = limσ→∞ f
σ
(xN+1). Since

f1(xN+1) ≤ f3(xN+1), it holds that limσ→∞ f
σ
(xN+1) ≤ infσ∈(0,∞) f

σ
(xN+1). How-

ever, for the infimum it also holds that infσ∈(0,∞) f
σ
(xN+1) ≤ limσ→∞ f

σ
(xN+1). There-

fore, it holds that f(xN+1) = limσ→∞ f
σ
(xN+1) = infσ∈(0,∞) f

σ
(xN+1).

2. Let Case 2 be feasible, i.e., f(xN+1) = f2(xN+1) = limσ→0 f
σ
(xN+1). Analogously as

above, since f2(xN+1) ≤ f3(xN+1) and infσ∈(0,∞) f
σ
(xN+1) ≤ limσ→0 f

σ
(xN+1), it

holds that f(xN+1) = limσ→0 f
σ
(xN+1) = infσ∈(0,∞) f

σ
(xN+1).

3. In Case 3, since it holds that f3(xN+1) = f
σ
(xN+1) for a specific value of σ = σ⋆ ∈

(0,∞), this implies that infσ∈(0,∞) f
σ
(xN+1) ≤ f3(xN+1). However, since any feasible

solution θ ∈ Rr of the original problem (C.1) is also feasible for the relaxed problem (A.3)
for any σ ∈ (0,∞), the cost of the original problem is upper-bounded by the cost of the
relaxed problem, i.e., it also holds that f3(xN+1) ≤ infσ∈(0,∞) f

σ
(xN+1). Combining

both inequalities, it thus follows that f3(xN+1) = infσ∈(0,∞) f
σ
(xN+1).

Therefore, we have shown that
f(xN+1) = inf

σ∈(0,∞)
f
σ
(xN+1),

as claimed in (9).

C.6 Lower bound

The lower bound corresponding to Theorem 1 is obtained by the same steps as the upper bound,
replacing “sup” with “inf”. In Cases 1 and 2, this leads to a flipped sign for the solutions of the free
components in Eqs. (C.3) and (C.13), affecting the feasibility checks. Overall, the optimal lower
bound is also obtained by case distinction:
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=
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Analogous to Appendix C.5, by replacing “inf” with “sup” and flipping the corresponding inequalities,
the optimal solution is shown to be given as

f(xN+1) = sup
σ∈(0,∞)

fσ(xN+1). (C.26)

Note that this bound is not symmetric, as the supremum and infimum can be attained for different
values of the noise parameter σ.
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D Numerical example on safe control for uncertain nonlinear systems:
Implementation details

In the following, we describe the setup of the optimization problem solved in the nu-
merical example “Safe control for uncertain nonlinear systems” in Section 4.3. Inserting
the system dynamics (18) into the safety constraint x(k + 1) ≥ (1− γ)x(k), the condition
fknown(x(k), u(k)) + f tr(x(k), u(k)) ≥ (1− γ)x(k) can be enforced robustly by utilizing the
lower uncertainty bound fµ

σ (x, u)− βσ

√
Σσ(x, u) ≤ f tr(x, u), leading to the tightened constraint

(1− γ)x(k) ≤ fknown(x(k), u(k)) + fµ
σ (x(k), u(k))− βσ

√
Σσ(x(k), u(k)).

Minimization of the user-defined cost c(x(k), u(k)) subject to the above constraint can be achieved
by solving the following optimization problem:

min
x0,x1,u0,σ,s

c(x0, u0) + ωs

s.t. x0 = x(k),

x1 = fknown(x0, u0) + fµ
σ (x0, u0),

x1 ≥ (1− γ)x0 + βσ

√
Σσ(x0, u0)− s,

s ≥ 0,

umax ≥ u0 ≥ umin.

Therein, the added slack variable s allows the optimizer to converge even in case the decrease
condition is impossible to satisfy given the bounds umin, umax on the control input. A large linear
penalty ω > 0 thereby incentivizes s = 0, i.e., constraint satisfaction; a solution is classified as
feasible if the optimal slack value s⋆ satisfies s⋆ ≤ 10−6. The optimization problems are implemented
in CasADi [Andersson et al., 2019] and solved using the interior-point optimizer IPOPT [Wächter
and Biegler, 2006] on an Intel i9-7940X CPU. Table 1 provides all parameters and expressions used
for the implementation.

Parameter Value
fknown(x, u) 0.5x+ u− 1

c(x, u) (fknown(x, u) + fµ
σ (x, u))

2 + u2

umin −2
umax 2

γ 0.95
ω 104

Table 1: Parameters and expressions for the CBF example

Additional implementation details can be found in the published source code at https://
gitlab.ethz.ch/ics/bounded-energy-rkhs-bounds and at https://doi.org/10.3929/
ethz-c-000785083.
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NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: Yes, the abstract claims tight error bounds for norm-bounded noise. The
optimal error bound is derived in Theorem 1 in the setting of disturbances with bounded
RKHS norm.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: In Section 4.4, the work discusses limitations in terms of dealing with kernel
mis-specification, as well as regarding the estimation of the bound on the RKHS norm of
the unknown function and noise.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: The complete set of assumptions (Assumption 1 and 2) is stated. The paper
provides a sketch of the proof and the full technical proof is contained in the appendix.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: For the numerical comparison, all relevant constants are stated to compute
the bounds. In addition, code details can be checked in the published code at https:
//gitlab.ethz.ch/ics/bounded-energy-rkhs-bounds and at https://doi.org/
10.3929/ethz-c-000785083.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: The full code to reproduce the experiments and generated figures is pub-
lished online at https://gitlab.ethz.ch/ics/bounded-energy-rkhs-bounds and
at https://doi.org/10.3929/ethz-c-000785083. It contains a README file that
details the install instructions.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: For the numerical experiments, all parameters used for the bounds are specified
in the main text and in the appendix in Appendix D. Additional details can be found in the
published code at https://gitlab.ethz.ch/ics/bounded-energy-rkhs-bounds
and at https://doi.org/10.3929/ethz-c-000785083.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
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Answer: [Yes]

Justification: The numerical experiments in Section 4.3 are averaged over 1000 and 20 runs,
respectively. The plots include the corresponding {5%, 95%}-percentiles.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: In Section 4.3, the paper provides a detailed analysis of the run-
time for the second numerical example, with the CPU model described in Ap-
pendix D. Further information regarding the overall runtime of both experiments can
be found in the README file of the code available online at https://gitlab.
ethz.ch/ics/bounded-energy-rkhs-bounds and at https://doi.org/10.3929/
ethz-c-000785083. The memory requirements are negligible (< 4GB) and therefore
not provided.

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: No potential conflicts with the NeurIPS Code of Ethics could be identified by
the authors.

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The work is fundamental mathematical work in kernel-based estimation and
does not discuss potential societal impacts. While the societal impact of fundamental
research is hard to evaluate, no direct potentially harmful societal impact could be identified
by the authors.

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The work is of purely theoretical and uses academic examples to illustrate and
compare against existing work.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The code submitetd as part of this work is original work by the authors; beyond
software code, no further assets are used.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release new assets.

14. Crowdsourcing and research with human subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: LLM technology does not impact the core research of this work and is thus not
declared.
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