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Abstract

We study the learning dynamics of multi-epoch training both empirically and theoretically. Consis-
tent with empirical works on language model training, naive scaling of training epochs and model
size fail to deliver monotonic improvements in performance under multiple passes. However, de-
noising methods such as ensembling, regularization, and averaging over data shuffles can improve
performance in the multi-epoch regime. We theoretically analyze multi-epoch training in a solvable
powerlaw random feature model using dynamical mean field theory. This theory predicts how train
and test loss evolve over iterations of SGD within-epoch and across epochs. We show that SGD
noise adds variance across steps within epochs while systematic overfitting effects arise from the
cross-epoch correlations in gradients which build up as response functions in the theory. Using
the model, we provide an analysis of ensembling, model size, and SGD noise. We then conduct
experiments in language model pretraining where we show that, in regimes where learning curves
are non-monotonic, increasing ensembles can be preferable to increasing width at fixed compute.
Using our model, we provide a theoretical argument for this account.

1. Introduction

Scaling laws for one-pass training are well established [14, 15], but compute is now growing faster
than the supply of unique web text [21, 29], making multi-epoch training unavoidable. Empirically,
the consequences are subtle: Muennighoff et al. [21] found ~4 epochs are essentially free but addi-
tional repetition causes naive parameter scaling to overfit, while Kim et al. [16] showed that under
fixed data and unbounded compute, heavy weight decay and ensembling over independent runs to-
gether yield ~5x data efficiency over the data-constrained Chinchilla extrapolation. The NanoGPT
Slowrun benchmark [24] — 100M FineWeb tokens with no compute cap — has crystallized this
regime, with leading entries combining many epochs, heavy regularization, and ensembling.

Theory for Multi-Epoch SGD  Theoretically, the dominant framework for modeling scaling laws
by analyzing SGD in power-law random feature models either focuses on the online training regime
or operates at small enough learning rates for epoch and SGD step timescales to be indistinguishable
[6, 17,23]. Further, these works do not focus on overfitting phenomenology, where training loss and
test loss rapidly diverge over multiple passes. To address the theoretical gap in a systematic way,
we develop a Dynamical Mean Field Theory (DMFT) which computes the typical loss evolution
under a multi-pass SGD setting. Our theory predicts how the loss depends on batch B, steps per
epoch T (total data is P = BT), total epochs £, model size N and the structure of the limiting
features through source and capacity exponents for the eigenvalues )\j, and target coefficients wy.
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Related Work. Empirically, Muennighoff et al. [21] fit a data-constrained scaling law over >400
runs up to 9B params and 1500 epochs, finding ~4 free epochs before exponentially decaying re-
turns; Kim et al. [16] remove the compute cap and report optimal weight decay ~30x standard
practice plus large ensembling gains, and the Slowrun benchmark [24] provides our experimental
setting. Theoretically, scaling laws for one-pass SGD on power-law random features have been de-
rived via DMFT [6], Volterra equations identifying 4+3 phases [23], and sketched linear regression
[17], with extensions to feature learning [7], momentum/DANA [12], and optimal schedules [3];
static analyses include [1, 2, 5, 18, 27, 28]. Multi-pass SGD has been analyzed at proportional batch
size via DMFT/state evolution [9, 13, 20], via Volterra equations for linear regression [22], and for
sub-linear-batch multi-index models [11]; closest to us, Yan et al. [30] characterize the effective
reuse rate F'(K, N) for multi-epoch SGD in linear regression, but we use a random feature model
(giving access to model size for compute-matched ensemble-vs-width), operate near N ~ P where
noise amplification dominates, and track ensemble-independent randomness to obtain the 1/ E vari-
ance reduction. We utilize bias-variance decompositions for ensembling theory [25, 26, 28].

Notation Summary for this Work P unique data, I/ ensembles, model size IV, batch size B,
T = P/ B steps per epoch, £ epochs, global step s = T'n + t. Source/capacity exponents for the
features are denoted by a, b > 1 with eigenvalues A\, ~ &k~ and target decay )\k(w;)Q ~ k7%

2. Pretraining Phenomena in Multi-Epoch Regime

Optimal Stopping Under Multi-Pass Training We start by experimentally probing the dynamics
of training under multiple passes. We train ~ 100M models on a subset of P fineweb tokens. First
we demonstrate that performing multiple passes induces non-monotonic validation losses in Figure
1. The optimal early stopping time s, ~ O(P) scales roughly linearly with total data P and the
optimal epochs £ ~ ©(1) is approximately constant.

Ensembling Averaging logits over an ensemble of £/ models with distinct random initializations
and/or SGD data order can eliminate the non-monotonicity in the learning curve as we show in
Figure 2. As I — oo the ensembled predictor no longer inherits noise from the random model
initialization, suggesting that amplification of this noise is generating the non-monotonic loss curve.

3. Theory for Multi-Epoch SGD in a Random Feature Model
We now aim to derive a theoretical model that captures these key phenomena in multi-epoch SGD.
Model Definition We study the powerlaw random feature model of [6, 23]

1

fl@) = yw' A(z) , y(z) = w, lx) + oe,

where the feature map is ¥ (x) € RM the matrix A € RV*M is random and the features v (x) €
RM have covariance (¢r(x)Y(x)) = Spelr. We will often take M — oo with Y 3%, A <

c0. We will optimize the empirical MSE loss £ = 5 25:1 (f(zy) — y(az:u))2 on a randomly
sampled collection of P data points using SGD, but we will ultimately care about the fest loss

L= <( flx) — y(m))2>, which measures errors over the full distribution.
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Figure 1: Multi-epoch training induces classical overfitting in the data-limited regime. (A) Valida-
tion loss (solid) and training loss (dashed) vs steps for ten unique-data sizes P € {10,...,100} M
from FineWeb); ¥ marks each run’s optimal early-stopping point. Training loss falls toward zero
while validation loss U-curves, so the generalization gap grows by an order of magnitude as P
shrinks. (B) The same curves as a function of epochs: min val loss collapse to ~ 9-13 epochs
across the 10x range of P. (C) Optimal stopping time.
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Figure 2: Ensembling reduces validation loss across training and beats single-model scaling at
matched compute. (A) Validation loss £ vs steps s for ensemble sizes E’s; larger £ lowers the
asymptote and dampens the post-overfit climb. (B) At each compute budget, two strategies are
compared: cyan = train one wider model, magenta = train E base-size models and ensemble them.
At 4x compute, the ensemble of =4 base models reaches lower val loss than the 2x wider (hence
4x compute) single model by A = 0.30.

Discrete Time Multi-Epoch SGD We consider a multi-epoch training setting where each epoch
contains 7' timesteps, each of which has a minibatch of B data. We will analyze the loss over epochs
n € [€] and time-steps within-epoch time ¢ € [T']. Let the residual v9(t) = w* — AT w,,(¢). To
simplify our initial analysis, we will focus on fixed-order multiepoch SGD. Each gradient step is
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generated by a minibatch of features ¥(t) € R®*M_ We have T of these matrices so that the total
data is P = BT'. The update rule for the error vectors is

o2t 1) = 0200 =~ (5 A47A) (FEOTE0 ) 200 o 0) =21

The test loss dynamics are determined by the evolution of this vector.

La(t) = (@) = y@)?) = (ohO) Av(1)) = > M (v, (0?)
k

T

DMFT Description of the Dynamics We now average these dynamics over random draws of
matrices A and the minibatch SGD iterates W (t). To simplify the equations, we introduce

Multi-epoch integration tensor : O,/ (t, ') = Sppr L[t > '] + 1[n > n/].

Intuitively, this tensor &, when applied to a vector v, sums over all gradient updates for earlier
epochs or earlier steps within the same epoch. The complete derivation is in App. B.

Theorem 1 The test error dynamics for each eigenmode k is governed by transfer tensor Hy, which
encodes how the finite features N or batch B alter the dynamics. The error vector vlg obeys

WRn(0) = D7 Hir (4,') (w0 + 0081 (1) + g0 (1))

n't!

where £ Model ¢ Data gye Gauyssian sources of noise related to (1) random model initialization and
(2) random data + SGD fluctuations respectively. The noise and dynamics decouple across eigen-
modes k. In a vectorized notation over time/epoch indices, the operator Hj, € RT€*TE golyes

Hy = (I+n\ORsRy) ', H=) \Hy
k
R =1-7B'D(HOR3)R,, Ry=1-n1N"'R HOR;

and D casts an tensor to diagonal over times (t,t") as [D(A)]pw (t,t') = App (t,£)0: 4.

While the response functions { ., R;, R3} encode the structural dynamics of the bias, computing

the full loss requires solving for a system of correlation functions like CO , (t,t') = >, Ax <v27n (t)vR () >
The noise statistics for & fields, which contribute to the correlations, are themselves set by these cor-

relation functions self-consistently. Solving this system (see Appendix B.3) can provide insight into

the exact loss curve, which is generally non-monotonic. We show examples of our DMFT compared

to the model dynamics in Figure 3.

Ensembling We can exactly characterize ensembling within our theory using an FE-replicated
DMFT which tracks joint dynamics of £ separate systems vgjn(t), which each have separate model
features A, (App. C). We prove that the saddle point equations for the correlation functions are
replica symmetric Ce e = 0 e Csetr + (1 — 0¢r)Ceross With typical self-correlation and cross-
replica correlation [6, 10, 26]. The correlation function for the ensembled model prediction v =
% > . Ve can be obtained from C = Chross + % (Csetf — Ceross)-We show that Cyr generates the
non-monotonic blowup in the dynamics, while Cgs is monotone.
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Theoretical Scaling Law under Source/Capacity We now utilize our DMFT equations to de-
scribe the scaling law for models near the interpolation threshold. This setting is motivated since,
under a compute budget C' < N Ps, the optimal strategy is to allocate N ~ P [6, 14, 15].

Theorem 2 Under source/capacity conditions with model size approximately equal to total data
N =~ P, an I ensemble system at step s = I'n + t obeys an approximate Chinchilla scaling law

Lo g (@/b L Ny—(a=1) | p—(a=1) | %P—(a—1+b/2)81/2

2b
which implies optimal stopping time s, ~ E2—1+6 Pb,

The overfitting term can be reduced through ensembling, increasing data, or through early stopping.
The optimal epochs scale with total data as £, ~ P*~!, implying optimal epochs are constant for
b ~ 1, consistent with Figure 1. We verify the /s scaling law for the blowup in Figure 3.
Conclusion We studied a structured random feature model in multi-epoch SGD. This theory cap-
tures the impact of ensembling, feature structure, and multiple passes on the test loss dynamics.
Future work could explore the influence of shuffling data across epochs on the SGD noise structure
and ensemble statistics [19].
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Figure 3: Loss dynamics as a functions of steps s = nI" 4- ¢ in the multi-epoch power-law random
feature model compared to DMFT (dashed black). We show the impact of varying N, B, E and
visualize the s1/2 blowup across different capacity exponents b.
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Appendix A. Fitting Experimental Loss Curves to Scaling Forms
A.l. Loss fit with respect to s and F
Fixing P, we fit the following scaling law with respect to s and E' and empirically

__3(strat)
['s,E _ O[gstrat)E B +'Cs,oo,

where strat can be chosen from “init” and “init+shuffle”. “init” means individuals forming an en-
semble only differ in their model initializations; “init+shuffle” means they differ in both model
initializations and the data order per epoch.

0 0
10 : 10 I @ init: as o« 5078%0.02
o 3 o = @ init + shuffle: a « s078+0.02
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Figure 4: Ensembling reduces the validation loss by a power law in E' at every training step s, with
strategy-specific exponents. Left and middle panels: Ly g — L5 o Vs E on log-log axes, fitted as
asE~# with shared L ~ across strategies and per-strategy 3. Right: prefactor o, as a function of
steps s, with a power-law fit oy = ¢ sP for each strategy.

A.2. Global loss fit
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Figure 5: Global fit L(s, P, E,N) = ¢15%1 + coNN + 3PP + (¢4/E) P°P25%2 4 02, (A)
Validation loss vs steps for varying unique-data sizes P at F=1; solid lines are the fit. (B) Same fit
overlaid on ensemble-size sweep at P=20M. Both strategies pooled.
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A.3. Compute-matched comparison
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Figure 6: Compute-matched ensembling versus single-model scaling. Rows: vary width at
fixed depth d=12 (top) / vary depth at fixed width w=768 (bottom). Columns: init / init plus

shuffle.

Cyan circles trace the single-model scaling line (£ = 1, varying N or L); magenta

squares trace the ensemble-at-base line (d=12,w="768, varying E). Compute is taken propor-
tional to non-embedding parameters 16 L N2, multiplied by E for ensembles, normalized to the
d=12,w=T768, E=1 baseline. Vertical dotted lines mark 4 x matched compute.

Appendix B. Derivation of the Multi-Epoch DMFT Equations

In this appendix we derive the dynamical mean-field theory (DMFT) equations for the fixed-order
multi-epoch random feature model. Throughout, all feature-space quantities are written in the eigen-

basis of the population feature covariance,
A= diag()\l, )\2, ..

The target has coefficients wy, so that

y(x)

D,

P(x) - w* + oe.

We allow an arbitrary spectrum and target alignment in the DMFT equations. Power-law special-

izations are made only in Appendix E.

10
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We use a combined epoch-step index
a = (n,t), n=0,...,&—1, t=0,...,T—1,

and let S = TE be the total number of update times. Greek indices «, 3,7, ... always denote
epoch-step indices. We write sums over epoch-step indices explicitly unless matrix notation is used.
The fixed-order multi-epoch causal operator is

@aﬁ = @(n,t),(n’,t/) = 57m/1{t > t/} + 1{n > n’}.

Thus ©,3 = 1 exactly when update 3 occurs before state «. We also define the fixed-minibatch
projection operator D. For any S x S matrix A,

[D(A)] (), (n'#) = At ()0t
This operator keeps correlations between the same within-epoch minibatch label ¢ across different
epochs, and removes correlations between different minibatch labels.
B.1. Decomposing the dynamics

We begin from the feature-space residual

0 ].

v, (t) = w* — NATwn(t) e RM,

where A € RV*M s the random feature matrix, wy,(t) € RY is the trainable weight vector, and
w* € RM is the target coefficient vector. The minibatch feature matrix at within-epoch step ¢ is

U(t) € RBXM,

In the fixed-order multi-epoch setting, the same W (¢) is reused at within-epoch step ¢ of every epoch.
The residual update is

t+1) =) 1 (yATA4) (0TE0 ) o0,

with epoch boundary condition
U 41(0) = v (7).

When label noise is included, the corresponding minibatch noise vector is
€(t) € RB.

The noiseless case is recovered by setting o = 0.

To derive the multi-epoch DMFT, we follow the standard random-feature construction [4, 6, 23]
and introduce a sequence of auxiliary vector fields such that each stage of the update is linear in a
single random matrix. This separates the contribution of the minibatch design ¥ (t) from that of

11
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the random feature matrix A, and provides the convenient starting point for the effective single-site
stochastic process used below:

vl (t) = (t)wd(t) + oe(t) € RE,
vA(t) = £ (D) wh(r) € R,
v3(t) = Avi(t) e RV,

1
vi(t) = NATvi(t) e RM,

Here v) (t) is the minibatch residual vector, v2 (t) is the feature-space quantity obtained after passing

through the data block, v (¢) is the corresponding random-feature-space vector after multiplication
by A, and v (t) is the resulting feature-space gradient direction after multiplication by AT/N.
With these definitions,

vp(t+1) =op(t) —nop(t), v (0) = vp(T).

Equivalently, using the causal operator ®,

v) = w* — nz @ag'vé.
B

Here v?, denotes the vector field v’ (t) at & = (n, t). In stacked notation,
v =1®w" —n@v?,
where © acts only on the epoch-step indices.

B.2. Single-site stochastic processes

We now pass from the high-dimensional random dynamics to the effective single-site stochastic
process. There are three kinds of sites: a data site for v', a random-feature site for v3, and a spectral
mode k for v,g, v,%, vf;. The fields remain coupled through the epoch-step indices.

The effective process is

Vo =WE =1 Oap vig, (1)
B
1
vh =ul +oe, + B Z['D(RQ,Q)]QB vé, )
B
Vb = Upo T Ak Y Riap 0] 5, 3)
B
1
vh =g+ Zﬁj Ry, ts0p V5 4)
véa = uﬁ?a + Z R3.03 U,%}B. 5)
B

12
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Here €, = €(;, 1) denotes the effective single-site label-noise variable associated with the minibatch
at epoch-step index o« = (n, t), inherited from the minibatch noise vector €(t) in the original dy-
namics.

The zero-mean Gaussian fields have covariances

<u}lué> = [Colap
Ak
(uh o 5) = Sk [D(C)las
<UiU%> = [C3]ag,
1
<Ui,a%&ig> = Okt 71 Cslag- (6)
All omitted cross-covariances vanish. The label-noise field satisfies
(€ats) = [D(117)]qs.

Thus the label noise is correlated across epochs for the same within-epoch minibatch label, but
uncorrelated across different within-epoch steps. The fixed-minibatch reuse structure enters through
D, which keeps only the same within-epoch minibatch label across different epochs.

The matrices C; and R; ; appearing in (1)—(6) are determined self-consistently. They are the
DMFT order parameters. The correlation functions describe time-time covariances, while the re-
sponse functions measure the sensitivity of the effective process to small dynamical perturbations.

B.3. Correlation functions

We next define the correlation functions that enter the Gaussian covariances. They are

[Colap = Z Ak <Ulg,avlg,,8> ;
K

(Crlas = (vhv).

[Calap = Z <U1%,a711%,5> )

k
[C3]ag = <vgvg>
The test and train losses are read from the diagonal entries
Liest(@) = [Colaa + 0% Lurain(@) = [C1laa-
From the single-site processes for v! and v, it is convenient to write
Ci = R, (C’o + 0211T) R],
C; = R3CyR; .

The operator D is applied to C; when forming the covariance of 12, reflecting the fact that only the
same fixed minibatch label is reused across epochs.

13
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B.4. Response functions

We next define the response functions. We use the same convention as in the standard random-
feature DMFT: Ry > measures the response of v to a kick in the v* dynamics, R; the response of
v to a kick in its own dynamics, Ry 4 the response of v? to a kick in the v* dynamics, and R3 the
response of v> to a kick in its own dynamics.

For each mode &, define
(51}2 o
RO,Z;k;aﬁ = 5 27 )
Uk,p

(511,% o
R2,4;k;aﬁ = (5u47 .
k.3

[R0,2]04,3 - Z )\kRO,Z;k;aﬁa
k

The spectrum-averaged responses are

[R2,4]aﬂ = Z R2,4;k;aﬁ-

The site responses are

From (2) and (4), these responses obey

1 -1

R, = {I - BD(R0,2>] | ™
1 —1

Ry — [1 - NRM] . (®)

These equations express the feedback of a single added data site or random feature site through the
rest of the system.

B.5. Mode transfer functions

We now combine the equations for 02, v2, and v*. From (1), (3), and (5), the residual for each mode
satisfies

0 4 2 0
Upa = Wi — 1) Z Oap | Uk, + Z R3;gyup o + Ak Z R,y Ripvy
B v V5P

14
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This identifies the deterministic signal term, the fluctuation terms, and the self-consistent feedback
of the same mode. Therefore

vy = Hy, [wzl - n® (u;‘; + R3u%>] ,
where

H, = [I+n\OR3R,] .

We also define the spectrum-averaged transfer operator

H= Z)\ka.
k

The auxiliary responses can now be written in terms of the transfer functions:

R072§k’ = _UHIC@R37 RO,Q = _U.EIG')Rg,
Ry 41 = —n R H}; O, Ry, =-nRHO.

Substituting these into (7)—(8) gives the closed response equations
-1
Ry = [I + gD(H@Rg)] R
77 B -1
Rs=|I+ -R HO .
3 [ + NiU ]

B.6. Vectorized multi-epoch DMFT closure

We now collect the equations in the vectorized form used for numerical solution. All matrices below
act on the S = T'€-dimensional epoch-step space. Define

My =1—-n\;RiHOR;.

This matrix is the effective propagation of the data-block Gaussian field u% into 'v,%.
The closed response equations are

Hk = [I + n)\kGRgRl]il, .EI = Z)\ka,
k

R, = [I + gD(ﬂ@Rg)} - ,
Ry — [I + anIEI@} -
N
The closed correlation equations are
Ci = R, (Co n 0211T) R], C;=R;C:R],

ey

2
Co=>_ MHj [(w;)QllT + %@RgcQR?T@T + ?GRgD(Cl)RST@T H,
k

2
1
Cy =) M RiH, [(w;)hﬂ + ’;V@R3C2R§@T] H'R] + 5 > MM D(Cy) M,
k k

15
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Finally, for « = (n, t), the test and train losses are
Liest(n,1) = [Colaa + 0%, Lurain(n,t) = [Cllaa-

The additive o2 is the irreducible label-noise contribution to the test mean-squared error. In noiseless
experiments, this term is absent.

Appendix C. Ensembling Theory: Replicated DMFT

We now extend the DMFT to ensembles. Consider E independently initialized random-feature
models indexed by e = 1, ..., E. Each replica has an independent random feature matrix A(®), but
the replicas are trained on the same dataset. In the fixed-order setting studied here, they also share
the same minibatch order.

For replica e, the residual field is

1
v2(©) = w* — NA(G)Tw&e).

The ensemble residual is the replica average

1 E
~-0 __ 0,(e)
v = I E v .
e=1
Its covariance is therefore

_ 1 / ’ ’
G- g O 10 = S ()
ee’ k
C.1. Replica-symmetric decomposition

One can work out the full coupled set of DMFT equations for the ~ E? correlation and response
functions. Under these equations, one finds that the response functions decouple R/ = 0¢ ¢ R.
Further, one can easily show from the structure of the stochastic process that the saddle point equa-
tions for the correlation functions are replica-symmetric:

self _ !
cleer _ O e=e
0 - !
CSI'OSS’ e # e ,

where s denotes the self-replica covariance and c the cross-replica covariance. Hence

E—-1

_ 1 . 1
Co = Ecgelf + = C(():I‘Obs _ C(():ross + E (C(s)elf _ Cgross) ] 9)

Thus ensembling suppresses only the part of the covariance that is independent across replicas.
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C.2. Replicated effective process

Each replica obeys the same effective single-site process as in Appendix B.6:
o = H, [w;1 =10 (uy + Rgu%(e)ﬂ . Hy=[IT+n\OR3R| "

The response operators Hy, R, R3 are single-replica objects and therefore do not depend on F.
The distinction between self and cross sectors comes entirely from the Gaussian forcing. The
model-noise fields are independent across replicas because the feature matrices A(©) are indepen-

dent:
<ui7(e) u?v(e )T> — 6[475566’ 7Cself.

By contrast, the data-side Gaussian fields are correlated across replicas when the dataset and mini-

batch order are shared: N
2,(e) 2,(e"T k e,e’
<uk( )“z( ) > = Okt B (C£ ))-

Since label noise is also part of the shared dataset, it contributes equally to the self and cross sectors:
Ci" = RICy"R{ + 0’ Ri11'R{,  C{"® = RIC{"™R| +¢’R|11" R/ .

If label noise were independently resampled across replicas, the o-2-term would appear only in the
self sector.

C.3. Self sector

The self-replica equations are exactly the single-replica DMFT equations with Cy, C'1, C5 replaced
by Cgelf Cfelf C;elf:

77>\k

Cself Z )\ka [ 211T + @R CselfRT@T T"OR D(cself)RT@T Hk ,

2
cylf Z)\ R H, [ wi)?11" + Z{@)Rgc;elfR;@T] H'R| + Z A M D(C5 M,

C.4. Cross sector

For e # ¢/, the model-noise covariance vanishes:
4,(e), 4,(eNT\ _
<uk u, = 0.

Therefore the 1/N model-noise term drops out of the cross-replica covariance. The cross covariance
satisfies

2\
Cio = \.Hy, [(w;)hf U B’“@R D(C{**)R; 0" | H, . (10)
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The corresponding cross auxiliary covariance is

1 ,
C5™ = M\ R Hy(w})’11 H\ R + 5 > \eMD(CF%) M,
k k

In the present closure, C'S™% does not feed back into C§*°%, since the 1/N model-noise channel is
replica-independent.

C.5. Self-minus-cross form

Define
If
ACO _ (s)e _ Cgross.

Subtracting the cross equation from the self equation gives
2 2)\
AC) =3 NH %@RgcgelngTeT + %@Rg@ (RlACORI) RQ@T] H .
k

The shared label-noise contribution cancels from AC{. This form makes the ensemble mechanism
explicit: independent model noise generates AC), while the data/minibatch feedback channel can
amplify it across training time.

C.6. Ensemble loss

Combining the replica-symmetric decomposition with (9), the ensemble covariance is

~ . 1 1 E-1
CO — C(():ros.b + EACO — EC(S)elf + = Sross.

Thus the ensemble test loss at epoch-step o = (n, t) is

Lens(n,1) = [Colaa + o2

The limiting cases are immediate. For £ = 1, Cy = Self, recovering the single-model DMFT.

As E — o0, Cy — C5'°%: independent model-initialization/random-feature variance is removed,
while the covariance arising from shared data and shared labels remains.

Independent shuffles. The equations above correspond to fixed-order training with the same
minibatch order in every replica. If each replica uses an independent data shuffle, the cross-replica
operator D in (10) should be replaced by a cross-overlap operator D.;,ss measuring the probability
that two replicas see the same example at the same update time. Heuristically, for independent ran-
dom shuffles, this overlap is O(1/T), so the cross data feedback is strongly reduced. This is why
ensembles over both initialization and shuffle randomness can reduce the late-time growth more
effectively than ensembles over initialization alone.

Appendix D. Continuum Limits: Noisy SGD Theory vs Gradient Flow

We now discuss two small-learning-rate limits of the discrete multi-epoch DMFT. The two limits
differ in the relative rate at which the learning rate is sent to zero compared to the within-epoch
discretization. The first limit keeps the epoch index discrete and produces a noisy continuum-time
SGD theory. The second limit averages over infinitely many infinitesimal passes through the data
and recovers gradient flow on the empirical loss.
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D.1. SGD limit: integer epochs, continuum within-epoch time

We first consider the formal scaling

1 P
== B=— P=DBTfi .
n T—>O, T xed, neN

Equivalently, we introduce the continuum within-epoch time

t
=_ 1].
= e[0.1]

The scaling B = P/T should be understood as a continuum idealization of fixed-data SGD rather
than as a literal limit of integer-valued minibatch sizes. Each individual minibatch contains an
infinitesimal fraction of the dataset, but one epoch still processes a total of P examples. In this
limit, the deterministic drift remains O(1) over one epoch, while the effective data-noise covariance
remains O(P~!). The resulting continuum theory is therefore not gradient flow; it is a noisy SGD
theory with a finite data-noise channel.

We use the combined index

a=(n,7), neN, T € [0,1].
The continuum causal operator is the integral operator

Z/ a7’ foul(r +/07dr’fn(7’).

m<n
Equivalently, its kernel is
O (T, 7)) = S {7 > 7'} + 1{n > m}.
The fixed-order reuse of the same within-epoch minibatch label is encoded by
[D(C)|pm (7, 7') = Cpn (7, 7") 6(7 — 7).

Thus D is local in the within-epoch time 7, while still allowing correlations across different epochs
n, m. This is the continuum analogue of reusing the same minibatch label at the same within-epoch
time across epochs.

The corresponding single-site stochastic process is

0,(r) = w} ~ [©vf]u(r),
() =u <waﬂ+gmmmwmm
() = 0 n(7) + M R12fla(7),
vb(7) = (1) + - [Ros0Plu(r),

0 (r) = b () + [Ryfla(r).
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Here all products denote integral-operator products over (n, 7). The Gaussian fields have covari-
ances

(up () (7)) = Coum(7,7),

(0 () (7)) = Bt [D(C) (7. 7),
(U (7l (7)) = Cogm(7, ),

(uh (P (7)) = 5k%cgmm(r, 7).

Compared to the discrete-time equations, 7® has become the continuum integral operator ®, and
the minibatch-variance prefactor becomes 1/P.
The closed response equations are

H;, = [I + )\k@RgRl]_l, H= ZAka’
k

1 - -1

1 91
R; = [I+ NRlHG} .

Define
M,=1-)\.R1H,OR;.

Then the closed correlation equations are
C, =R, (Co + 0211T) R], Cs;=R3;C:R],
1
Cy= % A\ Hy, [(w;)hﬂ + N@RgchgTeT

A
+ ;@Rgp(cl)RgeT] H],
1
Cy =) NRiH, [(w;)QnT + N@RgchgeT] H'R/
k

1
+5 zk: A\ M D(C1) M/ .

This limit keeps the epoch structure explicit. Consequently, the response and correlation func-
tions are not time-translation invariant in the global epoch-step index. The operator D is the sig-
nature of fixed-order multi-epoch SGD: it preserves the fact that the same infinitesimal minibatch
label is reused at the same within-epoch time in later epochs.
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D.1.1. GRADIENT-FLOW LIMIT

We next consider a smaller-learning-rate limit in which many infinitesimal passes through the
dataset occur on an O(1) macroscopic time scale. Let

1
=n(nT + 1), M= TaF P fixed, N — .
One epoch has duration
1
Au=nT = —.
u=rn %

Thus, on an O(1) interval of macroscopic time u, the algorithm makes N complete infinites-
imal passes through the dataset. The minibatch-noise variance accumulated over O(1) time is
O((PN)™1), so the stochastic minibatch fluctuations vanish as A’ — oco. The limiting dynam-
ics are therefore gradient flow on the empirical loss:

&m%m::—<;ATA><;me>v%m.

The auxiliary fields are now defined using the full dataset:

vl(u) = T (u) + oe,

v*(u) = *WTI(%

v*(u) = Av?(u),
1

4 T3
=—A

with
0,0’ (u) = —v(u).
The corresponding single-site stochastic process is
Ouvp(u) = —vg(u),

vl (u) = ul(u) + oe + % /Ou dii Ro 2(u, @)v* (1),
Ru) = ub() + e [ du B u,a)el(m),

0
ﬁ@:ﬁw+;édmmmmﬂm

vi(u) = ujp(u) + /0“ dii R3(u, 0)vi ().

The Gaussian fields have covariances
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Compared to the noisy-SGD continuum limit, the projection operator D is absent. The full dataset
is averaged at every infinitesimal time, so the data-noise covariance is the full two-time covariance
C4(u,u'), not its fixed-minibatch diagonal projection.
Let
O(u,u') = 1{u > u'}.

In operator notation, the response equations are

Hy=[I+MNORR]™, H=Y MNH,

1. -1
Ry = [I + H®R3:| ,
P
1 11
R;= |1+ -R HO®| .
3 [ + Niu }
The correlation equations are

Ci=R; (C() + 0211T> RI, C; = RgCQR;—, (11)

1
Co= > MHy [(w;)’ﬁﬂ + N@RgczRgT(aT
k

A
+ ];“@RgClR;@T] H,

1
Cy =) MNRiH, {(w;)%ﬂ + N@RgchgeT] H/R/
1 T
+ 5 Zk: A M,C1 M

where
M =1—- R H;OR;.
In the stationary response closure, the response functions are time-translation invariant:

R(u,u') = R(u — ).

Using the Fourier convention

dw ’
AN G dw(u—u')
R(u—u') / 5 € R(w),
the response equations reduce to
Hi(w) 1
w) = )
’ iw + A\ Ry (w) R3(w)
1 /\le( )Rg(w)
—1- =
Fi(w) P zk;: iw+ ARy (w)R3(w)’
ARy (w)R3(w)
R3(w)=1-—— .
Z w + )\le(w R3(w)
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Even under this stationary response closure, the correlation functions are not time-translation
invariant because they continue to encode the signal contribution inherited from the initialization.
We therefore use a two-frequency Fourier transform:

Clw,w') = /du du’ e Y Oy, ).
For o = 0, the Fourier-domain correlation equations are

Co(w,w’) = Z Ao Hy (w) Hy (W) [(wz)2 + %Cg(w,w’) + )]\;cRg(w)Rg(w’)Cl(w,w')] ,
k
Ci(w,w') = Ri(w)R1(w")Co(w,w'),

Cow,w') = Zk: Mo Hp, (w) Hg (W) [;(iw)(iw’)cl (w, ") + ARy (w) Ry (W) ((wz)2 + %C’g(w, w')> ] ,

Cs(w,w") = R3(w)R3(w) O (w,w').

Label noise can be restored by replacing the C source in the time-domain equations by Cy+02117,
asin (11).
The test and train losses are obtained from the diagonal:

Liest(u) = Co(u,u) + 02, Lirain(u) = C1(u, u).

Appendix E. Scaling form for interpolation-induced late-time growth

We now use the low-frequency form of the multi-epoch DMFT equations to study the late-time vari-
ance growth near the interpolation threshold. The goal is to identify the low-frequency denominator
whose behavior controls the size of the correlation functions. We focus on the interpolation thresh-
old N = P, where the model size and data size are balanced. At this threshold the finite-data and
finite-width response functions become comparable. In the diagonal low-frequency approximation
we write

1
~ = H =
Ry (w) R3(w) R(w)7 k(w) iw —+ )\kR(w)Q
The corresponding response equation is
1
Rw)=1-— FR(W zk: Ao Hp (w). (12)

This is the interpolation-threshold specialization of the low-frequency response equation in the
random-feature DMFT.

Fourier-domain correlation equations. Recall that Cy(w, w’) and Cy(w, w") are the double Fourier
transforms of the correlation functions associated with v° and v?, respectively. Here v is the dis-
crepancy between the target weights and the model’s effective weights, and v? = (1/B)¥ v is
the auxiliary field after the mini-batch feature block.
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Keeping the coupled Cy- and Cs-equations that control the late-time growth near the interpola-
tion threshold, the equations read

Co(w, ') = Bo(w, ') + 3 Ta(e0, & R(&)PR( Y Colto, )
+ BR)RW)Ti(w,0)Co(w, ), (13)
Or(w, ') = Baw, ') + 5 (i6) i) s, ') R() R()Colto, )
+ B T5(0,6 YRR Co(w, ). (14)
Here
B ) = 30 Hie) ).
Bisf) = RER) ) () i),
and

Ty(w,o') = > XN H(w)Hp(w),  q€{1,2}.
k

The T, are spectral trace functions: 75 controls the variance feedback to Cp and C5 through the
random-feature projection, while 77 controls the cross-coupling between them. The terms By and
B are deterministic bias terms determined by the target coefficients {wj } in the feature eigenbasis.
The remaining terms describe the feedback of finite-data and finite-width fluctuations through the
response functions.

Equations (13)—(14) can be written as

n [Co(w,w')) [ Bo(w,w)
G(w7w> (Cg(w,w’)> - (Bg(w,w/>> 9 (15)
where

— $DRW)RW)?  —FRW)RW)Ty

Glw, o) = <_}1D(@'w)(iw')R(w)R(wl)T1 1— }gTQR(w)zR(w/)z) . (16)

For compactness, 77, T% in (16) denote T (w,w’) and Th(w,w’). The asymmetry between the off-
diagonal entries comes from the fact that the feedback from Cj into C is suppressed by (iw)(iw’),
whereas the feedback from C' into C is not. Equivalently, in the time-domain equations, the
contribution to (s involves time derivatives of the discrepancy correlation, while the contribution
to Cj is obtained after propagating the auxiliary fluctuations through the response.

Solving (15) for Cj introduces a denominator

1 —T(w,w) = det G(w,w),
which controls the multiplicative variance feedback. The interpolation-induced late-time growth is

governed by the small-w behavior of this denominator.
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Diagonal low-frequency reduction. To extract the equal-time scaling, we examine the regime
w~w —0.
For the scaling calculation we set w’ = w after deriving the two-frequency system. Then

TQ(W) = Tq(w,w),

and

2

det G(w) = (1 _ ;TQ(M)R(W) _ %(iw)QR(w)‘lTl(w)Q. (17)

Using

1

H —
Kw) iw+ A R(w)?’
we have
)\kR(w)QHk(w) =1 — iwHg(w).

Therefore,

1
FR(W 2}; A Hp(w) =1 — R(w)
Hence 1 1
FR@fn@ozl—Rwy—FMR@Fﬂ@u (18)
Substituting (18) into (17) gives
L. 2 1 2 4 2
1 —T(w,w) = |R(w)+ szR(w) Ti(w)| — ﬁ(zw) R(w)*T1(w)
— Rw)2+ %in(w)3T1 (). (19)

Low-frequency scaling of the response. At the interpolation threshold, the low-frequency solu-
tion has the scaling form

R(w)? = iwr? + o(w), w — 0, (20)
where 7 is determined by
_Pk1+Mﬂ

Indeed, substituting R(w)? = iwr? into (12) gives (21) at leading order.
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Power-law assumption/specialization. The DMFT equations above hold for arbitrary spectra
{A\r} and target coefficients {w}}. To obtain explicit exponents, we specialize to the standard
power-law setting used in random-feature learning-curve analyses [5, 6, 8, 27]:

e ~ k70, Ae(wi)? ~ k79, b>1, a>1. (22)

Here, b is the spectral decay exponent and a is the task-power exponent. The conditions b > 1 and
a > 1 ensure that the spectral and target-energy tails appearing below are summable.
Let k, be the cutoff satisfying
Mo, 72~ 1.

Using A\ ~ kb from (22), this gives
2/b

ky ~ r/°.
The sum in (21) is of order k4, so k, ~ P. Therefore
r?~ PP~ PR (23)

Next,

_ Ak 1 Ak 1
) = 2 AR~ Gl & )t~ Gt

Using the same cutoff k, ~ P,

A
71(P)ZZ(1+)\ZT2)2 D IR EE D PPN
ks

k<P k>P
~ PN R Y kT
k<P E>P
Pb+1 Plfb
—2b 1-b
b+l T bh_1 ’ >
Thus
T1(w) ~ (iw) 2P0 (24)

Substituting (20), (23), and (24) into (19) gives
| - T(w,w) = Rw)? + %in(w)3T1 ()
~ Pb(iw) + %(m)(m)3/2p3b/2(m)*2plfb
~ PP(iw) + 2P%?(iw)'/?. (25)
The two terms in (25) dominate in different regimes. Their ratio is

PPluw]

_ pb/2| (1/2
Pb/2‘w‘1/2 = P/ | /2,

Thus the square-root term dominates when

PY2|y|Y? « 1, equivalently lw| < P70
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Since the relevant Fourier scale at training step s is |w| ~ s~!, the interpolation-induced growth
governs the dynamics only at late times
s> PP,

For s < P, the analytic term P°(iw) dominates, so the dynamics remains in the standard pre-onset
regime governed by mode-wise relaxation. In particular, one recovers the usual time-bottleneck
decay. Therefore the square-root growth derived below should be understood as a genuinely late-
time interpolation-threshold effect, rather than as the early-time behavior.

Derivation of the standard time-bottleneck decay. We briefly justify the scaling
£bias(5) ~ g~ (a=1)/b,

In the pre-onset regime s < PP, the interpolation-induced feedback has not yet become dominant,
and the dynamics is governed by the standard mode-wise relaxation mechanism. Since

A~ k‘_b,
the k-th mode relaxes on the timescale
T~ AL~ R

Hence, by time s, only modes with
L < Sl/b

have been significantly learned, while the higher modes remain unresolved.
Using the power-law task assumption

A(wp)? ~ k7,
the residual bias is dominated by the unresolved tail,

Lrias(s) ~ > M(wp)?~ Y k"

k>s1/b k>s1/b

Approximating the sum by an integral gives

o0
Loil) ~ [ Kb 70,
s1/b
which is the standard time-bottleneck exponent in power-law random feature models.
In the late-time regime s > P, by contrast, the square-root term in (25) becomes dominant. In
this regime,
1 —D(w,w) ~ PY?(iw)'/2, (26)

Thus the interpolation-induced contribution has a s¥/2 time dependence, with a prefactor pb/2

coming from the inverse denominator. This is the late-time growth mechanism that is absent in
the standard one-pass theory and is generated here by repeated data reuse near the interpolation
threshold.
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Bias scale. It remains to identify the scale of the bias term. The leading bias term entering CY is
w) =Y Me(wp)® Hi(w)?.
k

Near the interpolation threshold, using R(w)? = iwr?, we get

Ak( wk
Bo(w,w) = zwzz (14 A\gr2)?

Using the task-power scaling )\k(w,:)Q ~ k=% from (22), the cutoff is again k, ~ P. Hence the
inner bias sum scales as

i Ak (w)? 4 Ak wk
By(P) :ZW Z +Z)\]€ wk

k k<P k E>P

Under the usual source-limited regime a—1 < 2b, the dominant contribution comes from the modes
k > P, i.e., the part of the target spectrum not resolved at the effective cutoff k, ~ P:

Py~ >k~ pleh), 27)

k>P

This is the same finite-P model/data bottleneck scale appearing in the standard random-feature
learning curve. If a — 1 > 2b, the bias scale is instead limited by the response cutoff and should be
replaced by the corresponding P~2’-type saturation scale.

Resulting scaling form. Combining (26) and (27), in the late-time regime s > PP, the corre-
sponding time-domain contribution to the test loss scales as

1 1

- P—b/QB P 1/2 ~ P—(a—1+b/2) 1/2' 28

T o(P) s 5 s (28)

The factor E—! applies only to fluctuations that are independent across ensemble members, such as

independent random-projection fluctuations. Fluctuations coming from a shared dataset or a shared

fixed mini-batch order are common across members and therefore are not reduced by ensembling.
A local scaling form near the interpolation threshold is therefore

L(s,P,E) ~ 0% + ¢ s~ @D/t 4 ¢y p=(a=) %” p~@D g (;) , (29)

where ¢, co, c3 are positive constants independent of s, P, E. Here o2 is the irreducible label-noise
floor; in a well-specified noiseless setting, o = 0. The crossover function ® satisfies

®(z) >0 (z—0), B~z (z— ).

The last term in (29) separates the bias scale P~(*~1)| coming from By(P) in (27), from the late-
time denominator scale P~/ 2 coming from 1 — I" in (26). Indeed, for s > PP,

€3 H—(a—1) S Y L 8 p(a—1+b/2) (1/2
EP (I)<Pb> EP 8=,
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recovering (28).

Equation (29) explains the observed non-monotone loss curves near the interpolation threshold.
For s < PY, the decreasing time-bottleneck term dominates. For s > P?, the interpolation-induced
s1/2 growth becomes visible and can drive the loss upward. The two central testable consequences
are the onset scale s ~ P” across different values of P, and the 1/E reduction under ensembling
over independent random projections. These predictions are examined empirically in the experi-
ments, including Figure 1.

The scaling form is written in terms of the global step s and the total number of distinct training
samples P. The number of epochs £ enters only through the maximal training time Spyax = T,
where T' = P/ B is the number of mini-batches per epoch. Thus the late-time regime is observable
only if T€ > PP.
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