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Abstract

Modern policy optimization methods roughly fol-
low the policy mirror descent (PMD) algorithmic
template, for which there are by now numerous
theoretical convergence results. However, most
of these either target tabular environments, or can
be applied effectively only when the class of poli-
cies being optimized over satisfies strong closure
conditions, which is typically not the case when
working with parametric policy classes in large-
scale environments. In this work, we develop a
theoretical framework for PMD for general policy
classes where we replace the closure conditions
with a strictly weaker variational gradient dom-
inance assumption, and obtain upper bounds on
the rate of convergence to the best-in-class pol-
icy. Our main result leverages a novel notion of
smoothness with respect to a local norm induced
by the occupancy measure of the current policy,
and casts PMD as a particular instance of smooth
non-convex optimization in non-Euclidean space.

1. Introduction

Modern policy optimization algorithms (Peters & Schaal,
2006; 2008; Lillicrap, 2015; Schulman et al., 2015; 2017)
operate by solving a sequence of stochastic optimization
problems, each of which being roughly equivalent to:

~ 1
! — argminE,_ i [(OF, ) + —B(mg,nH) |, (D)
n

rell

where u* is a state probability measure (typically related,
or equal to, the occupancy measure of the current policy
n*) from which sampling is granted through interaction
with the environment; QO is an estimate of the action-value
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function of 7%, and B is a distance-like function employed to
regularize the update so as to not stray too far from 7%. The
solution to Equation (1) is usually produced by optimizing
a parametric neural network model 7y (known as the actor,
or policy network) via multiple steps of stochastic gradient
descent, and consequently, the policy class II is the set of
policies representable by the model; IT = {ny | 6 € RP},
where p denotes the number of parameters in the network.

Contemporary theoretical analyses of this algorithm (Shani
et al., 2020; Agarwal et al., 2021; Xiao, 2022; Ju & Lan,
2022; Zhan et al., 2023; Yuan et al., 2023; Alfano et al.,
2023) all have their roots in the online Markov decision pro-
cess (MDP) framework, and roughly build on decomposing
Equation (1) state-wise and casting the problem as a collec-
tion of independent online mirror descent steps (Even-Dar
et al., 2009). The disadvantage of such an approach lies
in the requirement that the update step be exact (or almost
exact) in each state independently, effectively limiting the
applicability of such analyses to policy classes that are com-
plete, (i.e., I1 = A(ﬂ)s), or otherwise satisfy strong closure
conditions.

Largely, papers that develop convergence upper bounds for
algorithms following Equation (1), commonly known as
Policy Mirror Descent (PMD; Tomar et al., 2020; Xiao,
2022; Lan, 2023), fall into two main categories. The first
category includes studies that target the tabular setup (e.g.,
Geist et al., 2019; Shani et al., 2020; Agarwal et al., 2021;
Xiao, 2022; Johnson et al., 2023; Lan, 2023; Zhan et al.,
2023), where no sampling distribution y* is involved (or it
has no effect) and updates are performed in a per-state man-
ner. The second category consists of papers that consider
parametric policy classes (e.g., Agarwal et al., 2021; Alfano
& Rebeschini, 2022; Ju & Lan, 2022; Yuan et al., 2023; Al-
fano et al., 2023; Xiong et al., 2024) often building—either
directly or indirectly—on the compatible function approx-
imation framework (Sutton et al., 1999). As such, these
works essentially assume that the update in Equation (1)
remains “close” to the one that would have been performed
over the complete policy class (see Section 1.2 for further
discussion). This state of affairs is (at least partially) due to
the fact that policy gradient methods in the general policy
class setting are prone to local optima (Bhandari & Russo,
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2024), and as a result, structural assumptions are necessary
to establish global optimality guarantees.

The present paper aims to establish best-in-class conver-
gence of PMD (Equation (1)) for general policy classes,
relaxing the stringent closure conditions and assuming in-
stead a variational gradient dominance (VGD) condition
(Bhandari & Russo, 2024; Agarwal et al., 2021; Xiao, 2022).
It can be shown that a general form of closure conditions
implies VGD and that the converse does not hold, hence it
is a strict relaxation of the setup assumptions (see detailed
discussion in Section 1.2 and Appendix A). Our main result
features a novel analysis technique that casts Equation (1) as
a particular instance of smooth non-convex optimization in a
non-Euclidean space, where the smoothness of the objective
is w.r.t. a local norm induced by the current policy occu-
pancy measure. Importantly, this approach leads to rates
independent of the cardinality of the state space. In contrast,
previous results that establish convergence of gradient based
methods (though not of PMD; e.g., Agarwal et al., 2021;
Bhandari & Russo, 2024; Xiao, 2022) that are applicable
in our setting, lead to bounds that depend on the size of
the state-space, thus rendering them useful only in tabular
setups.

1.1. Main results

We consider the problem of finding an (approximately) op-
timal policy in a discounted MDP M = (S, A, P, r, v, po)
within a general policy class IT ¢ A(A)S. We assume
the action set is finite A := |A|, and denote the effective
horizon by H = ﬁ Our goal is to minimize the value
V (), defined as the long term discounted cost (we interpret
r: S x A — [0, 1] as measuring regret, or cost). Our cen-
tral structural assumption, that replaces and relaxes specific
closure conditions, is the following.

Definition 1 (Variational Gradient Dominance). We say
that IT satisfies a (Cx, &ygq)-variational gradient domi-
nance (VGD) condition w.r.t. M, if there exist constants
Cx, &yga > 0, such that for any policy = € II:

V(n) = V*(II) < Cx max (VV(n),m = 7) + £yga.  (2)

We note that any policy class satisfies the above conditions
with some Cx > 1, &ygq < H, and that the complete policy
class is (H ||#*/pollw » 0)-VGD w.r.t. any MDP (see Bhan-
dari & Russo, 2024; Agarwal et al., 2021, and Lemma 16

for completeness). Our main result is the following.

Theorem (informal). Let IT ¢ A(A)S be convex and as-
sume it satisfies (Cx, &ygq)-VGD w.r.t. M. Suppose further
that the actor and critic are approximately optimal up to
some error gy, > 0. Then, with well tuned e-greedy explo-
ration and learning rate 77, we have that the PMD method
(Equation (1)) converges as follows. With Euclidean regu-

larization, V(%) — mingxepy V(7%) =

CIH3A3?
k2/3

+ (C*H + AH2k1/6) Vegtat + svgd) s

and with negative Entropy regularization, we have that
V(7*) = mingeen V(n*) =

5 (cszAm

et (C*H + A2H3k4/7) Nt evgd) ,

where the big-O only suppresses constant numerical factors.

To obtain our main result, our analysis casts PMD as a
proximal point algorithm in a non-Euclidean setting (see
Teboulle, 2018 for a review), where the proximal operator
uses a regularizer that adapts to local smoothness of the ob-
jective. As we demonstrate in Lemma 2, the approximation
error of the linearization of the objective V(-) at ¥ can be
bounded w.r.t. the local norm ||-|[2(,x); crucially, a norm
according to which the decision set IT has diameter indepen-
dent of the cardinality of the state-space. This significantly
deviates from the commonly used smoothness of the value
function w.r.t. the Euclidean norm (Agarwal et al., 2021),
which assigns a diameter of |S| to I1, and therefore leads to
rates that have merit only in tabular environments.

1.2. Discussion: VGD vs. Closure

Our work establishes best-in-class convergence subject to
the VGD condition presented in the previous section. This is
a substantially different starting point than that of the preva-
lent closure conditions based on the compatible function
approximation approach (Sutton et al., 1999) assumed in
recent works on parametric policy classes (Agarwal et al.,
2021; Yuan et al., 2023; Alfano et al., 2023; Xiong et al.,
2024). The assumptions employed in these works fall into
two main categories; The first and more general one is that
of a bounded approximation error (e.g., Alfano et al., 2023;
Yuan et al., 2023), which essentially requires that the update
step in Equation (1) be close (up to a small error) to the
update that would have been performed over the complete
policy class Iy = A(.?()S . The second is that of bounded
transfer error (e.g., Agarwal et al., 2021; Yuan et al., 2023),
which roughly requires that the update be accurate (up to
a small error) when accuracy is measured over the optimal
policy occupancy measure. This assumption is commonly
employed in the specific log-linear policy class setup; to
the best of our knowledge, there do not exist results that
employ these conditions in a fully general policy class set-
ting (Agarwal et al., 2021 consider a non-PMD method in a
bounded transfer error setup where the policy class satisfies
additional smoothness assumptions).

The relation between closure and VGD is subtle, primarily
because closure conditions are algorithm dependent. Typ-
ically, they relate to one or more of the following three
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Table 1: Comparison of assumptions and bounds of representative prior works for PMD with fixed step size. Columns refer to assumptions
required either implicitly or explicitly by different works. VGD is implied by a natural extension of closure; see Appendix A.1 for
further details. The Realizability column refers to approximate realizability, which is implied by closure conditions. The Rate column
suppresses all factors other than K, and ignores error floors.  Closure (perfect): The policy class is closed to a PMD update up to
{w-norm error.  Closure (approx): The policy class is closed to a PMD update up to error that depends on the sampling distribution. »
General dual with EMaP parametrization: EMaP stands for Exact Mirror and Project; in these works the policy class is induced by a
general dual variable parametrization, combined with an operator that performs the mirror and project steps accurately.

Paper VGD IT Convexity  Realizability Closure AP aramet.rlc Rate
ssumptions
Xiao (2022); a
Lan (2023) Yes No Yes Yes (perfect) Tabular 1/K
Yuan et al. (2023) Yesb No Yes Yes (approx) Log-linear 1/K
Ju & Lan (2022)° Yes No Yes Yes (perfect) ijr}e]f:‘i‘\l,[g;al 1/VK
General dual
Alfano et al. (2023) Yes No Yes Yes (approx) w/ EMaP 1/K
This Workd Yes Yes® No No No 1/K2/3

4 Prior works on the tabular setting typically assume the policy class is complete IT = A(A)S, and thus convex. However their
arguments extend to the case that I satisfies perfect closure, which eliminates the need for I1 being convex.

b We refer to the bounds obtained by Yuan et al. (2023) subject to bounded approximation error. Yuan et al. (2023) also obtain
convergence subject to bounded transfer error — it is unclear to what extent (if at all) bounded transfer error implies VGD.

¢ Ju & Lan (2022) also obtain an O(1/K) rate for regularized PMD.

d we report our rate for Euclidean PMD. More generally, our bounds depend on the smoothness of the action regularizer, and
dependence on K degrades for non-Euclidean regularizers such as negative entropy.

¢ Assuming only VGD without closure, our analysis requires convexity of I1. However, in the presence of closure assumptions such as
those of Alfano et al. (2023), our analysis does not require convexity of I (see Appendix A.2 for further details).

elements; step-size range, action regularizer, and the partic-
ular algorithmic approach employed to solve Equation (1).
At the same time, the VGD condition is algorithm indepen-
dent, as it relates only to the policy class-MDP combination.
Nonetheless, as we show in Appendix A.l, a reasonable
extension of PMD closure conditions implies variational
gradient dominance, effectively establishing PMD closure
= VGD. At a high level, this builds on a similar claim
from Bhandari & Russo (2024), that closure to policy im-
provement implies VGD. We further demonstrate in Ap-
pendix A.3 that the converse does not hold; that there exist
simple examples where the VGD condition holds whereas
closure does not take place. We refer to Table 1 for a high
level comparison between our work and prior art, and con-
clude this section with the following additional remarks.

* Realizability. Closure conditions generally imply
(approximate) realizability, thus under this assump-
tion convergence w.r.t. the true optimal policy 7* =
arg min ¢ (ys V() is possible. We do not assume real-
izability and therefore prove convergence to the optimal
in-class policy. Specifically, all prior works prove bounds
that only hold in (approximately) realizable settings, while
our bounds do not require realizability.

* Geometric rates. Table 1 reports rates for fixed step

size PMD. Many prior works that study PMD in the tabu-
lar setup or subject to closure conditions establish linear
convergence for geometrically increasing step size se-
quences (Xiao, 2022; Johnson et al., 2023; Yuan et al.,
2023; Alfano et al., 2023). We do not expect such rates
are possible assuming only VGD. Roughly speaking, the
reason these rates are attainable subject to closure is that
the algorithm dynamics mimic those of policy iteration in
the tabular setting, where convergence is indeed at a lin-
ear rate. Assuming only VGD, policy iteration no longer
converges, as the policy class loses the favorable structure
allowing for convergence of such an aggressive algorithm.
This should highlight the value in studying the function
approximation setup without closure assumptions.

Convexity of the policy class. Unlike prior works, we
consider VGD instead of closure but additionally require
convexity of the policy class II. However, subject to
perfect closure, it can be shown that the iterates of PMD
satisfy optimality conditions w.r.t. a convex policy class
that contains IT (concretely, it will be the complete policy
class A(A)%), which is the key element required in our
analysis. Thus, our analysis accommodates non convex
policy classes as long as perfect closure holds. We refer
the reader to Appendix A.2 for a more formal discussion.



Convergence of Policy Mirror Descent Beyond Compatible Function Approximation

1.3. Additional Related work

PMD with non-tabular policy classes. Most closely re-
lated to our work are papers that study convergence of PMD
in setups where the policy class is given by function approx-
imators (Vaswani et al., 2022; Ju & Lan, 2022; Grudzien
et al., 2022; Alfano et al., 2023; Xiong et al., 2024). The
motivation of Alfano et al. (2023); Xiong et al. (2024) is
somewhat related to ours but they address a different as-
pect of the problem in question. These works focus on the
approximation errors in the update step (thus essentially
assuming closure) and propose algorithmic mechanisms
to ensure it is small, but obtain meaningful upper bounds
only when it is indeed small w.r.t. the exact steps over the
complete policy class (as discussed in the previous section).
There is a long line of works on parametric policy classes
and specific instantiations of PMD such as the Natural Pol-
icy Gradient (NPG; Kakade, 2001); which is the focus of,
e.g., Alfano & Rebeschini (2022); Yuan et al. (2023); Cayci
et al. (2024) as well as Agarwal et al. (2021). Many works
also study convergence dynamics induced by particular pol-
icy classes, e.g., Liu et al. (2019); Wang et al. (2020); Liu
et al. (2020); we refer the reader to Alfano et al. (2023) for
an excellent and more detailed account of these works.

Several prior works have made the observation that PMD
is a mirror descent step on the linearization of the value
function with a dynamically weighted regularization term
(Shani et al., 2020; Tomar et al., 2020; Vaswani et al., 2022;
Xiao, 2022), which is the starting point of our work. In
particular, this perspective is the focus of Vaswani et al.
(2022); however this work did not establish any convergence
guarantees.

PMD in the tabular setting. The modern analysis ap-
proach for PMD in the generic (agnostic to the regularizer)
tabular setup is due to Xiao (2022). Additional works that
study the tabular setup include Geist et al. (2019); Lan
(2023); Johnson et al. (2023); Zhan et al. (2023). As in
the function approximation case, many works study conver-
gence of the prototypical PMD instantiation; the NPG or its
derivatives TRPO (Schulman et al., 2015) and PPO (Schul-
man et al., 2017) in tabular or softmax-tabular settings, e.g.,
Agarwal et al. (2021); Shani et al. (2020); Cen et al. (2022);
Bhandari & Russo (2021); Khodadadian et al. (2021; 2022).

Policy Gradients in parameter space. There is arich line
of work into policy gradient algorithms that take gradient
steps in parameter space, both in the tabular and non-tabular
setups (Zhang et al., 2020; Mei et al., 2020; 2021; Yuan
et al., 2022; Mu & Klabjan, 2024). This class of algorithms
are a special case of on-policy PMD only in the case of
the direct parametrization, but are not PMD algorithms in
general. Most of the results in the case of non-tabular,
generic parameterizations characterize convergence in terms

of conditions on the parametric representation. We refer the
reader to Yuan et al. (2022) for further review.

Bregman proximal point methods. As mentioned, our
analysis builds on realizing PMD as an instance of a Breg-
man proximal point algorithm — roughly, this is a proximal
point algorithm (Rockafellar, 1976) in a non-Euclidean set-
ting (see Teboulle (2018) for a review). There are numerous
studies that investigate non-Euclidean proximal point meth-
ods for both convex and non-convex objective functions
(e.g., Tseng, 2010; Ghadimi et al., 2016; Bauschke et al.,
2017; Lu et al., 2018; Zhang & He, 2018; Fatkhullin &
He, 2024; see also Beck, 2017) , although none of them
accommodate the particular setup that PMD fits into (see
Appendix E for details). Our analysis for the proximal point
method presented in Section 3.2 is mostly inspired by the
work of Xiao (2022); specifically, their upper bounds for
projected gradient descent, where they apply a proximal
point analysis in the euclidean setting.

2. Preliminaries

Discounted MDPs. A discounted MDP M is defined by
atuple M = (S, A,P,r,y, pp), where S denotes the state-
space, A the action set, P: S X A — A(S) the transition
dynamics, r: & X A — [0, 1] the reward function, 0 <
v < 1 the discount factor, H = ﬁ the effective horizon,
and pg € A(S) the initial state distribution. For notational
convenience, for s,a € S X A welet Ps , =P(- | s5,a) €
A(S) denote the next state probability measure.

We assume the action set is finite with A := |A|, and identify
R4 with R“. We additionally assume, for clarity of expo-
sition and in favor of simplified technical arguments, that
the state space is finite with S := | S|, and identify RS with
RS. We emphasize that all our arguments may be extended
to the infinite state-space setting with additional technical
work. An agent interacting with the MDP is modeled by a
policy 7: 8 — A(A), for which we let 7y € A(A) c RA
denote the action probability vector at s and 7, , € [0, 1]
denote the probability of taking action a at s. We denote the
value of m when starting from a state s € S by Vi (n):

(o)
Z)’tr(st,at) | so=s,7

t=0

Vi(m) =E

s

and more generally for any p € A(S), V,, () == Es, Vi (7).
When the subscript is omitted, V() denotes value of «
when starting from the initial state distribution py:

(e8]

D ¥'r(sian) | so~ po.x|.

t=0

V(r) =V (m) =E

For any state action pair s,a € S X A, the action-value
function of &, or Q-function, measures the value of 7 when
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starting from s, taking action a, and then following n for
the reset of the interaction:

(e8]
QF,=E|> ¥'r(spa) | so=sa0=an
t=0

We further denote the discounted state-occupancy measure
of 7 induced by any start state distribution p € A(S) by

up(s)=(1=) ) ¥ Prlsi =5 | 50~ p.).
t=0

It is easily verified that 4™ € A(S) is indeed a state prob-
ability measure. In the sake of brevity, we take the MDP
true start state distribution pg as the default in case one is
not specified:

u = 3)

Learning objective. In the conventional formulation of
MDPs, the objective is to maximize the discounted total
reward, i.e., max, V(x). In this paper, we follow Xiao
(2022) and adopt a minimization formulation in order to
better align with conventions in the optimization literature.
To this end, we regard each r(s,a) € [0,1] as a value
measuring regret, or cost, rather than reward. Given any
reward function r, we may reset r(s,a) « 1 —r(s,a) for
all s,a € S X A to transform it into a regret function.
With this in mind, we consider the problem of finding an
approximately optimal policy within a given policy class
I1 c A(A)S:

arg min V(). 4)

nell

To avoid ambiguity, we denote the optimal value attainable
by an in-class policy (a solution to Equation (4)) by V*(IT),
and the optimal value attainable by any policy by V*:

V*(II) == argmin V (7*);

n*ell

V* = argmin V(7*). (5)
T*eA(A)S

We note that we do not make any explicit structural assump-
tions about M. We will however make some assumptions
about the policy class I1, which will be made clear in the
statements of our theorems.

2.1. Problem Setup

In this work, we focus on the PMD method Algorithm 1 for
solving Equation (4) in the case that the policy class is non-
complete, IT # A(A)S. In each iteration, PMD solves a
stochastic optimization sub-problem formed by an estimate
of the current policy Q-function and a Bregman divergence
term which is defined below.

Algorithm 1 Policy Mirror Descent (on-policy)

Input: learning rate > 0, regularizer R: R® — R
Initialize 7! € TI
forkzltol((kioA .
Set uk = p™; QF = Q7.
7Tk+1 — argmin IES~,uk [H <’Q\]§€, 7Ts> + %BR(JTSa ﬂ'_]yc)
nell
end for

Definition 2 (Bregman divergence). Given a convex differ-
entiable regularizer R: R# — R, the Bregman divergence
w.r.t. R is:

Br(u,v) = R(u) —R(v) = (VR(v),u —v).

Throughout, we make the following assumptions regard-
ing the solutions to the sub-problems and the Q-function
estimates Algorithm 1.

Assumption 1 (Sub-problem optimization oracle). We as-
sume that for all k, 7%*! is approximately optimal, in the
sense that constrained optimality conditions hold up to error

Eact+

Vr e IL (Vi (7", 7 — 7Y > —400,

where @i () = [ESN”k [H <Q\l§7r‘> + %BR(ﬂs,ﬂf)] .

Assumption 2 (Q-function oracle). We assume that for all
T,

B 107 - 075 < e

We remark that our results can be easily adapted to some-
what weaker conditions on the critic error; we defer the
discussion to Appendix B.1.

Additional notation. Given a state probability measure
4 € A(S) and an action space norm |-||, : R4 — R,
we define the induced state-action weighted LP norm

Il Le ()0 : RSA — R as follows:
= (E py\1/p
Nl e (y.0 = (Esmpe llusllZ) 7.
For any norm ||-||, we let ||-||* denote its dual. When dis-

cussing a generic norm and there is no risk of confusion, we
may use ||-]|, to refer to its dual. We repeat the following
notation that is used throughout the paper for convenience:

1

/,lﬂ = /JSO, S = |S|, A= |ﬂ|, H = m

2.2. Optimization preliminaries

We proceed with several basic definitions before concluding
the setup.
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Definition 3 (Lipschitz Gradient). We say a function
h: Q — R, Q ¢ R has an L-Lipschitz gradient or is
L-smooth w.r.t. a norm ||-|| if for all x, y € Q:

IVA(x) = VAl < Llx =yl

Definition 4 (Gradient Dominance). We say f: X — R
satisfies the variational gradient dominance condition with
parameters (Cy, 0), or that f is (Cy, §)-VGD, if here exist
constants Cy, 6 > 0, such that for any x € X, it holds that:
f(x) —argmin f(x*) < Cxmax (Vf(x),x — %) + 6.
*eX xeX
Definition 5 (Local Norm). We define a local norm over
aset X € R? by a mapping x + |||, such that ||-||, is a
norm for all x € X. We may denote a local norm by ||| .
or by x = [IIl.
Definition 6 (Local Smoothness). We say f: X — R is
B-locally smooth w.r.t. a local norm x +— |||, if for all
x,y € X:

) = F@) = (V@ y =) < Sy =l

3. Best-in-class Convergence of Policy Mirror
Descent

In this section, we present our main results which establish
convergence rates for the PMD method in the non-complete
class setting we consider. Our main theorem, given below,
provides convergence rates for two classic instantiations of
PMD; with Euclidean regularization and negative entropy
regularization. Our results require that e-greedy exploration
be incorporated into the policy class. To that end, let I1€
denote the policy class obtained by adding e-greedy explo-
ration to II:

€ ={(l - e)m+eu | 7 € I}, where u; , = 1/A.

‘We have the following.

Theorem 1. Let I1 C A(A)S be convex and assume it
is (Cx, &vgd)-VGD w.r.t. M. Consider the on-policy PMD
method Algorithm 1 when run over I1°. Then, assuming
Eact + Ecrit < Esar, and with proper tuning of 1, Eexpl, it holds
that:

i. IfR(p)= % ||p||§ is the Euclidean action-regularizer, we
have V(n%) = V*(I1) =

(C£A3/2H3

ot (C*H + AH2K1/6) VEsta + Svgd)

ii. If R(p) = X; pilogp; is the negative entropy action-
regularizer, we have V(nX) — V*(IT) =

C2AY2H3
K2/7

+ (C*H + A2H3K4/7) VEstar + 8vgd) .

In both cases, big-O notation suppresses only constant fac-
tors.

To our knowledge, Theorem 1 is the first result to establish
best-in-class convergence (at any rate) of PMD without clo-
sure conditions. Two additional comments are in order: (1)
Our current analysis technique requires the action regular-
izer to be smooth. This is also the source of the degraded
rate in the negative entropy case. (2) The greedy exploration
stems from the smoothness parameter we establish for the
value function, and leads to worse rates in the Euclidean
case (for negative entropy, it actually implies smoothness
of the regularizer, though this is not the primary reason for
which it is introduced). We discuss this point further in
Section 3.1.

Analysis overview. The analysis leading up to Theorem 1
builds on casting PMD as an instance of a Bregman proxi-
mal point (or equivalently, a mirror descent) algorithm. This
follows by demonstrating PMD proceeds by optimizing
subproblems formed by linear approximations of the value
function and a proximity term that adapts to local smooth-
ness of the objective, as measured by the norm induced by
the current policy occupancy measure.

In fact, it has already been previously observed (e.g., Shani
et al., 2020; Xiao, 2022) that the on-policy PMD update
step is completely equivalent to a mirror descent step
w.r.t. the value function gradient equipped with a dynami-
cally weighted proximity term. For any two policies 7w and
7%, by the policy gradient theorem (Sutton et al., 1999, see
also Lemma 15 in Appendix D.1):

1
[ES"'/Jk [H <le€’ 7T5> + ;BR(”w ”fv{)]
= <VV(7rk), 7T> + %Bﬂ.k (m, %), 6)

where we denote u* = ,u”k, ok = Q”k, and B« (u,v) =
B« Br(us, vs). However, these prior observations did not
yield new convergence results, as the algorithm in question
significantly deviates from a standard instantiation of mirror
descent; a priori, it is unclear how the regularizer associated
with B« relates to the objective in optimization terms.

The high level components of our analysis are outlined
next. In Section 3.1 we establish local smoothness of the
value function (Lemma 2), which is the key element in es-
tablishing convergence of PMD through a proximal point
algorithm perspective. Then, in Section 3.2 we introduce
the optimization setup that accommodates proximal point
methods that adapt to local smoothness of the objective,
and present the convergence guarantees for this class of
algorithms. Finally, we return to prove Theorem 1 in Ap-
pendix D.3, where we apply both Lemma 2 and the result
of Section 3.2 to establish convergence of PMD.
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3.1. Local smoothness of the value function

The principal element of our approach builds on smoothness
of the value function w.r.t. the local norm induced by the
occupancy measure of the policy at which we take the linear
approximation, given by the below lemma. We defer the
proof to Appendix D.2.

Lemma 2. Let 1: S — A(A) be any policy such that
€ =ming 4 {754} > 0. Then, for any # € S — A(A), we
have:

V(7)) = V(m) = (VV(n), 7t - )|

< mi H AR
S min % 7 - ﬂ-”Lz(p”),l s f |7 - ﬂ'”LZ(”n)’z .

It is instructive to consider Lemma 2 in the context of the
more standard non-weighted L? smoothness property estab-
lished in Agarwal et al. (2021).

» Dependence on S: The standard L? smoothness leads
to rates that scale with Hnl - 7r*||2, which scales with §
in general. Indeed, prior works that exploit smoothness
of the value function (e.g., Agarwal et al., 2021; Xiao,
2022) derive bounds for PGD (i.e., mirror descent with
non-local, euclidean regularization) that do in fact hold
in the setting we consider here, but inevitably lead to
convergence rates that scale with the cardinality of the
state-space. This is while the diameter assigned to the
decision set IT by |[|[|;2(yn) o, for any x, depends only
on the diameter assigned to A(A) by |[|-||,, and thus is
independent of S.

* Relation to PMD: The standard L?> smoothness does
not naturally integrate with the PMD framework, and
leads to algorithms (such as vanilla projected gradient
descent) where the update step cannot be framed as a
solution to a stochastic optimization problem induced by
some policy occupancy measure. As such, these do not
admit a formulation that is easily implemented in practical
applications.

* Smoothness parameter: The smoothness parameter in
Lemma 2 depends on the minimum action probability
assigned by the policy at which we linearize the value
function (and as we discuss in Appendix B.2, this is not
an artifact of our analysis). A simple resolution for this
is given by adding e-greedy exploration. Notably, the
relatively large O (1/+/€) smoothness constant ultimately
leads to a rate that is worse than the O(1/K) achievable
with the standard L? smoothness (but that crucially, does
not scale with §).

3.2. Digression: Constrained non-convex optimization
for locally smooth objectives

In this section, we consider the constrained optimization
problem:

min f (x), @)

where the decision set X C R is convex and endowed with
a local norm x +— ||-]|, (see Definition 5), and f is differ-
entiable over an open domain that contains X. We assume
access to the objective is granted through an approximate
first order oracle, as defined next.

Assumption 3. We have first order access to f through an
&y-approximate gradient oracle; For all x € X, we have

970 -vre

<& < 1.
X

Theorem 3 given below establishes convergence rates for the
algorithm we describe next. Given an initialization x| € X,
learning rate 7 > 0, and local regularizer R, : R — R for
all x € X, iterate fork =1,...,K :

Xk+1 =argmin{<§f(x),y>+lBRx(y,x)}. 8)
yeX n

The above algorithm can be viewed as either a mirror
descent algorithm (Nemirovskij & Yudin, 1983; Beck &
Teboulle, 2003) or a proximal point algorithm (Rockafellar,
1976) in a non-Euclidean setup (see Teboulle, 2018 for a
review), where the non-smooth term is the decision set indi-
cator function. Our analysis (detailed in Appendix E) hinges
on a descent property of the algorithm, thus naturally takes
the proximal point perspective. We prove the following.

Theorem 3. Suppose that f is (Cx, £yga)-VGD as per Def-
inition 4, and that f* = minyey f(x) > —oco. Assume
further that:

(i) The local regularizer Ry is 1-strongly convex and has
an L-Lipschitz gradient w.rt. ||-||, for all x € X.

(ii) For all x € X, maxyyexl|lu—-v|, < D, and
VA < M.

(iii) f is B-locally smooth w.rt. x = ||-||-
Then, assuming x**! are Eopt-approximately optimal (in the

same sense of Assumption 1), the proximal point algorithm
Equation (8) has the following guarantee whenn < 1/(2f):

212
nkK

flaxa) = f*=0

+ Eerr + 5ng)

where ¢1 = D +nM and
Eerr = (C*D + cle) &y + Cy&opt + 1 Ly[E0pt /7.

where ¢1 = D +nM.
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The proof of Theorem 3 as well as additional technical
details for this section are provided in Appendix E.

3.3. Proof of main result

To prove our main result, we begin with a lemma that essen-
tially “maps” the PMD setup into the optimization frame-
work of Section 3.2. The proof consists of showing that the
appropriate assumptions on actor, critic, and action regu-
larizer translate to the conditions of Theorem 3 for locally
smooth optimization.

Lemma 4. Let I1 be a convex policy class that is (Cy, &yed)-
VGD w.r.t. the MDP M. Consider the on-policy PMD
method Algorithm 1, and assume that the following con-
ditions hold:

(i) R: R" — R is 1-strongly convex and has an L-
Lipschitz gradient w.r.t. an action-space norm ||-||,.

(ii) maxp geaca 1P — qlls < D, and ||Q7||. < M for all
seS,mell

(iii) The value function is B-locally smooth over I1 w.r.t. the
local norm ||| = ||l L2 (7)o

Then, we have the following guarantee:

2r2.2
* 1

V(ﬂK) - V*(H) =0 ( + Estat + gvgd)

where ¢1 =D +nHM, and
SEstat = (C*D + CILZ) H+/eeic + Cygact +C1L Vsact/n-

For u € RS, Q0 € RS54, we define the state to state-action
element-wise product g o Q@ € RS54 by (uoQ),, =
u(s)Qs. 4. Observe that for all &, it holds that

Eq-pr [H <Q\§,7Ts> + %BR(”s,ﬂ'f)]
= <§V(7rk), 7T> + 1B7rk (m,7%),
n

with: Bk (m,7) = Ey_xBRr(ns, ), VV(r) = Hu™ o
Q”. Next, we demonstrate PMD is an instance of the op-
timization algorithm Equation (8), and verify that all of
the conditions in Theorem 3 hold w.r.t. the local norm

7 ||l L2 (un),0- First, to see that the gradient error is
bounded by H+/eit, observe:

§V7T—VV7T* =) ”O(A”— ”)*
v -, . =lee (e -e),.,.
— )
e (e
< Vécrits

where second inequality follows from Lemma 12 and the
inequality from Assumption 2. Further:

1. By a simple relation (Lemma 13) between R and the
state-action it regularizer it induces defined below,

Rk (m) = Bk R(ms),

we have that B« (-, -) is the Bregman divergence of
R «, and further using (i) that R .« is 1-strongly convex
and has an L-Lipschitz gradient w.r.t. [|*[[ 12 %) o-

2. Forall m, n’, 7, by (ii),

- / ~ 12
||7T, - n-”LZ(ﬂ”),O = IEx~;t7‘ ”ﬂ-; - 7TX” <D.

In addition by (ii) and the dual norm expression
(Lemma 12), for any :

VYOm0 = H LT 0 Q73

= Hy\[Egoun (I1QF12)* < HM.

3. Finally, the objective is S-locally smooth by assump-
tion (iii).

The result now follows from Theorem 3. O

We conclude with a proof sketch of Theorem 1 for the
Euclidean case; the full technical details are provided in
Appendix D.3.

Proof sketch of Theorem 1 (Euclidean case). The first step
is showing that the gexpi-greedy exploration introduces an
error term that scales with § := gexplC4 H>A (see Lemma 19).
This implies that [1%! is (Cy, &ygq + 5)-VGD w.r.t. M. In
addition, by definition of IT®! we have miny , {ns,a} >
gexpl/ A for all 7 € I1%e»!. We now argue the following:

1. The action regularizer R(p) = % ||p||% is 1-strongly
convex and has 1-Lipschitz gradient w.r.t. ||-]|,.

2. Vs, |lms = sll, < D =2,1|Qsll, < M = VAH.

3. By Lemma 2, the value function is (,8 = %)-
locally smooth w.r.t. w ||| 2 ) 2-

The result now follows from Lemma 4 with n = 1/(28) and
e — K*Z/ 3 O
expl .
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4. Conclusions and Outlook

In this work, we introduced a novel theoretical framework
and established best-in-class convergence of PMD for gen-
eral policy classes, subject to an algorithm independent vari-
ational gradient dominance condition instead of a closure
condition. In addition, we discussed the relation between
VGD and closure thoroughly, and demonstrated closure
implies VGD but not the other way around (Section 1.2
and Appendix A). We conclude by outlining two directions
for valuable (in our view) future research.

* e-greedy exploration. Our approach builds on ensuring
descent on each iteration, which we establish by demon-
strating local smoothness holds globally, for any refer-
ence policy 7. As we discuss in Appendix B.2, it seems
that this technique cannot yield better results. However,
when the multiplicative ratio |75 /s, — 1| is bounded,
arguments similar to those given in Appendix D.2 demon-
strate a somewhat weaker notion of smoothness — but
without dependence on the exploration parameter. Fur-
thermore, an analysis approach that combines with the
classic mirror descent analysis might do without the per
iteration descent property.

* Non-smooth action regularizers. Our approach encoun-
ters an obstacle that seems related to existing techniques
for non-convex, non-Euclidean proximal point methods,
which leads to the requirement of a smooth regularizer.
This is also the source of the degraded rate in the negative
entropy case. Progress can be made by either advancing
state-of-the-art in this area of optimization (or showing
the limitation is inherent to the setup), or alternatively
exploiting additional structure specific to the value func-
tion.
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A. Variational Gradient Dominance and Closure Conditions

In this section, we include detailed discussions regarding the VGD and closure conditions. In Appendix A.1, we demonstrate
closure = VGD; In Appendix A.3, we show that VGD = closure — we present a simple example where VGD holds, but
closure doesn’t and furthermore that bounds of prior works fail to capture convergence of PMD; Finally, in Appendix A.4,
we conclude with several general remarks.

A.1. Closure implies VGD

In this section, we provide formal proofs that closure conditions employed by prior works imply the VGD condition.
Throughout this section, in favor of a simpler comparison, we assume the critic and actor errors are zero, i.e., all algorithms
have access to exact action-value functions, and &, = 0. We introduce the following, slightly extended version of the VGD
condition.

Definition 7. We say a policy class IT satisfies (Cx, &ygq; v*)-VGD if for all 7 € II:

V(n) —v* < Cy max (VV(7), m = &) + Eyga.
e

The above extension of the VGD assumption enables a clearer comparison with prior works. As closure implies (approximate)
realizability, prior works obtain bounds w.r.t. the optimal (potentially out-of-class) value function V* = min,cx(7)s V(7).
Our original VGD condition Definition 1 is stated with the reasonable v* = V*(IT) choice, however our bounds hold just the
same under the assumption VGD holds for other v* (such as v* = V*).

As we show next, both Yuan et al. (2023)!(see Lemma 6) and Alfano et al. (2023) (see Lemma 8) adopt assumptions that
imply their policy classes satisfy Definition 7 with suitable parameters Cx, £ygq and v* = V*. Notably, the error floors in
their convergence results are indeed precisely (up to constant factors) &ygq. We note the implication we establish is not
“perfect”, to make the argument we need slight variations of the original algorithm dependent conditions — our goal here is
to highlight the strong relation between the two assumptions. Before proceeding, we specifically note the following:

 To simplify presentation, we consider closure assumptions (bounded approximation error, concentrability, and distribu-
tion mismatch) globally, rather than on the specific iterates selected by the algorithm. However, the same arguments
can be made iterate specific, which would lead to VGD conditions on the specific iterates, which is indeed all that is
required by our analyses.

* The concentrability assumptions employed by Yuan et al. (2023); Alfano et al. (2023) relate to the current policy %
and the next one 7%*!. The direct global extension of this condition would concern a policy 7 and a policy 7* selected
by a step of the algorithm with the given step size and regularizer. Our proof requires 7+ to be selected differently (e.g.,
with a different step size choice), which leads to a concentrability assumption that relates to a different 7* than the
original ones. In this sense, the assumption we make here is a different one, but still qualitatively similar. Again, to
simplify presentation we assume stronger concentrability in the lemma statements where 7* may be arbitrary, but this
can be relaxed as explained above. In addition, our concentrability requires the sampling distribution v¥ to support the
current occupancy measure u* rather than the next one p**!. This may actually be considered a weaker assumption
than the original one, as the next policy is only determined after performing the step that uses vX. Further, we may
always simply select vF = u* o ¥ to obtain optimal support for u*.

* In Lemma 8, we prove that when (the natural extension of) closure assumptions of Alfano et al. (2023) hold for
Euclidean regularization, VGD holds as well. The claim can be extended to other regularizers with the price of
additional regularity assumptions. Regardless, the bounded approximation error assumption of Alfano et al. (2023)
may alternatively be interpreted as a bound on the statistical error, in which case the policy class operated over is
(v, 0; V*)-VGD; we provide further details in Appendix A.2.

e The work of Bhandari & Russo (2024) demonstrated that closure to policy improvement implies VGD, and further
observed there is also a connection between bounded approximation error and VGD (Lemma 16, Appendix B in
their work). The arguments we give below may be considered a generalization of those in Bhandari & Russo (2024),
strengthening the connection between closure and VGD.

'We refer to their results based on bounded approximation error.
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Lemma 5 (Generic closure = VGD). Let I be a policy class, n € 11 a policy, and v € A(S X A) a state-action
probability measure. Suppose there exists n* € 11 such that:

AT+ AT
[Es~y” <Q5 ,7TA-> < [Es~y” II'BII Qs,a *t Egreedy>

- 2
where Es,a~v [(Q;r,a - Q;r,a) < Eapprox>
and further:
() s.a |’ y
Esaw [|——] | £ G, (v-concentrability)
v(s,a)

For &t € {m,n*, n*}, i € {u™, w*}, where 7 = argmin ;¢ (7)s V(7), 1* = ™" . Then, it holds that

* *

V(n)-V* < (Egreedy +4 Cvgapprox) .

max (VV(m), m — &) +H‘ a
007(6

ur

(o9

Proof. We first establish bounds on approximation error terms, then proceed to leverage the approximate greedification
assumption to establish VGD.

Approximation error. For any policy 7 and state-occupancy [, , we have:

Evn(QF - 07 /) = (070" ioa) < 07 = 07|, Ao}z, < Vapmon I 0 7l

where the last inequality is by our assumption. Further, by v-concentrability,

~ ~ 2
07l = \/[E (ﬁ) < VG,

v(s,a)
holds for # € {m,n*, n*}, i € {u™, u*}. Now, for such f, 7, we have:

<

+

[Ex~ﬂ <Q;~.r - Q;‘r’ s — ﬁx> [Ex~,& <Q§r - Q\;r’ 7Ts> < 2\/Cvgapprom

therefore,

<2 V G, Eapproxs
< 2yC, Eapprox -

IEs~y” <Q_7vt - é?, s — 71':>

[ES"'/J* <Q;r - Q;r, s — 77:

~

Greedification. Observe,

n + I~ + n_ Arx +
IES~;1" <Q; y g — 7Ts> = IES~;1” <Qs Mg — 7I'S> + IE.\‘~;17' <Q3 -,y — 7Ty>
Y.
2 [Es~;4” m}?x <QS » s — P> — Egreedy — 2\/Cvgapprox

~ +
- [Es~;17‘ ml?x <Q;r’7rs - P> < [Es~;17‘ <Q;r,7rs - 7Ts> + Egreedy T 2 Cvsapprox~

13
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Therefore, by Lemma 14 (value difference),
1
E (V(ﬂ) - V*) = [ESNM* <Q§,7T5 — ﬂ':>
o (@5} -8 )

< [Es~y* pgla(-);{) <Q§r, g — P> +2 Cvgapprox

< % Eor max <Qf Ty = p> +2+/Cy Eapprox

S P IS R N EEN v FEN s
< Z—* . Esepr (QF 7ty — 7y ) + — } (sgreedy +4 Cvgapprox)

= % Z—: ) (VV(n), - 7r+> + /7 . (sgreedy +4 va‘appmx)

< % ‘ Z—Z ) I7Ir1€al)1§ (VV(r),m—7) + ,5_: R (sgreedy +4 Cvsapprox) ,

which completes the proof after multiplying by H.

Lemma 6 (Log-linear dual closure = VGD). Let {¢S,a}
log-linear policy class T1 = {7r(0) | 6 € [Rd}, where

s€S,aeA

B CXP((}SsT,ae)
m5,a(0) = Yaeaexp(e] ,0)

Assume further that for all © € I1 it holds that

. T 2
II"I/\%I’I [lzs’a~(y"o7r) [(W ¢s,a _Qsﬂ,a) ] < Sappr()X’

‘ p

ux

and,

*
< Vs

00

hT 2
(,uk(s)ﬂ's,a )

and,

[Es,a~(;1"o7r) < CV9

C R4 be state-action feature vectors, and let T1 be the

where h™ represents fi o & for all # € 11, fi € {u™, u*}, and we denote n* = argmin zcpz)s V (1), p* = u™ . Then T

satisfies (Vy, SV*HM; V*)-VGD (Definition 7).
Proof. Let mr € 11, and denote Q;r o =04 Wi where

wl = argvinin Es,a~(uron) [(WT¢S,a - an)z] .
By Lemma 7, the policy 7* := 7(6*) € II defined by 6" := (log(d) /egreeay) W] satisfies

Py s AT
Vs : <QS ,7rs> < min O¢ a t Egreedy-

Now, by the above and our assumptions, we are in the position to apply Lemma 5, which immediately implies the desired

for e greedy = Cye approx-

14
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Lemma 7 ((McSherry & Talwar, 2007; Epasto et al., 2020)). Let x1,...,xq € R. Then if v > (logd)/$, it holds that

xie x .
——— < minx; + 6.
e ™ i
Proof. We have
2ie Thix . 2ie T (-x;)
= —miny; =max{-x;} - T ———
e T l L e ™
The result now follows from the original statement, which says that for any zy,...,z, € R,
max g — 2 €E =
i Zi Zi e‘rzi

Next, we provide a proof for closure conditions of Alfano et al. (2023) in the case of a regularizer with a bounded Bregman
divergence, which simplifies some technical issues and is sufficient for the Euclidean case. The implication can be shown to
hold more generally subject to some additional regularity conditions on the policy class. We note that such a general version
of the lemma would in particular imply Lemma 6, thus rendering the above proof redundant. However, we opted for an
independent proof of Lemma 6 to avoid the additional regularity assumptions.

Lemma 8 (Generic dual closure = VGD). Let IT ¢ A(A)S be a policy class, and R: R* — R be an action regularizer.
For any policy nt let 1 > 0 be a chosen step size and v be a chosen state-action probability measure. Define

7t = ) = argmin|f - (7 VR - 07
= ) = arg mi n o
71'+ = 7T+(7T’77) = PR(T]f+)’

where Pr(nf)s = Hf(ﬂ) (VR*(nfs)). Assume that:

2
‘ f+ - (U_IVR(H) - Q”) L2(v) < Eapprox» (A1)
and for @ € {m,x*,n*}, g € {u™, u*}:
N~ 22
Eyan | (B0 )| <, (A2)
v(s,a)
and finally,
*
s

Then, if R has a bounded Bregman divergence, B > max, 4ea(a) Br(p, q), and the above holds for any n, it holds that I1
satifies (v*, SHY4A/CrEappron V*)-VGD (Definition 7).

Proof. Fix n € I1, and define

Q™ =n"'VR(m) - f*
= f*=n"'VR(n) - 07,

which implies that:

~ 1
Vs, g = argmin <Q§’,p> + —Bgr(p, 7s)
PEA(A) n

15
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We have: ) )
T _An et _ (-1 N
HQ -0 L2 = ‘f (7] VR(”) 0 ) L2(v) < Eapproxs
and for 7 = B/&greedy, by Lemma 9:
Vs, <A§r, n:> < nzin é;ra + Egreedy -
Choosing &greedy = /CvEapprox, the result follows by Lemma 5. ]

Lemma9. Lete > 0, R: R4 = R be a convex regularizer with bounded Bregman divergence B > max, gea(n) Br(p, ),
and g € R be a linear objective, with a* = argmin,, g,. Then, for any x € A(A), for n > B/e, we have:

1
x* = arg min {(g,z) + —BR(z,x)} = g(x*) < gur +e.
z€A(A) n

Proof. By optimality of x*:

1 1
g(x") < glear) + EBR(ea*’x) - EBR(er’X)

< gax+B/n
= ga* + 69

and the result follows. ]

A.2. Closure without convexity

In this section, we explain how the approximate closure conditions of Alfano et al. (2023) eliminate the need for convexity
of IT in our analysis. Roughly speaking, closure conditions imply approximate optimality conditions hold for the PMD
iterates w.r.t. the complete policy class. And, in our analysis, we obtain guarantees w.r.t. the policy class the PMD iterates
satisfy optimality conditions with respect to, regardless of actual policy class the algorithm operates over. To make the
argument formal, we consider the following assumption, which characterizes the behavior of the algorithm in relation to an
“ambient” policy class I.

Assumption 4 (PMD w.r.t. ambient ﬁ). ForIl a policy class, and 7, ..., nKtlisa sequence of policies, it holds that:

1. II is convex.

2. 11 satisfies (Cx, £vga; v*)-VGD on the iterates ..., ok

V(rk) = v* < Comax (VV (%), 7% = ) + £yea.
rell

3. !, ..., 7%+ satisfy PMD approximate optimality conditions w.r.t. I1’:

Vr e ﬁ’, <V¢k(7rk+l),7r - 7Tk+1> 2 —&acts

where g (r) = E, e [(Q%7) + § Br(my, 7).

We note that a PMD algorithm does not necessarily need access to I to satisfy Assumption 4. In particular, it may be
that the algorithm operates over non-convex I1, but satisfies Assumption 4 with I = I’ = A(A)S. Next, we restate our
guarantees for the Euclidean case reframed in the context of Assumption 4, and then proceed to demonstrate assumptions of
Alfano et al. (2023) imply Assumption 4.

Theorem (Restatement of Theorem 1; Euclidean case). Let IT C A(A)S be a policy class and suppose 7', 72, ..., 7K isa
sequence of policies for which Assumption 4 holds with I’ = ¥, R(p) = % I p||%, and 77, gexpl properly tuned. Then, it
holds that:

C2AYPH?

K _
V(n )—v*—O( Tk

+ (C*H + AH2K1/6) VEm + avgd)

16
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To establish the next lemma, we interpret the colure conditions of Alfano et al. (2023) as perfect closure, where &;pprox
bounds the actor error, rather than relating to expressivity of the dual policy parametrization.

Lemma 10. Suppose that for all k € [K],

2
ka+l _ (U_IVR(ﬂk) _ Qk) b < Eapproxs (A1)
and "' = Pr(nf**') where Pr(nf)s = Hf(ﬂ) (VR*(nfs)). Suppose further that for all k,
p*(s)
sup < Ve (A3)
s pk(s) T

Then, wzth the choice of vk = p* o u, i.e., s,a ~ vk = s ~ u*,a ~ Unif (A), we have that Assumption 4 is satisfied with
H A(ﬂ)s * =V Ch = vy, Evgd = 0, and gyt < 2\/Agappr0x

Proof. Let "' == f**! — (y='VR(x*) — Q¥). Then ||gk+1||iz(vk) < Eapproxs and

R TR (k) — (Qk +§k+1) '

Now by definition of 7%*!,

k k+1

1
*1 = arg min (QS +4e, s> + —BR(ﬂsJTf)
rs€A(A) n

hence, by optimality conditions, for any 7 € A(A)S:

\%

<Q +éuk+l (VR(ﬂk+l) VR(ﬂ'k)) ﬂ§+l> 0

<Qs = (VR(xE) — VR(xh)) 7, n?*>z<d”%n?*—na

Now, note that

YN”k <§k+1, k+1 _ 7Ts> — <ﬂk ° §k+1’ﬂ,k+1 _ 7T>

< o §k+1||22(ﬂk),2 |l

< 2Ep [l

el 7T||L2(/.4k),2

Further, by the choice of v¢ = u* o u,

E oo |5 = By :

s~uk =A ||§k+lniz(vk) :

5 ()

aceA

> (k)

aeA

Therefore, for all 7 € A(A)S:
V"ll <Qk (VR(ﬂk+l) VR(” )) /8 ﬂk+1> > —&yet

with &40 < 2+/A&approx. Finally, the complete class satisfies (v*,0)-VGD on the 7¥ iterates by Lemma 16, with v* in place
of Hvy owed to our assumption (A3). ]

Finally, we note that we could have traded the dependence on the action set with an additional concentrability assumption.

17
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Figure 1: A simple MDP with a convex value landscape. Each action represented by a (feature-vector, edge) pair leads deterministically
to the state at the other end of the edge. The two outer bold edges labeled 1 inflict a cost of 1, the others have cost 0.

A.3. VGD does not imply closure

In this section, we present a sinple example where the VGD condition holds but closure does not, and as a result existing
analyses fail to establish convergence of PMD. We note that the fact that VGD does not imply closure is immediate, as
closure implies realizability but VGD does not. We go further here to show that the bounds of prior works may indeed
become vacuous in setups where VGD holds and closure does not. We consider the MDP depicted in Figure 1 with the
log-linear policy class IT induced by the state-action feature vectors shown in the diagram.

For simplicity we assume there are no statistical errors in the execution of the algorithm (g4, = 0). In this example the
value landscape is convex (in state-action space) over I, and thus IT is (1, 0)-VGD and convergence of PMD follows by our
main theorem:

V(r®)= min V(x*) 2= 0.

At the same time, results based on closure imply convergence to an error floor that is larger than H. For instance, by Theorem
1 of Yuan et al. (2023) establishes that:

1\K
V(K- mirllT V(n*) < 2H (1 - —) + 2HvoyACo&bias, )
n*e 040
meaning:

V(nK)- ;gierh V(n®) — 2Hvo\VACoepias > 10H,

*
where epips = Q(1), v = H H’/‘)—OH , and Cy is a certain concentrability coefficient larger than 1. Here, both the transfer error

and approximation error are Q(&pias). A rigorous analysis is given below in Appendix A.3.1. Recent papers such as Alfano
et al. (2023); Xiong et al. (2024) accommodate more general policy parameterizations but still include the log-linear setup
as a special case (see discussion in Alfano et al., 2023 and Appendix F). The error floor in their results is also larger than H
for the example in question for exactly the same reasons; their results depend on the approximation error, which for this
example as mentioned behaves the same as the transfer error.

Finally, we note that the example is not realizable and the discussion focuses on best-in class convergence as the objective.
If we were to look for convergence w.r.t. the true optimal policy, our Theorem 1 establishes convergence to an error floor of
V(IT*) — V* ~ H/2, while closure based analyses suffer from the same > H error floor. In all that follows, we focus on the
transfer error ep;as; the argument for the approximation error is the same.

A.3.1. ANALYSIS

‘We denote the actions:
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and the state-action features, for all s:

0

€ R¥2.
| )

)’ s = (¢s,1’ ¢s,2) = ( ((1)

¢s,1 = s ¢s,2 = (

In favor of conciseness, we will let
¢i,- = (]55“..
For 6 € R?, we denote the log-linear policy 7% := o(¢/ 6), where o is the softmax function:

ui

e
O'(M)L = W
This gives rise to the log-linear policy class:

= {0 eR?}.

Since such a policy 7 in this MDP must select actions independent of the state, we let @ denote the probability it chooses u
and 1 — a the probability it chooses b; @ =7, = 1-a =x?,. Now, denote V* := Vs, (n%), 07 = Qg.gi, and observe
that by direct computation:

Vo) = U—}’))/Ty) (az+ (1 —0)2) =: ﬁ(a/2 + (1 —a)z)

Vi(e) = a+yH (a2 +(1- 0)2)

Va(a) = (1 —a) +yH (a2 +(1- a)z) .

and,
QO(l,u = 'yV] (a)’ Q(C)Z’b = )/Vz(a/),
Qiy,u =1+yVo(a), Qﬁb = yVo(a);
05, =7o(a), 0%, =1+yV(a).

Let po(S0) =1 = p, po(S1) = pp(S2) = p/2 for some p € [0, 1). Then

V(e)=(1-p+yp)H (cxz +(1- 0/)2) +p/2.

The VGD condition holds. It is not hard to verify the value function is convex (in state-action space) over this policy
class. Indeed, we have

<V,,9V(7r9),7rg - 7TH> = 6La/ (@-a),

and therefore convexity of V¢ w.r.t. @ implies convexity in the direct parametrization over I1. Hence in particular, II is
(1,0)-VGD w.r.t. the MDP in question. Thus, convergence of PMD follows by Theorem 1, which in this case guarantees the
sub-optimality of 7X tends to 0 as K grows (since there is no error floor).

Closure does not hold, and the error floor in closure based analyses is > H = ﬁ Let u® = ,u”g, then
1-y)(1-p)+ 1-p+yH
1 (S0) = & 7)1( p+y _l-p+y
+7y (l+vy)H

H(S1) =1 =y)p+yau®(So)
u(S2) = (1 =y)p+y(1l —a)u®(So).
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It is immediate that the optimal in-class policy is given by 8* := (1, 1), a* = 1/2, and satisfies,

1-p+yH
(1+y)H ~

H+p-1 H+p-1
F W(S) = 5

M*(Sl)=—2(1+7)H, YA+

w*(So) =

Now suppose that y > 0.99 and p < 1/100, then by direct computation,

1 1 1
* o - * ~ = * ~ =
u*(So) ~ 5 M (81) 1 M (S52) 7

where the approximation is correct up to error of 1/100. Recall that for a policy 7(%), in the NPG update step (Agarwal
et al., 2021; Yuan et al., 2023)

2
(k) —argmmﬂfﬁl Ja~nk [((ﬁvaw Q )]
w

Meanwhile, by definition

k
€bias = Egpx a~Unit(A1) [(¢sT,a - - 0Oy a) }

1 K\
> z argmin |E5~,u* [(Wl - Qs,u)

wi

X

argmin {3 (= i@+ § (01 = 1= (@) + § (w1 = 7Voce)

> Cargmin {(w1 ~ 1= YVo(@)* + (w1~ YVo(@))?}
1

32

Now the bias term in Equation (9) is at least as large as

*

H

PO

\/ €bias = H — > 10H.

A.4. Additional Remarks

In this section we include several additional points for consideration regarding closure and VGD conditions.

On-policy PMD is prone to local optima. The necessity of some structural assumption (whether VGD or closure) is
motivated in the introduction by the fact that policy gradient methods over non-complete policy classes IT # A(A)S are
prone to local optima (Bhandari & Russo, 2024). While PMD and vanilla policy gradients are not the same algorithm, the
example given in Bhandari & Russo (2024) (Example 1) also applies to PMD with Euclidean regularization, as we explain
next. A vanilla policy gradient update in the direct parametrization case is equivalent to:

' 1
%! = arg min By [( f,ﬂs>] + %”” —”kH;

nell

which is an “unweighted regularization” version of Euclidean PMD. While this is equivalent to PMD for IT = A(A)S (in
the error free case), it is indeed not equivalent in general. However, Example 1 of Bhandari & Russo (2024) indeed also
applies to Euclidean PMD because the policy class in question contains only policies 7 such that 75 , = 7y 4 forall s, s’, a.

Hence, for any two policies x, 7k e 11, Hns - 7r§||§ = ||7rsz -

B
2 . . . . . .

2E, ||7rs - ﬂ§||2. Thus, for the example in question the two algorithms are equivalent up to scaling of the step-size by a

constant factor.

2 2
f/ for all s, s’, and |7 — 7rk||§ = SE,. ¢ ||Jrs - ﬂf”z =

20
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Closure conditions in practice. Closure conditions (that are based on bounded approximation error) roughly stipulate
the policy class is closed to a soft policy improvement step. This has a flavor that is similar to Bellman completeness
(Munos & Szepesvari, 2008; Chen & Jiang, 2019; Zanette et al., 2020; Zanette, 2023), a property of a Q-function class that
says the class is closed to a Bellman backup step. Bellman completeness is widely considered too strong a condition to
hold in practice, the reasoning being that increasing capacity of a function class that violates completeness inadvertently
introduces new functions for which completeness needs to be satisfied. Therefore, an increase in capacity may actually
cause completeness to be further violated. The same can be argued for closure conditions, with one difference being that the
complete policy class A(A)S is naturally closed to any policy improvement step. However, in a large scale environment
setting, the complete policy class is typically many orders of magnitude too large to be well approximated by realistically
sized neural network architectures (at least at the present time).

PMD and VGD from the optimization perspective. Standard arguments from optimization literature are insufficient
to establish convergence of PMD with the VGD condition. First, PMD is not an algorithm that has (prior to our work) a
formulation within a purely optimization-based framework. Second, convergence in a smooth non-convex setting typically
scales with the distance to the optimal solution, measured by the norm induced by smoothness of the objective. Prior works
that establish convergence of gradient descent type methods (though not of PMD; e.g., Agarwal et al., 2021; Bhandari &
Russo, 2024; Xiao, 2022) exploit smoothness of the value function w.r.t. the Euclidean norm (established in Agarwal et al.,
2021), and as a result obtain bounds that scale with the cardinality of the state-space.

Divergence of Policy Iteration. Our setup with the VGD condition is general enough to accommodate examples where
the policy iteration algorithm does not converge (the same example we discuss in Appendix A.3 demonstrates this). Here,
since the policy class is non-complete, the policy improvement step is performed over the current policy occupancy measure
(see Bhandari & Russo, 2024 who introduce this natural adaptation). Arguably, it should not be expected that policy iteration
converges for real world, large-scale problems, as it is a very “non-regularized” algorithm from an optimization perspective.
At the same time, in setups where closure conditions based on bounded approximation error hold, in particular, closure to
policy improvement as studied in Bhandari & Russo (2024), the policy iteration algorithm converges at a linear rate. Thus it
is not immediately clear why should we employ more sophisticated algorithms such as PMD in such settings.

Convergence beyond the VGD condition. Using our framework, it can be shown that PMD converges to a stationary
point regardless of any VGD condition; see Appendix E.3.

B. Deferred Discussions

B.1. Assumption on the critic error

Our results can be easily adapted to the (generally weaker) assumption that
Eveur[|OF - OFl, < scri

(In which case the bounds would depend on &y rather than +/ir.) Assumption 2 in its current form simplifies presentation,
since it allows working with the weighted L? norm for both smoothness and errors in the gradient approximation. Also
noteworthy, when working with the negative entropy regularizer, approximation w.r.t. the ||-||,, norm would suffice. Since
the statistical errors are not the focus of this work, we make these concessions in favor of a more streamlined and clear
presentation.

B.2. Local smoothness of the value function requires greedy exploration

In this section we discuss why the dependence on € in the bound of Lemma 2 cannot be improved in general. We consider the
MDP in Figure 2, for which we can show Lemma 2 has tight dependence on the e-exploration parameter. Let p € (0, 1/2)
and 0 < € < p. Define:

— € —_ —
m=n% mo=1,m,=0,

i =nP, 1,0=0,7T10=1.

Idea. Think of € as much smaller than p. When measuring distance with the local norm ||# — {12 (,x) 1, the large
difference |7 — 7y ||% gets little weight: u”(S1) ~ €. Meanwhile, the error of the linear approximation at 7 behaves like
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ao

ai

@ a
7{1’0 =9 ﬂ],l —{7

Figure 2: A two state deterministic MDP, with po(Sg) = 1. Each edge is labeled with an action (a € {ag, a; }) that takes the agent to the
state at the other end. A policy 7%, @ € [0, 1] takes actions in Sy with the probabilities displayed in the diagram next to the relevant
action. The probabilities 7% assigns to actions in S; denoted by ? are unrelated to @ and left for later.

(see proof of Lemma 2 in Appendix D.2):

D) Y (ea = 7ea) | D, () Iy —ns/n])',

where the weight assigned to |7 — 7 ||% is approximately (7o, — m,1) = p — €. Hence, if € = p°,

[V(7) = V() = (VV(n), 7 = )| = p,
||ﬁ - ﬂ”il(#n),l ~ pz’

SO

1
V(E) = Vim) = (W), 7 =ml 2 =17 - 712 (. -

Computations. The term that is equal to the linearization error, up to constant factors, is the following:

Du™(9) Y. (Rsa = Tsa) (Z ug (s){(QF. 7y - m)' :

Assume p > €. By choosing a cost function r(s,i) =i for s € {Sg, S1}, i € {0, 1} we have that for all s,

< ;?, s — 7Ts> = Q|75 = mslly),

hence we focus on lower bounding

(%) =

D) Y (Fea = 7sa) (Z uE. () 17y - ns/nl)
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By direct computation,

T T yf
So) = s S))=————
1" (So) Trye M (S1) T+790-7)
and
7o — molly =2|p —€l, 171 —milly = 2.
Thus,
(0.0 = 70.0) Y, uf, () 17w = molly = (1= €)(e = p)lp €l +€ 2 —p* + e
S/
(Fo1 = 70.1) D 1fy () 17y =7l ~ p— e,
S/
and further,
Z (ﬁlv“ - ﬂl’“) (Z 'ullgl,a (S’) |75 — ﬂs’”l)' =0.
a s’/
We obtain
T 2) o 2
(¥) 2 p (So)(p—p )~p—p .
Meanwhile,
4(p —€)? 4dye
- 2 2
- = + ~(p-— + €.
||7T ﬂ”Lz(,u”),l 1 +’}/€ (] +76)(1 _7) (p E) €
Now,
V(7)) = V(m) = (VV(n), 7 —m)| _ (*) _ p-p
- 2 s 2 ~ _\2 '
”n_ﬂ”[‘l(ﬂn),l ||7T—7T||L2(Hn)’1 (p 6) +e€

Now, for € := p2, p < 1/2, we obtain

p-p __p-P P _
(p—€%+e (p-p)r+p>~ 4p> 4p 4ye

C. State-weighted state-action space: Basic Facts

Given a state probability measure p € A(S), and an action space norm ||-||, : R4 — R, we define the induced state-action

weighted LP norm |||l Lp ()0 : RS4 — R:

1
il o .o = (Esmge s 12) 7 (10)
In addition, for u € RS, Q € RS54, we define the state to state-action element-wise product u o Q € R54:

(o Q)s,u = /J(S)Qx,w (11)

Lemma 11. For any strictly positive measure p € RY,, the dual norm of ||-|| ;2 is given by

()0

Izl 0.0 = \// p(5)7 (llzsll2)* ds (12)
2

3
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Proof. First denote
7y = argmax (U, Zs)
us €RA, [lus |l <1

= lzll} = (z3.2s) . and ||z}, = 1.

Now let x € RS be defined by x, = 12l 2+ then

u(s)
||ZX||: 1 * 2
(x,2) = 75 2s)ds = [ — (llzslls)” ds.
u(s) ( ) p(s) ( )
Now, note that
[N I "2
llxl 2 o=/ﬂ(S)( Zg o=/— llzslls)™ = x, 2),
B, u(s) ) e el
hence, for X = x/||x[[12(,,o We have ||| 2(,),0 = 1, and

_ _ 1 12
x,2) = \// m (”Z?”o) ds.

On the other hand, for any v such that [|[v||2(,) . < 1, we have

m@=/wmaw‘/Wmmwm*mm

s [

S¢/MMMM®J/#®*MMD%8
sJ/uurWMND%&

and the proof is complete. o

"
ds
o

Lemma 12. Let yu € A(S), and consider the state-action norm ||-|| 2 For any W € RS54, we have

(n),0°

* *\2
i o Wl Es~p (1Wsll3)

(W) —

Proof. By Lemma 11,

Mommwm=J/u®4mmwmmV=V&wmmmﬂ o

Lemma 13. Assume h: R — R is 1-strongly convex and has L-Lipschitz gradient w.rt. ||-||. Let u € A(S), and define
R, (7) = Es-py[h(ms)]. Then
1. BR“ (ﬂ, ﬁ) = [Es~uBR(7TSs ﬁ's)

2. Ry is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||| 12 () o-

Proof. We have

Vs, VR, (m)s = u(s)VR(m) € RA
= Bg,(71.7%) = Ry (n) = Ry(7) — (VRu(7), 7 — &)
=Esp [R(mg) — R(7s) — (VR(R), w5 — 7s)]
= ES~MBR(”s,ﬁs)-
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Further, 1-strongly convexity follows by

Vv

1 s
_Es»vﬂ ||7Ts — T ”% >

[ESN/JBR(ﬂsv ﬁ\) )

and the Lipschitz gradient condition from Lemma 12:

||VR,, (1) = VR, (7%) = Hu o (Vh(my) - Vh(n't))”

.
L2 ()0

= \Eeuy (IVh(r,) - Vh(xD)I12)?

< L\vl [Es~;1 “7TS - ”;”g

- Ll -],

L2 ()0

(1),0”

which completes the proof. o

D. Deferred proofs
D.1. Auxiliary Lemmas

Lemma 14 (Value difference; Kakade & Langford, 2002). For any p € A(S),
. 1 P
Vo (72) =V, () = :[ESNH;; <QS , g — 7Ts> .
Lemma 15 (Policy gradient theorem; Sutton et al., 1999). For any p € A(S),
1 Ve Ve
(Vo) = T )0

1
(VV,(n), 7 —m) = E[Emg (QF, 7 — ).

The following lemma can be found in e.g., (Bhandari & Russo, 2024; Agarwal et al., 2021). The proof below is provided for
convenience.

Lemma 16. Let I1 ¢ A(A)S, Iy = A(A)S and suppose that for any policy € 11, we have

max Eg. T r—nt) > max Es. Tn-n')—e.
el s~u’ <Q > wrelly s~u” <Q >

u*

Then 11 is (Hvo, eH*v()-VGD w.r.t. M, for vo = ‘ o

Proof. Let n* € argmin .y V(). By value difference Lemma 14,

V(r) - V(r*) = HE, e [(QF 7y - 7))
< H max E; . [(QF, 75 — 7))

7’ €lly
D u| )l max Evpr [(0F 7 — )]
B M ”'GH):H STHE s+ 7s = 7
* *
u u
= H\ | s B ({05 = )] ”H’ e
* ”*
=|[== max(VV”,n—n+>+eH'—
KT ]l mell "l
(**) * *
< H"u— max (VV”, 7 — z) + eH> il
P0 [|oo z€T P0 lloo
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To explain the transitions above, () follows by the fact that within the complete policy class we may choose 7’ to be greedy
w.r.t. O, which means ( romg - 7T:> > 0 for all s € S. The last transition (xx) follows from the fact that:

1 < 1 > 1
W) = ;Prm =5 | po.7) = 7 po(s) +;Pr<st =51 p0.7) = o (s). =

Lemma 17. For any policyn: S — A(A), s,a € S X A:

Q;r,a - Q;r,a = VHEY'N#{{T a (Q;T”ﬁs' - ns'> :

Proof. By Lemma 14, we have:

Q?,a - Q;T,a = y[ES’~Ps,a [Vﬁ(s’) - Vﬂ(s’)]
= 'yH[Es’~PS,u |:[ES”~/I:, <Q§'uﬁx” - 7Tx">]
=vyH Z P(s’|s, a) Z uz(s”) <Q§,, g — 7rsu>
s’ s”
=yH ), ) P ls ul (") (QF v — )
s” s’

=yH Z ug, (") (0%, Figr = myr)
s

= yHES,,N#[gM <Q;r g — g ). O
Lemma 18. Let h: R4 — R be the negative entropy regularizer h(p) = Y.; pilog p;, and assume A (A) C A(A) is such
that p; > € forall p € A¢(A). Then h has 1/e-Lipschitz gradient w.rt. ||-||; over A¢ (A).
Proof. Let p,p € Ac(A), and note,

IVA(p) = VR(P)II} = [IVA(p) = VA(P) |l -
Leti € A, and observe that by the mean value theorem, for some « € [p;, p;],

dlog(x)
Ox

B 1 B 1 B 1 -
|pi = Pil = — |pi = pil < = Ipi — pil < = llp - Pl
a € €

X=a

llog(pi) —log(pi)| = ‘

since p;, p; = €. m}

D.2. Proof of Lemma 2
We have, by Lemmas 14 and 15,

VE— VT (VW7 7 = q)| = |HE~pux (QF, s — ms) — HE gy (QF 7 — 75|
= H|[Es~ﬂ” <Q;~r - Q;r’ﬁs - 7T5>| :
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Applying Lemma 17 yields,

# [VZ - VT —(VV™, & - )|
= [Egepr [Z ([Es'~,un§',sﬂ <Q§r~': Ty — ﬂs’)) (fsa = ﬂsa)l
a

= Z,u”(s) Z (Asa = 7sa) (Z “gm(sl) <Q§'vﬁx’ - ﬂ's’))'
= Z VT (s) (fsa = Tsa) (Vﬂ”(s) Zﬂﬁm (s") <Qz"r/, Ry — ﬂs’))‘

2
< Z w7 (s) (Rsq — sa)? Z ur(s) (Z uu’,fm (s7) (QZ:’,, Ry — 7Ts/>) (Cauchy-Schwarz)
< D HR(6) (e = ma) D 07 () Y () (QF, Ay — myr)’ (Jensen)

= \/Z e (s) |17 = g ||§J > (Z ﬂiw(mmﬂgm <s’>) (07 7y - )’

s’ s,a

< é \/Z u(s) |17 - nsuédz (Z ll”(s)ﬂsa/lugm(s’)) (07 7ty —7y)’,

’
for € == ming , {754 }. Now, by the law of total probability (applied on the discounted probability measure u™):
D () Tsapf, () = > u (s | 50~ po)m(als)u™ (s | 56~ Pya)

= > W (s,al 50~ po)u™(s' | s~ Pya)

s,a
=u"(s" | so ~ po)
=u”(s").

Combining with our previous inequality, we obtain

_ _ H? _ o 2
VE VT (VW™ 7 —m)| < %\/Z#ﬂ(s) 175 — 7513 Zﬂn(s/) (0%, &ty —my')
K] s’

2
YH® . _ 2
= — |17 = 7llL2(um) 2 ur(s’) < T Ry — 7TS1> .
Ve Z“ $

Further,

D () (QF Ay — 1) < D um () |QEIR 1Ay — 7 I} < H 17 = 7l 2 y0my 1 -
s’ s’

and

\/Z ur(s") (Qf,, g — 7rSr>2 < \/Z ur(s") ||Q§,H; 17y — s ||% SAH |7 =7l g2 (umy 2 -
s’ s’
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The first inequality above gives

VA=V V7 - )] € Yl 2 I 2l < L 7l
’ G L (u7),2 L (p7),1 = Ve L2(u™),1°
which proves the first claim, and the second one
VA v = V- ) € P ey - YA
’ S Ve L2(u™),2 L2(u™),2 = Ve L2(u™),2°
which proves the second and completes the proof. O

D.3. Proof of Theorem 1

The theorem makes use of the following.

Lemma 19. Assume I1 is (Cx, &yga)-VGD w.rt. M, and consider the e-greedy exploratory version of I1, 1€ =
{(1—e)r+eu|nmeIl}, where usq = 1/A. Then I1€ is (Cx, 6)-VGD with § = &y + 12CH?Ae. Concretely, for
any n€ € I1€, we have:

Cx max (VV(r€), 7€ =€) 2 V (7€) = V¥(IT€) = £yea — 126CH?A.
a€elle

We now prove our corollary and return to prove the above lemma later in Appendix D.4.

Proof of Theorem 1. By Lemma 19, we have that I1% is (Cx, §)-VGD with § = &ygq + 128exp1 Cx H 2 A. Therefore, under
the conditions of Theorem 3 and the value difference Lemma 14,

V(@) = vr(ID) < V(rK*) - V(I 4 [VH (T — VX (ID)
0 (ciLQc%

+ (C*D + clL2> HA/eqit + CxEact + can_l/Z\/sact +d],

where ¢ = D + nHM. Next we apply Lemma 4 in the both cases considered, using the fact that for all & € IT%x!, we have
ming , {m,a} > gexpl/A. In the euclidean case, we argue the following:
1. R is I-strongly convex and has 1-Lipschitz gradient w.r.t. ||-||,.

2. Vs, |lng = 7slly < D =2,[1Qsll, < M = VAH.

. . 3/2g3
3. The value function is (ﬁ = %)-locally smooth w.r.t. & = ||| 2y 2-

Hence, ¢; = O(1), and Lemma 4 gives:

C2
V(ﬂK+1) - V*(H) < —Iz + Cy (H VEcrit + Sact) + 77_1/2 VEact +0
n

2A3/2H3C3( 2A3/2F3
= ﬁ + Cy (H\/S(;n't + 8act) + W\/Sact +0.
Setting gexpl = K =2/3_ we obtain
C2A

V(KT —v*) =0 B + Cy (HVEerit + &act) + AH?*K"/%\[g0e + Eved | -
In the negative-entropy case, we have the following.
1. R is 1-strongly convex and has a (A/&exp1)-Lipschitz gradient w.r.t. ||-||; (by Pinsker’s inequality and Lemma 18).
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2. Vs, |lms = sl < D=2, [1Qslly < M = H.

3. The value function is (ﬁ = “i};’f )-locally smooth W.r.t. & > [|*[[ 12 () 1-
o .

Hence, c¢; = O(1), and Lemma 4 gives:

C2A? A
Vs - veIn) s —5—+ (C* + 2) H&erit ¥ Cuba +
Eexpl K
2432 H3C2

8exp15/2K

A
Sexpl\/ﬁ
AZ A3/2H3

2) HA/ecit + CxEact + 54 VEact +0.

Eexpl Eexpl

VEact +0

+(C*+

We now set eexpl = K~2/7A%/3 in order to balance the terms,

20PIEC, +CyH*A
et { Eexols
2K T
which yields,
V(7TK+1) _ V*(H)
C2A3/2H3
= (*KT + (c* + A2K4/7) HEo + Creaer + AP K e + £4ga |
and completes the proof. O
D.4. Proof of Lemma 19

Lemma 20. For any MDP M = (S, A,P,{,y, po) and two policies n,7: S — A(A), we have:

I =l < H 1=l

Proof. Consider the MDP M, = (S, A, P, ry, 7, po); i.e., the same MDP M but with reward function defined by r (s, a) =
0{s=x}. Let V., , Q... denoteits value and action-value functions, respectively. We have

[ee)
07, =E Zy’l]{st =x}|so=s,a0=a,r
=0

(o)
=Z7’tPf(Sr=x | so=s,a0=0a,7)
=0

(o]

=[|{s=x}+ZytPr(s,=x|so=s,a0=a,7?)

t=1

=l{s=x}+y ) ¥ Pr(s =x | s~ Py, A)

t=1

=0{s=x}+ y,u[,’;fm (x).
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Hence,
() = ™ (x) = V/;;r);rx = Voo,
= HEyyr (QF,. . s — 75) (Lemma 14)
= H[Es~;1" lz (l] {S = x} + Yﬂgm (x)) (ﬁsa - ﬂAva)l
= HE; = [Z U{s =x} (Fya — 75a) +¥ Z:/J[]’:Em (x) (Rsaq — ﬂsa):|
a a
= ‘yH[Es~;1" Z ll[gm (x) (fsa — sa) | -
a
Therefore,
D) = ()| = yH Y [Egoper | D, (6) (Frsa - nm)l
X X a
<yH Z [ESN;J” Z ﬂgm ()C) |ﬁxu - 7Tsu|l
X a
= yHE; = [Z (Z ,U[gm (x)) |7sa — 7Tsa|:|
a X
= yH[ESNp" lz |ﬁsu - ﬂsa|l
a
=yH |7 — 7l o1 (ury 1 s
and the proof is complete. O

Proof of Lemma 19. Let 1€ € I1€, and set € II to be the non-exploratory version of 7€. We have, by Lemma 14:
VE V™ = Egopn (QF 7ty — 7€) = €Bgepn (QF 7ty — u) < 2€H. (13)
In addition,

IVV () = W@l = ) lW™ (907 - 1™ (07|,

< Z lox

< AH | - ™|, + Y. p(9) |07 - 07

1

() = ()] + Y um(s)|loF - o

L
To bound the first term, apply Lemma 20:
AH ™ = ™|, < AH? |7€ = mll L1 (uny < €AH ||l = ullp1m)y < 2€AH?.

To bound the second term, we have for any 7:

2@ er - 0fll < 2 3w ) 3 >, () Iy = il
s N a s’
1

= H*A Z Z W) b, () 17y = 7l

= H*A || - 7l Lr(v),1 s
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where v € RS is defined by
1
"N _ n T ’
v) = D), ().

By the law of total probability, v € A(S) is in fact a state probability measure. Hence, we obtain

2 p e et - or

L < H?A||n€ - 7l = eH’A |7 - ull L)1 < 2eH?A.

The bounds on both terms, combined with the previous display now yields
|VV (7€) = VV(n)||; < 4eAH?. (14)

We now turn to apply Equations (13) and (14) to establish the claimed VGD condition. Let 7€ € I1€ be an arbitrary e-greedy
policy and 7 € IT the non-exploratory version of 7€. The assumption that IT is (Cx, &ygq)-VGD implies

max (VV(n),#—n) > CL* (V(m) = V*(II) — &yga) -

Let 77 € II be the policy maximizing the LHS, and #€ = (1 — €)7 + eu € 1€ its corresponding greedy exploration policy.
‘We have,

(VW(n€), 7€ —n€)=(1 —e)(VV(n€), 7 —7)
(1-e)(VV(n),7—nm)+ (1 —e)(VV(n€) - VV(n), 7 — )

. —*E (V(7) = VA(IT) = £yaa) + (1 — €) (VV(x€) = VV(71), % — 7)

S CL* (V(r) = V*(IT) = £yga) = 2 IV (x€) = V() I,

S C% (V(x) = V*(TT) - £ygq) — 8€H?A (Equation (14))
N CL* (V7€) = VA(ID) — £yga — V(7€) = V(1)]) — 8eH2A

S CL* (V(1€) = V*(IT) — £ygq — 2€H) — 8H2A (Equation (13))
S CL (V(7€) = VX(IT) = eygq — 4€H) — 8eH2A. (Equation (13))

(Indeed, we pay for the difference V*(IT1€) — V*(I1) here, only to pay it again in the other direction later, but it is cleaner
this way and results in only an extra constant numerical factor.) Therefore,

Cx max (VV(r€),#€ =€) 2 V(1) = V*(II) — £ygq — 12eCH*A,
A€ ell€

which completes the proof. o

E. Constrained non-convex optimization for locally smooth objectives: Analysis

In this section, we provide the full technical details for Section 3.2. Recall that we consider the constrained optimization
problem:

il’éi}(l f(x), (15)

where the decision set X C R is convex and endowed with a local norm x + ||-||,. (see Definition 5), and access to the
objective is granted through an approximate first order oracle, as defined in Assumption 3. We assume f: X — R is
differentiable and defined over an open domain dom f C R that contains X. We consider an approximate version of the
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algorithm described in Equation (8), hence for the sake of rigor, we introduce some additional notation. Given any convex
regularizer 1: R¢ — R, we define a Bregman proximal point update with step-size > 0 by:

= 1
T (x; h) := argmin {(Vf(X),y> + —Bh(y,X)} ; (16)
yeX n
and the set of gop-approximate solutions by:
Eopt (. . + RV 1 + +
T, (x;h) ={x" € X |[Vz € X : {Vf(x) + HVBh(x ,X),2=X") 2 —Eqpt [ - a7

Now, the approximate version of our algorithm is given by:
k=1,...,K: xpe1 € T (xks Ry)- (18)

‘We recall our main theorem below.

Theorem (restatement of Theorem 3). Suppose that f is (Cy, £yga)-VGD as per Definition 4, and that f* := min,cx f(x) >
—oo. Assume further that:

(i) The local regularizer R, is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||-||, for all x € X.
(ii) Forall x € X, max, yex ||lu — V||, < D, and |Vf(x)|} < M.
(iii) f is B-locally smooth w.r.t. x — ||| .

Then, for the algorithm described in Equation (18) we have following guarantee when n < 1/(23):

2722
»Locy

_1
fxge1) - f* =0 + (C*D + Cle) &y + C*gopt +ci1ln2 VEopt T Eved

nk
where ¢y =D +nM.

Evidently, since the objective is not convex, standard mirror descent analyses are inadequate, and our analysis takes the
proximal point update view of Equation (18). While there are numerous prior works that investigate non-euclidean proximal
point methods for both convex and non-convex objective functions (e.g., Tseng, 2010; Ghadimi et al., 2016; Bauschke et al.,
2017; Lu et al., 2018; Zhang & He, 2018; Fatkhullin & He, 2024; see also Beck, 2017) , non of them fit into the specific
setting we study here. The notable differences being the use of local smoothness (Definition 6), and the goal of seeking
convergence in function values for a non-convex objective by exploiting variational gradient dominance.

Our approach may be best described as one that adapts the work of Xiao (2022) to the non-euclidean (and, “local’) setup,
but without relying on the objective having a Lipschitz gradient (note that we do not claim our definition of local smoothness
implies a Lipschitz gradient condition). Since Xiao (2022) relies on global smoothness of the objective w.r.t. the euclidean
norm (as was established by Agarwal et al., 2021), their bounds inevitably scale with the size of the state-space S, which we
want to avoid. Given any convex regularizer #: R? — R, we define Bregman gradient mapping by:

1
G (x,x*5h) = = (Vh(x) — Vh(x")), (19)
n
where x* € R should be interpreted as an approximate proximal point update step, i.e., x* € T,f“" (x; h).

E.1. Bregman prox: Descent and Stationarity

In this section we provide basic results relating to proximal point descent and stationarity conditions. Our first lemma is
(roughly) a non-euclidean version of a similar lemma given in (Nesterov, 2013) for the euclidean case.

Lemma 21 (Bregman proximal step descent). Let ||-|| be a norm, and suppose x € X is such that

Vy e X |f(y) = f(x) =(Vf(x),y - x)| Sglly—XIlz-

Assume further that:
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1. 0<n<1/2p),

2. h: R? — R is 1-strongly convex and has an Ly,-Lipschitz gradient, w.r.t. ||-||.

3. Hﬁf(x) - Vf(x)H* < .

Then, for x* € Tg""t (x; h) we have that:

FGh < f0) - 22_31 e 2 ine.|G + Eopt.
Proof. Observe,
£ % 70+ (V)" )+ 5 e
=f(x)+< F(x),x —x>+§||x —x|f+ <Vf(x)—$f(x),x+—x>
< f@+ (¥ (x),x+—x>+§ — x| + &0 6t -4
< £+ (V). x —x>+§”x — x| +n80 |Gy (x5 1), (Lemma 23)

Eopt

Further, since x* € T, (x; h), forany z € X,

<$f(x),x+ - z> < <% (VAGX") = VA()) .z — x+> + Eopt.
Hence,
F) +(Tre,at - x) + g [t = x|
< f(x) + % (Vh(x) = Vh(x*),x* —x) + g [t = x| + £ope
= f() - % (Bu(x.) + Buxx) + 2 [~ + eop
< f(x) - % (B (x*.x) + By (x.x%)) + BBy (x*,x) + £opt

< flx) - % (Bt ) + By (x. 1) + £ope

where the last line inequality follows from 1 < 1/(28). Combining with the previous derivation, we now have

PO < £ = 50 (B0 + By (5,5) + e+ 1 G 0)
Finally, the assumption that % has an Lj,-Lipschitz gradient implies that
n HG,,(x,xJ'; h)“i = ||Vh(x+) - . ||)c+ - x”2 <213 Bp(x*,x),
and similarly 7> ||G,7(x,x+; h)”i < 2LiBh (x,x™). Hence,
—% (Br(x*,x) + Bp(x,x")) < — 2L2 G
which completes the proof after combining with Equation (20). m
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Our second lemma bounds the error in optimality conditions at any point x € X w.r.t. the gradient mapping dual norm. We
remark that here we do not assume a Lipschitz gradient condition holds for the objective function, as commonly done in
similar arguments (e.g., Nesterov, 2013; Xiao, 2022).

Lemma 22. Let ||-|| be a norm, and x € X. Assume that:

1. h: R? — R is 1-strongly convex and has an Ly,-Lipschitz gradient, w.rt. ||-||.
2 [Frm-viw)| <e.
3. D > O upper bounds the diameter of X: max; yex |z —y|| < D
4. M > 0 upper bounds the gradient dual norm at x: ||V f(x)||, < M.
Then, ifx* € T,™ (x; h), it holds that:

Vy € X : (VF(x),x = y) < (D +nM)||G,,(x,x*; h)||, + &eD + &op.
Proof. By assumption, we have for all y € X,

<§f(x) - Gy(x,x"5h),y —x+> > —gopt

= (Vfx),x" —y) < (G,(x,x";h),y —x*) + <Vf(x) —VF(x),x" - y> + Eopt

< ||G,,(x,x+; h)”* D +&yD + gqpt.

Further,
(Vf(x),x = y) ={Vf(x),x" =y) +(Vf(x),x = x*)
< |Gy, x*sh)||, D + D + &ope + (Vf(x),x —xT)
< ||G,,(x,x+; h)”* D+&D+egp+ M ||x - x+||
< |Gy, xT s h)||, D+ &eD + &op + M ||G o (x, x5 )|, (Lemma 23)
< (D+nM) |G,y (x, x5 h)||, + 9D + £op,
which completes the proof. o
Lemma 23. For any norm |||, and any x,x* € X, we have ||x —x*|| < n ||G,7(x,x+;h) .-
Proof. For any u, v it holds that (see e.g., Hiriart-Urruty & Lemaréchal, 2004),
1 1
= vIP < Bu(u,v) = B (Vh(), Vh(v) < 5 IVAGo) = VA1) 2.
The result now follows by the definition of G, (x, x*; h). ]

E.2. Proof of Theorem 3

We begin by establishing the objective satisfies a weak gradient mapping domination condition similar (but not identical,
due to the differences mentioned above) to that considered in Xiao (2022).

Definition 8. We say that f: X — R satisfies a weak gradient mapping domination condition w.r.t. a local regularizer R if
there exist d, w > 0 such that for all x € X:

|G e, x®s B[ > V2w(f(x) = f* = 6)

The lemma below establishes our objective function satisfies Definition 8 with a suitable choice of parameters.
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Lemma 24. Suppose that f is (Cx, &vea)-VGD as per Definition 4, and that f* = minyex f(x) > —oco. Assume further

that Ry is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||-|| for all x € X. Then, we have the following weak
. . L .. + Sopt /.

gradient mapping domination condition; for all x € X,x* € T, (x; Ry):

||G,,(x,x+;R ; > \/Z(f(x) -f*-9),

for w = % (Co(D+qM))7% 6 = Evgd + EoptCx + E:Cx D.
Proof. Letx € X, and apply Lemma 22 with ||-|| = ||-||, and & = Ry, to obtain:
Vy e X : (Vf(x),x —y) < (D +nM) ||G,,(x,x+;Rx)||i + 89D + gopt.

Further, since f is (Cx, &vga)-VGD, we have

max (V£ (). 1~ 3) 2 — (£(2) = F* - )

yEX ’ - C* Ve ’
Combining both inequalities, the result follows. O
We are now ready to prove Theorem 3.

Proof of Theorem 3. In the sake of notational clarity, define:

Gi =Gy (xi. Xks1: R 1)
We begin by applying Lemma 21 for every k € [K] with ||-|| = [|-]|,, and 2 = R,,, which implies,
fxpr1) = fxx) < = 2L2 —Gi +n&Gr + Eopt- (22)
Let us first assume that for all k € [K]:
4L
8L%e, + %\/@ < Gk. (23)
Then Equation (22) along with Lemma 24 gives
f(.Xk+1)_f(.xk)S 4L2gk = 4L2 (f('x ) f ) s

with w = % (Cu(D + 17M))*2 and 6 := &ygd + EoptCx + £:CxD. We proceed to define Ey = f(xx) — f*, and note that the
above display implies Ey.; < Ei. Hence, we may assume that Ej > 26 for all k € [K], otherwise the claim holds trivially.
With this in mind, we now have,

nw 2
Es1 - E <——E —o0)? < -1 g2,
k+1 — E (Ex=6)" < =775

Dividing both sides by Ey Ex1 yields

1 1 <M Ex
Ex  Ega~ 16L2Epy’

Summing over k = 1,.. ., K and telescoping the sum on the LHS, we obtain
K
i _ 1 <- nw Z Ek
Ey Egq 16L2 = Egv1
K

Ex
(Ex+1E) );EH] <- 16L2 (Exk+1E1) K,

— F -F <-
K+1 1=~ 16L2
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where the last inequality follows from the descent property Er+; < Er. Rearranging, we now have

770.)
0<Egs <E (1 _ Y g K)
K+1 1 16L2 K+1

16L>  32C2L% (D +nM)’
nwk nkK

= Ek+1 <

bl

which completes the proof for the case that Equation (23) holds for all £ € [K]. Assume now that this is not the case, and
let ko € [K] be the last iteration such that

4L
G, < 8L%g, + %\/@.

Then by Lemma 22,

Ery < (D +nM)Giy + &¢D + &ope < 8(D +nM) (ngV +L sopt/n) + 89D + gopt,
and therefore by Equation (22),

Eiyr1 < Eiy +1189Gr, = O ((D +nM) (ngv +L Eopt/n)) .

Now, if kg = K we are done. Otherwise, by the definition of ko we have that Equation (23) holds for all k € [ko + 1, K],
hence Ey.y < Ey for all k > ko + 1. This implies that Ex.; < Eg,+1, which completes the proof. m]
E.3. Convergence to stationary point without a VGD condition

In this section, we include a proof that the proximal point algorithm we consider converges to a stationary point, also without
assuming a VGD condition. The proof follows from standard arguments and is given for completeness; for simplicity, we
provide analysis only for the error free case. As an implication, we have that PMD converges to a stationary point in any
MDP; this follows by combining the below theorem with Lemma 4 and Lemma 2, and proceeding with an argument similar
to that of Theorem 1.

Theorem 25. Suppose that f* = minyecx f(x) > —co, and assume:

(i) The local regularizer Ry is 1-strongly convex and has an L-Lipschitz gradient w.r.t. ||-||, for all x € X.
(ii) Forall x € X, max, vex lu = v|ly < D, and |[Vf(x)|} < M.

(iii) f is B-locally smooth w.r.t. x — ||-||,.

Consider an exact version of the proximal point algorithm Equation (8) with n = 1/(28) where &, = 0 and x**! =
Ty, (xx; Rx,) for all k. Then, after K iterations, there exists k* € [K] such that:

2(D +nM)LyB (f (x1) = f(x*))

VyeX, (Vf(xpr),y—xipx) > — VK

Proof. In the sake of notational clarity, define:
gk = ||G7] (xlm Xk+15 ka)”ik .
We begin by applying Lemma 21 for every k € [K] with ||-|| = [|-]|,, and 2 = R,,, which implies,

n

—mgz. 24)

fere) = f(xx) <
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Now,

K K
Flkan) = fx) = ; Fern) = f(xr) < —% ; G2

thus, rearranging and bounding f(xg+1) > f(x*) gives

L&, 2L (f(x1) = f(*))
K ;gk < nkK ’

Hence, it must hold for k* := arg min, G7;

2L (f(n) = F()

2
* S
G K

We now apply Lemma 22 to conclude,

Vy e X, (Vf(xpe),xix —y) < (D +nM)L2 (f (x1) —f(X*)),

VnK
which implies the required result.
F. Policy Classes with Dual Parametrizations
In general, solving the following OMD problem in some state s € S,
K+l . k 1 k
"« arg min <Qs,p> + —Bgr(p,ny)
PEA(A) n

is equivalent to the following two updates:
VR(ZM) « VR(x{) - nQ§
At =T (ﬁfﬂ) :
Let us denote the composition of the dual-to-primal mirror-map and the projection:
Pr(y) =TI 4 (VR* (),

and note that
k+1 _ ~k+1
mg " = Pr(VR(7A)).

(25)

When we are in a non-tabular setup and have a non-complete policy class IT # A(A)S, we cannot update each state
independently according to Equation (25). There are however a number of places we can “intervene” in the policy class
representation to derive slightly different update procedures based on the dual variables. The PMD step in its general form is

given by:

1
%! argmin Ey it <Q§,ﬂs> + —Bg (75, %)
n

nell

(26)

Without making any assumptions regarding the parametric form of I1, we cannot decompose Equation (26) into meaningful
dual space steps. We discuss next two types of policy class parameterizations and the update steps associated with them.
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F.1. Generic dual parameterizations

This is the approach taken in (Alfano et al., 2023) (see also the followup Xiong et al., 2024), and perhaps the most
general one that allows for an explicit dual space update as well as leads to an approximate solution of Equation (26)
that satisfies approximate optimality conditions in the complete-class setting. Consider a parametric function class
Fo = {fo € R5" | 6 € ©}, and the policy class:

(F) = {n' | feFo}, wheren! =Pr(f,), Vs €S.

Then, to solve Equation (26) we can proceed by:

£ — argmin By [”ﬂ - VR(n§) - UQIv(Hi]
feF

7% the policy defined by ﬂf“ = PR(fSkH) (A)

F.2. The log-linear policy class

This is a special case of the one discussed in the previous sub-section. In general, when we try to approximate the true
solution of the unconstrained mirror descent step in a specific state:

fs ~ VR(z¥) - n0%,

we need to overcome two sources of error; one from the previous policy dual variable and one from the Q function. More
specifically, in general we have VR(7%) ¢ ¥ and QX ¢ F. (For 7 € R4 we define VR(r), := VR(ny).) In the special case
that our function class ¥ can represent VR () perfectly for all 7 € TI(#) and is closed to linear combinations, we can focus
our attention on approximating the Q function. Now, we may proceed by the following special case of (A):

: - 0 k)
Q" — argminEg , [(Qs,a - Qs,a) ]

QeF
fk+1 — VR(ﬂ'k) _ nék
7+l the policy defined by 75! = PR (fK+). (B)

Let ¢ , € RP be given feature vectors, and let ¢5 == [¢s,q, - - ds5,a,] € RP XA and consider the log-linear policy class:

= {x? |6 e R}

%30

0 ._ Ty —
where Vs € S, n/ = Pr(¢;0) = S

Note that:
1. This is the class II(F) for F = {6 — ((s,a) — ¢] ,0)}.
2. This is precisely a case where ¥ can model VR(x) if R is the negative entropy regularizer.

Here, we may proceed as follows:

2

Wk < arg min [Es,a~;1"' [((p;r,aw - Qf,a) :|
weRP

0k+l — Hk _ nwk

k+1

%! the log-linear policy defined by %*!
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The above can be seen as a special case of (B), by considering the induced updates in state-action space:

Q% = argmin Es a~pk

OcF ‘
fi = VR(xk) - nQk
= log(e% ?") — log(2*)1 - nQ*

= ¢J6F - n0% —log(ZM)1

(0= 08a) | = 50 - a7t

¢T9k+l
. e S
71 the policy defined by 7¥*! = Pr(f&*') = ————.
Za e¢s,a 9k+
Note that in the above,
k+1 k k k
S,Z = ¢;,a0 - 77¢;-,aw - log(Zs )a

and that Z¥ is the same for all actions in s, hence makes no difference after the projection step..
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