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Abstract

We consider the problem of minimizing a d-dimensional Lipschitz convex function
using a stochastic gradient oracle. We introduce and motivate a setting where the
noise of the stochastic gradient is isotropic in that it is bounded in every direction
with high probability. We then develop an algorithm for this setting which improves
upon prior results by a factor of d in certain regimes, and as a corollary, achieves a
new state-of-the-art complexity for sub-exponential noise. We give matching lower
bounds (up to polylogarithmic factors) for both results. Additionally, we develop
an efficient quantum isotropifier, a quantum algorithm which converts a variance-
bounded quantum sampling oracle into one that outputs an unbiased estimate with
isotropic error. Combining our results, we obtain improved dimension-dependent
rates for quantum stochastic convex optimization.

1 Introduction

Stochastic convex optimization (SCO) [51, 47, 48, 9] is a foundational problem in optimization
and learning theory, with numerous applications in theoretical computer science [16], operations
research [50], machine learning [11], and beyond. Algorithms for SCO, most notably stochastic
gradient descent (SGD) and its many variants, are extensively studied and widely deployed in
practice. In addition, there has been increasing interest recently in its quantum analog, quantum
stochastic convex optimization, and new provably efficient quantum algorithms with have been
developed [53, 67].

In one of its simplest forms which we focus on in this paper, SCO asks to compute an e-optimal point
of a differentiable® convex L-Lipschitz function f: R? — R, minimized at an unknown point z*
with ||z*|| < R for the Euclidean norm ||-||, given access to a bounded stochastic gradient oracle,
which we define formally in Definition 1 and Definition 2 below. Throughout, we assume that the
randomness in calls to any oracle are independent of previous calls.

Definition 1 (SGO). O(-) is a stochastic gradient oracle (SGO) for differentiable f: R? — R if
when queried at x € RY, it outputs O(z) € RY such that EO(x) = V f(x).

Definition 2 (BSGO). Op(-) is a o g-bounded SGO (0 5-BSGO) for differentiable f: R — R if it
is an SGO for f such that E||Op(z)|? < 0% for any query x € R%.

It is well known that SGD, in particular, iterating x;1 < 2; — nOp(x;) with an appropriate choice
of step size 7, solves SCO with O(R20% /€?) queries, which is optimal even when d = 1 [2]. In
this paper, we seek to bypass this fundamental limit by studying more fine-grained models of the
stochastic gradient. In particular, we study the following question:
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3We assume all objective functions are differentiable. Following a similar argument in prior works (e.g.,
[17, 53]), our results extend to non-differentiable settings because convex functions are almost everywhere
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39th Conference on Neural Information Processing Systems (NeurIPS 2025).


https://arxiv.org/abs/2510.20745

Can we identify shape-dependent assumptions on the noise of the stochastic
gradient which allow us to obtain new state-of-the-art algorithmic guarantees?

One of the most natural shape-dependent assumptions is to assume a bound on the variance of the
SGO, which we capture in the following definition:

Definition 3 (VSGO). Oy (+) is a oy -variance-bounded SGO (o -VSGO) for differentiable f :
RY — R if it is an SGO for f such that E||Oy (z) — V f(x)||*> < o for any query x € R%.

In the setting we consider where f is L-Lipschitz (see Problem 1 for a formal definition), SGD
trivially achieves a rate of O(R?(L? + 0%)/€e?) = O(R?*0% /e? + R?*L?/€?) under a -VSGO due
to the observation that a oy-VSGO is a O(L + o )-BSGO. Inspecting the above rate, the R?c? /2
term is unimprovable even when d = 1 [2].* However, the same is not true for the R?L? / €2 term,
which stems from the non-stochastic component of the problem. Indeed, when oy = 0, in which
case the SGO is a gradient oracle, the O(R*L?/€?) rate (which is achieved by gradient descent [49])
is optimal only for € > Q(RL/+/d) [24]; cutting plane methods which achieve O(d) rates are better

at smaller target precisions, where we use O(+) throughout the paper to hide polylogarithmic factors
in1/e, log(1/0), d, R, and L.

This leaves the door open for improved dimension-dependent rates for SCO under a VSGO,
which have not been explicitly studied to the best of our knowledge. In particular, in light of
the fact that a O(R?0% /e? + R?L?/€?) rate is achievable by SGD and it is possible to achieve

min{O(R?L?/€%),0(d)} when o = 0, this begs the natural open problem:
Open Problem 1. Is it possible to solve SCO with O(R?0% /€® + d) queries to a oy -VSGO?

While we do not solve this open problem, we nonetheless make substantial progress in characterizing
the complexity of SCO under more fine-grained shape-dependent assumptions on the SGO. Our main
conceptual contribution is to answer this open problem in the affirmative under a stronger noise model
which we introduce in the next section, termed isotropic noise. We provide a dimension-dependent
algorithm in this setting which achieves the conjectured O(R202 /e + d) rate (albeit o2 is not the
variance but a different parameter associated with our noise model). We then instantiate this result
to achieve the target O~(R202 /€? + d) rate for sub-exponential noise, a widely studied class of
distributions in machine learning and statistics, as well as a O(dR?0%, /€* + d) rate for SCO under
a VSGO,’ which is worse than the conjectured rate by a d-factor. We then give lower bounds for
isotropic noise and sub-exponential noise which show that in any parameter regime, applying the
better of our algorithm and SGD is optimal (up to polylogarithmic factors).

Finally, we leverage our algorithm to obtain a new state-of-the-art guarantee for quantum SCO under
a quantum analog of the VSGO oracle. In what may be of independent interest, our quantum result
relies on a quantum subroutine which we call a quantum isotropifier, which converts a quantum
analog of the VSGO oracle into one which outputs an unbiased estimate of the gradient with isotropic
noise. In other words, this subroutine allows us to apply our improved guarantees for isotropic
stochastic gradients to an even broader class of noise models in the quantum setting.

In the remainder of the introduction, we define our noise model and present our results in more detail
(Section 1.1), discuss additional related work (Section 1.2), define notation (Section 1.3), and give a
roadmap of the rest of the paper (Section 1.4).

1.1 Results

Isotropic and sub-exponential SGOs. As our main conceptual contribution, we define a new noise
model for SCO which captures the impact of the shape of the noise, as opposed to only its moments.
In particular, we consider an isotropic noise model, formalized in the following definition, where the
magnitude of the noise in any fixed direction is bounded with probability at least 1 — 4.

*This follows from the same lower bound construction which shows that Q(R?0'% /€?) queries are necessary
for SCO under a o 5-BSGO. Indeed, in that construction (e.g., Section 5 in [23]), it is the case that 03 = O(c'%).

SWe emphasize that although they study a different setting, this rate can be recovered by modifying the
techniques of [53]; see Sections 1.1 and 2 for further discussion.



Definition 4 (ISGO). O;(-) is a (o7, §)-isotropic SGO (o1, §)-ISGO) for differentiable f : R — R
if it is an SGO for f such that

P(|(Or(x) — Vf(z),u)| > al/\/&] <5 foranyz,u e Re st Jul =1. 1)

The 1/ V/d scaling factor in Eq. 1 is included to ensure o; in Definition 4 and oy in Definition 3 are
comparable in scale. For example, a (o, 0)-ISGO Oy (+) is also a 0-VSGO, since with e; as the i-th
standard basis vector:

E|O1(z) = VI@)[* =E ) (e Or(z) = Vf(@)* = Y Efes, Or(z) - Vf(x))* < 0.
i€[d] i€[d]
Informally, an ISGO can be thought of as a VSGO with the stronger assumption that the noise is
bounded evenly in all directions, thereby imposing additional structure on its shape. Formally, we
show later in Lemma 9 that a (60yv/d, §)-ISGO query can be implemented with logarithmically
many queries to a oy -VSGO, thereby allowing us to translate algorithmic guarantees for an ISGO to
a VSGO at the cost of a v/d-factor.

ISGOs also naturally capture a variety of light-tailed distributions, for which we use sub-exponential
distributions as a representative example throughout this paper due to their widespread prevalence in
machine learning and statistics. In particular, we consider the following ESGO:

Definition 5 (ESGO). O (-) is a o g-sub-exponential SGO (o z-ESGO) for differentiable f : R% —
R if it is an SGO for f such that for any x,u € R? such that ||u| = 1:

P[{Og(z) — Vf(z),u)| >t <2-exp(—tVd/og) forallt > 0. 2)

The v/d factor in Definition 5 is present for the same reason it is present Definition 4, and we show
forall § € (0,1) that any 0-ESGO is a (glog(2/4d), §)-ISGO (see Lemma 8). We collect and review
basic facts about sub-exponential distributions, as well as provide some additional discussion about
the relationships between the various SGO oracles we define, in Appendix D. In particular, we show
that a 0 g-ESGO is a Cog-VSGO for some absolute constant C, and thus Definition 5 can also be
interpreted as imposing structure on the shape of the noise beyond a variance bound.

The complexity of SCO with ISGOs, ESGOs, and VSGOs. We formalize the general setting we
consider in Problem 1 and then present our results, including upper and lower bounds.

Problem 1 (SCO). Given access to an SGO O(-) for a convex and L-Lipschitz (with respect to the
ly-norm) function f: RY — R such that there exists x* € argmingcpa f(x) with |2*|| < R, the
goal is to output an e-optimal point.

In Theorem 1 and Corollary 2 (proven in Section A and Section B respectively), we achieve upper and
lower bounds for Problem 1 given access to a (o7, §)-ISGO. We obtain the upper bound Theorem 1
via a stochastic cutting plane method by extending the techniques of [53], and the lower bound
Corollary 2 by reducing a mean estimation problem to Problem 1; see Section 2 for a technical

overview. In Corollary 2, we use Q() to hide logarithmic factors in d.

Theorem 1. Problem I can be solved with probability at least 2/3 in O(R2U% /e + d) queries to a

(01,0)-I1SGO for any 6 < WW’ where M = O(1).

Corollary 2. Any algorithm which solves Problem 1 with probability at least 2/3 using a (o1, 0)-
ISGO makes at least Q(R*? /(€% log?(1/6)) + min{ R2L?/€>,d}) queries.

In other words, Theorem 1 says that an O(RQU? /€? + d) rate is achievable as long as J is inverse-
polynomially small, and Corollary 2 says this is tight up to polylog factors when the target precision
is sufficiently small so that d < R?L?/e? or equivalently ¢ < RL/+/d. In particular, Theorem 1
demonstrates that shape-dependent assumptions on the noise can lead to speedups over the known
rates for SGD. For example, for a (o,0)-ISGO (which we saw above is also a o-VSGO), the
O(R20% /€ + d) rate of Theorem 1 improves upon the O(R202 /€? + R?L?/e?) rate of SGD when

L > max{o, e//d/ R}, which captures a variety of high precision, low variance regimes.

Next, using the fact discussed above that ISGO queries can be implemented via ESGO and VSGO
oracles, we obtain the following upper bounds (proven in Section A) as corollaries of Theorem 1:



Corollary 3. Problem I can be solved with probability at least 2/3 in O(R?0%, /€ + d) queries to a
(o) -ESGO

Corollary 4. Problem 1 can be solved with probability at least 2/3 in O(dR?03, /> + d) queries to
a oy-VSGO.

Thus, sub-exponential noise allows us to match the rate conjectured in Open Problem 1, whereas using
a VSGO results in an additional d factor in the variance-dependent term. Nevertheless, Corollary 4
still outperforms the O(R?0%, /€ + R%L?/€?) rate achieved by SGD for solving Problem 1 given a
oy-VSGO when L > V/d - max{oy,e/R}. We emphasize that while they study a different setting,
a modification of the techniques of [53] can achieve the same complexity as Corollary 4; see the
technical overview in Section 2 for further discussion. However, we believe the fact that we are
able to recover Corollary 4 as a simple consequence using our more general (o7, d)-ISGO primitive
illustrates its potential broader applicability.

Finally, we prove in Section B that Corollary 3 is tight up to polylog factors when d > R2L?/e2:

Theorem 5. Any algorithm which solves Problem 1 with probability at least 2/3 using a o g-ESGO
makes at least Q(R%0% /€* + min{R?L?/e?, d}) queries.

This effectively solves Open Problem 1 for the special case of sub-exponential noise in light of the
fact that SGD matches our lower bound in the other regime where d < R2L?/e2.

Quantum SCO under variance-bounded noise. As an additional application of Theorem 1, we
consider stochastic convex optimization (SCO) with access to a quantum analog of a VSGO, which
we refer to as a QVSGO. The QVSGO is a direct and natural extension of a VSGO, and slightly
generalizes the notion of QSGO introduced in [53, Definition 3].

Definition 6 (QVSGO). For f: R? — R and oy > 0, its quantum bounded stochastic gradient
oracle (o0 -QVSGO) is defined as®’

Ogv [2) ® 0) = |) ® /  rsela)gla) @ garbage(s). 3)
geRd

where py .(+) is the probability density function of the stochastic gradient that satisfies

E [g]=Vf), E |g=Vf(@)*<oi.

g~pPf.x g~pf.x

Given access to a QVSGO, we develop a quantum algorithm that achieves improved query complexity
for the following quantum SCO problem. This problem slightly generalizes [53, Problem 1] by
introducing an additional parameter oy alongside the Lipschitzness L.

Problem 2 (Quantum SCO). Given query access to a ov-QVSGO Ogqy for a convex and L-Lipschitz

(with respect to the {a-norm) function f: R¢ — R such that there exists z* € argming cpa f(x) with
|[z*]| < R, the goal is to output an e-optimal point.

To solve Problem 2, we develop an unbiased quantum multivariate mean estimation algorithm whose
error is isotropic, which we refer to as quantum isotropifier. We use this algorithm to prepare an
ISGO using a QVSGO:

Theorem 6. For any differentiable f: R — R, a (o1,6)-ISGO of f can be implemented using
O(oyVdlog'(1/8)/or) queries to a oy-QVSGO.

Combining Theorem 1 and Theorem 6, we obtain the following improved query complexity for
quantum SCO (proven in Section C):

Theorem 7. With success probability at least 2/3, Problem 2 can be solved using O(dRovy /¢)
queries to a oy -QVSGO.

6Considering such quantum extensions of classical oracles is standard in the literature, see, e.g., [20, 65, 53].
Moreover, theoretically there are well-established techniques for implementing these quantum analogs of
classical oracles. Specifically, if a classical oracle can be implemented via a classical circuit, its corresponding
quantum oracle can be implemented using a quantum circuit of the same size.

A description of the quantum notation we use can be found in Section C.



To compare, the prior state-of-the-art for solving Problem 2 includes two quantum algorithms of [53]
which achieve query complexities of O(d%/2(L + oy )R/€) and O(d®/3((L + oy )R/€)*/?). With
minor modifications, the query complexity of the first algorithm can be reduced to O(d3/2cy R/e).
However, it remains unclear whether a similar reduction in query complexity can be achieved for the
second algorithm. In comparison, our algorithm achieves a polynomial improvement in d.

1.2 Additional related work

Stochastic convex optimization. SCO is a foundational problem in optimization theory and has
been extensively studied for decades. In particular, SCO with a VSGO has been studied under
different assumptions on the objective function f than the L-Lipschitz assumption we focus on in
this paper. Notably, if the gradient of f is 8-Lipschitz, the seminal paper [39] achieved an optimal
error of O(B3/T? + oy /\/T) after T queries. We note that our guarantees for Problem 1 can be
extended to the setting where the gradient of f is S-Lipschitz at the cost of only polylogarithmic
factors since our bounds have polylogarithmic dependence on the Lipschitz constant of f. This
follows because a function with a 8-Lipschitz gradient which is minimized in a ball of radius R is
itself O(BR)-Lipschitz in the ball.

Beyond the bounded variance assumption, [62] examines SGOs with heavy-tailed or infinite variance
noise and shows that stochastic mirror descent is optimal in such cases. As for cutting plane methods,
there is a long line of work in deterministic settings which has sought to improve the query complexity
and/or runtime; see e.g. [56, 40, 34].

Quantum mean estimation. Quantum mean estimation and the closely closely related problems of
amplitude estimation and phase estimation have been extensively studied [1, 54, 32, 64, 14, 46, 31].
The seminal amplitude estimation algorithm [15] can be used to obtain a quadratic improvement on
the query complexity for estimating the mean of any Bernoulli random variable. Building upon this
result, [30] (whose query complexity is further improved by [38]) introduced a quantum sub-Gaussian
mean estimator that achieves a quadratically better query complexity than the classical counterpart
while providing a mean estimate with sub-Gaussian error, without requiring additional assumptions
on the variance or tail behavior of the underlying distribution. Multilevel Monte Carlo methods have
also been widely used in quantum algorithms [3, 42].

Quantum algorithms and lower bounds for optimization problems. There has been a rich study
of quantum algorithms for classical optimization problems, including semidefinite programs [7, 13,
12, 37, 58, 60], convex optimization [6, 59, 19, 41], and non-convex optimization [65, 21, 28, 43, 41].
Despite these recent progress in quantum algorithms using quantum evaluation oracles and quantum
gradient oracles, their limitations have also been explored in a series of works establishing quantum
lower bounds for certain settings of convex optimization [25, 66] and non-convex optimization [66].

1.3 Notation

|||l is the £o-norm. We define B, (7, z) == {z € R : ||z — ol|, < r} to be the £,-ball of radius r
centered at o, and use B,(r) := B,(r,0) and B, := B,(1,0). A halfspace is denoted by H> (a €
REbeR) :={z €R:a'z > b} For f: RY — R, we let f* = inf, f(x) and call z € R?
e-(sub)optimal if f(x) < f* + e. A function f: R? — R is L-Lipschitz if f(z) — f(y) < L||z — y||
for all z,y € R?. For two matrices A, B € R¥? we write A < B if 2" Az < 2" Bz for all
x € R? The standard basis in R? is denoted {ey,...,eq}. For random variables X,Y, we use
H(X) = -3, p(z)logp(x) to denote the entropy of X, use H(Y|X) := H(X,Y) — H(X) to
denote the conditional entropy of Y with respect to X, anduse I(X;Y) := H(X)+H(Y)-H(X,Y)
to denote the mutual information between X and Y. The cardinality of a finite set .S is denoted |S].
We use O(-) and Q(-) to denote big-O notation omitting polylogarithmic factors.

1.4 Paper organization

We give a technical overview of the paper in Section 2 and conclude in Section 3. We prove our upper
bounds for Problem 1 under ISGO, ESGO, and VSGO oracles (resp. Theorem 1 and Corollaries 3
and 4) in Appendix A. We establish our lower bounds for Problem 1 given either an ISGO or ESGO



oracle in Appendix B. In Appendix C, we present our quantum isotropifier and then apply it to obtain
an improved bound for quantum SCO under variance-bounded noise. In Appendix D, we review
sub-exponential distributions and further discuss the relationships between the various stochastic
gradient oracles we study. Finally, we collect miscellaneous technical lemmas in Appendix E.

2 Technical overview

In this section, we present high-level overviews of our techniques. In Section 2.1, we give an overview
of our stochastic cutting plane method, based on an extension of the techniques of [53], which we
use to obtain our upper bounds for Problem 1. In Section 2.2, we give a technical overview of our
lower bounds for Problem 1. We conclude in Section 2.3 with a discussion of our application to
quantum SCO; we believe our quantum isotropifier subroutine discussed in that section may be of
independent interest. The formal proofs of the results discussed in Sections 2.1, 2.2, and 2.3 can be
found in Sections A, B, and C respectively.

2.1 Overview of our upper bounds for SCO

Recall that our main non-quantum algorithmic result is Theorem 1, which says that O(R%0? /€% + d)
queries to a (o7, §)-ISGO suffice to solve Problem 1 when § is inverse-polynomially small. We prove
this upper bound using a stochastic cutting plane method via an extension of the techniques of [53]
(see Section A for formal proofs). Cutting plane methods are a foundational class of algorithms in
convex optimization which solve feasibility problems, for which we use the following formulation:
(recall H>(a € R b € R) denotes the halfspace {z € R?: a2 > b}):

Definition 7 (Feasibility Problem). For R’ > r > 0, we define the (R’, r)-feasibility problem as
Jfollows: We are given query access to a (potentially randomized) halfspace oracle which when
queried at v € Bo(R'), outputs a vector g, € R\ {0}. The goal is to query the oracle at a sequence
of points x1, ..., xr € Ba(R') such that Bo(R') (Vs H> (9a,» 9a,x¢) does not contain a ball of
radius r (namely, any set of the form Bs(r, z) for z € R?). We call an algorithm a T -algorithm for
the (R’, r)-feasibility problem if it achieves this goal with at most T queries.

A variety of cutting plane methods [56, 40, 34] are O(d)-algorithms for the (R’, r)-feasibility problem,
where O(+) hides logarithmic factors in d, R', and 1/r. Furthermore, it is well known that solving
the feasibility problem where the halfspace oracle is given by the negative gradient of f suffices to
solve Problem 1 using O(d) queries to an exact gradient oracle, where O() hides logarithmic factors
in R, d, L, and 1/e. (Technically, there is also an additional post-processing step needed which
we discuss later.) This reduction follows from the fact that by the Lipschitzness of f, every point
in the ball By(e/L,2*) := {z € R? : ||z — 2*|| < ¢/L} is e-optimal. Therefore, setting r := ¢/L
and R’ := 2R so that Ba(e/L,2*) C By(R') (we can assume r < R without loss of generality
since if € > RL, the origin is e-optimal) and running one of the aforementioned O(d)-algorithms
for the (R', r)-feasibility problem with the halfspace oracle given by —V f(+), we must have queried
the oracle at an iterate x; such that —V f(z;) "2 < —V f(x;) "2, for some z € Ba(e/L, x*). This
implies x; is e-optimal by convexity:

f(oe) < f(2) + (V1) 20 = 2) < f(2) < f(@7) + e

Recently, [53], which broadly studies quantum algorithms for stochastic optimization in a variety of
settings, observed the above analysis can be extended to the setting where we only have access to an
approximate gradient, which they capture as follows (paraphrased from Definition 5 in [53]):

Definition 8 (AGO). 71(-) isa fy:approximate gradiegt oracle (y-AGO) if when queried at - € RY,
the (potentially random) output h(z) € R? satisfies ||h(z) — V f(z)|| < 7.

In other words, a y-AGO iz() gives an estimate of the gradient with at most ~y error in £5-norm. Then
running an O(d)-algorithm for the (R’ := 2R, r := ¢/ L)-feasibility problem as before, except with
—h(-) as the halfspace oracle as opposed to —V f (), implies there exists an iterate 2, and e-optimal
z € By(e/L,x*) such that —h z < —h[ x,, where h; was the result of calling /(-) with input z; at



the ¢-th step. Thus, by convexity:

f(@e) < f(2) +(Vf(x1), 20 — 2)
= f(2) + (he, 2o — 2) + V(@) — by, 2 — 2) < f(a”) + e+ 4Ry,

) @

where the last inequality follows because z is e-optimal; (D < 0 by assumption; and Q) <
IV f(x:) = he|lllze — 2|| < 4R+ by the Cauchy-Schwarz inequality, Definition 8, and the fact
that x;, z € Ba(R') = B2(2R). In particular, if v < ¢/(4R), then x; is 2e-optimal.

[53] used this observation to obtain then state-of-the-art quantum algorithms for Problem 1 using a
quantum analog of the BSGO oracle (see Definition 2). In particular, they implement an € /(4 R)-AGO
at each step with high probability using a quantum variance reduction procedure. While it is not
explicitly stated, this analysis can be extended to the non-quantum setting by mini-batching. One
can show that an ¢/(4R)-AGO query can be implemented using O(R?0? /e® + 1) queries to a
ov-VSGO Oy () with success probability at least 1 — &, where O(-) hides logarithmic factors in
1/£. Then choosing & appropriately to union bound the failure probabilities over all iterations, an
O(d)-algorithm for the feasibility problem with the halfspace oracle given by this mini-batching
procedure yields an O(dRo? /€? + d) rate for solving Problem 1 given a oy,-VSGO, matching the
rate we recover in Corollary 4 as a result of our more general framework.

Our improvements over [53] are built on the key observation that it in fact suffices to only weakly
control the error of the approximate gradient in ¢2-norm (it can be polynomially large), as long
as we tightly control the error of the approximate gradient in a particular fixed direction—namely,
the direction to the optimum z*. To start, we refine Definition 8 as follows by defining a marginal
approximate gradient oracle:

Definition 9 (MAGO). §(,-) is a marginal (n > 0,I" > 0)-approximate gradient oracle ((n,T")-
MAGO) if when queried at x,u € RY, the (potentially random) output §(z,v) € RY satisfies

19(x,u) = V(@) <T and [(g(z,u) = Vf(x), )] <n fori = u/|ull. “)

Next, consider running a cutting plane method for the (R’ := 2R, r := min{e/L, ¢/T'})-feasibility
problem, where the halfspace oracle at a query point x € R? is given by —g(x, z — x*). As before,
there exists an iterate z; and e-optimal z € Bo(r, x*) such that —g,' z < —g,' x4, where g; was the
result of calling §(x¢, z; — *) at the ¢-th step. Then by convexity:

(@) < f(2) + (Vf(ae), 20 — 2)
= f(2) + {9, 2t — 2) + (Vf(21) = g8, 20 — %) +(V f(21) — g, 0" — 2)
® @ ®

< f(a*) + 2 + 4R,

where the last inequality followed because z is e-optimal; (3) < 0 by assumption; by Definition 9 and
a triangle inequality @ < 7|, — 2*|| < 4Rn; and finally & < ||V f(x;) — gif|[lz* — 2| < Tr < e
by Cauchy-Schwarz, Definition 9, and the choice of r. Thus, if n < ¢/(4R), then x; is 3e-optimal.
Crucially, because cutting plane methods for the feasibility problem have logarithmic dependence on

1/r, a polynomial bound on I suffices to maintain an O(d)-query complexity for this problem.

Next, we show how to implement a MAGO using a (o7, §)-ISGO in the following lemma, proven in
Section A:

Lemma 1. Forany 6,& € (0,1); z,u € R% andn > 0, a query §(x,u) to an (1, T := nv/d)-MAGO
of

can be implemented using K = O(dT? log(2d/&) + 1) queries to a (o1,0)-ISGO O (+), with success
probability at least 1 — £ — 6dK and without access to the input u.

With n «+ ¢/(4R), Lemma 1 implies that (N)(% + 1) queries are enough to implement an
(¢/(4R), ev/d/(4R))-MAGO, which suffices to ensure z; is 3e-optimal by the above analysis while
also maintaining a polynomial bound on I'. Critically, note that implementing each MAGO query
does not require knowledge of the second argument u, which is important since the second argument
to the MAGO depends on z* in the above analysis. We also emphasize that the term (5) above cannot



be bounded by attempting to control the error of the MAGO in the direction £* — z; this is because z
is not fixed in advance and indeed depends on g;.

Thus, leaving details regarding handling ¢ to Section A, combining Lemma 1 with an O(d)-algorithm
for the feasibility problem suffices to ensure an iterate x; is 3e-optimal using O(R2 0?2 /€% +d)-queries
to an ISGO. However, it is not a priori clear which of the O(d) iterates returned by this algorithm is
3e-optimal. [53] solve an analogous problem in their setting via a post-processing procedure which
iteratively refines the output of the first stage via binary search to ultimately return an O(¢)-optimal
point (see also [33, 18, 5] for related procedures). In Section A, we carefully adapt this procedure
to a (o7,8)-ISGO, showing it can also be implemented with O(R?0? /¢ + d) queries and thereby
achieving a d-factor savings over using a VSGO as in the first stage described above. Finally, at
the end of Section A we instantiate Theorem 1 to achieve a new state-of-the-art O(R2 0% /e? + d)-
complexity for Problem 1 given a 0 g-ESGO (see Corollary 3), and also recover the aforementioned
O(dR2a‘2/ /€2 + d) rate given a o--VSGO as a simple consequence (see Corollary 4).

2.2 Overview of our lower bounds for SCO

The starting point of our lower bounds for SCO with ISGOs and ESGOs is the connection between
SCO and multivariate mean estimation problems, which has been widely used to derive lower bounds
for SCO in various settings (see e.g., [23, 53]). Specifically, as detailed in Section B.2, for any random
variable X, we consider an instance of Problem 1 where f is defined as the expectation of a collection
of linear functions with an added regularizer term. The set of linear functions is parameterized by
samples from X, which also determines the stochastic gradient, ensuring that it follows a noise model
of the same form as X . Moreover, finding an e-optimal point of f yields a O(e/R)-estimate of E[X],
thus establishing a reduction from the mean estimation problem to SCO.

Building on this reduction, we establish a lower bound for SCO with ESGOs by introducing a variant
of the mean estimation problem where the noise follows a sub-exponential distribution. Specifically,
we construct a hard instance in which the random variable X is parameterized by another random
variable V, as detailed in Section B.1. We show that any algorithm approximating E[X] must retain
significant mutual information with V. We then upper bound this mutual information in terms of
the number of samples, yielding the desired lower bound for the mean estimation problem (see
Lemma 11) and, consequently, for SCO with ESGOs (see Theorem 5). As a corollary, we derive
a lower bound for SCO with ISGOs (see Corollary 2). Regarding the mean estimation problem
itself (namely, Problem 3), we note that similar lower bounds to Lemma 11 may be derived as
corollaries of recent high-probability minimax lower bounds [45], but we provide our own analysis
for completeness.

2.3 Quantum isotropifier and quantum SCO under variance-bounded noise

Our main technical ingredient of our improved bound for quantum SCO is an unbiased quantum
multivariate mean estimation algorithm whose error is isotropic in the sense that it is small in every
direction with high probability, which we refer to as quantum isotropifier. Adopting the notation of
[53, Definition 1], we define having quantum access to a d-dimensional random variable X as the
ability to query a quantum sampling oracle that produces a quantum superposition representing the
probability distribution of X.

Definition 10 (Quantum sampling oracle). For a d-dimensional random variable X, its quantum
sampling oracle Ox is defined as

Ox |0) — Vpx(x)dz |z) ® |garbage(z)) )

z€ERY

where px (-) represents the probability density function of X.

Using O(a /€) queries to a quantum sampling oracle Oy of any random variable X € R? with
variance o2, our quantum isotropifier outputs an unbiased estimate /i of E[X] such that for any unit
vector v € RY, |(v, i — E[X])| is at most € with high probability. This allows us to construct a
(o7,8)-ISGO using O(oypoly log(1/8/c7) queries to a oy-QVSGO. Combined with our stochastic
cutting plane result in Theorem 1, and with appropriate choices of oy and 4, this leads to our




improved O(dRaV /€) query complexity for quantum SCO in Theorem 7, whose proof can be found
in Section C.5.

Next, we provide a technical overview of our quantum isotropifier, which builds on the quantum
multivariate mean estimation framework of [22]. We begin by considering a simplified scenario
where the random variable X is bounded and satisfies || X || < 1. In this case, [22] first implements
a directional mean oracle that approximately maps |g) to e{9E[X]) |g) for a query g € R%. This
oracle requires only a constant number of queries to the quantum sampling oracle O x provided that
[E(g, X)| < |IE[X]||. To estimate E[X] using this directional mean oracle, [22] applies it to the
superposition Zg cged |g), where G2 is a d-dimensional grid defined as

ko1 1 11
M= —— =4 ——k com—1 ——,=.
G {m 5T 5 €{0 m }}C(zz)

The resulting quantum state approximately decomposes as a tensor product

® (X ™ lig) ).

j=1,...,d “g;€Gm

Then, phase estimation can be performed independently in each dimension to estimate each coordinate
of E[X], similar to the quantum gradient estimation algorithm in [36].

The error in this procedure has two parts: the error in the quantum directional mean oracle and the
error from quantum phase estimation. The first part of the error arises as the directional mean oracle
is accurate only for grid points g € G¢, with |(g, E[X])| < ||E[X]]|. In Section C.2, we provide an
improved error analysis, showing that only an exponentially small fraction of g € GE¢ do not satisfy
this condition. Hence, in the analysis we can effectively replace the directional mean oracle by a
perfect one that performs the map |g) — ¢(9E[Xil) |g) exactly for all g € G2, and the resulting
quantum state only has an exponentially small change in trace distance.

As for the second part of the error, we note that while the phase estimation procedures in different
coordinates are independent, i.e., for any j # k, the estimates /i; and fi, of E[X;] and E[X}] are
sampled independently from two distributions, their biases may still contribute positively in certain
directions. Consequently, even if each /i; has a bounded error satisfying |{1; — E[X]| < ¢, there may

exist a unit vector u € R% such that | (1 —E[X], u)| = ©(ev/d) which is larger than the per-coordinate

guarantee by a factor of v/d. In this work, we demonstrate that the additional v/d overhead can
be avoided by replacing the original phase estimation with the boosted unbiased phase estimation
algorithm from [57]. For each coordinate j, this algorithm produces an unbiased estimate fi; that has
bounded error |fi; — E[X;]| < € with high probability. Consequently, for any unit vector u € R, the
error (i — E[X], u) can be approximated as a weighted sum of zero-mean bounded random variables,
which follows a sub-Gaussian distribution with variance ©(e?) [61]. This implies that i not only is
unbiased but also has isotropic noise.

We then extend this result to unbounded random variables, as detailed in QUnbounded (Algorithm 3)
in Section C.3. Following a similar approach to [22], we decompose X into a sequence of truncated
bounded random variables and estimate each one independently. We show that the isotropic noise
property is maintained throughout this process. Despite our use of the unbiased phase estimation
subroutine [57], the output of QUnbounded may still be biased due to truncations. Notably, while
[53] developed a general debiasing scheme for quantum mean estimation algorithms that treats them
as black-box procedures, directly applying their scheme to QUnbounded would compromise the
isotropic noise property. As detailed in Section C.4, we utilize the multi-level Monte Carlo (MLMC)
technique [26] to address this issue. Specifically, we develop a modified version of the MLMC
variants introduced in [10, 4, 53] that preserves isotropic noise while maintaining unbiasedness.

To illustrate our approach, suppose we want an unbiased estimate whose error is smaller than € in
any direction with high probability. Let /1(/) denote the estimate obtained by running QUnbounded to
accuracy e, i.e., | (1) — E[X],u)| < ;e with high probability, where 3; is a chosen coefficient.
Then, our new estimator /i is:

1 . . )
Draw j ~ Geom(i) e N, compute ji + (0 + 27 (,&(]) — [N—l)).



This estimator is unbiased as long as lim;_,, 3; = 0, given that

Bl = B[] + 3 _P{J = j}2/ (B[] - B[a07V)) = lim E[iV)] = B[X].

Jj—o0

Moreover, the expected query complexity of the new estimator /i is larger than that of (9, which is
of order O(c/€), by a multiplicative factor of

L+ P{T=3}B + 80 =1+ ) 27787+ 8;)

Jj=1 Jj=1

This factor is a constant if we choose 3; = 27771987 for any C' > 1. Furthermore, we show
later that /i also satisfies |(i — E[X], u)| < O(e) with high probability as long as C'is a constant,
preserving the isotropic noise property. In our full algorithm, Algorithm 4 in Section C.4, we choose
C = 2 for simplicity.

3 Conclusion

We define a new gradient noise model for SCO, termed isotropic noise, for which we achieve tight
upper and lower bounds (up to polylogarithmic factors). Our upper bound improves upon the state-of-
the-art (and in particular SGD) in certain regimes, and as a corollary we achieve a new state-of-the-art
complexity for sub-exponential noise. We then develop a subroutine which may be of independent
interest called a quantum isotropifier, which converts a variance-bounded quantum sampling oracle
into an unbiased estimator with isotropic noise. By combining our results, we obtain improved
dimension-dependent rates for quantum SCO.

One limitation of our work is we only resolve Problem 1 under stronger assumptions on the noise
(e.g., sub-exponential noise in Corollary 3), whereas the rate we achieve under a VSGO (Corollary 4)
is worse by roughly a d-factor. Another limitation is that our improved quantum rates are dimension-
dependent, and have unclear long-term practical impact. Regarding the former, we note that a series
of works have shown that dimensions-dependence is necessary for quantum algorithms to achieve an
improved scaling in 1/¢ in a variety of settings [24, 25, 66].

We hope that by identifying the natural open problem Problem 1 and developing techniques to resolve
it under stronger assumptions, we leave the door open to future work on resolving fundamental
trade-offs between the variance, Lipschitz constant, and dimension in SCO. We believe charting
these trade-offs is important since it would yield a sharp understanding of the precisions at which
algorithms such as SGD are superseded by other methods. Such questions have long been understood
in the deterministic setting, and we believe our work is an important step in resolving them under
stochasticity and in quantum settings.
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made in the paper.
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to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

¢ The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA|
Justification: Our results are theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA|
Justification: Our results are theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Our results are theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: It conforms to the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA|

Justification: This paper is largely theoretical and consequently we do not expect broad
societal impacts (beyond further research and educational use) without further work.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This is a theoretical work and we do not foresee any such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We do not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA|
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Upper bounds for SCO under ISGO, ESGO, and VSGO oracles

In this section, we prove an upper bound for Problem 1 given a (o7, ¢)-ISGO in Theorem 1, and then
instantiate the result to achieve upper bounds for Problem 1 given either a 0 g-ESGO or o -VSGO
in Corollaries 3 and 4 respectively. Given an ISGO, our algorithm for Problem 1 proceeds in two
stages. In Section A.1, we give a stochastic cutting plane method which utilizes a (o, 0)-ISGO to
return a finite set of points with the guarantee that at least one of the points is e-optimal. Then in
Section A.2, we show how to use a (o7, d)-ISGO to obtain an approximate minimum among this
finite set of points. We note that all results and discussion in Sections A.1 and A.2 are stated in the
context of solving Problem 1 given a (o7, ¢)-ISGO, unless we explicitly specify otherwise. Finally,
we put everything together and prove Theorem 1 in Section A.3.

A.1 Finding candidate solutions via a stochastic cutting plane method

In this subsection, we show how to obtain a finite set of points with the guarantee that at least one of
them is e-optimal via a stochastic cutting plane method in the setting of Problem 1 given a (o7, d)-
ISGO. Cutting plane methods solve feasibility problems, for which we will use the formulation of
[52, Definition 8.1.2], except we translate from distance bounds in the /,,-norm to distance bounds
in the /5-norm.

Definition 7 (Feasibility Problem). For R’ > r > 0, we define the (R’, r)-feasibility problem as
follows: We are given query access to a (potentially randomized) halfspace oracle which when
queried at v € Bo(R'), outputs a vector g,, € R\ {0}. The goal is to query the oracle at a sequence
of points x1, ..., xr € Ba(R') such that Bo(R') (Vi) H> (9a,» 9a,x¢) does not contain a ball of

radius r (namely, any set of the form Bs(r, z) for z € R?). We call an algorithm a T -algorithm for
the (R’, r)-feasibility problem if it achieves this goal with at most T queries.

We give a standard query complexity for the (R’, r)-feasibility problem in the following proposition.
For completeness, we also give a standard short proof using the center of gravity cutting plane method,
but we emphasize that our results are agnostic to the choice of cutting plane method used to prove
Proposition 1. See, e.g., [56, 40, 34] for other cutting plane methods with similar query complexities
(and which may have improved runtimes).

Proposition 1. There exists an O(dlog(R’/r))-algorithm for the (R', r)-feasibility problem.

Proof. We apply the so-called center of gravity method, e.g., [8]. For iterations ¢t = 1,2,..., the
center of gravity method queries the halfspace oracle at the origin for ¢ = 1 (the center of gravity of
By (R')), and at the center of gravity of the set Ba(R') (yep—1) > (9as. 9ga. i) fort > 1, where

3, € R? denotes the iterate at step k and g,,, € R? denotes the halfspace queried at x;, during step k.
Recall that the volume of an d-dimensional Euclidean ball (equivalently, ¢5-ball) of radius 5 > 0 is
h(d) - 3¢, where h is some function of the dimension d which won’t matter in the following. Then
letting vol(-) denote the volume of a set, we have vol(By(R’)) = h(d) - (R')%, and the volume of
any Buclidean ball of radius r is h(d) - 7. Letting S; :== Ba(R) Nie H> (9o, 9a,wr) fort €N,
Griinbaum’s theorem [29] yields vol(S;) < (1 — 1/e)* - vol(Bz(R’)), and the result follows. I

It is well known that solving the feasibility problem where the halfspace oracle is given by the negative
gradient of f suffices to obtain a finite set of points such that at least one is e-optimal [47, 40]. [53]
demonstrated that this is still possible with stochastic estimates of the gradient, provided that —V f
is approximated to sufficiently high accuracy in the ¢5-norm with high probability at each iteration
by averaging over multiple samples. Our key observation is that the analysis of [53] mainly relies
on controlling the error of the gradient estimator in a single direction, namely the one-dimensional
subspace spanned by x; — x*, where x; is the current iterate. A (o, d)-ISGO with ¢ sufficiently
small allows us to control this error with fewer samples than, for example, a 0-VSGO (Definition 3),
allowing for savings of up to a multiplicative d factor in the complexity of estimating the gradient at
each step when compared to a 0-VSGO or ¢-BSGO.

Toward formalizing this discussion, we first define a marginal version of the n-approximate gradient
oracle specified in [53, Definition 5]. Note that this definition still allows us to control the error of the
estimator in £o-norm. This will be necessary to obtain our guarantee, but we will only need to weakly
control this error which can be polynomial in d.
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Definition 9 (MAGO). §(-,-) is a marginal (n > 0,I" > 0)-approximate gradient oracle ((n,T')-
MAGO) if when queried at x,u € RY, the (potentially random) output §(z,u) € RY satisfies

19(z,u) = V(@) <T and [(§(z,u) = V[(z),u)| <n fora:=u/|ul. )

Next, we show that an (77, 77v/d)-MAGO can be implemented with high probability using a (o7, §)-
ISGO without knowledge of the second argument, the directional input .

Lemma 1. Forany6,¢ € (0,1); x, u € RY; and n > 0, a query §(z,u) to an (9, T = n/d)-MAGO
can be implemented using K = O( > log(2d/€) + 1) queries to a (o1,0)-I1SGO Oy (+), with success
probability at least 1 — £ — 6dK and without access to the input u.

Proof. For K € N to be chosen later, consider the estimator Z := % >, e Zr for Zi,... Zx g

O;(z), which does not require knowledge of u. Let {uy} ¢4 denote any orthonormal basis of R?
such that u; = u/||u||, and define for all £ € [d]:

- Z Y ). where Yk(z) = (Zy — Vf(x),u) for k € [K].
ke[K

Note that IEYk(e) =0, and |Yk(e)| < or/Vdforall (k,¢) € [K] x [d] with probability at least 1 —§dK
by Definition 4 and a union bound. Then conditioning on the latter event £, Hoeffding’s inequality
[63, Proposition 2.5] yields for all £ € [d]:
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IP’[\?“)| >t 5} < 2exp<
I

—Kdt?
) forallt > 0.

Choosing K = O( > log(2d/€) + 1) glvesIP’[|Y( )| > | 5} < ¢/dforall ¢ € [d], in which case

P [sup Z = V() ug)| < n] - P

Leld]

sup [T < | 5] PE] > (1—6)(1 - 6dK) > 1 — € — §dK
Le(d]

=&’

by a union bound. Finally, note that the event £’ implies the first condition in (4) since then

1Z=Vi@l = |3 (Z=Vi@)u)?*<nVd,
Le(d]
and the second condition in (4) follows because recall we chose u; = u/||u/|. O

Next, we show how to obtain a finite set of points such that at least one is e-optimal using an
appropriate MAGO. Critically, the second argument to the MAGO must be allowed to depend on z*.
However, this does not pose an issue when we ultimately instantiate the MAGO queries via ISGO
queries since doing so does not require any knowledge of the second argument to the MAGO, per
Lemma 1.

Lemma 2 (Obtaining candidate solutions via the feasibility problem). Suppose R',r > 0 are
such that Ba(r,xz*) C Ba(R') and f(z) < f(x*) + €/2 for all z € By(r,x*). Then given an
(n = g, = n\/g)-MAGO g(-, ) where only the second argument can depend on x* and a
T-algorithm for the (R’,r)-feasibility problem, and additionally supposing r < €/(4T"), we can
compute a finite set of points S C Bo(R') with |S| = T such that minges f(z) < f(z*) + ¢

Proof. We run the T -algorithm for the (R’, r)-feasibility problem with the halfspace oracle at a
point 2 € R given by —g(x, z — x*). By definition, this produces a sequence of points S = {z; €
By (R') }epr such that Bo(R') (e H> (=9t —g, x;) does not contain a ball of radius r, where

—g; denotes the output of the halfspace oracle at the ¢-th step (i.e., g, was the result of the oracle
call g(xy, xy — x*)). (If the T-algorithm terminates with less than T queries, we can pad S with
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duplicates.) Note that we can terminate immediately if the halfspace oracle outputs g; = 0 at some
step ¢ since then

Fl@e) = f@*) < (Vf(@e),2 —a*) = (Vf(@i) — goowe — %) < 2R/<W (@) = g0 Ili_i> =

by convexity, the fact that ¢, * € Bs(R’), and the definition of §(x¢, z; — z*). Then supposing
g+ # 0 for all t € [T, it must be the case that at some iteration ¢ € [T, there exists z € Ba(r, x*)
such that —g," 2 < —g,' 2. Then by convexity

f(@e) < f(2) +(Vf(ae), 2 — 2)
= f(2) + (g, 2t — 2) +(Vf(21) — g, 20 — %) +(Vf(2¢) — g1, 2" — 2) < f(2") + ¢,

@ @ ®

where the last inequality followed because (1) < 0 by the definition of z; we have Q) < n|x; — z*| <
2R'n < €/4 by the definition of §(z4, x; — 2*); we have 3) < I'r < ¢/4 by Cauchy-Schwarz, the
definition of §(z,x; — x*), and the additional assumption on r; and finally z is €/2-optimal. O

Finally, we give our main result for this subsection:

Lemma 3 (Obtaining candidate solutions via an ISGO). For T' = O(dlog(d + RL/¢)), there exists
an algorithm which returns a finite set of points S C By(2R) with |S| = T and min,cg f(x) <
f(@*) + e using

2 2
M = O(T(lz ZI log(2dT/¢) + 1)) queries to a (o1,0)-ISGO Oy (+)
€

and with success probability at least 1 — & — ddM.

Proof. We first apply Lemma 2 with R’ := 2R and r := min{5, 5=} (with :== 55 and T := nv/d
as in Lemma 2). Note that we can assume € € (0, RL) without loss of generality as otherwise the
origin is e-optimal, in which case R > r, implying Bs(r, *) C Bs(R'). Furthermore, every point in
Bs(r,x*) is €/2-optimal given that f is L-Lipschitz. Thus, combining Lemma 2 with Proposition 1,
we can obtain S with

T = O(dlog(R'/r)) = O(dlog(R(L +T)/¢)) = O(dlog(d + RL/e))

queriesto a (n = g, I = nv/d)-MAGO. The result then follows by instantiating each MAGO
query per Lemma 1, and the final success probability follows from a union bound. O

A.2 Approximate minimum finding among a finite set of points

Here we show how to use an ISGO to obtain an approximate minimum among a finite set of points
S C R% (As a reminder, Section A.2 is stated in the context of Problem 1 given access to a (a7, §)-
ISGO, unless we specify otherwise.) To do so, we adapt the techniques of [53, Section 4.2], which
solves the same problem except with a (quantum) BSGO (recall Definition 2).% At a high level, the
procedure involves iteratively replacing pairs of points (x, ') in S with a point Z on the line segment
between x and ', with the guarantee that the objective value of Z is (approximately) at least as good
as that of both x and 2. This is done in multiple levels, eventually comparing pairs that were the
result of previous comparisons, until only a single point remains. For a pair (z, z’), the point Z is
computed via a binary search procedure on the line segment between them using the ISGO. Ceritically,
analogously to the main result of Section A.1, a (o, §)-ISGO allows for up to a d-factor savings when
implementing this binary search over a -BSGO or 0-VSGO.

To start, Algorithm 1, which is stated independently of the context of Problem 1, gives a procedure
for computing an approximate minimum over [0, 1] of a one-dimensional Lipschitz convex function,
given access to a sequence of approximate first-order derivatives (see Line 4). We will ultimately use
Algorithm 1 to obtain Z for a pair (z, ') as discussed above. Algorithm 1 and its analysis are based
on Algorithm 4 in [53].

8 An alternate procedure for solving this problem via a BSGO was given in [33, Proposition 3]. However,
unlike the procedure of [53, Section 4.2], it is not clear how to adapt their techniques to an ISGO (or even a
VSGO). See also [18, 5] for related procedures.
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Algorithm 1: InexactLineSearch(h,€’)

Input: Convex G-Lipschitz & : R — R, target accuracy € > 0
Output: z € [0,1] s.t. h(2) < min (o) h(2) + €
20+ 0,2z, <1
while 2, — z, > €//G do
Zm < (zr + 2¢0)/2
Let @, bes.t. |U,, —h'(zm)] <€/4
if |G, | <¢'/4then return Z < z,,
ifu,, > 0then z,. < z,, else z; < z;,

return z < zy

Lemma 4 (Algorithm 1 guarantee). Given differentiable, convex, G-Lipschitz h: R — R and
€ > 0, Algorithm I terminates after O(log(G/€')) iterations® and returns z € [0, 1] such that
h(z) < min_eo, 1) h(z) + €.

Proof. The iteration bound is immediate from the fact that each iteration halves the length of [z, 2.
As for correctness, if Algorithm 1 terminates on Line 6, then |1/ (z,,,)| < €' /2 by a triangle inequality,
in which case convexity implies for all z € [0, 1]:
h(zm) < h(2) + 1 (2m)(zm — 2) < h(2) + |W (z2m)] |2m — 2| < h(z)+ €.
On the other hand, suppose Algorithm 1 terminates on Line 7. Pick any z* € argmin, (o 1) h(2),
and we claim Algorithm 1 maintains the invariant z* € [zy, z,]. This follows by induction because
the condition @, > 0 in Line 6 implies @, > €'/4 due to the failure of the termination condition
in Line 5, in which case h'(z,,) > 0 by a reverse triangle inequality. Then
B (zm)(zm — 2%) > h(zm) —h(z*) >0 = 2z, — 2" >0 = 2* € [24, 2m).
The case where 4, < 0in Line 6 is analogous. To conclude, the termination condition of Line 2
implies the following in Line 7 by the invariant and Lipschitzness:
=2 <€)/G = |z —2"| <€/G = h(z) < h(z") +¢€.
O

Before proceeding, we provide a version of Lemma 1 where we don’t control the error of the MAGO

estimator in £5-norm, allowing for a potential logarithmic-factor improvement in the ISGO query

complexity needed to implement the MAGO as well as a higher success probability. Technically

Lemma 5 is not necessary to prove our ultimate guarantee Theorem 1, where we do not explicitly

state polylogarithmic factors for brevity, but we include it for completeness and to make it clear what

aspects of the MAGO we actually need for individual lemmas.

Lemma 5. Forany 6,¢ € (0,1); z,u € R%; and n > 0, a query §(x,u) to an (1, 0)-MAGO can
2

be implemented using K = O(;sz log(2/&) + 1) queries to a (o1,06)-ISGO Of(+), with success

probability at least 1 — £ — § K and without access to the input u.

Proof. Consider the estimator Z := % Zke[K] Zyfor Zy,...,Zk id O;(z), which doesn’t require

knowledge of u. Define

1
Vi= o > Vi where Y, = (Z — Vf(x),u) fork € [K].
ke[K]
Note EY;, = 0 and |Yy| < o;7/+/d for all k € [K] with probability at least 1 — § K by Definition 4

and a union bound. Letting £ denote the latter event, an application of Hoeffding’s inequality implies
P[|Y| > n| &] <&, in which case

P[(Z —Vf(z),u) <n] =P[|Y] <n| €] -Pl€] 21—~ K.

° An iteration is a single execution of Lines 3-6.
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We now use Algorithm 1 as a subroutine to obtain Z for a pair (z, z').

Lemma 6. For¢ > 0; ¢ € (0,1); and x,2' € R? with D = ||z’ — z||, there exists an algorithm
which computes T, a convex combination of x and x' such that f(z) < minyep 1) f(z+A (2" —x))+¢€
using at most

M = O(M’(D “of log(M'/€) + 1)) for M' = O(log(DL/€))

de'?
queries to a (o1, 0)-ISGO Oj(-), with success probability at least 1 — & — §M.
Proof. If D = 0, we return z. Otherwise, define ) = z + A(z’ — z) for A € R, and let
h(\) == f(xx). Note that h is D L-Lipschitz since
W) = (Vf(a), 2" —z) = [N < [VF()ll]l2" - =[] < DL.

Note that for a given A € R and v > 0, we can obtain @) € R such that @y — h/()\)| < v using a
single query to a (v/D, 00)-MAGO (-, -). Indeed, with Z ~ g(xy, 2’ — x) and a4y + (Z,2" — x),
i = W' (N)| = KZ = Vf(z2), 2" —z)| <.

Furthermore, for ¢ € (0,1), each query to g(-,-) can be implemented with K =

0] ( Ddz;? log(2/¢') + 1) queries to a (o7, §)-ISGO and success probability 1 — ¢’ — § K by Lemma 5.

Putting this together, we can obtain @, such that |ay —h'(\)] < v with K =

O([ﬁ;? log(2/¢") + 1) queries to a (o, d)-ISGO and success probability 1 — ¢’ — K. Com-

bining this with the fact that h is D L-Lipschitz, it is clear that A +~ InexactLineSearch(h, ¢') can
be implemented with

M = O(M’(DQU% log(M'/€) + 1)) for M’ = O(log(DL/¢"))

d6/2

queries to a (o7, 6)-ISGO, with, by a union bound, success probability at least 1 — £ — 6. To
conclude, note

f(@=a5) =h()) < in h(A) = min f(z+ Az’ — ).

Finally, we give our main result for this subsection:

Lemma 7 (Finding the best among a finite set of points). For T € N, suppose S == {x; € Rd}tem
is such that ||z; — ;|| < D foralli,j € [T]. Then for e > 0 and § € (0, 1), there is an algorithm
which returns a point x in the convex hull of S such that f(x) < ming cgs f(z') 4 € using at most
M(T — 1) queries to a (o1,9)-ISGO Oy (-), for

D2 2
M = O<M’ <dZI log?(T) log(M'log T/€) + 1>) with M' = O(log(DLlog T /¢)),
€

and it succeeds with probability at least 1 — £ — M log T

Proof. For a pair x,z’ in the convex hull of S, we can apply Lemma 6 to obtain Z, a convex
combination of x and =’ such that f(Z) < min{f(z), f(z')} + ¢/ log T using

M = O(M’(IZ;;% log?(T) log(M'log T/€) + 1)) for M’ = O(log(DLlogT/€))

queries to a (o1, 0)-ISGO, with success probability 1 — &/log T — J M.

Next, we assume without loss of generality that |T'| is a power of 2, as z; can be duplicated if
this is not the case. Then consider a complete binary tree with 7" leaves, and define the ¢-th layer
for £ € {0} U [log,T] to denote those vertices which are distance ¢ from a leaf node. (In other
words, the 0-th layer contains the leaf nodes, and the final (log, T')-th layer is the root.) We assign
Z1, ..., to the leaf nodes, and iteratively populate the ¢-th layer of the tree for £ = 1,2, ... ,log, T
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via the following process: For each node in the ¢-th layer with children z and 2’ in the (£ 4 1)-
th layer, we assign to that node the estimator described above with inputs x and z’. Assuming
x1 € argmingg f(x) without loss of generality, note that conditioned on all of the estimates
along the path from the leaf x; to the root succeeding, which happens with probability at least
1 — & — M log T by a union bound, the value of f at the root z, (which we output) can be bounded
as f(x,) < f(x1) + €. The final query bound follows from the fact that we call the estimator 7" — 1
times, since there are 7' — 1 non-leaf nodes in the tree. O

A.3 Putting it all together

We now restate and prove our main guarantee for Problem 1 given a (o7, §)-ISGO:

Theorem 1. Problem 1 can be solved with probability at least 2/3 in O(RQJ% /€% + d) queries to a
(O’[,(S)-ISGOfOr any 0 S WW, where M = O(].)
Proof. By Lemma 3, we can obtain a finite set S C B»(2R) with [S| = O(d) and min,cg f(z) <
f(z*) +€/2 using K = O(R?*0% /e + d) queries to the (o7, §)-ISGO, with success probability at
least 9/10 — 0dK. Then giving this set S as input to Lemma 7, we can obtain x € B»(2R) such
that f(z) < mingeg f(2) + €/2 using K’ = O(R?0} /€? + d) queries to the (o7,§)-ISGO, with

~ 2 2
Ro7

success probability at least 9/10 — ¢ - O( gt + 1). Then f(x) < f(x*) + € with probability at

least 2 /3 by the valid range of § and a union bound, and the total number of queries is K + K’ =
O(R%*0%/e* + d). O

Next, we instantiate Theorem 1 to obtain upper bounds for solving Problem 1 with a 0 z-ESGO or
oy -VSGO. First, we show in the following lemmas that ISGOs can be implemented using ESGOs
and VSGOs respectively. In particular, Lemma 8§ says that an ISGO query can be implemented
with an ESGO at the cost of only a log factor, whereas Lemma 9 says that doing so with a VSGO
additionally picks up a v/d factor. Indeed, this v/d-factor is the reason our rate for solving Problem 1
with a VSGO is a d-factor worse than solving Problem 1 with an ISGO or ESGO. We note that the
proof of Lemma 9 is based on ideas from [53, Lemma 7].

Lemma 8. Forany o > 0and § € (0,1), a 0g-ESGO is a (0 log(2/6),6)-ISGO.

Proof. Forany 6 € (0, 1) and any unit vector u € R?, by Eq. 2 we have
P[[(Op(x) — V() u)] > (op/Va) -log(2/8)] < 6.
O

Lemma 9. Forany oy > 0and € (0,1), a query to a (60 /d, §)-ISGO O (-) can be implemented
using O(log(2/6)) queries to a oy -VSGO Oy (-).

Proof. Supposing we wish to query Or(-) at z € R?, let Zy,..., Zx u Oy (z) for K € N to
be chosen later. Chebyshev’s inequality yields P[||Z, — V f(z)| > 20y] < 1/4 for all k € [K].
Define J = {k € [K] : ||Z — Vf(z)|| < 20y}, in which case a Chernoff bound gives P[|J| <
2K /3] < 2e~¢K for some absolute constant ¢ € (0,1). Thus, choosing K = O(log(2/4)) yields
P[|J| < 2K/3] < §. Then conditioning on the event where |J| > 2K /3, which happens with
probability at least 1 — 4, observe that if a sample Zj, for some k € [K] is such that

{K' € [K]: (|2, — Zi|| < dov}] = 2K/3,

namely Zj, is 4oy -close to at least 2K /3 of Z1, ..., Zk, then there must exist some j € J such that
|Zk — Zj|| < 20v, implying || Z; — V f(z)| < 60y by a triangle inequality. Furthermore, such a
sample Z, is guaranteed to exist when conditioning on |.J| > 2K /3 since any sample corresponding
to an index in J satisfies this property in particular by a triangle inequality. Finally, we conclude by
noting therefore that when |.J| > 2K/3, we have for any u € R? with ||u| = 1:

(2 = V[f(2),u)| <2k — V[(z)| < 6oy
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Finally, we give our upper bounds for Problem 1 with a 0 g-ESGO or oy -VSGO in the following
corollaries, which we restate here for convenience.

Corollary 3. Problem I can be solved with probability at least 2/3 in O(R?0%, /€ + d) queries to a
(o) -ESGO

Proof. By Lemma 8, Og/(+) is a (o log(2/d), 0)-ISGO per Definition 4. The result then follows by
setting 6 <— m where M = O(1) and applying Theorem 1. O
E

Corollary 4. Problem 1 can be solved with probability at least 2/3 in O(dR?0?, /> + d) queries to
a oy-VSGO.

Proof. By Lemma 9, we can implement a query to a (60yV/d, 6)-ISGO with O(log(1/d)) queries to

Oy (-). We conclude by setting § < m where M = O(1) and applying Theorem 1.
\%4
O]

B Lower bounds for SCO under ISGO and ESGO oracles

In this section, we establish lower bounds for solving Problem 1 with either a (o7, §)-ISGO or o -
ESGO. We begin by defining a mean estimation problem for random variables with sub-exponential
noise and provide a lower bound for this problem in Section B.1. Then in Section B.2, we establish
our lower bound for solving Problem 1 given a 0 5-ESGO by reducing this isotropic mean estimation
problem to the former. Finally, we give our lower bound for Problem 1 given a (o7, §)-ISGO at the
end of Section B.2 as a simple corollary by noting that a 0-ESGO is a O(o log(2/06), 6)-ISGO for
any ¢ € (0,1).

B.1 Lower bound for mean estimation with sub-exponential noise

Problem 3 (Mean estimation with sub-exponential noise). Given sample access to a d-dimensional
random variable X that satisfies

P[|(u, X — E[X])| > ] < 2exp (- tVd/oR)
for any t > 0 and any unit vector u, the goal is to output an estimate i of p = E[X] satisfying
4 —pllz <&

Let v € {1} be a fixed vector in the d-dimensional hypercube. We establish our lower bound for
Problem 3 by considering the following d-dimensional random variable X, where each component
X, are sampled independently at random

viaE, w.p. 1 + 86\/10gd,

X — 2v/d 2 oE (6)
? __V,0F w l _ 8€\/logd
ovd WP 2T T

for all ¢ € [d]. Let P,(-) denote this probability distribution.

Lemma 10. For any fixed v € {£1}? and any unit vector u € RY, the random variable X defined in
Eq. 6 satisfies

P[|(u, X — E[X])| > 1] < max {2exp(—t2d/o%),1} < 2exp(—t\/&/oE).

Proof. For any unit vector u € RY, using the fact that each coordinate X 4 1s sampled independently
and satisfies | X; — E[X;]| < 0/V/d, by Lemma 21 we know that (u, X — E[X]) is a sub-Gaussian
random variable with variance
uiog, 2
Z d = O—E/d'

j=1

Hence, for any ¢t > 0 we have

P[[(u, X — E[X])| > t] < max {2exp(—t’d/o}),1} < 2exp<—t\/g/oE>.



Lemma 11. Any algorithm that solves Problem 3 with success probability at least 2/3 must have

observed at least
2

Zogd)

Lemma 12 (Chain rule of mutual information, Theorem 2.5.2 of [55]). For any n > 0 and any
random variables V, XV, ... X we have

i.i.d. samples of X.

IV, XM, xM) = ZI(V;X(i)|X(1), X6,
i=1

Proof of Lemma 11. Consider the random variable X ~ P, defined in Eq. 6 where v is chosen
uniformly at random from {4-1}%. For convenience, let p = 8¢\/logd/o g and 65 = 705 Observe

that V — (X WX (")) — X is a Markov chain, regardless of the algorithm used to construct
X. Therefore, by the data processing inequality,
I(V;X) < I(V; (XM, x ™)), (7)

where I(V; X ) is the mutual information between V' and X, as defined in Section 1.3. We will prove

that if an algorithm outputs X such that | X — Ep, [X]|| < € with success probability at least 2/3
then,
I(V; X) > dJe. )

On the other hand, we will prove that
I(V;(xM, .., X)) < 28ndp?. 9)
Assuming Eq. 8 and Eq. 9 for now and combining them with Eq. 7 we have d/6 < 28ndp?. Therefore,
ne (7).
~ 6-28p? é2logd

Proof of Eq. 8: Suppose an algorithm outputs X satisfying || X — Ep, [X]|| < € with success
probability at least 2/3. Let E be the event that | X — Ep, [X]|| < €. We have

I(V;X)=H(V) - HV|X)
H(V) - (H(V|X, E)p(E) + H(V|X,=E)(1 - p(E)))
)= (H(VIX, Eyp(B) + H(V)(1 - p(E)))
= p(E) (H(V) - H(V|X,E)).
Observe that p(E) > 2/3 and H(V') = d. To compute H(V |X, E) we consider the set
S = {v e {£1}9st. HX _Ep, [X]H2 < g},
and note that H(V | X, E) < log |S|. To bound the size of this set S, fix some vy € S and consider,

S = {v e {£1}4s.t v —volly, < 2¢/(p5E)} .

Using the fact that Ep, [X] = pdgv and the triangle inequality, we have S C S’. To bound the
cardinality of S’ note that for v € S’, v cannot differ from vy on more than N = [é2/(p?G%)] =
[d/(161ogd)] coordinates. Since N < d/2,

N rd d
|S/| < Z (J) < N(N> < 2Nlogd+10gN.
j=1

29



Thus for d > 2,
H(V|X,E) < Nlogd + log(N)

+ 1) log(d) + log (

<( d 4 +1>
~ \16logd 16logd
< 3d/4.
We conclude that
I(V;X) > d/6.

This concludes the proof of Eq. 8.

Proof of Eq. 9: Consider I(V;X™ ... X() By Lemma 12 and the fact that X(*) and
X () are identically and independently distributed conditioned on V', we have

I(V; X0 X)) =3 1(V; X9) = nI(V; X).
=1

Similarly, since the coordinates of X are independent we have
d
I(V;xW, X0 =0 1V X5).
i=1
Next we give an expression for I(V; X;) in terms of p:
I(V; X;) = H(X;) — H(X,|V)

1
where ho(t) is the binary entropy: ha(t) = —tlog(t) — (1 — t) log(1 — t). We claim
1
ho <2+p> >1—28p>. (10)
Assuming Eq. 10 we have,
IV XD XM = ndI(V; X;) < 28ndp?.
It remains to show that hy (% + p) > 1 — 28p?. Observe the following equality:

(i)~ (o0 re () (e 30)
= ((; +p> log (;(1+2p)> + (; —p) log (; (1—2p)>>
;) + (; +p) log (1+2p) + (; —p) log(1—2p)>
—1- <;10g(14p2)+p10g(1i—§z>>.

So it is equivalent to upper bound the following by 28p?:
1 1+2p
= log (1 — 4p? 1 :
5 108 ( p)+p0g<1_2p)

Since p > 0, §log (1 — 4p®) < 0. Hence, it suffices to show that log ((1 + 2p)/(1 — 2p)) < 28p.
To do this we use the facts that 1/(1 — ) < 1+ 2z forz < 1/4, and log(1 + z) < 2z for any z > 0,
and finally 0 < p < 1/4:

£( 15 ) < log((1+20)(1 + 40)
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B.2 Proving Theorem 5 and Corollary 2

We establish our lower bound for SCO with sub-exponential noise by establishing a correspondence
between Problem 3 and solving Problem 1 given a o g-ESGO. Specifically, for any random variable
X in Problem 3 with ¢ = 48¢+/log d/ R, we design the following convex function whose optimal
point is related to E[X],

f(x) = E[fx(2)], (11)

where

1 2L R
fx(x) = —3<m,X>+3~maX{0, ||x||—2} (12)

Lemma 13. Denote w = E[X]/||E[X]|. Given that E[X] < L, the function f defined in (11) has
the following properties:

1. fis convex.

R
5 W.

2. f is minimized at x* =

3. Every e-optimum x of f satisfies

. X 2L R x
ixla) =5 + 21 {lel - § >0} (13)

4. For

we have

Elgx(2)] € 0f(z), Va€R?

5. For any t > 0 and unit vector u € R<, we have

P[l(u, gx (@) — Vf(2)| = 1] < 2exp(~tVd/op).

Proof. Proof of (1): By linearity of expectation,
1 2L R
flz) === (2, E[X]) + — -max< 0, |lz]| — = ;. (14)
3 3 2
This is a convex function of z since it is the sum of a linear function and the max of two convex
functions.

Proof of (2): Suppose ||z|| = 1. We claim that for any ¢ > R/2:

fen) > 7 ()
given that
Flex) > F(Rx/2) <= —Zca E[X] % <c— ?) > _% . ngE[X]
% ( - g) > %xT]E[X] <c_ 1;“)
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Since ||E[X]|| < L, the last line holds. Recalling w = E[X]/|/E[X]||, notice that if = satisfies
xTw > 0, we can decrease the function value by increasing the norm of z up to the value of R/2.
That is, for any ¢ < R/2 we have

~ (R
flex) > f (295) . (15)
Therefore, since the optimal  satisfies that z T w > 0, we must have 2* = (R/2)w.

Proof of (3): Given any e-optimum z, since we must have that zTw > 0, it follows by
Eq. 15 that % . ﬁ is also an e-optimum. Therefore,

f(l;z : ”z”> — f(z*) = é (x - l;'z”)TJE[X] <e

Since z* = (R/2)w we equivalently have

(i) s

Using that ||w||* = 1 and rearranging terms we get

Proof of (4): By Eq. 14 and linearity of expectation we have

Exlix(a)] = -+ 2 1 {lell - 5 >0} 5 cof(o) 16)

Proof of (5): For any x, §x () takes the form
Ix(z) =aX +y, a7

where c; = —fandy = 28 - 1 {||z|| - & > 0} - 77+ Then by Lemma 10 we can conclude that

P[l(u,gx (2) = Vf(@))] = 1] < exp(~tVd/on)
for any ¢ > 0 and any unit vector u € R, O

The next lemma establishes a lower bound for Problem 1 with access to actual gradients, or equiva-
lently a 0 5-ESGO with o = 0.

Lemma 14 (Theorem 3 of [24]). Any algorithm that solves Problem I with success probability at
least 2/3 must make at least Q(min{RL/e?,d}) queries.

Theorem 5. Any algorithm which solves Problem 1 with probability at least 2/3 using a o g-ESGO
makes at least Q(R%0% /€* + min{R?L?/e?, d}) queries.

Proof. Consider the function f(-) defined in Eq. 11 with the random variable X ~ P, defined in
Eq. 6, where v is chosen uniformly at random from {£1}¢. Let = denote the output of the algorithm
after making n queries. If x is an e-optimal point, then by Lemma 13,

(chn)T (nggn) > L~ g

Using the fact that, for any unit-norm vectors v and v, ||u — v||, = /2 (1 —u"v), we have
’ x E[X] < 12¢
I EXTI, ) RIEXI
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For X defined in Eq. 6 we know that ||E[X]|| = 4é+/log d, regardless of the value of v. Therefore,

defining X = Hﬁ[jﬁ]” -x,and set € = 485/{2?, we have

X - IE[X]H2 < VI2[EX]|/R < . (18)

Next, we observe that we can simulate the responses of the subgradient oracle defined in Eq. 13 using
only n i.i.d. samples of X ~ P,, which is a 0g-ESGO by Lemma 13. Therefore, any algorithm
which can output an e-optimal point « with probability at least 2/3 can be used to construct a mean-
estimation algorithm which outputs an estimate X that satisfies HX — E[X] H < € with probability
at least 2/3. Therefore by the hardness of mean estimation with isotropic noise, established in
Lemma 11, we must have that

2

O D2 P22
n> Q(ngogd) = Q0% R2/).
Combined with Lemma 14, we obtain the desired result. O

Finally, we obtain our lower bound for Problem 1 given a (o, 6)-ISGO as a simple corollary.

Corollary 2. Any algorithm which solves Problem 1 with probability at least 2 /3 using a (o1,9)-
ISGO makes at least Q(R?03 /(e log®(1/6)) + min{ R2L? /e, d}) queries.

Proof. By Lemma 8, any 05-ESGO is a (0 g log(2/6), §)-ISGO. The result then follows by setting
op < or/log(2/6) and applying Theorem 3. O

C Quantum isotropifier and an improved bound for quantum SCO

C.1 Qubit notation and conventions.

We use the notation |-) to denote input or output registers composed of qubits that can exist in
superpositions. Specifically, given m points 1, ...,z € R? and a coefficient vector c € C™
such that Zie[m] |c;|> = 1, the quantum register could be in the state [1)) = Zie[m] ¢i |z;), which
represents a superposition over all m points simultaneously. Upon measuring this state, the outcome
will be x; with probability |c;|2. Moreover, to characterize a classical probability distribution p over
R? in a quantum framework, we can prepare the quantum state | crae V P(x)dz |z), which we denote

as the state over R? with wave function \/p(z). Measuring this state will yield outcomes according to
the probability density function p. When applicable, we use |garbage(-)) to denote possible garbage
states.'0

Throughout this paper, we assume that any quantum oracle O is a unitary operation, and we can also
access its inverse O~ ! satisfying O~10 = OO~! = [I. This is a standard assumption in prior works
on quantum algorithms, see e.g. [22, 53].

C.2 Bounded random variables

In this subsection, we introduce our quantum multivariate mean estimation algorithm for bounded
random variables whose error is small in any direction with high probability. This algorithm is a
variant of [22, Algorithm 2]. We begin by presenting some useful algorithmic components.

Lemma 15 (Directional mean oracle, Proposition 3.2 of [22]). Suppose we have access to the quantum
sampling oracle Ox of a bounded random variable X satisfying || X || < 1. Then for any v > 0, there
exists two procedures, QDirectionalMeanl(X,m, a,v) and QDirectionalMean2(X,m, a,v),

10The garbage state is the quantum counterpart of classical garbage information generated when preparing a
classical random sample or a classical stochastic gradient, which, in general, cannot be erased or uncomputed.
In this work, we consider a general model without any assumptions about the garbage state. See e.g., [27, 53]
for a similar discussion on the standard use of garbage quantum states.

Throughout this paper, whenever we query a quantum oracle that contains a garbage state, we do not assume
we know its identity. Nevertheless, our algorithm requires that the garbage state be maintained coherently as part
of the system to perform the inverse operation.
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that respectively uses O(m/E[X|log®(1/v)) and O(mlog?(1/v)) queries, and output quantum
states

[Yout,1) = |¥prod) + [L1) [Yout,2) = [Yprod) +|L2) ,
where
d
Wprod) = R ( S eimentiNljg ),
j=1 gJeG
and

Il <0+ [ B oo X)T> BIXT]+2ymad et/

|||J_2)§1/+\/ > [0El{g, X X)| > 1] + 2y/mad"/4e=1/o"
g~Cm

Using QDirectionalMeanf (-) as a subroutine, [22] develops a quantum multivariate mean estima-
tion algorithms for bounded random variables. In this work, we provide an improved error analysis of
this algorithm, based on which we apply the boosted unbiased phase estimation technique introduced
in [57] to suppress the bias in multivariate mean estimation.

Lemma 16 (Boosted Unbiased Phase Estimation, Theorem 28 of [57]). Given k copies of a quantum
state |) = \ﬁ Dgec,, € €™ |g) for some unknown phase ¢ satisfying =23 < ¢ < 2%, there is

a procedure BoostedUnbiasedPhaseEst 1mat10n( |1/)> ) that returns an unbiased estimate ¢
satisfying
Pllé—¢| <6/m] > 1—e"

Proposition 2. For any bounded random variable X satisfying || X | < 1 and minx o || X|| > ¢
Algorithm 2 and its output [i satisfy the following:

LAl < V.
2. [uis almost unbiased, i.e., |E[g] — E[X]| < 0(6\/@
3. For any coordinate j € [d], we have

P[la; — E[X;]| > ] < O(8).

4. For any unit vector u € R?, we have

P[|(u, o — E[X])| > elog(1/6)] < O(4d).

N

Algorithm 2 uses O(«/E||X\|log3(1/6)/e) queries to Ox when [ = 1 and
O( logg(l/é)/e) queries when 3 = 2.

Proof. By Lemma 15, the quantum state [t)o,;) in Line 4 is defined on G‘fn Hence, we have
litlloo < 1and ||fz]| < v/d. Moreover, it satisfies

|¢out> = |¢prod> + |J—ﬁ> ) (19)

where

(0

W}prod> =

(% Z eimag;B[X] |gj>)

Jj=1 g;E€EGm

We first analyze the algorithm with |t)o,) replaced by [¢proq) in Line 4. Note that |1)pr0a) is
a product state, so the outcomes ¢1, ..., ¢y of BoostedUnbiasedPhaseEstimation follows a

34



-

Algorithm 2: Bounded quantum mean estimation with boosted unbiased phase estimation
(Debiased-QBounded)

Input: Random variable X, target accuracy 0 < € < 1, failure probability § < %, choice of
subroutines 8 = 1 or 2
Output: An estimate [ of E[X]

Set e’ < ¢/8,n < /E||X]| log(d/d)/€

— L om= 2{log(%ﬂ ,and v « 9
/10 (10007n/d) 9

fork=1,...,[18log(1/4)] do
L |wc()lfl)t> < QDirectionalMeanf(X, m,a,v)

Run BoostedUnbiasedPhaseEstimation on all the d coordinates independently and denote

Set o +—

(ﬁl, ceey éd to be the outcomes
return i < 2% (¢1,...,¢a) "

product distribution. Hence, in this ideal case /i also follows a product distribution, which we denote
as

P1®P2® -+ @ Pa.
Given that the phase in |[¢p0q) satisfies |¢E[X ]| < 27/3, by Lemma 16, we have
E (3] -EX] =0,

A~p1®---®Pa
and
Pllé, - Smx)| > O] <6 P [l ~ELX) 2 <6,
2w m f1j~P;

Thus, for any unit vector u € R?, the random variable
<u,ﬂ—]E[X}>7 f~pr @ @ Py
satisfies

P [[(uji—E[X])] > elog(1/3)] < O(3d)

A~P1®---@Pa
by Lemma 22 where we set k = d.

Next, we discuss the error caused by the difference between |1p,04) and the actual state [1)qye), i.e.,
the | L g) term in Eq. 19. By Lemma 15, we have

L) <v+ \/ IPC’;d [El{g, X)| > E|| X]|] + ow/mad/te=1/a
GG

m

o
< - P |oE[(g, X E|X
_3+¢gw%[a [{g.2)] > E|IX]]

and

L) || < v+ J P [aEl(g, X)| > 1] +2y/mad/*e!/"
g~ m

o
<= P |oE[(g, X 1
3+¢9NG%[“ (g, )] > 1]

given the choice of parameters of o, m, v in Algorithm 2. By Corollary 9, we have

2

.y 5
P [oE|(g, X)| > E|IX]||] < 16aVde™/ 320 log (aV/d/e) < %
g~Gn
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11

12

and

62
E|(g, >1]<4 —1/(2a%) < 2
B, [0Bllg X)) > 1] < dav/ie <%

which leads to || |L), ||, ]| |L)5 || < 6/2. Hence, the actual probability distribution p of /i satisfies

1 — D1 ®@po® - @ pal|, < 2[1810g(1/8)][| [hout) — [¥proa) || = 726 log(1/5).

Then, we can derive that

| B ] - ELx)| < O(6va),

given that ||fz]| < v/d and || X|| < 1. Moreover, we have
P [|i; — E[X;]| > €] <6+ 725log(1/6) = O(6),
fi~p

and

P [|(u, i — E[X])| > €] < O(6d) + 726 log(1/8) = O(dd).

f~p
By Lemma 15, when 8 = 1 the number of queries to Ox is

[1810g(1/4)] - O(m+/E[| X | log®(1/v)) = O(V/E[ X | log®(1/5)/e).

For g = 2, the number of queries is

[181og(1/8)] - O(mlog®(1/v)) = O(log®(1/6)/e). (20)

C.3 Unbounded random variables with bounded expectation

In this subsection, we introduce our quantum multivariate mean estimation algorithm for unbounded
random variable with bounded expectation, a variant of [22, Algorithm 2], obtained by applying
Algorithm 2 to a series of truncated bounded random variables.

Algorithm 3: Unbounded quantum mean estimation (QUnbounded)

Input: Random variable X, target accuracy 0 < € < 1, failure probability §
Output: An estimate [ of E[X] with £, error at most e

Set o’ «+ o/log(c/e), € « €/(c"log(1/0)), K + [2log (2v2/¢€') ]
Take [64log®(1/€)log(d/d)] classical random samples X1, . . . s X[64 1082 (1/¢) log(d/5)] » US€ 77 tO
denote their coordinate median

Define a new random variable Y «— X —n

a_1 < 0

fork=0,...,Kdo
ay + 2Fo’
Define the bounded random variable Y}, := Y Hag—1 < ||V < ar}
if £ = 0 then /ij < Debiased- QBoundedQ(Yk,2 k=1e' /K, 6/(Kd))
else /i, <—Deb1ased QBounded1 (Y}, 27 %1 /K, 6/(Kd))
i < 2722 then fug

| else fi <0

return ji < 1+ ZkK:o anfix

Lemma 17 (Theorem 2 of [44]). For any n independent samples X1, ..., X,, of a random variable
X € R% any § > 0, and any n > [321og(d/d)], their coordinate-wise median 1) satisfies

3210%(4/5)} >1_ 21
" Z

P[Iln CEX]| <o
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Proposition 3. For any €,5 > 0 and any random variable X € R? with variance Var[X] < o2,
Algorithm 3 outputs an estimate [i satisfying E[i] — E[X] < o/log(1/¢) and

P[|{u, i — E[X])| = €] < O(9) (22)
for any unit vector u € RY. Moreover; Algorithm 3 makes O(a 10g5(1/5)/e) queries to Ox.

Proof. Denote fiy = ZkK:o ayfix. We first consider the case that || X — n|| < ¢’, which happens
with probability at least 1 — § by Lemma 17. Under this condition, we have

2-k—l¢

P|(u, fux — EIYi)| >
by Proposition 2. Additionally, we have
E[|Y]P’] < [ln - E[X]||* + E[| X — E[X]|]*] < 0® + Var[X] = 207,

IX —nl| <] <OG/K),  Vh=0,...K @3

and
E[||Y]?
]P{”Y” Z aK} S HIQ H } S 272K+1.
e
Therefore,
1
EYell < Plar—r < I¥]| < ax] S PIY] 2 1] < 5555, ¥k =0,... K

From this, we deduce that if

R 2-k-1¢
[(u, fie — E[Yz])| >

(24)
holds for all unit vectors u € RY, we have |fix| < 272%*2 and i}, = fi.. Consequently,
K . )
Pl (w v = > aBMI)| = S| 1X —nll < o'] < 00)
k=0
by union bound. Furthermore, we have
K
|BYT = > arBIv | = B - {1V 2 axc |
k=0

<E[Y]-KY] = ax}]
< VENYI?-P{IY[ > ax} <

[N e)

which leads to
P[|(u, iy —E[Y])| 2 e[ |X =1l < o] < O().
Note that ||n|| < [|E[X]|| + ¢ < L + o in this case, we have i — E[X] = iy — E[Y]. Thus,
P[|(u, i EIX])| = ¢| IX 1]l < o'] < O(0).
Counting in the error probability when || — E[X]|| > ¢’, we have
P[|(u, i = E[X])| > €] < O(6) +6 = O(6). (25)

As for the bias of /i, we have
K K

() — LX) <37 ax|[Elan]| + [[Eln) - EX]|| = > arl[EBlm]|| <
k=0 k=0 log(c/¢)

Next, we discuss the query complexity of Algorithm 3. The number of queries in the iteration k£ = 0
is

g

O(HlE BRI _ (7log (1/0)y

134 €

37



and the number of queries in the k-th iteration for £ > 0 is
- (K\E[Yi[log(1/6)\ _ ~olog"(1/6)
O( 2—k—1¢l ) _O( € )

Combining with the number of classical samples to obtain p, we can conclude that the total number
of queries equals

O(alog4(1/5)) +K-O<010g4(1/5)) _ O(alog5(1/5))'

€ € €

C.4 Removing the bias

In this subsection, we combine Algorithm 3 with the multi-level Monte Carlo (MLMC) technique to
obtain an unbiased estimate of an unbounded random variable whose error is small in any direction
with high probability.

Algorithm 4: Quantum Isotropifier

Input: Random variable X, target accuracy e, failure probability &
Output: An unbiased estimate ji of E[X]

Define 3; := 2775%,Vj € N

Set /(%) <—QUnbounded(X, /6, )

Randomly sample j ~ Geom (1) € N

(i) +—QUnbounded(X, B;¢/6,5)

(U~ «—QUnbounded(X, Bj-1€/6,9)

o 0 427 () — 1))

return [

Theorem 8. For any ¢,5 > 0 and any random variable X € R® with variance Var|X|] < o2, the
output [i of Algorithm 4 satisfies E[ji] — E[X] = 0 and

P[|(u, it — E[X])| > elog?(8/8)] < O(d). (26)

for any unit vector u € R%. Moreover, Algorithm 4 makes 0(0’ log5(1/5)/e) queries to Ox in
expectation.

Proof. The structure of our proof is similar to the proof of Theorem 4 of [53]. Note that the output /i
of Algorithm 4 can be written as

1
p=a® 427 (@D —ptDy, g~ Geom(i) eN. 7)
Thus,
E[g] = B[]+ ) P{J = j}2' (B[] - E[3V]) = Efjicc] = E[X].
j=1
For each j € N and /1), we denote £) = [1(9) — E[X]. Then,
P(|(u, i — E[X])| > elog*(8/9)]
=P[|(u, 6@ +27 (¢ — ¢V7D))| > elog?(8/9)]
> P[|(u,£)| > elog®(8/5)/6] + P[|(u, £V)| = 27 elog?(8/6) /6]
+P[|(u,7D)| = 27 elog?(8/4) /6],

where by Proposition 3 we have

P[|{u, )| > elog®(8/9)/6] < P[|(u,£™)| > ¢/6] < O(9),
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and
P[|(u, £ > 277 elog®(8/8) /6] < P[|(u, )| > Bse/6] + P[27 B, > 1og®(8/6)] = O(9).
Similarly, we have

P[|(u, £ 71)| > 277 €log?(8/8) /6] < P[|(u,&7)| > By_1€/6] +P[27 8,1 > log?(8/5)] = O(9),

which gives P[|(u, i — E[X])| > elog®(8/5)] < O(8). Moreover, the number of queries of
Algorithm 4 equals

o(M) (1+ iP{J =3B +8;) O(M) i 7

€ J

j=1
= rolog®(1/0)
=o(7)
by Proposition 3. O

C.5 Animproved bound for quantum SCO

In this subsection, we apply Algorithm 4 to obtain an ISGO using queries to a QVSGO, and then
solve SCO using the stochastic cutting plane method developed in Section A.

Theorem 6. For any differentiable f: RY — R, a (07,6)-ISGO of f can be implemented using
O(ovVdlog (1/8)/o1) queries to a o -QVSGO.

Proof. For any x € RY, it suffices to apply QuantumIsotropifier (Algorithm 4) to the QVSGO
at z. In particular, by Theorem 8, there exists some b= 6(6) such that the output of

QuantumIsotropifier(o;d—'/2/log*(8/4),8) is an (o7,8)-ISGO, and the number of queries
equals O(oyVdlog"(1/8) /or) = O(oy+/dlog” (1/8) /o) in expectation. O

Theorem 7. With success probability at least 2/3, Problem 2 can be solved using O(dRovy /¢)
queries to a oy -QVSGO.

Proof. The proof is established by combining Theorem 1 and Theorem 6, where we set o7 =

eVvd. O

D Sub-exponential distributions and additional discussion of SGO oracles

In this section, we review sub-exponential distributions and also further discuss the relationships
between the various SGOs we define.

Review of sub-exponential distributions. As there are several equivalent ways to define a sub-
exponential random variable [61, Proposition 2.7.1], we will use the following “tail-inequality”
version which suits our purposes:

Definition 11. A random variable X € R is o-sub-exponential if
P[|X —EX| > t] < 2exp(—t/o) forallt > 0.

Analogously to the definition of a sub-Gaussian random vector (see, e.g., Definition 3.4.1 in [61] or
Definition 2 in [35]), we say a random vector X € R? is sub-exponential if all of the one-dimensional
marginals are sub-exponential random variables:

Definition 12. A random vector X € R? is o-sub-exponential if for any unit vector v € R?, we have
that (X, u) is o-sub-exponential, namely:

P[(X — EX,u)| > t] < 2exp(—t/o) forallt > 0.
It is well known that sub-exponential distributions generalize sub-Gaussian distributions and therefore

bounded random variables in particular. Finally, we prove a short lemma which we will reference
below:
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Lemma 18. If X € R is o-sub-exponential, then E||X — EX||> < Cdo? for some absolute
constant C.

Proof. Letting e; denote the ¢-th standard basis vector, we have
E[|X —EX|*=E ) (X —EX,e;)* =) E(X —EX,e;)? < Cdo?,
i€[d] i€[d]

where the last equality follows because if a random variable Z € R is o-sub-exponential, then
E(Z —EZ)? < Co? [61, Proposition 2.7.1]. 0O

Additional discussion of SGO oracles. Note that a 0 g-ESGO as defined in Definition 5 is o5/ Vd-
sub-exponential per Definition 5 as opposed to o g-sub-exponential. We perform this scaling so that,
per Lemma 18, a 0g-ESGO is also a Cog-VSGO for some absolute constant C. In other words,
this scaling makes it so that Definition 5 is truly a restriction of Definition 3, and thus the rates of
Corollaries 3 and 4 are comparable.

E Technical lemmas

In this section, we collect some miscellaneous technical lemmas. The following lemma from [22]
shows that for any fixed vector z € R%, most of the vectors g ~ G¢ have a relatively small inner
product with .

Lemma 19 (Lemma 3.1 of [22]). Let o > 0. For any vector x € R* we have
P lal(g,z)] > ||z]|] < 2e7¥°, VzeR%
g~G

We extend this result and show that this exponentially small probability bound still holds when « is a
random variable instead of a fixed vector.

Lemma 20. Let o > 0. Consider a d-dimensional random variable Y € R? that satisfies

Pla|(Y,z)| > |lz[] < p(e), ¥z € R, (28)

for some p(-) that is a function of o, then for any random variable X € R%, we have

BaB [|(Y; X)[] > 2max | X]] < ap(0) max [V 29)
and
amax [|Y|/E[||X]]?]
P[aB|(Y, X)| > B[ X]]] < Sap(8a) max [V log ( ) 60

Proof. We first prove Eq. 29 by contradiction. Assume the contrary of Eq. 29, we have
E [max{al(¥, X)| - max|| X||,0}] > E max{E[a| (¥, E[X])| — max | X}, 0}]

)

= Emax{a|(Y, E[X])| — max || X]],0}]

Y
> PlaE[(Y, X)| > 2 max || X|] - max || X]|
(%

V

p(a) max [|Y[| max [ X].
However, by Eq. 28, we have
E [max{a|(Y, X)| = max | X][|, 0} < E [max{a|(Y, X)| — || X[, 0}]

ExPylal(Y, X)[ = [|X]|] - a[{Y, X)|

E
Y, X
X
ap(a) max [|Y]| max || X|],

<
<

contradiction.



Next, we prove Eq. 30 by applying Eq. 29. Denote ( = minxo || X||. For any {& > 0, let

k= {log (“]ZCH\/)ng)])-‘ and define a; := (27 for each j € [k]. We then define

X; =X Haj—1 < || X|| <ay},
and
X1 =X -I{[| X]| > ax}
which leads to

k+1
E|X|| =Y E|X;] = Z]EIIX |
j=1 j=1
and
k+1
aE|[(Y, X)| = aZ]E| v, X;)| < QZE| (Y, X;)| + amax || Y ||/EE[| X ||2] (31)
given that
E(Y, Xgq1)| < max [[Y]] - B[ Xpq4 |
E[XE ] [IIXII ]
< max [|Y][- TH ax[|Y][ < max [[Y]|/EE[[| X]?]
Forany j = 1,...,k, we define a new random variable X j that satisfies
X, — Xﬁ w.p. P[XJ#O],
’ 0, wp. PX;=0].
Then,

P(X; # 0] - max | X; |

E||X;|| = P[X; # 0] - E| X,]|| > 5

By Eq. 29, we have

E[(Y, X;)| = P[X; # 0] - E[(Y, X;)]|.

PlaE|(Y, X;)| = 2max | X; ] < ap(a) max Y]],

which leads to
PlaE[(Y, X;)| = 4E[X; ] < ap(a) max [[Y]|

and
k k
P . .
P|a} ENY.X,)| 2 4 E|X, || < kap(a) max|Y]|
j=1 j=1
by union bound. Combining Eq. 31, we can conclude that

P[0 (¥, X)| > 4]} X | + o max ¥ | /EE[ X ]|
< apla >max||Y||1og( il 5' }).

Set
A(E]1X]))?
o (max || Y[)2E[[| X 2]’

Y X
Ey”[aE|<Y,x>|>sEnX]s@p@mxY|1og<“max IVE(LX]] )

miny 2o || X||

&=

we obtain

Since the above inequality holds for any o > 0, we can rescale a by a factor of 8 and conclude that

Y X
%”[aE<KX>|>E||X||]<8ap<8a>max||y||1og<amax|| I/ETTXT] )

miny o || X||
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Corollary 9. Let a > 0. For any random variable X € R¢ with | X || < 1 and minx o | X || > €,

we have
| [0El(g, X)| > max | X||] < 4av/de™"/ )
9~Go,
and
P [aE|(g, X)| > E[|X|] < 160v/de™"/®* log (av/d/e).
gN m
Proof. The results are obtained by combining Lemma 19 and Lemma 20. O

The following lemma establishes that the sum of independent zero-mean sub-Gaussian random
variables also follows a sub-Gaussian distribution.

Lemma 21 (Proposition 2.6.1 of [61]). For any k independent zero-mean sub-Gaussian random

variables Y1, . .., Y}, with variances o3, .. . a,%, their sum Zf Y is also sub-Gaussian with variance
E 2
8> ;0
Lemma 22. Forany €, > 0, u € R¥, and k independent random variables Y1, . .., Y, satisfying
P[[Y; —EY;][ 2] <o, Vjelk], (32)
we have
k k
]P’H S uY - Y wEY, ]‘ > 0||u||elog(1/5)] < 26k (33)
j=1 j=1

Proof. Denote Z; = Y; — E[Y;]. By Eq. 32, each random variable Z; follows a probability
distribution p; that is -close to a probability distribution p; such that maxz, 5, | Z;|| < 2elog(1/9).
Then, the random variable Z; ~ p; follows a sub-Gaussian distribution with variance at most €2, and
the random variable

douiZy, A%y, Ty~ i@ @ Py, (34)
is also a sub-Gaussian distribution with variance at most
k
C*y_uj E_NIZ|P < C¥lul*e, (35)
j:l J J

where C is the absolute constant in Lemma 21, which leads to

Zuj j| = Cllullelog(1/6)] <6 (36)

P1®-- ®Pk [

Counting in the difference between p; and the actual distribution p;, we have

> < 95t
P1®-+ ®pk[ ZUJZ ‘ 8||u||€log(1/6)} § + 0k = 26k (37)
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