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Abstract

Evolutionary program search guided by Large
Language Models (LLMs) has emerged as a pow-
erful paradigm for automated scientific discov-
ery. However, current approaches are fundamen-
tally constrained by three bottlenecks: structurally
blind parent selection, sparse whole-program eval-
uation rewards, and static mutation operators
that fail to adapt during search. We present
GAE (Graph-Augmented Evolution), a frame-
work that resolves these limitations through a
tightly coupled, three-pillar architecture. First, a
relational graph neural network (GNN) parses
programs into typed computation graphs, produc-
ing structure-aware embeddings. Second, an RL-
optimized meta-controller leverages these em-
beddings to replace blind evolutionary sampling
with a directed policy, dynamically selecting op-
timal parents and mutation directions based on
reward history. Third, an online GRPO fine-
tuning loop continuously updates the LLM muta-
tion operator at test-time using group-normalized
evaluation rewards, directly aligning the model’s
generation distribution with high-fitness struc-
tural edits. We evaluate GAE on a challeng-
ing scientific discovery task: symbolic regres-
sion for complex nonlinear oscillator systems.
By transforming stochastic search into a directed,
self-improving trajectory, GAE efficiently discov-
ers closed-form physical equations, consistently
matching or outperforming static LLM-driven
baselines and achieving state-of-the-art out-of-
distribution performance.

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

1. Introduction
The discovery of new algorithms and programs is a cen-
tral frontier in AI-assisted science. Recent work follows
a simple but powerful recipe: combine a large language
model with programmatic evaluation and iterative search.
FunSearch (Romera-Paredes et al., 2024) first demonstrated
that this loop can discover genuinely new mathematical ob-
jects, outperforming decades of hand-crafted combinatorial
search. AlphaEvolve (Novikov et al., 2025) generalized the
principle to complete codebases, achieving state-of-the-art
results on hardware scheduling, matrix multiplication, and
open problems in math and engineering. Following this
line of work, the overall procedure can be viewed as an
iterative search framework in which an LLM serves as a
program mutation operator that generates candidate code
modifications, a task-specific evaluator assigns fitness based
on predefined scoring criteria, and a selection mechanism
iteratively preserves and refines high-performing programs
within the search space.

Despite these successes, three interrelated bottlenecks hin-
der effective evolutionary search, especially in reliably steer-
ing program mutations toward high-quality regions of a
large and complex program space. (1) Reward sparsity.
Each fitness evaluation requires a complete program execu-
tion—a full training run in the case of neural architecture
search, or a numerical integration in symbolic regression.
The archive is updated only when a child outperforms the
current occupant of its MAP-Elites cell, so the search pro-
cess receives a single scalar signal indicating whether the
candidate improves upon the incumbent in terms of the de-
fined fitness score. Programs that nearly beat an incumbent,
for example achieving performance very close to the current
best, or that contain partially correct or structurally meaning-
ful sub-expressions, are still discarded if they do not strictly
improve the cell. As a result, a large population of evaluated
programs is reduced to a sparse sequence of binary improve-
ment events, discarding fine-grained relational information
about proximity to improvement and the contribution of in-
termediate structural modifications. (2) Uninformed parent
selection. AlphaEvolve samples parents by fitness rank with
random diversity, treating the population as an unstructured
bag of programs. However, the program population may

1



055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109

GAE: Graph-Augmented Evolution for Scientific Discovery via Reinforcement Optimization

carry substantial structural information. Effective program
evolution depends on the existence of local structural simi-
larity in the program space. rather than merely high-level
fitness comparison. Without such locality, small mutations
induce unpredictable changes in program behavior, turning
the search process into a largely stochastic exploration. In
contrast, when programs exhibit meaningful local similarity,
neighboring programs tend to induce more consistent and
gradual changes in functionality, allowing iterative muta-
tions to progressively refine performance. (3) Static muta-
tion operator. In AlphaEvolve, the LLM for mutation is
fixed throughout the entire search process, which constrains
the space of program edits to a static and pre-trained distri-
bution. As a result, the system continues to sample from
the same set of structural transformations regardless of the
accumulated search experience.

Our contribution. We present Graph-Augmeted
Evolution, a framework that simultaneously resolves all
three limitations within the OpenEvolve backbone. A
relational GNN parses each program into a typed compu-
tation graph and is trained online to predict fitness (§3.3).
A Discrete SAC meta-controller takes each program’s
GNN embedding and learns which structural edit to
apply next, balancing task-score improvement against
population novelty and complexity via automatic entropy
regularization (§3.4). A GRPO fine-tuning loop uses
group-normalized evaluation rewards and the parent’s GNN
embedding as a variance-reduction baseline to update the
LLM mutation operator online, progressively sharpening
mutation quality throughout search (§3.5). We evaluate
GAE on an important scientific task—symbolic regression
for nonlinear oscillator systems. We utilize the benchmark
datasets from LLM-SR (Shojaee et al., 2024) for our
experiments. In LLM-SR (§4) experiment, GAE discovers
novel programs that consistently match or surpass prior
baselines on the benchmarks, achieving competitive or
state-of-the-art performance. The remainder of the paper is
organized as follows: §2 surveys related work, §3 describes
the GAE framework in full, §4 presents experimental
results, §5 discusses limitations and future directions.

2. Related Work
Prior work addresses at most one of the above-mentioned
bottlenecks in isolation. EvoTune (Surina et al., 2025) and
ThetaEvolve (Wang et al., 2025) finetune the LLM via DPO
and GRPO respectively, yet leave parent sampling unin-
formed. Surrogate-based optimization (White et al., 2021;
Falkner et al., 2018) improves evaluation efficiency but typ-
ically operates over fixed, hand-encoded representations
and does not support open-ended code evolution. Quality-
Diversity RL methods (Nilsson and Cully, 2021; Faldor
et al., 2023; Batra et al., 2023) replace random selection

with policy-gradient updates, but require dense per-step
rewards unavailable when fitness arrives only at program
termination. No existing method closes all three gaps simul-
taneously.

GAE builds on LLM-driven evolutionary search but departs
from its static operator assumption. FunSearch (Romera-
Paredes et al., 2024), AlphaEvolve (Novikov et al., 2025),
and OpenEvolve (Sharma, 2025) all freeze model weights
throughout search, relying on prompt diversity alone for
exploration. EvoPrompting (Chen et al., 2023) extends this
idea through few-shot prompting, yet still fixes the selection
policy. PACEvolve (Yan et al., 2026) addresses scaffold-
level failure modes, such as context pollution, mode col-
lapse, and weak collaboration, through hand-crafted rules,
but leaves the mutation model and selection policy frozen.
ThetaEvolve (Wang et al., 2025) introduces test-time RL
fine-tuning to improve mutation quality, yet ties the weight
update to a single task-specific objective rather than a gen-
eral reusable selector. ShinkaEvolve (Lange et al., 2025) im-
proves sample efficiency via a bandit-based LLM ensemble
and novelty-based rejection filtering, yet the selection policy
remains static and prompt-driven with no learned compo-
nent. Our work adds a learned selector and fine-tuning loop
on top of this backbone, so both the which-to-mutate and
how-to-mutate decisions improve over time.

Maintaining population diversity while improving selec-
tion is precisely the goal of quality-diversity RL, yet ex-
isting methods expose a fundamental mismatch with pro-
gram evolution. MAP-Elites (Mouret and Clune, 2015)
archives diverse elites but samples parents uniformly. Policy
gradient extensions PGA-MAP-Elites (Nilsson and Cully,
2021), DCG-MAP-Elites (Faldor et al., 2023), DCRL-MAP-
Elites (Faldor et al., 2025), and PPGA (Batra et al., 2023)
improve this but all require dense per-step rewards absent in
whole-program evaluation. AURORA (Grillotti and Cully,
2022) relaxes hand-specified feature axes by learning be-
havioural descriptors unsupervisedly. GAE adopts this spirit
for archive indexing while bridging the dense-reward gap
through graph-structured signals propagated across the pop-
ulation.

3. Methodology
3.1. Background: MAP-Elites and OpenEvolve
MAP-Elites. Let X be a program space and B a k-
dimensional behaviour descriptor space binned into cells C.
MAP-Elites maintains an archive A : C → X ∪ {∅} map-
ping each cell to its current elite program. The QD-score
aggregates quality and coverage:

QD(A) =
∑
c∈C

f(A[c]) · 1[A[c] ̸= ∅].
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The deterministic update rule inserts a new program β into
A only if it strictly improves its cell’s incumbent, guaran-
teeing QD is non-decreasing.

OpenEvolve. At each generation, OpenEvolve selects a
parent program fromA, assembles an LLM prompt with the
parent code and top-k elites, queries the LLM for a mutated
child (via SEARCH/REPLACE diffs or full rewrites), evalu-
ates the child with a user-supplied function, and updates A.
Multiple islands evolve in parallel with periodic migration.

3.2. Graph-Augmented Evolution
Graph-Augmented Evolution extends the OpenEvolve loop
with three co-adaptive components, all underpinned by a
shared relational GNN encoder (§3.3) that parses each pro-
gram’s abstract syntax tree into a typed computation graph
and produces a structural embedding z ∈ R128. In RL-
guided parent selection (§3.4), this embedding replaces
uniform parent sampling with an ε-greedy Q-network that
scores every archive candidate by its predicted score im-
provement Qϕ(z), concentrating mutations on structurally
promising parents. Whenever the LLM proposes a group
of G children, online GRPO fine-tuning (§3.5) uses the
group-relative rewards to update the LLM weights in-place,
adapting the mutation policy without interrupting evolu-
tion while leaving the archive and the GNN unchanged.
The GNN encoder itself is updated separately via an MSE
surrogate loss against observed rewards. The three compo-
nents share no gradients and operate at different timescales,
keeping each module independently replaceable. Proposed
extension (§3.4): when a calibrated GNN surrogate with
uncertainty estimates (µβ , σβ) is available, the Q-selector in
RL can be upgraded to a Discrete SAC meta-controller with
a principled three-component reward decomposition. Fig-
ure 1 illustrates the complete architecture, and Algorithm 1
summarizes one generation of the GAE loop.

3.3. Program Graphs and GNN Encoder
Graph representation. We parse each candidate program
into a typed computation graph G = (V, E) using static
Abstract Syntax Tree (AST) analysis. Any parse failure pro-
duces a single unknown node, guaranteeing a valid graph is
always returned. Specifically for symbolic regression, nodes
are mathematical operations (one-hot over F=17 types) and
edges encode data-flow (6 typed edge kinds).

Relational GNN encoder. Each node carries F input fea-
tures (one-hot token type, positional index, etc.). We embed
each program graph into z ∈ Rd (d = 128) via a relational
graph neural network. Input projection.

h(0) = GELU(XWin), X ∈ RN×F , Win ∈ RF×d.
(1)

Relational message passing. We apply L = 2 layers of

Algorithm 1 GAE — One Generation

Require: Archive A (MAP-Elites grid of elite programs,
each p stores code, score Rp); GNN encoder Φ :
code → R128; Q-network Qθ : R128 → R; LLM pol-
icy πLLM; GNN fine-tune buffer L; counter n; group
size G=8; fine-tune interval K=20; exploration rate ε

1: // Step 1: Select parent via ε-greedy Q-selection
2: zp ← Φ(p) ∀p ∈ A

3: α←

{
uniform(A) w.p. ε
argmaxp∈A Qθ(zp) otherwise

4: // Step 2: Generate a group of G children
5: {β1, . . . , βG} ∼ πLLM(· | α, A)
6: Rβi ← Eval(βi, D), i = 1, . . . , G
7: // Step 3: GRPO policy update on the group

8: ∆i ← Rβi
−Rα, Âi ←

∆i − µ∆

σ∆ + ϵ
9: Update πLLM via PPO-clip + KL penalty using
{Âi}Gi=1

10: // Step 4: Archive update and bandit feedback
11: for i = 1, . . . , G do
12: A.TryInsert(βi); n← n+ 1
13: Push

(
zα, ∆i

)
to Q-network buffer; train Qθ if

buffer ≥ 32
14: ε← max(εmin, ε · γε)
15: L.Append(graph(βi), Rβi

)
16: end for
17: // Step 5: Periodic GNN fine-tuning
18: if n mod K = 0 and |L| ≥ 10 then
19: Fine-tune Φ on L; zp ← Φ(p) ∀p ∈ A
20: end if

edge-type-conditioned convolution. For each relation r ∈ E ,
a dedicated weight matrix Wr ∈ Rh×h transforms source
node features; messages are mean-aggregated at each desti-
nation and combined with a self-loop:

h
(ℓ+1)
i = LayerNorm

(
GELU

(
Wself h

(ℓ)
i

+

|E|∑
r=1

1

|Nr(i)|
∑

j∈Nr(i)

Wr h
(ℓ)
j

 . (2)

Global pooling. Mean and max pooling are concatenated
and projected to the output representation z as:

z = GELU
(
LayerNorm

(
[h̄; ĥ]Wout

))
, (3)

h̄ = 1
N

∑
i h

(L)
i , ĥ = maxi h

(L)
i . (4)

Pretraining and online fine-tuning. Before evolution
begins, the encoder is pretrained on synthetic programs with
structural proxy scores (feature coverage, operator diversity,
complexity) , using a temporary scalar head that is discarded

3
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Figure 1. GAE framework overview. A relational GNN encoder parses each program’s abstract syntax tree into a typed computation
graph and produces a structural embedding, fine-tuned online against observed rewards to track the evolving program distribution. These
embeddings drive an ϵ-greedy Q-network that replaces uniform parent sampling with learned, improvement-aware selection over the
MAP-Elites archive. Each selected parent is mutated by a local LLM generating G=8 candidates, whose group-relative rewards are used
to adapt the mutation policy via GRPO without altering the archive.

afterwards. During evolution, every 20 programs added to
the database and the encoder is fine-tuned for 50 steps on a
sliding window of the 300 most recent (z, s) pairs from the
program buffer L, where z ∈ Rd is the GNN embedding of
a program and s ∈ R is its evaluator score. All population
embeddings are then refreshed. The training objective is:

LGNN =
1

|L|
∑
α∈L

(µα −R(α))
2
, (5)

where µα = MLP(zα) is a scalar score prediction from a
temporary head trained jointly with the encoder.

3.4. RL-Guided Parent Selection
Q-network. We learn a Q-function Qϕ : Rd → R that
predicts the expected score improvement for a candidate
parent given its graph embedding z. The architecture is a
three-layer MLP with LayerNorm and GELU activations:

Qϕ(z) =
(
z

128−−−→ LayerNorm→ GELU
64−−→ GELU→ R

)
.

ε-greedy selection. With probability ε , a parent is drawn
uniformly at random from the current island; otherwise the
parent maximising Qϕ(zp) is selected. The selector operates
in pure-random mode until the replay buffer contains at least
16 samples.

Reward design. The primary reward is the observed score
improvement:

∆ = R(β)−R(α), (6)

where α is the selected parent and β the evaluated child.
To additionally encourage structural diversity and penal-
ize runaway complexity, we define the following rewards
respectively:

rnovt = λ1 ·
(
1−min

p∈P
cos(zβ , zp)

)
,

rcplxt = λ2 ·max
(
0, N(β)−20

20

)
,

(7)

where P is the current population, N(β) is the AST node
count of β’s return expression, λ1 = 0.1, and λ2 = 0.05.
The composite reward used by the standalone SAC evolution
loop is:

rtot
t = clip(R(β), rmin, rmax) + rnovt − rcplxt , (8)

with rmin = −5 and rmax = 15. The bandit Q-selector is
trained on ∆ alone (Eq. (6)).

Online Q-learning. After each evaluation we store
(zα,∆) with ∆ = R(β) − R(α) in a replay buffer (B)
of capacity 500. Every 8 updates, a mini-batch of 32 pairs is
sampled, targets are standardized across the batch, and one
gradient step is taken via MSE loss with gradient clipping
at 1.0:

L(ϕ) = E(z,∆)∼B

[(
Qϕ(z)− ∆̃

)2
]
, ∆̃ =

∆− ∆̄

σ̂∆ + ϵ
.

(9)
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Discrete SAC meta-controller. When the GNN surro-
gate produces calibrated uncertainty σβ , the bandit can
be upgraded to a Discrete SAC with a factored policy
πSAC(at|st) = πsel

SAC(a
sel
t |st)·πdir

SAC(a
dir
t |st, aselt ) that jointly

selects an archive cell and one of M semantic direction hints.
This controller is trained on the following three-component
reward:

rtot
t =

(
µβ − max

A[cell(β)]
µ
)
−
(
µα − max

A[cell(α)]
µ
)

︸ ︷︷ ︸
rpot
t : dense, policy-invariant

+ λu(t)σβ︸ ︷︷ ︸
rexp
t : annealing exploration

+
(
R(β)− µβ

)
1[eval(β)]︸ ︷︷ ︸

rcal
t : sparse calibration

.

(10)
The potential-based term rpot

t = Φ(β)−Φ(α) with Φ(α) =
µα−maxA[cell(α)] µ preserves the optimal policy while pro-
viding a dense signal at every generation. The exploration
bonus rexp

t uses λu(t) = λ0e
−t/τu (λ0=0.3, τu=G/3) to

anneal UCB-style exploration. The calibration term rcal
t cor-

rects the surrogate prediction error at true evaluation steps.
We leave the full SAC integration to future work.

3.5. GRPO LLM Fine-Tuning
Every two programs added, we construct a group of G = 8
children from the same parent: βg ∼ πθLLM(·|α∗), g =
1, . . . , G. All G children are truly evaluated, yielding re-
wards {Rg}Gg=1. The group reward is baseline-corrected by
the GNN surrogate score µα∗ of the parent:

Rgrp
g = Rg − µα∗ , Âg =

Rgrp
g − R̄grp

std(Rgrp) + ϵ
. (11)

If std(Rgrp) < 10−8 (all rewards identical), the update is
skipped. The GRPO objective fine-tunes θLLM with a PPO-
clip surrogate and KL penalty βkl = 0.1 to the reference
model:

LGRPO(θLLM) = − 1

G

∑
g

min
(
ρgÂg,

clip(ρg, 1± ϵclip)Âg
)
+ βklDKL(πθLLM

∥πref
θLLM

),
(12)

where ρg = exp
(
log πθLLM

(βg|α∗) − log πref
θLLM

(βg|α∗)
)

and ϵclip = 0.2. Completions with reward below −10 (eval-
uator crash sentinels) are dropped before computing advan-
tages. When using LoRA, the reference policy is obtained
by calling a specific function which temporarily masks the
adapter weights and exposes the frozen base model, elimi-
nating the need to load a separate reference model in mem-
ory. The best child (highest Rg) is added to the MAP-Elites
database after each group.

4. Experiments
To evaluate GAEvolve’s capability of scientific discovery,
we test its performance on the Nonlinear Oscillators task

from LLM-SR. Nonlinear damped oscillators are described
by differential equations that capture the complex interac-
tion among an oscillator’s position, velocity, and the acting
forces. The goal is to discover a closed-form expression
f̂(x, t, v; θ) that predicts the acceleration ẍ = dv/dt of a
nonlinear harmonic oscillator, where x is position, t is time,
v is velocity. We evaluate GAEvolve on discovering the
governing equation of a synthetically generated variant by
minimising the Normalised Mean Squared Error (NMSE)
between predicted and observed trajectories. The actual
evolved program expresses a candidate symbolic equation
as executable code. The initial program is a naive linear
model ˆ̇v = p0x+ p1t+ p2v + p3, parsed into an symbolic
regression expression tree via the graph builder, producing
a 4-node graph with add, mul, input var, and param
nodes.

The training set is used exclusively for parameter optimiza-
tion, and the held-out test set is used for fitness evaluation.
The target is to minimize MSE against ground-truth acceler-
ation samples during evolution, and the performance metrics
are reported as median NMSE on held-out (in-distribution
and OOD) test sets.

Experimental Setup The experimental GAE training de-
tails are as follows: The MAP-Elites descriptor is two di-
mensional (expression tree depth, Stage-2 NMSE on 5 held-
out trajectories), providing a diversity axis between inter-
pretable shallow expressions and potentially more accurate
deeper ones. Parent selection follows a UCB scheme with
β annealed from 2.0 to 0.3 over the course of evolution,
balancing exploration of low-visit archive cells against ex-
ploitation of high-fitness regions. Each generation samples
LLM-generated candidates (nchildren = 8) in parallel. The
population consists of 200 programs across 4 isolated is-
lands, with periodic migration every 15 generations. The
cascade has three stages: Stage 1 verifies syntactic validity
via a single-trajectory rollout; Stage 2 evaluates NMSE on
5 trajectories; Stage 3 computes full NMSE over all test tra-
jectories. We compare three configurations under identical
iteration budgets (150 iterations).

Before committing any LLM-generated candidate to the
expensive numerical optimization pipeline, we apply a
lightweight four-stage validation chain that filters out mal-
formed programs early. We (i) extract valid Python code
from the raw LLM output, (ii) verify syntactic correctness,
(iii) sandbox the candidate by stripping unsafe statements,
and (iv) execute a fast smoke test on a small data subset
to catch runtime errors. Candidates failing any stage are
discarded immediately, preventing invalid programs from
entering the evaluator or corrupting the reinforcement learn-
ing replay buffer.

We use Qwen3.5-35B-A3B (Team, 2026) as the LLM back-

5



275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329

GAE: Graph-Augmented Evolution for Scientific Discovery via Reinforcement Optimization

Method NMSE ↓
Non-LLM baseline
uDSR (Landajuela et al., 2022) −4.06

LLM-guided evolution
LLM-SR −4.80
AlphaEvolve −7.11
CodeEvolve −7.26
ShinkaEvolve −6.35
PACEvolve-Single −8.23
PACEvolve-Multi −8.24

Table 1. Benchmark results on the LLM-SR Nonlinear Oscillators
task (Yan et al., 2026), reported as log10 NMSE (↓). All LLM-
guided baselines run for 1000 iterations over 10 independent runs.

Method ID NMSE ↓ OOD NMSE ↓
PACEvolve-Single (Gemini) −5.80 −6.10
OpenEvolve (Gemini) −3.14 −3.26
OpenEvolve (Qwen) −3.88 −3.94
GAE (ours) −7.24 −7.45

Table 2. Comparison among PACEvolve, OpenEvolve and our
method GAE on the Nonlinear Oscillators task under our evalua-
tion setting (150 iterations, 1 run), reported as log10 NMSE (↓) on
in-distribution (ID) and out-of-distribution (OOD) test sets.

bone. We fix the LLM weights for PACEvolve-Single and
OpenEvolve and finetune it in GAE using LoRA where only
the adapter weights are updated during the GRPO reinforce-
ment learning period. The GRPO has a group size of G = 8,
and uses a KL regularization coefficient of β = 0.1 together
with a clipping range of ε = 0.2 to stabilize policy updates.
Optimization is carried out using AdamW with a learning
rate of 1 × 10−6. Fine-tuning is performed in an online
manner, with updates triggered at every generation after
candidate evaluation.

Main Results. First, we present results from PACE-
volve (Yan et al., 2026) under their standard high-budget
evaluation protocol (1000 iterations, 10 runs), which com-
pares against uDSR (Landajuela et al., 2022), LLM-SR,
AlphaEvolve, ShinkaEvolve (Lange et al., 2025). Table 1
reflects the performance of existing methods under their
originally reported compute regime and provides a reference
for overall competitiveness in the Non-linear harmonic os-
cillator task. Second, we conduct a controlled, low-budget
comparison under a fixed backbone setting, using either
Qwen or Gemini 2.5 Flash as the shared base model. In
GAE, the Qwen backbone is fine-tuned via GRPO, while
remaining fixed throughout all other pipeline components.
In this regime, we compare the OpenEvolve baseline,
the strong prior method PaceEvolve, and our proposed
method GAE, all run for 150 iterations with a single run to
ensure identical computational budget. As shown in Table 2,
GAE achieves best performance compared to both baselines,

Figure 2. Performance trajectory of the GAE method on the Non-
linear Harmonic Oscillator symbolic regression problem. The
curve shows the running-best log10(NMSE) as a function of the
number of evolution iterations. Grey dots mark iterations at which
a new best solution was discovered. Lower values of log10(NMSE)
indicate better fit.

with its ID NMSE at -7.24 and OOD NMSE at -7.45 across
all methods. Figure 2 shows the evolution trajectory of GAE
over 150 iteration. The method starts from an initial solution
with log10(NMSE) = −1.26 and improves rapidly during
the first 20 iterations, reaching log10(NMSE) ≈ −4.64
by iteration 17. Steady further gains accumulate through
iterations 57–88, where three consecutive breakthroughs
push the score to log10(NMSE) = −7.19. A final improve-
ment at iteration 119 yields the best solution of the run,
with log10(NMSE) = −7.24 (NMSE ≈ 5.7× 10−8), after
which the trajectory plateaus for the remaining 30 iterations.
Across all 150 iterations, 13 distinct improvements were
recorded, demonstrating that GAE efficiently discovers a
near-exact symbolic form of the target equation through
graph-structured evolutionary search.

Next, we demonstrate the best program discovered by each
of all four pipelines (Table 2) and provide physical interpre-
tations of each component in the resulting equation.

GAE best program

f(x, t, v; θ) = θ0 x+ θ1 x
2 sgn(x) + θ2 x

3 + θ3 x
4 sgn(x)

+ θ4 v + θ5 v
2 sgn(v) + θ6 v

3

+ θ7 sin(t) + θ8 cos(t)

+ θ9
(
|x||v|+ x2|v|+ |t||v|+ t2v + xv2

)
(13)

The terms θ0x, θ1x2 sgn(x), θ2x3, and θ3x
4 sgn(x) corre-

spond to the linear restoring force, quadratic and cubic non-
linearity, and quartic nonlinearity respectively. The terms
θ4v, θ5v2 sgn(v), and θ6v

3 represent velocity-dependent
damping. External time-dependent forcing is captured by
θ7 sin(t) and θ8 cos(t). The five remaining terms |x||v|,
x2|v|, |t||v|, t2v, and xv2, all scaled by the shared parame-
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ter θ9, are interaction terms.

OpenEvolve best program (Qwen)

f(x, t, v) = θ1x+ θ2x
3 + θ3x

5 + θ4v + θ5v
3

+ θ6xv + θ7x
2v + θ8xv

2

+ θ9 sin t+ θ10 sin(2t) + θ11 cos t

+ θ12x sin t+ θ13v sin t

+ θ14t+ θ15t
2 + θ16t

3

+ θ17
1

1 + x2
+ θ18

1

1 + v2

+ θ19e
−x2

+ θ20e
−v2

+ θ21 sinh(x) + θ22 cosh(x)

+ θ23x
2t+ θ24v

2t+ θ25xvt.

The first three terms (θ0x, θ1x3, θ2x5) represent a linear,
cubic (Duffing-like), and quintic restoring force. The next
two (θ3v, θ4v3) capture linear and cubic damping. The
mixed terms θ5xv, θ6x2v, and θ7xv

2 are mixed linear damp-
ing with position, mixed cubic damping (x2v), and mixed
cubic damping (xv2). Harmonic, higher harmonic, and
cosine driving are handled by θ8 sin(t), θ9 sin(2t), and
θ10 cos(t), while θ11x sin(t) and θ12v sin(t) introduce com-
bined time-position and time-velocity interactions. The
terms θ13t, θ14t2, θ15t3 are polynomial time terms. The
terms θ16/(1 + x2) and θ17/(1 + v2) are inverse terms
for potential singularities. The terms θ18e−x

2

and θ19e
−v2

model exponential decay or growth in position and velocity,
and θ20 sinh(x) and θ21 cosh(x) provide smooth hyperbolic
transitions. Finally, θ22x2t, θ23v2t, and θ24xvt are cross-
terms.

OpenEvolve best program (Gemini)

f(x, t, v; θ) = θ0 x+ θ1 sin(t) + θ2 v + θ3 x
2v

+ θ4 x
2 + θ5 v|v|+ θ6 xv

2 + θ7 x
3

+ θ8 cos(t) + θ9 v
3

(14)

The linear term θ0x represents a linear restoring force, while
θ1 sin(t) and θ8 cos(t) together capture periodic driving or
intrinsic oscillation via sine and cosine components. The
term θ2v encodes linear damping. The term θ3x

2v is a
higher-order interaction combining velocity-dependent non-
linear stiffness with position-dependent nonlinear damping.
The quadratic term θ4x

2 introduces an asymmetric poten-
tial or nonlinear restoring force. Rather than v2, the term
θ5v|v| is used to model quadratic drag, where the damping
magnitude scales with v2 but the sign always opposes the
direction of motion—a physically accurate form of turbulent
or aerodynamic damping. The term θ6xv

2 is a higher-order
nonlinear interaction between position and velocity. The

cubic term θ7x
3 introduces a Duffing-oscillator-like strong

nonlinear restoring force, and θ9v
3 adds cubic nonlinear

damping.

PACEvolve Best Program

f(x, t, v; θ) = θ0 x+ θ1 v
3 + θ2 v + θ3 x e

−v2 + θ4 x
3

+ θ5 v e
−v2 + θ6 xv

2 + θ7 sin(t)

+ θ8 cos(t) + θ9 x|x|
(15)

The linear term θ0x represents a linear restoring force, θ2v
encodes linear damping, and θ1v

3 introduces cubic non-
linear damping. The cross-term θ3x e

−v2 is a nonlinear
coupling between position and velocity, where the Gaus-
sian envelope e−v

2

localizes the interaction to low-velocity
regimes. The term θ4x

3 adds a nonlinear restoring force of
the Duffing-oscillator type. The term θ5v e

−v2 is a nonlinear
damping contribution similarly localized by the Gaussian
factor, attenuating its effect at large velocities. The higher-
order cross-term θ6xv

2 captures nonlinear coupling between
position and the square of velocity. The terms θ7 sin(t) and
θ8 cos(t) represent external periodic driving forces via sine
and cosine components. Finally, θ9x|x| provides an ad-
ditional nonlinear restoring force whose magnitude scales
with x2 but whose sign tracks the direction of displacement,
analogous to quadratic drag in the position domain.

5. Conclusion
We presented GAE, a framework that augments LLM-
guided MAP-Elites evolutionary search with three tightly
coupled components: a relational GNN encoder that maps
typed program graphs into structural embeddings, a con-
textual bandit selector that learns which program struc-
tures yield productive mutations, and a GRPO fine-tuning
loop that adapts the mutation LLM online. Together, these
components close three bottlenecks: reward sparsity, un-
informed parent selection, and a static mutation opera-
tor. Experiments on symbolic regression show that GAE
achieves the lowest NMSE both in-distribution and out-of-
distribution among all baselines, attaining state-of-the-art
performance.

Limitations. Our method relies on a graph representation
derived from Python ASTs, which encodes domain-specific
inductive biases. Extending to other languages or domains
requires redesigning node types and relations, limiting out-
of-the-box generalization and introducing non-trivial adap-
tation overhead. The benefit of graph-guided policy learning
depends on a sufficiently expensive evaluation regime, as the
GNN and reinforcement optimization introduce additional
overhead.
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Impact Statement
This work provides a fundamental methodological advance-
ment in LLM-driven evolutionary algorithms. By introduc-
ing a dynamic, structure-aware paradigm—driven by rela-
tional graph encoders and online reinforcement optimiza-
tion—our framework transforms evolutionary search from a
largely stochastic process into a directed, self-improving tra-
jectory. This algorithmic evolution is vital for scaling AI to
tackle highly complex scientific problems, where the search
spaces for viable mathematical or programmatic hypotheses
are exceedingly vast and their evaluations computationally
expensive.

The immediate impact of this framework is demonstrated in
its ability to automate the discovery of interpretable, closed-
form mathematical models from complex observational data.
This methodology lays the technical groundwork for more
comprehensive scientific agent systems designed to solve
multifaceted scientific problems across theoretical physics,
fluid dynamics, and complex systems engineering.

We foresee no significant harmful social consequences spe-
cific to this work. The broader social consequences of our
work are those that are well established when advancing the
fields of Machine Learning and AI for Science, and we do
not feel any must be specifically highlighted here.
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A. GNN Architecture Details
Input projection. For task τ ∈ {SR,MPP}, the one-hot matrix X ∈ {0, 1}N×|Vτ | is projected to hidden dimension h:
h(0) = GELU(XWin).

Relational convolution. For each relation r ∈ {1, . . . , |E|}, a dedicated Wr ∈ Rh×h transforms source features; messages
are mean-aggregated and summed with a self-loop Wself ; each layer applies LayerNorm and GELU (Eq. 2). This is a
relational GCN; no attention weights are computed.

Pretraining proxy scores. The proxy encodes a domain prior about what makes a program structurally promising, and is
computed directly from graph statistics without any evaluation.

For SR, let C(G) be the set of distinct input-variable indices (input var nodes), F(G) the set of distinct function-family
node types (excluding atoms), and |V | the total node count. The proxy score is:

sSR(G) =
|C(G)|

3︸ ︷︷ ︸
input coverage

+
|F(G)|

5︸ ︷︷ ︸
operator diversity

+min
(

|V |
15 , 1

)
︸ ︷︷ ︸

complexity

+ p(|V |), p(|V |) =


−0.5 |V | ≤ 2

−0.3 |V | > 30

0 otherwise.
(16)

Input coverage rewards equations that use all available physical quantities; operator diversity rewards varied mathematical
structure over simple polynomials; and the complexity term favours moderate expression length.

Fallback. Any program failing AST parsing produces a single unknown/unknown layer node; the encoder still
produces a valid z ∈ R128.

B. Reward Design Comparison
Table 3 summarizes reward designs used in GAE, along with those found in QD-RL and LLM-RL research.

Table 3. Reward design comparison. Bold: GAE components.

Method Source Density Scope Recipient

PGA-MAP-Elites renvt Dense Per step TD3 critic
DCG-MAP-Elites renvt − ∥bt − d∗∥ Dense Per step Cond. critic
PPGA renvt via GAE Dense Per step PPO actor
EvoTune Eval(x) pairwise Sparse Per program LLM θ
ThetaEvolve Eval(x)− λlazy Sparse Per program LLM θ

GAE (bandit) R(β)−R(α) + novelty Sparse Per program Q-selector
GAE (GRPO) Rgrp

g group-norm Sparse Per group LLM θ
GAE (SAC, proposed) rpot + rexp + rcal Dense+sparse Per gen SAC

C. Decomposability of Bandit and GRPO
The bandit selector and GRPO optimise different parameter sets (θsel and θLLM) and their gradient flows never interact:

Component Parameters Reward Without it

Bandit Q-selector θsel ∆ = R(β)−R(α) Uniform sampling
GRPO θLLM Rgrp

g (group-norm) Frozen LLM
GNN encoder θGNN MSE on L Random embeddings

D. Discrete Action Space — Expression Families
The proposed Discrete SAC meta-controller selects among four expression families at each generation, steering the LLM
mutation prompt toward a structural region of the search space.
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Table 4. Discrete action vocabulary for the SAC meta-controller (symbolic regression).

Action Label Description

0 plain Simple or linear expressions
1 polynomial Polynomial forms (e.g. x2, x3)
2 nonlinear Smooth nonlinear functions (trigonometric, exponential, hyperbolic)
3 interaction Cross-variable interaction terms

All hints are expressed in terms of the three observable inputs: position x, velocity v, and time t. Numeric constants are
free parameters optimized by BFGS. Recommended primitives supplied to the LLM are np.sin, np.cos, np.tanh,
np.exp, np.abs, np.sign, and np.sqrt.

E. Algorithm

Algorithm 2 Discrete SAC for Program Mutation

Require: GraphEncoder fψ , evaluator E , replay buffer B, task = SR
1: Initialise actor πθ, critics Qϕ1 , Qϕ2 , targets, logα
2: for each episode do
3: s0 ← fψ(build graph(c0, task))
4: for t = 0, 1, . . . , Tmax do
5: at ∼ πθ(· | st)
6: ct+1 ← mutate(ct, at, task) ▷ MutableSRTree or MutableMPPArchitecture
7: score← E(ct+1)
8: st+1 ← fψ(build graph(ct+1, task))
9: Compute ∆ via Eq. (6)

10: rt ← ∆+ λnrnov − λcrcplx (Eq. 10)
11: Store (st, at, rt, st+1, dt) in B
12: Sample minibatch; update Qϕ1

, Qϕ2
, πθ, α

13: Soft-update targets with τ
14: if dt then break
15: end if
16: end for
17: end for
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