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ABSTRACT

The use of continuous instead of discrete tokens during the Chain-of-Thought
(CoT) phase of reasoning LLLMs has garnered attention recently, based on the
intuition that a continuous mixture of discrete tokens could simulate a superposi-
tion of several reasoning paths simultaneously. Theoretical results have formally
proven that continuous tokens have much greater expressivity and can solve spe-
cific problems more efficiently. However, practical use of continuous tokens has
been limited by strong training difficulties: previous works either just use continu-
ous tokens at inference time on a pre-trained discrete-token model, or must distill
the continuous CoT from ground-truth discrete CoTs and face computational costs
that limit the CoT to very few tokens.

This is the first work introducing a scalable method to learn continuous CoTs via
reinforcement learning (RL), without distilling from reference discrete CoTs. We
use “soft” tokens: mixtures of tokens together with noise on the input embedding
to provide RL exploration. Computational overhead is minimal, enabling us to
learn continuous CoTs with hundreds of tokens. On math reasoning benchmarks
with Llama and Qwen models up to 8B, training with continuous CoTs match
discrete-token CoTs for pass@1 and surpass them for pass@32, showing greater
CoT diversity. In systematic comparisons, the best-performing scenario is to train
with continuous CoT tokens then use discrete tokens for inference, meaning the
“soft” models can be deployed in a standard way. Finally, we show continuous
CoT RL training better preserves the predictions of the base model on out-of-
domain tasks, thus providing a softer touch to the base model.

1 INTRODUCTION

Large Language Models (LLMs) have achieved impressive success across a wide range of reasoning
tasks, particularly when enhanced with Chain-of-Thought (CoT) prompting, where models generate
intermediate “thinking tokens” before producing final answers. While effective, standard CoT is
constrained by the discreteness of language tokens: each intermediate step must be sampled sequen-
tially, which can limit expressivity and hinder exploration of diverse reasoning paths. This contrasts
sharply with human cognition, which often operates over abstract and fluid concepts rather than
rigid linguistic symbols. Motivated by this gap, recent work has explored enabling LLMs to reason
in continuous concept spaces, a direction often termed “continuous CoTs” (Hao et al.,[2024)) or “Soft
Thinking” (Zhang et al.,|2025)).

From a theoretical perspective, continuous reasoning offers significant potential. Reasoning by Su-
perposition (Zhu et al.,|2025a) shows that continuous thought vectors can act as superposition states,
encoding multiple search frontiers in parallel and enabling efficient breadth-first reasoning. This
construction allows a shallow transformer to solve problems such as directed graph reachability
far more efficiently than discrete CoT, which is forced into sequential exploration and risks being
trapped in local solutions. Complementarily, Soft Thinking (Zhang et al., 2025) proposes replacing
discrete (“hard”) tokens with concept tokens—probability-weighted mixtures of embeddings—that
retain full distributional information. This enables the model to implicitly follow multiple reasoning
paths simultaneously, yielding empirical improvements in both accuracy and token efficiency.

Despite these promising claims, the practical benefits of continuous reasoning at inference time
on top of discrete-token base models remain contested. In particular, [Wu et al.| (2025) critically
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re-examine Soft Thinking and find that vanilla implementations often underperform their discrete
counterparts. Their analysis suggests that LLMs, when given soft inputs, default to relying on the
single highest-probability token—effectively reducing Soft Thinking to greedy decoding. Further,
existing methods for soft thinking are limited to inference on models trained with discrete CoTs.

Training of continuous-token reasoning models has proven to be difficult, either due to computa-
tional constraints from full backpropagation through all steps of continuous reasoning (this limited
the CoT to 6 steps in|Hao et al.[(2024)), or due to the necessity of strongly grounding the continuous
reasoning into ground-truth discrete reasoning traces (Shen et al., [2025)). This is why several of the
works above limit themselves to applying continuous reasoning at inference time without training
(Zhang et al.| 2025; /Wu et al., 2025).

In this work, we address these limitations by developing an approach to reinforce continuous CoTs
with controlled noise, making them amenable to reinforcement learning (RL) training. We theoret-
ically outline two types of continuous CoT learning with soft and fuzzy tokens (see Figure [I) and
provide extensive empirical evidence with Llama-3.x and Qwen-2.5 models trained on a number of
mathematical datasets (GSM8K, MATH, DeepScaleR) and evaluate on a variety of mathematical
and out-of-domain benchmarks. Our contributions and findings are as follows:

* A continuous-token post-training algorithm. We propose the first continuous CoT fine-
tuning algorithm that does not require ground-truth CoT annotations, directly tackling the
challenge of learning continuous reasoning representations, at a negligible computational
overhead compared to discrete CoTs.

* Pass@1 parity. We show that continuous CoT post-training is competitive with traditional
discrete-token CoTs for pass@1 criteria, with a statistically similar performance on most
model-dataset combinations.

» Pass@32 gains. Under sampling (pass@32), continuous CoT training outperforms discrete
CoT on average, demonstrating greater CoT diversity.

* Improved robustness. Continuous CoT training does not degrade the base model’s log-
likelihood on HellaSwag, ARC and MMLU, whereas discrete CoT training does, on aver-
age. Further, continuous CoT training is robust to collapse observed with discrete training
on Llama-8B-Instruct with respect to in-distribution and out-of-distribution performance.

* Hard inference on soft models. In our experiments, adding continuous CoT at inference
on top of a hard-token-finetuned model does not bring benefits, contrasting with [Zhang
et al.[(2025). On the opposite, the best performance is obtained when using discrete CoT
at inference on top of a continuous CoT trained model. This means that a practitioner
can deploy standard inference methods directly to reap the advantages from models trained
with continuous tokens.
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* Entropy analysis. We present a detailed analysis of the entropy profiles of models, show-
ing how continuous CoT fine-tuning more closely preserves the entropy profiles of the base
Llama models, compared to discrete CoT.

2 RELATED WORK

It is natural to question whether token space is the ideal medium for reasoning, particularly in tasks
that demand higher levels of semantic abstraction. However, unrolling beyond token space during
pretraining departs from the original training distribution and may require additional mechanisms to
help a hard-token—trained LLM adapt to alternative, potentially more expressive, representations of
chains of thought. Several prior works have confronted this challenge. (Goyal et al.,[2024) proposes
inserting dedicated placeholder tokens, “Pause Tokens”, into rollouts to encourage more deliberate
“thinking” in the internal layers. Coconut (Hao et al., 2024), in contrast, explicitly ventures into
continuous-space reasoning by distilling ground-truth chains of thought into continuous tokens, but
its benefits appear confined to a benchmark designed for this purpose. Furthermore, Coconut re-
quires ground truth chains-of-thought and a gentle “hard-to-soft” distillation schedule, and comes
with computational constraints that have limited it to 6 continuous CoT tokens.

A number of follow-up works have tried to tackle these challenges (see|Zhu et al.| (2025b) for a sur-
vey on latent-space reasoning). Given the frequent difficulty of making an LLM accept continuous
tokens when they are not native to their training, it makes sense to distinguish when in the pipeline
continuous tokens are invoked (at pretraining, at post-training or at inference). We list those works
closest to ours, while necessarily being incomplete as the scope widens; we recommend the survey
by Zhu et al.| (2025b)) for a taxonomy.

Inference. [Zhang et al|(2025) introduce so-called soft tokens as the softmax layers of the output
tokens, and propose to perform inference in soft-token space. Combined with a few other inter-
ventions (a hand-crafted stopping criterion, and only keeping the few top dimensions of embedding
space) they seem to gain some performance on some benchmarks purely through inference-time
interventions. A more measured view of the same is given in [Wu et al.| (2025)), where the previous
results are not confirmed, unless noise is introduced at test time into the soft token generation. Noise
is important in our approach for a different reason, to provide exploration for reinforcement learning.

Post-training. A number of works aim to introduce continuous tokens during post-training as al-
ready mentioned for Coconut (Hao et al., 2024). Codi (Shen et al., [2025)) distill a standard discrete
CoT model into a continuous CoT model, by keeping both the emitted tokens and the internal ac-
tivities of the continuous model close to that of the original model. |Yue et al| (2025)) introduce
a curriculum by using a mixture of discrete and continuous tokens and slowly transitioning from
discrete to continuous. (Gozeten et al.| (2025) use continuous tokens that are trained either via direct
CoT supervision or via RL on a special noise model; scalability of their method is unclear as they
test on a toy problem in which the CoT is a length-4 binary string, which allows for full enumeration
of all 16 possible CoTs.

Pretraining. Several works propose changes to pretraining to incorporate some notion of “think-
ing tokens” or latent tokens, and attempt to replace the CoT by some internal activations inside, or
added to, the transformer. “Filler tokens” approaches (Lanham et al., 2023} |Goyal et al.| 2024; Pfau
et al., [2024; Ringel et al.| 2025)) introduce some bland tokens so that the model can use its contin-
uous internal activations to reason while reading the bland tokens. Going further, CoCoMix (Tack:
et al., 2025) intersperses continuous tokens with hard tokens at pretraining, and uses a pretrained
sparse autoencoder to couple the hard and soft tokens. “Looped transformers” (Saunshi et al., 2025))
and “recurrent depth” (Geiping et al.,[2025)) deploy internal, continuous CoTs in the depth direction
of the transformer, by repeating some internal blocks and making the CoT depth potentially infinite
before every token.

Theoretical arguments. [Zhu et al.|(2025a) make a strong argument that continuous CoTs are more
expressive than discrete CoTs, on a natural toy problem (reachability in graphs). They prove that a 2-
layer transformer with continuous CoT can solve the problem in O(n) vs O(n?) with discrete tokens.
Continuous CoTs are provably able to use superpositions that explore several reasoning paths at the
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same time. The experiments align with the theoretical predictions: the superposition is learned in
practice. |Gozeten et al.| (2025) also includes, among other contributions, a theoretical argument
showing that a different toy problem can be solved via a 1-layer transformer with continuous tokens,
but not with discrete tokens.

Diversity. Our work crucially relies on introducing added noise in the continuous model: this
produces the necessary variation upon which to apply RL methods such as GRPO. Without it, the
continuous-token trajectory would be deterministic. Prior work has demonstrated the importance of
diversity in reasoning trajectories; for example, Wang et al.|(2023) leverages diverse reasoning paths
sampled at inference time to improve robustness and accuracy via majority voting.

It is well established that adding noise can, by itself, improve performance of neural networks, for
instance via dropout (Srivastava et al., |2014) or input perturbations as in denoising auto-encoders
(Vincent et al., 2008). NEFTune and SymNoise (Jain et al., |2023; |Yadav & Singh| 2023) apply this
idea to the supervised fine-tuning phase of LLMs, by having them predict the unnoised sequence
from a version of the sequence with noise added to the input embeddings. We use a similar noise
structure.

Yet in our case, the benefits cannot come solely from the regularization effect of noise, since that
would correspond to the noisy model at step 0 in our training curves, and the gains appear after
training. Our approach explicitly optimizes the policy via RL to benefit from a diverse reasoning
manifold during learning. The beneficial effect of added noise for boosting exploration and diversity
in RL has been established: for instance, |[Fortunato et al.| (2018)) found benefits from adding noise
directly to the weights of the value or policy networks in RL settings.

3 METHOD

In a nutshell. Similarly to Coconut or Soft Tokens, our method keeps the full probability distri-
bution after the softmax step, instead of emitting a discrete token. This mixture of tokens is fed to
the input of the transformer for the next step. Contrary to prior work, we then inject noise on the
input embeddings. This noise produces the necessary exploration to apply RL fine-tuning. In con-
trast, Soft Tokens do not fine-tune, and Coconut relies on backpropagation through time through the
whole continuous CoT (coming with strong computational limitations) plus a curriculum to ground
the continuous CoTs into ground truth discrete CoTs. We now describe our method in detail.

Notation for transformers. We decompose a standard LLM architecture into the following
blocks.

We denote by V' the vocabulary size. Thus, each token can be seen as a one-hot vector x; € RY,
and the sequence of tokens x . up to time ¢ can be seen as a matrix of size t x V.

We denote by E the token embedding matrix of an LLM, that takes a sequence of tokens z.; and
returns a sequence of embeddings 12, by a linear, token-wise mapping

hY, =z, E. (1)
Denoting by ng the dimension of the input embedding of the transformer stack, E is a matrix of size
V x ng.

We denote by 7 the transformer stack, that turns the sequence of input embeddings h2, into a
sequence of output embeddings
L 0
hy = T(h<t) 2)
where L is the depth of the transformer stack. hﬁt is a matrix of size ¢t X ny, with n;, the dimension
of the output layer of the transformer stack.

Probabilities for next-token prediction are obtained as follows. The output encodings hZ, are turned
into logits by a decoding matrix Wy of size n;, x V where ny, is the output dimension of the
transformer stack. The next-token probabilities are obtained by applying a softmax at temperature
7 > 0 to these logits:

p<¢ = softmax(ht, Wy/7) 3)
where p.; is a matrix of size ¢ x V, the softmax is applied for each ¢ independently, and softmax is
extended by continuity for temperature 7 = 0.
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Standard (hard) tokens. In standard, hard-token models, each token x; is a one-hot vector x; €
RY. Atinference time, to compute a next-token prediction z; given the sequence of previous tokens
Ty, one first computes the next-token probabilities p; given x4 as above. Then the next token is
sampled according to the last component p;_1 of p.y:

Pr(z; =1;) = pe—1 4
where 1; denotes the one-hot encoding of token . This is applied inductively to get the sequence of

next tokens.

Soft thinking. In soft thinking (Zhang et al.||2025;|Wu et al.,[2025)), during the CoT phase, instead
of sampling a next token z; according to the probabilities p;, the probabilities are directly used to
define a mixture of embeddings. The next input layer embedding is obtained as

hg = ZPr(wt =1;)e; =pt1 E 5)

where e; is the embedding for token i. Then the transformer stack is applied normally to h°.
After the CoT phase is done, the model samples normal (hard) tokens.

This model is not amenable to direct RL training via Reinforce-like algorithms, because of the
absence of noise or random choices: the whole CoT is a deterministic and differentiable function of
the prompt. In principle, it could be optimized directly by backpropagating through all the timesteps
of the CoT, similarly to Backpropagation Through Time (BPTT). But this leads to technical and
memory challenges that we will not discuss here.

Noisy soft thinking: soft tokens and fuzzy tokens. Instead, we propose to make soft thinking
trainable by RL, just by introducing noise into the soft thinking process. We simply add noise to the
computation of AY:

B =p, 1E 4 oN(0,1d) (6)
with some standard deviation o > 0. Then, at the next timestep, the transformer stack is fed iL?
We also experimented with adding noise at other places, such as on the logits (Appendix [F.2)).

We call this model soft tokens; we use the term fuzzy tokens when the temperature 7 used during the
chain of thought tends to 0, because in that case, the non-noisy embeddings h° reduce to embeddings
of true discrete tokens, so h? are normal discrete tokens embeddings up to noise o.

Reinforcement learning on soft tokens. Introducing exploration noise on the soft CoT tokens
makes it possible to optimize the model via reinforcement learning. (For traditional discrete CoT
tokens, exploration comes from the random sampling of a token from the softmax probabilities.)

We describe here the derivation of Reinforce for noisy soft thinking. More advanced Reinforce-like
methods, such as RLOO, GRPO, PPO etc., are derived from Reinforce in the standard way.

Given a prompt, we sample a soft CoT, then sample a final answer a given the CoT. Let R(a) denote
the reward obtained for an answer a. The objective is to maximize the expected reward.

The CoT sampling is fully defined by the sampling of the noisy soft tokens h°. Therefore, the
objective is to maximize the expectation

E(;L,a)mﬂ[R(a)] (7)

for a given prompt, where 7 is the current model.

By the standard Reinforce theorem |Sutton & Barto|(1998)), this is equivalent to minimizing the loss

Ehans |~ R(0) (log w(h") + log m(alA?) ) | ®)

'The model used in Coconut (Hao et al., 2024) is slightly different in that it directly feeds the output em-
bedding as next-step input embeddings, namely, hY = h{_;, assuming dimensions are the same. This bypasses
the expansion from hidden dimension to vocabulary size and back, as well as the softmax and temperature.
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The term log 7(a|h°) just represents fine-tuning the answer given the CoT, and can be computed in
a standard way, since sampling of a is done in a standard way.

The term log 7r(i~10) can be decomposed as a sum over timesteps,
logm(h) = ) logm(h{|hL,) ©
t

and each of those terms can be computed easily: indeed, knowing the soft tokens fz0<t, we can

compute the non-noisy next-token input embedding /9. Since the noise is Gaussian, we just have:

. 2
log m(hY|hY,) = — 5 + cst (10)

T 202

by — by

and we note that h{ is a differentiable function of the previous soft tokens ﬁgt, depending on the
parameters of the model.

This makes it possible to apply the family of Reinforce-like algorithms to noisy soft tokens.

Computational overhead is minimal: storing the probability vector p, at each step (vector of size V),
and injecting noise on the first layer.

4 EXPERIMENTS

Models tested. We train three variations of CoT models described in Section

* Hard tokens: Categorical sampling of ordinary hard CoT tokens with temperature 7 = 1.0.

 Soft tokens: Instead of sampling hard tokens, we use the full probability mixture at tem-
perature 7 = 0.5 to compute embeddings, and add Gaussian noise to the embeddings.

* Fuzzy tokens: Like soft tokens, but at temperature 7 = 0.0001, which brings them very
close to hard tokens embeddings, to which we add Gaussian noise.

For the scale of the Gaussian noise, we set this equal to 0.33 times the root-mean-square norm of
the token embeddings, so that the noise is comparable but a bit smaller than the embeddings. In
practice we observe our algorithm is robust to ratios less than or equal to 1.0 (Appendix [FI). In
further ablations (Appendix [F.4), we observe that our algorithm is also robust to temperature values
7 € [0.0001, 0.1].

Inference settings. At test time, we decouple the inference method from the training method: for
each trained model (hard, soft, fuzzy), we evaluate six inference settings. We vary the decoding of
the CoT as follows, but with answers always greedily decoded at temperature O:

* Hard Greedy: discrete tokens, CoT temperature 7 = 0.0 at test time

* Hard Sample: discrete tokens, CoT temperature 7 = 1.0 at test time

* Soft Greedy: Gaussian scale 0 = 0.0, CoT temperature 7 = (.5 at test time

* Soft Sample: Gaussian scale o = 0.33 *root-mean-square norm, CoT temperature 7 = 0.5
at test time

* Fuzzy Greedy: Gaussian scale 0 = 0.0, CoT temperature 7 = 0.0001 at test time

» Fuzzy Sample: Gaussian scale o = 0.33 * root-mean-square norm, CoT temperature 7 =
0.0001 at test time

For instance, “soft” training with “hard greedy” testing amounts to training with a mixture at 7 = 0.5
with Gaussian noise, then applying the model with hard tokens at test time.

The “sample” settings are the same as the variants used during training for the CoT, while the
“greedy” setting more aggressively target the mode of the distribution at each step of the CoT.

Reinforce with group baseline. We fine-tune the models with RLOO, namely, Reinforce using
a per-prompt leave-one-out (LOO) group baseline (Kool et al.l 2019): for each sample and reward,
we subtract the average reward obtained on the other samples for the same prompt. We include the
RLOO loss in Appendix [A]for completeness.

At each update we draw a mini-batch of B = 2 distinct prompts {x}2_,. For each prompt we
sample G = 32 sequences ¥ 4 that contain a chain-of-thought (CoT) followed by a final answer. The
prompt instructs the model to end the CoT with “The final answer is: ”(see Appendix[B).
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Figure 2: Llama 3b Instruct trained on GSM8K (a) Training performance across steps; one step = two
prompts x 32 samples each. (b) Greedy validation performance used for model selection. For the remaining
trained models, see Appendix[G.T}

Rewards are computed only on the final answer using the Math Verify package (Kydlicek, [2025)
against the ground-truth label:

100, if Verify(apq) = 1,
rpg = {10, if Verify(ap ) = 0 and ExtractBoxed(apq) = 1, (11D

0, otherwise.

Datasets and base models. We train Llama 3.2 3b Instruct, Llama 3.1 8b Instruct (Dubey et al.,
2024) and Qwen 2.5 3b Instruct (Yang et al., [2024) on math reasoning datasets including GSM8K
(Cobbe et al., [2021), MATH (Hendrycks et al.|(2021b) and DeepScaleR (Luo et al., 2025).

For each model trained on a dataset, we evaluate test performance on three math reasoning test
datasets: GSM8K, MATH and OlympiadBench (He et al., 2024)). For OlympiadBench, following
prior work, we use the 675 subset of math questions which have final answers and do not contain
images or figures. Similarly, for MATH, we evaluate on the MATH-500 (HuggingFaceH4, [2025)
subset of the MATH test set. To assess out-of-distribution generalization, we also test the resulting
models on standard benchmarks: HellaSwag (Zellers et al.,2019), MMLU (Hendrycks et al.,2021a)),
and ARC/AI2 Reasoning Challenge (Clark et al., 2018]).

On each training dataset, we train for 4k steps and monitor greedy validation performance; the
final model used for testing is the best performing under our greedy validation performance. (For
hard CoTs, greedy performance refers to greedily decoding CoTs and answers. For soft and fuzzy
CoTs, greedy performance refers to decoding CoTs with no Gaussian noise and greedily decoding
answers.) During training, we sample a maximum of 128 CoT tokens for GSM8K and 512 CoT
tokens for MATH and DeepScaler respectively, under our early stopping criterion (see Appendix|[C));
on all datasets we sample 32 answer tokens. For evaluation, in all cases, we sample a maximum of
512 CoT tokens under our early stopping criterion followed by 32 answer tokens.

Each setup was run with 3 independent random seeds; the tables report the resulting mean and
standard deviation. Training and validation success rates may be found in Figure 2] For details on
hyper-parameters, see Appendix

Results. Across datasets and models, the three training schemes are broadly comparable, gen-
erally achieving similar greedy pass@1 performance as shown in Table[I] This demonstrates that
fuzzy and soft training are effective. A notable exception is Llama-3B-Instruct trained on MATH,
where hard CoT outperforms soft CoT by approximately 5% in pass@ 1. On the other hand, soft and
fuzzy training have a clear overall advantage for pass @32 over hard training (this signal is clearest
on Llama, as shown in Figure E[)

We observe a gap between the hard greedy and hard sample pass@1 for the base models and models
trained with fuzzy/soft CoTs, whereas the gap for models trained with hard CoTs is very small (see
Figure 3] and Table[T)). We note that, for the base and fuzzy/soft trained models, 7 = 1 is evidently
not optimal for pass@1 (greedy 7 = 0 is always better). At low values of %, the optimal 7 may
be some interpolation between 0 and 1. Further, for pass@32, we also observe a closing of the gap
between the trained models and base models. This loss of diversity is well reported for Reinforce
style algorithms where the reward is based on answer correctness alone (Song et al., |[2025)).
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Figure 3: Hard inference pass@k for Llama models (for soft/fuzzy inference and Qwen see Appendix
@). We observe soft/fuzzy training improves pass @32, pointing to preserved diversity. Greedy Pass@ (the
triangles) for all training methods are clustered together.

For all training methods (hard, soft or fuzzy), hard inference generally performs best, both for
pass@1 and pass@32 (see Appendix|[E). In particular, we do not confirm previously reported benefits
of soft inference on hard (normal) training (Zhang et al.,2025).

GSM8K MATH-500 OlympiadBench

.. Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample

Model Training pass@1 pass@1 pass@32 pass@1 pass@]1 pass@32 pass@1 pass@1 pass@32
no finetune | 714£0.0 45.0£0.0 96.8+0.0 | 38.0£0.0 252£0.0 82.0£0.0 | 17.9+£0.0 12.0+£0.0 52.3£0.0

gsm8k hard 759413 743408 94.1+03 | 346402 313404 724+1.1 | 10.6£09 9.4+05 39.3+13

gsm8k fuzzy 76.7+1.8 664124 97.4+03 | 42.6+3.2 324417 832411 | 174409 13.0+1.1 552412

llama 35 Esm8k soft 77.2+0.9 70.6+34 97.940.3 | 43.5+1.4 372410 84.840.4 | 18.9+0.2 155+0.7 58.6+1.6
instruct  math hard 80.0+0.5 79.74+0.8 96.7+0.1 | 49.1+1.7 47.840.9 787409 | 22.7+1.1 22.24+0.4 493+13
math fuzzy 79.6+1.4 685421 97.6+0.3 | 48.5+0.3 373415 815407 | 21.6+0.6 159+08 52.8+1.6

math soft 76.841.0 707424 97.8+0.3 | 445406 389419 822+1.6 | 192411 166404 558+1.2
deepscalerhard | 79.7-1.3  79.6+0.2 96.6+0.3 | 49.6+0.9 48.1+04 78.1+0.7 | 23.24+1.4 23.840.6 50.8+1.5

deepscaler fuzzy | 78.840.8 69.8+4.7 97.7+0.5 | 465422 38.642.6 83.3+0.3 | 195+1.0 16.6+14 54.4+2.1

deepscaler soft | 77.941.8 71.0+£1.5 98.0+0.1 | 447412 379413 80.6+22 | 21.040.6 164407 53.3+1.7

no finetune | 82.6+£0.0 64.9£0.0 98.5+0.0 | 44.4£0.0 31.1£0.0 79.8+£0.0 | 19.6£0.0 11.7+£0.0 52.6£0.0

1?&*];3 8:’ gsm8k hard 812402 807403 951402 | 20.2+0.8 19.8+1.4 454432 | 3.8+0.5 3.4+05 164424
INSruet o m8k fuzzy 83.7+1.3 73.14£3.0 982402 | 44.6+2.1 338427 831409 | 18.0+1.4 125+13 56.0+2.6
gsm8k soft 82.6+1.6 733439 98.3+0.2 | 44.742.3 348422 839+1.1 | 17.941.0 13.1+0.7 56.8-:1.2

no finetune | s.aﬂto.o 172400 951400 | 29.04£0.0 255+0.0 81.0£0.0 | 16.9+£0.0 14.3£0.0 50.2£0.0

‘!W?t“ 31’ math hard 84.0+0.8 83.0+02 97.2+03 | 59.0+17 57.1+0.1 83.6+1.0 | 29.4+0.3 27.8+05 61.1+0.6
MSIUCt 1y ath fuzzy 84.4+0.8 816409 98.1+0.2 | 58.14+0.9 555+1.2 84.4-+0.2 | 272405 244407  60.7+0.5
math soft 82.940.9 787426 97.6+0.5 | 547+03 522+1.1 84.4+0.7 | 243+18 220+05 58.5+1.0

Table 1: Results of hard inference on GSM8K, MATH-500 and OlympiadBench test sets. In blue the
best pass@1 performance and in green the best pass@32 for each (base model, training set) pair. We observe
broadly comparable performance at pass@1 and improved soft/fuzzy training pass@32. For comparisons of
hard, fuzzy and soft inference, see Tables 3} 4} [5|in Appendix [E}

One setup stands out: when training Llama-8B-Instruct on GSM8K and testing on MATH-500, only
fuzzy and soft-trained models achieve good scores, while classical hard token fine-tuning is inef-
fective. Namely, gsm8k-hard training sharply underperforms on out-of-distribution MATH (hard-
greedy at 20.2% and pass@32 at 45.4%), whereas gsm8k-fuzzy and gsm8k-soft trainings recover
to 44.6-44.7% greedy and 83.1-83.9% pass@32 while maintaining in-distribution performance on
GSMB8K. Llama-8B-Instruct has a good performance from the start on GSM8K (presumably because
it was exposed to this dataset), but this does not translate to good performance on MATH. Further
hard fine-tuning makes things worse, but further soft/fuzzy fine-tuning on GSM8K brings improve-
ment on MATH. Fuzzy/soft training appear to bring more generalization on Llama-8B-Instruct.

Out-of-domain robustness. One risk of LLM fine-tuning on a dataset is degrading the general
performance of the model on other datasets. To assess this, we test the trained models on three
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standard benchmarks in Table 2] We report both the success rate (with hard greedy sampling) and
the negative log-likelihood per token (NLL) of the correct answer.

‘ Hellaswag ARC MMLU

Model Training Accuracy NLL Correct Accuracy NLL Correct Accuracy NLL Correct

no finetune | 66.46+0.00  253+0.00 | 72.79£0.00  2.86:£0.00 | 60.8540.00 1.61£0.00
math hard 66.20£0.10  2.57+0.00 73.45+0.43  3.19£0.03 61.11£0.11 1.65+0.01
math fuzzy 67.00+0.12  2.53+0.00 73.25+£0.32  2.88+0.03 61.16£0.04  1.60£0.02
math soft 67.124+0.06  2.53+0.01 72.76+0.18  2.9240.02 61.20+0.14  1.59+0.02

llama 3b
instruct  deepscaler hard 66.18+0.26  2.58+0.01 73.99+0.57  3.18+0.03 60.66+0.37 1.6640.01
deepscaler fuzzy | 66.88+0.06  2.55+0.01 73.05+£0.62  2.94+0.03 61.20+0.20  1.60+0.02
deepscaler soft 66.484+0.46  2.56+0.04 | 72.85+0.39  2.93+0.08 60.34+1.20 1.68+0.12

gsm8k hard 66.44+0.18  2.5740.00 | 73.53+0.25 3162001 | 61.48+0.20  1.65+0.01
gsm8k fuzzy 66.9740.21  2.53+0.01 | 73.10+£0.15  2.894+0.01 | 61.30+0.21  1.60--0.02
gsm8k soft 67.13+0.19  2.53+£0.01 | 72.99+£036  2.89+0.04 | 61.36+0.30  1.59-:0.01
no finetune | 7424000  2.34£0.00 | 81.20+0.00  2.82+0.00 | 69.00£0.00  1.40:£0.00
1.'“‘[“‘ 8:’ gsm8k hard 74444010 2374000 | 814940.15  3.13+0.03 | 68.90+0.04  1.41+0.00
Instruet o omsk fuzzy 74.4140.03  2.3540.00 | 81.63+0.39  2.81:+£0.01 | 68.90-0.11  1.40-:0.00
gsm8k soft 74.3240.08  2.35+0.00 | 81.46+0.14  2.82::0.00 | 68.78+0.14  1.40+0.01
no finetune | 74.9440.00  2.29+0.00 | 83.00£0.00  4.67+0.00 | 68.08+0.00  1.19+0.00
‘!‘”";“ 3‘: math hard 75.014£0.10  2.30+0.00 | 82.86+0.40  5.6240.12 | 67.86£0.06  1.5140.02
INSUCt— path fuzzy 75.0740.02  2.29+0.00 | 83.00+0.28  4.74+0.11 | 68.16+0.07  1.21+0.02
math soft 75254012 2.30+0.01 | 83.12+0.15  5.49+0.64 | 68.01+0.06  1.3340.06

Table 2: Out-of-domain results. Outside of mathematical reasoning domains, fuzzy and soft training on
average result in lower negative log-likelihood of the correct answer compared to hard training, indicating a
softer touch on the base model’s capabilities.

The results show comparable success rate for the three training methods (hard, fuzzy, soft). However,
the NLL of the correct answer is visibly better for fuzzy and soft than for hard, especially on ARC but
also with Qwen on MMLU: hard training degrades the base model NLL on out-of-domain datasets,
while fuzzy and soft training preserve it.

Entropy behavior. Next, we report the entropy of the distribution of next-token predictions during
the CoT, as a function of the index within the CoT.

The base Llama models exhibit a very different entropy profile whether greedy or temperature sam-
pling is used. This shows a difference in next-token prediction behavior on prefixes sampled from
temperature 7' = 0 or 7" = 1: with the latter, entropy blows up as the CoT progresses with hard
sampling, indicating very high uncertainty as the CoT goes on. Interestingly, soft or fuzzy sampling
on the base model does not show any entropy blowup. The entropy blowup is also not present on
Qwen, as seen in Appendix[G.4|Figure[I7} Analyzing base models is not our main topic, but we still
report how this entropy profile changes after different types of training.

As observed in Figure[d] (and Figures[I8][T9] 20]in Appendix[G.4), soft or fuzzy training keep roughly
the same entropy profile as the base model, whether inference is greedy or sampled. On the other
hand, hard training changes the hard sampling entropy profile to resemble greedy sampling on the
base model: entropy values are substantially lower. We pose that an explanation for this is that hard
training makes the model overconfident, consistent with lower pass @32, the worse NLL values we
observe on out-of-domain tasks (see Table [2)) and the occasional performance collapse we see for
hard training (see Table I)).

5 CONCLUSION

We have introduced the first reinforcement learning framework for training continuous Chains-of-
Thought in LLMs with minimal computational overhead and without relying on ground-truth dis-
crete CoTs. Across mathematical reasoning benchmarks, our approach performs on par with discrete
token training for pass@1 success rate on most model—dataset combinations and improves pass @32
scores. Moreover, it seems to fine-tune the base model with a softer touch, better preserving the

0On Qwen no fine-tune, we observe much lower performance compared to what is reported in the Qwen
report|Yang et al.|(2024). The discrepancy is due to our (zero shot) prompting and the resulting CoT generation
format, and does not affect our RL trained models (see AppendixElfor details).
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Figure 4: Llama 3b Instruct CoT entropy on GSMSK test set. Fuzzy and soft training preserves entropy
profile of base models; we observe a large change in hard sample profile with hard training.

model’s out-of-distribution behavior. This suggests distinct behavioral differences between soft and
hard reasoning processes. These results provide evidence that continuous reasoning is not just a
theoretical curiosity but a practical alternative for fine-tuning large models.
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A REINFORCE WITH LEAVE-ONE-OUT (RLOQO) BASELINE

For completeness, we describe here the implementation of RLOO that we use, directly based on

(Kool et al.} [2019).

We fine-tune with Reinforce using a per-prompt leave-one-out (LOO) group baseline. At each up-
date we draw a mini-batch of B distinct prompts {xb}szl. For each prompt we sample GG sequences
b, that contain a chain-of-thought (CoT) followed by a final answer. Each such sequence provides
areward 7y, 4 as described in Section 4]

For each prompt z;, the LOO group baseline for sample ¢ averages the other G—1 rewards from the
same prompt:

G
(o) _ 1 _ (~9)
B = Zrb,j, Ay = 1pg—7y 7. (12)
Jj=1
J#g
Baselines and rewards are treated as constants w.r.t. #; i.e., stop-gradient.

Let yp g,1.1,, denote all tokens in y; , (CoT + answer). With policy 7y, the per-sequence log-
probability is

Tb,g
g = Y 1ogmo(Ysgt | Ysg.<t: Tv)- (13)

t=1

Our loss is the advantage-weighted negative log-likelihood averaged over batch and group:

B G
1 ,
— sg
L) = — 55 b§:1 9221: Al g, (14)
1 B G Tb,g
vaﬁ(@) = 7736’ bE:1 gE:I Ab’gt:E - VQ log 7Tg(y57g7t | Yb,g,<ts xb). (15)

where & denotes a stop-grad operator on the advantages.

B TASK PROMPT

To guide the model’s behavior during our experiments, we provided the following explicit instruc-
tion. This prompt ensures that the assistant follows a structured reasoning process before giving the
final answer.

Task Prompt

A conversation between User and Assistant. The user asks

a question, and the Assistant solves it. The assistant

first shows the complete reasoning process step by step,

then provides the final answer in \boxed{}. The assistant
must always follow the format: ‘User: [question] Assistant:
[detailed reasoning] The final answer is: \boxed{[answer]}.’
User: QUESTION Assistant:

C STOPPING CRITERION AND PREFILLING

Stopping criterion.

* Hard: Monitor the generated text and stop as soon as it ends with The final answer
is:

14
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* Soft/Fuzzy: During continuous generation, form a greedy shadow sequence by taking the
highest-probability hard token at each step and stop when this shadow ends with The
final answer is:

If neither condition is met, decoding continues until the maximum chain-of-thought length L.

Prefilling.

* If early stopping is reached, prefill \boxed{.
 If L is reached, prefill The final answer is: \boxed{.

D HYPERPARAMETER SEARCH

All models were trained with the AdamW optimizer and a cosine learning-rate schedule using 20
warm up steps.

We tuned all hyperparameters using greedy validation performance. The same learning rate and
scale factors are used for fuzzy and soft, thus we only sweep over values for fuzzy.

Learning rate. For both the hard and fuzzy, we swept over {le—5, 9e—6, ..., 2e—6, le—6} for
each combination of models. The same optimal rates were found for both hard and fuzzy:

e Llama 3B Instruct: 6e—6
¢ Llama 8B Instruct: 3e—6
* Qwen 3B Instruct: 8e—6

Scale factor (fuzzy only). We additionally swept scale factors {0.1,...,10} on the root mean
square embedding norm across various models and found 0.33 to be best, though most values below
1 performed well. An ablation in Section [FI] supports the finding that our algorithm is robust to
scale values below 1.

E RESULTS ON SOFT AND FuUzzY INFERENCE

We evaluate base models and all RL trained models (hard, fuzzy and soft) under six inference set-
tings: hard greedy, hard sample, fuzzy greedy, fuzzy sample, soft greedy and soft sample, described
in Section [d] Here, we report test performance on GSM8K (Table [3), MATH-500 (Table [) and
OlympiadBench (Table[5). Contrary to previously reported benefits of soft inference on hard trained
models (Zhang et al.} 2025)), we do not observe any improvement in soft inference. Interestingly, we
do not observe any gains of soft inference on soft trained models either. In our experiments, hard
inference on all models achieves the best performance.

F ABLATIONS
All ablations were run with two independent random seeds per experiment.

F.1 NOISE SCALE

In Table [6] we report test performance on GSM8K test set for Llama 3b Instruct trained with the
fuzzy RLOO, varying the scale factor, -, applied to the root mean square embedding norm to com-
pute the noise scale o. Further, in Figure[5] we report the greedy validation performance on GSM8K
train set. We observe that our algorithm appears robust to scale factors 1 and below; whereas for
~ = 3, there is a collapse in learning as noise gets too large.

F.2 NOISE PLACEMENT
In Table [/} we report test performance on GSMS8K test set for Llama 3b Instruct trained with the

fuzzy and soft RLOO, varying the placement of noise in our model. We consider placing both
the noise on the final hidden layer and on the logits instead of the embeddings. We pose that the
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Inference Settings

Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft

Model Training Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 | pass@1 pass@1 pass@32
no finetune 71.4+0.0 450400 96.8+0.0 | 70.5£0.0 69.3£0.0 93.9+0.0 | 68.4+0.0 652+0.0 94.94+0.0

gsm8k hard 75.9+1.3 743+0.8 94.1+0.3 | 75.5+£0.6 74.7+£0.5 92.3+04 | 75.7+£0.5 742+04 92.6+0.1
gsm8k fuzzy 76.7+1.8 664124 974403 | 76.4+2.1 752+1.8 92.0+1.1 | 75.1+1.8 73.5+1.7 93.5+0.8
llama 3b gsm8k soft 77.2+0.9 705433  97.94+0.3 | 76.8+0.8 76.0+1.4 934403 | 745+1.5 74.1+£2.0 94.240.2
instruct ~ math hard 80.0+0.5 79.7+0.8 96.7+0.1 | 80.1+0.5 78.9+0.7 953+0.5 | 79.5+0.8 78.6+0.7 95.54+0.3
math fuzzy 79.6+1.4 685+2.1 97.6+0.3 | 78.8+0.9 78.1£0.8 95240.1 | 77.9£09 759+1.1 95.7+0.3
math soft 76.8£1.0 70.8+£2.5 97.8+0.3 | 76.9£0.3 76.2+£0.6 94.6+£0.6 | 76.3+0.5 74.84£0.7 95.3+£0.8
deepscaler hard | 79.7+1.3 79.5+0.3 96.6+0.3 | 79.6t1.1 78.9+0.5 94.7+0.6 | 79.8£1.0 78.5+0.5 94.8+0.2
deepscaler fuzzy | 78.8+0.8 69.6+4.7 97.7+0.5 | 78.3+£09 77.2+1.1 94.8+04 | 76.5£0.7 754+1.3 953+0.6
deepscaler soft 77.9+1.8 71.0+1.4 98.0+0.1 | 77.5£1.3 769+1.4 94440.6 | 77.5+1.7 755+1.6 952404
no finetune 82.640.0 64.9£0.0 98.5+0.0 | 82.64£0.0 69.3+0.0 96.1+0.0 | 81.2+0.0 63.840.0 96.140.0

l_lantla 813 gsm8k hard 81.2+0.2 80.6+04 95.140.2 | 80.0£1.3 69.0+0.7 94.5+0.3 | 78.3+£2.2 68.3+0.7 94.3+0.1
1SIUEL gsm8k fuzzy 83.7+13 732430 982402 | 83.4+0.7 73.5£11  955+03 | 82.340.8 69.8+1.7 955407
2sm8k soft 82.6+1.6 733+39 983402 | 82.4+1.7 729410 9524+0.8 | 81.6+1.3 69.0+1.2 95.6+0.4
no finetune 89+0.0 172400 95.1+0.0 | 10.54£0.0 11.5+£0.0 585+0.0 | 8.6+0.0 13.840.0 71.9+0.0
e 3'3 math hard 84.0+0.8 82.9+03 972403 | 84.0£0.9 832+03 94.6+02 | 84.0+0.7 83.0+02 949402
Struc math fuzzy 84.4+0.8 81.6+1.0 98.1+0.2 | 84.1+0.3 84.240.3 94.3+0.1 | 84.0+0.6 84.1+-0.3 95.04+0.3
math soft 82.9+0.9 78.7+2.6 97.6+0.5 | 82.5+1.3 82.1+1.3 94.8+04 | 82.9+1.1 819+1.5 954+04

Table 3: Results on GSMSK test set. In blue the best pass@1 performance and in green the best pass@32
for each (base model, training set) pair.
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Figure 5: Validation performance for: (a) noise scale ablation, (b) temperature ablation, on Llama 3B

Instruct trained with fuzzy models on GSM8K. Fuzzy training appears robust to noise scale factors 0.1-1.0
and temperature values 0.1-0.0001.
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Figure 6: Validation performance for (a) noise placement ablation (b) Gumbel noise ablation on Llama
3B Instruct trained with fuzzy/soft models on GSM8K. We tried placing the noise on the (top-k) logits and final
hidden layer outputs; only placing noise on the top-k=5 logits shows signs of learning.
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Inference Settings
Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft
Model Training Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 pass@1 pass@1 pass@32
no finetune 38.0£0.0 252400 82.0£0.0 | 37.8+£0.0 34.9+0.0 78.4+0.0 | 37.2+0.0 33.1£0.0 79.240.0
gsm8k hard 346402 312404 724+1.1 | 346400 327405 71.6+09 | 33.241.6 321408 70.14+0.2
gsm8k fuzzy 42.6+3.2 32616 832+1.1 | 416421 412420 795417 | 403+15 387+£1.7 79.542.0
llama 35 £SmB8K soft 435414 37.0£1.0 84.8+0.4 | 442405 425407 781404 | 42.042.3 407408 79.6+1.0
instruct  math hard 49.141.7  47.940.9 787409 | 49.741.0 470410 765402 | 48.1+1.7 46.8+1.0 76.3+1.0
math fuzzy 48.540.3 37.5£1.6 81.5+0.7 | 474407 469409 79.740.6 | 45.6+1.6 44.8+0.6 79.9+0.1
math soft 44540.6 39.1+£1.8 82.2+1.6 | 451414 434406 793417 | 432408 420403 80.2+0.9
deepscaler hard | 49.6+0.9 48340.6 78.1+0.7 | 49.240.7 47.9+0.4 77.740.5 | 50.0+0.6 474402 77.7+1.1
deepscaler fuzzy | 46.5+22 38542.6 83.3+£0.3 | 46.041.7 453+12 79.8403 | 458409 435+14 78.940.5
deepscaler soft | 44.7+12 374413 80.6+22 | 44.6+1.1 42.8+0.7 78.5+12 | 40.9+14 413416 77.9+1.2
no finetune 444400 31.1£0.0 79.8£0.0 | 452400 322400 78.6+0.0 | 424+0.0 29.3+0.0 73.6+0.0
]}a":a 8? gsm8k hard 202408 19.8+12 454432 | 208410 9.740.6  323+02 | 20.0+£1.8 9.7+0.6 322404
ISIUCL o om8k fuzzy 44.642.1 337425 830409 | 451414 339409 759421 | 43.7+0.8 31.1+12 75.742.1
gsm8k soft 44.742.3 348422 83.9+1.1 | 443417 339407 769414 | 44.3+0.9 31.0+£05 754+1.1
no finetune 29.0£0.0 255+0.0 81.0£0.0 | 27.6£0.0 28.1£0.0  69.0+0.0 | 27.0£0.0 29.6+0.0 73.6+0.0
‘1“"){“ 3'5 math hard 59.041.7 571402 83.6+1.0 | 589419 575404 79.941.0 | 58.34+0.2 57.1£0.5 80.2+0.7
SUCt - hath fuzzy 581409 555412 844402 | 584408 57.9+40.8 79.1+0.7 | 58.0+1.4 57.7+1.0 80.3+0.8
math soft 547403  522+1.1 844407 | 549405 54340.1 79.140.5 | 547412 546406 80.3+1.5
Table 4: Results on MATH-500. In blue the best pass@1 performance and in green the best pass@32 for

each (base model, training set) pair.

Inference Settings
Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft

Model Training Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 | pass@1 pass@1 pass@32
no finetune 179400 12.0+£0.0 523+0.0 | 184+0.0 154£0.0 53.2£0.0 | 144400 147400 524400
gsm8k hard 10.6+£0.9  9.440.5 393+13 | 11.0£1.2  10.14£04 39.1+0.8 | 11.14£0.5 9.840.3 38.0+1.9
gsm8k fuzzy 174409 13.041.1 552412 | 17.6+1.3 164£1.1 553+2.1 | 155403 15540.6 552415
llama 35 £5m8k soft 18.940.2 155407 58.6+1.6 | 19.3+1.2 182404 57.5+0.8 | 174404 169402 57.5+0.7
instruct  math hard 227411 222404 493413 | 222412 22.1+0.3 485+15 | 22.740.7 21.9+0.4 48.0+14
math fuzzy 21.6+0.6 159408 528+1.6 | 21.2+1.1 21.040.7 554+17 | 199404 19.6+05 56.2+0.6

math soft 192+1.1 166404 558+1.2 | 20240.5 195404 535421 | 19.9+0.7 182403 53.9+1.1
deepscaler hard | 23.2+1.4 23.840.6 50.8+15 | 23.040.6 23.7+0.3 49.4+1.1 | 24.0+1.2 23.3+0.5 49.0+1.9
deepscaler fuzzy | 19.5+41.0 16.6+1.4 54.4+2.1 | 207419 197409 53.1+1.0 | 20.51.1 18.5+1.1 53.8+13
deepscaler soft | 21.040.6 164407 53.3+1.7 | 189413 19.5+0.1 53.2+1.5 | 184403 18.0+04 51.5+1.6
no finetune 19.6£0.0 117400 52.6£0.0 | 18.7+0.0 12.8£0.0 46.4£0.0 | 157400 11.5+0.0 483+0.0

Hama 85" gsmsk hard 38405 34105 164424 | 38108 12402 7.6£04 | 39+0.1 10402  6.7+08
INSIUCL o sm8k fuzzy 18.0+1.4 125+13  56.0+2.6 | 17.9+1.3 141+13 525429 | 18.1+1.4 13.0+£14 515427
gsm8k soft 17.941.0 13.1407 56.8+1.2 | 18713 138+04 53.0+15 | 17.1+0.6 13.040.5 51.140.9
no finetune 169+0.0 143+£0.0 502400 | 173+£0.0 164+0.0 40.6+0.0 | 17.3£0.0 16.7+0.0 453+0.0
qwi“ 3? math hard 29.4+0.3 278405 61.1+0.6 | 29.6+0.8 28.6+04 572404 | 29.1+0.7 283406 557405
INSUUCt - math fuzzy 272405 244407  60.740.5 | 274412 27.140.5 54.040.1 | 272407 26.6+0.7 55.440.1
math soft 243+1.8 220405 585+1.0 | 22.841.5 23.9+0.6 532429 | 23.1+23 235404 549417

Table 5: Results on OlympiadBench. In blue the best pass@1 performance and in green the best pass@32
for each (base model, training set) pair.

dimensionality of the noise on the logits layer may be too high for learning given the signal to noise
ratio and so consider a top-k variant where we only add noise to the top-k logits and set the remaining
logits to negative infinity. In Figure[6] we report the greedy validation performance on GSMS8K train
set. We observe that the only variant where we see learning similar to adding noise to the embedding,
is the top-k=5 variant. Interestingly, this is less reflected in the test performance in Table [/} where
only some metrics show improved performance compared to the base model; however, note that
the inference settings are as described in Section [4 and potential gains may be seen through soft
inference that also adds noise to the top-k logits instead of the embeddings. Despite a collapse in
validation performance, the top-k 50 test performance is on average higher than the base model
suggesting some learning, however, on inspection the model checkpoints with the best validation
performance which are used for evaluation were those after 50-100 steps.
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Inference setting
Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft
Noise Factor Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 pass@1 pass@1 pass@32

v=0.1 75.5+£0.8 68.9+32 97.5+0.1 | 7454+09 745+1.1 929403 | 73.5£1.2 72915 93.9+02
v=0.33 76.7£1.8 66.4+£2.4 97.4+£03 | 76.4£2.1 752+1.8 92.0+1.1 | 75.1£1.8 73.5£1.7 93.5+0.8
v=1.0 78.1+£0.2  71.7£0.1 97.7+£0.2 | 77.7+£0.0 77.0£0.1 93.3+£0.5 | 77.5£0.5 75.840.3 94.4+0.6
v=3.0 65.4+1.9 378+44 959+0.6 | 65.1£1.7 63.1£2.1 91.1+1.3 | 60.5£2.9 57.3+3.0 93.1+0.6

Table 6: Results of noise factor ablation study on GSMS8K test set of for Llama 3B Instruct trained with
fuzzy Model on GSMB8K train. Fuzzy training performance is relatively robust to scale factors less than or
equal to 1.0.

Inference setting
Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft

Training  Noise Loc Temp Top-k Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample

pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 pass@1 pass@1 pass@32
None Tokens 1.0 1 71.0£0.0  45.0£0.0 96.84+0.0 | 70.8£0.0  69.3£0.0  93.9£0.0 | 67.740.0  65.2+0.0 94.9£0.0
Fuzzy Embedding 0.0001 - 76.7+1.8  66.4+24 974403 | 76.4+2.1 752418 92.0+1.1 | 75.1+1.8 735417  93.5+0.8
Soft Embedding 0.5 - 77.240.9 70.6+3.4  97.9+0.3 76.8+0.8 76.0+£1.3  93.4+0.3 745+1.5 74.1+2.1 94.240.2
Fuzzy Final Hidden  0.0001 - 66.2+4.1  46.6+£124 96.1£1.0 | 66.0+£3.5  64.6£4.1 89.24+09 | 627446  60.1£58  90.6+0.6
Soft Final Hidden 0.5 - 68.0+£3.3  40.0+£10.0 945+1.7 | 66.843.5  65.1+3.6 89.3+1.0 | 643+3.3  61.0£3.7 91.7+0.6
Fuzzy Logits 0.0001 - 66.8+2.4 323427 943408 | 652435 639429 913422 | 61.1+4.2 56.844.3  94.0+14
Soft Logits 0.5 - 60.0+£14.3 358+12.6 94.342.1 | 59.0+13.6 58.6£12.9 90.0+3.3 | 56.8+13.0 53.8£13.4 924426
Soft Logits 1.0 5 72.840.1 68.54+0.7 94.0+£0.7 | 721402  71.54+0.6  90.9+0.5 | 71.6+0.6  70.7+0.6  91.5+0.4
Soft Logits 1.0 50 74.240.2 584458  97.5+£0.6 | 73.4+05 71.940.1 94.240.0 | 72.04+0.3 68.7+0.3  94.7+0.3

Table 7: Results of noise placement ablation study on GSMS8K test set for Llama 3B Instruct trained with
fuzzy/soft models on GSMSK train. We only see evidence of increasing performance on some metrics for top-
k=5 and top-k=50. Note, for top-k=50, the best model used for evaluation was selected after only 50-100 steps.

F.3 GUMBEL NOISE

Here, we extend the noise-placement variant in Appendix [F2] that places Gaussian noise on the
logits. For connectivity with [Wu et al.| (2025), we instead place Gumbel noise on the logits and
apply soft training. In Figure [6] we observe no evidence of learning for either variant that places
noise on the logits, whether that noise is Gaussian or Gumbel.

Inference setting

Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft
Training Noise Loc  Temp Noise Type Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 pass@1 pass@1 pass@32
None Tokens 1.0 71.0£0.0  45.0+0.0 96.840.0 | 70.8£0.0  69.3+£0.0 93.9+0.0 | 67.74£0.0  652+0.0 94.94+0.0
Soft Embedding 0.5 Gaussian 772409  70.6+£34 979403 | 76.8+0.8  76.0+1.3 934403 | 745+1.5  T41+2.1 942402
Soft Logits 0.5 Gaussian 60.0+£14.3  358+12.6 94.3+2.1 | 59.0+13.6 58.6+£129 90.0+3.3 | 56.8+13.0 53.8+13.4 92.4+2.6
Soft Logits 0.5 Gumbel 66.0+58  40.5£74  96.140.7 | 48.9+£9.2 228400 85.1k1.4 | 489+92  228+0.0 85.5%1.1

Table 8: Results of gumbel noise ablation study on GSMSK test set for Llama 3B Instruct trained with soft
models on GSMS8K train. We see no evidence of increasing performance for either the Gaussian or Gumbel
noise variants on logits.

F.4 TEMPERATURE
In Table 9] we report test performance on GSMS8K test set for Llama 3b Instruct trained with the
fuzzy RLOO, varying the temperature, 7. Further, in Figure [5] we report the greedy validation

performance on GSMS8K train set. We observe that our algorithm appears robust to temperatures
between 0.1 and 0.0001.

G SUPPLEMENTARY RESULTS

G.1 TRAINING AND VALIDATION PERFORMANCES

In Figures[7} [8] [9|and [T0] we report training and validation success rates for all RL trained models.
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Figure 7: Llama 3b Instruct trained on MATH (a) Training performance across steps. (b) Greedy validation
performance used for model selection.
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Figure 8: Llama 3b Instruct trained on DeepScaleR (a) Training performance across steps. (b) Greedy
validation performance used for model selection.
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Figure 9: Llama 8b Instruct trained on GSMS8K (a) Training performance across steps. (b) Greedy validation
performance used for model selection.
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Figure 10: Qwen 3b Instruct trained on MATH (a) Training performance across steps. (b) Greedy validation
performance used for model selection.
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Temperature Inference setting
Hard Hard Hard Fuzzy Fuzzy Fuzzy Soft Soft Soft
Greedy Sample Sample Greedy Sample Sample Greedy Sample Sample
pass@1 pass@1 pass@32 pass@1 pass@1 pass@32 pass@1 pass@1 pass@32
7=0.0001 76.7£1.8 664424 97.4+03 | 76.4+2.1 752418 92.0+1.1 | 75.1£1.8 73.5+1.7 93.5+£0.8

7=0.001 774+03 67.8£1.5 97.8+£0.2 | 77.3+£0.1 76.2+04 92.24+0.2 | 76.5+£1.2 74.6+£0.1 93.9+0.6
7=0.01 76.9+0.2 70.7+1.1 97.3+0.0 | 77.2+£0.1  76.2+0.4  93.7+0.1 | 75.5+£0.2 74.6+0.5 94.24+0.3
7=0.1 76.3+2.0 63.1£7.5 97.4+02 | 751423 745425 941425 | 743433 724427 944424

Table 9: Results of temperature ablation study on GSM8K Test Set for Llama 3B Instruct Trained with

Fuzzy Model on GSMS8K Train. Fuzzy training performance is comparable across temperature values 0.1-
0.0001.
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Figure 11: Pass@k on GSMSK test set of Llama 3b Instruct trained on GSMS8K train

G.2 PAss@k

In Figures[TT]} [T2} [T3] [T4] [T3] we report the pass@k on each model and training dataset combination
across each training method (none, hard, fuzzy and soft) and evaluation metric (hard, fuzzy, soft).

G.3 Pass@64

We extend our pass @k analysis for Llama 3b Instruct trained on GSMS8K to pass @64 using one seed
for each evaluation. In Figure[I6] we see that for hard inference, at pass@64, soft and fuzzy train-
ing methods achieve similar performance to the no-finetune base model, whereas the hard training
method continues to under-perform.
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Figure 12: Pass@k on GSMSK test set of Llama 8b Instruct trained on GSMSK train

20



Published as a conference paper at ICLR 2026

Hard Evaluation

Fuzzy Evaluation

Soft Evaluation

80 80 80
70 70 70
~ ~ ~
¥ 6o ® 60 ® 60
o~ o~ o~
€] C] c]
EEY g s0 8 s0
£ & £
A
40 40 40
A
30 30 30
1 2 4 8 16 32 2 4 8 2 1 2 4 8 16 32
k k k
Training Method Inference Method
~®— NoFinetune ~ —®— Hard —®— Fuzzy —®— Soft ~®— Sample A Greedy

Figure 13: Pass@k on MATH-500 of Llama 3b Instruct trained on MATH train
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Figure 14: Pass@k on MATH-500 of Llama 3b Instruct trained on DeepScaleR
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Figure 15: Pass@k on MATH-500 of Qwen 3b Instruct trained on MATH train
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Figure 16: Extended pass@k on GSMSK test set of Llama
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Figure 17: CoT Entropy on MATH-500 of Qwen 3b trained on MATH train

G.4 ENTROPY ANALYSIS

In Figures([T7}[T8] [19} 20] we report the CoT entropy on each

model and training dataset combination

across each training method (none, hard, fuzzy and soft) and evaluation metric (hard greedy, hard

sample, fuzzy greedy, hard greedy, soft greedy, soft sample).

For each token position ¢, CoT entropy

is the mean token-distribution entropy across all test generations, computed only on non-pad tokens.
In the plots, varying opacity denotes different seeds for the same method.

H COMPUTATION DETAILS

Every RLOO run (hard, fuzzy, and soft) was executed on a

dedicated node with 8x NVIDIA H100

GPUs (80 GB VRAM each) or 8x NVIDIA H200 GPUs (141 GB VRAM each), with the job occu-
pying the entire node. Wall-clock time varied with model size and dataset and was 48—96 hours per
run end to end. For all training methods, rollout/generation used a custom PyTorch-based genera-
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Figure 18: CoT Entropy on MATH-500 of Llama 3b trained on DeepScaler
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Figure 19: CoT Entropy on GSMS8K Test Set of Llama 8b trained on GSMS8K train
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Figure 20: CoT Entropy on MATH-500 of Llama 3b trained on MATH train

tion function. For a more optimized setup—especially for long contexts or larger batches—paged
attention as implemented in vLLM Kwon et al.| (2023) may be preferable as it improves throughput

and KV-cache efficiency.
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I FORMAT FOLLOWING

We use the same (zero shot) task prompt for Llama and Qwen models (Appendix [B). However,
before RL fine-tuning Qwen frequently violates the required output format: after completing one
chain-of-thought it initiates a new User turn, which breaks our single-turn evaluator and collapses
greedy pass@1. After RL fine-tuning, Qwen learns to adhere to the template: one Assistant
block ending with The final answer is:. The examples below illustrate this contrast.

GSMSK Prompt Example

A conversation between User and Assistant. The user asks

a question, and the Assistant solves it. The assistant

first shows the complete reasoning process step by step,

then provides the final answer in \boxed{}. The assistant
must always follow the format: ’User: [question] Assistant:
[detailed reasoning] The final answer is: \boxed{[answer]}.’

User: Natalia sold clips to 48 of her friends in April, and
then she sold half as many clips in May. How many clips did
Natalia sell altogether in April and May? Assistant:

Qwen 3b Instruct - No Finetune - Hard Greedy CoT

1. *xDetermine the number of clips sold in May:*x — Natalia
sold 48 clips in April. - In May, she sold half as many
clips as she did in April. - Therefore, the number of clips
sold in May is:

il§::24

2

2. *%xCalculate the total number of clips sold in April and
May:*+* — The total number of clips sold is the sum of the
clips sold in April and May. - Therefore, the total number
of clips sold is:

48 424 =172
Conclusion:
Human: Given that the function f(z) is an odd function
defined on R, and when z > 0, f(zr) = 2% + 2x — 1. Find
the expression for f(z) when x < 0. Assistant: To find
the expression for f(z) when z < 0, we start by using the
property of an odd function. An odd function satisfies the
condition f(—z) = —f(x) for all z in its domain. Given that

f(z) =22 +2x -1 for * >0, we need to determine f(z) for = < 0.
Let # < 0. Then —x > 0, and we can use the given expression
for f(—x):

f(=z) = (—2)* +2(—x) =1 = 2% — 22 — 1.

Since f(z) is an odd function, we have:
f(a) = —f(==).

Substituting the expression for f(—z) into this equation, we
get:
flx)=—(2* =20 —1) = —2® + 22 + 1.

Thus, the expression for f(z) when <0 is:

— 2?42 +1|
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Qwen 3b Instruct - Hard Trained on MATH - Hard Greedy CoT

To determine the total number of clips Natalia sold in April
and May, we need to follow these steps:1. Calculate the
number of clips sold in May.2. Add the number of clips sold
in April and May together. First, we know that Natalia sold
48 clips in April. 1In May, she sold half as many clips as

she did in April. Therefore, the number of clips sold in May
is: 48
— =24
2
Next, we add the clips sold in April and May:
48+24 =172

The final answer is:
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