Centralized Selection with Preferences in the Presence of Biases

L. Elisa Celis! Amit Kumar? Nisheeth K. Vishnoi! Andrew Xu!

Abstract

This paper considers the scenario in which there
are multiple institutions, each with a limited ca-
pacity for candidates, and candidates, each with
preferences over the institutions. A central en-
tity evaluates the utility of each candidate to the
institutions, and the goal is to select candidates
for each institution in a way that maximizes util-
ity while also considering the candidates’ prefer-
ences. The paper focuses on the setting in which
candidates are divided into multiple groups and
the observed utilities of candidates in some groups
are biased—systematically lower than their true
utilities. The first result is that, in these biased set-
tings, prior algorithms can lead to selections with
sub-optimal true utility and significant discrepan-
cies in the fraction of candidates from each group
that get their preferred choices. Subsequently,
an algorithm is presented along with proof that
it produces selections that achieve near-optimal
group fairness with respect to preferences while
also nearly maximizing the true utility under dis-
tributional assumptions. Further, extensive em-
pirical validation of these results in real-world
and synthetic settings, in which the distributional
assumptions may not hold, are presented.

1. Introduction

This paper studies a centralized selection problem that oc-
curs in high-stakes contexts such as education and employ-
ment. In this setting there are p institutions, each with
capacities ki, k2, ..., kp, and n candidates, and Zl k; is
much less than n. A central entity evaluates the utility of
each candidate to the institutions (same for each institution)
and the candidates declare preferences for the institutions.
The high-level goal of this entity is to then select a subset
of at most k, candidates for /-th institution while trying to
maximize total utility and ensuring the preferences of the

"Yale University *IIT Delhi. Correspondence to: Nisheeth K.
Vishnoi <nisheeth.vishnoi @yale.edu>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

candidates are taken into account. Examples include the
Joint Seat Allocation Authority (JOSAA) in India, which
places over 50,000 students in top engineering colleges each
year (Baswana et al., 2019; JOSAA, 2022), and comparable
centralized allocation mechanisms across China (Wikipedia
contributors, 2024b). Other examples include public schools
in NYC and Boston, which have used centralized admis-
sions systems (Roth & Sotomayor, 1992; Roth & Peranson,
1999), and online labor markets (such as TaskRabbit) that
use centralized systems to match workers to tasks based on
their skills and preferences for working hours, location, and
type-of-task (Hanndk et al., 2017; TaskRabbit, 2014).

Several works in Game Theory (Roth, 1989; Aziz et al.,
2016), Machine Learning (Das & Kamenica, 2005; Muthukr-
ishnan, 2009; Liu et al., 2020; 2021; Min et al., 2022), and
Economics (Roth, 1985; Roth & Peranson, 1999; Liu et al.,
2014; Rastegari et al., 2013) examine this centralized selec-
tion problem and its various forms. The variant of interest
here is where candidates’ utilities u1, us, ..., u, > 0 are
cardinal and their preferences are ordinal. The utilities can
denote candidates’ test scores, performance in interviews, or
suitability for hiring. Candidate 7’s preferences are given by
aranking o; of the p institutions, ordered from most to least
preferred. The Gale-Shapley algorithm (Gale & Shapley,
1962) for this problem orders candidates in decreasing order
of utility and assigns them to their most preferred institution
which still has empty slots. This algorithm can be shown
to maximize utility and ensure a type of stability—there are
no two candidates who both prefer each other’s assigned
institution to the ones they have been assigned.

However, the true or latent utilities of candidates are often
estimated through evaluation processes like tests, interviews,
or user ratings, which are known to yield biased estimates
against underprivileged groups (Rooth, 2010; Kite & Whit-
ley, 2016; Régner et al., 2019; Elsesser, 2019; Moss-Racusin
et al., 2012; Wenneras & Wold, 1997; Lyness & Heilman,
20006; Celis et al., 2023). Standardized exams like the SAT,
GRE, and ACT, which are often pivotal in college admis-
sions, disproportionately affect candidates from minority
and low-income demographics (Elsesser, 2019). Further ex-
amples of biased evaluations include biased peer-review of
fellowship applications against women (Wenneras & Wold,
1997), and stricter promotion standards for women in man-
agerial positions (Lyness & Heilman, 2006).
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Selections based on such biases in estimated utilities may
adversely affect the opportunities of candidates from disad-
vantaged groups in multiple ways. For one, if an algorithm
makes selections in an attempt to maximize estimated util-
ities, the representation of candidates from disadvantaged
groups could be significantly low. Moreover, candidates
from disadvantaged groups might be assigned to lower pref-
erences compared to other groups. This latter inequality of
opportunity may, in turn, influence candidates’ future edu-
cational, employment, and economic opportunities (Lecher
& Varner, 2021; Laverde, 2022; Whitehurst, 2017; Hannak
et al., 2017; Bogen & Rieke, 2018), and is the focus of this
paper. For instance, a study by (Laverde, 2022) showed
that within the Boston Public Schools’ assignment system,
white pre-kindergarten students are more frequently placed
in higher-performing schools compared to minority students,
contradicting the system’s intended purpose of ensuring fair
access to quality education; see also (Lecher & Varner, 2021;
Whitehurst, 2017). And, besides disadvantaging candidates
from certain groups, biases in utilities also reduce the utility
for institutions, who may be assigned candidates with a low
true utility but a high estimated utility.

To reduce the adverse effects of such biases, constraints that
increase the representation of underprivileged candidates,
anti-bias training that aims to reduce bias in evaluations,
and anonymized evaluations that aim to blind the evaluator
to the socially salient attributes of candidates have been
proposed (Goldin & Rouse, 2000; Reskin & McBrier, 2000;
Sowell, 2008; Gawande, 2010; Bohnet, 2016; Zestcott et al.,
2016; Agarwal, 2020). A line of work in the algorithmic
fairness literature (Kleinberg & Raghavan, 2018; Celis et al.,
2020; Emelianov et al., 2020; Celis et al., 2021) studies the
effectiveness of group-wise constraints that require at least
a certain number of candidates from disadvantaged groups
to be selected, in the special case of the problem with only
one institution (and, hence, candidates’ preferences are vac-
uous). For instance, (Kleinberg & Raghavan, 2018) consid-
ers a model of bias where candidates are divided into two
groups: the advantaged group GG; and the disadvantaged
group Go. For an unknown 0 < 3 < 1, the estimated util-
ity of each disadvantaged candidate i is u; = 8 - u;, and
that of each advantaged candidate j is @; = u;. (Kleinberg
& Raghavan, 2018; Celis et al., 2020) show that when the
utilities are i.i.d., then requiring a proportional number of
candidates from both advantaged and disadvantaged groups
to be selected improves the latent utility of the assignment.
However, these results do not generalize to the case when
p > 1. Simple examples show that just ensuring group rep-
resentation in assignments doesn’t guarantee that candidates
from each group will be selected for their top choice insti-
tution. Specifically, disadvantaged groups may see lower
selection rates for their preferred institutions due to biases.
We discuss additional related works in detail in Appendix A.

Our contributions. We study the question: To what extent
can we achieve simultaneous goals of preference fairness,
representational fairness, and utility maximization in the
multi-institution selection problem with preferences in the
presence of biases? We assume that the true utilities and
preferences are i.i.d. from distributions D and £ respec-
tively; see Section 2. We consider preference-based fairness
metric & which is the expectation of the ratio of the fraction
of candidates from the disadvantaged group (G2) that get
assigned to their most preferred institution to the analogous
fraction for G; (Equation (3)). To measure representational
fairness, we consider the metric % which is the expectation
of the ratio of the fraction of candidates in GG5 that are se-
lected to that of G; (Equation (2)). To measure utility, we
consider a utility ratio %/, which is defined as the expected
value of the ratio of the true utility achieved in the presence
of bias to that achieved without any bias (Equation (1)).

Our first result studies the performance of the Gale-Shapley
algorithm and provides upper bounds for %7 and & as a
function of f3; see Theorem 3.1 and Appendix C.2 for exten-
sions. When the distribution D is uniform on [0, 1] and 3
approaches 0, both preference-based and representational
fairness decrease to 0, while the utility ratio approaches %

We consider a type of representational constraint: institution-
wise constraints that require a proportional number of candi-
dates from each group to be matched to each institution.
The algorithm Ajs¢wise (Algorithm 3) then outputs an
assignment that is group-wise stable subject to satisfying
these institution-wise constraints. Our second result is that
Ainstwise has Z =~ 1, Z ~ 1, % ~ 1 (Theorem 3.2). This
result holds for any distributions D and L. The proofs of
both our results rely on a novel Lipschitz property of the
Gale-Shapley algorithm and non-trivial concentration and
scaling results for the total number of candidates who are
assigned their top choice by it; see Section C.1 for details.

We provide empirical validation of our theoretical results on
synthetic and real-world datasets in Section 4 and Appen-
dices G to I to demonstrate their robustness under deviations
from assumptions. In Section 4, we study the performance
of A;pst-wise on real-world data from the 2009 IIT-JEE. In
Section 4, we evaluate Ajpq;-wise ON a synthetic dataset when
the preferences of the two groups are drawn from different
distributions. In Appendix H, we evaluate the performance
of Ajnst-wise under different models of bias. In all simula-
tions, Ainst-wise Maintains a high preference-based fairness
and utility ratio compared to the baselines. For instance,
for the IIT-JEE dataset, we observe that Aj,si_wise achieves
significantly higher preference-based fairness (>0.9) than
group-wise constraints (<0.50) (Figure 1). In Appendix G,
we also study the performance of institution-wise constraints
under relaxed bounds. Finally, in Appendix I, we show that
Theorem 3.1 is robust for different utility and bias models.
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2. Model

Here we present the centralized selection problem, the
model of bias, the model for utilities and preferences, and
the fairness/utility metrics. Each component follows prior
works in fairness and/or centralized assignment literature.

Centralized selection with preferences. Given n candi-
dates and p institutions with capacities k = (k1, k2, ..., kp)
the goal is to select K := Y 7_, k, candidates and assign
them to the institutions subject to the capacity constraint.
We consider the centralized setting where each candidate
1 has a true of latent utility u; > 0 that captures the value
generated if candidate ¢ is selected—it does not depend on
the institution. Further, each candidate also has a prefer-
ence list o; over the set [p] :== {1,2,...,p} of institutions.
A selection M is a partial function from the set of candi-
dates [n] to the set of institutions [p]. For any M and index
¢ € [p], let M~1(¢) denote the set of candidates assigned
to the ¢-th institution. We extend this notation to a subset
of S C [p] of institutions — M ~1(S) denotes the set of can-
didates assigned to an institution in S. One of the goals of
the selection problem is to find an M that maximizes the
latent utility D ;5,1 ([p]) Wi of the candidates assigned to
an institution. another desirable property is stability: con-
sider two candidates ¢ and j with ¢ having higher utility,
then M (7) is preferred over M (j) in o;. The Gale-Shapley
algorithm is widely used for finding such an M (Gale &
Shapley, 1962; Roth & Peranson, 1999) as they have many
desirable properties, including latent-utility maximization
and stability (Roth, 1985; Roth & Sotomayor, 1992).

Remark 2.1. This model of centralized selection with prefer-
ences mirrors several real-world admission systems, where
each student is represented by a single utility value and
schools rank these values to manage the complexities of
large-scale admission processes. For example, the Joint
Entrance Examination (JEE Main), overseen by India’s Na-
tional Testing Agency, is among the most prestigious annual
college entrance exams globally. In 2023, it drew over 1.17
million candidates. Candidates are evaluated in Mathemat-
ics, Physics, and Chemistry, with their scores combined into
a single ranking for all participating institutions. For ad-
ditional information, refer to the JEE Main FAQ (National
Testing Agency, 2024). The Civil Services Examination in
India is also an annual test for entering around 15 civil ser-
vices. Attracting over 500,000 applicants annually, the exam
has ten sections. Scores from these sections are merged into
one overall score. For more details, see (Wikipedia contrib-
utors, 2024a). China’s Gaokao, an annual standardized test
for undergraduate admissions, attracted over 12.9 million
candidates in 2023. Students are assessed in six subjects,
with their total score calculated as a weighted sum of these
scores. Applicants select universities based on this score
and their regional preferences. More details are available
in (Chen & Kesten, 2017).

Model of bias in utilities. We study the model introduced
by (Kleinberg & Raghavan, 2018). In this model, the can-
didates are divided into two groups: the advantaged group
G and the disadvantaged group G>. The estimated utili-
ties in this model are parameterized by an unknown bias
parameter 0 < [ < 1: given 3, the estimated utility u; for a
disadvantaged candidate is -times their latent utility, i.e.,
u; = B - u;, and that of an advantaged candidate j is the
same as their latent utility, i.e., ; = u;.

The motivation to consider 5 < 1 and, hence, u; < wu;,
comes from contexts (discussed in the introduction) where
the estimated utility @; of a candidate in the disadvantaged
group systematically underestimates their true utility wu;.
That said, even in this bias model, one can allow for u; > u;
by setting 5 > 1. Our results continue to hold when 5 > 1.
Moreover, in our empirical results, we consider the setting
where  may have some noise; see H.1. The motivation to
assume (3 is unknown comes from the fact that the analysis is
focused on the “one-round” setting of the selection problems.
Finally, the bias model assumes that the group identities are
known and are reported truthfully. This model is easily
generalized to multiple disjoint groups by introducing a bias
parameter for each group (Celis et al., 2020).

Generative model of utilities and preferences. Following
(Kleinberg & Raghavan, 2018; Celis et al., 2020; Emelianov
et al., 2020), we let the latent utility u, of each candidate ¢
be drawn some distribution D independent of all other candi-
dates. Further, we assume that the preference list o; of each
candidate 7 is drawn independently from some distribution
L of the set of all preference lists of p institutions.

LLD. utilities encode the fact that there are no systematic
differences in utilities across groups. Different choices of D
arise in different contexts: measures of popularity and suc-
cess are observed to have power-law distributions (Clauset
et al., 2009), the percentile of candidates in a population has
a uniform distribution on [0, 100], and normal distributions
model utilities in standardized tests (Dorans, 2002).

LLD. preference lists encode the assumption that candi-
dates in either group have the same distribution of pref-
erences over institutions. This is motivated by contexts
where preferences are largely determined by the “quality’
of the institution: For instance, most candidates applying to
the JOSAA in India have similar preferences over univer-
sities (Livemint, 2022; Verma, 2022), in Boston and New
York Public Schools, most parents prefer high-performing
schools over others (Laverde, 2022), and workers naturally
prefer tasks with higher pay per time over tasks with a lower
pay per time (Hanndk et al., 2017). Note that the i.i.d. as-
sumption allows candidates to have different preferences.
For example, if £ assigns probability 0.5 to each of two
preference lists o1 and o2 over [p], then roughly half the
candidates have preference o (and similarly for o).

5
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Utility ratio. For a fixed utility vector v and a pref-
erence vector o, given a selection M, » : [n] — [p],
we define the utility of M, , as the sum of utilities of
all candidates that are assigned to any institution, i.e.,
UMu,o) = > ienr—1(jp)) vi- Since @ is a scaled-down
version of u, note that the maximum value U(-) can take
is the sum of top K entries in the true utility vector u; we
denote this by U*(u). We measure the performance of an
assignment with respect to U*. Consider an algorithm A
that, given preferences o and utilities @, outputs a selection
M3 ». The utility-ratio of A is defined as:

U £(A) = Bunp.ons "o (1)
It is important to note that the algorithm’s assignment relies
on the estimated utilities 4 of the candidates. However,
when measuring the utility ratio, we use the true utilities of
the selected candidates.

Fairness metrics. There is a wide body of work on metrics
for fairness (Barocas et al., 2019). The two fairness metrics
considered here are grounded in the idea of “proportional
representation”, a common and useful notion of fairness in
many contexts. Representational fairness disregards candi-
date preferences and only considers how many candidates
from each group are assigned to at least one institution. For
group j € {1,2}, let p,; denote the fraction of candidates
in G; that are selected by Mg . Representational fairness
measures the disparity in the values of p; and p2. We con-
sider a multiplicative notion of comparing the performance
across groups. For an algorithm A, its representational
fairness is defined as:

#p,£(A) = Bunpont g0 ()
This definition is similar in spirit to the fairness metrics used
by past works (Celis et al., 2019): they require the value of
some desirable quality to be similar for different groups. By
definition, Zp ¢ (A) is a value between 0 and 1. Zp . (A)
is close to 1 if the A ensures that a proportional number
of candidates from each group are assigned to at least one
institution. The larger the value of %Zp (.A) is the more
“fair” A is.

Preference-based fairness captures the disparity in the frac-
tion of candidates in each group that are assigned to their
“top” preferences. The definition of top preference is context-
dependent: if there are a small number of institutions, as
in school admissions, the first preference of students is im-
portant (Laverde, 2022) (see also (Singh & Joachims, 2018;
Celis et al., 2018; Manning et al., 2010)), and if there are a
large number of institutions, as in the online labor market,
then the relevant notion may be the first ¢ preferences for
some 1 < ¢ < p. Let m; denote the fraction of candidates
in group G that get their first preference. For an algorithm
A, its preference-based fairness is defined as:

Pp.(A) =Eyponc _milje12y ™ (3)

masze{lg} 7Tj/

Pp..(A) is a value between 0 and 1 and large values are
preferable. These three metrics extend to the setting of mul-
tiple disjoint groups by considering the minimum and maxi-
mum over all groups. Similarly, for £ € [p], one can consider

the performance 7r( ) , which considers the fraction of candi-
dates in group G that get an assignment from among their

top-£ choices; and similarly define Wg )L (A). When D and
L are clear, we drop the subscripts from %p r, %p . and
Pp.anduse %, #,and 2, P etc.

3. Theoretical Results

In this section, we first present theoretical results on the
effect of the bias parameter on the fairness and utility met-
rics of a stable assignment algorithm. Subsequently, we
develop an algorithm for enhancing these metrics by adding
institutional representation constraints. Finally, we present
an overview of the ideas involved in proving these results.

Performance of a stable assignment in the presence of
bias. We consider how stable allocation algorithms that
take into account the preferences of participating members
perform in the presence of bias. In our special setting,
where the preferences of institutions are derived from a cen-
tralized evaluation of candidates, there is a unique stable
assignment of candidates that can be obtained by the fol-
lowing algorithm: consider the candidates in decreasing
order of observed utilities. When considering a candidate,
assign it to its most preferred institution that still has an
available spot (see Definition C.3 for the definition of a
stable assignment, and Proposition C.4 for the uniqueness
of such an assignment). This algorithm, denoted Ay, is
formally described in Algorithm 1. When there is no bias,
i.e. 8 = 1, it can be shown that Ag; has near-optimal repre-
sentational and preference-bases fairness, and near-optimal
utility (see Corollary C.27). Our first result shows that the
performance of Ay deteriorates as 3 decreases:

Theorem 3.1. Consider an instance where the utilities of
the candidates are drawn from the uniform distribution on
[0, 1] and the distribution over preferences is arbitrary. As-

sume ny = ny = K. Then, P(Ay) < -+ 0 (/55

RB(Ay) = BiO( 10%”) and U (Aw) = 2+ gl &
()

The above result shows that when the bias parameter f3 is
close to zero, then the fairness metrics % (At ) and % (Ast)
deteriorate substantially, and there is a significant drop in
the utility of the selected candidates as well. It is also worth
noting that the error terms in the theorem decay as p/+/n
and are negligible for reasonable values of n and p. The
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proof of this result appears in Section C.2 and develops
novel results on Lipschitz and concentration properties of
a stable assignment in our setting. It is also worth noting
that the proof first shows a high probability bound on the
utility and fairness metrics and then uses this to bound the
expectation of the respective metrics. We present an outline
of the proof at the end of this section.

The theorem extends to arbitrary values of ny,ne and K
(see Theorem C.12 for details). For example, when ny = no
and K = an; for some parameter « > 1 — 3, then both
H(As) and P (Ag) are at most % This result gen-
eralizes significantly to arbitrary log-concave distributions
of utilities that include (truncated) Gaussian and Pareto (see
Section C.2.4 and also empirical results in Section I.1). It
is also worth noting that such a result does not hold for
arbitrary distributions of utilities (see Example C.30). We
also empirically validate the robustness of Theorem 3.1 on
other models of bias (see Sections 1.2, 1.3).

Enhancing preference-based fairness via institution-wise
representational constraints. Our second result shows an
algorithm that can enhance preference-based fairness while
ensuring near-optimal utility.

Theorem 3.2. Let 1n1,7m2,n3 > 0 be parameters such
that |Gj| > mn for each j € {1,2}, K > mon, and
ke > n3K for each £ € [p). There is an allocation al-
gorithm Ainst-wise (Stated formally in Algorithm 3) such
that, for any distribution of utilities and preference lists,

and bias parameter 3, P ( Ainst-wise) > 1 — O (@) 7

Uﬂla\/F
%(Ainst—wisc) > 1-0 ( \/l%l) and e%(~Ainst—wisc) =1

The error bounds in the theorem are negligible in typical
scenarios. Consider for example a setting where |G| =
|G2| = n/2, K = cn for some constant ¢, and all p insti-
tutions have the same capacity. Then 71 = 1/2,75 = ¢
and 3 = 1/p. Thus the error bounds for & (Ajinst wise)
and % (Ainst-wise) decay as p? /v/K and 1/+/n respectively.
The proof of this result appears in Section C.3. As in the
case of Theorem 3.1, we show a stronger statement that the
fairness and the utility metrics of Aj,st-wise are close to 1
with high probability. The algorithm A, st wise Circumvents
the strong lower bounds mentioned in Theorem 3.1 arising
due to the bias parameter (3. It is worth emphasizing that
the results in Theorem 3.2 hold for arbitrary distributions D
and L over utilities and preferences, and the stated bounds
in the theorem do not depend on the bias parameter. The
theorem does require that the distribution of the utilities and
the preference lists of candidates are identical and indepen-
dent. Removing this i.i.d. assumption seems challenging
and we leave it as an interesting avenue for future work.
We now motivate the ideas in the algorithm A;,s¢ wise DY
arguing that several natural algorithms do not satisfy the
conclusions of Theorem 3.2:

(1) Algorithm Aj s wise: As Theorem 3.1 shows, running
the algorithm A, directly on the original instance could
lead to a significant loss in utility and preference-based fair-
ness. A natural fix would be to first learn (and remove the
effect of) the bias parameter 5 and then apply Ay on the
“corrected” input. We give a detailed discussion in Section B
on why such an approach is highly impractical.

(i) Algorithm Ajps¢ wise With proportional group-wise rep-
resentational constraints: This approach is rooted in in prior
works (Kleinberg & Raghavan, 2018; Celis et al., 2020) on
the single institution setting. For instance, we could run
As; on the set of candidates selected from the top |G;|/n
fraction from each group G; (see Algorithm 2 for a for-
mal description). While this algorithm can be shown to en-
hance representational fairness while obtaining near-optimal
utility, it may have low preference-based fairness (see Sec-
tion B).

(iii) Algorithms that directly enforce preference-based fair-
ness: An approach for generalizing the known results for
the single institution setting to multiple institutions while
directly enforcing high preference-based fairness would
be the following (assume for the sake of simplicity that
|G1| = |G2]) — each institution £ considers the candidates
that prefer ¢ as their first choice. We assign the highest util-
ity candidates from this subset to institution ¢ while ensuring
that no more than half the capacity at this institution is allo-
cated to a single group (in case some slots are vacant at the
end, we can fill them with the highest utility unassigned can-
didates). Such an algorithm A would indeed achieve high
preference-based fairness, but may not obtain near-optimal
utility even when there is no bias — see Section B for an
example.

We consider a different family of representational con-
straints: institution-wise constraints. These constraints re-
quire an adequate number of candidates from each group to
be assigned to each institution. Formally, we require that
for each institution ¢ € [p], |G,;|/n - k¢ candidates from
each group G are assigned to it, where k; is the capacity
of the /-th institution. The algorithm Ajps¢ wise> Which is
a strict generalization of the approaches for single institu-
tion setting in (Kleinberg & Raghavan, 2018; Celis et al.,
2020), satisfies the proportional representational constraints
as follows: We invoke two independent instantiations of
the algorithm Ag; described at the beginning of Section 3.
The first instance is run with the capacity of each institu-
tion £ set to k¢ - nq/n and restricting the candidates to G
only. Similarly, the second instance is run with the capac-
ity of each institution ¢ set to k¢ - n2/n and restricting the
candidates to those from G2 only. A formal description of
Alinst-wise appears in Algorithm 3. It is worth noting that this
algorithm does not explicitly enforce preference-based con-
straints and does not require the knowledge of 3. It is easy
to show that Ajst-wise 1S group-wise stable, Pareto-efficient,
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and strategy-proof (see Section B). The algorithm Ajs¢_wise
and the results in Theorem 3.2 can also be extended to set-
tings with multiple groups and preference-based fairness
metric involving a fraction of candidates that are assigned
an institution among their top-¢ choices for a parameter £.

We empirically validate the conclusions of Theorem 3.2
on the following robust settings: (i) real-world data from
India’s centralist IIT admission system, where the i.i.d. as-
sumption on the utilities and the preference lists of candi-
dates may not hold and compare A;j,s¢_wise With algorithms
based on group-wise constraints only (see Section 4), (ii)
relaxed versions of the institutional constraints where less
than |G;|/n; - k¢ slots may be reserved in the ¢-the insti-
tution for each group G; (see Algorithm 4 for the formal
description of such an algorithm and Section G for related
empirical results), (iii) execute Ajpsi-wise On data generated
using other models of bias (see Sections H.1, H.2), and (iv)
allow two different distributions over the preferences for
candidates from the two respective groups (see Section E.2).
Note that our results cannot be extended directly to set-
tings where institutions have varying utilities for candidates.
Indeed, in such settings, the algorithm Ay (restricted to
candidates from the same group) is not well defined. One
could replace A with another stable matching algorithm,
but such an algorithm may not have both near-optimal utility
and preference-based fairness.

Outline of the proofs of Theorems 3.1 and 3.2. We now de-
scribe the main ideas in the proofs of Theorem 3.1 and The-
orem 3.2. It is well known that the algorithm A, also
known as a serial dictatorship mechanism, is stable (see
e.g. (Svensson, 1999)). However, proving either of these
results requires us to delve much deeper into the properties
of the algorithm Ag;. In particular, we study the Lipschitz
properties of the assignment given by Ag; and the concentra-
tion properties of this assignment when preference lists are
drawn from a distribution. We begin by stating the following
concentration bound.

Lemma 3.3 (Informal; see Lemma C.9). Let G be a
subset of candidates belonging to the same group. Let
S be the subset of selected candidates and 7(S) de-
note the candidates in S that receive their top choice.
Then, Pr[||SNG|—E[|SNG[]| > 1] < 2¢72/1CI and
Pr[||x(S) NG| — E[|7(S) N G|]| > t] < 2e=2°/0*K),

We now give an outline of the proof of this result. We can
express |[SNG|as ), o X;, where X; are negatively corre-
lated random variables. Therefore, we can apply Chernoft-
type concentration bounds here. However, the quantity
|7(S) NG| is much trickier to handle. Clearly, |7(S) N G|
can be again be written as ZieG Y;, where Y, is an in-
dicator variable denoting whether the i-th candidate in G
received the most preferred choice. Unlike the case of X;’s,
the variables Y;’s may not be independent or negatively

correlated. One possibility is to use concentration bounds
relying on the Lipschitz property of the assignment (see
e.g., Theorem C.2), i.e., changing the preference list of only
one candidate changes the assignment slightly. However,
one can construct examples for general stable matching
instances (see Example C.5), where such a change can dra-
matically alter the stable assignment. Our problem has the
additional feature that all the institutions agree on a cen-
tral ranking of the candidates. For such settings, we show
that there is a unique stable assignment (Proposition C.4),
and is given by algorithm Ay (formally described in Al-
gorithm 1). We can compare two runs of Ay on instances
that differ on only one candidate. Let S and S’ be the
set of candidates selected by Ay in these two runs. We
show that the size of the set difference between 7(S) and
w(S7), ie., |(m(S) \ 7(S7)) U (w(S") \ w(S))] is at most
p + 1 (Lemma C.6). This Lipschitz property of Ay al-
lows us to show the second concentration bound mentioned
in Lemma 3.3.

We now give an overview of the proof of Theorem 3.1 (and
the more general result Theorem C.12). Assume for the sake
of simplicity that |G1| = |G2|. We first consider Z(Ast).
Let S be the set of candidates selected by Ag;. The met-
ric Z(A) considers the expectation of the ratio }gggﬂ
Using Lemma 3.3, we can closely approximate this by

%. We now find the threshold A € [0, 1] such that S

is closely approximated by candidates with utility at least A.
This allows us to estimate both of the desired expectations.
The utility metric % (Ast) can be estimated by evaluating
the expected utility of top E[|S N G, candidates from each
of the groups G;. We now consider &?(Ag;) which is de-

fined as E [:Egggfﬂ (recall that 77(X') denotes the number

of candidates in a set X that are assigned their top choice by
Ast). Again, using the concentration bound in Lemma 3.3,
it suffices to bound %. However, we cannot sim-
ply write down a closed form expression for E[7(S N G;)].
Instead, we show (here A is as defined above):

Lemma 3.4 (Informal; see Proposition C.26). Ler A
and B be the set of candidates with observed utility in
the range [A, 1] and [0, A] respectively. Conditioning on

g1 = |Al;g1 == [BNGil, g5 := |BN Gy, w(Gy) and

w(Gq) are closely approximated by m(A) + 79/29/ -m(B)
1 2

and g;gfgg - w(B) respectively.

Using the above result along with the fact that candidates
in A are more likely to get their first choice than in B, and
hence w(A)/g1 > 7(B)/(g7 + g4) (Proposition C.25), we
can bound % (As;). Thus, we show all the three desired
bounds in Theorem 3.1.

We now give an overview of the proof of Theorem 3.2. The
metric Z(Ainst-wise) = 1 by the definition of the algorithm
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Ainst-wise. Indeed, we ensure that the number of selected
candidates from each group G is proportional to |G|. The
utility ratio % (Ast) is also close to 1 for a similar reason:
the institution-wise representational constraints imply that
the total utility of the top K candidates is close to the sum
over each group G'; of the total utility of the top % - K can-
didates from G;. We now consider & (Ajinst-wise ), Which

is defined as E [%} Lemma 3.3 allows us to

approximate this by the ratio of the corresponding expecta-
tions E[|7(S N G;)|/|G,]]. In light of the representational
constraints, one would expect E[|7(S N G;)|]/|G,]] to be
the same for both groups. Somewhat surprisingly, this fact
turns out to be false (see Example C.10). In particular, con-
sider the following two instances (consisting of just one
group): in the instance Z there are n candidates and capac-
ity k; at each institution j € [p]; whereas in the “scaled”
instance Z,,, where a > 1, there are n/a candidates with
k;/a capacity at each institution j € [p]. Let M and M,
be the corresponding assignments given by Ay, and 7 (M)
and 7(M,) be the number of candidates who receive their
top choices in these two assignments. Then E[7(M)] may
not equal a E[r(M,)]. However, we can bound their gap:

Lemma 3.5. ‘M ~E[n(M,)]| = O(pyKTog K).

The proof of this result relies on yet another Lipschitz prop-
erty of the algorithm A : changing the capacity of an in-
stitution by one unit changes the allocation for at most p

candidates (Lemma C.7). Lemma 3.5 allows us to show that

E %} is close 1. Thus, we can show that all

three metrics are near optimal for Ajs¢-wise-

4. Empirical Results

We empirically examine the robustness of Theorem 3.2
under non-ideal conditions. We evaluate Theorem 3.2 using
data from India’s centralized IIT admissions system, and
evaluate a setting in which preferences are not drawn from
a single distribution. The code and data can be found here'.

Baselines and metrics. We consider three algorithms
in each simulation: the unconstrained algorithm (Ag),
the algorithm subject to group-wise constraints (Agroup),
and the algorithm that satisfies institution-wide constraints
(Ainst-wise)- Pseudocodes are provided in Appendix D.
We consider two groups, a general and a disadvantaged
group, and measure preference-based fairness using (1)
and ) as defined in Section 2. We generate preferences
via the well-studied Mallows model, which mirrors many
real-world scenarios (Mallows, 1957). Preferences are dis-
tributed according to a central ranking p and the Kendall-Tau
distance (dkT) between rankings, defined as the number of

'https://github.com/sandrewxu/Centralized
SelectionwithPreferenceBias

pairwise disagreements between two rankings. A dispersion
parameter, 0 < ¢ < 1, defines the distribution such that for
any ranking o, Pr(c) oc k(o)

Simulation with real-world data. We use admissions data
from India’s centralized admissions system for the Indian
Institutes of Technology (IITs) to evaluate institution-wise
constraints in a real-world, non-ideal setting.

Data. Admission to IITs is determined by a centralized
system that considers an applicant’s score in the Joint En-
trance Exam (JEE) as their utility and their preferences over
different major-institute pairs (Baswana et al., 2019). The
data contains the test scores of 384,977 students from II'T-
JEE 2009, self-reported gender and official birth category,
opening and closing ranks, and capacities of major-institute
pairs JOSAA, 2009). Individual preferences were not re-
ported, so we model preferences over institutions, defined
as major-institute pairs, using a Mallows distribution with p
defined by increasing order of C; 1y, the closing All India
Rank of candidates admitted into the major M at institute [
in 2009. Further discussion about the dataset, the notion of
latent utilities, and preference generation is in Appendix E.

Setup. We run two simulations, one considering gender
and the other considering birth category as the protected
attribute. We consider the p = 33 institutions corresponding
to the top major-institute pairs in p. The last index such that
the p-th pair (M, I) in p has C(,ry < 1000 is p = 33. We
fix k¢ to be the 2009 capacity of the /-th major-institute
pair in p. For ¢ € [0,1], we report the average of (1)
and 23 over 50 iterations, where we regenerate student
preferences according to the Mallows distribution in each
iteration. Implementation details appear in Appendix E.

Results and observations. Results appear in Figure 1. Our
main observation is that institution-wise constraints achieve
near-optimal preference-based fairness across all preference
distributions, whereas group-wise constraints do not. For
all ¢v y(l)(Ainst—wise) > 0.9 and 9(3) (-Ainst—wise) > 0.95.
On the other hand, group-wise constraints and no constraints
result in low preference-based fairness: 21 (Agroup) <
0.5, ) (Agroup) < 0.7, and Z3)(Ay) < 0.25. When
¢ < 0.75, 3 (Agroup) < 0.25. Under all conditions,
institution-wide constraints achieve near-optimal preference-
based fairness, higher than both other algorithms. Given
¢ < 0.75, which likely models the admissions system for
IITs, there is no distinguishable difference between A and
Agroup in terms of preference-based fairness.

Simulation with distinct preference distributions. We
also evaluate the efficacy of institution-wise constraints
when groups have different preference distributions. This
tests Theorem 3.2 when the assumption that preferences are
generated from a single distribution is not fulfilled. This
situation can occur in many real-life scenarios: notably, His-
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Figure 1: Preference-based fairness as measured by & W and 23 using either gender or birth-category as the protected attribute with
data from the 2009 JEE test under centralized admission (see Section 4 for details). The x-axis denotes ¢, the dispersion parameter of the
Mallows distribution. Error bars denote the standard error of the mean over 50 iterations. Institution-wise constraints achieve near-optimal

preference-based fairness.

torically Black Colleges and Universities (HBCUSs) in the
United States are highly prestigious and a coveted choice
for black students, but are rarely a top choice for students
of other racial groups.

Data (Latent utilities and preferences). We consider two dif-
ferent distributions for latent utility: Dgauss, the truncated
Gaussian distribution bounded below by 0, and Dpareto,
the Pareto distribution with shape parameter a = 3. The
Gaussian distribution is used because it often models the out-
comes of standardized tests (Dorans, 2002). The fat-tailed
Pareto distribution with shape parameter 2 < o < 3 models
many real-life phenomena such as citations of a paper or
success in creative professions (Clauset et al., 2009). When
generating preferences, we use the Mallows distribution
with ¢ = 0.25 centered around p;, ps for groups G; and
G. For distance 0 < v < Yax = (’2’) , p1 and po are
randomly generated under the constraint dxt(pa, p5) = 7.

Setup. We set n = 1000,p = 5, and k; = 100 for i € [p].
For D € {Dgauss; Dpareto} and 8 € {%, %, %}, we vary
v € [0, Vmaz] and calculate P2W) and % over 50 iterations.

Results and observations. Figure 2 shows the results us-

ing the 2 metric with § = i. Results with other 3

and a discussion of %/ appear in Appendix F. We observe

that implementing institution-wide constraints retains a high
degree of preference-based fairness, while group-wise con-
straints do not. For all v, 220 (Ajpnsi-wise) > 0.75 while
9(1)(Agroup) < 0.7. When v = 0, central ranking is
consistent across groups and @(1)(Agroup) < 0.3 and
PV (Ainstwise) > 0.9. As 7 increases, P (Ainst-wise)
slightly decreases, then increases again. This is because an
increase in -y decreases the ability of Ajp,gqwise tO guaran-
tee high &2, but as « approaches ;.. rankings tend to
become more opposite and more people from each group
match with their top choice institutions, resulting in high &.
The preference-based fairness obtained through group-wise
constraints and no constraints generally increases with .
Even when groups follow different preference distributions,
institutional constraints outperform group-wise constraints,
especially when v < 3.

To better model the complexities of socio-economic biases,
we also explore other models of bias. In Appendix H.1, we
utilize the noisy -bias model, where 3 is sampled from a
truncated Gaussian distribution with a standard deviation
of 0.1 within the range [0, 1]. Our findings reveal that for
0.15 < B < 0.85, the fairness achieved in this model is
within 0.05 of that predicted by the 8- bias model. We
also consider the implicit variance model in Appendix H.2,
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Figure 2: Preference-based fairness as measured by 2 with synthetic data where non-i.i.d. preferences are generated from Mallows
distributions. The z-axis denotes -y, the Kendall-Tau distance between the central rankings, and the error bars denote the standard error of
the mean over 50 iterations. We observe that institution-wise constraints achieve higher preference-based fairness than group-wise and

unconstrained settings.

which introduces Gaussian noise directly to the true utility
of each candidate. The mean of the noise is centered at O,
and the variance is higher for the disadvantaged group. We
vary the standard deviation of the Gaussian noise within the
interval [0, 2] and observe that our algorithm maintains a
preference-based fairness above 0.9, while the introduced
noise reduces the fairness of baseline algorithms.

Recognizing that a rigorous implementation of Theorem 3.2
may seem challenging in some contexts, we also consider
an algorithm that relaxes the strict capacity reservation con-
straint of institutions in Appendix G. We introduce the pa-
rameter «, which ranges from 0 to 1, to allow a proportion-
ate fraction of an institution’s capacity to be reserved for
various groups. By adjusting « to values less than 1, we offer
institutions the flexibility to proportionally reserve a smaller
portion of their capacity, making the algorithm adaptable
to diverse policy requirements and institutional constraints.
We find that this can provide an effective method for improv-
ing &, with a natural tradeoff between preference-based
fairness and the strength of the constraints on the institu-
tions.

Finally, we empirically evaluate Theorem 3.1 under different
utility distributions, as well under the noisy S-bias model
and the implicit variance model in Appendix I to see that
under these settings, the predictions of Theorem 3.1 still
generally hold.

5. Conclusion, Limitations, and Future Work

This paper formalizes and studies the impact of biases
against socio-economic groups for a centralized selection
problem. Our first result shows that biases in utilities can
result in assignments that not only lower utility and decrease
representation but also fail to conform to preference-based
notions of fairness (Theorem C.12). We present a family of
institution-wise representational constraints and show that

the algorithm A, s¢.wise achieves both preference-based fair-
ness and near-optimal utility (Theorem 3.2). We extensively
evaluate the performance of A;s¢ wise On real-world and
synthetic datasets, along with several deviations from the as-
sumptions of Theorem 3.2. We observe that it achieves high
utility and near-optimal preference-based fairness compared
to baselines. Theorem 3.2 relies on the assumption that
the utilities of individuals are independently and identically
distributed. This i.i.d. assumption is not specific to our work
and also applies to the results of the prior works (Kleinberg
& Raghavan, 2018; Celis et al., 2020) for the special case
of subset selection (where there is only one institution and
hence, the preferences of the candidates are vacuous). Ex-
tending these prior works in the non-i.i.d. setting is already
an interesting direction. The proof of Theorem 3.2 can be
generalized to more than two groups by reserving capacity
at each institution for each of the groups in proportion to
their sizes and running .4, on several independent instances,
one for each group.

Future research could explore settings where different in-
stitutions value candidates differently, such as the hospital-
resident matching problem, particularly in the presence of
biases. If institutions’ utilities are uncorrelated, adapting our
results might need completely new approaches. This could
involve modeling how institutions’ rankings of candidates
correlate. A starting point might be the model proposed by
(Castera et al., 2022), which assumes that different institu-
tions’ utilities for a candidate are correlated.

Finally, we emphasize that discrimination is a systemic prob-
lem and our work only studies a part of it. To holistically
counter bias and avoid unintended negative impacts, it is
also important to study the long-term consequences of in-
terventions, e.g., investments in skill development (Heidari
& Kleinberg, 2021) and the impact on biases in evaluations
(Celis et al., 2021), and evaluate the efficacy of interventions
in specific contexts both pre- and post-deployment.
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Impact statement

The goal of this paper is to present an algorithm that can
enhance fairness in centralized selection problems despite
the systemic biases present due to socioeconomic contexts
and/or machine learning algorithms. This algorithm has the
potential to positively impact areas such as hiring and ad-
missions. It can be used as one of a multipronged approach
to counter systemic social biases. As with any intervention
intended to improve equity, we note that the same algo-
rithm could be used instead to discriminate by selecting
parameters that oppose rather than improve fairness. The
implementation of the algorithm should be determined col-
laboratively with stakeholders to ensure it works towards
equity both explicitly and implicitly. We encourage the
continued responsible and ethical application of these ad-
vancements, including an evaluation of the long-term effects
of such interventions.
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A. Additional Related Work

The game-theoretic analysis of assignment and selection problems began with the foundational work by Gale & Shapley
(1962). Since then, a substantial body of literature, including (Roth, 1985; 1989; Roth & Peranson, 1999; Das & Kamenica,
2005; Rastegari et al., 2013; Liu et al., 2014; Aziz et al., 2016; Liu et al., 2020; 2021; Min et al., 2022), has expanded on this
topic, as detailed in overviews like (Roth & Sotomayor, 1992; Manlove, 2013). This research examines various aspects of
assignment problems. It explores game-theoretic properties such as stability and truthfulness (Roth, 1985; Roth & Peranson,
1999), analyzes these properties under conditions of incomplete or uncertain information (Roth, 1989; Rastegari et al., 2013;
Liu et al., 2014; Aziz et al., 2016), and uses machine learning tools to impute preferences and utilities (Das & Kamenica,
2005; Liu et al., 2020; 2021; Min et al., 2022).

Several works empirically study biases in algorithmic assignment/selection systems used in the real world, from centralized
admissions systems to online labor markets (Whitehurst, 2017; Hanndk et al., 2017; Lecher & Varner, 2021; Laverde, 2022).
(Castera et al., 2022) complement these empirical studies with theoretical analysis: They consider a model of bias utilities of
candidates in the disadvantaged group has a higher noise than the utilities of candidates in the advantaged group and show
that, somewhat surprisingly, increasing the noise for the disadvantaged candidates worsens the outcomes for both groups by
reducing the probability that a candidate is assigned their first preference. In comparison, we consider a different model of
bias (Section 2) and bound the effect of bias on representational and preference-based fairness 2. Our result implies a
bound on the ratio of the probability that a disadvantaged candidate gets their first preference compared to an advantaged
candidate. However, unlike (Castera et al., 2022), we also demonstrate that institution-wise representational constraints can
mitigate the adverse effect of bias (Theorem 3.2 and Section 4). Motivated by these, several works design algorithms for
finding assignments subject to different types of fairness constraints (Chierichetti et al., 2019; Biswas et al., 2021; Freeman
et al., 2021; Karni et al., 2022). Notably, the algorithm of (Baswana et al., 2019) has been implemented in an Indian context.
Unlike these works, we focus on mitigating the adverse effects of bias in the centralized selection problem (Theorem 3.2).

The effect of representational constraints. Several works study fundamental algorithmic tasks when the inputs may be
biased. Examples include, subset selection (Kleinberg & Raghavan, 2018; Emelianov et al., 2020; Salem & Gupta, 2020;
Celis et al., 2021; Garg et al., 2021; Mehrotra et al., 2022; Mehrotra & Vishnoi, 2023b; Boehmer et al., 2023; Mehrotra &
Vishnoi, 2023a), ranking (Celis et al., 2020), and classification (Blum & Stangl, 2020). Subset selection and ranking are
particularly relevant to our study.

(Kleinberg & Raghavan, 2018) proposes a mathematical framework for understanding bias and demonstrates that implement-
ing the Rooney Rule—a type of group-wise constraint (Passariello, 2016)—enhances the latent utility of selected subsets.
(Emelianov et al., 2020) explore a bias model where estimated utilities are noisier for disadvantaged candidates, showing
positive impacts of group-wise constraints on latent utility. Additionally, (Boehmer et al., 2023) analyzes the benefits of
group-wise constraints in multi-winner elections—a form of subset selection with submodular objectives based on multiple
preference lists.

These studies explore various dimensions of group-wise constraints’ effectiveness. For instance, (Salem & Gupta, 2020)
focus on online selection scenarios, (Celis et al., 2021) investigate the long-term effects of biases on evaluators, (Mehrotra
et al., 2022) broaden (Kleinberg & Raghavan, 2018)’s model to intersecting protected groups, and (Mehrotra & Vishnoi,
2023b) adapt it to submodular objectives in recommendation systems. Our work builds on (Kleinberg & Raghavan, 2018)’s
bias model but diverges by considering multiple institutions and focusing on ensuring fairness relative to candidates’
preferences, where group-wise constraints alone are insufficient.

Ranking, which requires ordering candidates where earlier positions are more desired, can be regarded as a specialized form
of assignment. Each rank position acts as an institution with a single capacity, and all candidates share identical preferences
for earlier ranks over later ones.

(Celis et al., 2020) extend (Kleinberg & Raghavan, 2018)’s insights to ranking by showing that maintaining proportional
group representation at each rank ensures near-optimal latent utility. However, the institution-specific constraints we propose
differ significantly from the prefix-based constraints of (Celis et al., 2020), which assume uniform candidate preferences
and are not applicable in contexts like ours where institutions vary in capacity. In addition, our study incorporates
preference-based fairness, a crucial element in the settings we aim to address (Theorem 3.2).
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Matchings under distributional constraints. Several works study matchings under distributional constraints; see (Goto
et al., 2017; Kamada & Kojima, 2017; 2015) and the references therein. Both—the works on distributional constraints in
matching and this work—consider the task of computing a centralized assignment between two sets of agents (denoting, e.g.,
individuals, institutions, or items). However, there are several differences: Works on distributional constraints in matching
consider the formulation where agents on both sides have preferences, whereas we consider the problem where agents on
one side (denoting candidates) have individual preferences and the agents on the other side (denoting institutions) have
certain (common) utilities for the individuals and their goal is utility maximization. Our motivation comes from centralized
admission contexts such as the admissions administered by the Joint Seat Allocation Authority in India where institutions
share a common utility, e.g., scores in a standardized exam, and the goal of a centralized body is to match individuals
to institutions to maximize the (total) utility of the institutions while respecting the preferences of the individuals as far
as possible. Moreover, the constraints considered by works in matching and mechanism design are similar to the ones
considered in this work: the constraints are lower bounds or upper bounds on the number of individuals that can be matched
to one or a set of institutions. The key difference is that the constraints in these works apply to all individuals, whereas we
consider different constraints for candidates in different socially salient groups (to counter bias against certain groups). To
the best of our knowledge, unlike this work, works on distributional constraints in matchings do not consider biases in the
preferences and/or utilities.

Other generalizations of stable assignments. There has been much work on generalizations of stable matchings,
including weighted stable matchings and stable matchings in non-bipartite settings (see e.g., (Vande Vate, 1989; Irving,
1985; Rothblum, 1992)). In the context of bias, (Castera et al., 2022) considered a stable assignment setting with two groups
of candidates and two institutions where both sides have preferences. In this model, the correlation between the two utility
values assigned to a candidate by the institutions depends on the group to which the candidate belongs. However, the
distribution of the utility of a candidate for a specific institution remains the same for both groups. In contrast, the utilities of
a candidate for different institutions remain the same in our model, and hence, are always perfectly correlated. Instead, the
distribution of the utility of a candidate is group-specific — for one of the groups, the utility values get scaled down by the
bias parameter 3.

B. Additional Discussion on Theorem 3.2

In this section, we give a detailed discussion on issues with potential approaches for deriving an algorithm with the guarantees
mentioned in Theorem 3.2. We also discuss properties of the algorithm A;s¢-wise-

Properties of the algorithm A;, ;. isc. We now state some additional properties of the algorithm Ajp st wise:

(a) Group-wise stability: The algorithm A;,s¢-wise has the property that the assignment it produces is stable when
restricted to candidates from the same group. Indeed, by definition, A;pst-wise €Xecutes Ag; on each group (with certain
institutional capacities). Since Ag; outputs a stable assignment, it follows that A;,s¢.wise OUtputs a group-wise stable
assignment.

(b) Strategy proof property: Assuming candidates’ socially salient groups are pre-determined, Ajpst-wise 1S Strategy proof
for the candidates with respect to their respective groups. Moreover, candidates have no incentive to misreport their
preferences. Indeed, if a candidate that prefers institution ¢ as a top choice, reports another institution 4’ as its top
choice, then the likelihood that Ajpq;-wise assigns it ¢ only decreases.

(c¢) Pareto efficiency: The algorithm Aj,i.wise 1S Pareto-efficient. Consider two candidates ¢ and i with identical
preference lists and u; > @;. Then the institution assigned to i is preferable (to ¢ and ¢’) to the institution assigned to '

Algorithms that learn the bias parameter 5. One potential approach for proving Theorem 3.2 would be learn the
parameter /3 from the given data. Once 3 is known, the utilities of the disadvantaged group can be corrected. In some
contexts, if the scenario consisted of repeated interactions, and we had access to historical data, one may learn the most
likely value of 5. Exploring various interventions in situations involving repeated centralized matching is a crucial direction
for future research. However, we follow prior works (see e.g. (Kleinberg & Raghavan, 2018; Celis et al., 2020; Emelianov
et al., 2020; Mehrotra et al., 2022)) that focus on one round-settings. In such scenarios, obtaining an estimate of 3 can be
difficult. We also note that algorithms dependent on estimates of 5 may degrade due to inaccuracies in these estimates and
are not resilient to explicit biases, such as those from human evaluators. For instance, consider a setting where an interviewer
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estimates the utilities of the candidates. One potential approach could be to re-scale the estimated utilities reported by the
interviewer. However, if the interviewer is explicitly biased, they can assign disproportionately low scores to a particular
group of candidates; this would make any attempt to learn S and re-scale utilities insufficient. In contrast, the algorithms
that are typically used in the real world settings do not rely on estimates of 5 and hence, are more resilient to explicit biases.

Algorithms with group-wise representational constraints. We now consider algorithms that add proportional represen-
tation constraints to Ag;. More concretely, we select the top |G ;|/n fraction of candidates from each group G ;. This ensures
that the representational fairness of such an algorithm is 1. To maintain group-wise stability property, we now run Ag; on
these candidates. See Algorithm 2 for a formal description of this algorithm Ag;oup. While this algorithm can be shown
to enhance representational fairness while obtaining near-optimal utility, preference-based fairness may be low. Indeed,
consider an example consisting of two institutions, each with capacity K /2, and |G1| = |G2| = K/2. Assume that each
candidate prefers the first institution to the second one. Since n = K, the algorithm selects all the candidates. Assuming 3
is close to 0, the observed utilities of candidates from G2 would be higher than those from ;. Therefore, the algorithm
Agroup Would assign the first institutions to candidates from the first group only. Thus, the preference-based fairness metric
of Agroup Will be close to 0. We validate this fact empirically as well (see Figure 2), where Aj,st-wise performs much better
than Agyoup in the preference-based fairness metric.

Algorithms that explicitly enforce preference-based fairness. We consider algorithms that explicitly enforce preference-
based fairness and maximize utility subject to such a constraint. More concretely, consider the following algorithm (assume
for the sake of simplicity that |G| = |G2]): each institution £ considers the candidates that prefer ¢ as their first choice.
We assign the highest utility candidates from this subset to institution ¢ while ensuring that no more than half the capacity
at this institution is allocated to a single group (in case some slots are vacant at the end, we can fill them with the highest
utility unassigned candidates). Such an algorithm .4 would indeed achieve high preference-based fairness, but may not
obtain near-optimal utility even when there is no bias. The following example illustrates the issue: suppose there are two
institutions A and B, each with capacity K /2, and K candidates in each of the two groups. The distribution over preferences
is such that 0.75K candidates from each of the groups prefer institution A to B. Each candidate’s utility is drawn uniformly
from [0, 1].

We now show that the above-mentioned algorithm has sub-optimal utility in this example. We recall the following fact
(see Proposition C.22): suppose we choose m values independently and uniformly at random from the interval [0, 1], and let
Y} m denote the sum of the highest & values among these m values. Then E[Y;, ,,,] = k — k(k +1)/2(m + 1).

Now, the expectation of optimal utility in the above-mentioned example, i.e., the expected utility of the top K candidates
is the same as E[YKQ k]=1- % ~ 0.75K. Now, there are 0.75K candidates in each group preferring institution A.
The algorithm selects the top 0.25K such candidates from each group. Therefore, the expected utility of the candidates
assigned to institution A is: 2 E[Y) 25x,0.75x] =~ 0.5K(1 — 1/6) ~ 0.42K. Now, there are 0.25K candidates from each
group preferring institution B, and the algorithm selects all of them. Therefore, the expected utility of the candidates
assigned to institution B is 2E[Y) 25k ,0.25] = 0.25K. Thus, the total expected utility of the candidates selected by this
algorithm = 0.125K + 0.42K = 0.67K, which is below the optimal value of 0.75K. Intuitively, this gap occurs because
the set of candidates with optimal utility is expected to have 0.75K candidates that prefer A; whereas the algorithm selects
only 0.5K such candidates.

This example can be extended to create an instance such that the expected optimal utility is almost twice the expected utility
of candidates selected by the algorithm. Consider a setting with n candidates, p institutions, and total capacity K with each
institution having K /p capacity. Assume that n > K and the utility of each agent is drawn uniformly from [0, 1]. Now,
suppose the distribution over preference lists is such that n — K candidates prefer the first institution as their top choice,
and for every other institution ¢, K'/p candidates prefer ¢ as their top choice. Now, the expected optimal utility of top K
candidates is about K (1 — K/2n) = K since n >> K. For an institution ¢ other than the first institution, let .J, denote the
K /p candidates that prefer ¢ as their first choice. The algorithm would assign J; to institution £. The total expected utility
of candidates in Jy is %. The total utility of the candidates assigned to the first institution can be at most %. Summing over

all institutions, we see that the total expected utility of selected candidates is at most 12%; + K= %, which is roughly half
of the expected optimal utility.
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C. Proofs

In this section, we formally prove Theorem 3.1 (and its generalization Theorem C.12) and Theorem 3.2. In Section C.1,
we prove crucial properties of a stable assignment in our setting. These properties are needed in proving Theorem 3.1
and Theorem 3.2. In particular, we show that there is a unique stable assignment of candidates to institutions (Proposition C.4).
Further, this stable assignment has the following Lipschitz properties: changing the preference list of one candidate or
changing the capacity of an institution by one unit affects the assignment of at most p + 1 candidates (Lemma C.6,
Lemma C.7). Using this Lipschitz property, we show that given any instance and a subset S of candidates, the number
of selected candidates in .S and the number of candidates in S receiving their top choice are concentrated around their
respective means (C.9). Finally, we show that when we consider an instance Z (on a single group of candidates only), and
scale it by a factor @ > 1, i.e., scale down the number of candidates and the capacities by factor a, the expected fraction of
selected candidates that get their top choice in the two instances remain close (Lemma 3.5).

In Section C.2, we prove Theorem C.12 which is a generalization of Theorem 3.1 to arbitrary values of |G|, |G2| and
K. In Sections C.2.1, C.2.2 and C.2.3, we bound the metrics Z(As;), % (As) and F?(Ag) respectively. We show the
properties of the algorithm A;pst-wise by proving Theorem 3.2 in Section C.3. We show that % ( Ainst-wise )s Z (Ainst-wise)
and Z(Ajnst-wise) are near-optimal in Sections C.3.1, C.3.2 and C.3.3 respectively. We now mention the concentration
bounds that will be useful in the subsequent proofs.

Preliminary concentration bounds. We state the concentration inequalities that will be useful in the analysis.

Theorem C.1 (Hoeffding’s Bound). Let X1, ..., X,, be independent random variables such that X; € [0,1] for each
i=1,...,m. Let X denote X1 + ...+ X, and p := E[X]. Then

Pr[X — p(X) > ] < e/,

and )
Pr[X — u(X) <t] <e 20/m,

The above bound also holds when the random variables X1, ..., X, are negatively correlated (Dubhashi & Panconesi,
2009). For more general functions than the sum of the random variables, similar concentration bounds hold provided the
function is Lipschitz.

Theorem C.2 ((Dubhashi & Panconesi, 2009)). Let T' : Q™ — R be a function of n variables, each lying in a domain (),
such that for any two vectors a and a’ differing in only one coordinate,
T(a) - T(a’)| <c,
for some parameter c. Let X1, ..., X, be n independent random variables, each taking values in 2. Then,
Pr(|T(Xy,...,X,) — E[T]| > 1] < 2¢72/(*n),

Here E[T denotes the expectation of T (Y1, ...,Yy,), where the random variables Y; are independent, and each Y; ~ X;.

C.1. Properties of a stable assignment of candidates to institutions

We fix an input Z consisting of n candidates and p institutions, with institution ¢ having capacity k.. The utilities of the
candidates are drawn independently from a distribution D over [0, 1] and the preferences over the institutions are drawn
independently for a distribution £. This input is instantiated by a pair of tuples (&, o) sampled from D x L, where u is the
sequence of observed utilities of the n candidates and o is the sequence of their preferences. We begin by defining a stable
assignment.

Definition C.3. Given u, o, consider an assignment M of candidates to institutions. We say that M is stable if for every
pair of candidates i and institution j # M (i), the following condition must not hold: candidate i prefers j to its assignment
M (%), and institution j prefers i to all the candidates assigned to it by M.

Observe that a stable assignment cannot leave a slot unassigned if n > K. Given arbitrary rankings of candidates by each
institution and vice versa, stable assignments always exist; and they may not be unique. However, in the special setting
where the institutions agree on a central ranking of the candidates, there is a unique stable assignment.
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Proposition C.4. Given u, o, there is a unique stable assignment of candidates to institutions.

Proof. We prove this by induction on the number of candidates. As a base case, when there are no candidates, the statement
is vacuously true.

Suppose the claim is true for n — 1 candidates, and consider an instance Z := (u, o) with n candidates. Let M be a stable
assignment. Let ¢* be the candidate with the highest utility @;-. We first claim M must assign u;+ to its most preferred
institution, say j*. Suppose not. Consider the candidate ¢* and the institution j*. The candidate i* prefers j* to M (i).
Further, j* prefers ¢* to all the candidates assigned to it by M. But this contradicts the fact that M is stable.

Now we define an instance 7' obtained by restricting Z to the candidates in [n] \ {¢*}, and institution j* having k; — 1
capacity (all other institutions have the same capacity as in 7). The assignment M’ given by the restriction of M to [n]\ {i*}
is also a stable assignment for the instance Z’. By induction hypothesis, M’ is uniquely determined by the instance Z'. It
follows that M is also uniquely determined. O

We shall use Ay to denote the unique stable assignment algorithm. The proof of Proposition C.4 shows that Ag; can be
specified as follows: sort the candidates in decreasing order of estimated utility. Now consider the candidates in this order,
and when considering candidate ¢, assign it to the highest preferred institution with a vacant slot. It is also worth noting that
A, does not depend on the actual values of the estimated utilities, but only on the relative ordering of the candidates based
on these values. A formal description of this algorithm is given in Algorithm 1.

Lipschitz properties of the stable assignment .4.;. We now show that changing the preference of only one candidate
in an instance changes the resulting assignment in a few coordinates. This result shall be useful in deriving concentration
bounds for the number of candidates that get their most preferred choice of institution. We first give an example showing
that such Lipschitz properties may not hold in general stable matching instances.

Example C.5. Consider an instance consisting of two institutions A and B, each having capacity K /2. There are K
candidates that are partitioned into two types: type-I candidates prefer institution A to B and type-II candidates prefer
B to A. There are K /2 candidates of both types. Now, institution A prefers candidates of type-II to those of type-I (the
preference ordering for candidates of the same type can be arbitrary), whereas institution B prefers candidates of type-I to
those of type-I1.

Consider the following assignment M : assign all type-II candidates to A and all type-I candidates to B. It is easy to check
that this is a stable assignment. Now, suppose we remove a candidate of type-1. We argue that any stable assignment M’
must assign all type-I candidates to A. Since there are only K — 1 candidates, one slot shall remain unassigned. Suppose
this slot is from institution B. Since there K /2 candidates of type-II, M’ must have assigned a candidate j of type-II to A.
But this causes an instability because j prefers B to A. Therefore, this vacant slot must be from institution A. Now, if M’
assigns a type-I candidate i to B, it is again an instability because i prefers A and A has a vacant slot. Thus, M' must
assign all type-I candidates to A (and all type-1I candidates to B).

We see that M and M’ do not agree on the assignment of any candidate. Similar extreme examples can be shown to exist if
we change the preference list of one candidate or change the capacity of an institution by one unit.

The above example does not apply to our setting because all institutions agree on a common ranking of the candidates. We
show the following Lipschitz property of the assignment given by Ay;:

Lemma C.6. Consider instances T and ' on a set of n candidates with the utility vector given by u. Assume that the
corresponding preference orderings o and o’ differ in at most one coordinate (i.e., there is at most one candidate i* such
that o« # o}.). Let M and M’ be the assignments given by Ay on the instances T and T' respectively. Then, M and
M’ differ in at most p + 1 candidates. Further, for any institution { € [p], the set of candidates assigned to ¢ in the two
assignments, i.e., M ~*(¢) and M'~1(¢), differ in at most 1 candidate (other than the candidate i*).

Proof. Order the candidates in decreasing order of u; values. Let ¢* be the candidate for which o;« # o}.. We run the
algorithm A, on these two instances. Recall that the algorithm Ag; considers the candidates in decreasing order of utility,
and when considering a candidate ¢, it assigns ¢ to the most preferred institution with a vacant slot.
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Let M; and M/ be the resulting assignments after Ay has considered the first (i — 1) candidates in the instances Z and
T’ respectively. Clearly, M;« = M/.. We claim that the following invariant holds for each ¢ > i*: let J; be the set of
institutions for which M; occupies more slots than M]. Define J/ similarly. Then |.J;|,|J/| < 1. Further, if j € J;, then M;
occupies exactly one more slot on institution j than that in M/ (and similarly for J)).

We prove the above statement by induction on i. When ¢ = ¢* + 1, this follows from the fact that M;« = M/, and candidate
1* may get assigned to two different institutions in the respective instances. Now suppose ¢ > ¢* + 1 and assume that the
induction hypothesis holds for M; and M. In the next step, the candidate ¢ needs to be assigned. Suppose M and M’
assign candidate 7 to j and j’ respectively. If j = j/, then it is easy to see that the invariant conditions hold for M;; and
M, as well. Hence, assume j # j’. Assume w.l.o.g. that candidate 4 prefers j to j'. Then institution j must be full in the
assignment M/ (but it is not full in M;). Therefore j € J! (in fact, by the induction hypothesis, J; = {;j}). By induction
hypothesis, 7 had only one vacant slot in M;, and this becomes full in M, ;. Thus, institution j is fully occupied in both
M1 and M, and hence does not belong to J;, ;. Now i is assigned to 5" by M/ . If j* € .J;, then J;; 1 becomes empty.
Otherwise, j' gets added (as the only institution) to Ji’ 1+1- In either case, the invariant condition continues to hold after
candidate ¢ has been assigned in both instances. This completes the proof of the induction hypothesis.

Let M and M’ be the resulting assignments in the two instances. Let D be the set of candidates 7 (other than 7*) such that
M and M’ assign i to different institutions. For each i € D, we associate an institution j(4) as follows: it is the institution
among M (i) and M’ (i) which is preferred by i.

We claim that for any two distinct i1, 42 € D, j(i1) # j(i2). Indeed, suppose u;, > 1;,. Then Ay considers i; before is.
Assume w.l.o.g. that M assigns i1 to j(i1). Consider the assignments M and M’ just before 41 is considered. It must be the
case that j(71) is already full in M. By the invariant condition, j(71) would have only one vacant slot in the assignment
M at this time. This vacant slot would get occupied by 4;. Thus j(i1) gets full in both the assignments. Henceforth, no
candidate can be assigned to j(i1). Thus, j(i2) # j(i1).

The above claim shows that |D| < p and this proves the first statement in the lemma. The second statement follows from the
fact that D contains at most one candidate that is assigned to a particular institution £ by either M or M’. O

The above result shows that if two instances differ in the preference ordering of only one candidate, the resulting assignments
can differ for at most (p + 1) candidates. Hence, the number of candidates that get their first choice in the two instances
may also differ by at most (p + 1). A similar result holds if two instances differ slightly in the available capacity at each
institution.

Lemma C.7. Consider instances T and I’ on a set of n candidates and p institutions with the utility vector given by u
and preference lists given by o. In both the instances, each institution £ € [p| has capacity ky, except for one particular
institution * where T has capacity kg, but T’ has capacity ke~ + 1. Let M and M’ be the assignments given by Ay on the
instances T and T' respectively. Then, M and M’ differ in at most p candidates. Further, for any institution £ € [p], the set
of candidates assigned to { in the two assignments, i.e., M ~1(¢) and M'~1({), differ in at most I candidate.

Proof. We use Lemma C.6 to prove this result. Create a new instance Z; which has n + 1 candidates and p + 1 institutions.
The first candidate, call it candidate 0, is not present in the instances Z and Z’; but candidate i € [n] in Z; corresponds to
candidate 7 in Z (or Z'). Similarly, label the first institution in Z; as 0, and the remaining institutions are in 1-1 correspondence
with those in Z or Z'.

Candidate 0 has the highest utility and has institution £* as its most preferred institution. For the rest of the candidates
i € [n], their preference list in Z; is given by o; along with institution 0 as the last choice. It is easy to check that when we
run Ay on Z; to get an assignment M7, candidate 0 is assigned to £*. The next K := ) ¢ k¢ candidates are assigned to the
same institutions as in M. Thus, among the first &K + 1 candidates, M and M agree on all candidates except for candidate
0.

Now, create another instance Z, which is the same as Z; except that candidate O has institution O as the first choice. It is
now easy to verify that the resulting assignment M» agrees with M’ on all the first K + 1 candidates, except for candidate
0. Applying Lemma C.6 to Z; and Z, we see that for each institution ¢ € [p], M; ' (¢) and M, ' (¢) differ in at most 1
candidate. The lemma now follows from the fact that M and M; agree on all candidates in [K], and similarly for M’ and
M. O
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Applying the above lemma repeatedly, we get the following result.

Corollary C.8. Consider two instances T and I’ on n candidates and p institutions with the same utility and preference lists
of the candidates. For each { € p), let k¢ and k denote the capacity of institution { in the instances T and I’ respectively.
Let D denote y_,, |k; — ky|. Then the stable assignments in the two instances differ on at most p - D candidates.

Concentration bounds for assignments generated by the stable assignment. We now apply the Lipschitz property
proved in Lemma C.6 to show that several random variables associated with the assignment on a random instance are
concentrated around their respective means.

Lemma C.9. Consider an instance I on n candidates and p institutions with total capacity K, where the utilities and
the preference lists of candidates are drawn independently from distributions D and L respectively. Let G be a subset of
candidates belonging to the same group and S denote the set of candidates selected by executing Ag, on . Then.

r HISﬂ G| —E[SHGH‘ > t] < 9e~2t°/1GI

Condition on the observed utilities of the candidates. Let w(S) be the set of candidates that are assigned their first choice by
At and G be any subset of candidates. Then,

|

where the probability is over the random choice of preference lists of candidates.

|7(S) NG| —E[x(S)N G|]‘ > t} < 26*2152/(1)21()’

Proof. For each candidate i, let X; be the indicator variable for the event that candidate i is selected by Ay. Note that X is
selected only if u; appears among the top-K observed utilities. Now observe that if 4,7’ are two candidates belonging to
the same group, then X; and X/ are negatively correlated. Indeed, suppose both belong to group G; for some j € {1,2}.
Condition on the number of candidates selected by Ay from G;: say this number is K;. Let E be the event that K
candidates from G are selected. Then i is selected if and only if w; occurs among the top K; candidates from G . Thus,
Pr(X; = 1|E] = |G - Now, PriX; =1|Xy =1,E] = =T ‘ ; < Pr[X; = 1|E]. Removing the conditioning (since this
holds for all choices of number of selected candidates from G), we see that Pr[X; = 1|X;; = 1] < Pr[X; = 1]. Thus, the
random variables X;, i € G, are negatively correlated.

Let S be the set of selected candidates. Then [S N G| = . X;. The first inequality in the lemma now follows from
applying Theorem C.1 for negatively correlated random variables.

We now prove the second inequality in the lemma. We have conditioned on the observed utilities of the candidates. Order the
candidates in decreasing order of observed utility. Now, let Z; be the preference list chosen by candidate ¢. Observe that the
random variables Z; are independent. Also observe that the assignment generated by Ag; is a function of Z1, ..., Zk (since
we have fixed the utilities of all the candidates). Let T'(Z1, . .., Zx ) be the number of candidates in G that are assigned their
top choice. Lemma C.6 shows that if (Z1, ..., Z}) are another sequence of preference lists of the K candidates respectively
with Z; = Z! for all but one candidate, then |T(Z1, ..., Z;) — T(Z{, ..., Z%)| < p. The desired inequality in the lemma
now follows by applying Theorem C.2 to the function T'(+). O

Approximate additivity properties of the stable assignment. Consider a setting given by p institutions, n candidates,
and capacity k, for each institution £ € [p]. Assume that the true utilities are drawn from a density £ and the preference
lists are drawn from a distribution D. Let Z denote this instance. For a real a > 1, define the scaled instance Z,, as follows:
the set of institutions is the same as in Z, and the utilities of candidates and the preference lists are also drawn from £ and
D respectively. But there are n/a candidates, and each institution £ has k;/a slots (assume that all of these quantities are
integers). Given utilities @ and preference lists o of the n/a candidates, let M, denote the assignment obtained by running
Agt on U, 0. Let 7(M,) denote the number of candidates that are assigned their first choice in the assignment M. We shall
use M to denote the assignment M for the original instance Z (which is the same as 7).

It turns out that for any fixed integer a, E[7(M,,)] may not be equal to E[x(M)/a].

Example C.10. Consider a setting with two institutions, say a and b, with each institution having capacity 1. Further,
assume that there are 2 candidates. The utility of each candidate is drawn from the uniform distribution on [0,1]. The
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preference list of each candidate is drawn uniformly at random from the two orderings {(a,b), (b,a)}. We claim that the
expected number of candidates that are assigned their top choice is 3/2. Indeed, the first candidate (i.e., the one with
the higher utility) always gets the first choice. The second candidate gets the first choice if and only if its preference list
is different from that of the first candidate. This happens with probability 1/2. Hence, the expectation of the number of
candidates getting their top choice is 1.5.

However now consider the same instance as above, but now each institution has capacity 2 and there are 4 candidates. In
other words, we are scaling the above instance by doubling the capacity and the number of candidates. A routine calculation
shows that the expected number of candidates receiving their top choice is strictly larger than 3. Indeed, let the candidates
(ordered by decreasing utility be 1,2,3,4). Now two possibilities can happen:

* Candidates 1 and 2 have the same preference list: Assume w.lo.g. that the two candidates have preference list (a,b).
Then both the candidates are assigned institution a. Now it is easy to check that the remaining two candidates get their
top choice with probability 1/2 each. Hence, the expected number of candidates receiving their first choice is 3.

* Candidates 1 and 2 have distinct preference lists. In this case, candidate 3 shall always get its first choice, and
candidate 4 receives its first choice with probability 1/2. Hence, the desired expectation is 3.5.

Since both the above cases can occur with equal probability, the expected number of candidates receiving their first choice
is 3.25, which is strictly larger than 3.

On a positive note, we now show that the gap between the quantities E[w (M, )] and E[r(M7)/a] can be bounded by

O(pvKlog K).
Lemma 3.5. |X0 _ gr(ar,)]| = O(py/Klog K).

Proof. We condition on the utilities and the preference list of the n candidates in Z. Let M be the assignment obtained
by running Ag; on this instance. Observe that M is a deterministic assignment since we have fixed the utilities and the
preference lists of the candidates.

Now, we generate a (random) instance of Z,, as follows: we choose n/a out of these n candidates in Z uniformly at random.
Call this random subset X . We consider the corresponding instance Z, where the candidates are given by X, and for each
1 € X, its utility is given by u; and its preference list is given by o;. Let My denote the resulting assignment (which
is a random assignment because X is a random subset of [n]). We now relate E[r(Mx)] and 7 (M) (recall that M is a
deterministic assignment).

Proposition C.11.
Elr(Mx)] - m(M)/a| < O(py/Klog K).

Proof. For an institution ¢ € [p], let J; be the set of candidates assigned to £ by M, i.e., J; := M ~1(¢). Define X, := X NJ,.

Define &, as the following event:
|| Xe| = [Je|/a] £8-y/Klog K.

Since | J¢| = k¢, we claim that & happens with probability at least 1 — 1/K*. Indeed, for each i € .J;, define the indicator
variable I; which is 1 iff ¢ € X,. The variables I; are negatively correlated and X, = ) | I;. The desired concentration
bound now follows from Theorem C.1.

i€Jy

Let X( := X N7w(M) be the number of candidates in X that are assigned their first choice by the assignment M. Define £y

as the event that
[|Xo| —m(M)/a| < 8-y/Klog K.

We can again argue as above that £ occurs with probability at least 1 — 1/K*. Thus, all the events &, £ = 0, ..., p, occur
with probability at least 1 — 1/K3.

Assume that & occurs for all £ € {0} U [p], and now, we condition on the cardinalities of the sets X,. Define z, := | X|.
Define a (random) instance Z’ where the set of candidates is given by X and each institution ¢ has z, seats. Then the
assignment M restricted to X is a stable assignment for this instance. Let w(Z") be the number of candidates in Z' that are
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assigned their first preference by the stable assignment. Then, 7(Z") = | X,|. For an institution ¢, the fact that & occurs
implies that |k;/a — x| < 8y/Klog K.

Recall that the instance Z,, is defined on X as the set of candidates and institution ¢ has k¢ /a seats. Comparing Z, and Z’,
and applying Corollary C.8, we see that

(M) — n(T')| = O(py/KTog K.
Since 7(Z") = | X/, using the definition of the event &, we see that
[r(Mx) - 7(M)/a| = O(p/K Tog ).

Since the above inequality holds for any choice of xy, ¢ € {0} U [p], it also holds when we remove conditioning on the sizes
of the sets X,. Now if any of the events £y, ¢ € {0} U [p], do not occur, we upper bound 7 (M) by K. Since the probability
of such an event is at most 1/K3,

Elr(Mx)] — (M)/a| < O(py/KTog K) + 55 = O(p/K 105 ).

This proves the desired claim. O

Now consider an input to the instance Z with n candidates where (u, o) is drawn from the distribution D™ x L. Now
if we choose a random subset X of n/a candidates, the resulting distribution on (u, o) restricted to X is drawn from
D/a x L7/, Thus, Ex (7(Mx)) is same as E(7(I,)) and hence, the lemma follows from Proposition C.11. O

C.2. Proof of Theorem 3.1 and extensions

In this section, we prove the following result that characterizes the fairness and utility metrics of the stable assignment
algorithm Ag; as a function of the parameter 5. Theorem 3.1 follows from the following result specialized to the setting
where n; = ny = K.

Theorem C.12. Consider an instance where the utilities of the candidates are drawn from the uniform distribution on [0, 1]
and the preference lists are drawn from an arbitrary distribution. Assume there are constants 11,12 such that nj; > mn for
each j € {1,2}, K > nan. For any algorithm A that, given U and o, outputs an assignment maximizing the estimated
utility,

Z#(A) = max {Ié{ﬁ_—}—nﬁg((ll_—ﬂﬁ))’o} +0 ( Viogn )

2 . .
)= B s o (4252

Here f(z,y) := x — ggﬁ)), o =K —ay, ay = K — g%~ -max {K — (1 — B)n1,0} . Assuming A is the stable

assignment algorithm Ag, 2 (A) is at most

K—-—n(1-p o
max{ Komll— [g),o} + 0 (aEx)

We divide the proof into three parts. In the three parts, we bound Z, %, and & respectively. In the first two parts, the
algorithm A is any utility maximizing algorithm, but in the third part, A is the same as Ag; (observe that Ay is also utility
maximizing and hence, the first two parts apply to Ay as well).

C.2.1. STEP 1: BOUNDING #

For any w = (u1,us,...,u,) and o = (01,09, ...,0,), let My , be the assignment output by A given @ and o. Recall
that A outputs an assignment maximizing the estimated utilities and hence, selects the top K candidates according to their
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u; values. Let Sg » be the subset of candidates that are assigned in M3 o, i.e., S5 o = Mg},([p]) When u, o is clear from
the context, we drop the subscripts in Mg » and Sg o

The main step in bounding % (and %) is to compute bounds on |S N G|, j € {1, 2}, that hold with high probability. These
bounds are stated in the following lemma. Recall that n; denotes |G|

Lemma C.13. The following events happen with probability at least 1 — O(1/n?): for each j € {1,2},
[ISNG,| € aj £ O(y/nlogn),

where oy '= K — o and o is defined as follows
n2

ap=K— —F"F—
! Bni1 + ng

-max {K — (1 — 8)n1,0}. 4

Proof of Lemma C.13. With probability 1, S is unique as the observed utilities (u; : ¢ € G;),j € {1,2}, are drawn i.i.d.
from continuous distributions (namely, the uniform distributions on [0, 1] for G; and on [0, 8] for G'2). Since all candidates
in G5 have observed utility at most 3, any candidate in G; with an observed utility larger than /5 would get preference over
the candidates in G5. Motivated by this, we give the following definition:

Definition C.14. Given values v1,vs € [0,1], and j € {1,2}, let Gj(v1,v2) denote the subset {i € G; : v1 < U; < va} of
G;.
Now, we define several desirable events and show that each of them holds with high probability.

Definition C.15 (Event &£,). Define &, as the event that

|G1(B,1)] € [(1 — B)n1 —8y/nlogn, (1 — B)ni + 8y/nlogn].

Proposition C.16. The event &1 occurs with probability at least 1 — 2/n*.

Proof. We apply Theorem C.1 with X; = 1 iff candidate i € G; belongs to Ag ;. Note that u; = u; for each i € Gj.
Clearly, E[X;] = (1 — ). Hence, it follows from Theorem C.1 that

Pr H|G1(5, - (1 5)n1\ > 8\/@} < 2/nt.

This proves the desired result. O

The above result suffices to estimate |S N G| when K < (1 — f8)n;:
Proposition C.17. Suppose K < (1 — )ny. Then |SNG1| > K — 8\/nlogn with probability at least 1 — 1 /n*. Therefore,
|S N Ga| < 8y/nlogn with probability at least 1 — 1/n*.

Proof. Assume that the event £; occurs. Then

IG1(B,1)] > n1(1 — B) — 8y/nlogn > K — 8y/nlogn.

Since any candidate in G (3, 1) gets preference over any candidate in G, the claim follows from Proposition C.16.  [J

When K < (1 — 8)nq, the quantity a; = K and as = 0. Thus, Proposition C.20 follows from Proposition C.17 in this
special case. Therefore, assume that K > (1 — S)n; for the rest of the proof. Define K’ := K — (1 — $)n; and let A
denote ﬁ The parameter A has been chosen such that the expected number of candidates whose observed utility lies
in the range [8 — A, 1] is exactly K. Indeed, E[|G1(8 — A, 1)]] is (1 — 8 + A)ny and E[|G2(8 — A, 1)|] is Anz/8 (note
that the observed utility of a candidate in G5 is uniformly distributed in the range [0, 5]). Therefore, the expected number of
candidates whose estimated utility lies in the range [8 — A, 1] is

The rest of the proof shows that the above-mentioned events occur with high probability.
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Definition C.18 (Events & and £3). Define & as the event that

|IG1(8 — A1) € n(1 — B+ A) +£8y/nlogn,

and &3 as the event that

|G2(B8 — A, 1)| € naA/B £+ 84/nlogn.

The following result follows in the same manner as Proposition C.16.

Proposition C.19. Each of the events Ey and E3 occur with probability at least 1 — 2 /n*.

Using union bound, Proposition C.19 shows that both the events £, £3 occur with probability at least 1 — 4/n*.

Proposition C.20. Assume that the events 5, E3 occur. Then the number of candidates from G1 and from G that get
selected by the assignment M lie in the range n1(1 — B+ A) £ 8y/nlogn and Ans /5 + 8y/nlogn respectively.

Proof. Suppose, for the sake of contradiction, that the assignment M selects more than nq(1— 5+ A)+8+/n log n candidates
from G;. Since K = n1(1 — 5 4+ A) + Ang/f (using (5)), the assignment M selects less than Ansy /8 — 8y/nlogn
candidates from G5. Since the event £ occurs, the assignment M selects a candidate ¢ € G; with u; < A. Since the event
&3 occurs, there must be a candidate i € G4 with 4; > A such that ¢ is not assigned by M. But this is a contradiction. Thus,
M selects at most n1 (1 — 8 + A) + 8y/nlog n candidates from G;.

The argument that the assignment M selects more than nq (1—8+A)—8+/nlog n candidates from G follows similarly. [

It is easy to check that the quantities v; and a5 as defined in the statement of Lemma C.13 are equal to ny (1 — 8+ A) and
Ang /B respectively. Thus, Lemma C.13 follows from Proposition C.19 and Proposition C.20. O

Using Lemma C.13, we can easily bound R(.A). First, consider the case when K < (1 — §)n;. In this case the quantities
a1 and a9 are K and 0 respectively. Lemma C.13 shows that with probability at least 1 — 1/n? (recall that ¢; denotes the
fraction of candidates from G ; that get assigned by M),

@2 _m 8y/nlogn < 8vnlogn 0 ( \/1ogn)

@1~ na K—8/nlogn — mnan/2 mn2y/n

where the second last inequality follows from the fact that K > n;n > 16+/n logn (for large enough n) and no > mn >

mmni. Thus, with probability at least 1 — 1/ n2, % =0 (%};ﬁ;%) . Since the 1.h.s. above can never exceed 1, we

min(ql,qg)} 9 < Viogn ) 1 ( Viogn )
RA =E|————=| <(1-1/n°) 0O +—==0 .
. LnaX(ql, q2) (=1/m) mney/n) - n? mnzy/n
This proves the desired bound on R(A) when K < (1 — 8)n;y.

see that

Now consider the case when K > (1 — 3)n;. Proposition C.20 implies that, with probability at least 1 — 1/n?,

@2 _m Ang /B + 8y/nlogn A/B (1_ 8v/nlogn >_1. <1 8\/nlogn> ©)
n1 ) '

@~ na mi(l—B+A)—8/nlogn (1-B+A) 1-B+A Any/B
Recall that A = ﬁ, where K’ = K — (1 — 8)n;. Using this, we see that
K K
1-+A=> =— 2N @)
ny + no n

Combining the above observations with the fact that ny, no > n1n, the r.h.s. of (6) can be expressed as

@ A/B < \/logn>
= o 771772\/ﬁ .

w10+ A ®
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A similar argument shows that with probability at least 1 — 1/n?,

%>A//3_O<v10gn>
@ 1-p+A mnevn)

A direct calculation shows that 1 — 3 + A > A/f. Indeed, this is the same as showing A < 3, which holds when n > K.

: min(g1,92) _ q1 _ [ \/Togn
Thus, assuming (8) holds, Wm == ( — ) . Therefore,

©))

_ o[ min(g ) | @0 A/B (Mlogn)
R(A)_E[max(%th)] B 1*5+Ai0 myvn )’

Using the definition of A, one can check that

A/B K—(1-pm

1-B8+A BK+(1—-B)ny

This proves the desired bound on R(.A) as stated in Theorem C.12.

C.2.2. STEP 2: BOUNDING %

We now bound % (A); we use a similar strategy as the one used for bounding R (A). We first derive concentration bounds
on the sum of random values drawn from a certain range. We begin with a standard result on k-th order statistic for n
independent draws from the uniform distribution on [0, 1]:

Fact C.21 ((Ahsanullah et al., 2013)). Let X1, ..., X, be n independent random variables, each drawn from the uniform

distribution on [0, 1]. Let Y}, denote the k-th largest value in { X1, ..., X, }. Forallk € [n], E[Y}] = %

The above result implies the following concentration bound for the sum of top-k£ among n values drawn uniformly at random
from [0, 1]:

Proposition C.22. Let X1, ..., X, be n i.i.d. random variables, each drawn uniformly at random from [0, 1]. Given a
parameter k € [n], define the function Ty, : [0, 1]™ — R as the sum of the top k values among x1, . .., T,. Then

Pr(|Te(X1,...,X,) — f(k,n)| > 1] < 9283 /n

Here f(k,n) =k — 5((213

Proof. Fact C.21 implies that E|[7}]| = ]?_ ntloi_ g ket k.n). It is easy to check that the function T}
P i=1 n+1l 2(n+1) y

satisfies the conditions in Theorem C.2, and hence the desired result follows from Theorem C.2. O

Now we define several events:

Definition C.23. Define &4 as the following event: for each j € {1,2}, the top-c; utilities among candidates in the group
G lies in the range (o, n;) £ 8/nlogn. Define Es as the event that the top-K utilities among all the candidates [n]
lies in the range f(K,n) £ 8y/nlogn. Finally, define E; as the event that for each j € {1,2}, |S N G| lies in the range
aj £ 8y/nlogn.

Recall that S = M ~*([p]) is the set of candidates that are assigned an institution by M. Proposition C.22 shows that each
of the events £, and £ happen with probability at least 1 — 2/n*, and Lemma C.13 shows that & happens with probability
at least 1 — O(1/n?). Applying union bound, all these three events happen with probability at least 1 — O(1/n?).

Proposition C.24. Assume that the events £, E5, Eg happen. Then

UMao) 23:1 flag,nj) Viogn
Us(w) — f(K,n) iO(ﬂzx/ﬁ)'
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Proof. Assume that the events &4, &5, £ occur. Since M assigns at most o; + 81/n log n candidates from group G; (event
&), and the top-cy; candidates from G; have total utility at most f(c;, n;) + 8y/nlogn, the total utility of the candidates in

SN Gj is at most
f(e,nj) +16+/nlogn,

because the utility of any particular candidate can be at most 1. Thus, the total utility of the candidates selected by M is at
most

2
Z fag,nj) + 32y/nlogn.
j=1

Event & implies that U*(u) > f(K,n) — 8y/nlogn. Thus,

U(Mao) _ Ejo f(05n5) +32v/nTogn

Ur(u) — f(K,n) —8y/nlogn
Now, f(K,n) = K — 50D > K/2 > npn/2. Similarly f(a1,m) + f(az,n2) > a1/2+ a3/2 = K/2 > 10 /2.

Therefore, the r.h.s. above is at most

Ehenn) (1o (7)) < S o 457),

where the last inequality follows from the fact that Z?:l flaj,n;) < f(K,n). A similar argument shows that

U(Ma.o) Zlef(aj,nj)_ Viogn
Ut) = f(E.n) O<wﬁ>'

This proves the desired result. O

Since the ratio Usz\f(‘;‘)’) always lies in the range [0, 1], and the event £ N & N & happens with probability at least

1 — O(1/n?), it follows that

C[UMaw)] X5 flagny) Jlogn
v = |G| = o (0

This proves the desired bound on % (A) as stated in Theorem C.12.

) + O(l/nQ) =
C.2.3. STEP 3: BOUNDING ¥

In this section, we bound &7(.A). We use the notation developed in Appendix C.2.1. Recall that G (v, v2) denotes the
set of candidates ¢ € G; for which u; € [v1, v2]. We assume that K < (1 — )n, (the other case is only easier). We also
assume that the events &1, &, 3 occur (as defined in Definition C.15 and Definition C.18). More specifically, we condition
on the sizes of the sets G1(5,1), G1(8 — A, 8) and G2(8 — A, B). Call these values g1, g, g5 respectively. Note that the
events &1, &, E3 require that

g1 € (1 —pB)ny £8y/nlogn, g1 + gy € n1(1 — B+ A)£8y/nlogn, gh € noA/B 4 8y/nlogn. (10)
One manner in which we can condition on the above events is as follows:

(i) Select g; values uniformly at random in the range [3, 1] and assign these (observed) utility values to the first g;
candidates.

(i) Select g7 + g4 values uniformly at random in the range [ — A, /3] and assign these estimated utility values to the next
g1 + gh candidates.

(iii) Selectn — (g1 + g1 + g5) values uniformly at random in the range [0, 3 — A] and assign these estimated utility values
to the remaining candidates.
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(iv) Assign the first g candidates (who were assigned utility values in step (i)) to G1. Consider the next g7 + g5 candidates
who were assigned values in step (ii) above. Select ¢} candidates (without replacement) uniformly at random from this
subset of candidates and assign them to G, and the remaining g/ candidates to Go. Finally, randomly partition the
remaining n — (g1 + g} + g5) candidates (used in step (iii) above) between G and G2 in a similar manner.

Finally, we assign each candidate ¢ a random ordering o; chosen independently from the distribution D. Now we run A on
these candidates. Note that A, does not depend on the group to which a candidate belongs. Hence, Ay, only depends on the
first three steps mentioned above and does not depend on step (iv).

For the sake of brevity of notation, let A denote the first g; candidates in [n] (i.e., the candidates that are assigned values in
step (i) above) and B denote the next g} + g4 candidates (i.e, the ones assigned values in step (ii) above). Let w(A) and 7(B)
denote the set of candidates in A and B respectively that are assigned their most preferred institutions by the algorithm Ag.
Using Lemma C.9, we see that

Pr(|w(A) — E[x(A)]| > p\/8nlogn] < 1/n?, (11)

and

Pr|7(B) — E[x(B)]| > p\/8nlogn] < 2/n?. (12)

We now relate E[r(A)] and E[x(B)].
Proposition C.25. E[r(A)]/g1 > E[r(B)]/ (g} + g3)-

Proof. For a candidate 4, let D; be the event that it is assigned the top preferred institution. We now argue that for any
i € [n], Pr[D;] > Pr[D;4+1]. We condition on the assignment of institutions to the first (¢ — 1) candidates. After this
assignment, let S be the set of institutions that have a vacant slot. Now let o ~ D be the preference list for candidate 7 and
j* be the first institution in this list. Then Pr[D,] is equal to the probability that j* € S. Now after assigning an institution
to i, the set of institutions with vacant slots will be a subset of S. Therefore, Pr[D;1]is at most the probability that j* € S.

Thus, we see that Pr[D;] > Pr[D,1] for all i. Now,

Elr(4)] = Y Pr{D] > g1 Pr(Dy, |

and
g1+91+95
E[x(B)] = Y Pr[Di < (g +g5) Pr[Dy,].
i=g1+1
The desired result now follows from the above two inequalities. O

We can now estimate the number of candidates from each of the groups G ; that are assigned their most preferred institution.

Proposition C.26. With probability at least 1 — O(1/n?), the number of candidates from G and G+ that are assigned their

most preferred institution choices are E[w(A)] + g,ﬂﬁgé -E[r(B)] £ O(pv/nlogn) and g’ﬁégé -E[r(B)] £ O(pv/nlogn)

respectively.

Proof. All the candidates in A are assigned to GG;. By (11), the number of candidates in A that are assigned their top choices
lies in the range

E[r(A)] £ py/8nlogn (13)

with probability at least 1 — 1/n?.
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Now, we condition on the subset 7(B) of candidates in B that get their first choice — let this be B’. Recall that we randomly
select g1 candidates from B and assign them to G. For a candidate i € B’, let X; be the probability that i is assigned to G,

and ¢ € B’. Itis easy to see that E[X;] = T + ~. The random variables X; are not independent but are negatively correlated.

Therefore, applying Hoeffding’s bound to Zl X i» we see that with probability at least 1 — 1/n2, the number of candidates

in B'NG; is
B’
ggl|+ | + p+y/8nlogn.
1

Further, (12) shows that |B’| € E[r(B)] + py/8nlogn with probability at least 1 — 2/n?. Combining the above two
observations, we see that with probability at least 1 — 3/n?, the number of candidates from G| N B that are assigned their
top preferences lies in the range

g1 E[m

:I:p\/lﬁnlogn (14)
9 + 95

Combining (13) and (14), we see that the number of candidates in G; N (A U B) that are assigned their top choices lies in

the range

91 E[x(B)]
91+ 95

with probability at least 1 — 4/n?. Proposition C.20 shows that all but O(y/nlog n) selected candidates lie in the set A U B.

This proves the desired bound on the number of candidates in G that are assigned their first choice. The corresponding

bound for G5 follows similarly. O

E[n(A4)] + + O(py/nlogn).

Recall that ; denotes the fraction of candidates in G; that are assigned their top choice. Proposition C.26 and Proposi-
tion C.25 show that

/ /
T2 _m g+ Oynlogn)  m g +O<px/10gn>, (15)

T~ N2 g1+ g £O(pyvnlogn) Cnagi+ g, nn24/N
where the last inequality follows from the fact that ny /ny > 1/ and g1 + ¢ is Q(n2n) (using (7) and (10)). Using (10)

again, we get
T2 A/B +O(p\/1ogn> _ K—ni(1-0) +O<p\/logn)
T (1-p+A Mmuzyn BK + (1= B)n2 miy/n
where the last equality follows from the definition of A. The above expression does not involve g1, g}, g5 and hence, holds
even after removing the conditioning on these parameters. In other words, the above bound holds if the events &1, &2, €3
occur.

Since &1, £, &3 occur with probability at least 1 — O(1/n*), and the ratio min(mi,m2) < 1 we see that

max (7w ,m2)
min (7, 7o) K—ni(1-75) pvlogn K—ni(1-7) pv/logn
=il < v s O w0 (Tn)

+0(1

771772\/ﬁ> (1/n) = BK + (1 - B)n2 Mmn2v/n

This proves the desired bound on Z2(.A). Thus we completed the proof of Theorem C.12. The special setting of Theorem 3.1
now follows immediately. We restate this result below:

Theorem 3.1. Consider an instance where the utilities of the candidates are drawn from the uniform distribution on

[0, 1] and the distribution over preferences is arbitrary. Assume ny = ny = K. Then, Z(As) < B+ O (L\l}ng") ,

RB(Ay) = BiO( 1/5”) and U (Ay) = 2+3(ﬁ+1)2i0(¢3@).

Proof. The use notation in the statement of Theorem C.12. The parameters 7; and 73 can be set to 1. Since ny = ny = K,
K—n1(1-8) = n1f and KB+ny(1—3) = ny. Therefore, Z(As) = S+0 ( log”) and Z(As) < 40 ( Vlog") .

NG
We now compute % (Ag;). Observe that a; = K — % = g ﬁ and ap = ﬁ. Using these, we see that (up to an error of
O(1/n)) 2
28+ 3 26+1 3
f(alvnl) 2(5_’_1)2’ f(aQanQ) 2(5_’_1)25 f( 7n) ]
Substituting these values in Theorem C.12 yields the desired bound on % (As;). O
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The following result shows that when 8 = 1, the algorithm has near-optimal fairness and utility also follows directly from
the proof of Theorem C.12.

Corollary C.27. Consider an instance where the utilities of the candidates are drawn from the uniform distribution on [0, 1]
and the preference lists are drawn from an arbitrary distribution. Assume there are constants 11,12 such that nj > mn for
each j € {1,2}, K > non. When the bias parameter § = 1,

Proof. The bounds of R(Ag) and % (As;) follow directly from Theorem C.12 by substituting 5 = 1. The bound on
P (Ast) requires an explanation because Theorem C.12 only gives a lower bound on £ (Ag;). The main observation is that
the set A defined in Proposition C.26 is empty. Hence, as in (15), &?(Ag) can be expressed as

n1 g3+ O(pynlogn)
ne gy +O(py/nlogn)

The rest of the argument now follows as in the proof of Theorem C.12. O

C.2.4. EXTENSION OF THEOREM 3.1 TO LOG-CONCAVE DENSITIES

In this section, we show that the Theorem 3.1 extends to the setting where the utilities of candidates are drawn from an
arbitrary log-concave density. We show that both the representational and the preference-based fairness metrics deteriorate
with . Finally, we give an example (Example C.30) showing that such deterioration may not happen for an arbitrary
distribution over utilities.

Theorem C.28. Let D be a distribution on [0, 1] with log-concave density f and ny = ny = K. Then, for any utility
maximizing algorithm A, Z(A) < 281In(1/8) £ O ( 10g”> and P (As) <261In(1/5) + O (Llog") Further, as

approaches 0, % (As;) approaches a value that is at most E[% (Ay)] is at most YU K)E[(JI((%(KV )log K Here U(k,m)

denotes the expected sum of the top k-values out of m values chosen independently from the distribution given by f.

Remark C.29. (i) As in the statement of Theorem 3.1, we can also derive an upper bound on the utility metric % (A). But
this bound shall depend on the specific density; (ii) We can also generalize the above statement to the more general setting
of Theorem C.12.

Proof. We give a sketch of the main ideas in the proof. These can be formalized as in the proof of Theorem C.12. We
assume that S1n(1/3) < 0.5, otherwise the desired bounds hold trivially.

Bounding %(A;). The proof proceeds in two steps. In the first step, we reduce the problem of bounding % (A ) to the
special case when f(z) o< e~** for some parameter \. In the second step, we carry out explicit calculations for this special
case.

We now give details of the first step of the proof. Given a value v € [0, 1], let X,, denote the number of candidates
whose estimated utility lies in the range [v, 1]. The key idea, as in the proof of Theorem C.12, is to find the value A
such that E[X ] = K (recall that the total available capacity is K). One can then show using concentration bounds (as
in Theorem C.12) that the number of selected candidates is close (up to an error bound of O(v/K)) to E[Xa]. Now let F(z)
denote the c.d.f. of £, i.e., for a value x € [0, 1], fo x)dz. Then E[XaA NG1] = K(1 — F(A). Now, XA N G4
consists of those candidates in G5 whose true ut111ty is at least A /B. Therefore, E[Xa N G2] = K(1 — F(A/B)) (recall
that ny = K). Thus, the parameter A satisfies the condition that

K(1—-F(A)+K(1—F(A/B) =K
ie., 1—F(AJB)=F(A). (16)
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flz) In(f(z))

Figure 3: Illustration of the proof of Theorem C.28: The figure on the left plots the density f(x). The quantities Aq, As, Ag
are the areas under the curve for the intervals [0, A], [A, A/S],[A/B,1]. The figure on the right plots g(z) := In(f(x)),
which is a concave function. The line L(x) is shown in red.

This condition can be visualized as follows. We give some notation first. Given a non-negative function & : [0,1] — R,
values v1 < vy lying in [0, 1], let Area (v1, v2) denote the area under A from vy to va, i.e., f:f h(z)dx. Let Ay, A3 and A3
denote Area(0, A), Arear(A, A/B) and Areas(A/B, 1) respectively (see Figure 3). Then the condition (16) is the same as
As = A;. Further, E[ XA NG1] = K(1 — F(A)) = K(As + A3) and E[XA N G2] = K(1 — F(A/B)) = K - As. Since
we are interested in the ratio of these two expectations, we define

As A
As+ A A+ Ay

V=

where the equality follows from the fact that A; = Az. Now, let g(x) denote In(f(z)). Since f is log-concave, g is
a concave function. Let L(x) be the line that passes through the points (A, g(A) and (A/S8,g(A/B)) (see Figure 3).
We assume that L(z) is of the form —Az + b, for a non-negative parameter A (the case when A > 0 is similar). Let

fla ) denote e~(*) = Ce=** for some parameter C. Since ¢ is concave, L(z) > g(z) for = € [0, A] U [A/f, 1], and
L(z) < g(x) for z € [A, A/p]. Therefore, 1fA’1,A’2,A’ denote Area(0, A), Area(A, A/f3) and Area :(A/f3,1), then
Al > Ay, Ay < A, Ay > Ajz. Since the ratio % is an increasing functlon of a and decreasing functlon of b for any

non-negative real a, b, it follows that
Al As
< mi . 17
7mm(A3+Ag’Ag+Ag an

Now, the above expression only involves the function f Now we carry out the second step in the proof. There are two cases:

e A< % In(1/8): We know that f(z) is of the form Ce=**. Hence,

Al Area (0 A)
A+ A, Arear (o Ajg) S P4 =28m(1/6),

where the second last inequality follows from the fact that Area(0,A) < maxgep,1] f(X )+ A = CA and

Area - (0 A/B) = &€= Ce e )\CB > %, where we have used the fact that 8 < 1/2 (since $1n(1/3) has
been assumed to be at most 0.5).

*A> % In(1/4) : In this case, we see that

Al e MA/B _p=A o= AA/B

= <
Al + Al M _emA T emAA Y
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where the last hand inequality follows from the fact that if 0 < a < b, then % > % for any ¢ > 0. Since the r.h.s.

above is a decreasing function of A (because 5 < 1), we see that it is at most e_mn% < 28, because 31n(1/3) has
been assumed to be at most 0.5.

Thus, we see that in either of the two cases, v < 251n(1/3). Now, let S be the set of candidates selected by Ay;. Arguing
as in the proof of Theorem C.12, we can show that

E |50G2| o A3:|:O(\/Klogk) +O l
ISNGa||] A+ A3+ O(V/KlogK n)’
Since Ay + A3 > 0.5 (as A1 + As + A3 = 1 and A; = Ajz), the above can be written as

2]

Since v < 281n(1/0), this completes the required bound on % ( Ayt ).

'y:I:O(

Bounding % (As). Given positive integers &, m, let U (k, m) be the expectation of the top k values from m values chosen
independently from the density f. As /3 goes to 0, we have shown that the number of selected agents from G, goes to
O(+/1og K') with high probability. Therefore, as 3 goes to 0, E[% (A )] is at most

UK,K)+U(O(1ogK,K)
U(K,2K) !

where the denominator gives the optimal utility of the top-K candidates from the set of 2K available candidates, and
the numerator gives an upper bound on the utilities of top O(y/K log K) agents from G2 and the agents from G;. This
completes the desired bound on % (A ).

Bounding #(A;). Finally, we bound % (A ). The proof proceeds as in the proof in Theorem C.12 with the following
changes: let A be defined as above by (16). As in Section C.2.1, we define the events &1, &, E3 as follows: & is the event
that G1(5,1) € (1 — F(B))n1 £ 8y/nlogn, & is the event that G1 (8 — A, 1) € (1 — F(8 — A))ny £ 8y/nlogn and &
is the event that Go(8 — A, 1) € (1 — F(1 — A/fB))na £ 8y/nlogn. The rest of the arguments proceed as in Section C.2.2.
This completes the proof of the desired result. O

We now show an example illustrating that the result in Theorem C.28 does not extend to arbitrary distributions.

Example C.30. Consider a distribution that places 0.5 probability mass at 0 and 1 each (although this is a discrete
distribution, the example can be easily extended to continuous distributions as well). Assume § € (0,1), |G1| = |G2| = K
and p = 1. Among the K candidates from each group G1, roughly K /2 candidates have a utility of 1, and the rest have 0
utility. Similarly, about K /2 candidates from G have utility 3, and the remaining have utility 0. Thus, among the top K
candidates, both groups have roughly K /2 candidates each. Thus, the representational fairness remains close to 1 even
when (8 goes to 0. Contrast this with the case when the distribution f is log-concave. As Theorem C.28 shows, in such a
setting the representational fairness goes to 0 as [3 goes to 0.

C.3. Proof of Theorem 3.2

In this section, we prove Theorem 3.2. For ease of readability, we restate Theorem 3.2 below.
Theorem 3.2. Let 11,12,13 > 0 be parameters such that |G| > mn for each j € {1,2}, K > non, and k¢ > 13K for
each ¢ € [pl. There is an allocation algorithm Ajnst-wise (Stated formally in Algorithm 3) such that, for any distribution of

utilities and preference lists, and bias parameter 3, P (Ainst-wise) > 1 — O (%) s U (Ainst-wise) > 1—0 ( \/I%L )
and %(Ainst-wise) =1

The algorithm Ajpng;-wise proceeds by running Ag; on two independent instances, Z;,j € {1,2}. In Z;, there are n;
candidates belonging to group G; and institution ¢ € [p] has k; ; := k; - n;/n seats. Let M be the assignment obtained by
running A on Z;; and M denote the resulting assignment for G; U G, i.e., all the candidates in [n]. The proof is divided
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into three steps. In the first step, we prove the representational fairness guarantee of M, i.e., Z( Ainst-wise) = 1, and discuss
how it implies the bound on the utility ratio % (Ajnst-wise) in the second step. In the third step, we analyze Aipst-wise tO
conclude the proof. The bounds on representational fairness and utility follow from the institution-wise constraints. The
bulk of the technical non-triviality in showing the desired bound on % (Aipnst-wise) lies in proving Lemma 3.5.

C.3.1. STEP 1: BOUNDING #

Let S be the set of candidates matched in M, i.e., S := M ~!([p]). Let S; := S N G; be the candidates in G, that are
assigned by M. Let K; denote K - nj/n. Observe that K is the total available capacity in the instance Z;. Since n > K,
n; > K; and hence |S;| = K. Recall that ¢; denotes the fraction of the candidates from G that are assigned by M.

Therefore,
q1 o Kl/nl - K/Tl

— = =1.
¢ Ki/na  K/n

Similarly, Z—f = 1. This shows that Z(Ainst-wise) = 1.

C.3.2. STEP 2: BOUNDING %

We now bound % (Ajnst-wise)- A random input for the instance can be generated as follows: (i) sample utilities and
preferences for the n candidates independently from the distribution D and £ respectively; (ii) select a subset of n;
candidates uniformly at random from the set of n candidates, and assign them to (1, and assign the remaining candidates to
Go.

Now, we condition on the utility values of the n candidates obtained in step (i) above. We show that conditioned on these

values, the expected utility ratio is close to 1, and hence, Z (Ajinst-wise) is close to 1 after removing this conditioning as well.

Let S be the set of candidates with utility among the top K values. We use Theorem C.1 for negatively correlated random
variables as follows. For a candidate 7 € .S, let X; be the indicator random variable that is 1 if and only if 7 is assigned to
group G'1. Then the variables X;’s are negatively correlated, and E[X;] = “1. Now observe that |S N G| = Zfil X, and
hence, E[|S N G| = 5. Applying Theorem C.1, we see that

Pr [|SmG1| < mK 2\/KlogK] < L
n

2K?2°
Similarly,
ngK 1
Pr [|SQG2| < - -2 KlogK] < YR

The above two inequalities show that with probability at least 1 — % Ainst-wise selects the top K — 44/K log K candidates
from S. Let U denote the total utility of the candidates in S. Then total utility of the top K —4+/K log K candidates in S is at

teast U (1 — SYEEER ) Thus, ElsU (Asi-vise)] = (1= 1) (1 - W) > 1-0 (VI2K) —1-0 (Y£2).
This gives the desired bound on % (Ajnst-wise)-

C.3.3. STEP 3: BOUNDING &

Recall that Z; denotes the instance corresponding to candidates in the group G, and M denotes the assignment obtained
by running Ay, on G;. Let m(1M;) denote the number of candidates that are assigned the most preferred choice by M;.
Using Lemma C.9, we see for each j € {1,2}:

Pr{|r(M;) — Elr(M;)]] > 8py/K log K] < 1/K>.
Applying Lemma 3.5 with a = n/n;, we get

"B (M)] - E[r(My))| = 0V/KTog K),

where 7(M) denotes the expected number of candidates that are assigned their first choice in the assignment M obtained
when we run Ay on the entire input Z. Combining the above two inequalities, we see that with probability at least 1 —1/K?,
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the following event happens for each j € {1,2}:

)

w(M;) = =2 - E[x(M)] £ O(p/K log ). (18)

Recall that 7; denotes w(M;)/n;. Hence,

72 _ E[r(M)] 4+ O(npyKlog K) /ns

1 E[lr(M)] +O(npyKlogK)/n,
Now, E[r(M)] > ming ky = n3 K and ny,ns > nyn. Therefore, we can bound the above expression as follows
log K
LERS (Wog ) .
m mnsVEK
The same bound applies for :—; Since the above-mentioned events happen with probability at least 1 — 1/K?2, we see that
i log K log K
E[mm(mﬂz)} > (1_1/K2).<1_0<W0g>> :1_O(Pv0g)
max(7y, m2) mnsvVEK mnsvVK

This proves the desired bound on & (Ajpnst-wise ), and completes the proof of Theorem 3.2.

D. Pseudocode for Algorithms with Institution-Wise, Group-Wise and No Constraints

In this section, we provide the pseudocodes for the three algorithms we compare in Section 4, as well as extensions
for relaxed bounds in Appendix G. These include a special case of the Gale-Shapley algorithm (Ag;; Algorithm 1), the
algorithm to satisfy group-wise proportional representation constraints (Agyoup; Algorithm 2), the algorithm to satisfy
institution-wise constraints (Ajnst-wise; Algorithm 3), and modifications of Algorithm 2 and Algorithm 3 under relaxed
bounds. We implement algorithms and run all empirical work in Python3. The code implementations of algorithms,
fairness metrics, as well as simulation procedures and data, can be found here.?

Unconstrained algorithm 4. This is a special case of the Gale-Shapley algorithm for stable matching (Gale & Shapley,
1962) where all the institutions agree on a common central ranking of the candidates. The algorithm considers the candidates
in decreasing order of observed utility. When considering a candidate, it assigns it to the highest preferred institution that
still has an available slot.

Algorithm 1 Unconstrained algorithm (A )

Input: S (set of candidates); k = (k1, ks, ..., k) (institutional capacities); o = (01, 02, ..., 0,) (preferences for i € S');
@ = (Gy, da, . .., Uy) (estimated utilities for ¢ € S)

1: Tunmatched <— candidates in .S sorted in order of decreasing utility
2: M < assignment filled with -1 (no institution)

3: for candidate a in 7y nmatched O

4: M, < top choice institution n such that k,, > 0

50 kp+—k,—1

6: untilk, =0foralln € k

7: end for

8: return M

Algorithm with group-wise constraints. The algorithm first selects the top (according to observed utilities) @ - K
candidates from each group G/. It then runs the algorithm Ay to assign these K candidates to institutions. This guarantees
representation-based fairness for both groups.

Algorithm with institution-wise constraints. This algorithm creates two independent instances, one for each group. In the
instance for group G5, the capacity at an institution ¢ is set to ‘ij'

two instances.

- k;. Then Ag; is independently executed on each of these

https://github.com/sandrewxu/CentralizedSelectionwithPreferenceBias
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Algorithm 2 Group-wise algorithm (Agroup)

Input: G; (set of candidates in group 1); G2 (set of candidates in group 2); k = (k1, k2, . .., k,) (institutional capacities);
o = (01,09,...,0,) (preferences for each i € S); & = (G, Ua, . .., U, ) (estimated utilities for each i € S')
1:my < (D, ke) - |G| /n
2: Sy < first m; candidates in G sorted in order of decreasing utility
3 my < (k) - |Gl /n
4: Sy « first mo candidates in G5 sorted in order of decreasing utility
5: SO — Sl U SQ
6: return Ay (So,k, o, 0)

Algorithm 3 Institution-wise algorithm (A;pnst-wise)

Input: G, (set of candidates in group 1); G2 (set of candidates in group 2); k = (k1, k2, . .., k,) (institutional capacities);
o = (01,09,...,0,) (preferences for each i € S); & = (41, Ua, . .., U, ) (estimated utilities for each i € S')
1: A« {k;-|G1|/n:i € [p]} /* Define capacity vector A for the p institutions for candidates in G1 */
2: B+ {k;-|Ga|/n :i € [p]} /* Define capacity vector B for the p institutions for candidates in Gox/
3 My + A (Gy, A {o; i € A}, {4, : i € G1})
4: My + .Ast(GQ,B, {O'i NS B}, {’l},l NS Gg})
5: return My U M

Algorithm with relaxed group-wise constraints. This algorithm satisfies relaxed group-wise constraints (Appendix G)
specified by a parameter o, where 0 < o < 1. For each group G, it first selects the top oK - |€1—7| candidates. From the
remaining pool of n — a K candidates, it selects the top K — oK candidates. Finally, the algorithm Ay is executed on these
K selected candidates. Observe that when o = 0, this algorithm is same as the unconstrained algorithm Ag;; and when
a = 1, we recover the algorithm Agyqup.

Algorithm 4 Relaxed group-wise constraints algorithm

Input: G, (set of candidates in group 1); G2 (set of candidates in group 2); k = (k1, k2, . .., k,) (institutional capacities);
o = (01,09,...,0,) (preferences foreach ¢ € S ); & = (a1, Us,...,Uy,) (estimated utilities for eachi € S ); «
(proportion of strictness)

1: my < a- Y ke |G1|/n /* Minimum representation for candidates in G1 is proportional to |G1| and o */
2: mag  a- Y ko |Ga|/n /* Minimum representation for candidates in Gz is proportional to |G| and o +/
3: Megcess < Z k¢ — mq — mq /* Capacities not allocated to a specific group when o« < 1 %/

4: Tynmatched <— candidates in .S sorted in order of decreasing utility

5: M < assignment filled with -1 (no institution)

6: for candidate a in 7 matched A0

7: M, < top choice institution n such that k,, > 0 and mg,oup > 0 0r Megeess > 0

8 k,<«k,—1

9:  if mgroup > 0 then
10: Mgroup < Mgroup — 1 /* Mgroup is My if the candidate is in Gy and my if the candidate is in G */
11:  else
12: Megcess $ Mexcess — 1

13:  endif

14:  until k£, =0foralln € k

15: end for

16: return M

Algorithm with relaxed institution-wise constraints. This algorithm satisfies relaxed institution-wise constraints (Ap-
pendix G) specified by a parameter o, where 0 < o < 1. For each institution ¢ and group G}, it reserves ak; - |G,|/n slots
for candidates from group G, and the remaining (1 — a)k; “excess” slots are available for candidates from either group.
The algorithm A, is now modified as follows: it again considers candidates in decreasing order of observed utility values.
When considering a candidate a, say from group G, it assigns it to the highest ranked institution ¢ that has an available slot
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in either the ones reserved for G; or in the unreserved pool. Observe that if o = 1, we recover Ajngt-wise, and when o = 1,
we execute the unconstrained algorithm Ag;.

Algorithm 5 Relaxed institution-wide constraints algorithm

Input: G, (set of candidates in group 1); G (set of candidates in group 2); k = (k1, k2, . . ., kp) (institutional capacities);
o = (01,09,...,0,) (preferences foreach i € S ); & = (i, Us,. .., Uy,) (estimated utilities for eachi € S ); «
(proportion of strictness)

1: kg, < {ki -« |G1|/n : i € [p|} /* Minimum institutional representation for candidates in G4, proportional to |G1| and o */
2: kg, + {ki-a-|Ga|/n: i € [p|} /* Minimum institutional representation for candidates in G2, proportional to |G| and o */
3: kegcess — {ki- (1 —a- (|G1| +|G2|)/n) : i € [p]} /* Capacities not allocated to a specific group when o < 1 %/
4: Tynmatched <— candidates in .S sorted in order of decreasing utility
5: M < assignment filled with -1 (no institution)
6: for candidate a in 7, nmatched O
7: M, <+ top choice institution n such that kg,oup[n] > 0, or kegeess[n] > 0
8: if kgroup(n] > 0 then
9: Egroup [n] + Egroup [n] — 1 /* kgroup is ka, if the candidate is in G1 and k., if the candidate is in G */
10:  else
11: kercess[n] — kercess[n] -1
12:  endif
13:  until k£, =0foralln € k
14: end for
15: return M

E. Additional Discussion and Figures for the Real-World Simulation With JEE 2009 Scores

E.1. Additional figures and implementation details

Distribution of scores. The 23 IITs are among the most prestigious engineering schools in India. Each year, admissions
into the IITs are decided through a centralized matching system, where applicants are ranked based on their scores in the
Joint Entrance Exam (JEE). Their score is their estimated utility, which is then matched with preference across different
major-institute pairs (Baswana et al., 2019). In 2009, the JEE test scores were released in response to a Right to Information
application (Kumar, 2009). The preferences of candidates were not released. The data contains the test scores of 384,977
students who took the IIT-JEE 2009. In addition to scores, the dataset has each student’s self-reported binary gender and
birth category. Birth category is officially assigned as a socioeconomic label, and the most privileged group is the general
category (Baswana et al., 2015; Sowell, 2008). A previous analysis of the dataset shows the discrepancies between student
birth category or gender as well as score distributions (Celis et al., 2023). Under the 3-bias model, this would equate to a
bias parameter of S = 0.69 when the protected attribute is gender and 8 = 0.52 when the protected attribute is the birth
category.

Utilities. The notion of latent utility is not available through our real-world data, so we consider JEE scores as estimated
utility. This is because if we consider candidates of equal “latent utility”, the ones from disadvantaged groups perform
poorer on standardized tests, our measure of estimated utility (Elsesser, 2019). In India, this could be because fewer girls
attend primary school (Alderman & King, 1998; CensusInfo India 2011: Final Population Totals), and many girls are forced
to drop out of school to get married or help with housework (Williams, 2013). Because of these societal differences, we
expect a female student to perform worse on the JEE than a male student of comparable “latent utility”. Students in birth
categories other than the general category face similar disadvantages (Kumar, 2021).

Preferences. The dataset does not include individual preferences, so we aggregated information from the opening and
closing ranks of major-institution pairs, (M, I'). We ordered pairs by their closing ranks C|,, 1) in the general category and
considered the range [O (s, 1), C(ar, 1] of the ranks of students admitted to (M, I') (Table 1). We observed that if C(y, 1,y is
substantially less than C(yy, 1,), then most applicants will strictly prefer the earlier ranked program, which is consistent with
those of journalists (Livemint, 2022; Verma, 2022). We model preferences over programs using the Mallows distribution
(specified by dkr) defined by a dispersion parameter 0 < ¢ < 1 and the central ranking p of program-institute pairs by their
closing ranks C(,, 7). The capacities of each program were publicly available online. We considered the closing All India
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Major-Institution Pair Opening Rank | Closing Rank
CSE (4Yr), IIT Bombay 3 86
EE (4Yr), IT Bombay 8 109
CSE (4Yr), IIT Delhi 1 154
CSE (4Yr), IIT Kanpur 2 181
CSE (4Yr), IIT Madras 5 215
EE (4Yr), IIT Delhi 108 241
EE w/ Micro (5Yr), IIT Bombay 117 245
CSE (5Y71), IIT Delhi 187 278
EE (4Yr), IT Madras 32 310
EE w/ Info. & Comm. Tech. (5Yr), IIT Delhi | 284 369
EE w/ Comm. & SP (5Yr), IIT Bombay 266 379
EE (4Yr), IT Kanpur 39 416
CSE (5Y1), IIT Kanpur 216 422
ME (4Yr), IT Bombay 72 494
CSE (5Yr), IIT Madras 333 502
CSE (4Yr), IIT Kharag. 276 527
EE (5Yr), IT Kanpur 423 608
ME (4Yr), IIT Delhi 237 634
ME w/ CAD & Auto. (5Yr), IIT Bombay 419 637
EE w/ Micro & VLSI (5Yr), IIT Madras 339 716
ME w/ CIM (5Yr), IIT Bombay 556 757
EE w/ Power (4Yr), IIT Delhi 477 758
EEC (4Yr), IT Kharag. 133 762
EE w/ Comm. Eng. (5Y1), IIT Madras 458 764
Math. & Comp. (5Yr), IIT Delhi 348 789
ME (4Yr), IIT Kanpur 497 806
ME (4Yr), IIT Madras 275 820
CSE (5Y1), IIT Kharag. 431 877
EE (4Yr1), IIT Kharag. 596 920
Chem. Eng. (4Yr), IIT Bombay 244 928
EE w/ Power Sys. & Elec. (5Yr), IIT Madras | 773 937
CSE (4Yr), IIT Roorkee 471 984
ME (5Yr1), IIT Kanpur 808 992

Table 1: Top 33 major-institution pairs sorted by closing ranks in the 2009 IIT-JEE. See Appendix E for a discussion of the
dataset.

Rank for the general category as opposed to across all categories. This is because the JOSSA has already instituted quotas
for students from more disadvantaged groups to be admitted into certain programs. As such, a difference in individual
preferences in the underprivileged groups would affect the overall closing ranks significantly and the general ranks give a
better picture.

Algorithm implementation. While implementing our algorithm, we implemented limits on the number of candidates
that were considered for the sake of lowering runtime. When considering all 384,977 candidates, there was a fixed bound:
the candidate in the disadvantaged group that had the lowest JEE score possible to still be matched under group- or
institution-wise constraints but not under the unconstrained algorithm. Any candidate, regardless of group, with a lower JEE
score would never be considered to be matched. For the sake of runtime, we found the lowest AIR applicable with both birth
and gender as the protected attribute and stopped generating preferences after that rank (5000 and 7000, respectively).

E.2. Simulation that varies the dispersion parameter of the preference distribution using synthetic data

This simulation considers the effect of dispersion of preferences on the three algorithms we present by altering the dispersion
parameter, ¢, of the Mallows distribution. A small ¢ indicates that preferences are more closely aligned to the central ranking,
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and ¢ — 1 indicates that preferences are drawn more randomly than based on the central ranking. Since Theorem 3.2 does
not depend on the shape of the preference distribution, we expect the preference-based fairness of Aj,st-wise t0 be near
optimal regardless of ¢, but we would like to see the effect of ¢ on Agoup and Ag.

Setup. We fix n = 1000, p = 5, and k; = 100 for i € [p], For D € {Dgauss, Pprarcto }>» We set § = % and vary ¢ € [0,1].
We report the average and standard error of 22(1), 223 and % over 50 iterations.

Results and observations. The results are reported in Figure 4. Our main observations are that ¢ does not seem to have a
large impact on preference-based fairness for Aingt-wise, Agroup and As; generally increase with ¢, and ¢ does not affect the
utility ratio. As expected by Theorem 3.2, A;,st-wise holds a high preference-based fairness (@(1) >0.9, 7 3) > 0.95).
As ¢ increases, preference-based fairness for Agroup and Ay, generally increase. The exception is with Ay, when utilities
are sampled from Dp,,ct0, Where the preference-based fairness of the unconstrained algorithm does not change with ¢.
To closely model real-world scenarios, we choose for ¢ < 0.5 because the central ranking is often important. We also
choose ¢ > 0.1 to be able to differentiate between Agoup and Ag. When utilities are drawn from Dgauss, the difference
between P (Agyoup) and P (Ay) is within 0.05 when ¢ < 0.10. Based on these constraints, we set ¢ = 0.25 as the
default in our simulations. The utility ratio does not change with ¢ because it does not depend on preference distribution.
This is further discussed in Appendix F. Additionally, we observe that when varying ¢ between 0 and 1, the group-wise
algorithm increases at a much earlier ¢ in synthetic data (Figure 4) compared to real-world data (Table 1). This is likely
because the real-world dataset had 33 institutions compared to the 5 institutions used in synthetic simulations. With that
ma(n})/ institutions, it would be much more difficult to increase the preference-based fairness, especially measured by the
21 metric.
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Figure 4: 21, 223) and % measured for synthetic data when the dispersion parameter for the Mallows distribution is
varied over ¢ € [0, 1]. In (a), we see the preference-based fairness measured by #2(1) when utilities are generated from
DGauss. In (b), we measure Z(3) when utilities are generated from Dgauss. (¢) shows the utility ratio when utilities are
generated from Dgayss- (d), (e), and (f) show the results of (a), (b), and (c), respectively, when utilities are generated from
Dpareto- Our main observation is that ¢ does not have a large impact on preference-based fairness for At wise, While
Agroup and Ay generally increase with ¢. See Appendix E.2 for details and discussion. The x-axis denotes c, the y-axis
denotes 21 23) or %, and the error bars denote the standard error of the mean over 50 iterations.
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F. Additional Discussion and Plots for Simulation with Synthetic Data from Section 4

In this section, we report the preference-based fairness, 2O for additional values of [ in the simulation from Section 4
(Figure 5). We also discuss the utility ratio in the simulation.

F.1. Discussion of utility ratio

We do not include results about utility ratio for synthetic data because they do not vary with respect to preferences for any of
our algorithms. Specifically, Ay always selects the K candidates with the highest observed utilities, where K is the total
capacity of all institutions. Likewise, under the assumption that |G1| = |G|, Agroup and Ainst-wise both assign the top K/2
candidates in terms of utility from each group to institutions. This guarantees that % (Agroup) = % (Ainst-wise) ~ 1 for all
~. Intuitively, % (As;) increases with respect to 3: this is detailed in Theorem 3.1 and visualized in Figure 11(a).

F.2. Additional plots

Results and observations. The results of &2(1) for additional values of 3 support the discussion made in Section 4. One
additional observation is that as 3 increases, 2!) (Ajpsi-wise) is not affected but () (Agroup) and & (1)(Ag) increase at
comparable levels of 3. This is because the estimated utilities of the disadvantaged candidates increase as (3 increases.
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Figure 5: Preference-based fairness as measured by the top-1 metric, (1), with synthetic data where non-i.i.d. preferences
are generated from Mallows distributions. The z-axis denotes -, the Kendall-Tau distance between the central rankings, and
the error bars denote the standard error of the mean over 50 iterations. (a) shows (1) when utilities are generated from
Daauss With 5 = %. (b) modifies S to 8 = %. (c) and (d) are equivalent to (a) and (b), respectively, when utilities are drawn
from Dp,reto. See Section 4 and Appendix F for details and discussion. We observe that institution-wise constraints achieve
higher preference-based fairness than group-wise and unconstrained settings.
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Figure 6: Preference-based fairness measured by 22(1) and £2(3), and the utility ratio measured by % for relaxed institution-
wise and group-wise bounds parameterized by strictness ratio 0 < o < 1. We compare results with relaxed bounds (solid
lines) and results with strict bounds (dotted lines). In (a), we measure () when utilities are drawn from Dgayss In (b), we
measure 23 with utility distribution Dgayss. In (¢), we measure the utility ratio for 0 < o < 1 with utilities from Dgauss-
(d), (e), and (f) are equivalent to (a), (b), and (c), respectively, except that utilities are drawn from Dp,;.et, instead of Dgayss-
Our main observation is that institution-wise constraints and group-wise constraints only begin to increase preference-based
fairness compared to no constraints when the lower bound is high. See Appendix G for details and discussion. The z-axis
denotes «, and the error bars denote the standard error of the mean over 50 iterations.

G. Empirically Studying Institution-Wise Constraints Under Relaxed Bounds

This section considers the effectiveness of Aj,st-wise Under relaxed bounds. Specifically, instead of instituting a strict
proportional quota for each institution, we consider the effect of a relaxed bound parameterized by 0 < oo < 1. If & = 1, the
bound is strict and if o = 0, there is no bound. In general, the quotas required by A;,s¢-wise are « times the available capacity
at each institution, with the remaining capacity available for candidates from either group. This is similar when considering
relaxed group-wise constraints, except on an institution-wise basis rather than on a representational basis. Pseudocode for
the algorithms are provided in Appendix D. The purpose of this simulation is to analyze the practicality of more relaxed
real-world constraints beyond the theoretical work done in Theorem 3.2. To do this, we measure the preference-based
fairness and utility ratio of relaxed constraints compared to stringent ones (as required by Ajpnst.-wise)-

Setup. We fix n = 1000, p = 5, and k; = 100 for ¢ € [p]. For D € {Dgauss; DParcto }» We set 5 = % because /3 is often
high in real-world situations. We generate preferences from a single central ranking using a Mallows distribution with
¢ = 0.25 (7 = 0). We vary the relaxed bound parameter, «, from 0 (no bounds) to 1 (strict bounds) with two groups of the
same size, i.e., |G| = |G2|. We report the average and standard error of (1), 22(3) and % over 50 iterations.

Results and observations. The results are presented in Figure 6. We know that the bounds instituted by Ajpst-wise and
Agroup Will not affect the preference-based fairness until the bound exceeds the proportion that A achieves. Based on
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the empirical results for 5 = %, we started the bounds at o = 0.4 to better illustrate the changes. Our main observation is
that preference-based fairness begins to increase for Aipgt-wise and Agroup as o > 0.5, but the utility ratio does not increase
until between o = 0.6 (Ppayeto) o @ = 0.8 (Dgauss). Under a Pareto distribution, 221 for Ajps-wise and Agroup begin to
increase at o = 0.5 from 0.45 t0 0.90 (Ainst-wise) and 0.55 (Agroup) as @ — 1. Under a truncated Gaussian distribution,
PZW for Ainstwise and Agroup begin to increase at o = 0.6 from 0.55 to 0.90 (Ajinst-wise) and 0.60 (Agroup) as the bound
becomes 50%. We see that institution-wise constraints are only effective when strictly enforced (for 5 = %, a > 0.5). For
situations in which £ is higher, the bound would have to be even higher. We also see that preference-based fairness for the
relaxed version of Ajpst wise begins to increase at a lower « than the corresponding utility ratio does. Lower bounds may not
be effective at all, particularly if the unconstrained algorithm already guarantees the low ratio.

H. Empirical Results Considering Noise in Estimated Utilities
H.1. Simulation considering noise in the bias parameter

In this section, we consider noise in the bias parameter of the 5-bias model, which we refer to as the noisy (5-bias model.
Instead of a fixed bias parameter, we sample 3 from a Gaussian distribution truncated to the interval [0, 1] with a standard
deviation of 0.1. Examples of the noisy 3-bias model centered around 5 = 0.1, 0.2, 0.3 are shown in Figure 7. This standard
deviation ensures that for non-extreme values of 5 (0.1 < 8 < 0.9), the expected value closely adheres to the center of
the distribution (within 0.02). Under these non-ideal conditions, we observe how closely empirical data adheres to the
theoretical results of Theorem 3.2, as well as the effect of noise on Agyoup and As.
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Figure 7: Distributions of 8 under the noisy -bias model with standard deviation 0.1. (a) shows the distribution when
£ = 0.1 with mean 0.129. (b) shows the distribution when 5 = 0.2 with mean 0.205. (c¢) shows the distribution when
B = 0.3 with mean 0.300. The noisy -bias model is detailed in Appendix H.1.

Setup. We fix the parameters n = 1000, p = 5, and k, = 100 for each ¢ € [5]. We vary 8 € [0, 1] and sample a bias
parameter for each person in the disadvantaged group from the Gaussian distribution centered at 3, truncated to the interval
[0, 1] with standard deviation 0.1. We draw latent utilities from D € {Dgauss, Ppareto }» and draw preferences i.i.d. from
a Mallows distribution with ¢ = 0.25. We plot preference-based fairness (22(1), 2()) and utility ratio (%) over 50
iterations.

Results and observations. Results are plotted in Figure 8. Our main observation is that even with noise in /3, the preference-
based fairness of Ajngt-wise 1 not affected (within 0.01) and is still high. When looking at Ag,oup and A, noise can skew
preference-based fairness for extreme 8 (8 < 0.15, 5 > 0.85). Specifically, when § approaches 1, preference-based fairness
in the presence of noise is less than preference-based fairness without noise. Under the condition of Dpy;eto and P23 the
difference in 223 was 0.1 for Agroup and 0.2 for Ay at 5 = 1. Noise also affected the utility ratio. Atlow [, there was
a difference between the utility ratio of the simulations with noise and without noise, but as 3 approached 1, the utility
ratios converged. Significantly, for 5 > 0.6, the difference between the utility ratio with and without noise was within 0.02.
Overall, noise had minimal impact on preference-based fairness for institution-wise constraints, but had a notable impact on
group-wise and unconstrained algorithms for 8 > 0.85 or 8 < 0.15. The noise did not have a significant effect on the utility
ratio for large 3.
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Figure 8: Preference-based fairness is measured by 22(1) and #(®), and utility ratio is measured under the noisy [3-bias
model. The control lines with no noise (dotted) are compared to the experimental lines with noise (solid). (a) measures
21 when utilities are generated from Dg,uss. (b) measures &2 () under the same utility distribution. (c) shows the utility
ratio when utilities are sampled from Dgayss. Note that the utility ratio lines for Agroup and Ajipst-wise Overlap completely.
(d), (e), and (f) are equivalent to (a), (b), and (c), respectively, except that utilities are drawn from Dp,;.et, instead of Dgauss-
5 Our main observation is that noise decreases the preference-based fairness at high 8 and decreases the utility ratio of
Ainst-wise at low 5. See Appendix H.1 for details and discussion. The x-axis denotes 3, the y-axis denotes & W), 23 or
7 , and the error bars denote the standard error of the mean over 50 iterations.

H.2. Simulation with noise in estimated utilities under the implicit variance model

In this section, we consider noise in the estimated utilities under the implicit variance model, which is an instance in which
Theorem 3.2 may not hold (Emelianov et al., 2020). The main purpose of this simulation is to test whether or not the results
of Theorem 3.2 hold under a different bias model. Since noise minimally changes the distribution as a whole, we expect
institution-wise constraints to be relatively unaffected and would like to see how well group-wise constraints hold as a
comparison. Given parameters d; > 0 and d2 > 0 controlling the extent of the noise, for each item 4, the estimated utility of
item ¢ is

~ u; + 01 -G ifi € Gy,

Ui o = ) where ¢ ~ N(0,1).
ul+(52CZ lf’iEGQ, C ( )

Setup. We fix the parameters n = 1000, p = 5, and k; = 100 for each ¢ € [5]. For each choice of D € {Dpareto, Paauss -
we vary both §; and d, over [0, 2] and report the average preference-based fairness (both (1) and 2()) over 50 iterations
using both group-wise constraints (Agroup) and institution-wise constraints (Ajnst-wise). For this simulation, we let ¢ = 0.25.
As such, we are assuming that there is a consistent central ranking with variances in individual preferences.
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Results and observations. We report results for 22() in Figure 9 and for 22®) in Figure 10. Our main observation
is that as expected, noise had minimal effect on Ai,gt-wise. We also see that when d; = d2, Agroup does nearly as well
as Ajnst-wise, but the noise has a much greater effect on Ag,oup. For all values of 6; and 7 tested, Ajnsi-wise retained
a high preference-based fairness. 21 > 0.93 and 2B > 0.96 for both Dgauss and Dpareto. Agroup also retained
high preference-based fairness when d; = do (9(1) > 0.90, 23 > 0.95). However, when §; # Jo, there are cases
where 22(1) < 0.50 and 2(3) < 0.7. The difference between the preference-based fairness resulting from Ajpg¢ wise and
Agroup can approach 0.50 (ZW)y and 0.27 (23)) such as when §; = 2 and §, = 0. Institution-wise constraints maintain
near-optimal preference-based fairness under noise in estimated utilities, while group-wise constraints only do so when the
noise parameters are equal.
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Figure 9: Preference-based fairness as measured by £2(1) under the implicit variance model, where the heatmap scales
from O (red) to 1 (blue). (a) shows @(1)(Agroup) when utilities are generated from Dgayss. (b) shows 32(1)(Agroup)
when utilities are generated from Dpayeto. (€) shows &2 @) (Ainst-wise) When utilities are generated from Dgauss. (d) shows
2 (Ainst-wise) When utilities are generated from Dp,yeto. Our main observation is that even with noise, institution-wise
constraints maintain high preference-based fairness, while group-wise constraints may not. See Appendix H.2 for details
and discussion. The z-axis denotes d1, the y-axis denotes -, and the values are the average result over 50 iterations.

I. Empirical Validation of Theorem 3.1

In this section, we empirically show that Theorem 3.1 extends to more robust settings than those required by the theorem.
In particular, Theorem 3.1 assumes that the latent utilities of candidates are drawn from the uniform distribution on [0, 1]
and the 3-bias model is used to generate estimated utilities. An extension of the theorem, Theorem C.28, proves a similar
result for all log-concave densities, where upper bounds on & and % are given. Here, we conduct an empirical study
using synthetic data to show that the implications of Theorem 3.1 and Theorem C.28 continue to hold when the utilities are
drawn from the truncated Gaussian distribution Dg,yss and the Pareto distribution Dp,reto (Appendix I.1); when the bias
parameter 3 is stochastic (Appendix 1.2); and when the utilities are biased using the implicit variance model (Appendix 1.3).
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Figure 10: Preference-based fairness as measured by 22(®) under the implicit variance model, where the heatmap scales
from O (red) to 1 (blue). (a) shows 23 (Agroup) When utilities are generated from Dgaygs. (b) shows P3) (Agroup)
when utilities are generated from Dp,y 0. (¢) Shows & ) (Ainst-wise) When utilities are generated from Dgayss. (d) shows
P3) (Ainst-wise) When utilities are generated from Dp,,et0. Our main observation is that even with noise, institution-wise
constraints maintain high preference-based fairness, while group-wise constraints may not. See Appendix H.2 for details
and discussion. The z-axis denotes 1, the y-axis denotes Jo, and the values are the average result over 50 iterations.

I.1. Pareto and truncated Gaussian distributions of utilities

‘We validate the results of Theorem 3.1 under the uniform distribution. Furthermore, we also validate Theorem C.28, which
extends the results of Theorem 3.1 to all log-concave densities, by also testing Dgauss and Dpareto-

Setup. We generate latent utilities u, where u ~ D € {Dunir, DGauss, PpPareto }- In setting n = 10000, p = 5, and
k¢ = 1000 for each ¢ € [5], preferences are generated from a Mallows distribution with ¢ = 0.25 and A is run on the
resulting data. We set n = 10000 to minimize the error term. We vary 3 in the range [0, 1]. We calculate 2, 22(!), and %
for over 50 iterations.

Results and observations. Results are shown in Figure 11. Our main observation is that for the uniform distribution, & and
% closely follow the theoretical results states in Theorem 3.1. This means the error term is likely small and negligible. In
this simulation, % for the uniform distribution closely models theoretical results (£0.01) and % closely models theoretical
predictions for all 5. Since & has an upper bound consistent with %, that statement also holds. We calculate (1) to
visualize the lower bound of &?. Under the premise of no noise for Dgauss OF Dpareto, We find that the results for Daauss
closely follow the results for the uniform distribution, with differences < 0.1 for both representational fairness and utility
ratio. The Pareto distribution did not closely match the predicted results and had a lower representational fairness for all 3.
The Pareto distribution resulted in a higher utility ratio for 5 < 0.15 and a lower one for higher /. In general, the results for
all three distributions match the results of Theorem 3.1 for % and %/, with the occasional exception from Dp,yeto-
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Figure 11: Representation-based fairness is measured by %, preference-based fairness is measured by 21, and utility
ratio is measured under the beta-bias model with different utility distributions. (a) measures % when utilities are generated
from Dynit, Daauss, and Dpareto, as well as the theoretical results for Dyyie. (b) measures 21 | the lower bound for
preference-based fairness. (c) measures the utility ratios of the three utility distributions. Our main observation is that for
the uniform distribution, &Z and % closely follow the theoretical results stated in Theorem 3.1. See Appendix I for details
and discussion. The x-axis denotes 3, the y-axis denotes %, P2 or %, and the error bars denote the standard error of the
mean over 50 iterations.

L.2. Noise in the bias parameter

We further test the robustness of Theorem 3.1 by adding noise to the bias parameter, with the procedure detailed in
Appendix H.1.

Setup. We generate latent utilities u, where u ~ D € {Dunit, DGauss, PpPareto - I setting n = 10000, p = 5, and
k¢ = 1000 for each ¢ € [5], preferences are generated from a Mallows distribution with ¢ = 0.25 and Ay is run on the
resulting data. We set n = 10000 to minimize the error term. We vary 3 € [0, 1] with noise, where 3 is sampled over a
Gaussian distribution truncated to [0, 1] with a standard deviation of 0.1 (detailed in Appendix H.1). We calculate 2, 22(!),
and % for over 50 iterations.

Results and observations. Results are shown in Figure 12. Our main observation is that even under noise in the bias
parameter, for the uniform distribution, % and % closely follow the theoretical results stated in Theorem 3.1. The
representational fairness and utility ratio of all three distributions resembled the theoretical results, although Dpayeto
deviated the most. We observe that the data is skewed for extreme values of 3 (8 < 0.25, 8 > 0.75). When considering
the graph measuring & with noise, we see that Z for the uniform distribution and D¢,y is higher than without noise
at low beta (At 5 = 0, within 0.10 — 0.15). At 8 = 1, & for all 3 distributions with noise is lower than without noise
(within 0.1 — 0.25). When looking at 2| the most noticeable difference is when 8 — 1. At 8 = 1, the difference lies
between 0.15 (Dynpir) and 0.25 (Dgauss)- When looking at 77, there is almost no difference for 5 > 0.25, but for low /3,
noise decreases 7. Even under noise in the bias parameter, all three distributions of utilities follow the trends indicated in
the theoretical results of Theorem 3.1 for % and %, with occasional exceptions in the case of Dpayeto-

L.3. Implicit variance model

We also test Theorem 3.1 by adding noise to estimated utilities under a simplified version of the implicit variance model
detailed in Appendix H.2. While considering the implicit variance model, we fix the variance parameter §; for group G to
0 and only vary the parameter J, for group G2 between 0 and 2.

Setup. We generate latent utilities u, where u ~ D € {Dunit, DGauss; Ppareto - We add noise to half of the utilities under
the implicit variance model. Here n = 10000, p = 5, and k, = 1000 for each ¢ € [5], preferences are generated from a
Mallows distribution with ¢ = 0.25 and Ay, is run on the resulting data. We set n = 10000 to minimize the error term. We
fix § = 1 and vary § = §5, the noise parameter, from 0 to 2. We calculate Z, P2M) and % for over 50 iterations.
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Figure 12: Representation-based fairness is measured by 2, preference-based fairness is measured by (1), and utility ratio
is measured under the noisy -bias model with different utility distributions. (a) measures &% when utilities are generated
from Dunit, Daausss and Dpareto, as well as the theoretical results for Dypie. (b) measures &2 (1), the lower bound for
preference-based fairness. (c) measures the utility ratios of the three utility distributions. Our main observation is that noise
skews the results for extreme /3, but they generally still adhere to Theorem 3.1. See Appendix I for details and discussion.
The z-axis denotes 3, the y-axis denotes Z, @(1), or % , and the error bars denote the standard error of the mean over 50
iterations.

Results and observations. Results are shown in Figure 13. Our main observation is that the representational fairness
and utility ratio of all three distributions resembled the theoretical results, while preference-based fairness for all three
distributions decreased as § increased. In this simulation, £ for the uniform distribution closely models theoretical results
(£0.05) and % almost exactly models theoretical predictions for all 5. Since £ has an upper bound consistent with 2, that
statement also holds. We calculate 221 to visualize the lower bound of £2. Under the implicit variance model, where noise
was added to the estimated utilities, we see that it does not affect 7/ at all (% = 1). In terms of representational fairness,
we observe that the fairness resulting from Dgayss and Dpayreto decrease slightly due to noise. They drop to 0.90 and 0.80,
respectively, and then plateau after 6 > 0.5. When looking at preference-based fairness in Figure 13(b), we see that as
noise increases, the lower bound on preference-based fairness ( W) decreases from 1 to as low as 0.45 for Dpayeto and
DGaussian and 0.30 for Dy at § = 2. We do see that although representational fairness and utility ratio stay consistent,
noise can decrease the preference-based fairness guaranteed by these three distributions of preferences, specifically when
there is noise in the estimated utilities under the implicit variance model.
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Figure 13: Representation-based fairness is measured by %, preference-based fairness is measured by 221, and utility
ratio is measured under the implicit variance model with different utility distributions. (a) measures % when utilities are
generated from Dyyif, DGausss and Dpareto, as well as the theoretical results for Dyyi¢. (b) measures 2D the lower bound
for preference-based fairness. (c) measures the utility ratios of the three utility distributions. Our main observation is that
Z and % closely follow the theoretical results stated in Theorem 3.1, but preference-based fairness decreases as noise
increases. See Appendix I for details and discussion. The z-axis denotes d, the y-axis denotes Z, #1), or %, and the error
bars denote the standard error of the mean over 50 iterations.
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