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Université de Montpellier,

France

Inria, Inserm,
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Abstract

We introduce a new preference-based frame-
work for conditional treatment effect estima-
tion and policy learning, built on the Con-
ditional Preference-based Treatment Effect
(CPTE). CPTE requires only that outcomes
be ranked under a preference rule, unlock-
ing flexible modeling of heterogeneous effects
with multivariate, ordinal, or preference-
driven outcomes. This unifies applications
such as conditional probability of neces-
sity and sufficiency, conditional Win Ra-
tio, and Generalized Pairwise Comparisons.
Despite the intrinsic non-identifiability of
comparison-based estimands, CPTE provides
interpretable targets and delivers new identi-
fiability conditions for previous unidentifiable
estimands. We present estimation strate-
gies via matching, quantile, and distribu-
tional regression, and further design efficient
influence-function estimators to correct plug-
in bias and maximize policy value. Synthetic
and semi-synthetic experiments demonstrate
clear performance gains and practical impact.

1 INTRODUCTION

In high-stakes domains, such as healthcare and public
policy, clinicians and policymakers must make deci-
sions about treatments whose effects can vary widely
between individuals. Population-level averages are
rarely enough: the right choice for each person de-
pends on their specific characteristics, risk factors and
likely response. To truly personalize data-driven de-
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cisions, we must estimate individual effects and learn
feature-dependent policies.

The standard approach estimates conditional treat-
ment effects, contrasting conditional outcomes for each
treatment arm, and derives policies accordingly. How-
ever, while the conditional average treatment effect
(CATE) has become the default tool for heterogeneous
effect estimation and policy learning, it can be mislead-
ing. CATE-based policies rely on averages, ignoring
complex treatment responses. For example, a heavy
tailed distribution can make CATE-based policies fa-
vor treatments where the majority actually loses. Con-
sider salary as an outcome and an intervention that
causes small monthly losses for many low-salary in-
dividuals but large gains for a handful of high-salary
individuals. A perfectly estimated CATE would rec-
ommend the intervention, despite diminishing the wel-
fare of the majority. In critical settings, this bias is
not just a statistical artifact, it threatens fair, effec-
tive decision-making.

Moreover, defining a CATE policy is not straightfor-
ward for multiple outcomes. Consider heart-failure
studies (Pocock et al., 2011) where death, stroke, and
hospitalization are all outcomes of primary interest.
These outcomes follow a natural hierarchy: death be-
ing the most severe, followed by stroke and then hos-
pitalization. The challenge lies in incorporating this
hierarchy into a principled, data-driven framework for
decision making. A leading approach over the past
decade is the Win Ratio (Pocock et al., 2011), where
treated and control patients are paired and compared
sequentially. Death is assessed first; stroke is com-
pared if both survived; if neither patient experienced
a stroke, hospitalization is evaluated. This design ex-
plicitly respects clinical priorities. However, quantify-
ing treatment effects, conditional effects, and learning
policies when outcomes can only be judged through
comparisons remains highly non-trivial (Mueller and
Pearl, 2023; Even and Josse, 2025; Tian and Pearl,
2000). They cannot be captured by CATE. The core
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difficulty is the non-identifiability of the underlying es-
timands; it is impossible to estimate them from observ-
able data. due to the fundamental problem of causal
inference (Holland, 1986). Indeed, access to the joint
potential outcomes distribution is required to compare
counterfactuals. However, no unit can ever be ob-
served in both the treatment and control groups, even
in randomized studies.

This paper introduces a general framework for learn-
ing preference-based conditional treatment effects and
policies from both randomized and observational data.
Preference-based learning directly answers the ques-
tion, ”Which treatment should be preferred?” It also
expands policy treatment effect estimation and pol-
icy learning to outcomes that are comparable but not
quantifiable. A first example is the probability of ne-
cessity and sufficiency (PNS), a classic causal quantity
(Mueller and Pearl, 2023; Tian and Pearl, 2000). PNS
can be interpreted as the probability that the treated
outcome is strictly preferred to the control outcome
for a given individual, averaged across the population.
Although related directions have been explored (Wang
and Li, 2025; Wang et al., 2025; Shingaki et al., 2021),
it lacks an identifiable, conditional construct tailored
to personalized decision-making.

More broadly, preference-based effects extend natu-
rally to complex, multivariate outcomes whenever a
rule specifies which outcome is preferred in a pair-
wise comparison. This framework subsumes hierarchi-
cal outcome settings such as the Win Ratio and Gen-
eralized Pairwise Comparisons (Pocock et al., 2011;
Buyse, 2010). Our method goes beyond these cases,
learning conditional effects and optimal policies under
such preference structures, while also accommodating
more general, possibly non-strict, preference rules.

Related work. Most work on conditional treatment
effects and policy learning in causal inference focuses
on single real-valued or binary outcomes (Athey and
Imbens, 2016; Wager et al., 2019; Künzel et al., 2019;
Athey and Wager, 2021). This paper offers a broader
framework, connecting three related lines of work: (i)
non-identifiable causal quantities such as the PNS and
their bounds, (ii) pairwise comparison methods like
the Win Ratio and Net Benefit, and (iii) distributional
regression and quantile treatment effects.

The Probability of Necessity and Sufficiency (PNS ) is
the probability that treatment improves the outcome
and is required to do so (Mueller and Pearl, 2023; Tian
and Pearl, 2000). It can be viewed as the population
average of individual-level effects, with subpopulation
extensions studied in Kawakami et al. (2024); Wang
and Li (2025). Lei (2024) presents population-level
point estimates of PNS. However, to our knowledge, a

clear definition of an identifiable, conditional PNS is
missing.

Because PNS and its conditional variants are funda-
mentally non-identifiable, most prior work has focused
on deriving identifiable bounds from data under suit-
able assumptions (Shingaki et al., 2021; Robins and
Richardson, 2010; Tian and Pearl, 2000). Bounding
strategies have been developed for binary (Mueller and
Pearl, 2023), ordinal (Huang et al., 2017; Lu et al.,
2018; Li and Pearl, 2024; de Aguas et al., 2025), contin-
uous (Manski, 2003), quantile treatment effects (QTE)
(Koenker and Bassett, 1978b; Firpo, 2007) and condi-
tional QTE (Abadie et al., 2002; Firpo, 2007; Cui and
Han, 2023). Instead of relying on identifiable bounds,
which can be loose for conditional quantities or non-
binary outcomes (Li and Pearl, 2024; Manski, 2003),
we introduce and estimate an interpretable, identifi-
able proxy.

Pocock et al. (2011) and Buyse (2010) introduced the
Win Ratio and Net Benefit to compare two treatments
over multiple, hierarchical outcomes. These metrics
allow several outcomes to factor into the evaluation
of treatment effects and decision making. Petit et al.
(2025) considered optimal treatment rules for the net
benefit. However, our broader framework goes fur-
ther by defining conditional treatment effect with hi-
erarchical outcomes, enabling policy value optimiza-
tion and developing semi-parametric efficient estima-
tors. Our work borrows the formalism of (Even and
Josse, 2025) and non-causal Probabilistic Index Mod-
els (PIMs, (Thas et al., 2012)).

Our estimation methods are based on nearest neigh-
bor approaches (Biau and Devroye, 2015) and off-the-
shelf quantile regression methods (Koenker and Bas-
sett, 1978a; Greene, 2003; Meinshausen and Ridgeway,
2006) for nuisance parameters. Our methods differ
from distributional treatment effect approaches (Näf
and Susmann, 2024; Zhou et al., 2022; Park et al.,
2021; Kallus and Oprescu, 2023): we use distribution
methods as a means to estimate preference-based ef-
fects.

Outline of the paper and contributions. We first
introduce the causal and preference-based setting in
Section 2 and define our target estimands in Section 3.
We distinguish between a non-identifiable conditional
Individual Treatment Effect (ITE) and our new identi-
fiable estimand, the Conditional Preference Treatment
Effect (CPTE), and establish conditions under which
they coincide via the concept of structural treatment
effect modifiers. In Section 4, we develop estimation
strategies for CPTE, using flexible building blocks like
matching and distributional regression. In Section 5,
we turn to preference-based policy learning, introduc-
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ing a plug-in method and a policy value optimization
approach. Finally, in Section 6, we derive a semipara-
metric efficient policy estimator based on a one-step ef-
ficient influence function (EIF) correction. We validate
these methods on synthetic and semi-synthetic exper-
iments (Section 7, Appendix E). Our contribution is
threefold, enabling practical policy learning within a
preference-based framework. We build an identifiable
conditional proxy, the CPTE, for individual-level pref-
erence and establish its identifiability conditions. We
develop an estimation procedure for the CPTE. Fi-
nally, we learn decision policies based on preference
rules.

2 SETTING

Causal assumptions. We assume access to n i.i.d.
samples, associated with feature vectorsXi P X , treat-
ment Ti P t0, 1u, and observed outcome Yi P Y (pos-
sibly multivariate, e.g. Y Ă Rd). Under the poten-
tial outcome framework (Splawa-Neyman et al., 1990),
each unit has two outcomes, Yip0q, Yip1q P Y, only one
of which is observed.

We assume SUTVA, unconfoundedness and positivity :

Assumption 1 (SUTVA). Yi “ YipTiq for all i P rns.

Assumption 2 (unconfoundedness). tYip0q, Yip1qu K

Ti | Xi.

Assumption 3. There exists η P p0, 1q such that
η ď epxq ď 1 ´ η for all x P X , where epxq “

P pTi “ 1 | Xi “ xq.

Preference-based framework. We ask whether a
unit would fare better under treatment than without.
Given two outcomes y, y1 P Y, “better” cannot always
be quantified correctly with the sign and magnitude of
their linear difference y ´ y1. Instead, we consider a
more general “preference function”:

Definition 1 (Preference function). w : py, y1q P

Y2 ÞÑ wpy|y1q P R quantifies how y fares against y1.

Typical examples of preference functions are:
(i) PNS, For single real-valued outcomes:

wpy|y1q “ 1ty ą y1u .

(ii) General Ordered Outcomes like the Win Ratio:

wpy|y1q “ 1tyąy1u ` 0.5 ¨ 1ty„y1u , (1)

where ą is an order on Y, such as the lexicographic
order on Rd: y ą y1 iff inftk : yk ą y1

ku ă inftk :
yk ă y1

ku used for hierarchical outcomes (Pocock et al.,
2011).

(iii) Unknown preferences: If an “ideal stochastic or-
acle” compares the outcomes Y and Y 1 of two units,

wpY |Y 1q
def
“ PpY ą Y 1q ` 1

2PpY „ Y 1q,

where probabilities capture uncertainty or individual
preferences. In this paper, w is assumed to be known.

3 CONDITIONAL EFFECTS

3.1 Definition of a preference-based
conditional treatment effect

Personalized treatment is the holy grail of causal in-
ference. While population-level effects inform broad
policy decisions, they overlook the substantial hetero-
geneity that individualized policies can account for.
However, the Individual Treatment Effect (ITE) is in-
accessible due to the fundamental problem of causal in-
ference. In our preference-based framework with pref-
erence function w, the ITE for patient i is:

∆i “ wpYip1q|Yip0qq .

It measures how Yip1q compares to Yip0q; treatment
follows ∆i. Because only one action is observed, the
ITE is in general unidentifiable and cannot be esti-
mated from data. Common surrogates for ITE are
conditional treatment effects, which in many cases can
be estimated from data. Conditional effects answer
subgroup causal questions and support policy learning
(Athey and Wager, 2021), ideally balancing identifia-
bility and the ability to tailor treatments to specific
populations. For the risk difference (RD) wpy|y1q “

y ´ y1, the widely used Conditional Average Treat-
ment Effect (CATE) is exactly the conditional mean
of the ITE:

τRDpxq “ E rYip1q ´ Yip0q|Xi “ xs .

It is identifiable under Assumptions 1 to 3 and es-
timable via a variety of methods (Nie and Wager, 2021;
Wager and Athey, 2018; Künzel et al., 2019). Unfor-
tunately, for the more generalized preference functions
considered in our paper, we have the following uniden-
tifiability result.

Lemma 1. The conditional ITE, defined as:

E r∆i|Xi “ xs “ E rwpYip1q|Yip0qq |Xi “ xs , (2)

is generally unidentifiable and cannot be inferred from
the distribution of the observations pXi, Ai, YiqiPrns.

This stems from the non-separability of w, e.g.
wpy|y1q ‰ gpyq ´ gpy1q, see proof in Appendix B.1.
When w is separable and can be written as wpy|y1q “

gpyq ´ gpy1q for some function g, this quantity is the
classical CATE with gpYiq as outcome, and is identi-
fiable. Note that the non-identifiability in Lemma 1
does not stem from confounding and holds even in
RCT settings. Mueller and Pearl (2023); Cui and Han
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(2023); Li and Pearl (2024) explore identifiable bounds
on the conditional ITE for the PNS and QTE.

We propose overcoming the non-identifiability of the
non-separable, conditional ITE by defining an iden-
tifiable conditional effect. We call our new esti-
mand the Conditional Preference Treatment Effect
(CPTE). It is obtained by conditioning on covariates
and replacing the joint distribution of counterfactuals,
pYip1q, Yip0qq|Xi “ x, with pYip1q, Yjp0qq|pXi, Xjq “

px, xq, drawing inspiration from the formalism of prob-
abilistic index models (Thas et al., 2012). In the next
subsection, we introduce identifiability conditions un-
der which the CPTE will be equal to the Conditional
ITE.

Definition 2 (Preference-based conditional effect).
For x P X , let tY p0, xq, Y p1, xqu be an independent
copy of tYip0q, Yip1qu|Xi “ x. Define

CPTEpxq
def
“ E rwpY p1, xq|Yip0qq |Xi “ xs

“ E rwpYip1q|Y p0, xq |Xi “ xs ,
(3)

the Conditional Preference Treatment Effect. Equiva-
lently, for i ‰ j,

CPTEpxq “ E rwpYip1q|Yjp0qq|pXi, Xjq “ px, xqs ,

where the expectation is over the products of the prob-
ability distributions Yip1q|Xi “ x and Yjp0q|Xj “ x.

Under Assumptions 1 to 3,

CPTEpxq “ E rwpYi|Yjq |Xi “ Xj “ x, Ti “ 1, Tj “ 0s

Therefore, it is identifiable. A population effect can
be defined as E rCPTEpXiqs, which is directly collapsi-
ble (written as the population average of conditional
effects (Even and Josse, 2025; Colnet et al., 2023)).
Note that because an independent copy always exists,
we do not require further assumptions for the defini-
tion of CPTEpxq, unlike the net benefit as defined by
Petit et al. (2025). Finally, we define treatment effect
modifiers as follows:

Definition 3. A variable Xk is a treatment effect
modifier if u ÞÑ E

“

CPTEpXiq|Xk
i “ u,X´k

i “ v
‰

is
not constant when conditioning on other features X´k.
Effects are homogeneous when no modifier exists, and
heterogeneous otherwise.

Treatment-effect modifiers depend on the effect
measure w and may differ from those of the classical
risk difference. Next, we explain how our CPTE
relates to the non-identifiable Conditional ITE
E r∆i|Xi “ xs. In particular, the next subsection
provides new identifiability conditions under which
CPTEpxq “ E r∆i|Xi “ xs, as well as tools to assess
how far CPTEpxq is from the non-identifiable Condi-
tional ITE when these conditions do not hold.

3.2 Properties of CPTEpxq and dependencies
over features

Which covariates should be included in Xi? In order
for CPTEpxq to be identifiable, the classic causal as-
sumptions (Assumptions 1 to 3) must hold. In partic-
ular, Assumption 2 requires that all confounders must
be included as covariates. Treatment effect modifiers
(Definition 3) are features that have an influence on
the treatment effect. However, they are not neces-
sarily confounders, that is, variables that also influ-
ence treatment assignment. Nevertheless, CPTEpxq

requires them to capture population heterogeneity, as
is often the case for conditional effects.

To achieve identifiability of the Conditional ITE, de-
fined in Equation (2), via the equality CPTEpxq “

E r∆i|Xi “ xs, treatment effect modifiers and con-
founders are not enough, as highlighted in Lemma 1.
Bearing this in mind, we introduce the notion of struc-
tural treatment effect modifiers. These are all the vari-
ables that could make the outcome of a treated patient
better or worse than that of a control, from the set
of variables Zi that spans all endogenous and exoge-
nous variables in the structural causal model, as in-
troduced by Pearl (2009, Chapter 1). This definition
differs from that of Definition 3, which only considers
observed variables.

Definition 4 (Structural treatment effect modifiers).
Structural treatment effect modifiers are a minimal set
of variables I Ă rps for which there exists a non-
constant function g such that for all i, j P rns and all
x P RI :

E
“

wpYip1q, Yjp0qq |Zi, Zj , pZ
I
i , Z

I
j q “ px, xq

‰

“ gpxq ,

where zI “ pzkqkPI for z P Rp.

As the next lemma shows, if all structural treat-
ment effect modifiers are included in the covari-
ates, then we have equality between CPTEpxq and
E rwpYip1q|Yip0qq|Xi “ xs. However, if this does
not hold, CPTEpxq can function as an identifiable
proxy for E rwpYip1q|Yip0qq|Xi “ xs, requiring sensitiv-
ity analyses to help assess how far we are from equality
and identifiability (Nguyen et al., 2018; Colnet et al.,
2022; Jin et al., 2023).

Theorem 1. Assume that structural treatment ef-
fect modifiers in the sense of Definition 4 are in-
cluded in the set of features Xi. Then, CPTEpxq “

E rwpYip1q|Yip0qq|Xi “ xs for all x P X .

In summary, features Xi need to include confounding
variables for identifiability of the CPTE (in the case
of an observational study), treatment effect modifiers
to capture treatment effect heterogeneity, and struc-
tural treatment effect modifiers for the equality in The-
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orem 1 to hold. However, it might not always be pos-
sible to include, or even know, all structural treatment
effect modifiers. For example, in the medical context,
these can come from genetic factors or other unmea-
sured sources of variation. Yet, as we show in the
experiments below, even in such cases the CPTE can
be a useful estimand. We note that another assump-
tion which leads to the same identifiability result is
potential independence, namely that Yip1q KK Yip0q|Xi

for all i. This assumption, stating that the potential
outcome under control tells nothing about the poten-
tial outcome under treatment, is unlikely to hold.
A presentation of the above definitions and Theorem 1
in SCM terminology is available in the Appendix A.2.

3.3 Examples

Preference conditional PNS. For Y Ă R and
wpy|y1q “ 1tyąy1u, we obtain a conditional and iden-
tifiable PNS that we call preference conditional PNS.
This contrasts with the classical PNS (Tian and Pearl,
2000) and its conditional counterparts, which are
unidentifiable. Conditioning on covariates and com-
paring treated and untreated outcomes across indepen-
dent copies yields an identifiable estimand, preserving
the causal meaning of the PNS and enabling personal-
ized policies. With binary outcomes, since a Bernoulli
distribution is determined by its mean, CPTEpxq is a
direct function of E rYi|Xi “ x,Ai “ as, estimable via
standard machine learning. However, for general real-
valued outcomes or for the non-identifiable PNS, no
closed form exists. In Section 4 we show how distribu-
tional regression methods can be used to estimate the
CPTE in this case.

Conditional effects with hierarchical outcomes.
When multiple outcomes, Y, have a hierarchical or-
der ą (e.g. Y Ă Rd with a lexicographic order) and
wpy|y1q “ 1tyąy1u, treatment effects are often esti-
mated by Win Ratio or pairwise comparisons. These
usually target the population-level measure τpop “

E rwpYip1q|Yjp0qqs (Mao, 2017) for independent i, j.
Such measures quantify the preference function of a
treated unit against a control unit when both are sam-
pled at random from the population distribution. By
conditioning on pXi, Xjq “ px, xq, CPTEpxq becomes
a personalized version, facilitating policy learning for
complex outcomes.

Conditional effects with unknown prefer-
ences. When preferences are unknown, w must
be learned. A common approach posits a latent
reward R with wpy|y1q “ E rexppRpyq ´Rpy1qqs,
estimated from expert or participant feedback.
One may also allow R to depend on X, yield-
ing unit-specific preferences. Then CPTEpxq “

E
“

eRpYip1qq|Xi “ x
‰

E
“

e´RpYip0qq|Xi “ x
‰

, where w

(and R) is assumed learned.

4 CPTE ESTIMATION METHODS

We now turn to estimating x ÞÑ CPTEpxq defined
in Definition 2. CPTE captures more than first-
moment information of the conditional distributions of
the counterfactuals (E rYiptq|Xi “ xs). Therefore, our
estimation methods learn the conditional distributions
Yip1q|Xi and Yip0q|Xi. If we know how to sample from
PYi|Ti,Xi

, a consistent and asymptotically normal es-
timator of CPTEpxq would be:

1

m

m
ÿ

k“1

wpŷ
pkq

1 , ŷ
pkq

0 q , (4)

where pŷ
pkq

t qk are independent random variables sam-

pled from PYi|Ti“t,Xi“x, with pŷ
pkq

1 q KK pŷ
pkq

0 q. This
will form the basis of our general approach. We of-
fer several methods of utilizing the available data,
pXi, Ti, Yiq, to sample from PYi|Ti“t,Xi“x and estimate
eq. (4).

4.1 Matching Approach

We first propose a matching approach, for which we
prove consistency under Assumptions 1 to 3 and an
additional regularity assumption. We use a k´nearest
neighbor approach that yields non-parametric consis-
tent estimators for CPTEpxq. Let Nt Ă rns be the
set of patients with treatment assignment Ti “ t. For
x P X and k P rns, let the k´neighborhood of x in
arm t P t0, 1u be denoted as Ntpx, kq, and defined as

the minimizer of
ř

iPI }x´Xi}
2
over all sets I Ă Nt

of size k. Let, for any x P X :

q̂W pxq
def
“

1

k2

ÿ

pi,jqPN1px,kqˆN0px,kq

wpYi|Yjq ,

be the distributional k´NN estimator, satisfying the
following:

Theorem 2. Assume that Assumptions 1
to 3 hold. If the function x, x1 ÞÑ

E rwpYip1q|Yjp0qq|Xi “ x,Xj “ x1s is continuous,
for all x P X , then in probability:

q̂W pxq ÝÑ qW
def
“ CPTEpxq ,

as long as k Ñ 8 and k logpnq

n Ñ 0, where qW stands
for the CPTE.

The proof is in Appendix C. For x P X and pi, jq P

N1px, kq ˆN0px, kq, wpYi|Yjq can be interpreted as an
approximate sample of PYi|Xi“x,Ti“1 ˆ PYj |Xj“x,Tj“0,
which can be used to calculate q̂W with Equation (4).
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We can also define q̂L as wLpy|y1q “ wpy1|yq for the
‘anti-preference’. Like the ‘preference’ function qW pxq,
q̂Lpxq Ñ qLpxq with distributional K-NN:

qLpxq
def
“ E rwpYip0q, Yjp1qq|Xi “ Xj “ xs . (5)

4.2 Quantile Regression Approach

Quantile regression methods (Koenker and Bassett,
1978a) can be used to estimate both parametrically
or non-parametrically the inverse CDF of Y p1, xq and
Y p0, xq. This allows us to draw samples from the
estimated inverse CDF which can be used to esti-
mate E rwpYip0q, Yjp1qq|Xi “ Xj “ xs. We present in
our experiments results with linear quantile regres-
sion (Seabold and Perktold, 2010; Greene, 2003) and
random forest quantile regression (Meinshausen and
Ridgeway, 2006). For any given quantile model we
can use the general method described in Algorithm 1
(Appendix A.4) to sample from the inverse CDF, giv-
ing us distributional regression methods. Algorithm 1
can also be used as a basis for multivariate outcomes
if Y is d´dimensional by using the Rosenblatt trans-
form (Rosenblatt, 1952).

5 PREFERENCE-BASED OPTIMAL
POLICIES

5.1 Policy Value

A policy is a function π : X Ñ t0, 1u that maps fea-
tures to treatment assignment. With real-valued out-
comes, an optimal policy is a policy π‹ that maximizes
the policy value, E rYipπpXiqqs, over all policies π in a

policy class Π Ă t0, 1u
X
.

How is a policy’s preference to be measured? We define
the ’Preference’ Policy Value, which quantifies how
preferable the treatments assigned by the policy are
to the alternative. For example a clinical trial may
wish to estimate how preferable treating all units with
treatment is to control. Let the ’Preference’ Policy
Value write as, for any π : X Ñ t0, 1u:

V pπq
def
“ E rπpXiqqW pXiq ` p1 ´ πpXiqqqLpXiqs , (6)

where qW pxq “ CPTEpxq and qLpxq are as in Equa-
tion (5). The goal of policy learning is then to learn
a policy π that maximizes “preference” over a given
policy class Π Ă t0, 1u

X
(Athey and Wager, 2021):

π‹ P argmax
πPΠ

V pπq . (7)

We next propose different strategies for estimating π‹.

5.2 Optimal Treatment Rule

An optimal treatment rule (OTR) is a policy that
solves Equation (7). For unconstrained policy learning

(i.e., Π “ t0, 1u
X

is the set of all possible policies), π‹

has a closed form expression:

@x P X , π‹pxq “ 1tδpxqą0u , (8)

where:

@x P X , δpxq
def
“ qW pxq ´ qLpxq . (9)

The optimal policy recommends a treatment if the
‘preference’, qW pxq is higher than the ‘anti-preference’,
qLpxq. δpxq can also be interpreted as a conditional net
benefit of the treatment, usually defined over the whole
population for hierarchical outcomes (Buyse, 2010).

Direct Plug-In Estimation of the OTR. Our first
policy learning approach in estimating the OTR π‹

defined in Equation (8), consists in directly estimating
δ defined in Equation (9). With q̂W and q̂L (non-

parametric) estimators of qW , qL, let δ̂pxq
def
“ q̂W pxq ´

q̂Lpxq. The estimated OTR then writes as:

π̂OTRpxq
def
“ 1tδ̂pxqą0u . (10)

Depending on the precision with which the nuisance
parameters qW and qL are estimated, we obtain con-
sistent estimators of π‹. In particular, if q̂W , q̂L are
built with k´NN, Theorem 2 guarantees that π̂ is a
consistent estimator of π‹.

5.3 Plug-in Policy Value Optimization

Instead of directly plugging-in estimators of δ, qW or qL
in the closed-form expression of the OTR π‹ defined in
Equation (8), one could consider a more restrictive pol-
icy class Π to optimize over. This would require esti-
mating the value of a policy (defined in Equation (6)).
A plug-in approach to estimate the value of a policy π
would be to estimate nuisance parameters q̂W , q̂L, and
to estimate V pπq by V̂ pπq, defined as:

V̂ pπq
def
“

1

n

n
ÿ

i“1

πpXiqq̂W pXiq`p1́ πpXiqqq̂LpXiq . (11)

The plug-in optimization approach then considers the
following approximate optimization problem:

π̂plug´in P argmax
πPΠ

V̂ pπq . (12)

The class Π to consider can be as follows.
Weighted classification. In our experiments, we pa-
rameterize a linear classifier as fθ for θ P Θ and predict
the sign of q̂W pXiq ´ q̂LpXiq weighted by the magni-
tude of the difference, implicitly maximizing V̂ pπq over



Dovid Parnas*, Mathieu Even*, Julie Josse, Uri Shalit

linear classifiers.
Policy trees. Policytree (Sverdrup et al., 2020) can
also be used, and directly implements Equation (12),
for Π the set of all binary decision trees, of a maximum
depth D (specified by the user).

6 THE 1-STEP CORRECTED
POLICY

Plug-in estimators for the nuisance functions in Equa-
tion (11) can cause large bias in V̂ pπq if the mod-
els have large non-asymptotic biases (e.g. nearest-
neighbors), if they overfit (e.g. random forests), or
if they are misspecified (e.g. linear models). Efficient
Influence Functions (EIFs) can be used to correct for
this plug-in bias (Hines et al., 2022) and to obtain
estimators that satisfy, under mild regularity condi-
tions, double robustness properties and semiparamet-
ric efficiency. Here, efficiency is understood relative to
a fully nonparametric statistical model, in the sense
that EIF-based estimators achieve the lowest possi-
ble asymptotic variance among all regular, asymptot-
ically linear estimators in this model. The existence
of an efficient influence function further requires that
the preference-based policy value parameter be path-
wise differentiable with respect to the observed data
distribution. As in classical policy value estimation,
this holds under standard smoothness conditions on
the parameter mapping and regularity of the prefer-
ence function w. Positivity ensures that the result-
ing EIF is well-defined and square-integrable, and that
EIF-based estimators are regular and attain the semi-
parametric efficiency bound in a fully nonparametric
model. Therefore, we compute an EIF ϕpPqpoq for any
distribution P and observation o for preference policy
learning. Details on and intuition behind EIF correc-
tion are presented in Appendix A.3.

Proposition 1. Let ψπpPq “ V pπq be our estimand.
For Y pt, xq as defined in Definition 2, let:

pW px, t, yq “ tE rwpy | Y p0, xqqs

` p1 ´ tqE rwpY p1, xq | yqs .

and similarly pLpx, t, yq by replacing w by wLpy|y1q “

wpy1|yq. Let epxq “ P pTi “ 1|Xi “ xq and qW , qL as
previously defined. Then the EIF of ψπ for a distribu-

tion P and o “ pX,T, Y q is:

ΦπpPqpoq “ ´ψπpPq ` πpXqqW pXq

` p1 ´ πpXqqqLpXq

`
T

epXq

´

πpXqppW pX,T, Y q ´ qW pXqq

` p1 ´ πpXqqppLpX,T, Y q ´ qLpXqq

¯

`
1 ´ T

1 ´ epXq

´

πpXqppW pX,T, Y q ´ qW pXqq

` p1 ´ πpXqqppLpX,T, Y q ´ qLpXqq

¯

.

The proof is given in Appendix D. Let ê be an estima-
tor of the propensity score, q̂W , q̂L and p̂W , p̂L estima-
tors of the nuisance parameters qW , qL, pW , pL. The
1-step policy value estimator is the first-order correc-

tion of V̂ pπq (Equation (6)), and writes as Ψπ
1´step

def
“

Ψπ
plug´in ` 1

n

řn
i“1 ΦπpP̂nqpOiq, with Φπ as in Proposi-

tion 1 and with nuisance parameters replaced by their
estimators ê, q̂W , q̂L and p̂W , p̂L (Equation (18) in Ap-
pendix A.5). The 1-step optimal writes as:

π̂1´step P argmax
πPΠ

!

V̂1´steppπq
def
“ Ψπ

1´step

)

. (13)

This policy inherits the properties of the 1-Step correc-
tion for policy values and is expected to perform better
than plug-in OTR (Section 5.2) and plug-in value op-
timization policy (Section 5.3). In practice, the policy
π̂1´step is computed as in Section 5.1, using cross-fitted
policy trees or weighted classification (Athey and Wa-
ger, 2021; Chernozhukov et al., 2018). However, pol-
icy value V̂π is replaced by its debiased value ψπ

1´step.
In our experiments, the 1-Step correction consistently
improves policy performance when combined with a
plug-in value optimization policy.

7 EXPERIMENTS

We conduct synthetic and semi-synthetic experiments
to evaluate the performance of preference-based pol-
icy learning under our proposed approach, which es-
timates CPTE-related policy values. Our results
demonstrate that the method consistently learns near-
optimal policies even when key assumptions do not
hold. We further benchmark its performance against
both non-preference-based methods and policies with
oracle access, highlighting the robustness and compet-
itiveness of our approach.

7.1 Synthetic experiments

We consider a synthetic experimental setup with real-
valued outcomes and wpy|y1q “ 1tyąy1u, corresponding
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Optimal policy value

Random policy value (0.5)

Plug-in OTR

Plug-in policy optimization

1-Step policy

Baseline: Plug-in OTR

Baseline: Plug-in policy optimization

Baseline: 1-Step policy

(a) Synthetic experiment. Policy Learning with PNS policy value, heterogeneous RCT without correlation.

Optimal policy value

Random policy value (0.5)

Plug-in OTR

Plug-in policy optimization

1-Step policy

Baseline: Plug-in OTR

Baseline: Plug-in policy optimization

Baseline: 1-Step policy

(b) Semi-synthetic experiment. Policy learning with hierarchical outcomes, no potential outcomes correlation.

Figure 1: Policy learning results on synthetic and semi-synthetic experiments with no outcome correlations

to the PNS application. The data-generating process
is detailed in Appendix E.1.1 and satisfies Assump-
tions 1 to 3. Our synthetic experimental setup explores
the benefits of preference-based policy learning with
CPTE, contrasted with classical CATE policies. Out-
comes are generated so that each unit’s PNS prefers
one treatment, while the CATE indicates the other
one. This can occur when one of the potential out-
comes distributions has a heavy tail distribution. Fig-
ures 2a and 2b (Appendix E) illustrate two examples
of such potential outcome distributions. Our data-
generating process compares the following properties
and their impact on preference-based policy learning:
(i) RCT vs. observational study; (ii) Homogeneous
vs. heterogeneous treatment effect (Definition 3); (iii)
Correlation between counterfactual outcomes (nega-
tive, non-correlated, or positive correlation), violating
the identifiability conditions of the Conditional ITE in
Theorem 1.

We examine policy learning and evaluation for differ-
ent combinations of the data generating parameters.
We show results of the three different methods intro-
duced in this paper to sample from the conditional out-
come distribution P pY |X,T q and estimate the CPTE:
distributional k´NN with varying values of k as in
Section 4.1 (with k “ 1 in Figure 1), distributional
random forests (DRF) and distributional linear regres-
sion (DLR) (Section 4.2). We compare our CPTE
policies to CATE policies learned using a T-learner
framework and corresponding base-learners: standard
k´NN, ridge regression and regression forests (Künzel
et al., 2019), which all estimate E rY |X,T s instead of

sampling from P pY |X,T q like the distributional meth-
ods. These are denoted as baselines in our figures. The
policy is then learned using the following approaches:
plug-in OTR (Section 5.2); plug-in policy value opti-
mization (Section 5.3); and policy value optimization
with the EIF-corrected value (1-Step corrected policy,
Section 6). Policies are trained 50 times, and evaluated
on a held-out set with oracle knowledge.

In Figure 1a, we present the heterogeneous RCT
scenario with uncorrelated potential outcomes. The
figure shows the preference policy value with 95%
bootstrap confidence intervals. The EIF correction
consistently improves policy learning. Because the
data-generating process is linear, DLR performs best,
while DRF and KNN converge more slowly. Re-
sults for policy value estimation are provided in
fig. 4, Appendix E.1.3. Plug-in and EIF policy
evaluation converge to the true policy value, while
the baseline CATE-based policies diverge to 0 or
1. Policy learning results for other combinations of
the data generating process (RCT/Observational, ho-
mogeneous/heterogeneous, correlated potential out-
comes) are deferred to Figure 3, Appendix E.1.3. Im-
portantly, while correlated potential outcomes signif-
icantly bias policy value estimation, the learned pol-
icy itself still obtains good oracle performances. Even
when the identifiability assumptions of Theorem 1 do
not hold, our methodology still learns good preference-
based policies.
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7.2 Semi-synthetic experiments

We conduct a semi-synthetic experiment inspired by
the Tennessee STAR study (Word et al., 1990), a land-
mark randomized controlled trial on the effects of class
size on student achievement. The study followed over
11,000 students from kindergarten through third grade
across 79 schools in Tennessee, randomly assigning
them to small, regular-sized or regular classes with a
teacher’s aide. Student outcomes were measured in
core subjects, including math and reading, along with
detailed records of participation and attrition. In our
setup, we treat math scores as a secondary continuous
outcome and construct a binary primary outcome from
student attrition, using the same preference function
as in Equation (1) and (Pocock et al., 2011). We col-
lapse regular classrooms with and without aides, yield-
ing 1,762 small-class students and 4,109 regular-class
students after filtering. We generate synthetic out-
comes for this real data by training an MLP and using
MC-dropout (Gal and Ghahramani, 2015), approxi-
mating conditional distributions. These then serve as
ground-truth for optimal policy and value. The full
data generating process is detailed in Appendix E.2.1.

We compare the same estimation and policy learn-
ing methods as in the synthetic experiments. The
semi-synthetic setting allows us to control correla-
tions between potential outcomes, while still be-
ing constrained by real-world covariates and approx-
imating observed outcome distributions. We pro-
vide experiments on non-correlated potential out-
comes, negative correlations and positive correla-
tions, using the Iman-Conover method (Iman and
Conover, 1982). Results on the semi-synthetic STAR
data show that ‘preference’-based policies outperform
mean-based ones, as they balance hierarchical out-
comes, prioritizing attrition while leveraging math
scores. Unlike our synthetic experiments, the prefer-
ence functions are close to the decision boundary, mak-
ing policy learning more difficult. This is highlighted
by Figure 1b. DLR is misspecified, EIF corrects DRF
and KNN for larger samples. Baseline methods per-
form poorly. Similarly to the synthetic experiments,
adding strong correlations between potential outcomes
does not impact policy learning performance. Fig-
ures 8 and 11 (Appendix E.2) respectively summarizes
all semi-synthetic policy learning results and shows
policy agreement results relative to the hierarchical or-
acle policy, and oracle policies that solely optimize the
primary or secondary outcome.

8 CONCLUSION

This paper provides a general methodology for pol-
icy learning and for quantifying conditional treatment

effects with complex outcomes that are best assessed
via comparison. We define (a) an unidentifiable con-
ditional treatment effect (Equation (2)); (b) an iden-
tifiable one (Definition 2); (c) and offer estimators for
the identifiable quantity (Section 4). Our experiments
show that our estimators and policy learning methods
efficiently learn preference-based policies, linking (b)
and (c). They also showcase when preference-based
policies may be preferable to CATE-based policies.
Lastly, we explore the effects of violating the identifia-
bility assumptions connecting b to a by adding corre-
lation to the potential outcomes in both the synthetic
(appendix E.1.3) and semi-synthetic (appendix E.2.2)
experiments. We find policy evaluation to be sensitive
to this violation, while policy learning was negligibly
impacted.
Our work paves the way to several orthogonal research
questions for future works, including performing sensi-
tivity analyses to assess when the conditional measure
defined in Definition 2 is close to the non-identifiable
one, and leveraging our framework with unknown pref-
erence functions w that would need to be learned while
optimizing policies.
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A FURTHER SPECIFIC DETAILS

A.1 Illustrative Adversarial Examples

Example 1: observed and structural treatment effect modifiers. Let us place ourselves in a simple
setting where we assume that features Xi P X do not include treatment effect modifiers, denoted as Oi P O.
Assume that Y Ă R, wpy|y1q “ 1tyąy1u, the set of treatment effect modifiers O is of the form O “ O1 Y O2 with
P pOi P O1q “ 1 ´ α, P pOi P O2q “ α and Oi is independent of Xi, such that:

Yip1q “ y1 ą y0 “ Yip0q|Oi P O1 ,

Yip1q “ y1
1 ă y1

0 “ Yip0q|Oi P O2 ,

almost surely. We then have, if y1
0 ą y1 ą y0 ą y1

1:

E rwpY p1, Xiq|Yip0qq|Xis “ p1 ´ αq2 , (14)

E rwpYip1q|Yip0qq|Xis “ 1 ´ α , (15)

E rwpY p1, Xiq|Yip0qq|Xi, Ois “ 1tOiPO1u . (16)

Equation (14) is the CPTE when we observe only Xi, which is non-informative. If we observe also the informative
variable Oi, in Equation (16), heterogeneity is fully captured with the treatment effect modifier Oi. However,
Equation (15) can also be written as the average of Equation (16) conditionally on Xi: but we don’t obtain the
same value as in Equation (14). This is due to the fact that Oi is also a structural treatment effect modifier.

Example 2: linear CATE vs CPTE. We now present an example showing different treatment recommenda-
tions between a classical linear CATE and our preference-based conditional effects. The example illustrates how
CPTE leverages more than first-order moment information, and follows a majority-vote approach for treatment
recommendations. Let Y “ R and

Yip1q „
δ0 ` δ0.1 ` δ1.1

3
|Xi “ x ,

Yip0q „
δ´0.1 ` δ1

2
|Xi “ x .

In this case, CPTEpxq “ 0.66 ą 0.5, while E rYip1q ´ Yip0q|xs “ 0.4 ´ 0.45 “ ´0.05 ă 0. Treatment recommen-
dations differ depending on the policy maker’s objective - whether they consider the magnitude of the effects
(risk difference) or the most likely treatment to benefit unit Xi. This archetype is the basis of our synthetic
experiments.

A.2 Translation to Structural Causal Model (SCM) terminology.

Here we reformulate several of our basic definitions and theorem’s within Pearl’s Structural Causal Model (SCM)
framework. Let pG, U, fq be an SCM, where U denotes exogenous variables, V “ pT, Y,Xq endogenous variables,
and

Y “ fY pT,X,UY q.

Counterfactual outcomes are defined by interventions as

Y ptq :“ Y | dopT “ tq.

Preference-based individual causal effect. For a unit characterized by exogenous variables U , the
individual-level preference-based causal effect is

∆pUiq :“ w
`

fY p1, Xi, Uiq, fY p0, X, Uiq
˘

.

Note that we have indeed ∆i “ ∆pUiq. The conditional ITE is then equal to:

E
“

w
`

fY p1, Xi, Uiq, fY p0, X, Uiq
˘‰

.
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SCM interpretation of CPTE - Definition 2. For a given covariate value X “ x, the Conditional Prefer-
ence Treatment Effect CPTEpxq corresponds to comparing outcomes generated under independent draws of the
exogenous variables:

U „ P pU | X “ xq, U 1 „ P pU | X “ xq, U K U 1,

and Y p1, xq, Y p0, xq defined in Definition 2 can also be defined as:

Y p1, xq “ fY p1, x, UY q, Y p0, xq “ fY p0, x, U 1
Y q,

yielding the same CPTE definition:

CPTEpxq “ E
“

w
`

Y p1, xq, Yip0q
˘‰

“ E
“

w
`

Yip1q, Y p0, xq
˘‰

Structural treatment effect modifiers (SCM) - Definition 4. A set of variables ZI Ď U is a set of
structural treatment effect modifiers if for all i, j P rns and all x P RI :

E
“

wpYip1q, Yjp0qq |Zi, Zj , pZ
I
i , Z

I
j q “ px, xq

‰

“ gpxq ,

where zI “ pzkqkPI for z P Rp.

Conditions for CPTE equivalence to individual-level estimation - Theorem 1.
Assume that structural treatment effect modifiers in the sense of Definition 4 are included in the set of features
Xi. Then, CPTEpxq “ E rwpY p1, Uiq|Y p0, Uiqq|Xi “ xs for all x P X .

A.3 Correcting the plug-in bias with efficient influence functions

Plug-in estimators for the nuisance functions in Equation (11) can cause large bias to V̂ pπq if the models have large
non-asymptotic biases (e.g. nearest-neighbors), if they overfit (e.g. random forests) or if they are misspecified
(e.g. linear models). Efficient Influence Functions (EIFs) can be used to correct for this plug-in bias (Hines et al.,
2022) and to obtain efficient estimators that satisfy, under mild assumptions, double robustness properties, semi-
parametric efficiency optimality and minimal asymptotic variance among certain classes of estimators.

Let ΨpPq be an estimand we wish to estimate, that is the function of an observed distribution P. In our case,
P is the distribution of our n observations Oi “ pXi, Ti, Yiq, and the estimand is ΨπpPq “ V pπq, so that:

ΨπpPq “ E rπpXiqqW pXiq ` p1 ´ πpXiqqLpXiqqs .

As we saw before, in order to estimate ΨπpPq, we first need (non-parametric) nuisance estimates (of qW and qL)
learned on the data. However, small perturbations and errors in these nuisance estimations can lead to biases in
our estimate of Ψπ if we simply plug-in the nuisance estimators like in Equation (6). This is the plug-in policy
estimator of Ψπ, denoted as Ψπ

plug´in.

Efficient Influence Function (EIF). The Efficient Influence Function ϕπpPq of Ψπ at D for any observation
o can be written:

ϕpPqpoq
def
“ lim

tÑ0

dψpPtq

dt
, where Pt “ p1 ´ tqP ` tδo ,

where δo is a Dirac at o. It should be understood as a ‘gradient’ of Ψπ, computed at P and evaluated on
observation o. Hines et al. (2022) provides methodologies to compute these EIFs with examples on classical
estimands such as the ATE, ATT or RR. The 1-step estimator corrects first-order biases that come from wrongly
estimating the nuisance parameters of the distribution, where Ψπ

plug´in “ V̂ pπq (Equation (11)) and Φπ is its
EIF:

Ψπ
1´step

def
“ Ψπ

plug´in `
1

n

n
ÿ

i“1

ΦπpP̂nqpOiq . (17)

A.4 Distributional regression algorithm

The meta-algorithm Algorithm 1 outputs estimators q̂W , q̂L : X ÞÑ r0, 1s of qW pxq “

E rwpYip1q, Y p0, Xiqq|Xi “ xs “ CPTEpxq and qLpxq “ E rwpYip0q, Y p1, Xiqq|Xi “ xs (the CPTE with re-

versed treatments) from a given quantile models M
ptq
q pxq and an interpolation rule. First, Algorithm 1
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discretizes r0, 1s into Q, and computes values Yqpt, xq for counterfactuals corresponding to these quantiles.
This step estimates the inverse CDF. Then S other quantiles are sampled, and values corresponding to these
quantiles are computed using the interpolation rule, sampling from the inverse CDF. Interp is any function
that takes as inputs a set pq, fpqqqqPQ and a value x P r0, 1s where Q is a discretization of r0, 1s, f : r0, 1s Ñ Y is
a model evaluated only on discretized values. Interp then outputs a value for fpxq. The obtained values are
then averaged in a final step.

Algorithm 1 Sampling-based Estimation of qW , qL via Quantile Models

Require: Quantile models M
p1q
q pxq and M

p0q
q pxq; grid size |Q|; number of samples S; interpolation rule Interp.

Ensure: Estimator qW , qL.
1: Sample a grid Q “ tq1, . . . , q|Q|u with qk „ Unifp0, 1q.
2: For each q P Q, compute

Yqp1, xq Ð M p1q
q pxq, Yqp0, xq Ð M p0q

q pxq.

3: Draw S independent quantiles u
p1q
s , u

p0q
s „ Unifp0, 1q for s “ 1, . . . , S.

4: For each s, interpolate:
Ysp1, xq Ð Interp

`

tpq, Yqp1, xqquqPQ, u
p1q
s

˘

,

Ysp0, xq Ð Interp
`

tpq, Yqp0, xqquqPQ, u
p0q
s

˘

.

5: Estimate

pqW pxq Ð
1

S

S
ÿ

s“1

w
`

Ysp1, xq, Ysp0, xq
˘

.

pqLpxq Ð
1

S

S
ÿ

s“1

w
`

Ysp0, xq, Ysp1, xq
˘

.

A.5 The 1-Step policy value estimator

The 1-step policy value estimator, defined in Equation (17), writes as:

Ψπ
1´step “

1

n

n
ÿ

i“1

”

πpXiqq̂W pXiq ` p1 ´ πpXiqqq̂LpXiq

`
Ti

epXiq

´

πpXiqpp̂W pXi, Ti, Yiq ´ q̂W pXiqq

` p1 ´ πpXiqqpp̂LpXi, Ti, Yiq ´ q̂LpXiqq

¯

`
1 ´ Ti

1 ´ epXiq

´

πpXiqpp̂W pXi, Ti, Yiq ´ q̂W pXiqq

` p1 ´ πpXiqqpp̂LpXi, Ti, Yiq ´ q̂LpXiqq

¯ı

.

(18)

B MISCELLANEOUS PROOFS

B.1 Proof of Lemma 1

Proof. Assume that Y “ t0, 1u, such that Yip1q, Yip0q are Bernoulli variables of mean 0.5. We take Yip1q, Yip0q

independent of Xi. Coupling pYip1q, Yip0qq|Xi “ x as Yip1q “ Yip0q gives P pYip1q ą Yip0qq “ 0, while taking
independent potential outcomes leads to P pYip1q ą Yip0qq “ P pYip1q “ 1, Yip0q “ 0q “ 1

4 . Since the distribution
of the observations pXi, Ti, Yiq does not change by taking either coupling but the value of E rwpYip1q|Yip0qqs

changes, we have non-identifiability: E rwpYip1q|Yip0qqs cannot be expressed as a function of the law of the
observations.
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B.2 Proof of Theorem 1

Proof. If Xi “ ZI
i with I the set of structural treatment effect modifiers or if Zi Ă Xi, there exists g such that

E rwpYip1q|Yjp0qq|Zi, Zj , pXi, Xjq “ xs “ gpxq. Then,

E rwpYip1q|Yjp0q|Xi “ Xj “ xs “ E
“

E
“

wpYip1q|Yjp0q|Zi, Zj , pZ
I
i , Z

I
j q “ px, xq

‰

|Xi “ Xj “ x
‰

“ E rgpxq|Xi “ Xj “ xs

“ gpxq .

Now, taking i “ j,

E rwpYip1q|Yip0q|Xi “ xs “ E
“

E
“

wpYip1q|Yip0q|Zi, Z
I
i “ x

‰

|Xi “ x
‰

“ E rgpxq|Xi “ xs

“ gpxq ,

concluding the proof.

C PROOF OF Theorem 2

Let Xt “ tXi, Ti “ tu for arms t “ 0, 1 and X “ X0 YX1. For any x P X , let Y p1, xq and Y p0, xq be independent
copies of Yip1q|Xi “ x and Yip0q|Xi “ x respectively, which are also independent of each other. Y p1, xq and
Y p0, xq are independent.
Let the k´nearest neighborhood of arm t P t0, 1u of some point x P X be:

Ntpx, kq “ ta P Xt s.t. |tb P Xt : ||b´ x|| ă ||a´ z||u| ă ku

A generic neighborhood, independent of treatment assignment, is designated N px, kq. First,

E rq̂pxqs “ E rwpYi|Yjq|pi, jq P N1px, kq ˆ N0px, kqs

“ E rwpYip1q|Yjp0qq|pi, jq P N1px, kq ˆ N0px, kqs (Assumptions 1 and 2) .

Step 1: E rq̂pxqs Ñ qpxq. We have:

E rq̂pxqs ´ qpxq “ E rwpYip1q|Yjp0qq|pi, jq P N1px, kq ˆ N0px, kqs ´ E rwpY p1, xq, Y p0, xqqs

“ E rwpYip1q|Yjp0qq ´ wpY p1, xq, Y p0, xqq|pi, jq P N1px, kq ˆ N0px, kqs .

We then introduce the following classical lemma, which we prove for completeness.

Lemma 2. Let x P X and any x̂ P N px, kq. We have:

x̂
p

Ñ x

when k “ opn{logpnqq.

Proof. We need to show:
@ϵ ą 0 , lim

nÑ8
P p||x´ x̂|| ą ϵq .

Let Bpx, ϵq be a sphere of ϵ radius around x and let p “ Ppx̂ P Bpx, ϵqq be the probability of x̂ being in the
ϵ-sphere. We denote Z “ |tz P X|z P Bpx, ϵqu|, the number of datum that fall within the ϵ-sphere. We note that
Z „ BinpN, pq, leading to:

lim
nÑ8

P p||x´ x̂|| ą ϵq ď lim
nÑ8

PpZ ă kq “ lim
nÑ8

k´1
ÿ

i“0

ˆ

n

i

˙

pip1 ´ pqn´i

If p P p0, 1q,

lim
nÑ8

k´1
ÿ

i“0

ˆ

n

i

˙

pip1 ´ pqn´i ď lim
nÑ8

knkqn
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where q “ maxpp, 1´ pq ă 1 and where we bounded
`

n
i

˘

by ni ď nk. Thus, since knkqn “ expplogpkq ` l logpnq `

n logpqqq and logpqq ă 0, as long as k logpnq

n Ñ 0:

lim
nÑ8

P p||x´ x̂|| ą ϵq ,

hence the result. Then, if p R p0, 1q, either p “ 0 or p “ 1. p “ 0 corresponds to x R SupppXiq which we do
not consider (since q will be evaluated on sampled datapoints) while if p “ 1 it means that Xi is a deterministic
random variable equal to x, meaning that the lemma is trivial.

Since we assume that w : px, x1q Ñ qpx, x1q is continuous almost everywhere, we conclude using the continuous
mapping theorem (Van der Vaart, 2000). Thus, E rq̂pxqs Ñ qpxq. To have consistency, note that

P p|q̂pxq ´ qpxq| ą ϵq “ P p|q̂pxq ´ Erq̂pxqs ` Erq̂pxqs ´ qpxq| ą ϵq .

Using an union bound,

P p|q̂pxq ´ qpxq| ą ϵq ď P p|q̂pxq ´ Erq̂pxqs| ą ϵ{2q ` P p|Erq̂pxqs ´ qpxq| ą ϵ{2q .

We thus need to show that:
@ε ą 0 , P p|q̂pxq ´ Erq̂pxqs| ą ϵq Ñ 0 .

Step 2: |q̂pxq ´ Erq̂pxqs| Ñ 0 in probability. We have:

P p|q̂pxq ´ Erq̂pxqs| ą ϵq “ P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k2

ÿ

pi,jqPN1px,kqˆN0px,kq

wpY i, Y jq ´ ErwpY i, Y jqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ą ϵ

˛

‚

ď

E
„

´

ř

pi,jqPN1px,kqˆN0px,kq wpY i, Y jq ´ ErwpY i, Y jqs

¯2
ȷ

k4ϵ2
,

using Chebyshev’s inequality. We will denote dpi, jq :“ wpY i, Y jq ´ ErwpY i, Y jqs. We can rewrite the earlier
expression as:

E
„

´

ř

pi,jqPN1px,kqˆN0px,kq dpi, jq
¯2

ȷ

k4ϵ2
.

We split the quadratic expressions into two groups, depending on if there is overlap between the pairs compared
in the preference function. We will denote the four-way cross product by Ñ “ N1px, kq ˆ N1px, kq ˆ N0px, kq ˆ

N0px, kq.
1

k4ϵ2

ÿ

pi,̂i,j,ĵqPÑ

´

Iti “ î or j “ ĵu ` Iti ‰ îuItj ‰ ĵu
¯

Erdpi, jqdp̂i, ĵqs

Case 1 : There are 2k3 cases where at least i “ î or j “ ĵ.

Erdpi, jqdp̂i, ĵqs

“ covrwpY i, Y jq, wpY î, Y ĵqs (definition of covariance)

ď var rwpY i, Y jqs

ď 1 ,

since w is assumed to be bounded by 1. Therefore, the summation may be bounded as follows:

1

k4ϵ2

ÿ

pi,̂i,j,ĵqPÑ

Iti “ î or j “ ĵuErdpi, jq, dp̂i, ĵqs ď
2k3

k4ϵ2

“
2

kϵ2
.
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Case 2 : There are Opk4q cases when i ‰ î and j ‰ ĵ. Because pairs are i.i.d., if there are no shared members
the covariance is zero. Therefore,

1

k4

ÿ

pi,̂i,j,ĵqPÑ

Iti ‰ îuItj ‰ ĵuErdpi, jqdp̂i, ĵqs “
1

k4

ÿ

pi,̂i,j,ĵqPÑ

Iti ‰ îuItj ‰ ĵuCovrwpY i, Y jq, wpY î, Y ĵqs

“ 0 .

Thus,

P p|q̂pxq ´ Erq̂pxqs| ą ϵq ď
2

kϵ2
,

which converges to 0 for any fixed ε ą 0, as long as k Ñ 8. This concludes the proof.

D Proof of Proposition 1

Proposition 2. Let ψπpPq “ V pπq be our estimand.

1. For πpxq “ 1 the constant policy, ψπ “ ψW is the win proportion, i.e. the likelihood that the primary
intervention is preferable to the alternative. Its EIF writes as; for o “ pX,T, Y q:

ϕW pPqpoq “ ´ψW pPq ` E rwpY p1, Xiq|Y p0, Xiqq|Xi “ Xs

`
T

epXq
pE rwpY |Y p0, Xiqqs ´ E rwpY p1, Xiq|Y p0, Xiqq|Xi “ Xsq

`
1 ´ T

1 ´ epXq
pE rwpY p1, Xiq|Y qs ´ E rwpY p1, Xiq|Y p0, Xiqq|Xi “ Xsq ,

where epxq
def
“ P pTi “ 1|Xi “ xq.

2. For πpxq “ 0 the constant policy, ψπ “ ψL is the loss proportion, i.e. the likelihood that the primary
intervention is detrimental relative to the alternative, and its EIF writes as; for o “ pX,T, Y q:

ϕLpPqpoq “ ´ψLpPq ` E rwpY p0, Xiq|Y p1, Xiqq|Xi “ Xs

`
T

epXq
pE rwpY p0, Xiq|Y qs ´ E rwpY p0, Xiq|Y p1, Xiqq|Xi “ Xsq

`
1 ´ T

1 ´ epXq
pE rwpY |Y p1, Xiqqs ´ E rwpY p0, Xiq|Y p1, Xiqq|Xi “ Xsq .

3. For general policy π, the EIF of ψπ is:

ϕπpPqpoq “ ´ψπpPq ` πpxqpϕW pPqpoq ` ψW pPqq ` p1 ´ πpxqqpϕLpPqpoq ` ψLpPqq

Proof of Proposition 2. We have:

ΨW pPq
def
“ E rE rwpYip1, Xiq|Yiq|Xi, Ti “ 0ss

“

ż

dPXipxqdPYi|Xi“x,Ti“0pyqdPYi|Xi“x,Ti“1py1qwpy1|yq

“

ż

ppxqppy|x, 0qppy1|x, 1qwpy1|yqdxdydy1

“

ż

ppxq
ppx, 0, yq

ppx, 0q

ppx, 1, y1q

ppx, 1q
wpy1|yqdxdydy1 ,

where p is the density of P with respect to the Lebesgue measure if dP
dλ ă 8, and this expression naturally

extends in the general case. Let h P p0, 1q (that will be taken infinitesimally small) and o “ pX,T, Y q. Let
Ph “ p1 ´ hqPhδX,T,Y be the mixture of these two distributions. We have:

ΨW pPhq “

ż

phpxq
phpx, 0, yq

phpx, 0q

phpx, 1, y1q

phpx, 1q
wpy1|yqdxdydy1 ,
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where ph is the density of Ph. Note that we have ph “ p1 ´ hqp` hδX,T,Y , leading to:

ΨW pPhq “ p1 ´ hqΨW pPq ` ophq ` h

ż

ppy|X, 0qppy1|X, 1qwpy1|yqdydy1

` h
1 ´ T

1 ´ πpXq

ż

ppy1|X, 1qwpy1|Y qdy1 ´ h
1 ´ T

1 ´ πpXq

ż

ppy|X, 0qppy1|X, 1qwpy1|yqdydy1

` h
T

πpXq

ż

ppy|X, 0qwpY |yqdy ´ h
T

πpXq

ż

ppy|X, 0qppy1|X, 1qwpy1|yqdydy1 .

Because ΨW pPhq “ ΨW pPq ` hΦpPqpoq ` ophq, we can identify ΦW as in Proposition 1. The proof for ΦL and
general policies Φπ proceeds exactly in the same way.

E DETAILED EXPERIMENTAL SECTION

E.1 Synthetic simulation details

We explore in our synthetic experiments the benefits of applying our CPTE methodology to preference-
based policy learning and evaluation. We take as a use case PNS over a continuous outcome,
E rwpYip1q, Yjp0qq|Xi “ Xj “ xs “ P pYip1q ą Yjp0q|Xi “ Xj “ xq.

In some cases a CATE-based policy suffices to optimize a CPTE target. For example, CATE estimation is
sufficient to learn a binary PNS preference because the Bernoulli distribution is characterized by its expectation.
However, complex potential outcome distributions can result in divergence between an optimal CATE policy and
an optimal preference-based policies, such as PNS. We give a real-world example below.

To create our experimental data, we simulate a mix of binary and continuous features. The potential outcomes
are generated from a combination of linear effect modifiers and a complex treatment effect. We present two
scenarios; one with homogeneous treatment effects and the other with a simple heterogeneous treatment effect.
The simulation maintains Assumptions 1 to 3. To test our CPTE methodology against classical CATE-based
policies, the complex treatment effect was simulated such that the two policies disagree on every unit. This can
occur when one of the potential outcome distributions has a heavy tail. Real-world applications of this could
be risky surgeries that benefit certain individuals greatly but are harmful for most patients. In this case, the
minority of patients who benefit greatly may skew the average, making the riskier surgery appear more beneficial
than a more conservative option whose likelihood of benefiting the patient is better. A CATE policy would
recommend the risky surgery; a CPTE policy would not.
Our simulation mimics this scenario by drawing one potential outcome from a gaussian distribution and the other
potential outcome from a bimodal normal distribution. Figures 2a and 2b illustrate two examples of potential
outcome distributions for which there is divergence between a PNS-based policy and a CATE-based policy. Other
more subtle examples can be simulated by using heavy-tail distributions such as Gamma and Pareto.

(a) Large divergence (b) Small divergence

Figure 2: Potential outcome distributions
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In the homogeneous setting, all units potential outcomes are drawn from the same potential outcome distribution
modified by a linear combination of the features. In the heterogeneous setting, an observed binary feature was
used to decide which potential outcome was assigned the bimodal distribution. We include more details in
appendix E.1.1.

For each simulation we perform policy learning and evaluation with three distributional learning paradigms -
KNN, linear regression and random forest. These are evaluated on a held-out set (N=10000) generated using a
random seed that is not used for any of the training data simulations. Training data is simulated 50 times for
each N. We sample a training set for each N P r30, 100, 1000, 10000s and train our distributional and baseline
estimation methods. Using their estimates for the conditional PNS, we evaluate three policy rules. The first,
OTR (section 5.2), uses the δpxq ą 0 rule; δpxq “ qW pxq ´ qLpxq for CPTE and δpxq “ E rYip1q ´ Yip0q|xs for
CATE. The second policy rule, policy value maximization (section 5.3) uses a logistic regression model to learn
f : X Ñ Ipδpxq ą 0q over the training data. The policy follows the prediction. The third policy rule also uses a
logistic regression model to decide policy, but learns over the EIF correction of δpxq (eq. (13)).

We compare our CPTE approach using distributional estimation to a standard approach using CATE, which
serves as our baseline. Distributional KNN (D-KNN), estimating PYi|Ti,Xi

is compared to regular KNN, esti-
mating E rYi|Ti, Xis. Likewise, Distributional Linear Regression (DLR) using quantile regression is compared to
regular ridge regression; Distributional Random Forest (DRF) is compared to regular random forest.

E.1.1 Synthetic Data Generating Process

We generate features X P R10 using 8 continuous variables and two binary variables. We randomly sample linear
coefficients to create a shared baseline dependent on X for the potential outcomes. In the observational setting,
we choose three features (one discrete and two continuous) to act as confounders and use a linear transformation
to create the logit for treatment arm selection. We ensure that overlap exists and set the expected treatment
rate to 0.5.

• Continuous features: Xcont „ N p0, 1q

• Discrete features: Xdisc „ Berp0.5q

• Homogeneous treatment assignment: T „ Berp0.5q

• Heterogeneous treatment coefficients: βT „ Up0.2, 0.6q for one discrete and two continuous features acting
as confounders, otherwise 0.

• Heterogeneous treatment assignment: T „ BerpXTβT q

• Baseline outcome coefficients: βY „ Up0.1, 0.5q for all features.

• Shared baseline Y: Ybaseline “ XTβY

We define two distributions for the potential outcome space: a bimodal mixture of Gaussians and a simple
Gaussian distribution. The bimodal distribution has a higher expected value than the simple Gaussian, as
visualized in fig. 2a and fig. 2b. However, the probability that a random variable of the simple Gaussian
distribution is higher than the bimodal distribution is above 0.5. We let the b P r0, 1s parameter control how
many are part of the lower Gaussian and 1´ b how many are part of the higher Gaussian. Referencing the risky
surgery example mentioned above, 1 ´ b represents how many patients are in the minority group that greatly
benefited from the risky surgery.
Potential outcome parameters:

• Shared variance: σ “ 0.2

• Simple Gaussian parameters: µs “ 0.3

• Simple Gaussian: ysimple „ N pµs, σ
2q

• Mixture of Gaussians parameters: µm,low “ 0, µm,high “ 3, b “ 0.85
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• Mixture of Gaussians: ymixture “ b ˚ N pµm,low, σ
2q ` p1 ´ bqN pµm,high, σ

2q

We create the potential outcomes by combining the linear baseline outcome with these distributions. In the
homogeneous setting,

Y p1q “ ybaseline ` ysimple

Y p0q “ ybaseline ` ymixture

Therefore, for all units the optimal PNS policy chooses T=1 and the optimal CATE policy chooses T=0.

We denote one of the binary features as X0. In the heterogeneous setting,

Y p1q “ ybaseline ` IpX0 “ 1qysimple ` IpX0 “ 0qymixture

Y p0q “ ybaseline ` IpX0 “ 0qysimple ` IpX0 “ 1qymixture

Therefore, the optimal PNS and CATE policies depend on the binary feature X0.

E.1.2 Experiment Details

Evaluation. Evaluation was performed on a large hold-out set (N=50,000). X and ysimple, ymixture were
generated using a random seed not used by any of the training sets. The parameters for βy were generated using
a random seed shared across all datasets. Therefore, ybaseline comes from the same distribution for both the
evaluation data and the training data.
Training. For each N P t30, 100, 1000, 10000u the training data was simulated 50 times. This allows us to
observe the performance of the models over exponentially growing datasets. Each time X and ysimple, ymixture

were generated using a different random seed.
For each learning paradigm - KNN, linear regression and random forests - we train a distributional model and a
baseline model. The distributional model estimates the distribution of the potential outcomes, Ŷip1q, Ŷip0q|Xi “

x under Assumptions 1 to 3. Distributional KNN (DKNN) uses the nearest neighbors to approximate the
distribution of the potential outcomes. We test nearest neighbor (k=1) and logarithmically growing k’s. The
distributional linear and forest regressors approximate the inverse cdf using quantiles and then sample 1000 times
from the approximate potential outcome distribution. We denote the number of samples used as S. The baseline
learner estimates the expected value of the potential outcome under Assumptions 1 to 3. These estimations
allow us to perform policy learning and evaluation.
Policies are learned in three ways:

• Plug-in of the OTR (section 5.2)

• Plug-in Policy Value Optimization (section 5.3)

• EIF Policy Value Optimization (see section 6)

Policy Learning & Policy evaluation For each learning paradigm, we compare the CPTE-policies to the
CATE-policies using the oracle policy value on the evaluation set. This allows us to understand which policy
perform best. The full results can be found in fig. 3 and are analyzed in the next section.

Policy evaluation was performed by using each paradigm’s estimates on the evaluation set and comparing the
optimal policy’s value using them. The CATE policy value was calculated by plugging in the estimated expected
values into the preference function (definition 1).

Model Parameters The baseline linear regression model is Ridge with alpha=1.0.

The random forest parameters depend on the size of N. These were found by performing a hyperparameter search
for each N using a random seed not used during training. This allowed us to understand reasonable parameters
given different training set sizes.
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Table 1: Random Forest Regressor hyperparameter settings by sample size N .

Condition on N Max Depth Max Features Min Samples Split # Trees (nestimators)

N ě 10000 25 0.35 5 500
100 ă N ă 10000 15 0.50 7 400
N ď 100 15 0.60 5 50

E.1.3 Synthetic Experiments: Detailed Results

Policy learning. As we see in Figure 3, the distributional approaches tend to converge to the optimal policy
value. We also note that the variance, represented by bootstrapped 95% confidence intervals, tends to get
smaller for the distributional approaches. In contrast, the baseline learners tend to converge to the incorrect
CATE policy and the variance tends to be larger. The simulation is linear; resulting in the quick convergence of
all Distributed Linear Regression (DLR) policies to the optimal policy in all settings and for all policy learning
methods. The baseline plug-in and direct policy value optimization converge to the optimal CATE policy, the
opposite of the optimal CPTE policy. We note that the EIF PNS correction of the CATE facilitates above-
random performance in some of the settings. The Distributed KNN (DKNN) policies also converge towards the
optimal policy value. Despite being misspecified to the linear simulation, the DKNN plug-in policy correctly
estimates the PNS, allowing the correct policy to be learned as a logarithmic rate as anticipated by Theorem 2.
Unlike DKNN, the Distributional Random Forest (DRF) method struggles to overcome its misspecification in
the heterogeneous setting. Although not converging to the CATE policy like the baseline random forest, it
struggles to learn the correct distribution. This results in a plug-in that stays close to a random policy because
the heterogeneity is equally balanced. Despite this inadequacy, the policy value optimization methods converge
to the optimal policy.

Policy evaluation. Beyond the distributional method’s ability to learn policies over complex potential outcome
distributions, they also enable correctly-specified policy evaluation for complex preference functions like PNS.
We evaluate the optimal policy in term of PNS using PNS estimates from the distributional and baseline models.
As can be seen in fig. 4, the distributional estimates converge towards the optimal policy. The correctly specified
Distributional Linear Regression converges quickly to the correct policy value. DKNN and DRF tend towards
the correct policy value. In contrast, the baseline estimation using the expected potential outcomes diverge to 0
and 1. We note that the true policy value is 0.72.

Correlation between potential outcomes. We also examine when the assumption made in Theorem 1, i.e.
all structural treatment effect modifiers must be observed, is violated. This assumption is unlikely to hold; these
experiments can help us understand the impact of being far from this assumption. We test this by introducing
correlations between the potential outcomes that are not explained by the available features. Continuing the
surgery example, patients for whom the risky surgery is successful may have a genetic component that also affects
their reaction to the more conservative treatment.

We show that in our simple synthetic setting, policy learning appears to be more robust to the violation of
this assumption than policy evaluation (Figure 5). For the policy learning, we focus on the successful DKNN
and distributional linear regression in the difficult heterogeneous setting. We add significant amount of positive
and negative correlation between the potential outcomes with empirical Pearson correlations of 0.7 and -0.7
respectively.

Policy learning is hardly affected. The visual in Figure 6 shows how the correlation only affects a small part
of the population (blue concentric circles) which cross the decision boundary (red line.) However, the policy
value estimate is significantly effected. We show in Figure 7 policy evaluation using the correctly specified linear
models. Under correlation, the policy values converge to the wrong policy value. They converge to the policy
value without correlation.

E.2 Semi-Synthetic Simulation details

Validating causal-inference methods is difficult because the counterfactual ground-truth necessary for validation
is never observed. This phenomena is called the fundamental challenge of causal inference (Holland, 1986). The
natural solution is to verify methods under ideal circumstances, such as random control trials. Random control
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(a) DLR (b) DKNN (c) DRF

(d) DLR (e) DKNN (f) DRF

(g) DLR (h) DKNN (i) DRF

(j) DLR (k) DKNN (l) DRF

Figure 3: Policy Learning with PNS policy value, no correlations. (a–c) Homogeneous RCT setting; (d–f)
Heterogeneous RCT setting; (g-i) Homogeneous Observational setting; (j-l)Heterogeneous Observational setting.
Legends as in Figure 1a.
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(a) DLR

(b) DKNN

(c) DRF

Figure 4: Policy Evaluation of optimal policy in the synthetic, heterogeneous RCT setting
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(a) DLR: -0.7 (b) DLR: 0 (c) DLR: 0.7

(d) DKNN: -0.7 (e) DKNN: 0 (f) DKNN: 0.7

Figure 5: Policy Learning with correlation between potential outcomes in the synthetic, heterogeneous RCT
setting. (a–c) Linear Regression; (d–f) DKNN. Legends as in Figure 1a.

Figure 6: Visualizing PNS, P pY 1 ą Y 0q, with correlated potential outcomes Y 1 and Y 0. In our experiment, Y 1
is Gaussian (y-axis) and Y 0 has a heavy tail (x-axis).
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trials provide unbiased estimates for CATE-estimates because they are unconfounded by construction. While
CPTE-estimates also benefit from an RCT’s inherent identifiability, they are still statistically problematic. Means
can be reasonably estimated for small substratum. However, estimating the conditional distribution necessary
for CPTE requires more data. This is especially true because the CPTE is particularly suited to tasks with
complex conditional potential outcome distributions, as we have shown for PNS in the simulation above.

Therefore, to further validate our methods we turn to a semi-synthetic experiment. We use the Tennessee STAR
study (Word et al., 1990) for the starting point. The Tennessee Student/Teacher Achievement Ratio (STAR)
study is a randomized experiment intended to measure the effect of class size on student test scores, namely
math, reading and listening. Launched in 1985, the study followed students in grades K-3 recording their grades
at the end of each academic year. Students were randomly assigned to one of three classroom types - small (13-17
students), regular (22-25) and regular with a full-time aide (22-25). Each school housed at least one classroom of
each type. (Achilles et al., 2008). We apply our methods to the ‘win’ function, a preference function (definition 1),
which is often aggregated into various ‘win’ statistics (Dong et al., 2023). The ‘win’ function captures preference
over hierarchical outcomes.
We work with a primary, binary outcome and a secondary, continuous outcome. This scenario is common in
medical literature, where the primary outcome is often survival - binary or time-to-event - as the primary outcome
and a secondary, continuous outcome such as blood pressure. Our primary outcome is experiment attrition. We
looked at kindergarten students found in the study and defined attrition as those students who are not found
in the study in the first grade. Our secondary outcomes are the student’s math scores. We define a ‘win’ as
students who are found in the study in first grade and have a high math score.
After removing students without a math score, we there are 1,762 student in small classrooms, 2,032 in regular
classrooms and 2,077 in regular classrooms with full time aides. 454 students were removed due to a missing
math score. We combine the two treatment arms with regular classrooms because the ‘win’ function is only
defined between two treatments. Although this may violate SUTVA, one of the study’s findings was that the
full-time aides were not significant (Achilles et al., 2008; Krueger, 1999).

As stated previously, calculating the conditional ‘win’ function empirically over the RCT is statistically prob-
lematic, as many small substratum result in poorly estimated ‘win’ functions despite being causally unbiased.
Therefore, we create synthetic outcomes. We strive to replicate the original outcome distributions. We do so by
training an MLP over the outcomes and then sampling from the MLP using MC-dropout (Gal and Ghahramani,
2015), resulting in a Bayesian approximation of conditional distributions.

We then use these estimates of the conditional distributions as the ground-truth for the optimal policy and
the optimal policy value. We evaluate our methods in a similar fashion to the synthetic experiments, training
distributional and baseline models. We then use these models’ predictions as plug-in estimators for the ‘win’
function and predict the policy using the same policy learning methods as in the synthetic experiment.
In the synthetic experiments, we showed the advantages of a PNS-based policy over a mean-based policy for
complex potential outcome distribution. The advantage of the ‘win’ function is evident even without that
complexity. Because the ‘win’ function is composed of hierarchical outcomes, a successful ‘win’-based policy
discerns between units for which the benefits of the secondary outcome outweigh the risks in the primary outcome.
The baseline learners, which estimate the expected values of outcomes, will likely only prioritize the primary
outcome. In the binary case, only when the estimated expectations are equal will the secondary outcome be
considered.

We present our results on the semi-synthetic STAR data using the original features and our simulated outcomes.
In contrast to the synthetic experiment, this more realistic simulation contains preferences close to the decision
boundary, making policy learning more difficult.

We find in fig. 8 that as the size of our training data grows, the distributional methods best learn the optimal
policy. In our graphs, our results with the oracle policy value (black) and by a random policy (gray). We
also add a benchmark for the optimal primary outcome policy (brown), i.e. the policy value if we would base
our policy only on the primary outcome, not the ‘win’ preference function. We find that all of the baseline
plug-in policies (yellow) do not even achieve the optimal primary outcome policy. The distributional policies
(blues) and the direct policy value optimization policy for the baseline overtake the optimal primary outcome
policy. These results indicate the power of distributional estimators to optimize CPTE functions. In contrast,
the plug-in baseline policy barely beats an ‘preference’ value of 0.5. This indicates the failure of CATE estimates
performance on CPTE outcomes like ‘win’ statistics.
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We also experiment with correlated potential outcomes in the semi-synthetic setting. Our experiments show
that our models and the baseline models are not sensitive to this violation of the assumptions for Theorem 1.
See fig. 9.

E.2.1 Data Collection and Processing

Creating the cohorts We use the STAR dataset as the starting point for our semi-synthetic experiment as it
appears in the AER R package (Kleiber and Zeileis, 2008). We select students in kindergarten and create our
binary outcome by checking who appears in the 1st grade cohort. Data is missing from the math outcome (454
students). The missing math outcome was dropped. We split the students into two intervention arms, small
classrooms and regular classrooms. The latter arm includes two groups, regular classrooms without aides and
those with full-time aides. Although, this may be a violation of SUTVA, the study’s findings indicate that the
full-time aides were not significant (Achilles et al., 2008; Krueger, 1999). This resulted in two groups, the small
classroom group (1,762 students) and the regular classroom group (4,109 students).

Features Relevant features used to create the simulated outcomes and for training are: student gender, stu-
dent ethnicity, teacher gender, teacher ethnicity, years of teaching experience, teacher’s highest degree, where
the teacher is found in their career (e.g. apprentice, probation, level 1, etc.), school location (rural/inner-
city/urban/suburban) and whether the school offered free/reduced-fee lunches. The last variable is an indicator
of low-income family background (Achilles et al., 2008). All the variables are categorical with the exception of
the years of teaching experience. Categorical variables were one-hot encoded and missing values were assigned
zero to all categories. Missing values in years of experience were assigned the median.

Table 2: Missing Variables

Variable Variable Type Missing Values Pre-processing

Math outcome 454 Removed
Student Ethnicity feature 1 Assigned zero in all categories
Free/Reduced-Fee Lunch feature 17 Assigned zero in all categories
Degree feature 21 Assigned zero in all categories
Career Ladder feature 541 Assigned zero in all categories
Teacher Ethnicity feature 60 Assigned zero in all categories
Years of Teaching Experience feature 21 Median

Outcome Simulation An MLP was trained for each intervention arm and outcome. We summarize the hyper-
parameters and evaluation metrics of each model. Dropout of 10% was used for all models in training

Table 3: Summary of deep model models

Model Hidden Dimensions Epochs Batch Size Learning Rate Brier Score RMSE (std)

Small – Dropout [64, 64] 35 128 5 ˆ 10´4 0.17 –
Regular – Dropout [64, 64] 34 128 5 ˆ 10´4 0.19 –
Small – Math Score [64, 64, 64] 100 32 1 ˆ 10´4 – 48.5 (49.5)
Regular – Math Score [64, 64, 64] 100 32 1 ˆ 10´4 – 45.1 (46.7)

After training the models, we sample using MC-dropout (Gal and Ghahramani, 2015) with a drop-out rate of
5%. For each unit, we sample 1000 potential outcomes for each intervention arm. These simulations induce a
difficult, non-trivial policy learning problem. Most units’ simulated ‘win’ preference function are between 0.4
and 0.6. We compare the optimal policies for the primary and secondary outcome:
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Table 4: Comparing Optimal Policies

Policy Treat w/ smaller Agreement with Win Policy Win Policy Value

Win (Dropout, Math) Policy 77% 100% 0.59
Dropout Policy 67% 70% 0.54
Math Score Policy 75% 92% 0.58

As can be seen from table 4, the policy prioritizing the secondary outcome is close to the optimal policy. This is
due to the lack of significant treatment effect on the binary outcome. However, this poses a difficulty to learning
the optimal policy in the ‘win’ setting. The hierarchical ordering of ‘winning’ forces the policy to first take into
consideration the primary outcome.

Training & Evaluation The training and evaluation are similar to the synthetic simulation. The primary
difference is the inclusion of a binary, primary outcome. Binary outcomes are completely parameterized by
their Bernoulli parameter, which is the expected value. There is no need for our distributional methods on the
primary outcome. Therefore, we perform model selection on the training data and use the same model for all
distributional and baseline methods. We found a KNN classifier with 11 neighbors to offer the best brier score
(0.17). Our sample size is also limited by the size of the kindergarten cohort. We divide our data into a hold-out
set containing 1,500 students (25%) and our pool of training data is the remaining 4,403 students. We randomly
sample training data with N P r30, 100, 1000, 4403s and train the estimation models with their derivative policy
learning models. We repeat this process fifty times for each model and N .

E.2.2 Correlation

We also explore the impact of correlation between potential outcomes in our semi-synthetic study. To do so,
we employ the Iman-Conover method (Iman and Conover, 1982) commonly used to induce correlation between
variables in simulations (Huang et al., 2012; Tan et al., 2025; Faries et al., 2020). This method is distribution
free and preserves the marginal distributions. Instead of changing the values, it reorders them in such a way
that induces an approximation of the desired correlation. We use this method to induce correlation between
the potential outcomes of each outcome. Therefore, the marginal potential outcome distributions are identical
between the three experiments. For each experiment, we take a single sample from the potential outcomes of
each unit and assign the observed outcome based on the unit’s treatment arm.

We evaluate our models when there is positive or negative correlation between the potential outcomes, results
are available in Table 5. For the positive correlation, the desired correlation was set at 0.5 for each outcome. The
induced correlation was 0.28 for the binary potential outcomes and 0.47 for the continuous potential outcomes.
For the negative correlation, the desired correlation was set at -0.5 for each outcome. The induced correlation
was -0.22 for the binary potential outcomes and -0.41 for the continual potential outcomes.

Table 5: Comparing Optimal Policies

Correlation (Induced) Policy Treat w/ smaller Agreement w/ Win Policy Win Policy Value

Win Policy 73% 100% 0.59
-0.5 (-0.22/-0.41) Dropout Policy 67% 62% 0.53

Math Score Policy 75% 98% 0.59

Win Policy 77% 100% 0.59
0 Dropout Policy 67% 70% 0.54

Math Score Policy 75% 92% 0.58

Win Policy 74% 100% 0.65
0.5 (0.28/0.47) Dropout Policy 67% 63% 0.55

Math Score Policy 75% 99% 0.65

Similarly to the synthetic experiment, the correlations change the optimal policy slightly (8%) and the positive
correlation raises the value of the optimal policy value. We show in fig. 9 that our models are only slightly
affected. Because the positive correlation causes the units ‘win’ functions to be more extreme, we notice that as
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the models better learn the correct policy they gain significant policy value.

E.2.3 Impact of the number of neighbors in KNN

Figure 10 shows the impact of adding more neighbors for policy learning. As predicted by our theory, the plug-in
OTR (Section 5.2) requires k Ñ 8 to converge. Indeed, for k “ 1 the plug-in method performs as poorly as
the baseline plug-in (almost as poorly as random guesses), while increasing k leads to higher policy values, and
faster with higher k. However, and quite interestingly, this is not the case for policy value optimization methods
(Section 5.3 and appendix A.3) due to the fact that values are averaged over the whole population. In fact,
adding more neighbors does not seem to impact much convergence.

E.2.4 Policy Agreement - Optimizing ‘Win’ vs. Primary outcome vs. Secondary outcome

Lastly, we compare the policy agreement i.e., the percentage of agreement between our learned policies and a
given oracle policy that is either (i) the optimal policy learned with oracle information using the hierarchical
outcomes, (ii) the optimal policy learned with oracle information that only optimizes the primary outcome, and
(iii) the optimal policy learned with oracle information that only optimizes the secondary outcome. Results are
reported in Figure 11. We show results for the DLR method. These results are also consistent for KNN and
DRF.



Dovid Parnas*, Mathieu Even*, Julie Josse, Uri Shalit

(a) DLR - negative correlation

(b) DLR

(c) DLR - positive correlation

Figure 7: Policy Evaluation of optimal policy with correlation in the semi-synthetic setting
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(a) DLR (b) DKNN (c) DRF

Figure 8: Policy Learning with win policy value in the semi-synthetic setting. Legends as in Figure 1a.

(a) DLR: -0.5 (b) DLR: 0 (c) DLR: 0.5

(d) DKNN: -0.5 (e) DKNN: 0 (f) DKNN: 0.5

(g) DRF: -0.5 (h) DRF: 0 (i) DRF: 0.5

Figure 9: Policy Learning with correlation between potential outcomes in the semi-synthetic setting. (a–c) Linear
Regression; (d–f) DKNN; (g–i) DRF. Legends as in Figure 1a.
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(a) k “ 1 neighbor

(b) k “ logpnq neighbors

(c) k “ 2 logpnq neighbors

Figure 10: k´NN with k “ 1, k “ logpnq and k “ 2 logpnq on the semi-synthetic experiment without correlation
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(a) Agreement with oracle policy optimizing by win

(b) Agreement with oracle policy optimizing by primary outcome

(c) Agreement with oracle policy optimizing by secondary outcome

Figure 11: Learned Policy’s agreement with different oracle policies
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