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ABSTRACT

Empirical studies of the loss landscape of deep networks have revealed that many
local minima are connected through low-loss valleys. Yet, little is known about
the theoretical origin of such valleys. We present a general framework for finding
continuous symmetries in the parameter space, which carve out low-loss valleys.
Our framework uses equivariances of the activation functions and can be applied
to different layer architectures. To generalize this framework to nonlinear neu-
ral networks, we introduce a novel set of nonlinear, data-dependent symmetries.
These symmetries can transform a trained model such that it performs similarly
on new samples, which allows ensemble building that improves robustness un-
der certain adversarial attacks. We then show that conserved quantities associated
with linear symmetries can be used to define coordinates along low-loss valleys.
The conserved quantities help reveal that using common initialization methods,
gradient flow only explores a small part of the global minimum. By relating con-
served quantities to convergence rate and sharpness of the minimum, we provide
insights on how initialization impacts convergence and generalizability.

1 INTRODUCTION

Training deep neural networks (NNs) is a highly non-convex optimization problem. The loss land-
scape of a NN, which is shaped by the model architecture and the dataset, is generally very rugged,
with the number of local minima growing rapidly with model size ( ,

, ). Despite this complexity, recent work has revealed many interesting structures in the
loss landscape. For example, NN loss landscapes often contain approx1mately flat directions along

which the loss does not change significantly ( , , ). Flat
minima have been used to build ensemble or mixture models by samphng different parameter con-
figurations that yield similar loss values ( , , ). However, finding

such flat directions is mostly done empirically, with few theoret1ca1 results.

One source of flat directions is parameter transformations that keep the loss invariant (i.e. symme-
tries). Specifically, moving in the parameter space from a minimum in the direction of a symmetry
takes us to another minimum. Motivated by the fact that continuous symmetries of the loss result in
flat directions in local minima, we derive a general class of such symmetries in this paper.

*Equal contribution.
"Work done during an internship at IBM.
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Our key insight is to focus on equivariances of the non-
linear activation functions; most known continuous sym-
metries can be derived using this framework. Models re-
lated by exact equivalence cannot behave differently on
different inputs. Hence, for ensembling or robustness
tasks, we need to find data-dependent symmetries. In-
deed, aside from the familiar “linear symmetries” of NN,
the framework of equivariance allows us to introduce a
novel class of symmetries which act nonlinearly on the
parameters and are data-dependent. These nonlinear sym-
metries cover a much larger class of continuous symme-
tries than their linear counterparts, as they apply for al-
most any activation function. We provide preliminary ex- .
perimental evidence that ensembles using these nonlinear Figure I: Visualization of the extended

symmetries are more robust to adversarial attacks. minimum in a 2-layer lmear2 network
with loss £ = ||[Y — UV X]||*. Points

Extended flat minima arise frequently in the loss land- along the minima are related to each
scape of NNs; we show that symmetry-induced flat min-  other by scaling symmetry U — Ug™!
ima can be parametrized using conserved quantities. Fur- and V' — ¢V. Conserved quantities,
thermore, we provide a method of deriving explicit con- (), associated with scaling symmetry
served quantities (CQ) for different continuous symme- parametrize points along the minimum.
tries of NN parameter spaces. CQ had previously been

derived from symmetries for one-parameter groups ( , ; ).
Using a similar approach we derive the CQ for general continuous symmetrles This approach fails
to find CQ for rotational symmetries. Nevertheless, we find the conservation law resulting from
the symmetry implies a cancellation of angular momenta between layers. To summarize, our
contributions are:

1. A general framework based on equivariance for finding symmetries in NN loss landscapes.
2. A derivation of the dimensions of minima induced by symmetries.

3. A new class of nonlinear, data-dependent symmetries of NN parameter spaces.

4

. An expansion of prior work on deriving conserved quantities (CQ) associated with sym-
metries, and a discussion of its failure for rotation symmetries.

5. A cancellation of angular momenta result for between layers for rotation symmetries.

6. A parameterization of symmetry-induced flat minima via the associated CQ.

This paper is organized as follows. First, we review existing literature on flat minima, continuous
symmetries of parameter space, and conserved quantities. In Section 3, we define continuous sym-
metries and flat minima, and show how linear symmetries lead to extended minima. We illustrate
our constructions through examples of linear symmetries of NN parameter spaces. In Section 4,
we define nonlinear, data-dependent symmetries. In Section 5, we use infinitesimal symmetries to
derive conserved quantities for parameter space symmetries, extending the results in

( ) to larger groups and more activation functions. Additionally, we show how CQ can be used
to define coordinates along flat minima. We close with experiments involving nonlinear symmetries,
conserved quantities and a discussion of potential use cases.

2 RELATED WORK

Continuous symmetry in parameter space. Overparametrization in neural networks leads to sym-

metries in the parameter space ( , ). Continuous symmetry has been identified
in fully-connected linear networks ( s ), homogeneous neural networks (

, ; s ), radial neural networks ( , ), and softmax
and batchnorm functions ( s ). We provide a unified framework that generalizes

previous findings, and identify nonlinear group actions that have not been studied before.

Conserved quantities. The imbalance between layers in linear or homogeneous networks is known
to be invariant during gradient flow and related to convergence rate ( , ; ,
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; , ;05 , ; , ). ( ) discovered sim-
ilar conservation laws in natural gradient descents. ( ) develop a more general
approach for finding conserved quantities for certain one-parameter symmetry groups.

( ) relate continuous symmetries to dynamics of conserved quantities using an approach
similar to Noether’s theorem ( , ). We develop a procedure that determines conserved
quantities from infinitesimal symmetries, which is closely related to Noether’s theorem.

Topology of minimum. The global minimum of overparametrized neural networks are connected
spaces instead of isolated points. We show that parameter space symmetries lead to extended flat
minima. Previously, ( ) proved that the global minima is usually a manifold with di-
mension equal to the number of parameters subtracted by the number of data points. We derive
the dimensionality of the symmetry-induced flat minima and show they are related to the number
of infinitesimal symmetry generators and dimension of weight matrices. ( ) study
permutation symmetry and show that in certain overparametrized networks, the minimum related by
permutations are connected. ( ) hypothesize that SGD solutions can be permuted
to points on the same connected minima. ( ) develop algorithms that find such
permutations. Additional discussion on mode connectivity, sharpness of minima, and the role of
symmetry in optimization can be found in Appendix A.

3 CONTINUOUS SYMMETRIES IN DEEP LEARNING

In this section, we first summarize our notation for basic neural network constructions (see Appendix
C for more details). Then we consider transformations on the parameter space that leave the loss
invariant and demonstrate how they lead to extended flat minima.

3.1 THE PARAMETER SPACE AND LOSS FUNCTION

The parameters of a neural network consist of weights' W; € R™*™: for each layer i, where
n; and m; are the layer output and input dimensions, respectively. For feedforward networks,
successive output and input dimensions match: m; = n;_;. We group the widths into a tuple
n=(ng,...,n1,no), and the parameter space becomes Param = R"L*™i-1 x ... x R"*"0_We
denote an element therein as a tuple of matrices @ = (W, € R"*"i-1)L | The activation of the i-th
layer is a piecewise differentiable function o; : R™ — R™, which may or may not be pointwise.
For @ € Param and input z € R™, the feature vector of the ith layer in feedforward network is
Ziv1(z) = Wiy10(Z;(x)), where the juxtaposition ‘Wo(Z)’ denotes an arbitrary linear operation
depending on the context; for example, matrix product, convolution, etc. For simplicity, we largely
focus on the case of multilayer perceptrons (MLPs). We denote the final output by Fp : R™0 — R"Z,
defined as Fyp(x) = o (Zr(x)). The “loss function” £ of our model is defined as:

L : Param x Data — R, L0, (x,y)) = Cost(y, Fo(z)). (1)

where Data = R™° x R"™ is the space of data and Cost : R"Z x R"r — R is a differentiable
cost function, such as mean square error or cross-entropy. In the case of multiple samples, we have
matrices X € R™*F and Y € R".** whose columns are the k samplesz, and retain the same
notation for the feedforward function, namely, Fyp : R™ xk _y RmLxk Most of our results concern
properties of £ that hold for any training data. Hence, unless specified otherwise, we take a fixed
batch of data {(z;,v;)}*_, C Data, and consider the loss as a function of the parameters only.

Example 3.1. Two-layer network with MSE Consider a network with n = (n, h, m), the identity
output activation (o (x) = (z)), and no biases. The parameter space is Param(n) = R"*" x
R"*™ and we denote an element as @ = (U, V). Taking the mean square error cost function, the
loss function for data (X, Y) € R™** x R™* takes the form £(0, (X,Y)) = +[|Y —Uc(VX)|.

3.2 ACTION OF CONTINUOUS GROUPS AND FLAT MINIMA

Let G be a group. An action of G on the parameter space Param is a function - : G x Param —
Param, written as g - 6, that satisfies the unit and multiplication axioms of the group, meaning
id - @ = 6 where id is the identity of G, and g1 - (g2 - 0) = (g1g2) - @ forall g1,92 € G .

"For clarity, we suppress the bias vectors; all results can be extended to include bias; see appendix C.
We use capital letters for matrix data and small letters for individual samples.
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Definition 3.1 (Parameter space symmetry). The action G x Param — Param is a symmetry of
L if it leaves the loss function invariant, that is:

L(g-0)=L(0), V0 € Param, g ec G. ()

We describe examples of parameter space symmetries in the next section. Before doing so, we show
how a parameter space symmetry leads to flat minima (see Appendix C.6):

Proposition 3.2. Suppose G x Param — Param is a symmetry of L. If 0* is a critical point
(resp. local minimum) of L, then so is g - 0* for any g € G.

The proof of this result relies on using the differential of the action of g to relate the gradient of £
at 0* with the gradient at g - 6*. We see that, if 8* is a local minimum, then so is every element
of the set {g - 0* | g € G}. This set is known as the orbit of 8* under the action of G. The orbits
of different parameter values may be of different dimensions. However, in many cases, there is a
“generic” or most common dimension, which is the orbit dimension of any randomly chosen 6.

3.3 EQUIVARIANCE OF THE ACTIVATION FUNCTION

In this section, we describe a large class of linear symmetries of £ using an equivariance property of
the activations between layers. For accessibility, we focus on the example of two layers with output
F(x) = Uo(Vz) for (U, V) € Param = R™*" x R"*" and 2 € R™. All results generalize to
multiple layers by letting U = W, and V' = W,_; be weights of two successive layers in a deep
neural network (see Appendix C.5). Let G C GL;(R) be a subgroup of the general linear group,
and let 7 : G — GLj(R) a representation (the simplest example is 7(g) = g). We consider the
following action of the group G on the parameter space Param:

g-U=Un(g™"), g-V=gV 3)
This action becomes a symmetry of £ if and only if the following identity holds:
o(gz) = m(g)o(2) Vge G, VYzeRM 4)

We now turn our attention to examples. To ease notation, we write GLj, instead of GLj, (R).

Example 3.2. Linear networks A simple example of (4) is that of linear networks, where o is the
identity function: o(x) = x. One can take 7(g) = g and G = GLy,.

Example 3.3. Homogeneous activations Suppose the activation o : R" — R" is homogeneous,
meaning that (1) o is applied pointwise in the standard basis and (2) there exists a > 0 such
that o(cz) = c®o(z) for all ¢ € R and z € R". Such an activation is equivariant under the
positive scaling group G C GLj, consisting of diagonal matrices with positive diagonal entries.
Explicitly, the group G consists of diagonal matrices g = diag(c) with ¢ = (c1,...,¢;) € R,
For z = (z1,...,21) € R" and g € G, we have o(gz) = >oj0(cizi) = 32, ¢fo(z)) = g%a(2).
Hence, the equivariance equation is satisfied with 7(g) = ¢g¢.

Example 3.4. LeakyReLU This is a special case of homogeneous activation, defined as o(z) =
max(z, 0) + smin(z,0), with s € R>o. We have o = 1, and 7(g) = g.

Example 3.5. Radial rescaling activations A less trivial example of continuous symmetries is the
case of a radial rescaling activation ( , ) where for z € R, we have o (z) = f(||z||)z
for some function f : R — R. Radial rescaling activations are equivariant under rotations of the
input: for any orthogonal transformation g € O(h) (that is, g7 g = I) we have o(gz) = go(z) for
all z € R". Indeed, o(g92) = f(|lgz])(g2) = g(f(||z|])z) = go(z), where we use the fact that
llgz|l = 2T g% gz = 272 = ||| for g € O(h). Hence, (4) is satisfied with 7(g) = g.

We arrive at our first novel result, whose proof appears in Appendix C.6.

Theorem 3.3. The dimension of a generic orbit in Param under the appropriate symmetry group
is given as follows. The cases are divided based on whether h < max(n,m) or not.

Orbit Dimension

Activation | Symmetry Group | h < max(n,m) | h > max(n,m)
Identity GL,(R) h? h(n+m) —nm
Homogeneous | Positive rescaling h max(n, m)
Radial rescaling O(h) @) (h) — (hmax(m.n)
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As an aside, we note that a familiar example where (4) is satisfied involves the permutation of
neurons. More precisely, suppose o is pointwise and let G be the finite group of h x h permutation
matrices. Then (4) holds with w(g) = g. However, the permutation group is finite (0-dimensional),
and so does not imply the presence of flat minima.

3.4 INFINITESIMAL SYMMETRIES

Deriving conserved quantities from symmetries requires the infinitesimal versions of parameter
space symmetries. Recall that any smooth action of a matrix Lie group G C GLj, induces an
action of the infinitesimal generators of the group, i.e., elements of its Lie algebra. Concretely, let
g = Lie(G) = T;G be the Lie algebra, which can be identified with a certain subspace of matri-
ces in gl, = R"*"  For every M € g, we have an exponential map exp,,; : R — G defined as
expyr(t) = Yo (“]\f!)k. If p : G — GLj, is a (linear) representation, then the infinitesimal action
is given by dp : g — gl;, by dp(M) = % |Op(expM(t)). In the case of the action appearing in (3),
the corresponding infinitesimal action of the Lie algebra g induced by (3) is given by:

M-U=-Udr(M), M-V=MV (5)

More generally, suppose G acts linearly on parameter space (see Appendix C for non-linear ver-
sions). Set d to be the dimension of the parameter space’, and make the identification Param ~ R?
by flattening matrices into column vectors. The general linear group GL(Param) ~ GL,4(R) con-
sists of all invertible linear transformations of Param. Suppose G is a subgroup of GL(Param),
soits Lie algebra g is a Lie subalgebra of gl, = R?*¢, For M € gand @ € Param, the infinitesimal
action is given simply by matrix multiplication: M - 6.

In the case of a parameter space symmetry, the invariance of £ translates into the following orthogo-
nality condition, where the inner product (, ) : Param x Param — R is calculated by contracting
all indices, e.g. (A,B) = Aijk.. Bijk....

Proposition 3.4. Let G be a matrix Lie group and a symmetry of L. Then the gradient vector field
is point-wise orthogonal to the action of any M € g:

(VoL , M-0)=0, V0 € Param (6)

ijk...

4 NONLINEAR DATA-DEPENDENT SYMMETRIES

For common activation functions, the equivariance o(gz) = 7(g)o(z) of (4) holds only for g be-
longing to a relatively small subgroup of GLj,. For ReLU, g must be in the positive scaling group,
while for the usual sigmoid activation, the equation only holds for trivial ¢ = id. However, under
certain conditions, it is possible to define a nonlinear action of the full GL;, which applies to many
different activations. The subtlety of such an action is that it is data-dependent, which means that,
for any g € GLj,, the transformation of the parameter space depends on the input data* .

The nonlinear action. For any nonzero vector z € R”, let (r,a1,...,a,_1) be the spherical
coordinates® of z, and define the following h by h matrix:
, -1 ,
z; cos(a,_1) (H{C: sin(ozk)) if j <iand Hz;ll sin(ag) # 0
(Rz)ij =\ —rsin(ay) ifj=:i4+1
0 otherwise

where oy = 0 by convention. We observe that R, is the product of a rotation matrix and rescaling
by |z|. Moreover, since z # 0, the first column of R, is the unit vector z/|z| and R, has inverse

givenby R; 1 = |z1\2 RT'. Using these facts, one arrives at the following result, stated in the case of

a two-layer neural network with notation from Section 3.3, and proven in Appendix D:

3In terms of the widths, we have d = ZZ.L:I NiMi—1.

*That is, rather than being a map GL;, x Param — Param satisfying the group action axioms, a data-
dependent action is a map GL; X (Param x R") — Param x R" satisfying the same axioms.

SHence, r = |2| is the norm, and the 4-th coordinate of z is z; = r cos(a) [[,_} sin(au), where ay, = 0.



Published as a conference paper at ICLR 2023

Theorem 4.1. Suppose o(z) is nonzero for any z € R". Then there is an action GL;, x (Param x
R™) — Param x R" given by

g- (U7 ‘/73:) = (URO'(VZ)R;(lng) ) gV ’ :E) @)

The evaluation of the feedforward function at x unchanged: Fy vy(z) = F(URG(VI)R;(le)’gV) ().

We emphasize that a necessary and sufficient condition for the particular action of Theorem 4.1
to be well-defined is that o(2) be nonzero for any z € R"; this is the case for usual sigmoid.
Moreover, in Appendix D.2, we provide a generalization to the case where o(z) is only required to
be nonzero for any nonzero z € R", a condition satisfied by hyperbolic tangent, leaky ReLU, and
many other activations. The cost of such a generalization is a restriction to a ‘non-degenerate locus’
of Param x R™ where Vx # 0. Theorem 4.1 also generalizes to mutli-layer networks, as explained
in Appendix D.3. We have the following explicit algorithm to compute the action of Theorem 4.1:

0. Input: weight matrices (U, V'), input vector € R", matrix g € GLy,.

1. Determine the spherical coordinates of o(Vz) and o(gVx), and construct the matrices
R o(V) and R a(gVx)-

2. Compute the inverse R (gVLI,) WRZ@V@'
3. Set U’ = URy(yay Ry Ly, and V/ = gV.
4. Output: the transformed weights (U’, V"). The data € R™ remains unchanged.

Lipschitz bounds. Unlike the exact symmetries of Section 3, a data-dependent action may alter the
loss in the function space. This is evident from (7): while the transformed and original feedforward
functions have the same value at z, they will differ at other points. That is, if Z € R”" is an input
value different from z, then Fiyv(2) # F{ VR vy RS s v (&) in general.

However, the transformed feedforward function will differ from the original one in a controlled way.
More precisely, when o is Lipschitz continuous, we show that there is a bound on how much the
Lipschitz bound of the feedforward changes after the nonlinear action. The relevance of such a
bound originates in the fact that we expect the distance between data points to encode important
information about shared features. To be more specific, fix weight matrices (U, V'), which provide
the feedforward function F'(Z) = Ua(Vi:) For any input vector x € R™ and matrix g € GLj,, the
transformed weight matrices (U R (VI)R gV') provide a new feedforward function given by:

o(gVz)’
(9:7) . pn m (9:2) (= ~
F(g V) R*" >R F(g v)( Z)=UR (Vr)Ra(gvx) o(gVa) (8)
Proposition 4.2 (Lipschitz bounds from equivariance). Let o be Lipschitz continuous with Lipschitz
constant 1. Then F, ((5",)) is Lipschitz continuous with bound n||U|||| V|| %.

In particular, the Lipschitz bound of the original feedforward function is #||U||||V||. Thus, if it
happens that |o(Vz)|||g|| < |o(¢gVz)|, then the Lipschitz bound decreases when transforming the
parameters. Additionally, we observe that the nonlinear action does not disrupt latent distribution of
data significantly. See Appendix D.5 for proof of Proposition 4.2, which relies on iterative applica-
tions of the Cauchy-Schwarz inequality, as well as the fact that || RF!|| = |z|*1.

General equivariance. The action described is an instance of a more general framework of equiv-
ariance. Specifically, a map ¢ : GLj, x R" — GLj, is said to be an equivariance if it satisfies (1)
c(idp, z) = idy, for all z, and (2) ¢(g1, g22)c(g2, 2) = c(g192, z) for all g1, g2 € GLj, and 2. These
two conditions on c¢ translate directly into the unit and multiplication axioms of a group®, generaliz-
ing 7(g192) = 7(g1)7(g2), and 7(idy) = idy. Every equivariance gives rise to a nonlinear action
of GLj, on Param x R" givenby g- (U, V,z) = (Uc(g, Vx)~', gV, z). This action is a symmetry
preserving the loss if and only if the following generalization of (4) holds:

General Equivariance: o(gz) = c(g,2)o(z) Vg € GL,, Vz € R" )
An explicit example of such an equivariance is ¢(g, z) = Rg(gz)R;(lz), and Proposition 4.2 general-

izes to any general equivariance by replacing W with ||e(g, V) =1

Tn fact, c defines a GLj-equivariant structure on the tangent bundle of R".
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5 CONSERVED QUANTITIES OF GRADIENT FLOW

We have shown that continuous symmetries lead us along extended flat minima in the loss landscape.
In this section, we identify quantities that (partially) parameterize these minima. We first show that
certain real-valued functions on the parameter space remain constant during gradient flow. We refer
to such functions as conserved quantities. Applying symmetries changes the value of the conserved
quantity. Therefore, conserved quantities can be used to parameterize flat minima.

Gradient flow (GF). Recall that GD proceeds in discrete steps with the update rule 6,11 =
0, — eV L(6;) where ¢ is the learning rate (which in general can be a symmetric matrix), and
t=20,1,2,... are the time steps. In gradient flow, we can define a smooth curve in the parameter
space from a choice of initial values to the limiting local minimum without discretizing over time.
The curve is a function of a continuous time variable ¢ € R, and velocity of this curve at any point is
equal to the gradient of the loss function, scaled by the negative of the learning rate. In other words,
the dynamics of the parameters under GF are given by:

O(t) = dO(t)/dt = —eVgr) L. (10)

From an initialization 8(0) at t = 0, GF defines a trajectory (¢t) € Param for ¢t € R+, which
limits to a critical point. In this way, GF is a continuous version of GD.

Conserved quantities. A conserved quantity of GF is a function () : Param — R such that the
value of () at any two time points s, ¢ € R along a GF trajectory is the same: Q(6(s)) = Q(0(t)).
In other words, we have dQ(0(t))/dt = 0. Note that, if f : R — R is any function, and Q is a
conserved quantity, then the composition f o ) is also a conserved quantity. Several conserved
quantities of GF have appeared in the literature, most notably layer imbalance Qi = ||Wi]|? —
(W12 ( , ) for each pair of successive feedforward linear layers (o(x) = x), and its
full matrix version @QQ; = WZTVIQ — Wi_lWﬂl.

We now propose a generalization of the layer imbalance by associating a conserved quantity to
any infinitesimal symmetry. As in Section 3.2, suppose a matrix Lie group G acts linearly on the
parameter space. Then, from (6), we have the identity (VyL, M - @) = 0 for any element M in the
Lie algebra g. Using the gradient flow dynamics (10), this identity becomes:

<s*10', M~0>:0 (11)

In other words, the velocity at any point of a gradient flow curve is orthogonal to the infinitesimal
action. For simplicity, we set the learning rate to the identity: ¢ = I (all results generalize to
symmetric €.) The following proposition (whose proof is elementary and well-known) provides a
way of ‘integrating’ equation (11), in the appropriate sense, in order to obtain conserved quantities:

Proposition 5.1. Suppose the action of G on Param is linear’ and leaves L invariant. For any
M € g, there is a conserved quantity Qr : Param — R given by Qp(0) = (0, M - 6).

While Proposition 5.1 directly links the infinitesimal action to conserved quantities, it has the limita-
tion that the conserved quantity corresponding to an anti-symmetric matrix M = —M7 in g is con-
stantly zero, and we do not obtain meaningful conserved quantities. Instead, we can only conclude
that flow curves satisfy the differential equation (11). Fixing a basis (', - - - #¢) for Param ~ R?,
this equation becomes » i<j M;, r?j ng ; = 0 where (r;;, ¢;;) are the polar coordinates for the point
(0;,0;) € R? (see Appendix C.9.5). In summary, we find:

Meg \ symmetric M | anti-symmetric M
differential equation conserved quantity differential equation
GTMQZO QM(G) ZGTMG Zi<j mijrfj@j =0

Conserved quantities parametrize symmetry flat directions. We observe that applying a sym-
metry changes the values of the conserved quantities ()5, (Figure 1). Indeed, for M € gand g € G,

"For simplicity, we also assume that G is closed under taking transposes, and acts faithfully on the parameter
space. These assumptions generally hold in practice; see Appendix C for a version with fewer assumptions.
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we have Qas(g - @) = Qg7 r,(0) for all @ € Param, so applying the group action® transforms
the conserved quantity Qs to Qg7 ps,. As discussed in Section 3, applying g to a minimum 6* of
L yields another minimum g - 8*; hence applying symmetries leads to a partial parameterization of
flat minima. Note that, in general, we may lack sufficient number of (), to fully parameterize a flat
minimum. For example, in the linear network UV x, G = GLj, and flat minima generically have h?
dimensions, whereas the number of independent nonzero @ s is h(h+1)/2, which is the dimension
of the space of symmetric matrices M = M7 in gl,.

In gradient descent, the values of these conserved quantities may change due to the time discretiza-
tion. However, the change in () is expected to be small. For example, in two-layer linear networks,
the change of (@ is bounded by the square of learning rate. Appendix E contains derivations and
empirical observations of the magnitude of change in Q.

Relation to Noether’s theorem. In physics, Noether’s theorem ( , ) states that contin-
uous symmetries give rise to conserved quantities. Recently, ( ) showed that
Noether’s theorem can also be applied to GD by approximating it as a second order GF. We show
that in the limit where the second order GF reduces to first order GF (10), results from Noether’s
theorem reduce to our conservation law <M 0, V£> = 0 (6). In short, using Noether’s theorem, the

conserved Noether current is Jy; = €t/7 Jops with Jopr = <Mg, 5_19>. In the limit 7 — 0, using

(10), Joar = (Mg, VL) = 0 and the conservation d.Jy;/dt = 0 implies Jop; = 0, meaning we
recover (6). Details appear in Appendix B.

Examples. We present examples of conserved quantities for two-layer neural networks. all of
which directly generalize to the multi-layer case. See Appendix C.9 for full derivations (which
heavily rely on properties of the trace). We adopt the notation of Section 3.3.

Example 5.1. General equivariant activation Suppose o is equivariant under a linear action of a
subgroup G C GLj,(R), so that m(g)o(z) = o(gz). Then the two-layer network F'(z) = Uo(V2)
is invariant under G, as is the loss function. For symmetric M € g, Proposition 5.1 yields the
following conserved quantity:

Qu : Param — R, Qu(U,V)=Tr [VIMV] — Tr [UTUdr(M)] (12)
Indeed, this follows from the fact that M - (U, V) = (=Udnr (M), MV), as in (5).

Example 5.2. Imbalance in linear layers Suppose the network is linear. Then o(z) = z and the
loss is invariant under GLj,(R). For symmetric M/ we have the conserved quantity Q (U, V) =
Tr [(VVT — UTU)M]|. Moreover, each component of the matrix VV” — UTU is conserved.

Example 5.3. Homogeneous activation under scaling Suppose o is a homogeneous activation
of degree a. Let G = (R>0)h be the positive rescaling group, so that o(gz) = ¢g%o(z) for any
g € G and z € R". Note that the Lie algebra of G consists of all diagonal matrices in gl;,, so
that, in particular, each M € g is symmetric. Since dn(M) = oM for any M € g, we obtain the
conserved quantity Qa/(U, V) = Tr [(VVT — aUTU)M]. Using the basis M = Ejy,, we see that
Q = diag [VV? — aUTU] is conserved (here, diag[A] is the leading diagonal). Special cases of
this are LeakyReLLU and ReLU with o = 1.

Example 5.4. Radial rescaling activations Let o be such a radial rescaling activation. As in
Section 3.3, the orthogonal group G = O(h) is a symmetry of £. The Lie algebra g = s0;, comprises
anti-symmetric matrices, and so Proposition 5.1 yields no non-trivial conserved quantities. However,
using the canonical basis of g = soy, given by Ejg;) = Ey — Ey (so [kl] indicates anti-symmetrized
indices), one uses equation (11) to deduce the following novel result (see Appendix C.9):

Theorem 5.2. When o is a radial rescaling activation, we have:
Vvt —vvT 4+ UTU -UTU =0 (13)
Sforany (U, V) € Param, where the dots indicate derivatives with respect to gradient flow.

Expanding the (k,l) entry of the matrix on the Ileft-hand-side of (13), we obtain:
Dot Th skt PUsikl + D ey T%/T,s;kaT,s;kl = 0, where (1y,s:k1, dU,sik1) and (Ty 7 g, PvT sik1)

$Note that this procedure only works if g7 M g belongs to g, which is the case the examples we consider.
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Figure 2: Overview of empirical observations with more details in Appendix G, H, and 1. (a) In
a two-layer neural network, the convergence rate depends on the conserved quantity (). (b) The
distribution of the eigenvalues of the Hessian at the minimum is related to the value of @Q). (c) The
ensemble created by group actions has similar loss values when ¢ is small. (d) The ensemble model
improves robustness against fast gradient sign method attacks.

are the 2D polar coordinates of the points (Us, Us;) and (VX , VI'). This is analogous to the “angu-

lar momentum” in 2D, that is: x A & = r2¢. Intuitively, Theorem 5.2 implies that in every 2D plane
(k,1), the angular momenta of the rows of U and the columns of V' sum to zero. These results also
apply to linear networks F'(xz) = UV, since rotational symmetries are linear.

6 APPLICATIONS

We present a set of experiments aimed at assessing the utility of the nonlinear group action and
conserved quantities’. A summary of the results are shown in Figure 2. We show that the value of
conserved quantities can impact convergence rate and generalizability. We also find the nonlinear
action to be viable for ensemble building to improve robustness under certain adversarial attacks.

Exploration of the minimum. While () is often unbounded, common initialization methods such
as ( , ) limit the values of () to a small range (Appendix F). As a result, only a
small part of the minimum is reachable by the models. Symmetries allow us to explore portions of
flat minima that gradient descent rarely reaches.

Convergence rate and generalizability. Conserved quantities are by definition unchanged during
gradient flows. By relating the values of conserved quantities to convergence rate and model gen-
eralizability, we have access to properties of the trajectory and the final model before the gradient
flow starts. This knowledge allows us to choose good conserved quantity values at initialization.
In Appendix G, we derive the relation between () and convergence rate for two example optimiza-
tion problems, and provide numerical evidence that initializing parameters with certain conserved
quantity values accelerates convergence. In Appendix H, we derive the relation between conserved
quantities and sharpness of minima in a simple two-layer network, and show empirically that @
values affect the eigenvalues of the Hessian (and possibly generalizability) in larger networks.

Ensemble models. Applying the nonlinear group action allows us to obtain an ensemble without any
retraining or searching. We show that even with stochasticity in the data, the loss is approximately
unchanged under the group action. The ensemble has the potential to improve robustness under
adversarial attacks (Appendix I).

7 DISCUSSION

In this paper, we present a general framework of equivariance and introduce a new class of nonlinear,
data-dependent symmetries of neural network parameter spaces. These symmetries give rise to
conserved quantities in gradient flows, with important implications in improving optimization and
robustness of neural networks. While our work sheds new light onto the link between symmetries
and group, it contains several limitations, which merit further investigation. First, we have not been
able to determine conserved quantities in the radial rescaling case, only a differential equation that
gradient flow curves must satisfy. Second, one major contribution of this paper is the non-linear
group action of Section 4. However, our formulation only gurantees full GLj, equivariance for batch
size k = 1. In future work, we plan to explore more consequences and variations of this non-linear
group action, with the hope of generalizing to greater batch size. Finally, in many cases, parameter
space symmetries lead to model compression: i.e., finding a lower-dimension space of parameters
with the same expressivity of the original space.

Our code is available at ht tps: //github.com/Rose-STL-Lab/Gradient—Flow-Symmetry.
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A ADDITIONAL RELATED WORKS

Mode connectivity / flat regions / ensembles In neural networks, the optima of the loss functions
are connected by curves or volumes, on which the loss is almost constant (Freeman & Bruna, 2017;
Garipov et al., 2018; Draxler et al., 2018; Benton et al., 2021; [zmailov et al., 2018). In these works,
various algorithms have been proposed to find these low-cost curves, which provides a low-cost
way to create an ensemble of models from a single trained model. Other related works include
linear mode connectivity (Frankle et al., 2020), using mode connectivity for loss landscape analysis
(Gotmare et al., 2018), and studying flat region by removing symmetry (Pittorino et al., 2022).

Sharpness of minima and generalization Recent theory and empirical studies suggest that sharp
minimum do not generalize well (Hochreiter & Schmidhuber, 1997; Keskar et al., 2017; Petzka et al.,
2021). Explicitly searching for flat minimum has been shown to improve generalization bounds and
model performance (Chaudhari et al., 2017; Foret et al., 2020; Kim et al., 2022). The sharpness of
minimum can be defined using the largest loss value in the neighborhood of a minima (Keskar et al.,
2017; Foret et al., 2020; Kim et al., 2022), visualization of the change in loss under perturbation with
various magnitudes on weights (Izmailov et al., 2018), singularity of Hessian (Sagun et al., 2017),
or the volume of the basin that contains the minimum (approximated by Radon measure (Zhou
et al., 2020) or product of the eigenvalues of the Hessian (Wu et al., 2017)). Under most of these
metrics, however, equivalent models can be built to have minimum with different sharpness but same
generalization ability (Dinh et al., 2017). Applications include explaining the good generalization of
SGD by examining asymmetric minimum (He et al., 2019), and new pruning algorithms that search
for minimizers close to flat regions (Chao et al., 2020).
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Parameter space symmetry and optimization While sets of parameter values related by the
symmetries produce the same output, the gradients at these points are different, resulting in different
learning dynamics ( , ; , ). This insight leads to a number of
new advances in optimization. ( ) and ( ) propose optimization
algorithms that are invariant to symmetry transformations on parameters. ( ) and

( ) apply loss-invariant transformations on parameters to improve the magnitude of
gradients, and consequently the convergence speed.

The structures encoded in known symmetries have also led to new optimization methods and insights
of the loss landscape. ( ) improves the convergence speed when optimizing
in the direction of weakly broken symmetry. ( ) discusses how symmetry helps in
obtaining global minimizers for a class of nonconvex problems. The potential relevance of continu-
ous symmetries in optimization problems was also discussed in ( ), which also
provides an overview of Lie groups.

B RELATION TO NOETHER’S THEOREM

We will now show how the approach in ( ) relates to our conservation law
dQ/dt = <0, M0> = 0. Assuming a small time-step 7 < 1, we can write GD as O(t+7) — 0(t) =

—EVL(6(t)). Expanding the Lh.s to second order in 7 and discarding O(73) terms defines the 2nd
order GF equation
de Td%0

2nd order GF: T + Sz = —eVL. (14)

Here ¢ = £/7. To use Noether’s theorem, the dynamics (i.e. GF) must be a variational (Euler-
Lagrange (EL)) equation derived from an “action” S(8) (objective function), which for (14) is the
time integral of Bregman Lagrangian ( , )L

0) = /dtL(O(t),é(t);t) - Ldtet/T 2 {6.56) o)) (15)

where 6 : R — Param is a trajectory (flow path) in Param, parametrized by ¢. The variational
EL equations find the paths v* which minimize the action, meaning 9.5, /97|~ = 0.

Noether’s theorem states that if M € g is a symmetry of the action S(0) (15) (not just the loss
L(0)), then the Noether current .J,, is conserved

9L _ .
Noether current:  Jy; = <M9, 89> =et/T <M9,5_10> =" Joum,

. . dJM _ t/T 1 dJOM

Conservation: T e [ Jonr + 7
( ) also derived the Noether current (16), but concludes that because L(8, 0) #
L(0), the symmetries are “broken” and therefore doesn’t derive conserved charges for the types of
symmetries we discussed above. However, while ( ) focuses on 2nd order GF,
we note that our conserved () were derived for first order GF, which is found from the 7 — 0 limit
of 2nd oder GF. In this limit L — ¢*/7 £ and thus symmetries of L also becomes symmetries of L.

When 7 — 0, 2nd order GF reduces to e 10 = —V L the conserved charge goes to
lim Joar = (Me, VL) = Joar(0) lim e=*/7 =0, (17)
T7—0 T7—0

:| =0, = JOM(t) = JOMe_t/T (16)

which means that we recover the invariance under infinitesimal action (6). In fact, for linear sym-
metries and symmetric M € g, Jop = dQas/dt = 0.

C NEURAL NETWORKS: LINEAR GROUP ACTIONS

In this appendix, we provide an extended discussion of the topics of Section 3, including full proofs
of all results. Specifically, after some technical background material on Jacobians and differen-
tials, we specify our conventions for neural network parameter space symmetries. In contrast to the
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discussion of the main text, we (1) assume that neural networks have biases, and (2) focus on the
multi-layer case rather than just the two-layer case. We then turn our attention to group actions of the
parameter space that leave the loss invariant, and the resulting infinitesimal symmetries. The groups
we consider are all subgroups of a large group of change-of-basis transformations of the hidden
feature spaces; we call this group the ‘hidden symmetry group’. We also compute the dimensions
of generic extended flat minima in various relevant examples. Finally, we explore consequences of
invariant group actions for conserved quantities.

C.1 JACOBIANS AND DIFFERENTIALS

In this section, we summarize background material on Jacobians and differentials. We adopt notation
and conventions from differential geometry. Let U C R"™ be an open subset of Euclidean space R,
and let F' : U — R™ be a differentiable function. Let Fy,..., F,, : U — R be the components
of F, so that F(u) = (Fi(u),..., Fpn(u)). The Jacobian of F, also know as differential of F', at
u € U is the following matrix of partial derivatives evaluated at u:

), gl e g8
dFu: 11. u :nz. u Ty U
|, =l o 5=,

The differential dF’, defines a linear map from R"™ to R™, that is, an element of R™*". Observe that
if F itself is linear, then, as matrices, dF,, = F for all points u € U. If G : R™ — RP is another
differentiable map, then the chain rule implies that, for all w € R™, we have:

d(G o F)u = dGF(u) o dFu.

In the special case the m = 1, the differential is a 1 X n row vector, and the gradient V, F of F at
u € R"™ is defined as the transpose of the Jacobian dF},:

T OF orF | 1T OF | \"
_ _ or _ n
VUF - (dFu) - [811 |u e Oxy, u] - <8$ ) €R
tlu/ =1
C.2 NEURAL NETWORK PARAMETER SPACES
Consider a neural network with L layers, input dimension ny = n, output dimension ny, = m, and
hidden dimensions given by n1,...,nr_1. For convenience, we group the dimensions into a tuple

n = (ng,nq,...,nr). The parameter space is given by:
Param(n) = RMLXML-1 5 RPL-IXPL=2 5o RT2ZXPL o R7IXT0 5 R x R™E-1 x -+ x R™L.

We write an element therein as a pair @ = (W,b) of tuples W = (Wg,...,W;) and b =
(b, ...,b1), so that W; is a n; X n;_; matrix and b; is a vector in R for¢ = 1,..., L. When
n is clear from context, we write simply Param for the parameter space. Fix a piecewise differ-
entiable function o; : R™ — R™ for each i« = 1,..., L. The activations can be pointwise (as is
conventionally the case), but are not necessarily so. The feedforward function

F=Fg:R" 5 R"

corresponding to parameters 8 = (W,b) € Param with activations o; is defined in the usual
recursive way. To be explicit, we define the partial feedforward function Fy ; = F; : R™ — R" to
be the map taking z € R" to o;(W; F;_1(x) + b;), fori = 1,..., L, with Fy = idgno. Then the
feedforward function is F' = F,. The “loss function” £ of our model is defined as:

L : Param x Data — R, L0, (x,y)) = Cost(y, Fo(z)). (18)

where Data = R™ x R™ is the space of data (i.e., possible training data pairs), and Cost :
R™z x R™> — Ris a differentiable cost function, such as mean square error or cross-entropy. Many,
if not most, of our results involve properties of the loss function £ that hold for any training data.
Hence, unless specified otherwise, we take a fixed batch of training data {(z;,y;)}%_, C Data, and
consider the loss to be a function of the parameters only.
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The above constructions generalize to multiple samples. Specifically, instead of z € R™ and
y € R, one has matrices X € R™** and Y € R":** whose columns are the k samples.
Additionally, one uses the Frobenius norm of ny x k matrices to compute the loss function. The
1-th partial feedforward function is Fp ; : R™0 xk _y R %k and we have the feedforward function
Fy : Roxk 5 Rme Xk (We use the same notation as in the case k = 1; the number of samples will
be understood from context.)

Example C.1. Consider the case L = 2 with no biases and no output activation. The dimension
vector is (ng,n1,n2) = (n,h,m), so the parameter space is Param(n, h,m) = R"*" x R™*",
Taking the mean square error cost function, the loss function for data (X, Y) € R™*F x R™* takes
the form £(0, (X,Y)) = %HY —Uo(VX)|? where @ = (W5, W) = (U,V) € Param.

C.3 ACTION OF CONTINUOUS GROUPS AND INFINITESIMAL SYMMETRIES

Let G be a group. An action of G on the parameter space Param is a function - : G x Param —
Param, written as g - 0, that satisfies the unit and multiplication axioms of the group, meaning
I -0 = 6 where I is the identity of G, and g1 - (g2 - 0) = (g1g2) - 0 for all g1, g2 € G. Recall that
we say an action G X Param — Param is a symmetry of Param with respect to £ if it leaves
the loss function invariant, that is:

L(g-0)=L(0), V0 € Param, g€ G (19)

The groups within the scope of this paper are all matrix Lie groups, which are topologically closed
subgroups G C GL,, (R) of the general linear group of invertible n X n real matrices. Any smooth
action of such a group induces an action of the infinitesimal generators of the group, i.e., elements
of its Lie algebra. Concretely, let g = Lie(G) = TG be the Lie algebra, which can be thought of
as a certain subspace of matrices in gl,, = R™*", or (equivalently) as the tangent space'’. at the
identity I of G. For every matrix M € g, we have an exponential map exp,, : R — G defined as

k
expyr(t) = D pep (“]\j!) . Given an action of G' on Param, the infinitesimal action of M € gisa

vector field M:

— d
Infinitesimal action of M vector field: Mg := T (expy(t) - 0), V0 € Param. (20)
t—0
Hence, the value of the vector field M at the parameter value 6 is given by the derivative at zero
of the function ¢t — (exp,;(t) - ). In the case of a parameter space symmetry, the invariance
of L translates into the orthogonality condition in Proposition 3.4, where the inner product {,) :
ParamxParam — R is calculated by contracting all indices, e.g. (A, B) = ka Aijk... Bijk....
Proof of Proposition 3.4. The fradient is the transpose of the Jacobian (see Section C.1), so the

left-hand-side becomes dLg (£ |0 (expy(t) - 0)). We compute:

d d d
dLe | — t)-0))=—| L t)-0)=—| L(8)=0
o (G| ontn-0)) = F| Llexnu(t-0) = | ci0)
where the first equality follows by the chain rule, the second equality uses the invariance of £, and
the third equality follows since £(8) does not depend on ¢. O

Next, we comment on the case of a linear action. Observe that the parameter space is a vector
space of dimension d = dim(Param) = Zle n;(1 + n;—1). Hence, there is an isomorphism
Param ~ R? which flattens any tuple & = (W, b) into a vector in R?. We can identify the group
GL(Param) of all invertible linear transformations of the parameter space with the group GL4(R)
of invertible d x d matrices, and the Lie algebra of GL(Param) with gl, = R%*?, Suppose G acts
linearly on the parameter space. Then we can identify!' G with a subgroup of GL(Param), acting
on Param with matrix multiplication. Similarly, we can identify the Lie algebra g of G with a Lie
subalgebra of gl, = R%*<. 1In this case, the infinitesimal action is given by matrix multiplication:
Mg = M - 0. We recover Equation (6).

'"Hence, elements of the Lie algebra are ‘velocities” at the identity of G. More precisely, for every Lie
algebra element &, there is a path v¢ : (—¢, €) — G whose value at 0 is the identity of G and whose derivative
(i.e., velocity) at zero is €.

""Modding out by the kernel, if necessary.
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C.4 THE HIDDEN SYMMETRY GROUP

Consider a neural network with L layers and dimensions n. The hidden symmetry group correspond-
ing to dimensions n is defined as the following product of general linear groups:

Gthiddeu = Gan1 X ---x GL

nr—1i

An element is a tuple of invertible matrices g = (g1,...,9r—1), where g; € GL,,,. Consider the
action of the hidden symmetry group on the parameter space given by

GL e © Param(n) g-(W,b) = (giWigf_ll , gibi)iLzl . (21)

where go = id,,, and g;, = id,,, . This action amounts to changing the basis at each hidden feature
space. The Lie algebra of GLjniaen is

Blypicaen = gl X ---x gl
and the infinitesimal action of the tuple M € gl e is given by:
gl pier O Param(n) M- (W, b) — (M;W; — WiM,;_ , Mib))l,
where we set My and M7, to be the zero matrices.

Example C.2. In the case L = 2, with dimension vector n = (n, h, m) and no biases. The hidden
symmetry group is GL;, with Lie algebra gl;. The action of the group and the infinitesimal action
of the Lie algebra are given by:

GL;, © Param(n, h,m) = R"*" x R™*" g-(V,U) = (gV, Ug_l)

al, © Param(n, h,m) = R x R™*h M- (V,U)=(MV,-UM)

C.5 LINEAR SYMMETRIES

Consider a feedforward fully-connected neural network with widths n = (nyg,...,nr), so that the

parameters space consists of tuples of weights and biases 8 = (W; € R™*"i-1 p, R”i)le. For
each hidden layer 0 < ¢ < L, let G; be a subgroup of GL,,, and let ; : G; — GL,,(R) be
a representation (in many cases, we take m;(¢g) = g). Hence the product G = G; X Gp_ is a
subgroup of the hidden symmetry group GL niwen. Define an action of G on Param via

Vg=(g1,...,9.) € G, g- Wi =gWimi_1(g;) g-bi=gb;  (22)

where go and gy, are the identity matrices id,,, and id,,, , respectively. This is a version of the action
defined in (21), with the addition of the twists resulting from the representations ;.

We now consider the resulting infinitesimal action. For each ¢, the representation 7; induces a
Lie algebra representation d(7;) : g; — gl,,. The infinitesimal action of the Lie algebra g =
g1 X --- x gr, induced by 22 is given by:

VM = (Mi,...,My)eg, M- -W;=MW;—Wid(mi—1)(M;—1) M -b;=Mb; (23)

The proof of the first part of the following Proposition proceeds by induction, where the key com-
putation is that of from (4). The second part relies on (6).

Proposition C.1. Suppose that, for eachi = 1,..., L, the activation o; intertwines the two actions
of Gy, that is, 0;(g;2;) = m;(g:)o(2;) for all g; € Gy, z; € R™. Then:

1. (Combined equivariance of activations) The action of G = G1 X -+ - X G, defined in 22 is
a symmetry of the parameter space.

2. (Infinitesimal equivariant action) The action of ¢ = g1 X --- X g1, defined in 23 satisfies
(VoL,M -0) forall @ € Param and all M € g.

Proof. Letg = (gi)fgll € G, sothat g; € G; C GL,,,. As usual, set go = idy, and g1, = id,,, .
Also set 7y and 7y, to be the identity maps on GL,, and GL,,, , respectively. Fix parameters 0
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and an input value z € R™. We show by induction that the following relation between the partial
feedforward functions holds:

Fg0.i(z) = mi(9:)(Fo,i(7))
fori = 0,..., L. The base step is trivial. For the induction step, we use the recursive definition of
the partial feedforward functions:

Foo4(x) = Uz‘(giWiWFl(gﬁll)Fg-o,z'q(l“) + g:b;)
= 0i(gi(Wimi—1(g; 1 )mi-1(gi—1)Foi-1(x) + b;)
= 7;(9:)0s(WiFg i—1(x) + b;) = m;(g:) Fo,i ()

Hence 6 and g - 6 define the same feedforward function. Since the loss function depends on the
parameters only through the feedforward function, the first claim follows. The second claim is a
consequence of Proposition 3.4. O

Note that two-layer case of the above result amounts to (4) (the argument can be simplified in that
case). While Proposition C.1 is stated for feedforward networks, it can easily be adopted to more
general settings, such as networks with skip connections and quiver neural networks. Denoting the
Jacobian of ; : R™ — R™ at z € R™ by d(0;), € R™*™, the infinitesimal form of version of
0i(g9z) = mi(g)oi(2) is

When the activation is pointwise, we have Mz © ol(z) = d(m);(M)o;(z), where © denotes ele-
mentwise multiplication. We now illustrate Proposition C.1 through examples in the two-layer case
with input dimension 7, hidden dimension h, hidden activation ¢, and output dimension m.

Example C.3. Linear networks For linear networks, we have o(x) = x. One can take 7(g) = ¢
and G = GL,(R).

Example C.4. Homogeneous activations Suppose the activation o : R" — R" is homogeneous,
so that (1) o is applied pointwise in the standard basis, and (2) t there exists & > 0 such that
o(cz) = c®o(z) forall ¢ € Ry and z € R". These o are equivariant under the positive scaling
group G C GLj, consisting of diagonal matrices with positive diagonal entries. For g € GG, we have

g = diag(c) is a diagonal matrix with ¢ = (c1,...,cp) € R2. For z = (z1,...,2,) € R", we
have 0(g2) = 32, 0(cjz;) = 32, ¢fo(zj) = g%o(z). Hence, the equivariance condition holds with

m(g) = ¢g%. Since dn(M) = aM for any element M of the Lie algebra g of G, the infinitesimal
version of rescaling invariance of homogeneous o becomes Mz ® ¢/(z) = aMo(z).

Example C.5. LeakyReLU This is a special case of homoegeneous activation, defined as o(z) =
max(z,0) — smin(z,0), with s € Rsg. We have « = 1, and w(g) = ¢. Since o(z) = zo'(2),
infinitesimal equivariance becomes Mz ® o/(z) = Mo (z).

Example C.6. Radial rescaling activations A less trivial example of continuous symmetries is the
case of a radial rescaling activation ( , ) where for 2 € R\ {0}, o(2) = f(||z]))z
for some function f : R — R. Radial rescaling activations are equivariant under rotations of the
input: for any orthogonal transformation g € O(h) (that is, g7 g = I) we have o(gz) = go(z) for
all z € R". Indeed, o(92) = f(llgz|)(92) = g(f(||z]|)2) = go(z), where we use the fact that
llgz|| = 27 g% gz = 272 = ||z|| for g € O(h). Hence, (4) is satisfied with 7(g) = g.

C.6 LINEAR SYMMETRIES LEAD TO EXTENDED, FLAT MINIMA

In this section, we show that, in the case of a linear group action, applying the action of any element
of the group to a local minimum yields another local minimum. This fact is a corollary of a more
general result; in order to describe it and remove ambiguity, we include the following clarifications.
Let G be a matrix Lie group acting as a linear symmetry. Fix a basis (01, .. .,0,4) of the parameter
space. The gradient VoL of the loss £ at a point & € Param in the parameter space as another
vector in Param ~ R?, whose i-th coordinate is the partial derivative % ‘ - Hence, it makes sense

to apply the group action to the gradient: g - Vo£. We regard vectors in Param ~ R? as column
vectors with d rows. Thus, the transpose of any vector is a row vector with d columns. In the case
of the gradient, its transpose at @ matches the Jacobian dLge € R'*? of L (see Appendix C.1), that

is: dCo = (VoL)T. Alternative notation for the Jacobian is dLe, = % | 00’ where we now use 6
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as a dummy variable and 8y € Param as a specific value. As noted above, we are interested in
matrix Lie groups G C GL4(R) = GL(Param), and assume that the matrix transpose g7 belongs
to G for any g € G. These assumptions hold in all examples of interest. We have the following
reformulation of Proposition 3.2:

Proposition C.2. Suppose the action of G on the parameter space is linear and leaves the loss
invariant. Then the gradients of L at any 0y and g - 0y are related as follows:

g" Ve, L=Ve, L Vg€G, V0 c Param (25)
If 0* is a critical point (resp. local minimum) of L, then so is g - 6*.
Sketch of proof. Let Ty : Param — Param be the transformation corresponding to g € G. The
the Jacobian dLg, is given by:

oL
dﬁgo == %

_ O0(LoTy)
o 00

_oc
T

aT,

o, 00 |, — oo T

6o

where we use the definition of the Jacobian, the invariance of the loss (£ o Ty = L), the chain rule,
and the linearity of the action. The result follows from applying T+ on the right to both sides, and
taking transposes (see Appendix C.1). The last statement follows from the invariance of £ under the
action of G, and the fact that V- £ = 0 at a critical point 8* of L. O

We conclude that, if 6* is a critical point, then the set {g - 0 | ¢ € G} belongs to the critical
locus. This set is known as the orbir of 6 under the action of G, and is isomorphic to the quotient
G /Stabg(0), where Stabg(0) = {g € G | g - 0 = 0} is the stabilizer subgroup of 0 in G. In the
case of a linear action, the orbit is a smooth manifold. While the results above imply that the critical
locus is a union of G-orbits, they do not imply, in general, that the critical locus is a single G-orbit.
They also do not rule out the case that the stabilizer is a somewhat ‘large’ subgroup of G, in which
case the orbit would have low dimension. However, in many cases, there is a topologically dense
subset of parameter values @ € Param whose orbits all have the same dimension. We call such an
orbit a ‘generic’ orbit. We now turn our attention to examples of two-layer networks where such a
generic orbit exists.

C.6.1 FLAT DIRECTIONS IN THE TWO-LAYER CASE

Recall that the parameter space of a two-layer network is Param = R™*" x R"*" where the
dimension vector is (m, h, n), and we write elements as (U, V). The action of GL, is g - (U, V) =
(Ug=1,gV). Let Param® C Param be the subset of pairs (U, V') where each of U and V' have
full rank. This is an open dense subset of Param, and is preserved by the GLj-action.

Proposition C.3. The GLj,-orbit of each element of Param® has dimension

dim(Orbit) = h? — max(0, h — n) max(0, h — m).

Proof. Fix (U, V) € Param®. Suppose h < n, so that h? — max(0, h — n) max(0, h — m) = h.
Then V' € R"*™ defines a surjective linear map, so has a right inverse V1 € R"*" If g € GL,,
belongs to the stabilizer of (U, V), then we have gV = V. Applying V! on the right to both sides,
we obtain g = idy. Thus, the stabilizer of (U, V) is trivial, and the orbit has dimension equal to the
dimension of the group, namely k2. The case h < m is similar.

Now suppose h > max(n,m). In this case, h? — max(0, h —n) max(0, h —m) = h(n+m) —nm.
Set Uy = [id,, 0] € R™*" and Vjy = l%"] € R"*"_ g0 that the last h — m rows of Uy are zero,

and the last h — n columns of Vj are zero. Then, by the rank assumption, there exists g; € GLp
such that Ug; = Uy, and there exists go € GLj, such that g5 v = V. Without loss of generality,
we can take g, and g5 such that det(g;) > 0 and det(g2) > 0. Thus, both g; and go belong to the
component of the identity in GLj,.

Next, consider the action of G = GLj, on full rank matrices in R™*" and R"*" individually. We
have that Stabg(U) = g1Stabg(Up)g; * and Stabg (V) = goStabg(Vo)gs *. The stabilizer in
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GLy, of the pair (U, V) € Param® can be written as:

Stabg(U,V) ={g € G|Ug ' =Uand gV =V} (26)
= Stabg(U) N Stabg (V) (27)
= (glstabg(UO)gfl) N (QQStabG(‘/())gz_l) (28)

Since ¢g; and g» belong to the connected component of the identity, the dimension of
(g1Stabe (Uo)g; H) N (g2Stabg (Vo) g, *) is equal to the dimension'? of Stabe(Up) N Stabg (Vp).
Hence we reduce the problem to computing the dimension of Stab (Up) N Stabg (Vo).

To this end, observe that a matrix g belongs to Stabg (Up) (resp. Stabg (Vp)) if and only if is of the

form:
id,, 0 id, *
o= O resp 9= ' F])

where the lower left x € R(=")%™ and the lower right * € GLj_,, (resp. upper right x €
R™* (=) and lower right * € GLj,_,,) are arbitrary. If m > n, taking the intersection amounts to
considering matrices of the form:
idy, 0 0
g=10 idy—p O

0 * *

where the rows and columns are divided according to the partition h = n + (m — n) + (h — m). If
m > n, taking the intersection amounts to considering matrices of the form:

id,,, 0 0
g=| 0 id,_, *
0 0 *

where the rows and columns are divided according to & = m + (n—m)+ (h—n). In both cases, the
dimension of the intersection is (h — n)(h —m) = h? — hn — hm + nm. We obtain the dimension
of the orbit as: h? — (h — n)(h — m) = h(n +m) — nm. O

Recall that the symmetry group for homogenous activations is the coordinate-wise positive rescaling
subgroup of GLj, consisting of diagonal matrices with positive entries along the diagonal. We
denote this subgroup as T’ (k). Similarly, the symmetry group for radial rescaling activation is the
orthogonal group O(h). For linear networks, the activation is the identity function, so the symmetry
group is all of GLy,.

Corollary C.4. The orbit of a point in Param® under the appropriate symmetry group is given by:

Type of activation Symmetry group Dimension of generic orbit
Linear GL, h? — max(0, h — n) max(0, h — m)
Homogeneous Ty (h) min(h, max(n,m))
h .
. . if h < max(n,m
Radial rescaling O(h) { E%; B (h—max(m,n)) heries ( )
2 2

Proof. Adopt the notation of the proof of the above Proposition. The stabilizer in 7' (h) of (Up, Vo)
is the intersection of the stabilizer in GLy, of (Uy, V) and T (h). This intersection is easily seen
to have dimension max(0, h» — max(n,m)). Subtracting this from dim (7" (h)) = h, we obtain
the result for the homogeneous case. For the orthogonal case, the stabilizer in O(h) of (Uy, Vp) is
the intersection of the stabilizer in GLj, of (Up, V) and O(h). This intersection has dimension 0
if h < max(n,m) and ("~™2*™™) otherwise. Subtracting from dim(O(h)) = (%), we obtain the
result for the radial rescaling case.

"ZExplicitly, fix a continuous path +; : [0, 1] such that v;(0) is the identity in G and ;(1) = g;, fori = 1, 2.
The dimension of (y1 (¢)Staba (U )1 (t) ™) N (2(t)Stabe (Vo)y2(t) 1) is constant along this path.
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C.7 CONSERVED QUANTITIES

We now turn our attention to gradient flow and conserved quantities. In this section, we give a
formal definition of a conserved quantity. Let )V = R? be the standard vector space of dimension d.
Suppose L : V — R is a differentiable function. Let Flow; : ¥V — V be the flow for time ¢ along
the reverse gradient vector field, so that:

% ) [t — Flow:(v)] = =V,L

Note that Flowq is the identity on V, and, for any s, ¢, the composition of Flow, and Flow; is
Flow, . We will write v(t) for Flow(v), so that 9(s) = =V, L. A conserved quantity is a
function @ : V — R that satisfies either of the following equivalent conditions:

1. For any ¢, we have Q(v(t)) = Q(v).

2. Let Q(v) = % |O[t — Q(v(t))] be the derivative of @ along the flow. Then Q = 0.

3. The gradients of @) and L are point-wise orthogonal, that is, (V,Q,V,L) = 0 for all
v E V.

The equivalence of (1) and (2) are immediate. To show the equivalence of the third and second
statements, let v € V and compute:

d d
<VUQ7 vv£> = dQv(O) oV,L= dQv(O) o a U(t) = % (Q o ’U(t)) )
0

where we use the definition of the flow in the second equality, and the chain rule in the third.

We note that, if f : R — R is any function, and @ is a conserved quantity, the f o () is also a con-
served quantity. Additionally, any linear combination of conserved quantities is again a conserved
quantity. Let Conserv(V, L) denote the vector space of conserved quantities for the gradient flow
of L : V — R. For any v € V, there a map:

V, : Conserv(V, L) — T,V = R%, Q+— V,Q
taking a conserved quantity to the value of its gradient at v. By the above discussion, the map V,, is

valued in the kernel of the differential d_L,.

C.8 CONSERVED QUANTITIES FROM A GROUP ACTION

Let G be a subgroup of the general linear group GL4(R). Thus, there is a linear action of G on
V = R%. Suppose the function L is invariant for the action of G, that is,

L(g-v) = L(v) YveV Vged.

Let g = Lie(G) be the Lie algebra of G, which is a Lie subalgebra of gl; = R%*?. The infinitesimal
actionof gon V is given by g x V' — V, taking (M, v) to Mv.

Proposition C.5. Let L : V — R be a G-invariant function, and let M € g.
1. Foranyv €V, the gradient of L and the infinitesimal action of M are orthogonal:
(V,L, Mv) = 0.
2. Suppose v : (a,b) — V is a gradient flow curve for L. Then:

)" MAy(t)=0  Vte (a,b)

3. Suppose MT belongs to g. Then the function
Qr V= R, v = vl Mo

is a conserved quantity for the gradient flow of L.
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Proof. For the first claim, observe that the invariance of L implies that the left diagram commutes:

G inc Rdxd evy Rd g dincy Rdxd d(eVac)idd Rd
| ] 8
{v} R 0 R

L

where inc : G — R%*4 is the inclusion (which passes through the inclusion of G in to GL4(R)),
ev, : R¥*4 — R4 be the evaluation map at v, and the left vertical map is the constant map at {v}.
Indeed, the clockwise composition is g — L(gv), which is equal to the constant map at g — L(v).
The chain rule implies that taking Jacobians at the identity 1 of G results in the commutative diagram
on the right. where g is the Lie algebra of G, identified with the tangent space of G at the identity;
the tangent space of the vector space R? at v is canonically identified with R%; and the the zero
appears because the tangent space of a single point is zero. The derivative of the inclusion map is
the inclusion g < gl, = R?*<, while the derivative the evaluation map is itself as it is a linear map.
Hence, for M € g, we have:

0 =dL, o d(evy)ia, o dincy (M) = dL, o evy(M) = dL,(Mv) = (V, L, Mv).

The first claim follows. The second claim is consequence of the first claim, together with the defini-
tion of a gradient flow curve. For the third claim, we take the derivative of the composition of Q) s
with a gradient flow curve :

& (@u o) = (GO (M + M)y (1)
(50, (M + M7y (1)
= (Vs L (M + M)y (1)
_<V'y(t)L? Mﬁ}/(t» - <V’Y(t)L’ MT’Y(t»

Both terms in the last expression are constantly zero by the second claim. Hence @), is constant on
any gradient flow curve, and so it is a conserved quantity. O

We summarize some of the results and constructions of this section diagrammatically. Let g®¥™
denote the vector space of symmetric matrices in g (this is not a Lie subalgebra in general). Observe
that g N g7 is the set of all M € g such that M7 € g. Let Infing(V, L) denote the vector space of
infinitesimal-action conserved quantities for the gradient flow of the G-invariant function L : V —
T
gng

R. We have:
WM

Infing(V, L) —— Conserv(V, L)

gsym
where the map gNg” — g*¥™ takes M to its symmetric part 5 (M + MT), while the map g¥™ —
g N g7 is the natural inclusion. We note that g N g7 is the Lie algebra of the group G N GT, while
g®™ is in general not a Lie algebra. By definition, the vector space Infing(V, L) is the image of the
map M — Qs defined on g N g”'. It is straightforward to verify the following result:

Corollary C.6. The map M — Q) establishes an isomorphism of vector spaces: g™ —
Infing(V, L).

As discussed in Section 3.2, applying a symmetry g to a minimum 8* of £ yields another minimum
g-0*. Using flattened 8 € R it is easy to show that acting with g changes some Q,,(0) = 87 M 6.
Letg = exp, (t) = I +tM’, with M’ € gand 0 < n < 1be a g € G close to identity. We have

Ori(g-6) = Qus + 67 (M’TM + MM’) 0 + O(%). Thus, whenever M'T M + MM’ # 0,

applying g changes the value of ;. Therefore, Q5 can be used to parameterize the flat minima.
However, for anti-symmetric M, we could not find nonzero () explicitly.
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C.8.1 ANTI-SYMMETRIC CASE

Suppose M € g is anti-symmetric, so M = —M7. Let v : (a,b) — R% be a gradient flow curve.

Write + in coordinates as ¥ = (71, ..., 7q). Proposition C.5 implies that (¥(t))” M~ = 0. Hence
we have:

. 4 .
0= mij (v — %idy) = >_ mij; (fsj) = mir}bi;

i<j i<j v i<j

where 7;; = r;;(t) is equal to \/7;(t)? —~,(t)? and 6;; = 6,;(t) is the angle between the i-th
coordinate axis and the ray from the origin to the projection of ~y(¢) to the (4, j)-plane. One verifies
the last equality using the definition of ,; in terms of the arctangent of the quotient 7, /7. We see
that (r;;(t), 0;;(t)) are the polar coordinates for the point (7;(t),v;(t)) € R2.

0 a

Cased =2. Then M = [
—a 0

} for some nonzero a € R, and so:

0 = 4T M~y = a’y ()ya(t) — ayi (t)3a(t) = ar(t)?6(t)

where 7(t) and 0(t) are polar coordinates. Setting the final expression equal to zero, we obtain that
6(t) is constant along any flow line ~y(¢) that begins away from the origin.

0 a b
Cased =3. Then M = [—a 0 c] for some a, b, ¢ € R, and so:
-b —c O

0= "yTM'y = ar%zélg + bri,ﬁ.lg + cr§3923

C.9 EXAMPLES OF CONSERVED QUANTITIES FOR NEURAL NETWORKS

We now compute conserved quantities for gradient flow on neural network parameter spaces in the
case of linear, homogeneous, and radial networks. In each case, we state results first in the for a
general multi-layer network, and then for the running example of a two-layer network. Throughout,
® denotes the Hadamard product of matrices, defined by entrywise multiplication. We also set
7(M) to be the sum of all entries in a matrix M. We note that, for square matrices M and N of the
same size, 7(M ® N) = Tr(M™ N), which is the same as the inner product of the flattened versions
of M and N.

The notation for the running example of a two-layer network is as follows. We set the input and
output dimensions both equal to one, hidden dimension equal to two, and no bias vectors. The
hidden layer activation is o : R? — R2. The parameter space is Param = R?*! x R1*2, with

elements written as a pair of matrices: (U, V) = ([u1 us], [Zj ) The hidden symmetry group
is GLo, with action given by:

GL3(R) x Param — Param, (9,U.V)—=g-(UV)=(Ug ' gV).

The Lie algebra gl, of GL2(RR) consists of all two-by-two matrices.

C.9.1 CONSERVED QUANTITIES FOR LINEAR NETWORKS

Suppose a neural network with L layers has the identity activation o; = id,, in each layer, so that
the resulting network is linear. Then it is straightforward to verify that the networks with parameters
g (W,b) and (W, b) have the same feedforward function. Consequently, the loss is invariant for
the group action: its value the original and transformed parameters is the same for any choice of
training data. (As we will see below, for more sophisticated activations, one needs to restrict to a
subgroup of the hidden symmetry group to achieve such invariance.)
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Suppose M € gl niwen is such that M; € gl is symmetric for each i. The conserved quantity
implied by Proposition C.5 is:

L-1

Qm(W,b) = > (r(W; © MiWy) + 7(bi © Myb;) — 7(Wig1 © Wig1 M)
i=1
L—1
=Y Tr (WiW +bib] — W, Wipn) M)

i=1
We examine these conserved quantities in the following convenient basis for the space of symmetric
matrices in gl wwe. For j = 1,..., Land {k,¢} C {1,...,n;}, set:

{E(”J) ith=¢

I
5 ( (n5) +E(”J)) ifk 7& Vi

{k.e} "~

where E,EZJ ) is the elementary n; x n; matrix with the entry in the k-th row and ¢-th column equal
to one, and all other entries equal to zero. Then one computes:

nj_1

Quip, (W.b) = b6 + 3 widw Zw”l w )
’ t=1

In other words, we take the sum of the following three terms: the product of the k-th and /-th entries
of the bias vector b;, the dot product of the k-th and ¢-th rows of W}, and the dot product of the k-th
and /-th columns of W;_ ;. In particular, we see that every entry of the matrix

ui(wv b) Wi WT +bi bT z+1W1+1 € g[nL

is a conserved quantity valued in gl,,. rather than in R. Additionally, we have a moment map:

Q : Param — g[;k]hidden, (W, b) —

-1
M = Z<Mi(wab)aMi>]

i=1
C.9.2 CONSERVED QUANTITIES FOR LINEAR NETWORKS: TWO-LAYER CASE

In the two layer case of a linear network, we have that that the single hidden activation is the identity:
o = idy : R? — R2. The hidden symmetry group is GL with Lie algebra all of gl,. The space of
symmetric matrices in gl, is spanned by the matrices:

1 0 0 0 0 1
By = |:0 0:| s Es |:0 1:| s and E(1,2) = |:1 0:| .

The corresponding conserved quantities are:
Qe (Uv V) = ’U% - U% QEas (Uv V) = U% - ’LL% QE(l,z) (Uv V) = U102 — ULU2

Thus, we obtain a three-dimensional space of conserved quantities. (Since GLy also contains the
orthogonal group O(2), Equation 29 below holds along any gradient flow curve.)

C.9.3 CONSERVED QUANTITIES FOR RELU NETWORKS

The pointwise ReLU activation commutes with positive rescaling, so we consider the subgroup of
the hidden symmetry group consisting of tuples of diagonal matrices with positive diagonal entries,
that is:

G = {g € GLytiwn | g; = Diag(sq,...,8n,), s; >0}
This subgroup, also known as the positive coordinate-wise rescaling subgroup, is isomorphic to

the product (IR{>0)ZZL Smi Tts Lie algebra is spanned by the elements E,(fjk) defined above, for
j=1,...,L—1and k = 1 .,n;. The conserved quantity implied by Proposition C.5 is:

QW) = (1) + Y (uld)’ = 3 (w4’
t=1 r=1

In other words, we take the sum of the following three terms: the square of the k-th entry of the bias
vector b;, the norm of the k-th row of W;, and the norm of the £-th column of W ;.
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C.9.4 CONSERVED QUANTITIES FOR RELU NETWORKS: TWO-LAYER CASE

In the two-layer case, the positive rescaling group is:

G = { [901 902} € GL3(R) | g1 and go are positive.}

The Lie algebra of G is the two-dimensional space of diagonal matrices in gl, (with not necessarily

positive diagonal entries). In other words, g is spanned by the matrices F1; = [(1) 8} and Eyy =

0 0 o .
[0 1} . One computes the conserved quantities corresponding to these elements as:

QE11(U7 V) = U% - u% QEzz (U7 V) = Ug - ug

Hence there is a two-dimensional space of conserved quantities coming from the infinitesimal action.

C.9.5 CONSERVED ANGULAR MOMENTUM FOR RADIAL RESCALING NETWORKS

Suppose each o; is a radial rescaling activation o;(z) = \;(|z])z, where A; : R — R is the rescal-
ing factor. Each such activation commutes with orthogonal transformations, so we consider the
subgroup of the hidden symmetry group consisting of tuples of orthogonal matrices:

G= {g € GL ,pidden

The Lie algebra of this subgroup consists only of anti-symmetric matrices, and so there are no
infinitesimal-action conserved quantities. However, given an anti-symmetric matrix M; € gl,,  for
each 7, any gradient flow curve satisfies the following differential equation (encoding conservation
of angular momentum):

gigl = id,,, for all i}

-1
Z (T(Wl O M;W;) + 7(b; © M;b) — 7(Wigq © Wi+1Mi)) =0
i=1

(cf. Section C.8.1). An equivalent way to write this equation is:
L—1
ST (Wl -+ bibT + W Wi ) M;) =0
i=1

Indeed, one uses the facts that 7(4 ® B) = Tr(AT B), Tr(AT) = Tr(A), and Tr(AB) = Tr(BA),
for any two matrices A, B of the appropriate size in each case. Using a basis of anti-symmetric
matrices, one can show that the matrix

Vi(W7 b) = WZWZT — WZWZT + blb;‘F — blb? + WZ;IWZ‘JA — WgeriJrl S g[m

is equal to zero: v;(W,b) = 0. Note that v; depends on taking derivatives with respect to the
flow. In fact, v; is more properly formulated as a function on the tangent bundle 7'(Param) of
Param, which is then evaluated on the gradient flow vector field. Similarly, we have a moment
map T'(Param) — gl} e, and the gradient flow vector field is contained in the preimage of zero.
We omit the details.

A basis for the space of anti-symmetric matrices in gl nen 1S given by:

() . png) (nj)
Eilo=Ey” — Ey,

where j =1,...,L—1,and k,¢ € {1,...,n,;} satisfy k < £. The differential equation correspond-
ing to E,(jg)g is given by:

nj—1 nj41

ng;k,eebj;k,f + Z T%Vj;ks,e(s@Wj;ks,fs + Z 7’12/V]+1;rk,reew7+1;rk,ré =0
t=1 r=1
where (’I"bj;kg, 0;)].; k,¢) are the polar coordinates of the image of b; under the projection R — R?
which selects only the k-th and ¢-th coordinates. Similarly, for any pair matrix entries we have
a projection R™*"i-1 — R? and can take the polar coordinates of the image of W; under this
projection.
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C.9.6 CONSERVED ANGULAR MOMENTUM FOR RADIAL RESCALING NETWORKS:
TWO-LAYER CASE

In the two-layer radial rescaling case, suppose the dimension vector is (n, h, m), and that there are
no bias vectors. For U € R™*" V' € R"*™ and M € so(h), we have:

<0’,M : 0> - <(U,V), (—UM, MV)> = _Te(UTUM) + Te(VTMV)
=Te(VVTM) - e (MTUTU) = Te(VVT M) + Te(MUTT)
= Te(VVTM) + Te(UTUM) = Tr [(va + UTU) M}

Hence we obtain the differential equation:

Te [ (VU7 + UTO) M| =0

In the case where (n, h, m) = (1,2, 1), we have the two by two orthogonal group:
G=0(2)={g€GL(R) | g"g = id}

The Lie algebra of G consists of anti-symmetric matrices in gl,, and contains no non-zero symmetric
matrices. Hence, we do not obtain any conserved quantities from the infinitesimal action in this case.

. 1 . . . . .
However, using the element [_01 0] € g, we obtain that the following differential equation holds
along any gradient flow curve:

130y + 120y =0 (29)

where (17, 0y7) are the polar coordinates of (ug,us) € R?, and similarly for (ry, 8y ). Note that the
left-hand side of Equation 29 is a function of ¢; so if v : (a,b) — V is a gradient flow curve, then a

more precise version of the equation is (17 o) (£) - (6 o) (£) + (1% 07) () - (Bv o) (t) =0
for all ¢.

C.10 JACOBIANS: SPECIAL CASES

We conclude this appendix with a side remark on special cases of the Jacobian formalism.

Manifolds. Suppose M and N are smooth manifolds, and suppose F' : M — N is a smooth map.
The differential of F' at m € M is a linear map between the tangent spaces:

dFm : TmM — TF(m)N

The map dF,, is computed in local coordinate charts as the Jacobian of partial derivatives. If G :
N — L is another smooth map, then the chain rule becomes d(G o F),, = dG F(m) © dFy,, for any
m e M.

Matrix case. Suppose L : R"™*"™ — R is a differentiable function. In this case, we regard the
Jacobian at W' € R™*"™ as an n X m matrix:

oL oL :))
Ow11 Owa1 Owm1
w w w
oL oL L oL
ow ow OWm
dLw = 2w 2w lw | e RMXn
oL dL ... _aL
Owin Owan, OWmn
L w w wd
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where w;; are the matrix coordinates. If /' : R — R"*" is a differentiable function, we regard its
Jacobian at s € R as a m X n matrix:

dFy, dFys ARy,
dt dt dt
s s s
dFyp; dFss . dFysy,
dt dt dt
dFt = s s s S Rnxm
dFma dF 2 dFmn
dt dt dt
L s s 5

where I; : R — R are the coordinates of . Then the chain rule becomes:

LoF §:§:<aw”

=1 j=1

dF;,
e dt

) = Tr(dLF(s) . dFs)

In other words, the derivative of the composition L o F' at s € R is the trace of the product of the
matrices dL ;) € R™*"™ and dFs € R™*".

D NEURAL NETWORKS: NON-LINEAR ACTIONS GROUP ACTIONS

In this section, we consider a non-linear action of the hidden symmetry group on the parameter
space. This action has the advantage that exists for a wider variety of activation functions (such
as the usual sigmoid, which has no linear equivariance properties), and that it is defined for the
full general linear group. However, in constrast to the linear action, the non-linear action is data-
dependent: the transformation of the weights and biases depends on the input data.

D.1 ROTATIONS

We first define certain orthogonal matrices.

Definition D.1. For any tuple of real numbers 3 = (1, ..., By), define an (n+1) x (n+ 1) matrix
R(B3) as follows:

cos(Bj-1) (T sin(Be) ) cos(B;)  if j <
(R(B))i; = | —sin(B:) ifj=i+1
0 ifj>i+1
where, by convention, we set By = P11 = 0.

For example, when n = 1, 2, we have:

Csin cos(f1) —sin(f1) 0
r = (5o ] m = [ conthun( g
sin(f1) sin(B2) cos(B1)sin(fB2)  cos(f2)

Lemma D.2. For any tuple of real numbers 8 = (01, ..., Bn), we have:

1 375, cos *(8:) Hk 1 Sin *(Br) + [Tizs sin®(B) = 1
2. The matrix R(B) is orthogonal.

Sketch of proof. The first identity follows from a straightforward induction argument, while the
proof of the second claim amounts to a computation that invokes the identity of the first claim. [

Proposition D.3. There is a continuous map R : R" \ {0} — GLy, written z — R, such that:

1. For any z € R"\ {0}, the first column of R, is z. Hence R.e; = z, where e; =
(1,0, ...,0) is the first basis vector.
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2. The operator norm of R, is | R, || = |z|.

3. If |z| = 1, then R, is an orthogonal matrix.

Proof. Let z € R" \ {0}, and let (1,1, ..., 1) be the (reverse) h-spherical coordinates of 2.
Hence, » = |z| is the norm of z and the i-th coordinate of z is z; = r (Hz;ll sin(ak)> cos(a;),
where «, = 0 by convention. Now set R, = |z|R(aq,...,a,-1). Using Lemma D.2, one con-

cludes that R, is invertible with inverse #Rz, so that R, has operator norm is |z| and R, is
orthogonal if |z| = 1. It is also clear that the first column of R, is equal to z. O

‘We note the the matrix in D.1 has a form similar, but not identical, to the Jacobian matrix for the
transformation to n-spherical coordinates. Euler angles provide another way to construct a map
R\ {0} — GLj, the same properties as in Proposition D.3.

D.2 NON-LINEAR ACTION: TWO-LAYER CASE

Consider a two-layer network with dimension vector (m, h,n), no bias vectors, and no output acti-
vation. The parameter space is Param = R™*" x R"*"_ Define the non-degenerate locus as:

(Param x R")® = {(U,V,2) € R™*" x R"*" x R™ | Vi # 0}

Let F' : Param x R” — R™ be the extended feedforward function, taking (U, V, z) to F| wv)(r) =
Uo(Vz). We now state and prove a more general version of Theorem 4.1.

Theorem D.4. Suppose o(z) # 0 for all nonzero z € R \ {0}.

1. There is an action:
GLj, x (Param x R")° — (Param x R")°

g- (Ua V,Z') = (URJ(Vx)R;(lgvx) , gV, l’)

2. Suppose, in addition, that o(0) # 0, so that o is nonzero on all of R". There is an action:
GLp x (Param x R") — (Param x R")
—1
g- (U, va) = (URU(Vw)RU(sz) , 9V, ‘r)

In both cases, the extended feedforward function is invariant for this action, that is: F (g -

(U,V,z)) = F(U,V,z).

Proof. We first verify that the action is well-defined. In the second case, o(gVx) # 0 for all
(U,V,z) and hence R,(4v,) is defined and invertible for any g € GLj,. For the first case, let
(U, V,x) be in the non-degenerate locus. The non-degeneracy condition Vx # 0 guarantees that
gV # O0forall g € GLy,. The hypothesis on o in turn implies that R, (414 is defined and invertible
for any g € GLj,. Hence the action is well-defined in both cases.

To check the unit axiom, observe that, when g = 1id; is the identity of GLj,, we have
RU(VI)R;(lgVI) = RU(VI)R;(le) =idy, and gV = V. It follows thatid - (U, V,z) = (U, V, z). To
check the multiplication axiom, let g1, go € GLj,. Then:

(Ro'(glgz’l))R;(lgzv)> (Ra(gzv)R;(lv)) = RU(gngU)R;(lv)'

It follows that g1 - (g2 - (U, V, x)) = (9192) - (U, V, z). For the last claim, we compute:

F(g' (U7 M:C)) = F(URU(Vm)R;(lgVI)agvax) = URJ(Vm)R;(lng)U(gVI')
= URO‘(VI)el = UJ(V:C)

where the first equalit~y follows from the definition of the action; the second from the extended
feedforward function F'; and the third and fourth follow from Proposition D.3. O
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From the proof, we see that a key property of the matrices R, is that:
Ro(g2) R, ()0 (2) = 0(g2) (30)

This can be interpreted as a data-dependent generalization of the equivariance condition appearing
in Equation (4). We emphasize that a sufficient condition for the existence of such an action is that
o(z) is nonzero for any nonzero z € R”; this is the case for usual sigmoid, hyperbolic tangent, leaky
ReLU, and many other activations.

Finally, we remark on a differential-geometric interpretation of the construction of this section. One
can regard o as a section of the trivial bundle on R” \ {0} with fiber R*. The map z Rg(gz)R;(lz)

defines a GLj,-equivariant structure on this bundle such that ¢ is an equivariant section. Indeed, the
action of GLy, on the total space (R \ {0}) x R" is given by g - (z,a) = (g2, Rg(gz)R;(lz)a), and

the equivariance of ¢ is precisely the condition RU(QZ)R;(lz)cr(z) =o(gz).

D.3 NON-LINEAR ACTION: MULTI-LAYER CASE

We adopt the notation of Section C.2. In particular, consider a neural network with L layers and
widths n = (ng,n1,...,nr). The parameter space is given by:

Param(n) = R"EXME-1 ¢ RME-1XPL=2 50 RTP2XM ¢ R™MX70 ¢ RPE x R™E-1 % - - - X R™.

So for each layer 4, we have a matrix W; € R™ *"i-1 and vector b; € R™. We write = (W;,b;)% ;
for a choice of parameters. Fix activations o; : R™ — R™ foreacht=1,..., L. Let

F=Fy:R"™ 5 R™

be the feedforward function corresponding to parameters 8 = (W, b) € Param with activations
o;. Taking the parameters into account, we form the extended feedforward function:

F : Param x R™ — R, F(0,2) = Fo(x)

One can also define the extension of the partial feedforward function F; : Param x R" — R™ as
(0,2) — Fp (x). Furthermore, let Z; : Param x R™ — R™ be the function defined recursively

as:
T ifi =0
Wiai_l(Zi_l(B,m))+bi fOfiZQ,...,L
We have F;, = ; 0 Z; fori = 1,..., L, and the extended feedforward function is F =o0p075.

Define the non-degenerate locus as:
(Param x R")° = {(0,2) | Z;(0,z) #0fori =1,...,L —1}.

Proposition D.5. Suppose that, for i = 1,...,L — 1, the activation o; : R" — R™ satisfies
o, 1(0) C {0}. Then there is an action of the hidden symmetry group GLypaen on the non-degenerate
locus given by:

GL piceen X (Param x R™)° — (Param x R™)°

L—1
_ - -1 b
g-(0,z) = <(giWiRFi1(07$)R0i(gi1zi1(0,I)) ) gzbz). L 37)

i=
Moreover, this action preserves the extended feedforward function.

Proof. The fact that the action is well-defined follows from the assumption on each o; and the non-
degeneracy condition. The unit and multiplication axioms are shown in the same way as in the proof

of Theorem D.4. For the last claim, one first verifies by induction that Z;(g - (0,x)) = ¢;Z;(0, x)
fort =0,1,..., L. Hence,

F(g-6,2) =0r(ZL(g- (6,2))) = o(91Z1(6,2)) = 01(ZL(6,2)) = F(8.z)

using the fact that gy, is the identity. So the extended feedforward function is preserved under this
action. O
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D.4 DISCUSSION: INCREASING THE BATCH SIZE

In this section, we discuss difficulties in adopting the construction of the previous sections to cases
where the batch size is greater than one. Fix a batch size k, so that the feature space of the hidden
layer is R"**_ By abuse notation, we write o : R"*¥ — R"*¥ for the map applying o column-wise.
We say that o preserves full rank matrices if o(Z) is full rank for any full-rank matrix in Z € R?*¥.

As a final piece of notation, let (th k) ° C R"*k pe the subset of full rank matrices.

Lemma D.6. Suppose that k < h, and that o preserves full-rank matrices. Then there exists a map
¢ : GLy x (R"*\ {0}) — GLy, satisfying the following identities for any nonzero Z € R"** and
9,91, 92 € GLp:

C(idh, Z) = idh (31)
c(91,92Z)c(g2, Z) = c(g192, Z) (32)
clg, Z)o(Z) = 0(92) (33)

We omit a proof of this lemma. A key tool is the fact that, for £ < h, any two matrices in (Rh”)o
are related by an element of GLj. This lemma implies that, for a multi-layer network, if o; preserves
full rank matrices in R™ ** for each i, then there is a non-linear group action as in Proposition D.5,
where the appropriate version of the non-degenerate locus is:

(Param x R"™**)° = {(0, X) | Zi(8, X) € R"** is of full rank fori = 1,..., L — 1}.

However, as the following examples show, the condition that o preserves full rank matrices is not
satisfied in the case of common activation functions.

Example D.1.

1. For k > 1, the column-wise application of the usual sigmoid activation does not preserve
full rank matrices. For example, for k = 2, take:

g _fo7t(z) o7} % _[-1.3863 —0.4055
ot (d) o1 (3)] T |-04055 13863

Then det(c(Z)) = 0 while det(Z) = —2.0862.

2. For k > 1, the column-wise application of hyperbolic tangent does not preserve full rank
matrices. To see this, set k¥ = 1 and consider:

tanh " (1) tanh™' (2)] _ [0.2027 0.4236
"~ [tanh™' (2) tanh™' (2)]

) 0.4236 1.0986

Then det(tanh(Z)) = 0 while det(Z) = 0.0432.

—~
Gtk

3. Let s be a real number with 0 < s < 1. The corresponding leaky ReLU activation function
is given by o(2) = szmin(0, z) + z max(0, z). For k > 1, the column-wise application of
leaky ReLU tangent does not preserve full rank matrices. Indeed, for k = 2, set:

2[5 7]

i _SSD = 0 while det(Z) = s2 — 1 # 0.

Then det(o(Z)) = det ([

Finally, in the case k > h, the action of GLy, on full rank h x k matrices is not transitive. Hence,
there will generally be no matrix in GL;, taking o(Z) to o(gZ), even if both are full rank.
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D.5 LIPSCHTIZ BOUNDS

Proof of Proposition 4.2. Let (U, V, z) be in the non-degenerate locus, let g € GLy, and let 1, 25 €
R™. Using the Lipschitz constant of o and the definition of operator norms, we compute:

[FG ) (@1 = 22)| < |URo(va) By Ly o (gV (1 — 22))|
< 77||U||HRa(w)||HR_(W)IIHQHHVHIM — o]

=nlUlle(Va)ll ———m

LA

The result follows. O

(V)] Ry vy llgllIV [[lax — 2

E GRADIENT DESCENT AND DRIFTING CONSERVED QUANTITIES

While gradient flows are well approximated by gradient descent ( , ), the
conserved quantities of gradient descent are no longer conserved in gradient flow due to non-
infinitesimal time steps. However, with small learning rate, we expect the change in the conserved
quantities to be small. In this section, we first prove that the change of @ is bounded by the square
of learning rate for two layer linear networks, then show empirically that the change () is small for
nonlinear networks.

E.1 CHANGE IN (Q IN GRADIENT DESCENT (LINEAR LAYERS)

Proposition E.1. Consider the two layer linear network, where U € R™*" V' € R'*™ gre the only
parameters, and the loss function L is a function of UV. In gradient descent with learning rate 1,
the change in the conserved quantity () = Tr [U Ty — VVT] at step t is bounded by

d
Qi1 — Qi < 1P ﬁ(t)‘ . 34

dt

Proof. Let U, and V; be the value of U and V" at time ¢ in a gradient descent. The update rule is

oL oL
U1 =U; — 77%7 Vigr =V — HW (35)
Consider the two layer linear reparametrization W = UV
Q=T [U/ U, = ViV ]
Qt+1 =Tr [UEHUHl - ‘/;5+1Vt£J (36)
Substituting in Uy and Vi1, expanding Q¢4 1, and subtracting by ()¢, we have
ac\" oL aL\" oL
—Qi=Tr | ) = -0 v ) U —nUl ==
Q1 — Q¢ r ln <3Ut> au, " (8Ut> T
L0L (oL a,c L
— V Vi 37
Note that
ac\" Ty - ac\"
— — 38
and similarly
oL oL
'— = —~yT. 39
Lou, T oV, ! (39)
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Therefore, (37) simplifies to
et — O = oc\" oL oL (oc\T
TR ou,) U, oV, \ oV,

) oc\" oc ac\" oc
=n"|Tr || =+ — | =
ou; ) 0U; ovy ) 0oV,
and the variation of Q in each step is bounded by the convergence rate:

oc\" oc oc\" oc
oU, oU, aVy aVy

> ; (40)

|Qt1 — Q| = n* |Tr

T T
<ol [ (22 oL oc\" oL
ou, ) U, v, ) oV,
_ 2 |de
=T 41
O

E.2 EMPIRICAL OBSERVATIONS

In gradient flow, the conserved quantity () is constant by definition. In gradient descent, () varies
with time. In order to see how applicable our theoretical results are in gradient descent, we investi-
gate the amount of variation in () in gradient descent using two-layer neural networks.

Since @Q is the difference between the two terms f1(U) = Tr[UTU] and fo(V) =
g o Vai g ;,((GE) we normalize @ by the initial value of f1(U) and f2(V), i.e

1 a 0(1)
STUTU) = 5, [0 de

| Tr UTUO | + ’Z ‘“ dx U/((‘/L;))

Q=

and denote the amount of change in Q as
AQ(t) = Q(t) — Q(0) (42)
We run gradient descent on two-layer networks with whitened input with the following objective
argming  {L(U, V) = |[Y = Uo(VT)[|7} 43)

where o is the identity function, ReLU, sigmoid, or tanh. ¥ € R3*10 [J € R5%50 gpnd V' € R10%50
have random Gaussian initialization with zero mean. We repeat the gradient descent with learning
rate 0.1, 0.01, and 0.001.

The variation AQ(t) and loss is shown in Fig.3. The amount of change in @) is small relative
to the magnitude of f1(U) and f>(V), indicating that conserved quantities in gradient flow are

approximately conserved in gradient descent. The error in () grows with step size, as AQ(t) is
larger with the largest learning rate we used, although it has the same magnitude as those of smaller
learning rates. We also observe that () stays constant after loss converges.

F DISTRIBUTION OF () UNDER XAVIER INITIALIZATION

We first consider a linear two-layer neural network UV X, where U € R™*" V ¢ R!*" and
X € R™*_We choose the following form of the conserved quantity:

Q= %Tr[UTU -vvT]. (44)
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Figure 3: Dynamics of conserved quantities in GD. The amount of change in () is small relative to
its magnitude, and () converges when loss converges.

Xavier initialization keeps the variance of each layer’s output the same as the variance of the input.
Under Xavier initialization (Glorot & Bengio, 2010), each element in a given layer is initialized
independently, with mean 0 and variance equal to the inverse of the layer’s input dimension:

1 1
Uyj =N (0, h) Vij =N (07 n) (45)
The expected value of @ is
EQ] =Var(U;;) xm x h+Var(V;;) x h x n=m — h. (46)

Figure 4 shows the distribution of () for 2-layer linear NN with different layer dimensions. For each
dimension tuples (m, h, n), we constructed 1000 sets of parameters using Xavier initialization. The
centers of the distributions of ) match Eq. (46).
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Figure 4: Distribution of ) for 2-layer linear NN with different layer dimensions.

Next, we consider the nonlinear two-layer neural network Uc(V X), where 0 : R — R is an
element-wise activation function. For simplicity, we assume whitened input (X = I). We choose
the following form of the conserved quantity:

1 T Vai  o(x)
Q=;TUTU] - az;/o dx (47)

o' (x)

Figure 5 shows the distribution of () for 2-layer linear NN with different nonlinearities, each with
1000 sets of parameters created under Xavier initialization. The shapes of the distributions are
similar to that of linear networks. The value of () is usually concentrated around a small range of
values. Since the range of () is unbounded, the Xavier initialization limits the model to a small part
of the global minimum.

G CONSERVED QUANTITY AND CONVERGENCE RATE

The values of conserved quantities are unchanged throughout the gradient flow. Since the conserved
quantities parameterize trajectories, initializing parameters with certain conserved quantity values
accelerates convergence. For two-layer linear reparametrization, Tarmoun et al. (2021) derived the
explicit relation between layer imbalance and convergence rate. We derive the relation between
conserved quantities and convergence rate for two example optimization problems and provide nu-
merical evidence that initializing parameters with optimal conserved quantity values accelerates
convergence.
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Figure 5: Distribution of () for 2-layer linear NN with different nonlinearities, with parameter di-
mensions m = h = n = 100.

G.1 EXAMPLE 1: ELLIPSE

We first show that the convergence rate is related to the conserved quantity in a toy optimization
problem. Consider the following loss function with a € R:

L(w,ws) = w% + awg

VL = (2w, 2aws) (48)
Assuming gradient flow,
dw; dws
7 Vu, £ w1 7 Vo, £ aws 49)
Then w1, we are governed by the following differential equations:
wy (t) = wy, e wo(t) = wo,e 2% (50)

where w1, wa, are initial values of w; and w». We can find conserved quantities by using an ansatz
Q = f(wiw) and solving VQ - VL = 0 for i, k. Below we use the following form of conserved
quantity:

2a 2a
wi w7y

Q=—%=— (51)
) w3,

To show the effect of () on the convergence rate, we fix L(0) and derive how Q affects L(¢). Let
L(0) = wi +aw3, = Lo. Let wy, continue to be an independent variable. Then w? = Lo —aw3, .
Substitute in w3 , the loss at time ¢ is
L(t) = w1 (t)? + aws(t)* = (Lo — aw3, e + aw3 e~ (52)
and () becomes
wi® (Lo — aw3 )"

Q= = (53)

2 2
’LU20 w20

The derivative of L in the direction of () is

_dL(t) dwy,  dL(t) ( dQ )1

d’w20

DL(t) = dws, dQ  dws,

= (—2G1U206_4t + 2aws, e I

—4at) <a(L0 - awgo)“’l(fQszo)wgo - 2w20 (LO - aw%Q)a)
Wy

0

0

(—2au1206_4’5 + 2aw206_4“t) wh
a(Lo — aw3 )*~ 1 (—2aws, )w3 — 2ws, (Lo — aw3 )®
_ Zawgo (6_4‘“ — e_4t) (54)
2ws, (Lo — aw%o)a*1 (fango — (Lo — aw%o))

In general, OgL(t) # 0, meaning that the loss at time ¢ depends on (). Since we have fixed the
initial loss, the convergence rate L(t) — L(0) also depends on (). Special cases where 0gL(t) = 0
include @ = 1 (circle), a = 0 (collapsed dimension), and certain initializations such as wg, = 0
(local maximum of gradient magnitude).
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G.2 EXAMPLE 2: RADIAL ACTIVATION FUNCTIONS

In this example, we find the conserved quantities and their relation with convergence rate for two-
layer reparametrization with radial activation functions under spectral initialization.

Define radial function g : R™*"™ — R™*" as

gW)ij = h(IWi]) Wij, (55)

1

where |W;| = (3, W3,)? is the norm of the i*" row of W, and h : R — R outputs a scalar.

Consider the following objective:
. 1
argming;  {L(U, V) = S [[Y = Ug(VT)[I7} (56)
with spectral initializations
Uy = ®Uo, Vo = ¥V,

where ®, U come from the singular value decomposition Y = ®Xy W', and Uy, V are random
diagonal matrices.

Proposition G.1. Under the gradient low U = —Vy L and V = —Vy L, the following quantity is
an invariant:

() 57)

1 Vii g
Q= iTr[UTU] — zl:/xo dmg’(az)

Proof. Since g is a radial function on rows and W7 is an orthogonal matrix, g(VT\IJT) = g(VT)\I/T.

With spectral initialization, the loss function can be reduced to only involving diagonal matrices:
1
L= v ~Ug(vT3

1 — —

= 5 onv” — 2Ug|(WV)]|I%
1 T 77 TN T |2

= Slesu’ - a7 )u" |
1 = =T

= sl (5= Tg(v")) 973
1 — =T

= 5IZ=Tg(V)I7 (58)

Since V is a diagonal matrix, g is now an element wise function on V. Let W = Ug(VT). The
gradients for U and V are

oL —

U = Vwﬁg(V)T

oL — —

5= Viw#L'U g (V) (59)

where ¢'(z) = dg(z)/dx is the derivative of the nonlinearity. Additionally, since £ does not depend
on ® and U,

oL oL
% 90 0 (60)
Since the rows of @, ¥ are orthogonal,
oL oL —
ov ~op® = VW)
oL 0L 1 o T e T
o = 5=V = (Ve T og (V) v (61)
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® and ¥ are not changed in gradient flow, so 99 _ aQ <I>T and 8Q ag U7, Define inner product

oUu —
on matrices as (X,Y) = Tr[XTY]. For Q to be a conserved quantlty, we need (VL,VQ) = 0:
0L 0Q oL 0Q
(VL,VQ) = <%7 %> + <W’ W>

ror 0Q 1 - aTTT Y va 0Q
= (ViLg(V)T® ch Y+ (Vi LTT o g (V) uT, avqj )
9 . a
= (VipLg(V)", 52) + (ViplTT 04 (7)), 52)
— Ty [aﬁTQchg(V)T +UTch(an@g’(V))} ~0 (62)

Following the same procedure as for elementwise functions, to have a () which satisfies (62) it is
sufficient to have

| 0Q
a1 Wy
For simplicity, let f(U, V) = 1. Then, (63) is satisfied by

Vii
Q=m0 -2 / Z (64)

O

/(V)aj = _f(U’ V)g(v)aj f(Ua V) eER (63)

( ) shows that the conserved quantity () appears as a term in the convergence
rate of the matrix factorization gradient flow. We observe a similar relationship between ) and
convergence rate when the loss function is augmented with a radial activation function, as shown in
the following proposition.

Proposition G.2. Consider the objective function and spectral initialization defined in Proposition
G.1. Let h(|Wi]) = |Wi|72, and X = Ug(VT) = ®Xx VL. Then, the eigencomponent of X
approaches the corresponding eigencomponent of Y at a rate of

1
6 = (of =o)X 17, (65)
where X = diag(Sx):, 0f = diag(Zy )i, and \; = U2 + V2 are conserved quantities.
Proof. Similar to ( ), components can be decoupled, and we have a set of differ-
ential equations on scalars:
u; = [Uz‘y —u;9(0i)]g(v;)
= dg(v;)
Y %
P = — Uy [ — 06
T = [0} ~ (@) G (66)
We also have
o dg dv; y — - (dg(vi) ?
Let 0 = u;g(7;). Then
67" = TUig(vi) + i §(vs)
- 2 o (dg(@)\?
Y 2 2 7
= lo} —u9(7; s , . 68
(o) —Tig(v1)] lg(v) +u1( o (68)

Since V is a diagonal matrix, g is now an element wise function on V. Specifically, g(v;) = %
According to Proposition G.1, the following quantity is invariant:

1 4 g(x) 1 4 / ot 15 1.,
—u; — [ d =-u; — [ de—— = -u; + -7; 69
5 Ui /x @) 5 Ui x — gt + 5T (69)

?
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Since any function of the invariant is also invariant, we will use the following form:

Q=T T+V'V, (70)
and define
i = Qi =T, +7; (71)
Using the g that we defined,
o =T;9(v;) = wv; . (72)

In order to relate o and @, we first write @; and T; as functions of O'Z-X ad @ using (71) and (72):

Nio X -
w2 = X;Tiﬂ = (73)
g;

Then, substitute @;, T;, g(7;), and % into (68), and we have

r 1 —2
Y X /\z AiU;X2 )\z
= [Uz — 0 ] 2 2 2
oX"+1 oX"+1 \ o " +1
= [o¥ - 0] -05(2+1+01'XQ(0;X2+1)
- 7 7 )\i )\z
[ x4 X2
o +207 41
— oY o] |
1, v X\ X2 2
= y(Uz‘ -0 )(o; 4+ 1) (74)

O

Proposition G.2 relates the rate of change in parameters ¢;* and the conserved quantity \;. To get a
more explicit expression of how \; affects convergence rate, we will derive a bound for |0} — o;%

which describes the distance between trainable parameters to their desired value.
Proposition G.3. The difference between the singular values of Ug(V™) and Y is bounded by

[}

o = oY | <107 (0) = o) | . 75)
Proof. Note that
a?‘z%(o%of)(afzﬂfz%(02@0?) (76)
Consider the following two differential equations, with same initialization a(0) = b(0):
a= %(0 —a)(a® +1)?
b= %(0 —b) (77)

In these equations, both ¢ and b moves from a(0) = b(0) to o monotonically. Since ¢ > b at
every a = b, a will always be closer to o than b does. We can explicitly solve for b, which yields
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t

b(t) = o + (b(0) — o)e™*. Then the distance between b and o is |b — 0| = |b(0) — o|e™%. Using
b — ol, we can bound |a — o|:

la— o < [b—o] = [b(0) — ol (78)

Therefore,
o — 0¥ | < |0 (0) — o) e (79)
O

Since A is a conserved quantity, its value set at initialization remains unchanged throughout the
gradient flow. Therefore, we are able to optimize the convergence rate by choosing a favorable value
for A at initialization. In this example, smaller \;’s lead to faster convergence.

G.3 EXPERIMENTS

We compare the convergence rate of two-layer networks initialized with different ) values. We run
gradient descent on two-layer networks with whitened input with the following objective

argming;  {L(U,V) = [[Y — Ua(V)|%} (80)

where o is the identity function, ReLU, sigmoid, or tanh. Matrices Y € R5*19 7 € R5%50 and
V € R19%50 have random Gaussian initialization with zero mean. We repeat the gradient descent
with learning rate 0.1, 0.01, and 0.001. The learning rate is set to 1073, as we do not observe
significant changes in the shape of learning curves at smaller learning rates. U and V' are initialized
with different variance, which leads to different initial values of ().
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Figure 6: Training curves of two-layer networks initialized with different (). The value of () affects
convergence rate.

As shown in Fig.6, the number of steps required for the loss curves to drop to near convergence
level is correlated with () in both linear and element-wise nonlinear networks. This result provides
empirical evidence that initializing parameters with optimal values for () accelerates convergence.

We then demonstrate the effect of conserved quantity values on the convergence rate of radial neural
networks. Fig.7 shows the training curve for loss function defined in Proposition G.2. We initialize
parameters U € R5%5 and V' € R9% with 4 different values of ) and the learning rate is set to
10~°. As predicted in Eq. 75, convergence is faster when Q = Tr[UTU + VTV] is small.

H CONSERVED QUANTITY AND GENERALIZATION ABILITY

Conserved quantities parameterize the minimum of neural networks and are related to the eigenval—
ues of the Hessian at minimum. Recent theory and emplrlcal studies suggest that sharp minimum
do not generalize well (

Explicitly searching for flat minimum has been shown to 1mprove generahzatlon bounds and model
performance ( s ). We derive their relation-
ship for the simplest two- 1ayer network and show emplrcally that conserved quantity values affect
sharpness. Like convergence rate, a systematic study of the relationship between conserved quantity
and generalization ability of the solution is an interesting future direction.
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Figure 7: Training curve for the loss function defined in Proposition G.2. Smaller value of Q@ =
Tr[UTU + VTV] at initialization leads to faster convergence.

Figure 8: Gradient flow for L(U,V) = 3||Y — UVX|? where U,V € R, Y = 2, and X = 1.
Trajectories corresponding to different values of () intersect the minima at different points.

H.1 EXAMPLE: TWO-LAYER LINEAR NETWORK WITH 1D PARAMETERS

We again consider the two-layer linear network with loss £ = 1||Y" — UV X||2. For simplicity, we
work with one dimensional parameters U, V' € R and assume X =Y = 1 in this example. We show
that at the point to which the gradient flow converges, the eigenvalues of the Hessian are related to
the value of the conserved quantity.

The gradients and Hessian of £ are

—(Y - UVX)VX] 24— [ V2ix? -YX + 2UVX2]

(Y —UVX)UX Y X 420V X2 U2X2 @1

ve— |

At the minima, U, V are related by UV X = Y. Recall that Q = U2 — V2 is a conserved quantity.
From the above two equations, we can write U, V' as functions of (). Taking the solution U =

VAQ+ V@A),V = /5(-Q +/Q% T 1) and substitute in X = Y = 1, we have

H — |:%(_Q + V Q2 + 4) 1 :l , (82)
1 5Q+ Q2+ 4)

and the eigenvalues of H are
A1 =0, A2 = 2v/Q? + 4. (83)

We have shown that () is related the eigenvalues of the Hessian at the minimum. Since the eigenval-
ues determines the curvature, () also determines the sharpness of the minimum, which is believed to
related to model’s generalization ability. The result in this example can also be observed in Figure
1, where the minimum of the ) = 0 trajectory lies at the least sharp point of the loss valley.
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H.2 EXPERIMENTS: TWO-LAYER NETWORKS

The goal of this section is to explore the relation between () and the sharpness of the trained model.
We measure sharpness by the magnitude of the eigenvalues of the Hessian, which are related to the
curvature at the minima. We use the same loss function (80) in Section G.3. The parameters are
U € R'0%50 and V' € R5*%30 each initialized with zero mean and various standard deviations that
lead to different Q’s. We first train the models using gradient descent. We then use the vectorized
parameters in the trained model to compute the eigenvalues of the Hessian.

The linear model extends the example in Section H.1 to higher dimension parameter spaces. 700 out
of the 750 eigenvalues are around 0 (with magnitude < 10*3), which verifies the dimension of the
minima in Proposition C.3. After removing the small eigenvalues, the center of the eigenvalue distri-
bution correlates positively with the value of ) (Figure 9(a)). In models with nonlinear activations,
@ is still related to eigenvalue distributions, although the relations seem to be more complicated.
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Figure 9: Eigenvalues of the Hessian from trained models initialized with different conserved quan-
tity values (). The distribution of the eigenvalues and the value of Q) appear to be related.

I ENSEMBLE MODELS

In neural networks, the optima of the loss functions are connected by curves or volumes, on which
the loss is almost constant ( ; ; ;

; , ). Vanous algorlthms have been proposed to find these low-
cost curves, wh1ch provides a low-cost way to create an ensemble of models from a single trained
model. Using our group actions, we propose a new way of constructing models with similar loss
values. We show that even with stochasticity in the data, the loss is approximately unchanged under
the group action (Appendix I). This provides an efficient alternative to build ensemble models, since
the transformation only requires random elements in the symmetry group, without any searching or
additional optimization.

We implement our group actions by modifying the activation function between two consecutive
layers. Let H = V X be the output of the previous layer. The group action on the weights U, V is

9-(U,V) = (Un(g,H),gV) (84)
where 7(g, H) = o(H)o(gH)'. The new activation implements the symmetry group action

Uo(H) = Un(g,H)o(gH) (85)
by wrapping the transformations around an activation function ¢’(x) = 7(g,z)o(gx), so that

Uo'(H)=Un(g,H)o(gH).

We test the group action on CIFAR-10. The model contains a convolution layer with kernel size
3, followed by a max pooling, a fully connected layer, a leaky ReLU activation, and another fully
connected layer. The group action is on the last two fully connected layers. After training a single
model, we create transformed models using g = I 4+ €M, where M &€ R32%32 is a random matrix
and ¢ controls the magnitude of movement in the parameter space. We then use the mode of the
transformed models’ prediction as the final output.

We compare the ensemble formed by group actions to four ensembles formed by various random
transformation. Let ¢ = I + ¢M. The random baselines are:

e ‘group’: (U, V) (Un(g,H),gV). This is the model created by group actions.
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g (UV) = (Ug™gV).

* ‘random’: (U,V) — (Ug’,gV), where ¢’ = I + eD and D is a random diagonal matrix.

 ‘shuffle’: (U, V) — (Un'(g,H), gV), where n’(g, H) is constructed by randomly shuf-
fling 7 (g, H).

I+5(+5)\ 7' I+5(+5) V)
I+e ? I+e ’

* ‘interpolated permute’ or ’perm_interp’: (U, V) (U(

where S € R32%32 is a random permutation matrix.

Figure 10 shows the accuracy of the ensembles compared to single models. The ensemble formed
by group actions preserves the model accuracy for small € and has smaller accuracy drop at larger €.
The ensemble model also improves robustness against Fast Gradient Signed Method (FGSM) attacks
(Figure 11). Under FGSM attacks with various strength, the ensemble model created using group
actions consistently performs better than the baselines with random transformations. However, the
same improvement is not observed under Projected Gradient Descent (PGD) attacks.
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Figure 10: Change in accuracy compared to the original single model when using the ensemble
model and 4 baselines. The red color indicates degradation in model performance. The ensemble
created by group actions has similar loss values when ¢ is small.
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Figure 11: Adversarial attacks on the original model and the ensemble models with various
strengths. In FGSM, the group ensemble model improves robustness. In PGD, the ensemble has
negligible effects on robustness.
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