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ABSTRACT

Despite the remarkable success of Vision Transformers (ViTs) across a wide range
of vision tasks, recent studies have revealed that they remain vulnerable to adver-
sarial examples, much like Convolutional Neural Networks (CNNs). A common
empirical defense strategy is adversarial training, yet the theoretical underpinnings
of its robustness in ViTs remain largely unexplored. In this work, we present the
first theoretical analysis of adversarial training under simplified ViT architectures.
We show that, when trained under a signal-to-noise ratio that satisfies a certain
condition and within a moderate perturbation budget, adversarial training enables
ViTs to achieve nearly zero robust training loss and robust generalization error
under certain regimes. Remarkably, this leads to strong generalization even in
the presence of overfitting, a phenomenon known as benign overfitting, previously
only observed in CNNs (with adversarial training). Experiments on both synthetic
and real-world datasets further validate our theoretical findings.

1 INTRODUCTION

Vision Transformers (ViTs) have emerged as a powerful alternative to convolutional neural networks
(CNNs) (Krizhevsky et al.,|2012) for a wide range of computer vision tasks, including image classi-
fication, object detection, semantic segmentation, and vision-language modeling (Dosovitskiy et al.,
2020; |[Liu et al.| 20215 Hu et al.,|2025a). Despite their strong performance, recent studies (Hu et al.,
2023 Shao et al., 20215 [Hu et al., 2025b; 2024) have revealed that ViTs, similar to CNNs, can still
be vulnerable to small, carefully crafted perturbations. These perturbations, referring to adversarial
examples (Szegedy et al.l 2013)), can often cause significant performance degradation.

A widely studied defense mechanism against such vulnerabilities is adversarial training (Goodfel-
low et al., 2014; [2016)), which augments the training process with adversarially perturbed samples
to improve model robustness. While adversarial training has proven effective in enhancing model
robustness, it is frequently accompanied by a noticeable degradation in generalization performance
on clean data (Raghunathan et al.} 2019; |Xu et al.,|2023)). Such a robustness-generalization trade-off
(Fu & Wang|, [2023; |[Zhang et al., [2021}; [Xiao et al., 2022)) has been extensively studied, raising the
question of whether it is possible to preserve robustness without sacrificing clean-data accuracy.

Benign Overfitting (Bartlett et al., [2020) refers to the phenomenon that overparameterized models
can interpolate the training data (achieving near-zero empirical risk) yet still generalize well. In
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the standard (non-adversarial) setting, this behavior has been studied across various model architec-
tures, including linear regression (Bartlett et al., [2020; [Zhou & Ge, |2023)), logistic regression Wang
et al.| (2021); (Cao et al.| (2021)), ridge regression (Tsigler & Bartlett, [2023)), kernel methods (Mei1
& Montanaril, 2022), and neural networks (Li et al. 2021} ICao et al.l [2022; [Kou et al., 2023} |[Fre1
et al., 2023} [Jiang et al., 2024; [Fre1 & Vardi,2024). In the adversarial setting, (Chen et al.[(2023)) pro-
vides the first theoretical analysis that benign overfitting can arise in adversarial training for linear
regression under sub-Gaussian mixture models. Subsequently,[Wang et al.|(2024) shows that adver-
sarial training can still generalize well in the presence of inference-time attacks for two-layer neural
networks under appropriate distributional assumptions. However, to the best of our knowledge, it
remains unclear whether analogous behavior occurs in more advanced architectures such as ViTs.

Compared with linear and two-layer models, analyzing ViTs poses distinctive challenges for analyz-
ing robust benign overfitting. Unlike CNNs or two-layer neural networks with activation functions
followed by a linear model, ViTs incorporate attention heads with query, key, and value projection
matrices, leading to substantially more complex training dynamics. The effect of perturbations on
attention heads differs significantly from their effect on linear layers or activation-plus-linear struc-
tures, and varying perturbation magnitudes can markedly influence the training dynamics of ViTs
(A more detailed discussion is provided in Section ). Thus, the benign overfitting behavior or its
conditions for ViTs may be significantly different from previous models.

To fill the gap, in this work, we provide the first comprehensive theoretical analysis of robust benign
overfitting for a simplified ViT model. Specifically,

1. We validate that benign overfitting can also arise in adversarially trained Vision Transform-
ers when the signal-to-noise ratio and the perturbation magnitude satisfy certain conditions,
similar to linear and two-layer neural network models. That is, the adversarially trained in-
terpolator attains near-zero robust training loss while maintaining small robust test error.

2. By analyzing the adversarial training dynamics of ViTs, we identify three key regimes:
1) Small perturbations yield trajectories close to clean training; 2) Moderate perturbations
cause the attention mechanism to fail, such that the ViT collapses to a linear model; 3)
Large perturbations lead to significant generalization error beyond benign overfitting. In
all cases, we provide explicit upper bounds on the clean and robust test error.

3. We empirically verify our theoretical findings on both synthetic data and real-world
data (MNIST, CIFAR-10, Tiny-ImageNet), demonstrating agreement between the derived
bound and observed conditions for the occurrence of benign overfitting.

2 RELATED WORK

Benign Overfitting. Benign overfitting refers to the phenomenon where a predictor perfectly fits
(interpolates) noisy training data yet still achieves strong generalization performance on unseen data.
Bartlett et al.| (2020) analyzed benign overfitting in linear regression with Gaussian noise, showing
that in high-dimensional (overparameterized) regimes, the excess risk of interpolation can be asymp-
totically optimal. Foundational studies have further established benign overfitting in various linear
settings, including regression, sparse regression, logistic regression, ridge regression, and kernel
methods (Belkin et al.| 2018} Bartlett et al., [2020; [Hastie et al.l 2022} |Ding et al.,|2024bja)). In neu-
ral networks, [Frei et al.[(2023)) studied benign overfitting in two-layer networks without relying on
the lazy training assumption in finite-width regimes. |Cao et al.| (2022); [Kou et al.| (2023) examined
benign overfitting in convolutional networks from a feature learning perspective. Recently, Jiang
et al.| (2024) investigated learning dynamics in Vision Transformers (ViTs), delineating the bound-
ary between benign and harmful overfitting. [Frei & Vardi|(2024])) also analyzed benign overfitting in
trained Transformer classifiers within in-context learning setups.

Benign Overfitting for Adversarial Training. (Chen et al. (2023) initiated the study of benign
overfitting under adversarial training in the context of linear classifiers with sub-Gaussian mixture
data, proving that under moderate perturbations, linear classifiers can achieve near-optimal standard
and adversarial risks. Building on this line of work, |Wang et al.| (2024) extended the analysis to two-
layer networks and demonstrated that, regardless of whether the activation function is smooth or non-
smooth, adversarial training can achieve near-optimal robust generalization error. In contrast, Hao &
Zhang|(2024) showed that under non-negligible noise, linear regression and NTK regression models
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tend to overfit the training data, yielding estimators with inflated Lipschitz norms and consequently
elevated adversarial risk. However, none of them considered and their conclusions do not hold for
transformer architectures.

Adversarial Robustness in Transformer. Adversarial training has been widely used to improve
Transformer robustness. For Vision Transformers (ViTs), Herrmann et al.|(2022) proposed Pyrami-
dAT, combining consistent dropout and stochastic depth to alleviate performance degradation, while
Wu et al.| (2022) reduced computational cost via attention-guided dropping of patch embeddings.
Gopal et al.| (2025) introduced SAFER, a layer-selective fine-tuning method with sharpness-aware
minimization to mitigate adversarial overfitting, and [Islam et al.| (2025) analyzed layer-wise per-
turbation propagation, proposing a neuron-level suppression mechanism. However, these works are
purely empirical and lack theoretical guarantees. Recent studies have begun to analyze robustness
from a theoretical perspective in linear Transformer in-context learning, showing that robustness
can be enhanced through adversarial training against hijacking attacks (Anwar et al.), short-suffix
training to defend long-suffix jailbreaks (Fu et al., [2025)), and multi-task adversarial pretraining
without downstream AT (Kumano et al. 2025). Yet, these analyses are restricted to the in-context
learning setting with linear Transformers, and theoretical guarantees for adversarial robustness in
general Transformer architectures remain an open problem.

3 PROBLEM SETUP

In this section, we introduce the necessary definitions and formally describe the Gradient Descent-
based Adversarial Training under the multi-patch data distribution and the two-layer Vision Trans-
former model.

Notations. For two sequences {x,, } and {y,, }, we write x,, = O(y,,) if there exist absolute constants
C > 0and N > 0 such that |z,| < Cly,| for all n > N. Similarly, we write z,, = Q(y,) if
Yn = O(zy). We say =, = O(y,) if both ,, = O(y,) and z,, = Q(y,). Moreover, z,, = 0o(y,)
if limy, o0 |2n/yn| = 0. Finally, we use O(+), §(+), and O(-) to denote the corresponding notations
with logarithmic factors suppressed.

Definition 1 (Data Generation Model). Let pu, u_ € R be fixed vectors representing the signals
contained in data points, where ||[,l,+u2 = ||u H2 = |||z and (g4, ) = 0. Then each data point
(X, y) with X = (x1,Xa, .. 4 and y € {—1,1} is generated from the following
distribution D:

(1) The label y is generated as a Rademacher random variable, i.e, P(y =1) =P(y = —1) = 5

(2) If y = 1then x1 is given as p, if y = —1 then X1 is given as p_, which represents signals.

(3) xa,... ,XM are given by notse vectors &, ... ,fM, generated i.i.d from the Gaussian distribu-
tion N'(0,07 - (I — Hipl lwlls? = pep! - ||pell5?)), which represent noises.

Our data generation model is motivated by the patch-level structure of real image data, where some
patches encode class-relevant signals (e.g. semantic information) while others capture irrelevant
noise (e.g. background artifacts). Similar constructions have been widely employed in the feature
learning literature to analyze the generalization behavior of overparameterized classifiers (Allen-Zhu
& L1,12020;|Cao et al | [2022; Jelassi & Lil [2022} |Kou et al.L 2023} Zou et al., 2023 Jiang et al.,[2024;
Han et al., [2024} |Ding et al., 2025). In our setup, the noise component £ is modeled as a Gaussian
variable, with its covariance structure designed to remain orthogonal to the signal component g,
ensuring that the data noise is independent of and unrelated to the feature.

Two-layer Transformer. Following the architecture introduced by Jiang et al.|(2024)), we consider a
simplified two-layer Transformer consisting of a self-attention layer followed by a fixed linear layer,
defined as the following, where § = (Wq, Wx, Wy/).

f(X,0) Z<p (x] WoW i X )XWy wo. (1)
M=
Here, ¢(-) : RM — RM denotes the softmax function; Wq, Wy € R4* and Wy, € R4*d

represent the query, key, and value matrices, respectively; and wo € R% represents the weight
vector of the linear layer. We use 6 to denote the collection of all the model weights. This model is
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Algorithm 1 Gradient Descent-based Adversarial Training

Require: Step size 7, perturbation budget per token 7, number of iterations 7', standard deviation
Ov,0h
Initialize network weights (Wg)ij, (W )i; ~ N(0,07), (WY,)ij ~ N(0,0%) iid.
fort=0,...,7T—1do
forn=1,...,Ndo
Generate adversarial example for input X,,:
X, ¢ argmaxg cpx ) C(ynf(Xn; Wh, Wi, W)
end for
Update all weight matrices simultaneously: (W¢ ', Wi, W) « (WhH Wi W) —
N ~
% anl (VWQ ) VWK I VWv)g(ynf(Xiw Wt ? W;{a W%/))
7: end for
8: return 0(T) = (W{, Wi, W{,)

bl A

A

not reduced to a linear or single-layer attention architecture; instead, it more closely resembles the
structure of a real Transformer, with a correspondingly more complex parameter update process.

Loss Function. Let S = {(X,,,y,)}2_; denote the training dataset drawn from the distribution D
defined in Deﬁnition where n indexes the samples (so (X,,, y,,) represents the n-th sample). In
this work, we adopt the empirical cross-entropy loss as a surrogate for the non-differentiable 0/1
loss, and train the two-layer Transformer by minimizing this loss:
1N
Ls(0) = — Lynf(Xn,0)),
$0) = 5 2 L (X.9)
where £(z) = log(1 + exp(—=z)) and f(X, 0) is the two-layer Transformer. We measure the gener-
alization ability of the two-layer Transformer using the test error, defined as the expected 0/1 loss
over the data distribution D:

LD(G) = ]E(x,y)~D]1 (yf(X, 9) < 0) .

Robust Loss. We consider ¢,-norm bounded (p > 2) adversarial perturbationsﬂ applied to each
component of the input sequence X = [x1,...,xp]| € X M where each x,, € R% denotes a
token (or patch) embedding. For a perturbation budget 7 > 0, the admissible perturbation set is
B(X,7) == {X = [X1,...,Xum] | |[%m — Xmllp < 7, Vm € [M]}. Under this threat model, the

robust 0/1 loss is defined as £/ (y (X, 0)) := maxgpox - 1y £(X,0) < 0), and the robust

loss is defined as £rop (Yn f (X, 0)) := Maxg cpex, - E(ynf(f(n, 0)). The robust test error and
robust test loss are:

N
L%)b(e) = IE(X,y)ND f?éé (yf(Xa 0))7 Lf90b<9) = % Z Erob(ynf(xna 9))
n=1

Adversarial Training. We adopt a Gradient Descent-based Adversarial Training algorithm to up-
date the network parameters, as summarized in Algorithm I} Note that we initialize the network
weights Wg, W, and Wy with Gaussian distributions, where each entry of Wg and Wk is
drawn from N (0, 03), and each entry of Wy is drawn from N(0, 0% ). The algorithm iteratively
constructs adversarial training examples by maximizing the training loss with respect to the input
and updates the model parameters based on them. In our setting, only the attention projection ma-
trices W, W, Wy, are updated during training, while the output vector wo remains fixed.

4 MAIN RESULTS

In this section, we present our main theoretical results on the convergence and generalization of the

ViT model, demonstrating how the signal-to-noise ratio SNR = ||pt||2/(c,v/d) and the sample size
N influence its adversarial training dynamics. We first introduce the following conditions.

'Our theory covers all norm attacks in Appendix@ for simplicity, we only report the /2-norm setting.
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Condition 1. Given a sufficiently small failure probability § > 0 and a target training loss ¢ > 0,
suppose that:
(1) The dimension d and dj are sufficiently large satisfying d = Q (6_2N2dh) and dp, =
Q (max{SNR*, SNR™*}) N2 2.
(2) The training sample size N is large enough such that N = Q(polylog(d)).
(3) The number of input tokens is bounded as M = ©(1), and the {y-norm of linear layer weights
satisfies ||wo||l2 = O(1).
(4) The learning rate 1 is chosen sufficiently small so that n < @(min{”u”f, (o2d)~'}- d;%).
(5) The Gaussian initialization is appropriately chosen such that the standard deviation oy sat-
isfies oy < (5(||'wo\|2_1 ~min{||p3, (0pVd) 71} d;%dfé) ,and the variance o satisfies
min{|ull3. (02d) 71} - dy, * - (log(6N?M2/8))"2 < oF < min{|ull3”. (o2d) 7"} - dy, * -
(log(6N2M?2/8)) 2.
(6) The target training loss is satisfying ¢ < O(1/polylog(d)).

Conditions [(T)] and [(2)| ensure that the learning problem is set in a sufficiently over-parameterized
regime, allowing the model to fully capture the feature signal described in Definition Con-
dition |(3)| guarantees that each class contains enough samples with high probability. Condi-
tions nd simplify the analysis, though they can be generalized to the settings M = Q(1),
|woll2 = o(1), or |woll2 = w(1). Together, Conditions [(4) and [(5)| further ensure that the Trans-
former can be effectively trained. Finally, Condition [(6)] ensures that the Transformer sufficiently
overfits the training data. Similar conditions are widely made in the theoretical analysis of benign
overfitting in neural networks (Allen-Zhu & Lil [2020; |Cao et al., 2022; |[Frei et al., 2022} Jelassi &
L1, 2022} |Chatterji & Long,2023; Zou et al., 2023} |Kou et al., 2023} [Frei & Vardi,[2024; Jiang et al.,
2024).

Theorem 2 (Benign Overfitting under Adversarial Training). Under Condition |I} we distinguish
two cases:

Case 1. Ifwe have N-SNR? = Q(1) and 7 < O(I‘(I)‘g‘ !1? ), ViT’s attention head is effectively trainable

. In this case, let T = ©(n~ e || pl5 %|woll3 %)

Case 2. If we have N-SNR* = Q(2) andw(““—!ﬁh) <7 < O(||pll2) , the attention head parameters

log
barely update, causing the attention weights to remain nearly uniform and the ViT degenerates into
a linear model . In this case, let T = M - O(n~ e || u|l5 %|woll3?).

In both cases, with probability at least 1 — d—', the following holds:
1. The robust training loss converges to €:

LEP(0(T)) <e.
2. The clean test error satisfies:
Lp(0(T)) < exp (—C - dSNR?) .

3. The robust test error satisfies:

rob exp [ —C - 21+ T N2 '

Theorem [2| demonstrates that , under the assumption on 7, the model attains adversarial robustness,
while the SNR condition guarantees that it prioritizes the signal over the noise, thereby leading to
benign overfitting. The adversarially-trained two-layer Transformer model exhibits three key ob-
servations. 1) The model fits the training data well, with training loss converging to €. 2) For
generalization guarantee, the clean test error decays rapidly with increasing d and SNR, and obvi-
ously less than e by Condition [(2)] This is consistent with classical benign overfitting phenomena
established in prior work (Jiang et al.,[2024). 3) For robustness guarantees, Theoremprovides an
explicit upper bound on the robust test error as a function of the perturbation radius 7 and the sig-
nal strength ||g¢||2, showing that the bound increases with increasing 7, which is consist with prior
empirical observations(Madry et al.,[2017;|Schmidt et al., 2018).
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The impact of perturbation 7 radius. Here, we give more discussion on the perturbation radius
7 to illustrate how it affects the different dynamics of ViTs, leading to the various results stated
in Theorem [2] First, it can be observed that the softmax structure in attention is highly sensitive

to perturbations according to Lemma When 7 < O(l‘(l)’;—uﬁ), adversarial perturbations do not

dominate the learning dynamics, and the adversarial training trajectory of ViT remains close to

standard clean training, corresponding to Case 1 in Theorem In contrast, when w(l!fg‘—uli) <
7 < O(||e||2), the updates between signal and noise in attention are effectively canceled out by
the perturbation, forcing attention weights to remain close to their initialized uniform distribution,
under which ViT degenerates into a linear model, corresponding to Case 2 in Theorem The

relevant lemmas will be provided in Section [5.2]later.

The difference between ViT and degenerated linear model. Although both cases can achieve
benign overfitting, the attention mechanism in ViTs in Case 1 enables the model to learn the signal
more rapidly, leading to faster convergence, and allows it to extract useful information even from
sparser signals. According to Theorem [2| for the degenerated linear model, the convergence time T'
is M times slower than that of the ViT, and achieving benign overfitting requires a higher signal-to-
noise ratio, N - SNR? = Q(1/e), highlighting the advantages of the ViT architecture.

Comparison with prior work. The most closely related works to ours are Chen et al.|(2023); [Wang
et al.| (2024), which also investigated the phenomenon of benign overfitting under adversarial train-
ing. However, (Chen et al.| (2023) focused on linear regression models with moderate perturbations,
and [Wang et al.|(2024) studied simplified neural networks, leaving more complex architectures un-
explored. Our results on ViTs therefore complement this line of research. In addition, even in
the more complex setting, our analysis does not rely on the implicit assumption of a large || /|2,
ie.||pl2 = ©(d") for some r € (1/4,1/2] in (Chen et al.l [2023). Moreover, our results require
a minimum convergence time of 7' ~ O(N max{SNR? SNR™*}), which is significantly smaller
d
|

than the convergence time 1" ~ O(ﬁ) reported in prior studies on CNN models by (Wang et al.,

2024) in the over-parameterized regime.

Next, we will show that once the perturbation radius T exceeds the signal strength ||z¢]|2, no classifier
can achieve nontrivial robust accuracy. This implies that excessive adversarial training leads to poor
model performance, consistent with the findings of[Wang et al.|(2024). Combining with Theorem 2}
we can see that the assumption of the relation between 7 and ||p||2 is essential to understand benign
overfitting. Also, our radius for benign overfitting is almost tight.

Theorem 3. For any given classifier f(-;0), when T > ||ulla, the robust test error satisfies
L2b(0) > 0.25.

Practical Guidelines for Adversarial Training on ViTs. Based on our theoretical framework, we
provide several “take-away” tips for improving adversarial training for ViTs:

1. Optimal Selection of Perturbation Budget 7: our theoretical analysis (Theorem [2)) suggests
that to maintain effective adversarial learning, one should choose the perturbation budget 7 <

0(%).

2. Balancing Sample Scale N and Signal-to-Noise Ratio: Another key condition for preventing
benign overfitting during adversarial training is ensuring that both /N and the SNR are large
enough. In practice, researchers sometimes employ data augmentation by injecting controlled
noise into the dataset. From the perspective of our theoretical results, this approach decreases the
SN R while increasing N, since noise injection yields “new” data points. Because reducing the
SNR may be harmful to generalization, it is important to ensure that a sufficiently large number
of data points is used to train the model.

Discussion on Multi-Norm Attacks. For /,-norm (p > 2), they can be mapped to ¢, through stan-
dard norm-equivalence ||x||2 < [|x||, < d* v ||x||2. Thus, an £, perturbation budget 7 corresponds
to an /5 budget scaled by at most d'/2~1/P. This implies that all proofs still hold, with the only
difference being the perturbation radius 7.

For the {y-norm perturbation model, our theoretical lower bounds implicitly show that it cannot
provide benign overfitting guarantees. By Theorem 3] once the ¢-norm perturbation radius becomes
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sufficiently large (i.e., 7 > ||pt||2), the model incurs a large robust test error. This implies that even
an £g-norm radius of 1 can still lead to substantial robust test error in the worst case.

5 PROOF SKETCH

In this section, we provide a proof sketch of the different adversarial training dynamics due to differ-
ent perturbation radii. Based on the ViT formulation in Eq.(T]), when the perturbations are relatively
small, we show its impact on the learning of the W and W g matrices is limited. If more attention
is allocated to signal tokens, the value matrix Wy, tends to align more closely with a perturbed
signal vector g, while its direction remains dominated by the true signal pu. Consequently, the
gradients propagated to the attention heads associated with the signal are larger than those to the
noise, forming a positive feedback loop that facilitates better generalization, similar to the learning
dynamics observed in the clean training (Jiang et al., [2024). When the perturbations are moder-
ate, adversarial training suppresses the learning of token-to-signal attention, keeping the attention
weights near their initialization. When Wy, and W g are initialized with small Gaussian variance,
the attention distribution remains nearly uniform, and the ViT degenerates into a linear model. In
this regime, the model requires a larger SNR to align Wy wo with the signal p, thereby achieving
benign overfitting.

5.1 VECTORIZED Q & K AND SCALARIZED V WITH TIME-INDEPENDENT PERTURBED
INPUTS

First, unlike CNNs that treat convolutional kernels as vectors for signal-noise decomposition, our
setting requires handling the more complex interactions among the matrices Wy, W, and Wg,.
Therefore, we consider vectorizing W i, and W g and scalarizing Wy,. We fix a universal perturbed

input X = [ﬁ7 £n,27 cee asn,M]a where ﬁ+ S B(pdra T): ﬁ, € B(va T)’ and Sn,i S B(ﬁn,ia T)
are chosen once and remain fixed for all iterations ¢. These perturbations are universal and do not
correspond to iteration-specific adversarial examples. For example, for Wy, we have the following.

Definition 2 (Scalarized V). Let Wg) denote the V matrix of the ViT at the t-th iteration of ad-
) ) ()

versarial training. For the fixed perturbed vectors above, there exist scalars vy~ , vy, and py,, ;
such that
LW wo = BLW wo + ) fwoll,
WP wo = pT WP wo + ’Y\(/i)waOH%’
€0 Wi wo = & W wo + o), llwol3,
forie [M]\ {1} andn € [N].
We further denote the V_f_t) = ;ﬂwiﬁ)wo, v .= ,ﬂwﬁ)wo and VWEZ) = EL.W@.

With scalarized V' in Defintion [2| we can provide the dynamics of matrix Wg) by analyzing the
update of coefficients v(*) as follows:

M
U i ~ - =
WD =y = o S0 B i ) s W W (X) T
nesy =1
M M N _
+ Z Z<ﬁ+7 57(:,)2> (p(in,lWQWIT( (Xn)T)i .
=2 =1

First, the perturbed signal and noise components break the orthogonality between signal and noise,
resulting in the appearance of terms of the form (g1, 552) The upper bound of (g, ﬁ$)> is
given by (||p||2 + 7)2, while the upper bound of (ﬁ+,£~(t)> is (||pe]|2m + opT/210g(ANM/6) +

n,i
72). Therefore, when the perturbation magnitude is small, ({1, ﬁ@} dominates, and the training

dynamics under adversarial training closely resemble those under clean training.
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When bounding Vf) (similar for Vft)), we can consider a special case 1 = 1Y) and derive the
bound via cumulative summation, yielding |V_£t)\ < \Vf_o)| + Zz;é \'y‘(}fil) - 'y‘(/glr\ - JJlwo |3 by

Definition [2| In fact, we establish that for any g € B(u,7), the quantity ﬁTWS)wO admits a
uniform upper bound.

Similarly, we can define vectorized W and W g as follows.

Definition 3 (Vectorized Q & K.). Let WS) and WE? be the QK matrices of the ViT at the t-th
iteration of gradient descent. Then we define the vectorized Q and vectorized K as follows

KO = pIwP, k9 = gTw®, kD — g wid
fori € [M]\{1},n € [N].

With Definition[2]and[3] we can analyze the learning dynamics of the transformed coefficients rather
than the original matrices.

5.2 EFFECTS OF PERTURBATION MAGNITUDE ON ATTENTION

Our second key technique is to analyze how the attention mechanism behaves under perturbations
of varying magnitudes. First, we present the following lemma, which shows that the attention mech-
anism is robust to small perturbations.

Lemma 4 (Informal). Under Condition suppose the perturbation satisfies T < O(lﬂg(‘lfh)) and

> L . ; j <
t >0 (n\lu\l%llwollé 10g(6N2M2/6)> Then, there exists a universal constant C < e/2 such that

_ max softmax((q(t),k(t)>)/~ min softmax((q(t),k(t)>) < C.
XeB(X,T) XeB(X,T)

This lemma implies that the relative change in attention weights under perturbations is uniformly
bounded; hence, attention computed on perturbed inputs closely matches that on the clean in-
puts. Thus, when considering the attention from the perturbed patch to another, it can be well-
approximated by the attention from the clean signal to the clean noise.

Next, we present the following lemma, which characterizes the behavior of the attention mechanism
under moderate perturbations.

Lemma 5 (Informal). Under Condition supposing the perturbation satisfies w(ll(‘)’g Uﬁ ) <7<
O(||ell2), for any t > 0, we have:

% — o(1) < softmax({q®, kM) < % +o(1)

This lemma demonstrates that, under moderate perturbations, the attention distribution remains in-
variant and stays close to its initial uniform form.

5.3 GENERALIZATION GUARANTEE

For a new data point (X, y) generated from the distribution defined in Definition (I} we interpret
the test error as the probability that the noise component dominates the model output. For adver-
sarial test data with added perturbations, we need to bound the maximal distance between them
and the corresponding clean test data. First, from the analysis in Section[5.I] we know that bound-

ing V() = iTWEj)wo implies that its deviation from the unperturbed counterpart x' Wy wg is
at most ‘(i - X, vao>| < 7|[Wywol|2. Second, from the analysis in Section [5.2] we know
that the attention component softmaz({q, k)) exhibits robustness under perturbations of bounded
magnitude. Combining these insights, we state the following lemma.
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Lemma 6 (Informal). Under COndition ift > Q(nile’lHuHQ_QHwOHQ_zlog_l(w))

< el .
and T < Tog(dn) W€ have:

yf(X,000) — _min  yf(X,0() S M|[WPwo 7.
XeB(X,T)

As a result, the robust test error can be interpreted as the probability of misclassification when the
output of the ViT under clean test data is perturbed by its maximal adversarial deviation.

Lemma 7 (Informal). Under the same conditions of Lemma 6} with high probability, we have for
some constant ¢ > 0:

PEX € BX,7) : yf(X,0(1)) < 0) = P(yf(X,0(0)) + (yf (X, 0(0)) — ming px.,uf (X, 6(1))) < 0)
(v —v) - IIW(vt)wOHQT)?)

7| W wo 2

<exp (—¢(

Consequently, the robust test error differs from the clean test error only by an additive factor that
scales with both the perturbation radius and the model complexity. More details are in Appendix.

6 EXPERIMENTS
6.1 EXPERIMENTAL SETUP

Datasets. For the experiments on synthetic data, we synthesize each sample following the distri-
bution in Definition [T} Specifically, we first formalize the two signal vectors in Definition [I] as
py = ||pll2 - [1,0,...,0]" and pu_ = ||pl|2 - [0,1,0,...,0]", where the signal dimension d is
set as 1024. Then, for each generated sample, the number M of tokens in this sample is set as
16 and every noise vector in this sample is drawn independently from the Gaussian distribution
& ~N(0,0.4-T;). We generate up to 22 samples for training and 100 samples for evaluation.

For the experiments on real-world data, we employ MNIST, CIFAR-10, and Tiny-ImageNet. To
better simulate the feature learning setting in our theory, we transform each image to a vector with
the following procedures: (1) Normalize the image ¢5-norm to 5 to keep the same signal strength.
(2) Add independent Gaussian noise A (0, 02) to each pixel to create a noise map, with the variance
o? determining the SNR. (3) Superimpose this noise map onto the original clean image to produce
the sample used for our experiments.

Model architectures. For synthetic data experiments, we adopt the two-layer Transformer defined
in (1), where both of the hidden dimension dj, and the value dimension d, are set as 128. For
real-world data experiments, We implement realistic ViT architecture (Dosovitskiy et al., 2020)
and a simplified ViT model consisting of two attention layers, each with four self-attention heads,
followed by an MLP layer with ReL.U activation. The hidden dimension of this ViT is set as 128.
Model parameters in all experiments are initialized by PyTorch’s default method, followed by an
additional scaling factor of 1/16, matching the requirement of Condition

Model training & evaluation. We use full-batch gradient descent to train all models in our ex-
periments, with a learning rate of 0.1. Each model will be trained until its training loss falls below
a target threshold 0.01. Besides, in each adversarial training step, we leverage projected gradient
descent (PGD; |[Madry et al.|2017) and state-of-the-art APGD (Croce & Hein, 2020) to generate
adversarial examples under both single ¢5-norm and multi-norm threat models. For ¢5-norm PGD
attack, we set base attack strength 7/||e|l2 = 0.05 for 20 steps with a step size of 0.27, using
per-token Lo-normalized gradient updates with projection onto the Lo ball of radius 7. Detailed
parameters for APGD and multi-norm attacks are specified in Appendix [C.2|C.3|IC.4] To assess the
performance of trained models, we report both their clean and robust classification errors calculated
on test datasets.

6.2 RESULTS ANALYSIS

Phase Transition in benign overfitting. We perform adversarial training with different number N
of training data ranging from 2 to 22 and different SNR ranging from 0.16 to 16 on synthetic data.
The clean and robust test accuracies of these models are collected and presented as heatmaps in
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Figure 1: Clean and robust test accuracy under adversarial training across various signal-to-noise
ratios (SNR) and sample sizes (V). (a)&(b): results on synthetic data; (c)&(d): results on real-
world data. High test accuracy is colored in yellow, whereas low test accuracy is colored in purple.
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Figure 2: (a)&(b): Curves of robust training loss and robust test accuracy versus training iteration
under fixed training data number N = 22. (c)&(d): Curves of robust training loss and robust test
accuracy versus training iteration under fixed data SNR = 12.

Figures and From the figure, we observe a clear decision boundary in the form N - SNR? =
(1) separates the high-accuracy and low-accuracy regions. This observation aligns well with our
Theorem that N - SNR? = Q(1) is necessary for models in adversarial training to produce benign
overfitting.

To demonstrate the generality and robustness of our findings, we conduct an extensive suite of ex-
periments spanning diverse datasets (MNIST, CIFAR-10, and Tiny-ImageNet), various threat mod-
els (PGD and state-of-the-art APGD attack (Croce & Hein, 2020)), and multiple norm constraints
(¢4, £2, and ¢.). Notably, our conclusions remain remarkably consistent across all these settings.
Specifically, results on MNIST are shown in Figures [Ic|and[Td] while detailed evaluations on other
datasets, multi-norm attacks, and realistic ViT-Base models (Dosovitskiy et al.,[2020) are provided

in Appendices[C.2} [C.3] and[C.4] respectively.

Effects of signal-to-noise ratio and dataset size. We then fix the number NV of training data and
plot curves of the training loss/robust test accuracy versus the training iteration under different SNR
in Figures @ and @ From them, we observe that as the training iteration increases, the model
overfits to training data, but its robustness does not consistently increase unless the SNR is large.
We also fix the SNR and plot similar curves with different number of training data in Figures
and 2d] where we find that even the model is overfitting, its robustness improves only when the
training data number N is large. All these results indicate that benign overfitting can emerge in
adversarial training only when the training data number /N and the data SNR are both not too small,
which coincides with the requirements that N-SNR? = Q(1) or N-SNR? = Q( 1) inour Theorem
Empirical validation under varying perturbation radii. Our theoretical training dynamic of the
different regimes is further supported by experiments in Appendix [C.1] where we track the evolution
of the attention mechanism and model weights across various perturbation radii 7.

7 CONCLUSION

Our paper presents the first comprehensive theoretical analysis of the generalization behavior after
adversarial training on a two-layer Vision Transformer. We demonstrate that, under appropriate
relationships between signal-to-noise ratio and perturbation magnitude, adversarially trained ViTs
can interpolate the training data with vanishing robust loss while still achieving small robust test
error. Our analysis reveals three perturbation regimes that clarify how adversarial training shapes the

10
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learning dynamics of attention heads, from clean-like behavior to linear collapse and eventual failure
beyond the benign regime. Empirical results on synthetic data and real world data corroborate the
theory, aligning closely with the predicted conditions under which robust benign overfitting emerges.
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A LLMSs USAGE IN THE PAPER

LLMs were used only occasionally to help polish the writing (propose new words, grammar and
spelling correction). All technical ideas, experimental designs, analyses, conclusions, writing were
developed and carried out entirely by the authors. The authors have full responsibility for the final
text.

B ADDITIONAL RELATED WORK

Differences in Adversarial Robustness Between Transformer and CNN. Several studies have
compared Transformers and CNNs under adversarial attacks. |Bai et al.| (2021) observe that under
unified training settings, Transformers are not inherently more robust, with their OOD generalization
mainly attributed to self-attention. Mo et al.|(2022) show that under standard training, Transformers
do not necessarily outperform CNNs under adversarial attack, and propose training strategies to
improve ViT robustness. [Dingeto & Kim)|(2024) propose a regularization method that enables ViTs
to exhibit stronger adversarial robustness than CNNs. These studies are largely empirical, focusing
on performance differences, and do not analyze the learning dynamics or the role of attention in
adversarial training.

C ADDITIONAL EXPERIMENTS

C.1 EMPIRICAL VALIDATION OF THEORETICAL REGIMES

In this section, we follow a similar setting as the experiments on synthetic data in Section[6] and add
more experiments about training dynamics with different perturbation 7 radius.

Experiments setting.

We focus on tracking the dynamics of attention entropy, training loss, and Wy, norm under benign
overfitting regime with different perturbation 7 radius, and the key parameters are as follows:

« N=25

« SNR=16

« M =2

e d=1024

. dj, =512

. d, =512

0, =0.05

* o = 0.02,0.1,05

e

(a) Train Loss (b) Attention Entropy (c) Wy Norm

Figure 3: Training dynamics with different perturbation 7 radius: attention entropy, training loss,
and Wy, norm.

Experiments results.

1. In Figure when m = 0.02 or 0.1, the adversarial training loss converges to zero, indicating
that the model successfully interpolates all noise-corrupted training samples, consistent with the
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benign overfitting behavior in Theorem In contrast, when m = (.5, the adversarial training loss
fails to decrease, aligning with the non-convergence regime characterized in Theorem [3] Moreover,
the case m = (.02 exhibits a faster convergence rate than the m = 0.1 setting, highlighting
the role of the attention mechanism in accelerating convergence, which is in agreement with our
theoretical predictions in Theorem 2]

2. In Figure when m = 0.02, the attention entropy decreases to nearly zero, indicating that
the attention mechanism correctly concentrates on the signal patch. This behavior is consistent with
Case 1 of Theorem [2] where the perturbation level is sufficiently small for the model to recover the
underlying signal structure.

In contrast, when m = 0.1, the attention entropy fails to decrease and instead remains high,

demonstrating that moderate perturbations hinder the learning of attention weights. As a result, the
attention distribution remains nearly uniform rather than focusing on the signal patch. This phe-
nomenon aligns with Case 2 of Theorem 2] where the perturbation magnitude prevents the attention
mechanism from identifying the true signal.

3. In Figure when m = 0.1, the ||[Wy || norm exhibits the largest growth. This behavior is

consistent with Case 2 of Theorem [2] where the ViT effectively collapses into a linear model and
the value projection Wy, becomes the dominant component driving the learning dynamics.

In contrast, for m = 0.02, the attention mechanism remains effective, so only mild updates to

Wy are required for the model to fit the noisy training data and achieve benign overfitting. When
m = 0.5, the perturbation is too large for the model to learn meaningful structure, resulting in

Wy failing to make progress during training.

C.2 ADDITIONAL EXPERIMENTS ON MNIST,CIFAR-10 AND TINY-IMAGENET WITH APGD

In this section, we follow the same experimental setup as in Section [¢] for the MNIST dataset and
further extend our evaluation by conducting additional experiments on both MNIST,CIFAR-10 and
Tiny-ImageNet under APGD attacks. These results demonstrate that our theoretical insights con-
tinue to hold for larger and more complex datasets, as well as under stronger adversarial attacks.

Experiments setting. We conduct adversarial training using the state-of-the-art APGD attack
model. For the MNIST dataset, we consider an attack strength of m = 0.05, and vary the number
of training samples N from 1000 to 6000 and SNR from 0.4 to 2. For the CIFAR-10 dataset, we set
a weaker attack strength of m = 0.01, and vary the number of training samples /N from 1000 to

10000 and the SNR from 0.4 to 10. For the Tiny-ImageNet dataset, we set a weaker attack strength
of % = 0.10, and vary the number of training samples /N from 100 to 1000 and the SNR from

Experiments results. The clean and robust test accuracies on MNIST, CIFAR-10 and Tiny-
ImageNet are collected and presented as heatmaps in Figures 4 [5] and [f] In both figures, we
observe a clear phase transition phenomenon. Moreover, as both the sample size N and the SNR
increase, the clean and robust test error consistently decreases. This behavior is fully aligned with
our theoretical analysis as well as the empirical findings reported in previous experiments.
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5000 — NSNR=500 | o075 6000 - — N'SNR?=500 6000 ] — NSNR'=800 6000 - — N'SNR?=800
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(a) Clean Heatmap (b) Clean Cutoff (c) Robust Heatmap (d) Robust Cutoff
Figure 4: Clean and robust test accuracy heatmaps on MNIST with APGD attack across various

signal-to-noise ratios (SNR) and sample sizes (V). (b)&(d) are a heatmap that applies a cutoff value
0.93.
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Figure 5: Clean and robust test accuracy heatmaps on CIFAR-10 with APGD attack across various
signal-to-noise ratios (SNR) and sample sizes (V). (b)&(d) are a heatmap that applies a cutoff value
0.65.

(a) Clean Heatmap (b) Clean Cutoff (c) Robust Heatmap (d) Robust Cutoff

Figure 6: Clean and robust test accuracy heatmaps on Tiny Imagenet with APGD attack across
various signal-to-noise ratios (SNR) and sample sizes (IV). (b)&(d) are a heatmap that applies a
cutoff value 0.70.

C.3 ADDITIONAL EXPERIMENTS ON MULTI-NORM ATTACKS

In this section, we follow the same experimental setup as in Section [6] for the MNIST dataset and
further extend our evaluation by conducting additional experiments on both MNIST and CIFAR-10
under multi-norm attacks. These results demonstrate that although the model’s robust test accuracy
decreases under multi-norm attacks, our theoretical insights continue to hold.

Experiments setting. We perform adversarial training under a multi-norm PGD attack model span-
ning {1,l5 and [, perturbations.

For the MNIST dataset, we consider a base attack strength of eps = ﬁ = 0.05, and set

(m, ”;2“|2 , ﬁ) = (eps * 20, eps,eps/30). We vary vary the number of training samples N

from 1000 to 6000 and SNR from 0.4 to 2.

For the CIFAR-10 dataset, we set a weaker base attack strength of eps = ”;ﬁ = 0.01, and

set(m, ﬁ, ”Lﬁ) = (eps * 20, eps,eps/30). We vary vary the number of training samples

N from 1000 to 10000 and the SNR from 0.4 to 10.

Experiments results. The clean and robust test accuracies on MNIST and CIFAR-10 are collected
and presented as heatmaps in Figures[7] We observe that although the robust test accuracy decreases
under multi-norm attacks, a phase transition phenomenon still persists, and increasing either the
sample size N or the SNR further reduces both clean and robust test error in a manner fully aligned
with our theoretical results.

C.4 ADDITIONAL EXPERIMENTS ON REALISTIC VIT

In this section, we conduct real-world experiments on image classification benchmarks, including
MNIST, CIFAR-10, and Tiny-ImageNet, using a realistic ViT architecture (Dosovitskiy et al.}[2020).
The results show that when our model is scaled from the simplified two-layer ViT to a full-fledged
ViT model, our theoretical insights continue to hold.
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Figure 7: Clean and robust test accuracy under multi-norm attack adversarial training across various
signal-to-noise ratios (SNR) and sample sizes (V). (a)&(b): results on MNIST data; (c)&(d): results
on CIFAR-10 data.

Experiments setting. We adopt google/vit-base-patchl6-224-in21k
as the backbone model to extend our analysis to real-world scenarios. To align with our
theoretical setting, we freeze all parameters except for the QKV matrices in the final attention layer.
This setup effectively treats all preceding layers as a fixed feature-extraction encoder, whose output
serves as the input to the last Transformer layer.

We conduct adversarial training on MNIST, CIFAR-10, and Tiny-ImageNet, using PGD as the threat
model with a perturbation radius of % and 5 attack steps.

Experiments results. The clean and robust test accuracies of ViT-base on MNIST, CIFAR-10 and
Tiny-ImageNet are collected and presented as heatmaps in Figures [8] We observe that when the
model is scaled from the simplified two-layer ViT to a realistic ViT architecture, a phase transition
phenomenon still persists, and increasing either the sample size N or the SNR further reduces both
clean and robust test error in a manner fully aligned with our theoretical results.

5000 —— N:SNR?=500 10000

0.9
0.8
=4
0.7
0.6
1000

= N-SNR?=20000 i = N:SNR?=30000

500

5000 —— N:SNR?=800
z
500

(a) MNIST (b) CIFAR-10 (c) Tiny-ImageNet

0.4 1‘0
SNR

.
—— N-SNR?=80000 -0.70 —— N:SNR?=60000

SNR

Figure 8: Clean and robust test accuracy of ViT-base under adversarial training across various signal-
to-noise ratios (SNR) and sample sizes (N). Top row: clean test accuracy. Bottom row: robust test
accuracy.
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D EXTENSION TO MHA

We let the parameters be 0 := {(Wq n, Wi n, Wy p) HL |, where Wo p, Wi, € R and
Wy, € R*dv for each h € [H]. Here H denotes the number of attention heads, which we
treat as a fixed constant. Under this parameterization, the network can be written as:

FX,0) =" fn(X,0)
h=1

where,
M
1 T T T
(X, 0) = i ;<P(Xl Wo Wk, X )XWy wo.

Ofn Ofn Ofn
4 QWK’;I7 aWth’ 8‘/[/\/,;1

ever, the gradient of the loss with respect to the output of each single head, i.e.

The gradients in the multi-head attention module , remain unchanged. How-

ot
9 8fh b
Intuitively, the model output increases by approximately an H-fold factor, which causes the scale of
the loss ¢’ to decrease accordingly.

does change.

More concretely, following our analysis of the signal attention head, ¢'(*) = ﬁ =+ o(1) stay when

_ 1 P . (T2) o _ . .
t<T,=0 (—TI(\|M\|2+T)2H1UOH§)' Thus, this implies f,"*'(X,60) = o(1). The H-fold increase in
the multi-head model outputs does not alter this result, so the effect of the changes in a(% can be
ignored.

Therefore, under the MHA setting, the training dynamics of the model still follow those of the
single-head attention case, and our conclusions remain unchanged.

E DISCUSSION ON MULTI-NORM ATTACKS

Our analysis covers perturbations under all norm types. For ¢, or ¢; norms, they can be mapped
to /5 through standard norm-equivalence. For any x € R? and 1 < p < ¢ < oo, the following
inequality holds:

1_1
Ixllg < d#lx]l,. )

In particular, the ¢, and ¢; norms satisfy:
Ixlloe < [x[l2 < Vdllxlloe, IIx]l2 < [x]l < Vd|x]l2- 3)

Thus, an £, or {1 perturbation budget 7 corresponds to an ¢, budget scaled by at most v/d. This
implies that all proofs still hold, with the only difference being the perturbation radius 7.

For the ¢y-norm perturbation model, our theoretical lower bounds implicitly show that it cannot
provide benign overfitting guarantees. According to Theorem [3] once the ¢>-norm perturbation
radius becomes sufficiently large (i.e., 7 > ||pt||2), the model incurs a large robust test error. This
implies that even an {yg-norm radius of 1 can still lead to substantial robust test error in the worst
case.

F BASIC CALCULATION

F.1 NOTION
F.2 UPDATE RULES

We fix a universal perturbed input X = [ﬁ,gn,g, e ,ényM], where py € B(p4,7), - €

B(p—,7), and g,” € B(&,,,;, ) are chosen once and remain fixed for all iterations ¢. These pertur-
bations are universal and do not correspond to iteration-specific adversarial examples.
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Table 1: Notations

Symbols Definitions

T the i-th token in the n-th training sample
ifi € [M]\{l}, Ty = £n,i-

ot the i-th row of attention for the n-th sample, i.e., gpr)Z = (xIﬁiWS)W%)TXJ)

Sy, S- the training samples with +1 labels and -1 labels,
ie,Sy={ne[N]:y,=1},S_:={ne€[N]:y,=-1}

q( ,qg), quZ vectorized Q, defined as qgf) = ﬁIWS), qg) = ~TW(t), qff)z &n, ,W(t)

kgf), kg), szf)z vectorized K, defined as kf:) = ﬁIWE?, D = NTW( En i

v v® y scalarized V, defined as V" := gl WD we, VI .= TW(t) Vrfi) = E%Wiﬁ)wo

aﬁ?b s )i,i linear combinations coefficients for the dynamlcs of q( ) and q(t)
t+1 t t t M (t t
ie. q( ) _ () ()k()JanEsiZl2 ;)ilkfz)z
S )z +5 ,(f)l il linear combinations coefficients for the dynamics of qT(L )Z,
le qglt;rl) q(t)l — a(t) ks: Sz - t) + Z =1 Z EL in’,i’ k’ELt'),i/
$ ,)iv Bff)i : linear combinations coefficients for the dynamics of k:g:) and k:(_),
: t+1 t ¢ M .
l.e.,kgt )—k:() Biiq()""znesiz QBniJIg,)l
ﬂff,)i?f ff)m,l, linear combinations coefficients for the dynamics of k:fl )Z,
e, KUTD — k0 = 50 g + 89 _q® + TN M50 al,
SOftmaX((Q(t) k(t)>) a general references to eXp((q(t) k) forn € Sy,i e [M]\{1}
+ vt xp((q g:)yk(t)>)+z ,exp((q )ksf)k» ) 5
exp(( 2 k(t)))
d exp((ay’, k">))+z sexp((@d k) forn € S_,i € [M]\{1}
(t) exp((a} k1)) .
softmaX((qi .k, ;)  ageneral references to pTPCY k“>>)+z TR forn € Sy,i,j € [M\{1},
exp((q(t) k(t) Y)
and exp({(qy ) k(t)))+z exp((q(t),k(t) ) forn € S_’Z’J € [M]\{l}
t) L exp((ay) ki) -
softmaX(<qn i k?nj>) a general references to forn € Sy,i,j € [M]\{1},

exp((g,) k) )+

exp<<q5f1,kffl>>

T, exp((a'), k(D)

and CXp(((ln )l kg?ﬁ»-‘rz cxp((qn )l k(t) >) fOI‘ n e S_7Z',j S [M]\{l}
A A AT, = (a0 kD) — (@ ) AT (KD — (aUh kD)

Definition 4 (Scalarized V). Let W(t) be the V matrix of the ViT at the t-th iteration of adversarial

@ @ ()

training. Then there exist coefficients Yy, , Yy _, Py, ; Such that

forie]|

time independent perturbations, and XN/(t)

S Wg wo with time-dependent perturbations, where 11 u ,[,L(t) £

AW wo = AW wo + 17 lwol3,
BIW P wo = aTW P wo + 1 [lwol2,

t 0
€7L1W() :€7L7W( )w +anz||wOH2

M\{1},n € [N].
We further denote the V_f_t) = ﬁIWg)wo, v =

AW wo and V') = €] WPwo with
~(t)Tw(t) V(t) ( ) W(“)wo and V( t) .

n,t =

is the adversarial sample

att th iteration. We refer to it as scalarized V.

Similarly, we define the vectorized queries and keys as q(*), k() with time-independent perturba-
tions, and as ¢, k() with time-dependent perturbations.
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Definition 5 (Vectorized Q & K). Let WY and W' be the QK matrices of the VIT at the t-th

iteration of adversarial training. Then we define the vectorized Q and vectorized K as follows

¢ =EIWY, ¢ = FTWY, qffl &wY,

KO = fTW, k@ =aIWQ, k=&l wW,
g = TWY, aﬁ):ﬁ(f”vvg), “ffi—éffi W“’
RO g7 wggx RO =a0TWY R =£f:i1-TW§?

forie [MN\{1},n € [N].
epe . ... . . (t) (t) (t) (t) (t)
Definition 6 (Gradient Decomposition). There exist coefficients oy, o, "y ; 0, o’ 4 0 4,

Al @l B B BY_ B B s B B such that

M

() (t+1) (t) — B 1, @) ®) )

Agy =g, qy = oy ky "‘ZZ a4 iknis
nesSy i=2

AgY = gD g = o® kO 1 T ZO‘S,) ),
nesS_ i=2

Aq’ff qutjl) q1(1t)z ’Slt)z +k(t) + OL’SLt)z 7k(t) + Z Z an ,i,n’ z’kg’)ﬂv

n'=14=

Ak =k k) =50 ¢+ Y E:Bn+lqnw
nesSy i=2

AR = k(O Z g0 g0 3 S0 g
nesS_ i=2

AR = KD 10, = 50 q® +60_q® + 30 3 0 0l
n'=14'=2

fori, i’ € [M]\{1} and n,n’ € [N].
® O (#)

Lemma 8 (Update Rule for V). The coefficients VWit W—s Py, i defined in Definition 1 satisfy the
following iterative equationS'

L 0 u+,u+ 3 W( exp({@”, k)

V,+ V,+ = —
exp((@), k) + L, exp (@, k)

exp((d);. k()

= ep((@) KY)) + T, exp(@). K0)
&0

e t) H+7 N(t)> exp(<q+ » Bp 1>)
+ Z ® ) ® 0
exp((@, k")) + Yal, exp((@, k)

nesSy
M

_|_

nes,
+§: ® (fxp(@%,k(t’)i» ® )
exp((@) kY + Xk, exp((@l kU))
S _n(ﬁN}g“)> 5 %w( . (texp<<~“> K)) I
nes. exp((q”, k")) + Tpl, exp((@”, k()))

d exp (@, k)

_|_
JZQexp«qﬁfi, k) + 0, exp(@l, kU)
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- —n(_, €M) eXp(<q() k(t)>)
Z : —
Zs g NM (exp« KDY+ M, exp(@?, k%))

+§: exp<<q23,k£fl>> )
=5 exp(@)), kM) + pl, exp((@)) k)

p(t+1) _n Z ? (( é ~(t)> exp(( (1) k(t)>>
Ving — Vnz nz; —
NM i, exp((@}). k")) + 2L, exp(@) k)

+Z £ i) exp((q), k)
ni PTONENO) ® 30
exp<<qn,j, O+ 30, exp(@, k)

(t) k( /) )

Z < g, g(f) eXp(<qn/ P
e exp<<q$fb,k£f )+ S exp(@?, k9 ))

exp((@ k)

+Z €nin €3
xp<< O KD+ e, exp((@l) K )

n
“war 2 O

n'eS_
fori e [M\{1},n € [N].
Proof. The gradient of Wy, can be obtained using the chain rule as follows

Vwy Ls(0) = 1 Zynz’ ynf (X, 0) Ve, f (X, )

n=1

T
N M
1
= 7 S ula(6) w0 > w0 W Wi (X)X,
n=1 =1
Base on above, we have
1 - exp(Bi WoW i fiy)
T‘7“WPLS( ?VKZ j{: X “%) +"VQ VWK
€Sy eXP(H+WQWKN+) + Zkzz eXP(H+WQWK€n k)
N §:<X i) exp(€,) WoW L iiy)
P+ ~ =~
j=2 eXP(fLWQWKHH + 22/1—2 eXp(éIjWQWI—ESn,k)
M
g exp(u WQW én 1)
+ ) (. €n) - L —
i=2 eXp(U+WQWKN+) + E}c 2 exp(p WQWKgn,k)
M
~ exp( WQWKgn i)
3, En) i ) ) llwoll3
j=2 eXP(sn ]WQWKN+) + Zk 5 exp(&, ]WQW £n k)
1
tar 20

nesS_

where the second equality we expand X,, into vectors and make inner products with x, the third
equality we materializing all the z,, ; (e.g., ;1 = p4 for n € S.). Note the orthogonality between
p and &, ;, we can remove many of the terms in this equation. For any x = g/, € B(p, 1), we
have
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TV, Ls(0)wo = LM Z ( “*’ﬁ”ex exp(MIW%W;Tst)T _
s, P(EIWQW i iy) + 370, exp(BLWQW &y i)
§<“+’ i) exp(€,] ]WQWK/'l’-i-)
=2 eXP( WoWipy) + Zk 2 eXP( WQWKEn k)
l eXp(N+WQWK£n 1)

+> () €ni) ~
; exp(u+WQWKu+) + Zk 2 exp(p WQWIT{gn,k)

bl Wa Wik )>||wo|2
exp(€ WoW L)+ Y0, exp(€] . WoW L&) ’

-
||
o

(B, &)

+
M:

<.
I|
N

Then we have

AW g — 5T W wo = il (—nVw, Ls(0())wo
i i) S 70 < exp((@), kK))
NM exp(@, k1)) + L, exp(@ kD))
exp (@) k1)) o2
~ exp<<q£f’J,k“ D+ 20, exp((@, k) ’

~(t) 7.(t)
) ex 7k i
i Z Z t)z /J'+ £ >< A p(<q+ >) =0
nes,y exp(<q+ kY )) + Zk QGXP(<Q+ ,kmk))

nesSy
M

l exp(<<15f)y k')

+ O 30 =ONO) )“’0”3
j= 2€Xp(<qnj7 +>)+Zk exp(<qn]7k >)

Dividing by ||lwo||3 we get

(@ k)
) _ 0 1S “+’“+ Z 7o exp({qy’, Ky
v+ v+ —(t) T M
s, \exp(@?, k) + Y, exp((@ kL))
M exp((@), k)
D © T® ® 0
exp((@)). KY)) + Sk, exp((@) kYL
by e Z —n{jis £ < exp((@y, k)
e m MM Nexp(@y k) + Sl exp((@l, k)
.S exp( (G K)) )
= exp((@), K)) + pl, exp((@y), k)
This proves the update rule for fy( ) . The proof for *y‘(f’ )_ and p%f}m ; is similar to it. [

23



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

Lemma 9 (Update Rule for QK, Lemma B.3 inJiang et al.|(2024))). The dynamics of mTWQ Wy

can be characterized as follows:
< (t+1) k(t+1)> - < (t) k(t)>

=P IRPIE+ Y Za AR KD

nesSy i=2
M
t t t t
IR P [ N W KON Iy
neSy i=2 4)

S PUCRS 3D SO

nesSy i=2
(t)'r o1
GRS ZBHZ G |-
nesSy i=2

(gD KDy _ (g kg>>

(t) ||k(t)||2+ Z Za k:(t) k(t)>

nes_ =2
M
t t t t t
+89 1qV 3+ > D8 (@ al)
nesS_ i=2 )
M PURTED 3 S
nesS_ =2
T+ 3 550 ).
nes_ =2

<q(t+1) k(t+1)> ( (t) k(t)>

n,i qn,z’ +
t t t t t t t
- () ‘kgr)”%_‘_agz)zf kgr ’k( + Zzanzn’l +)7kn’)l>
n'=11=2
WORTUPINS o o Ry
n'€Sy 1=2 (6)
(t) (t) () (t) (t) E®
+< nz-i-k +anz—k +ZZ nzn’l n’l)
n'=11=2

I Zﬂfqun’i)? :

n'eSy =2
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<q(t+1) k(t+1)> (q (t) k()>

t t t t t t t t
5L)17—||k(—)||§+a;)z+ () () + Z Za;)zn/l (—)’kfﬂ)l>
n'/=11=2
+8Y (.a+ > Zﬁn )
n'es_ =2 (N
(®) ®)  E®
+<nz+k ta nzf +ZZ nzn’l n’l)
n'=11=2
T
e+ 3 Zﬂfi-z i |
n'€S_

(@™ ki) — (g i>,k;§>
t t
SRNCIEE o e Y
n’'€Sy 1=2

t t t t t t t t
+ 89, 1+ 89,0 + 30 58,

=1 1=2 ®

t) 1.8 d ) (
t t t t

+ | oy k7 + Z Zai’/#,lkn,{l

n’€S+ l:2
() (t)T T 0 £
(A0 A S )
n'=11=2

(t+1) (t+1) () 1.(t)
<q7 k 7 > < - 7kn J>

STCRICREIED o) DU BN ER

n’'esS_

t t
+89 1aV 13+ 8% (a,q) + Z Zﬂ“; wald?.al)

=1 1=2 )
+ o kY Y Zaﬁf)_l k",
n'€S_ 1=2
1) qOT 4 g0 g®T ( O
(ﬂ et 8 g +226m )
n'=11=2

25



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

<q(t+1) k(ﬁ‘l)> _ <q(t) k(t)>

ni o Fnj n,i> Fnj

N M
t t t t t t t t t
— a8, (K0 + a0, KO + 375 a0 (6, k)

7, - n,j n,i rL’l
l

=2
N M
Bng+<q+ 7qnz>+ﬁr(7.t)]7 q* 7qnz + Z Zﬁnjn’l qnt’)l’qr(zt)z>

—

n'=

w=11=2 (10)
t) t (t) t) (t Bt
(Lﬁn%m<+zz%mmﬁ
'=11=2
t t t t)T
’ (ﬁﬁz,)j+q( a T(L)] —q(*) + Z Zﬁn]n’l n’l >
n'=11=2

fori,j e [M\{1},n € [N].
G CONCENTRATION INEQUALITIES

In this section, we will give some concentration inequalities that show some important properties of
the data and the ViT parameters at random initialization.

Lemma 10 (Lemma B.1 in|Cao et al.| (2022)). Suppose that 6 > 0 and n > 8log(4/6). Then with
probability at least 1 — 6,

< lne™ ya =1} lne [N] sy = —1} < 20

Lemma 11 (Initialization of V, Lemma C.2 in Jiang et al.| (2024)). Suppose that § > 0. Then with
probability at least 1 — ¢,

VO <a, vOQ <a,t
Sforie [M\{1},n € [N].

Lemma 12 (Initialization of QK, Lemma C.3 in Jiang et al.| (2024)). Suppose that § > 0. Then
with probability at least 1 — 0,

2]|302d, 0a _ 3lullZo2ds
S <) < e

2 - 2 ’
o O'hddh 30'§O'}2deh
L <l < =
i3 _ < KO 2 _ Blul3oidn
2 —= 2 = 9 )
o202dd), 30202dd),
L < kR <
1@\, )| < 2l|pl|0? - \/dy, log(6N?M2/5),
(@, @) < 2l|pll20p02d% - \/dy log(6N2M2 /),
[ k<0>>\ < 2||pld0} - /dy 1og(6N2DM2/5),
1@ k)| < 2||plf30? - /dy log(6N2M2/6),
(q? k<°>\ < 2||plf307 - \/dp 1og(6N2M2/5),
(@) k)] < 2||u||gapahd2 Vdn 1og(6N2M?/5),
(@), a') )| < 2020%d - \/dy, log(6N?M2/3),
(k) k)] < 20 ahdvczhlog(ﬁN?M?/a),
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(B BN < 2||pllao,02d? - \/dy log(6NZMZ]5),
1@ k)| < 2l|pllaopoid? - \/dy log(6N2M2/6),
@\ kS )| < 20207 d - \/dy log(6N2M?2]6)

fori,j e [M]\ {1} andn,n’ € [N].

Lemma 13 (Lemma B.2 in |Cao et al.|(2022) and Lemma B.4 in [Kou et al.| (2023)). Suppose that
d > 0and d = Q(log(4NM/6)). Then with probability at least 1 — §

o2d 302d
T e 2 < 2%
%< il < 22,
[(€n,ir&nrir)| < 2075 - \/dlog(AN2M?2/6),
Ugd 2 e 2 ; 2
—— —20,7v/210g(ANM/6) — 7% < ||&nill5 < (ANM/6) + 7=,

(leellz =m)? < (B, BL) < (lplle +7)%,
(Bt €n.0)| < lltllo + 0p7+/210g(ANM/6) + 72
|(£m,£n/ | < 20 - \/dlog(4N2M?2/5) + 20,7+/2log(4NM/6) + 72
fori, i € [M\{1},n,n' € [N],i #i orn #n'.

H BENIGN OVERFITTING IN CASE 1

In this section, we consider the benign overfitting regime under the condition that NV - SNR? = Q(l)
and 7 < O( Aluall2. Hz ) We analyze the dynamics of Vi, V;, ;, the inner product q+, gy ;, and k4, k,,,

during adversanal training, and further give the upper bound for clean test error and robust test error.
The proofs in this section are based on the results in Section |G} which hold with high probability.

H.1 STAGE1
In Stage I, v, V( ) begin to pull apart until |V:|: | is sufficiently larger than |V,

time, the inner products of ¢ and k maintain their magnitude.

Lemma 14 (Gradient of Loss). As long as max{\vf)L|V_(t)‘7‘VTEfZ)|} — o(1), we have
—5’(ynf()~(n, 0(t))) remains 1/2 4 o(1).

| At the same

7)7,

Proof. Note that £(z) = log(1 4+ exp(—=z)) and —¢' = exp(—=z)/(1 + exp(—=z)), without loss of
generality, we assume y,, = 1, we have

1
1+ exp (M Zz L p(x Wé)W(t) )szg)wo)

U (f(X,, 0(t))) =
Note that
M ~
—max{|V[ V) v Z WO TX X, Wi wo < max{|[V{"|, [V, v}

Then we have
1 1

/ 1
—(f(X,,0(t))) > T oxp(0 1 o(1)) > 5 o) > 5 —o(1),

/ exp(0 4 o(1)) 1+o0(1) 1
U0 = T o) < T o <2 0
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Lemma 15 (Bound of Attention). As long as \<q§: ,k(t)>| |<qn s k(t M |<qjE 7k(t A, |<q£f)l, k,, ®) D=
o(1), we have

1 1
s o(1) < softmax((q(i) k(t)>) i +o(1),
1 1
a7 — o) < sofimax({ay} k) < o7+ o(1),
€ o(1) < softmax((q(t) k(t)‘>) < ! +o(1)
M = SR Vi ’
== o(1) < sofimax((a, kK))) < =+ o))

Proof. 1tis clear that exp(o(1)) = 1 + o(1). Therefore, as long as |<q§f)7 k(it)ﬂ = o(1), we have

1 1 1
_ = 1 = = =
Y S T S D R (T = Do 15 (M= 1) exp(e(1))
exp(—o(1)) ) 1.(t) exp(o(1))
= < softmax({qy’, ky’)) <
exp(—o(D)) + (M — 1) exp(o(D)) (9 0) = o) & (0 — 1) expl—olD))
L ewll) w1
exp(o(1))+ (M —-1) 1+4+o(1)+(M-1) M
Similarly, we have
]. (t) ].
=~ o(1) < softmax({af}, k) < - + (1),
1 1
s (1) < softmax((qﬁ%ki%)) < i +o(1),
L ) 1.0 1
in o(1) < softmax((q,, 27knJ>) < i +0(1)
]
Lemma 16 (Upper bound of V). Let Ty = O < T 1 ) Then under the same condi-
di (pll2+7)2|wo I3
tions as Theorem[2we have )
VLIV v = 0, )
fort € [0, Tp).
Proof. By Lemmal§] we have
7‘(/§+1) _,y‘(/t) < _77<ﬁ+7ﬁ$)> Z 70 ( exp((qi),k(t)ﬁ
,+ = n
NM- e Nep((@P k) + Tpl, exp((@, k)

M exp<<q£f§,k<f>>>

— lwoll3
JZ; exp((@ ), k) + Sy exp((@ k)

n,k
+M 3 < ( exp((@}, k)
NM e S ep(@) k) + L, exp(@ ! kD)

N f: exp((@;, k) )

=2 exp(<qu,k(f)>) +Zk 2exp(<a£f)],k5i)k>)

n(llpllz +7)* 3N n(lpll2r + 0p7y/210g(ANM/D) + %) 3N
< ——" 1 M-1 Y M -1
57 R (R CU S V)R 7 MM - 1)

O(n(llmllz +7)%),

where the second inequality is by Lemma|l0jand Lemma|l3|and —Z’,E” <1
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Similarly, we have

(t+1)

D — 40| < O(llullz +7)2).

By Definition[d we have

O S 1
V| = )+Z 7‘(/1 —vv+)||wo|| \

0 s+1 s
<|V“|+Zw A8 ) Jlwol2
s=0

-

- 1
= d,* +0(77(||u||2+T)2)~||wa|§-0( ey )
h

Il +7)?lwoll3

= 0(d; 1),
where the first inequality is by triangle inequality, the second inequality is by Lemma|[T1] Similarly,
1
we have |V_(t)| =0(d,*). By Lemma we have

(t) @)
n (t) () exp((ay’, k}"))
|P$:12 7p$)nz| = ‘ T ANTAS Z E <<<§n i b > — ~
NM = " lep((@! K + M, exp(@ k)
M ® exp((@), k)
+Z<€n i By) ® @ ) =@
j=2 exp((qn], >) + Zk eXp(<ana kn,k>)
+ M <£ eXp(< n 1’7 ’>)
P o exp<<q;/z/, KD+ exp<<qn/ ) k)
+i<€ &0 ) exp((@) k)
= " ep((@l) kY ) Ty Qexp<<qffb,k<f?,k>>
n
war 2 )

<% e T AN 202 /T (AN2D123)
= 9NM NM P s

n(|pllm + (2M — 1)o,7+/3d/2 + M7?)
NM
- 277012,d N n(||pl|T + op7/210g(AMN/§) + 72)
- N NM

o2d
O(n(max{(||pll2 + 7)?, ﬁ}))
=O0((llpll2+7)%)

-NM

- NM?

where the second inequality is by Lemma and —K;Et) < 1, the third inequality is by d =

Q(e 2N2dy,) > 4N +/log(4N2M?2/5), the last inequality is by N - SNR? = Q(1). Then by Defini-
tion[d} we have

O s 1
v = v 4 Z (oY) = o) D lwoll3]

O +1
< v |+Z|pv'°‘n D=l lwoll3

<d,* +0((lull2 + 7)) - lwol3 - O ( > ! >

ndy, (Iell2 +7)*woll3
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=0(d,"),
where the first inequality is by triangle inequality, the second inequality is by Lemma C.2, which
completes the proof. O
Lemma 17 (Inner Products Hold Magnitude). Let Ty = O ( T 1 > Then under the
ndy (llll2+7)2llwoll3

same conditions as Theorem[2} we have
(@ K [l KD el ) ) k)]
—O(max{HuHQ, 02d} - o2 - \/dy log 6N2M2/6))

t t t t t t
1@, a1 1a @)1, e al )|

= O (max{|ul3, 02d} - o - /dy log(6N*M?/3))

[, DY 1k kD) (R k)]

mn,t? n,’ vn’,j

= O (max{|ul, o2d} - o - V/di log(6N*M?/3))

||q$>||%,||k§?||%— O(|ull3o2dy),
113, 1612 = ©(c203ddy,)
fori,j € [M\{1}, n,n' € [N] andt € [O,To].

The proof for Lemma |17|is in Section Note that o7 < min{||p|5?, (c2d)~*} - d;% :
(log(6N2M?2/§))~ 2, thus O (max{||p|3, o2d} - 07 - V/dp log(6N?M?/5)) = o(1).

Lemma 18 (V’s Beginning of Learning Signals). Under the same conditions as Theorem [2} there
exists

10M (3M + 1)N

Ty = —
ndi (N(lpslls = 7)2 = (¥ + 30M2) (sl + 20,7/ Tog(ANDI]B) + 72) — 60M202d) o

such that the first element of the vector X nt)wo dominates its other elements, that is,
v >3M - VY|, foraline Sy, i€ [M]\ {1},

v < _3pm. |V(t |, foralln e S_,ic[M]\{l}.

Proof. Let C be a constant larger than 10M (3M + 1). As long as
10M(3M +1
N(pll2=7)2=(N+30M3) (|| pl|7+20,7+/210g (4N M /) +7%)—60M >0 2d > %N(Hu”frﬂz.

Thus, we further get

10M (3M +1)N

Ty = —
ndi (N(lpslls = 7)2 = (N + 30M2) (sl + 20,7/ Tog(ANDI]B) + 72) — 60M202d) o

C

ndi (2 +7)2llwoll ndy, (lllz +7)*[wol2

which satisfies the time condition in Lemma[I6]and Lemma([I7} Then by Lemma|[I4]and Lemmal|T3]
we have:

1
SAQIES 5 Fo(l),
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1 1
7~ o(1) < softmax((g{ 0 k1)) < 7 o),
1 ®) 1) 1
77 — o) < softmax((q,,;, k7)) < 37 +o(1),
1 ¢ ¢ 1
7~ o(1) < softmax((q}[). k{!))) < 7 + o(1).

Fori,j € [M]\ {1}, n € [N], and ¢ € [0, T}], plugging these into the update rule for 7( ) shown in
Lemmal8] we have:

(t+1) _ () _ ﬁ+,N+ Z g’(t) eXp(<q$)7k(t)>)
,)/V+ Vi ™ ( k(t () k(t)
nes, exp((@, k) + Snl, exp((@?, k)
RS exp((d, ;. k1))

= exp((qg)j,k+ N+ Zk—z eXP(@S)ﬁES,)k»

(®)

+ Z E’ Z <H+,€(t)>< exp({q} ,k(t)>)
ves, = MM Nep(@? 1) + S ewn(@ k)

exp((@\, k) )
= exp((qsf)], kg_ )+ Zkzg exp((qg)j, kgf?ﬁ)

ZW'%' (;io(1)>-M<A14io(1))

nllplir + 20,7 ;Eg(‘lNM/‘S) +7). % - (; + 0(1)> M(M —1) (M + 0(1)>
0 ((allz =73 = (laalim + 20,7/ 2108 (ANDI]E) + 7))
- 10M

Then by Definition d]and summing over 77 steps, we have:

M
+

0 ((lallz =73 = (laalir + 20,7/210g(ANDI]5) + 7))

(T1) (0)
Vil > VIV + T s ol
o (0l = 70— Gl 20 RGN 4 70)
B 10M Jlwoll;
(1)

Similarly, we have:

0 ((allz =73 = (laalim + 20,7 /2108 (ANDI/5) + 7))

T _1
VAR M L T, Jwol3 (12)

Similarly, by the bound

24
+n(||pl|7 + 20,7/ 210g(4ANM /) + 72)

lpy ) = ppol| <

given in equation (TT), we have

2nod
|V;Ef”|s|v7§2>|+ﬂ~< e+ a7 + 20,7 2108;(4NM/5)+72)>'||U70|§

13)

1 2noid
—% Ny 2 2
dh4+T1~< 7 s e + 20,7 210g(4NM/5)+T)>'||w0||2
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According to equations (TT)), (T2), and (T3), it is easy to verify that

v 3 [ >0 and VT 430 VY| <o,

which completes the proof.

H.2 STAGE
Instage I1, (g4, k4 ), (@n,i, k+) grows while (g, Ky, ;), (@n,i, kn, ;) decreases, resulting in attention

focusing more and more on the signals and less on the noises. By the results of stage I, we have the
following conditions at the beginning of stage II

Vit > s v,

VI < —an- v
VL v V) = o, 1),

(T2) 1 (T1) ) BTN 11a ™) BT ((q™) (T)
(@ k) g kDL 1@ kD e k)|

=0 (max{||u||2,0pd} o2 \/dy log(6N2M2/5)> ,

Tl T Tl T T1 T
@™ N 1alY g el gl

= O (max{|ul, 02d} - o - /dy Tog(6N?D?]3))

T T T T T T
|<k§[1) ( 1)>| |<k( 1) k( 1)>|,|<k( 1) k:( 1)>|

’I’LZ7 nz’

-0 (maX{H,uHQ, o2d} - o - \/dy log( 6N2M2/5)) :

T T
g™ |2, K2 ||2 = ©(|ull3o2dy),

1) T
@i ll2: 2 12 = ©(o7ohdd)
fori,j € [M]\{1},n,n' € [N].
Notations. To better characterize the gap between different inner products, we define the following

notations:

« denote A" = (qy &) k(t)> (g % k:(t)> neS;.

n+.J qv 5B j

* denote A( )_ j=1a ), k:(_t)> (q(_t),k(t)), nesS_.

* denote An’)wrj (qffl,kﬂ?) <qT(L)Z,k:(t)>7 ne S,
« denote A, = (g k") — (¢ KY), nes.

Then under the

Lemma 19 (Upper bound of V). Let T, = O (

same conditions as Theorem[2] we have

1
(lellz+7)?lwo |13 log(6N2 M2 /5) )

VL VIV = o)
fort € [0, Tp).

32



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

The proof of Lemma [T9]is similar to that of Lemma [T6] except that the time Ty is changed. Let
T, =0 ( (\|u|\2+7)2\|w01\|§ 1og(6N2M2/6)) then by Lemmaand Lemmawe have s—o(l) <

M <1 5 +o(1) forn € [N],t € [T, T3], which can simplify the calculations of « and 3 defined
in Deﬁnmon@by their bounds. Next we prove the following four propositions B(t), C(t), D(t), E(t)
by induction on ¢ for t € [T, T3]

* B(t):
Vi Z nCa(llls = ) llwo 3¢ — T
D > nCs(||plls — )2 wol3(t — Th)
Vo < nCs([|llz — 7)2|lwo |3(t — 1)
v >3m v,
v < —3a v,
V| < O(dy, *) + nCa(llpllz + )2 [wo|3(t — T1)

VO <0, )+ nCalul + ) lwol3(t —T1)
fori € [M]\{1},n € [N].

e C(t):
g 12, 1612 = Ol 302 dn),
g2, 153112 = ©(c207dddy,),
(RN ,q21>|,|<q£t1,q&>\ o(1),
(D KR D] R RS )] = 0(1),
fori,j € [M]\{1},n,n’ € [N],i# jorn #n'.
Y ) 3 (0,0
(@ TV B > (), kD)
(@l KDY < () )
(T, kD) < () kD)

1
1°Cs([lellz + 7)? || ull3wol3d;
N (log(6N2M?/6))?

ALED > log <exp(/\fﬂ),j) + (=T (t— Ty + 1))

ASTEJ > log <exp (AE1 ;)i )

1°Cs (03d + 0y7+/210g(ANM/5) + 72) | w3 wo |3

C(t—T)(t-T +1)>.

N (log(6N2M2/5))?
fori,j € [M]\{1},n € [N].
o E(t):
(g kD) 1@ RO ) kD11 a k8 )] < log(dy)
(), k), 1(a) k) = o(1)
fori,j € [M]\{1},n,7 € [N],n # f.

By the results of Stage I, we know that B(T3),C(T4), E(T1) are true. To prove that B(t),C(t), D(t)
and £(t) are true in Stage II, we will prove the following claims holds for ¢ € [17, T3]

Claim 1. D(Ty),...,D(t —1),E(TY),...,E(t) = B(t+1)
Claim 2. B(T}),...,B(t),C(T1),....C(t),D(T1),...,D(t —1),E(T1),...,E(t) = D(t)
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Claim 3. B(TY),...,B(t),D(T}), ..., D(t —1),E(TY), ..., E(t) = C(t+1)
Claim 4. B(T1),...,B(t),C(T1),...,C(t),D(T1),. (t—l) E(TY),...,E(t) = E(t+1)

First, we emphasize that when the perturbation is sufficiently small, the softmax of the inner product
(q, k) remains robust with respect to such perturbations. This is formally established in Lemma
Importantly, this lemma enables us to uniformly control the behavior of the softmax function, rather

than being restricted to the specific case of g*) and k® at iteration ¢.

Lemma 20. Suppose the perturbation satisfies T < O(l‘(lj’g‘—!fh) and t >

Q (n(l\ul\erT)"‘IIwc)lII% 1og(6N2M2/6)>(g(t) holds). Then there exists a universal constant C' < e/2

such that

_ max softmax((qgr), k" >)/ min softmaa:((qgr),k(t)>) < C.
XeB(X,r) XeB(X,7)

Proof. For any perturbed query-key pair, the softmax weight can be written as
eXp<<q(f), kff)]>)
exp (gl K)) + iy exp (@l kL))

softmax ((qﬁ), kfpj)) =

1
exp((a}”, k) = (@ ki) + 30, exp((@) k() — (@) kL))
(14)
Next, we analyze the difference in the logits. Expanding the perturbation terms yields
(@) k) — (q k()
= (q+. bkt —knj) + <T+Wg)7 ki —kn;) (15)

+ <q+7 T+W%) - Tn,ng)> + <7—+Wg)a TJng? - Tnijgz)>
= (¢, kY — k) £o(1).

The first equality follows from decomposing the perturbed terms, while the second uses the pertur-
bation bound 7 < O( lello. ”2 ) together with the assumption that the logit magnitudes satisfy

n,j nw nz7

(@ kD), 1@ kD) el k), 1@l k) < 1og(4,/%).

An analogous relation holds for differences involving k( ) ;i as well.

Substituting equation[I5]into equation[T4] we obtain

< . <
c softmax((q .k, )) softmax((q ,k )) Csoftmax((q Kk, )) ,

for some absolute constant 1 < C' < e/2. This establishes the claim.

Thus, in the following discussion, we show that the updates related to ¢*) and k) during adversarial
training can be bounded, while the effect of the perturbation does not accumulate over time. Since
C'is a very small function, when computing the single-step update, we approximate the perturbed
softmax at the previous time step by its clean state. O

H.2.1 PROOF OoF CLAIM[I]

By the results of Stage I, we have

g kS 1™ kT Gl BT el k)| = o(1)

’ﬂ’l7
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Assume that D(Ty),...,D(t — 1) (t € [Tl,TQ]) are true, then (g, k%)), (q£27k(s)> are

monotonically non- decreasmg and <qi ,kz(s ), <qn . k:( ;) are monotonically non-increasing for
s € [T1,t — 1], so we have

(@ k&), (@) kS > —o(1),
(@ kS0, (@), kL)) < o(1),

»Vn,j 1) "Vn,j

for s € [T1,t]. Further we have the lower bounds for the attention on signal g as follows for s €

o (~o(1)
(s) p.(s) expl—o
softmax((an s B20) 2 Coam) + (M — esp(o(D)
1
1+ (M —1)exp(o(1)) (16)
1
T I+ (M—1)+ (M -1)o(1)
1
= M - 0(1)7
where the second equality is by exp(o(1)) = 1 + o(1). Similarly, we have
softmax((qu 2, k:(g)>) > % —o(1). (17

Plugging them in the update rule for 7‘(/1) shown in Lemmaand we have

s+1 s
P =4
_ ﬁ+,ﬁ$ 5 w( (g} k)
5 exp({g, k")) + S0, exp((al?, k()
. M exp((g, k)

=2 eXP(<qr(Lt)ga KDY + 0L, exp((qg)], kfzt)k»

pogn ML) oxpl(a), k)
+ Z Z NM (t) 1.(t) (t) 1.(¢t)
nesy =2 EXp(<q+ 9 k >) + Z =2 exp(<q+ ) kn7k>)

M (t) k(t)

exp((q,, n,j nz))
i Z exp((g, kD)) + 320, exp((a), kﬁﬁk»)

> 7”(”’;[”;4_07)3 A (; + 0(1)> M (;4 + 0(1))
il ot JEOBANMD 720 (Lot} aavr 1) oy o)

0 ((slle =702 = (el + 07 /210g(ANM/3) + 72) ) n(llpllz = )2
= 10MC - ( 10MC )

for s € [T1,t]. The first inequality is by Lemma Then by Definition (4| and taking a summation,

we have ) )
n(llpllz — 7)*lwoll3
10MC (18)

> 1Cs(||pllz — 7)*|lwoll3(t — Ty + 1),
where the last inequality is by V(Tl) > 0and M = ©(1). Similarly, we have

vt > v™ ¢ -1 4+1)

VY < nCa(lullz — )2 |lwoll3(t — Ty + 1). (19)
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02 . . .
By |py e+ —pyo | < n(l|pll+op7y/2 10g(4NM/5)+T2+¥) in and taking a summation,
we have. "

202d
VAS < ViRl (¢ = T DLl + 07/21og(4ND/0) +7° + =) [wo 3. (20)

Combining (I8) and (20) we have
VD _gpg . |y

n,t

2
—
R ARV e T

(T1) , 2Co0d 2
= 3M - (|V,; [+ (t =Ty + Dn(max{|pll7 + 77, — == Dllwollz)

21

_ 2
> VI g I - ) T

20202d
—3M - (VY] + (¢ — Ty + Dn(max{ || g + 72 f,’vp Nlwol3)
>0

where the last inequality is by ViTl) > 3M - |VTE,TZ.1)| and requires N - SNR? > 60A/2C2. The proof
for VI*D < 30 - |V7§,ti+1)| is the same.

Next, we prove the upper bound for V. and V,, ;. Based on the upper bound of attention(< 1) and
—¢/ <1 we have

M
s+1 s Ui (s
W <) - a7 2 B0 (Ullz + 1) 4+ Y (lell + 7))
j=2

nesSy

n 71(s) 2
- — E L T+ 0,7\ 210g(ANM/6) +7°) - M

o3 Sl + 77
4
<o)+ nCi(lala + )

Then we can get that

VIS VI G ol
<V 3 0l + 7)ol +

s=T4
<O(d, ™) + nCa(llpll2 + 7)*[wo l3(t = T1 + 1)

where the first inequality is by the monotonicity of yy, and the definition of V, the last inequality
is by the result of stage 1 where ViTl) = O(d~1). Similarly, we have

1
VI < 0(d, ) + nCalllplla + 7)2[lwoll3(t — T1 + 1) 24)
which completes the proof for the upper bound of V...

Expanding (20) yields

2 2
v < v 4 +72, Y. 5t —-Ti+1
Vai 1< |+ n(max{[|p|| 7+ 7° N ) llwollz(t =Ti +1) 25)

< 0, *) +nCu(|lpll2 + 7)3woll2(t = T1 +1)

l
where the last inequality is by the result of phase 1 where |VT§T1 | = O(d,, *) and the condition that
N - SNR? > Q(1).
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H.2.2 PROOF OF CLAIM 2

By the results of we have the dynamic of (g, k) as follows
<q(s+1) k(s+1)> —{ (s) kf:))

+ + q+ 9
o MCs(pll2 — )| plllwoll3oidn(s — Th) 1 (26)
= )y’
N exp(A, ;)
(@Y KT — (@) k)
o WCe(llpll2 = ) llpl3lwoll3ondn(s — Th) 1 27)
B N exp(A; )
s+1 s+1 s s
N e e (A
_ _MColoyd + 0p7/210g4UNM/6) + 7)(llpll2 — 7)*[lpl3lwo l3ohdn(s = T1) 1
- (s) y’
N eXp(An,+,j)
(28)
(@ k) - @ k)
_ 1P Ca(o3d+ 02BN D) + 7)(ul — sl lwolBoRdn(s ~ T 1
) N exp(A, )
(29)
1 1 s s
< Ejj_ )ak$+ )> - < 'EL,gvkEF))
o MCo(opd + 0p7y/210g(4NM/5) + 7*)(|llz — 7)* | ull3]woll3o7dn(s — Th) | 1
- N eXp(An,i,+,j)
(30)
(a ) KETY) — (g k)
o MCs(opd + 0p7y/210g(ANM/5) + 7°)(lullz — 7)* | ull3lwoll3ordn(s — Th) | 1
- N exp(An,i,f,j)
(3D
(g k) = @ k)
g _17206(012,(1 + 0p7\/210g(ANM/5) + 72)?|| p||3||wo ||302dn (s — Ty) _ 1 32)
- N exp(An,i,+,5)
for s € [T4,t]. The seven equations above show that (qiS ), kis )>, (qr(fz, k:(is )> are monotonically

increasing and <q(ig ), k:gf;) <q7(:2, kgf;) are monotonically decreasing. Next, we provide the loga-

o . 1 1
rithmic increasing lower bounds of AT ]) and AUT J) :

We have
s+1 s s+1 s+1 s s s+1 s+1 s s
ATTY = A= (@ k) (@ kD)) — (@l kG — (el k)
o WCs(llpllz = ) llpl3lwoll3ondn(s — T1) 1
- (s)
N exp(A,, 4 ;)
n*Ces(03d + op7/210g(4NM/6) + 72)(|pll2 — 7)? || ll3 | wo 307 dn 1
+ N (S*Tl)(S*TlJrl)'W
exp(A, 7y ;)
S i° Cr max{||pl[3, o7d} (|2 — 7) |3l woll3oidn(s — Th) 1
- (s)
N exp(A,, ;)
o (el = )3 lwoll3di (s — Th)* 1
= 2AT2 2 s
N (log(6N2M?/6)) eXp(Af%)Jﬁj)
(33)
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where the last inequality is by 07 > min{||p|5?, (02d)~* }d;% (log(6N2M?/§))~2. Multiply both
(s)

sides simultaneously by exp(A,” 7. ;) and get
2 20,12 2 %
(s) (s41) _ A (9) n-Cr(||ull2 — 7)7||pllzl|lwoll2d; (s — Th) 1
T+ »+.d . N(]Og(6N2M2/5))2 eXp(Af{iL

Taking a summation from 73 to ¢ and get

1
2Cr(llpllz — 7)*mll3lwoll3d; (s — Ty)
A(s s+1) A(s n 7 2 2%h 35
XT:eXp not ) At ntog) XT: N(log(6N2M2/6))2 (35)
s 1 S 1

'l
7 Cs(llpll2 — 72| mll3llwoll3d5 (t

N(log(6N2M?/5))? -T)({t-Ti+1). (36)

By the property that Agi) +,j is monotonically increasing, we have

T 2 201,112 215
@) )AL _A®) n°Cs(llpllz — 7)*[|pl3llwoll3d;
/(T1> exp(z)dz > Z exp(A, 7y (A L i—A ) > N(Iog(6NZM2/3))2 (t=T1) (t—T1+1).
A, v+ s=T1
37
AGTD
By f (’;S‘j exp(z)dz = eXp(ASilj)) exp(Afi)’j) we get
n Iy
2 211,112 2 %
(t+1) (Ty) n°Cs(||pll2 — 7) ||H||2||w0||2dh
g = ot <GXP(A”1*”) NogNaar/ayr e hE )
Similarly, we have
2 201,112 273
n°Cs(||pll2 — 7)%||el|3]|wo ||5d
AU > log <exp(1\£};l))j) + S%(kgm#&kg)y 244 . (t—T)(t—Th + 1)) .
Thus, we have
s 1 s s+1 s+1 S s s+1 s+1 s
ASTY = A L= (@S RS = (g k) — (@S kST — (a5 KS))
17°Co(03d + 0p7+/210g(ANM/5) + 72) (|| ll2 — 7)? |3 l|lwoll3o5dn(s — T1) 1
- N exp(A) L ;)
| P Colo3d + 0,7y /ZIog(INII]D) + Pl wolBotdn (s —T1) 1
N exp(AL) )
1° Cr max{||pl[3, 07d} (opd + 0p7/210g(ANM/0) + 72) || pl3 | wo |3o7dn (s — Th) 1
- N exp(AL) L )
PCr(02d + o,m\/ZIogANMJS) + )l lwo |3} s —T1) 1
. N (log(6N212/3))? O
(38)

()

Then using the similar method as for A}, .,

we get

1°Cy(opd + op7/210g(ANM/0) + 72) || ][5 ]| wo [3d);

AGD > AT
og | exp( )+ N(log(6N2M2/3))?

ny0,+,J n,%,+,]

t-T)t-Th+1) |,
which complete the proof. The proof for Claim 3 is in Section
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H.2.3 PROOF OF CLAIM 4

By the results of [K.7] we have

s s s s 77010||N||2(HN||2 +T)202dh
<q5r+1)vk(++1)> - <q5r)vk(+)> = 2 &) .9 .
exp((gy’, k')

for s € [T1,t]. Further we have

s ) ) 2 24524
exp((a{ "V RSTY)) < exp (@ kYY) + nC1ollpl2 (”“”2 +7)"ondn
L exp((g'?, kL))

2 2
= exP(<q$)’ k$)>) - exp 77C10HHH2(||I(4S|)|2 -f(—s)T) ordp (39)
exp({qy”, ky"))

<Cu GXD(<CI$)7"’$)>)~

min{||p/5 2, ( gd)‘l}d;%(10g(6N2M2/5))_%, <q5rT1),kSrTl)> = o(1) and the monotonicity

(qJr ,k:(s> for s € [T1,t], we have exp <"C“’|“| (|H||2+T)2<fidh> < exp(o(1)) < Chs.

~ 1
For the last inequality, by n <  O(min{|p|5? (c2d)~'} - d,%), of <

exp({g{" k(7))

Multiplying both sides by ((qfﬂ), k:gfﬂ)) — <q$), kp)) simultaneously gives

exp(( (s+1) k(s+1)>) ((qf+1),k(s+l)> _ <q(s),k(s)>)

< Cy exp(<q+ ’k(s >> <<q-(i-+1) k s+1)> < $)7k$)>) (40)
< nCralpll5(lmll2 + )07 dn,

where the last inequality is by plugging (39). Taking a summation, we obtain
(@™ kL)

d
<q<T1) k(T1)> exp(x) v

< Z exp((af ™ k) (@ kEY) - @l R

s=T1

t 41

<3 nCulul3(lullz + )30 d

S:Tl
< Ty - nCullpl3 (sl + 7)203d,

d1/2
h

< —p5p— 52—
~ log?(6N2M2/0)

A

where the first inequality is due to <q(f),k(f)> is monotone increasing, the last
inequality is by b = O(n w3 *|lwolly? log(6N2M?/5)~') and oF <
min{| 5%, (07d) 7" }d;, * (log(6N?M?/5)) 2. By

(@D k(D)

exp(x)dz = exp((g{ " k() -

exp({g™, k),

T T
(@ k()

we have

1
(t+1) (t+1)y o (T1) p(TD) dj, < 3
<q+ 7k+ > — log <<q+ ak-i— > + 10g(6N2M2/5)> — log (dh) ) (42)
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By the results of [K.7] we also have

(@) By (g gy < MC0lpll5nle + 1) 0hdy @)
exp((g"”, k)

3 s s nCIOUZd(HNIb +T>20'2dh s s
<q§:+1) k( +1)> < (s ),k7(13> > p N h ((qgt)7k£7;>) (44)

nCroozd(||pll2 + 7)*0hdn

<q§Ls:~1) k(s+1)> < Szak s > < > . (45)
N exp((g,, k)
s s $ (s nCroo2d(o2d + o,7+/21og(4NM/5) + 7'2)0'2dh
(@ ke ) g k) > - e = exp((ay ) k).
(46)
Then using the similar method as for (q(tH) k(t+1)) we get
(@ k) <log (d7) @47
1
(@ ) > —og (df ). (48)
(@t k) <log (d7), (49)
1
(@ TV k) > —log (di) : (50)

Next we provide the upper bound for |<q(it+1)7 k$+1)>| l{a, (tﬂ k(t+1)>\ By the results of we
have

i
Sl Y 100 3 8 3 1891 S 1 3 18 =0 (N¥d, 7).,

s=T1 s=T s=T1 s=T1 s=T s=T1
(5D

fori e [M\{1},n € Sg.
¢ ¢ o
> lal Yo Jal) =0 (NTEd ) (52)
8:T1 S:Tl
fori e [M\{1},n € S4.
Z |Bn +’L| Z |ﬁn — 1 (SNR N_%d}:Z) (53)
s=T1 s=T1
fori € [M]\{1},n € Sy.
t

5 1ol 32 180l = 0 (4 hog(en2ar2/) (54)

S:Tl S= T1
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for i,j € [M]\{l},n,n" € [N],n # n'. Plugging these into the update rule of

<q§f), kg_f)> (q,(L )l, k" -y and assume that propositions C(T1), ..., C(¢) hold, we have

n,j

(g BT < g™ k) w+§j| (@ kY — (gl k)
s=T1

T T
< (g™, KTy

t

+ Z () kgf ’k(S Z Zan+z kgzs7.7k(5)>

s=T4 n€S+z 2
+B(787<Q+)7q Z Z,Bn,Z ququ >
nes_ i1=2

+ a++k(s+zzan+l n,i

nesSy i=2

s)T (s +ZZﬂl_lnszT

nes_ i=2

T T
m<wb

+Z\a k()k()|+ZZZ|an+l (k) k)

s=T1 n€S+z 2 s=T,

+wa%nw+222mw%mm

s=T1 nesS_ 1=2 s=T
+ {lower order term}

= (@, k™)

+0 (Nfd;Z) o)+ N-M-0 (N*ad;%) -o(1)

+0 (N¥d, %) o(1) + N - M0 (SNR- N~ ) - o(1)

= (g™, k™) + 0 (N4d;#) + 0 (SNR - NEd; 3
+ h h
o(1),
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where the first inequality is by triangle inequality, the last equality is by |<q s ™) g >| = o(1) and
d, = Q (max{SNR4, SNR ™4} N2~ 2). Similarly we have |<q(t+1) k(tH))\ o(1).

t+1 t+1 T T s+1 s+1 s s
a1, KDY < (gD, KT 4 3 (g, K ) — () k)
S= T1
T1) T1)
|<q;; )
k(s k(s (S)_ k(s kel ()
+Z anr + n]> nz, +Zzanzn’l n’,l’ n,]>
s=T1 n’'=11=2
( N M ( )
+6%) (@, alh + 88 (@ qh + 3N 8 Ll el
n'=11=2
N M
+< ;51 +k(8)+a7(152 7k(5 + Zzanzn’l n’ l)
n'=11=2
N M
T s) T T T T
(T 3 S )
n'=11=2
T T
g|<qiﬁ,k5”)>|
t
£ 1ol LI, K+ 3 o), )
s=T1 s=T1
M t
+ Z | TL?,H,j j’kv(v,,]>|+z Z | nzan(k(sh nsj>|
S= T1 =2 S:Tl
t N M )
Y Y el )]
n’;«éﬁ/\(l;«éjVn’;ﬁﬁ) s=T1 n'=11=2
Y181+ 3 189 Il
S= T1 T
t
+Z|B(f],nz qn17qn7 ZZ n]nl qnl’q7(12>|
s=T1 =2 s=T}

t

N M
D DD DD B D I: W[ e

n'#nA(l#ivVn/ #n) s=T1 n/=1 [=2
+ {lower order term}
= gy k)|
+0(d, *) - o(1) + O(d~dy, T 1og(6N? M2/5)) - © (0202 dd))
S M-O(d, *) - o(1) + N - M-O(d~*d;, * 1og(6N2M?/5)) - o(1)
+O(N=d, 7) - o(1)
= (@D kD)) + o(dy )
+O0(d™4d}) + o(Nd~d, * log(6N2M?/5))
=o(1),
(56)
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where the first inequality is by triangle inequality, the second equality is by o7 <
min 3%, (o2d) 1} - d; * - (log(6N?M2/6))~%, the last equality is by | (g, K\ = o(1),
d = Q(e 2N?%dy,) and dj, = Q (max{SNR* SNR*} N?e2).

H.3 STAGE III

In Stage III, the outputs of ViT grow up and the loss derivatives are no longer at o(1). We will
carefully compute the growth rate of V4 and V,, ; while keeping monitoring the monotonicity of
(g, k). By substituting t = T, = © (é) into propositions B(t), C(t), D(t), £(¢) in

TER T2 wo 2
Stage II, we have the following conditions at the beginning of stage III

T T: T:
VLIV LIV = o),
S S A
V_(Tz) < —3M - ‘Vé€2)|,
T T
la\™ |12, 11k )12 = ©(||pl302dn),
gl 13, k(2|12 = ©(0202ddy,),

T T T T T T
@™, ") 1@, a2 16, al) = o(1),

[ BT R R R, B2 = o(1),

7,1 n,t ’vn’,j

fori,j € [M\{1},n,n' € [N],i#jorn #n'.

(T2) < (1) i
A, 2, > log (eXP(An,:I:J) +0 (N(log(6N2M2/5))3>>

2dd%
N||pl3 (log( N2M?/6))

Agszz)j:] > IOg exp(Agizj:])—’_@

1

Ts T2 Ts T2 To T2 T> Tz
@™ kT 1™ kL 1@l T 16l k2] < log(d))

n,j
(T2) 1.(T2) (T2) 1. (T2)\) _
(g™ k220 gy, ks ) = o(1)
ford,j € [M]\{1},n,7 € [N],n # 7.

LetT; = © (W) Next we prove the following four propositions F(t), G(¢), H(t),
2+T 2
Z(¢) by induction on ¢ for ¢t € [T, T3]:

o F(t):
v >3m - v,
v < 3m v,
VAl = o(1),

1
g (exp(V™) + nCir(lill — 7 wolBe - 7)) < v < 2105 (0 1)),

1
~ 2105 (01 )) £ v < o (exp(-V™) 4 nCrrllalle ~ 7 wol(e - 72)

fori € [M]\{1},n € [N].
* G(¢):

t t
gt 112, 169112 = o(||ullZo2dn),
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gl 12, 1k12 = © (o202ddy)

1@\, a) 1@ a1 @ @l ) = o(1),
[k B 1R RO B ) = o(1)

fori,j € [M]\{1},n,n' € [N],i # jorn #n'.

o H(t):
(g™ kL) > (gl L),
(@ Ky > (gl kD),
(@ k) < (@l kD),
(@Y EYDY < (gl k)

fori,j € [M]\{1},n € [N].
o I(t):

fori,j € [M]\{1},n,n’ € [N],n # 7.

By the results of Stage II, we know that F(T%), G(T5), Z(T5) are true. To prove that F(¢), G(t),
H(t) and Z(t) are true in stage 3, we will prove the following claims holds for t € [Ty, T3]:

e Claim 5. H(T2), ..., H(t — 1), I(T3), ..., I(t) = F(t+1)
« Claim 6. F(t), G () H(T),. (t—l),I( D). It —1) = H(t)

e Claim 7. F(Ty), ..., F(t), g( ) H(Tz),...,y(t—1),I(T2),...,I(t) — G(t+1)

. Claim 8. F(T3),. ,]—'() G(Ty),...G(t), H(Ty), .. H(t— 1), T(Ts), .., I(t) => T(t+1)

H.3.1 PROOF OF CLAIM 5

The proofs for Vf) > 3M - |V(t)| and VY < —301 . |VT§?| are the same as for
Based on H(T%),...,H(t) where (g (e ), k:(g)) and <qng2, k:(ig )> are monotonically non-decreasing

and max; (q(i), kif;), max; ( 7(1) k' )> are monotonically non-increasing for s € [Ts,t — 1], we

have B )
dz
A(S) > A(Tz) >1 A(Tl) ) o h i 57
,x,7 = log eXp( n,:i:,j) + N(lOg(6N2M2/§))‘3 ) (57)
1
o2dd?
Ay Z AL 2 log [ exp(ALTY, ) +© p—h (58)

N||pl[3(log(6N2M?/6))?

fori,j € [M]\{1},n € [N], s € [T, t]. We further get

exp((g?, k) _ ep((a kD) |

exp({gS” k) + N exp((@l, k) T Cexp((@, kY))  Cexp(AL )
| N(log(6N2M2/6))3> (59)

=0
1 1
(T a2 < dz?
Cexp(AY )+ 0 <N(log(61\/h%{2/6))3> h

©) &) (g

For the first inequality, by the monotonicity of (g}, (s) k:(Sz)

qy ,k:(s)> is increasing and (g,
is decreasing), there exist a constant C' such that C’exp((qi),k )) > exp((q(f ),k(i)>) +
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Z?QQ exp((q:(s ), kffi)) The second inequality is by plugging[57} Similarly, we have
exp<<q552, ki) L
exp((gy). kL) + 35 ) ki) Cexp(A L))

(60)
N |3 (log(6N212/5))°

o2dd?
Plugging (59) and (60) into the update rule of py,, ; in Lemma [§]and get

\ . S E = N (log(6N>M*/6))* N||p||3(log(6N>M?/5))>
|pV:12—p‘v1”|_N@wwswwsn,i,e;ib-<O( Qs /O )+ o | MielCostORAL/0)

=0

d o3dd}
+ﬁn,¢nzwﬁ 7). <€nu£ff)1/>-< (N(log(G]C\lngQ/é))3>+O(N|M||§(lc:;gjcﬁl(i\;2M2/5))3)>+O(1)
. 377(0;2)5le o(1) (O (N(log(ﬁz;ngQ/W) Lo (Nmn aog(jczlva% ))
< (O (N(azd+o(l))SEgmN?Mz/a))?’) N O<Nllu| os(o2115) ))

_ o [ Mopd + o(1))(log(6N*M?/5))° L llul3(og(6NM?/5))*
a2 a2
(61)
where the second inequality is by Lemma and |Z(nt )| < 1. For the last inequality, since d =

Q(e"2N2dy,), we have N - M - 202+/dlog(4N2M? /) < Fo2d. By Definition 4/ and taking a
summation we have

t
T E
WV < VI ST 18 = o8l lwoll3

s=To

<VERI+ T 1o = ol - lwoll
1 2d 1 1 6N2M2 6 3 21 6N2M2 5 3
50(1)+®< i 2) o [ Meopd+o ))(olg( /9)) 4 Mlli]l2(log( 1 /9)) wo2
ne(llpllz +7)*[lwoll3 d? d?
2d 1))(log(6N2M2/6))3 202 /6))3

_ (1) + 0 [ (@dF o) (0B(ONI/5))" | (log(6N>M?/3)

elllpllz + 7% ed;
=o0(1) + o(1)
= o(1),

(62)
where the first equality is by N - SNR* > (1), the second equality is by dj, =

Q(max{SNR*, SNR™*} N2¢=2). Then we have a constant upper bound for the sum of V,; as

follows:
> |Vrgsz)| = (M —=1)-0(1) < C15,
ie[M\{1}
forn € [N], s € [Ib,t].
Expanding (59) and (60), we have

exo((al® o '
(g} 7km>) — O<N(1 g(6N2M2/5))3> Loy 6

exp((@l, kL)) + S5, exp((gl &
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where the equality is by dj, = Q(max{SNR*, SNR ™} N2¢~2).

Similarly,
exp((ay). ki) _ O<N||u||§<log<6N2M2/a>>3> _ofl), (6h
exp((g, ) k) + 5 exp((al). kL)) opd ]’
where the equality is by the same choice of d,.
Then we have
softmax((g{”, k7)) > 1— (M = 1) - 0(1) > 1 — o(1), (65)
softmax((g'"), k{)) > 1 — (M — 1) - o(1) > 1 — o(1), (66)

fori € [M]\{1},n € [N], s € [T, 1.

Thus, in the following discussion, we omit the noise-related terms as o(1).

Next we provide the bounds for 0. Note that (z) = log(l + exp(—=2)) and —¢'(2) =
exp(—z)/(1 4+ exp(—=z)). Without loss of generality, assume y,, = 1. We have

1
1 +€Xp< Zl L S0(”(8 W(S)WS)T(%LS))T)Yy(LS)W%f)wO)

0 (f( X, 0(5))) =

1 ; ~(s s
= (softmax((q(ié), kis))) + Z softmax((q 7(16;, k(5)>)) . ui)TWE/)w
1=2

+ Z (softmax((qffg,k(S +Zsoftmax((qr(f?,k§;)))-gﬁjfwgf)w

Jje[M\{1} =2
1 (s) (s)
= (M- (1= o(1)) - V! RLOREDY Vi)
je[MN{1}
()
>3V,

(67)
for s € [T, t], where the second equality is by plugging equations above, and the inequality follows

from V(S) >3M - |V(S .
Similarly, we have

~( )TW(S)W(Q)T X(s) X(s)w(‘?) < V( ) V( s) 68
MZ nl ( ) ) n Vwo 16{1?4?\}?{1}{ + nz} ( )

Then we have

_O(F(R,0(s)) = !

L+ oxn (G S e WO W (X)) R W w0
1 69
> 1+exp(V+(S)) (69)
Cis

Z ®
exp(V;")

where the first inequality is by plugging . For the last inequality, note that VLTQ) > 0 and Vf) is

monotonically increasing, so there exist a constant Cg such that L ONE C“"(S) . We also
I+exp(V,™) exp(V,™)
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have the upper bound

1
—(f(Xn,0(s))) =
1+ exp (ﬁ Zl]\il w(wzﬂlWS)WS)T(Xn)T)ang/S)wo)
1
= ®)
14 exp(Vy7/2)
o
~exp(V(7/2)

Then by the update rule of WS)JF and in Lemmaand get

exp((aY, k)

Wi =W = =l 55 Y 6 <
exp((

r A a0 + 0, exp((al KE)))
i exp((g(), k7))
= exp((@l) k) + 0, exp((@), kL))

(llullz = 7)* D E(M - (1= o(1)))

nesy

> (e~ 7 - (1= 0(1))-

1
exp(Vf))
where the second inequality is by (69). Then by definition d] we get

+ +0o(1)

Cie
exp(Vf))

> 1Crr([lpll2 — 7)3

w1 " nCur(lpllz = 7)*wol3
Vit — v = (Y — ) lwoll3 > O
exp(Vy™)

Multiply both sides simultaneously by exp(Vf)) and get
exp(Vi)(VET = V) 2 nCra(lulle - 1) llwol3

Taking a summation from 7% to ¢ and get
¢

t
s s+1 s
S exp(VEYWVETY v > 3T 0w (el — )2 woll3
S:T2 S:T2

> nCrr([pllz = ) woll3(t — To + 1)

By the property that Vf)

is monotonically increasing, we have
V_'(—H»l) t
exp(z)dx > Z exp(V_ﬁs))(Vf_sH) - Vf))

s=T5
> nCir(|pll2 — 7)*|woll3(t — T> + 1)

V_*(_T2)
Vit (t+1) (T2)
By f Vi g exp(z)de = exp(V, " /2) —exp(V,"*’ /2) we get

VY 2 log (exp(VE™/2) + nCae(llallz = 7)*lwo 3t — T2 + 1))
> nCur(|lplls = ) woll3(t — T + 1)
Similarly, we have

VI < —tog (exp (VI™) 4 nCrr(llle = D lwo 3¢ — T2+ 1)
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Next we provide upper bounds for Vfﬂ) and VY By the update rule of 7‘(2 )+ and in Lemma
we have

(5) p,(5)
(s+1) _ (o) — ey () 7) exp ((a3”, k3”))
SR DAt [TERY AN E A ( PR —
ves, | \exp (@ k§)) + 0L, exp (8, k(L))

M ox (8) 1.(s)
+3 D ({4,0;#37)) >)>+0(1)

= exp (a1, KE)) + 0, exp (a5, k)

<n(lullz+7)2 > (- 69) - M

neSy

3N s
<n(llplls +7)* - == - exp( = V{7 /2)

2
_snllila £ Py
(78)

where the second inequality is by (70). Then by definition d] we get

s+1 s s+1
VERY — v = (8T =48 lwoll3

< Snlllellz + 7)2|lwoll3 (79)
dexp(VE/2)

Further we have
3n(||pll2 + 7)?[wol|3
8exp(VLV/2)
p(3n(llu|\z +T>2llwo\|5) (80)
8exp(V ™) /2)

exp(V"™/2) < exp(V{ /2 +

= exp(V_s(_s)/2) -ex
< Cisexp(V(Y/2)

For the last inequality, by 7 < O(min{ w52, (agd)*l}-d;%), VLTQ) = ©(1) and the monotonicity

of Vf), we have exp(%) < (5. Multiplying both sides by (V_ﬁsﬂ)/Z — Vf_s)/2)
exp(V

simultaneously gives

exp(V) VI /2 - V() [2) < Crgexp(VE 2) (VD 12~ VI 2)

_ 3nCus(llllz + 7)|woll3 1)
- 8
where the last inequality is by plugging (80). Taking a summation we have
vt /2
exp(z)dz < Z exp(VETY /2y (vt 2 — v ) /2
(T2)
V+ /2 s=T5
T.
< Z 3nCus(llull2 + 7)*[lwoll3
8
S:T2
o ! ) SnCisdlul + 1) lwoll} _ ¢
= \nelllpllz + 7)?[lwoll3 8 “82)

y D
By [ (T2)/2/2 exp(x)dz = exp(V. t+1)/2) exp(VJETQ)/Q) we have

Vf“) < 2log (eXP( TZ)/Q) C)) = 2log <O (1)>
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Similarly, we have

VI > olog (0 (1>)
€

By H(T3),...,H(t — 1), we have softmax(({g (t),kg))),softmax((qffl,k:(t)>) = 1-0(1) and
softmax((q(it), kg)j)), softmax((qff)z, k. )) = o(1), which have been proved in By the

n,J

results of |K.5| we have the signs of o and 3 as follows:
a(t) a® Srt) 757 = ® O 57(Lt+ . ® S 0,

+,4> ——7 n1+7 n1—7 n—zf

H.3.2 PROOF OF CLAIM 6

o't ® O ()
n +,2 an,—,z’ n,i,n,j’ Bn 1,4+ ﬂn,i,—’ ﬁn,j,n,i —

Then combined with G(7T') and we have the dynamics of (q, k} as follows:

(@ k) = (g BY) = o R+ D Z oy (kY k)

neSy i=2
t t t t t
B NP3+ Y Zﬂﬁ)ﬂ a.a.)
neSy i=2
o PN S5 ST (83)
neSy i=2
T
-(i-t)-i-q"r) + Z Zﬂfﬁlqg)ﬁ
nES+z 2

= o K13 + 8, 14|12 + {lower order term}

>0
Similarly, we have
(g™ KT — (gl k) > 0,
(i RS = (g k) 2,0
(t+1) (t+1 t) (t)
(@ k) = (d k) <,
1K)~ K)o
which completes the proof. The proof for Claim 7 is in Section [K12]

H.3.3 PROOF OF CLAIM 8
By the results of [K:10] we have
C + dp log (O
<q$+1)vk$+1)>_<q$)’k$)> < nCo(||pll2 + 7)°||pll507dn log (O (1 ))’
(t) k(t)
exp <q+7 >

(84)

Further we have

exp((g{ T, KDY < exp << W ED) +

nCio(||pllz + 7)2l|el302ds log (O (X )))
exp((g\, k)

— exp (@ kD)) - exp 1C10([|pll2 +7)?||pll307dn log (O (1))
= ((a& ). < exp((a, kD))

< Ch1exp ((qgf), k$)>) .
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For the last inequality, by < O(min{pu|;?, (o2d)~'} - d;%), o7 < min{[|pll;?, (o2d)~"} -
d;% - (log(6N2M?2/58)) "2, (qy () k:(T1 } = o(1) and the monotonicity of <qf),k$)> for s €
[T1,t], we have exp (nCquIzohdh log(O(E))> < exp(o(1)) < Cy;. Multiplying both sides by

exp((g} k("))
(<q$“>, k$+1)> - (q(f), k(j))) simultaneously gives

exp((a "V k) (@ REY) - (@ kD))

+
< Cuesp (@ k) - (@) ) = (gl k() (85)

1
< nCra([|mllz + 7)?| pll507 dn log <O (6)) ’

where the last inequality is by plugging (84). Taking a summation we have

@R

B 3 el KO (1K) — (af k)
S= T2
t

< Z nCu2(||pll2 + 7)? || ll307dn log (O (1))
S= T2 (86)
< Ts - nCuo([|pll2 + 7)° || pl50%dn log (O (%))
1
dj; og(O(3))
e(log(6N2M?/5))2

T T
<qi 2)716:»2))

where the first inequality is due to (q( *) k(5)> is monotone increasing, the last equality is by

Ty = O(n"e (lull2 + 1) lwoll3 ), 5=0(1) and o}, < min{||pl;* (o5d)"'} - d, >
(f+1) (t+1)

2 ’ ) 2 2
(log(6N>M?/5)) 2 Byf o) i, XD )da = exp((g\ ™ kL)) —exp (@) k™)),

we have

dj log (0 (1))
e(log(6N2M2/6))2

<q$+1)7 k$+1)> < log‘ exp(( (T2) k(T2)>) +0 < log(efldé)

where the last inequality is by (q(Tz) k(T2)> < log(d%). By the results of , we also have

(gD, KDY (g® g0y < nColll3(llpellz + 7)*07dn log (O (7))

(87)
exp({g—©, k"))
s s s s 770100-2d(||l"’”2 +T) Uzdhlog ) € s
@™ k) = k) = ’ o108 0L ciq, 15))
(88)
s s s s 770 UZd(”“” +7 Y dthg @ %

Nexp((g), k%))

R R &) o (s nCroo2d(o?d + o,7+/2log(4NM/68) + 72)o2dy, log (O %
(g D) (g gy 5 MC100yd(oyd ¥ oy wdnlog (O (7))

nd 0 Vn,j n,i» Vn,gl = N

cexp((a), k).

(90)
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(t+D) p(t+D)

Then using the similar method as for (g} ), we get

q(t+1) K (t+1)

+1 t+1
" kY

( ) <
( )
(@ By < log(etap),
< (t+1) (t+1)>

’ n,]

1
> —log(e 'd}),

1

> flog(efldfb),

oD

Next we provide the upper bound for |(g.; (¢+1) kK f+1)>| l(g (t+1) k(t+.1)>| By the results of

nz » /!

we have

t t
ST1BE LS 18,

S:Tz 5:T2

Y <SNR (10g(6N2M2/5))310g (0 (1))>
€d,§

fori e [M\{1},n € Sy.

t t
UL SUCAID SIECHD SIECR U DI

5:T2 S= T2 S:Tz S= T2 S= T2 S= Tz
0 (N(log(6N2M2/6))3 log (O (i)))
ed,% ’

fori e [M\{1},n € Sy.

t t t
3 |a£f?+,i7 al_ [ Z| I N STt I S 1 K
S:Tz S= T2 S:T2 S= T2 S:TQ 5:T2
0 <<log<6N2M2/6>>3 log (O <i))>
ed}% ,

fori,j € [M\{1},n € Sy.

3 ol 3 18 - 0 (XL O L))

S:T2 S= Tg €di

51

92)

93)

(94)

95)



Published as a paper at 3rd DATA-FM workshop @ ICLR 2026, Brazil.

for 4 j €M ]\{1} n n’ € [N],n # n’. Plugging these and proposition G(¢) into the update rule
fl(qt, &l k)| and get
of (g, k"), [{ ;)| and ge

qnz’ n,j

t
(@ BT < (@ I+ 37 1@l k) — (af k1))
S:T2
< [(a{"™, k1)

t

+Z f)’kS) Z Zan+z n337k3)>

s=Ts nesSy i=2
+ﬁ_9)_ q+ )q— Z Z/BTL, ,z qnz’q— >
nesS_ 1=2
+ 0‘+ +k( '+ Z Zanﬁ%kég
neSy i=2
LG Y S |
neS_ i=2

< |< (T2) k(T2)>|

+Z|a D, D)) + ZZZMW 1k, B0

s=T5 n€S+z 2 s=T5
t
+ Z 8911, q) [+ Y ZZ 8711 a)]
s=T5 nesS_ 1=2 s=T5

+ {lower order term}

Ts Ts
= (g, k"))

o < (og(6N>M?/3))* 1og (O (1))> ()N MO <SNR2(log(6N2M2/6))310g (© (1))) (1)

€d2 Gd%
‘0 < Log(ONZM”/2)) 106 (0 (1))> ()£ N M0 (SNR2<1og<6N2M2/5)>310g (0 (1)>> (1)
edﬁ ed?
_ |<qs_T2)’k(_T2)>| Yo <N(log(6N2M2/51))310g (0 (1))) o <N ) SNR2(1og(6N21\4j/5))310g (0 (i)))
edj, ed;,

= o(1),

(96)
where the first inequality is by triangle inequality, the second inequality is by results in[F.2] the last
equality is by (g, k")) = o(1) and d) = © (max{SNR* SNR™*} N2¢2). Similarly we
have |(g"“*") k$+”>| = o(1) and |(g\'; ", kL TV)| = o(1),

n,J
Lemma 21 (Convergence of Training Loss, Lemma D.7 in (Jiang et al., [2024)). There exist T =
B such that

Tt 2 woT
Ls(0(T)) <e 97)

Proof. As we have the same conditions at the end of stage III as (Jiang et al., 2024), thus we have:
Substituting t =T = m into propositions F () and get
2

Vi > 1og (exp(VI™) + nCur(llllz = )2lwoll3(t — T2))
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Vil = o).
Thus, for n € S, we bound f(jfvm 6(t)) as follows :

M
—~ . —~ —~ 1
(X0, 0) = 3 § (@, WoW (X)) X, Wywo > log () (98)
’ €
=1

And
79 = 1o (1+ exp(~ (X, 001))
< exp(—f( X, 0(t)))
< exp < log (1))
<e.

Similarly, we have E(nt ) < eforn € S_. Therefore, we have

N
1 _
Ls(0(T)) = N E B <
n=1

H.4 TEST ERROR

In this section, we denote clean V,V_ and V¢ as ulewo, uinwo and STWVwO, and
perturbed V., V_ and V¢ as ﬁIWV'wO, L Wy wo and £ "Wy wo.

H.4.1 CLEAN TEST ERROR

Theorem 22. Under Assumption|l| in the theoretical analysis of test error in the second and third
stages of benign overfitting, we define g(€) as V(t) <£ W t)wo> Then, we know that for any

x>0, ifg: R*” — Ris a Lipschitz function and c is a constant, the following inequality holds for
the test loss.

2

M
P(Z ai(9(&5) —Eg(&5)) > x) <exp | - M - () 2
)

Proof. According to Theorem 5.2.2 in |Vershynin|(2018), we know that for any z > 0, if g : R" —
R is a Lipschitz function, it holds that

N 2
P i i —E i Z S X - e 99
(2 eulote) ~Ealed) =0 ep( az@iv_lammap) >
where g(&) is defined as \V )| = (&, W wo>| we have
19(6) = 9(&)| = || € W wo)| - |(&' Wiwo)|
<|(-& Wiuo)]
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< [W{wolls|l€ ~ €'
So, we can get

lgllun < |[Wiwol - (100

By plugging (100) into (99), we can get the result. O

The following inequality holds according to the update rules of the V' vector in Lemma [§] the first
equality is derived from the update of triangle inequality, and the second equality is due to the
initialization of the V' vector.

t—1
[wiwol], < [WiPwol], + 32 [ Wi ™o — Wi hwol
t'=0

. HW<V‘)>wOH2 +0 (n- maxc{|lplly .oV} - o) (aon
=0 (ov llwoll, Vi + ty llwo > max { |l .o, d}
< 0 (tn Jwoll* max { ull, .oV} )

Since g(&) as \Vg(t)| = |<£,W$)wo>|, and since <£,Wg’)wo> ~ N(0, HWg,t)on%ag), SO we
can get:

2
Eg(§) = El{§, W wo)| = \/; Wi woll20,

The test error can be interpreted as the probability that the noise term dominates the signal term.
Formally, this corresponds to the event that the cumulative contribution of the random perturbation
exceeds the deterministic signal margin. After centralization, we can apply Theorem 22]to obtain a
high-probability upper bound on the test error.

M M M
Py(f0:X) <0) =P | |38V =V + 3 (B 8i5)Ve) | <0
<P [ s = (3 s (v - v)
M
=P Y oi(0(&) — Bla(€)} = o (Vi - V1) - ap\/5<2 o) W

€2 (a1 (V-i(rt) - V—(t)) - 0?\/%(2?4:2 ;) ng)'wo‘
02T a0?) (|
ar (V0 v

< exp (674) FOXP _%5 M (t)
s
7/ 3L [ W wol

We denote o as ), .S; j, where S; ; is softrnayc((ql(-t)7 k;t)>). When the subscript is 1, it represents

the signal, and when the subscript is from 2 to M, it represents noise.

)

< _
< exp o 5
wiwol,)

2
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Then, by the lower bound of Vf) and upper bound of ng)wo , we can further bound the test
2

error with following inequality:
2

(t) _ v/ (0)
P(y(f(0,X) <0) <exp (%) - exp -5 o (V v )

2
/203 [Wilwol

2

(®) (®)
C12 13 |
< 2 _ 2 _+ -
= eXp ( - )exp 9 0 (VO V)
llell2

= exp (%) exp {—%O (dSNRQ)}

where the second inequality is by Wg)

V(t) V(t)
W wolls ~ ==

wo is almost aligned with Vf) and Vft), thus

H.4.2 ROBUST TEST ERROR
We start by writing the prediction score under perturbation X as
M M
yf (0, X) (Zsﬂ) (VO + V) 30 (3 85)V,
j=2 i=1

We first take the first term as an example and derive an upper bound on the maximum discrepancy
between the perturbed input X € B(X, 7) and the clean input.

SV — 5,V = (5 = SV 4+ 5, (v — vy
< (1= 1OV + Sul{fiy — py, Wwo))
<(1-1/0)$u V¥ + 8, Wi

where the inequality comes from Lemma and the definition of Vf’). This shows that the deviation
can be bounded linearly in the perturbation magnitude, with only a small residual term since (C' —

1) = o(1). Similarly, an analogous upper bound holds for §i1 Vi(t) —Si Vf) and gjj \75(:) —Si; Vg(;)
fori e [M], j € [M]\{1}.
Aggregating the deviations across all components, the worst-case perturbation satisfies

yf(0,X)— _min  yf(6,X)
XeB(X,T)

M
< (Z S ) W woll7 + Z (3 8) IWPwolir + (1= 1/C)$1 (Vi + Vi) + o(1)

<ZZSU>||W<t>wOHT+ (1-1/0) (Zsﬂ) (VO 4 v

j=1 =
= MW wo||7 + (1-1/C) (Zs Y+ 7

(102)
where the first inequality comes from V(t) = o(1) for j € [M]\{1}. Thus the adversarial effect

scales with both the cumulative magnltude of the perturbed coefficients and the operator norm of the
weight matrices. Then we can bound the robust test error:

P( min  yf(6, X) < o) = P<yf(9,X) + (yf(6,X) — _min  yf(4,X)) < o)

XeB(X,r) XeB(X,r)
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=2 =2

- MW o 7~ (1~ 1/Chan (V0 - V—“)))

(v v MW wolr
M M
Tp\ 2 j=2 O‘?ng)wOHQ Tpr/ D=2 CVJQ'HWEﬁ)wOHz

< exp( ) exp | — %2

< exp(42) exp —?O(\/c?SNR(l— ||l:||2)> ]

The first inequality follows from (102). The third inequality uses the fact that C' < e/2, which we
absorb into the constant term. The last inequality follows from the bound on Vi(t) and HWg’)wo [|2-

This completes the proof.

I BENIGN OVERFITTING IN CASE 2

Stage I stay same with Next, we aim to prove that under condition 7 = (1 — o(1))||ll,
the attention component in a ViT will remain in its initialization state and fail to learn meaningful
signal-to-signal or noise-to-signal interactions. This is because, under such perturbations, any newly
emerging margin can be immediately neutralized, preventing the signal-to-signal attention from
accumulating advantages. In this regime, the ViT effectively degenerates into a linear model.

At the end of Stage I, since VJFT1 > 3M |VnT Y| and ¢ = o(1) at this point, the perturbation has no

significant effect. Consequently, (g4, ky) and(q, ;, k+) experiences a temporary increase, but it
does not exceed O(log C') (as we will demonstrate later). Therefore, we assume that after Stage II,

when (g, k) has stabilized and the loss derivatives are no longer at the o(1) scale. However, |VnT 3| is

not o(1); it is of the same order as
conditions hold at the beginning of Stage III.

VI V) = (1),
V(Tz) > 3M - |V(T2)|
v < sm v
T T
g™ 12, &2 (12 = ©(10g ©),
T T
gl 13, k(213 = ©(log ©),

T T T T T T
@™, a") 1@, a2 1@, 7)) = o(1),

|<kS_T2) k(T2)>| |<kS_T2) k:(T?)>| |<k3(T2) k(T2)>| =o(1)
fori,j € [M\{1},n,n' € [N],i # jorn #n'.

@™ KL ™ R k) ! )| = ©(log €)
@l k) a2 )] = o(1)
fori,j € [M]\{1},n,7 € [N],n # 7.

o M . ..
LetT5 = O (m> Next we prove the following four propositions 7 (t), IC(t), L(t)

by induction on ¢ for t € [T3, T3):
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o J(t):
v >3m - v,
v < 3m- v,
VAl = o(1),

1
g (exp(V™) 4 1 Crnlllla = 7ol (e - 7)) < Vi < 2108 (0 (1) ).

1
~2105 (1)) £V < tog (exp(-v™) + L Cunlliall — 7 wol B0 - )

fori € [M]\{1},n € [N].

< K(t):
g 13, 1113 = ©(logC),
a3 13, %513 = © (logC),
1@, a1, a1, 1) gt )] = o(1),
S RO 1R D] 1D D ) = o(1)
fori,j € [M]\{1},n,n' € [N],i £ jorn#n/,C=0(1).
o L(t):

@l k) = 6(log 0),

2 "V, j

@ kS 1@ k0 e k)], |
@l k), (g, k)| = o(1)
fori,j € [M]\{1},n,n' € [N],n #m,C = O(1).

By the results of Stage II, we know that F(T1), G(T%), Z(T%) are true. To prove that F(¢), G(t),
H(t) and Z(t) are true in stage III, we will prove the following claims holds for ¢ € [T5, T3]:

e Claim 9. £(T3),...,L(t) = J({t+1)

e Claim 10. J (¢), L(t),K(t) = K(t+1)

e Claim 11. J(¢),K(¢), L(t), = L(t+1)
1.1 PROOF OF CLAIM 9

The proofs for Vf) >3M - |V,§tl)| and VY < —3M - |V(t | are the same as for

we provide the bounds for —0,{¥). Note that £(z) =log(1+exp(—=z)) and —¢'(z) = exp(—2)/(1+
exp(—=z)). Without loss of generality, assume y,, = 1. We have

~ 1
7 (f( X, 0(s
v = 1+eXp(M Zl 190(%1“78)“’(8) ( n) " )X Wi )wo)

1 s) 7.(s K ~ K
=7 (softmax((tﬁ), k:(i)>) + Z softmax((f]f:;, kg;)))) . HIWS)U’O
=2
(), | =
+ Z (softmax((&flz,kn,j )+ Zsoftmax((“{ 2,k:7(fg))) -E;r’jWS)wo
JEIMN{1} =2
1 C (s) 1 (s)
= (M -V M. . Vi
d M e WM g 2 W)
JEMN{1}
(s)
> Vs

(103)
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for s € [Ty,t], where the second equality is by £(t) that AELS )i ; = ©(logC) and Aff)z L =
O(log C), and the inequality follows from Vf) >3M - |V, S)|
Similarly, we have
T WOWDT(X )X, Wwo < max (V) v
M lZ;QO n,l Q ( ) ) wo E[M]\{l}{ + n,z} (104)
_ )
=V,
Then, we have
o 1
1 exp (1 S e @] WS W (X)) X W wo )
; (103)
1+ exp(Vf_s))
C1e

= o
exp(V}™)

For the last inequality, note that ViTz) > 0 and Vf) is monotonically increasing, so there exist a

constant C1g such that L > ng
16 1 xp(V_f_“)) - exp(V_f_“>)

. We also have the upper bound
1

1+ exp (ﬁ Zl]\il (p(ac;lwg)wgﬁ(Xn)T)XnW@wo)
1

T 14 exp(V® /2M)
1

S -

exp(V*) /2M)

—U(f(Xn,0(s))) =

(106)

By the update rule of 'y‘(,t)+ and in Lemmaand get

N+7/1’+ Z g, < eXp(<q$)’k(t)>)

exp((@!. k) + S exp((@. k)
f exp((d;, KY))
= exp(@ k) + S, expl(@) k(L))

+ 3 fl(t) —nlfiy, €)) < exp((@?’ k1)
NM Nexp((@P k1)) + S, exp((@)) k1))

- exp((@"), k(")) )
S exp(@ k) + X, exp((@) ki)
Wl = S~ oyl o
> _
- Z b O+ M - > b
nesSy pr

cnllelz=m? N G nrlplls N Cie

s+1
7\(/,+ - 7‘(/)+ =

nesSy

+

nesSy =2

+

C+M—1)

= NM 4 exp(V®)  NM 4 exp(v)j2m)
o nCu(lplle =7)* 1
N M exp(V(S))

where the second inequality is by , the last inequality is by N - SNR? = Q(%) Then by
definition 4] we get

nCrz(llpllz — 7)*wol3
Mexp(V+S))

(s+1) _ (s) _ (o (D)
Ve _yl —

Pt — P lwoll3 > (107)
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Multiply both sides simultaneously by exp(Vf)) and get
S S S ?7
exp(VE)(VETY = Vi) > FCun(llulle =7 lwoll (108)

Taking a summation from 75 to ¢ and get

t

t
S S S T]

Z eXp(V+( ))(V+( o V+( ) > Z MCN(Hliﬂz —7)?|lwol3

= = (109)

> = Crr([lpllz = 7)?llwoll3(t — To + 1)

2
M

)

By the property that Vf is monotonically increasing, we have

V—%(—Hl) ¢
) exp(x)dx > Z exp(V_s(_s))(Vf—H) - VF))
Vvii2

+ s=Tp (110)

"
> 27 Crr(lllz = 7)*[lwoll3(t = To + 1)

V(t+1)
By fVETz) exp(z)dx = exp(VfH)) — eXp(VJgTQ)) we get

Vf“) > log (eXp(V_ﬁTZ)) + %017(”#”2 —7)?|woll3(t — Tz + 1)) (11D

Similarly, we have

VI < —log (exp (V™) 4 nCra(lulle — 1) lwo 3t — T2 + 1) (112)
Similarly, we have the lower bound, the proofs are the same as for

1.2 PROOF OF CLAIM 10

We first consider the increment of (g, k) at the ¢-th update when using the original clean data. We
then show that, at this step, the effect introduced by the perturbation under adversarial samples
dominates the increment learned from the clean data; hence (g, k) remains stable and bounded.

By the update rule of (g, k) we have

(@i k) — (al kYY)

(t)

(113)
= a$?+ \k:gf) 2 + 5_(:?+||q+ |2 4 {lower order term}
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Subsequently, we establish upper bounds for « and 3 for clean data.

t U /
aﬁr)+ = NM Z _En(t)HNH%

TLES+
, (V@) exp((a’, k1)
+
exp({g, k")) + M exp((a), k()

( exp((g!) k() )
exp((g)!, k) + S0, exp((gl), k1))
_ i(v(t) , exp((g}, k1)) (114)
i=2 " exp((q (t)’k$)>)+ijzexp<<q*(:)7k’£7,3]>)
exp((g. k(1)
'exp<<q$ KON+ L Qexp<<q+>7k;3>>>

war 2 Iul3ve)

TL€S+

| /\

3n (t)
WHNH%‘@

Then, we can then compute the incremental growth of <q5_t), k@) after one update step on clean
data.

< (t+1) k(t+1)> <q_(:),k(t)>

“Luk“) 12+ 8, 11g{" |13 + {lower order term} (115)

O 30y )
< 2MHH||2V (logC)+2M||ulle+ O(log O)

Subsequently, we compute at the ! iteration the magnitude of the effect that the perturbation im-
poses on (qgf), k$)>

MATZwep(x®), T)<‘ﬁ)7 kYY) — (g kD)
((HW)2 — 1)@}, k) 116)
=((1+ ”;”2 )2~ 1)0(logC)
As 7 and ||p|| are same order, and 2MHN||§V+(t) - (%) by V(t) < 21og (O( )) dy —

(max{SNR4, SNR™*}N2e~ Z)and ) < O(min{||;¢||2 (o2d)™1}-d),? ) Thus, we have

gV k(D

(al @ k) — (@l kD)

t t
) — <q-(|—)7kg-)> < MAT () px ) ) (Tt s

which indicates that the perturbation’s effect exceeds the one-step update on clean data. Therefore,

<q$), k:(_t)> stay ©(logC). By similar methods, we can bound the other (¢*), k(V)), which complete
the proof.

1.3 PROOF OF CLAIM 11

We use similar methods in We first consider the increment of ||q||% and || k||2 at the ¢-th update
when using the original clean data. We then show that, at this step, the effect introduced by the
perturbation under adversarial samples dominates the increment learned from the clean data; hence
|lg||3 and ||k||3 remains stable and bounded.
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By the update rule of ||q||3 and | k||3 we have

1
la V12— a2 = 2(aq, 4y + <Aq+),Aq<“>

20, @@ k) +2 3 300, (g k)

neSy i=2
() 7.(t) ®) @
+ a+7+k +ZZ n+z n,i
neSy i=2
a® (t) t)
++k + Z Zan+z gzz
nesSy i=2
< 2|Of(t) ||<q(t) k(t) +2 Z ZIa,(f)JM @ ffl)\ + {lower order term}
neSy i=2
1
<25 lulgiox (01) ) ollor ) +2 3 S 2l o (o) etz

neSy i=2

< 12yl os (01) )©(105C)
(117)
where the second inequality comes form the upper bounds for o and /3 on clean data similar to (114).
Subsequently, we compute at the '/ iteration the magnitude of the effect that the perturbation im-
poses on [l¢'![3.

(t)HZ

t
mami(t)eg(xuunaﬁ)”z gy IIz

<(1 +W) —1)||q ||2 (118)
T \2
<((1+ )" —1)B(log )

el
As 7 and |[pl> are same order, and 127|p[3log (O(1)) = o(z%) by dn =
€ (max{SNR* SNR™*} N2¢=2) and ) < O(min{||p||5 2, (02d)~"} -d_%). Thus, we have

1)
g 13 = 16713 < maz g e g 18513 — 168713

which indicates that the perturbation’s effect exceeds the one-step update on clean data. There-
fore, ||q++1) |3 stay ©(logC'). By similar methods, we can bound the other ||q||3 and ||k||3, which
complete the proof.

The proof of convergence and test error is similar with Lemma[2T]and Section[H.4]

J PROOF OF THEOREM 3

Proof. Fix an arbitrary 0. Consider the two classes separately. For the positive class (y = +):

5 = s 87 0
is a valid perturbation since ||5§+)||2 = |lpll2 < 7, H(S§+)H2 = 0 < 7. Then the adversarially

perturbed point
~(+) [/’l’+7ll’+a€2a- 7€M] = [07623"'351M]
lies in B([u, &2, ..., Enr], T), so there exists a perturbation that can potentially flip the classifier’s

output for the positive class.
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Similarly, for the negative class (y = —):

produces 7(~) = = [0, &, ...,En] € B([1, &2, .oy Ena], T).

For each class independently, there exists a perturbation that can potentially flip its label.

Thus, at least one class can be adversarially fooled with probability at least min{Pr[y = +], Pr[y =

—]}. For uniform labels, this gives

Li*(0) >

l\.’)\)—l
l\.')\)—l
] =

This completes the proof.

K COMPLETE CALCULATION PROCESS FOR BENIGN OVERFITTING

K.1 CALCULATIONS FOR o AND (8

In this subsection, we give the calculactions for « and 5 defined in Deﬁnition

t n Vi ~ t
El‘)+ = NM Z _éfn( /1'+,HS_)>

nesSy

, (V@) ( exp((g), kL))
T \exp((@, kD)) + M, exp((@, k))

B ( exp<<a$>,k“>>> )
exp((@, kD)) + M, exp((@)), k)

i(vr@ 0 % exp(@@’km» FOIAD)

= exp((@\, k) + M, exp((@l kL))
exp((@!, k)

'exp<<a1’%k<“>>+z%exp ) )

~(

M . exp((G0, kDY)
+ ~ , S)Z . (V(t) ( — p(<qn R
Z;M S\ V5 exp((@, k) + 30, exp((@) kD))

2
. < exp((@), k1)) )
exp((G1, kYY) + 320, exp((@) k)
~(t)

—Z( o exp((d,, )

exp((@, k) + XM, exp((@0), &)
. exp((@, k) )
exp(@fi,k%)+zj:2exp<<afflvk;%>>
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w ___"n @l(t)<;~l/ ﬁ$)>

. (‘V(“. exp((@, k{))
+
exp((@}), kY)) + M, exp((@, kL))

+’TL]

exp<<aﬁf>,k<'i’i>>
exp((@, k) + M, exp((@)), kL))
O exp<<cﬁ>, kii2))
n, PO FONA0O)
exp((g}), k) + 30 exp((@y) Ky )

2

B ( exp((@, k) )
exp((@, k) + M, exn (@, k()

Z <V(t) exp((fﬁ‘),kg)z))
i 0.
exp((@V, k) + M, exp((@, kD))

ki
exp((@\, k\}))
exp((@!), kD)) + 20, exp((@7, kéi»)
+§:u+,£(t) <—VS>. (pr(<~%’€“)>) et
= exp((@ ) k7)) + 30, exp (@ k)

. eXp(<an,k(t ))
exp((@ 5 B ) + XM, exp((@5),. &)

e exp((@.), ki)
~(t)

t t t
exp((@, k7)) + M, exp((q) k)

)
exp((g ) ko))
B <exp<<aff’k,k“ N+ S exp((@. kD) )
S (WB exp<<~ffk, kD))
2\ exp((@ k) + M, exp (@ kL))

. exp((dy k- By ) )
exp((@, k7)) + S, exp((g) k(L))

n,J

We can also derive the calculations for other o andf, since they follow the same procedure as in
Section F.1 of Jiang et al|(2024).

K.2 PROOF OF LEMMA [T
K.3 UPDATE RULES FOR INNER PRODUCTS
In this subsection, we give the update rules for the inner products of g and k.
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(q $+1) k(t+1)> 7< (t) k(t)>
=7 K13+ > Za ROARN IS
nesSy i=2
Old?B+ > Zﬁm a\.q!")
nesSy i=2
(t) 7.(t) E®
+ | o kY +ZZ o, k)
nesSy i=2
t)T
CAT L ZZﬁnﬂqm ;
nesSy i=2

<q(—t+1)a k:(—tJrl)> - <qg)7 k(—t)>

M
NCR TR DB SIS )

nes_ 1=2

+89 ¢ 13+ Y Zﬁn_z @, q)

nesS_ =2

+ oKD Y Zan_zkﬁfi

nesS_ =2
@t T @t (T
FERCINS S Al §
nesS_ =2

We can also derive the update rules for other g and k, since they follow the same procedure as in
Section F.2 of Jiang et al.| (2024)).
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K.4 PROOF OF LEMMA [I7]

Let Ty = O ( T L ) By Lemma we have |Vf)|7 |V,(t)|7 |Vrftl)| = O(d,:%) for
ndy (lell2+7)2llwoll3 ’
t € [0, To] by Lemma Plugging this into the expression for « and [ gives

n ~ ~ o~
ol =537 2 () L)

) (Vf) ( GXP(<(1§:)7’“$)>)
t t M t t
exp((g(”, k) + M, exp((q)) kL))
2
- ( exp((g} k1)) )
exp((@\”, kYY) + 320, exp((@l k()

M t
s <V@ | exp((g)”, k1))
exp((@\”, kYY) + 320, exp((@l k()

=2

. exp((g’, k(1)) ))
exp({g}, k) + M, exp((gl, kL))

n if:(ﬁ £0) (V(t) < 6XP(<QS,1, k)
+58n,i/” +
P exp((g\, k) + 30, exp((a) kD))

2
B ( exp((gy), k) )
exp({g), k) + 30, exp((al), k)

. i (Vé’? . (t) <Sxp(<q£i)in74k$)>) ® O
P exp((g, 5 k1)) + D=0 exp((g,, 5 Ky )
exp((g\), k')
exp(la kD)) + 20, exp<<q£il,kff,§->>> ‘

n(pllz +7)* 3NM -

N n(||pllT + 20,7+/2log(4ANM/6) + 72) BNM(M —1)

= NM 4 Od, ") NM 4

p (n(llullzl+f)2>

U
PN

(119)
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where the inequality is by —Z’n(” < 1 and the property that attention is smaller than 1
exp((q}” k{))

(e.g. TS k(t)>)+2fi2 (@) < 1). We also have
(t) ~  ~(t)
n +,2 NM TL iu’ /‘l’+ >
® exp((q\”, k"))
TV ® 1. ® 1.
exp((q\, k) + Y1, exp((g!), ki)

exp((g{, k"))
exp((g{”, k) + M, exp((gl? k()))
Ly® eXP((‘I(j)a k(t) i)
i ® L0 0 @
exp((g\”, k) + M, exp((@l k()

2

B < exp((q!), k(1)) )
exp({g, k")) + M, exp((a), kL))
(t) k(t)>)

() exp(<q+ )
- Z Vi ) .0 t) 1.(t)
e exp(<q+ ,k >)+z] 2eXp(<q+ vkn,j>)

| exp(<qi% Ky k) >)
exp((gl, k")) + 1L  exp((@?), K0)

N im £ ( "o exp((gy), k)
+18n,k : V4 )
= exp((g\, k) + M, exp((g) k()

exp((g}. k)

exp((g(), k) + M, exp((a), k()
exp((g") k)

+ v (
n,t t t t t
exp((q), k) + 0, exp((g) kL))
2

exp(<qf;>k7 k("))
<exp<<qff)k» )+ 25, exp<<q,€% kifl>>>
P
A\ el kY >>+2j T oo K
exp((a,3 1))
expl(ay k) + X1 exp((g) k) >>>

_ gl +7)?
- NM

0 <n(||u12 +T>2>7
df N

where the inequality is by —th) < 1, Lemma|l3|and the property that attention is smaller than 1.

Similarly, we have
(il +7)?
o118, 1,180 | =0 ( ,

1
1
dh

M- O(d; ¥)
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diN

Y (n(lluIITJrUﬁd))
dj N

for t € [0,Tp]. Next we use induction to show that the following proposition .A(t) holds for ¢t €
[0, T()] .A(t):

¢ t) t n(|lellz +7)2
| '(VL)—1| |ﬁ'§L+l| Iﬂq(L,)_7l:O<1 ,

|a(t) | w(t)

n,l,— 1

t t t
‘() ‘() ||ﬁ()

n,L,n’ " 1Enln’ 1’

(@ K, s ) 10 R o )

i V!

= O (max{|ul, 02d} - o - \/dy Tog(6NZD?]5))

6, a1, e, ), e 4 )
-0 (maX{HuHQ, o2d} - o2 - \/dy 1og(6N2M2/5)) :

[ KN 1R K, (e k) )]

-0 (max{Hqu, 02d} - o - \/dy, log( 6N2M2/6)) :

||q H27||k Hz (HNHzUh h)

AL

= (o 0y dd))

g
fori,j € [M]\{1},n,n' € [N].

By Lemma we know that A(0) is true. Now we assume A(0),..., A(T) is true,
then we need to prove that A(T + 1) is true. ~We first proof |(g} (1) k(T+1)>|

Ry
O(Inax{||u||2, oZd} - of - \/dplog( N2M2/5)),asanexample.

1 1
(g KE) (g0 kO] = Lal® KO3 1 3 30l (60, KO
TLGS+’L 2
g1+ > Zﬁm a\,q%)
nesSy i=2
+ a++k(t+zz n+z nz
nesSy i=2
( 0T Y40, g )‘
nT i=2
n(l|pll2 4+ 7)?
<0 <d‘1‘ ~@(|\u\|§0§dh)
h

2
+NM~O(’7(”“”?+T)> O (max{lul.o2d} - o - /& TogGN"AIZ/3)
diN

3
+ {lower order term} = O (]| l3(|l> + 7%} )
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Taking a summation, we obtain that

T
T+1 T+1 0 0 t+1 t+1 t t
K R <@ k) + D7 1 k) — () k)
t=0

<ltq >k°>|+2| D)~ (a KY))

<0 (max{”u”z, 02d} - o - /dy, log( 6N2M2/5))

o) 1 .0 2 2 2d%
+ T ; 5 MllellzClpell2 + 7)70rdy )
ndy, ([ ll2 + 7)?[lwoll3

=0 (max{|lul}, o2} - of - \/dn10g(6NZM2/5) ) + O (||l3oRd; )

Similarly to <q$), k$)>, it is easy to know that the inner product does not change by a magnitude

more than the product of max{a, 8} and max{(q,q), (k,k)} in a single iteration, which can be
expressed as follows

g+, kD) — (g k1))

2 2d+
0 (max{”““”i* ) oy ”’“"”}) - @(max{|[302dn, o202 ddn )
dy dy N

2
~0 (’M;*”) - O(max{ || ul|2o2dn, o202dd)})
h

3
=0 ((lull + 203} - max{3. o2

where the second equality is by the condition that N - SNR? = Q(1).

Taking a summation, we obtain that

T—1
\(q(T+1),k(T+1)) _ <q(0)’k(0)>‘ < Z |<q(t+1)7k(t+1)> _ <q(t),k(t)>‘

3
Yo (n(lallz +7)2o3d;; - max{ |l o2a) )

t=0

3
( . >'O(n(llullz+ﬂ20idﬁ max{ |3, o2d})
dy HHH2+T) woll3

= 0 (max{|ul3. 02d) - o3d )

It is clear that the magnitude of g7+, k(T+1)) — (q(0 k(®) is smaller than max{||u||3, o2d} -
o2 - \/dylog(6N2M2/5). Thus the magnitude of the bound for (g7 k(T+D) is the same as

that of (¢{™), k(™). The proof for (g7, q(T+V)) and (k(T+V) k(T+D) is exactly the same, and
we can conclude the proof by an induction.

K.5 LOWER BOUNDS OF oo AND f3

In this subsection, we present some bounds for o and 3 which can be used in [H.2]and All the
calculations in this subsection are based on the precise expression for « and g in and assume
that B(1T1),...,B(s),D(11),...,D(s—1) hold (s € [T1, ¢]). Then the following propositions hold:

v > 3m v,
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Ve < 3m vl

softmax((qi),k(s)>),softmax((q(s) k() >

1
n,i "Vt M O(l)a
1
softmax( (g, k() softmax (g1}, k1)) < 77+ o(1)
Now we give the bounds respectively for agf?+, aS’lﬁi, ozf)f, ol ) als) ol

n,—,i’ - n,i,+’ n277 nzn N

()
ﬂJr +9Mn +17/B— 77ﬁn — 17ﬁn71,+75n7 —7Bnin’ i

n o ~ ~(s
a(+)+ =~ NM Z —%(9)<#+»H(+)>

neSy
| (VF) < (s) (f)xp« 9k ) .0
exp((gl”, k) + M, exp((l k)
exp((a, k() :
B <exp<< &, kL) +zMgexp<<q+>,k:3>>>
_i <Vn(si) ) GXP(<qu)vk(+s)>)

exp((qf), k(s)>) + EJMZQ exp((qf), ka)

| exp((a\”. ki) ))
exp<<qf>, K)) + M exp((@l, kL))

+Z &y <v+(s) ( exp((gg. kL)
exp((g), k) + M, exn((al), kL))

s 2

exp((g"), k)

<exp<<q;:3, kD)) + M, exp((gl), k<i}>>>
B (V@ . exp((g,). k1)
=\ " exp((gl) E)) + M exp((al) kS))

. exp({a,), ki) )
expl(a,), k1)) + 25 exol(@,) ki)

nz’ n,j

(s) 1.(s)
n E 71(s) ~(s) eXp(<qJr ’kJr >)
= N g <N v H > s s s s
NM 3. exp((g(”, k) + M, exp((g kL))

q akn’j
) <V(s) (1 _ exp((q_(i),kf)» )
+ S S S
exp((g}, k) + M, exp((@l, kL))

4+ Ry g

(5) 1.(5)
V( 5) exp({(qy”, Ky, ;) )
Z )

s s M
= exp((@ kD)) + M, exp((gl k)

D

~  Z(s) exp((qn wk( )>)
NM <“+7£n > ’

s, exp((g(), k) + M, exp((al), k5))

) exp<<qm»k“>>>+zj ool B

qn i "Vn,j
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V(s) Z eXp(<q’£LSZ’ ks;c» >
= exp((a) k) + 20 exp((al) k)

(s) 1.(s)
n /(s) 27 -(8) exp(( vk >)
> N (||l - )2V _ —
2NM = exp((g)), k! >>>+z] L exp({g, kL))

‘ <1 B exp((gy’, kL)) )
exp((g(”, k) + M, exp((a k)

M (s)
2 (s) exp(<qn i k >)
+ Z(HNHT + opTV/210g(ANM/6) + 77) - (VJr (exp(( o) B

=2
2

B ( exp((gg. kL) )
exp((a’) k) + X005 exp((al) k)

where the first inequality is by V(S) > 3M - \V(S |, the second inequality is by the fact that the sum
of attention equal to 1 and Lemma@ Similarly, we have

(s) 1.(s)
(=) 5 "1 E _Z(S)(” _ 2108 exp((q}’, ky))
+,+ = n HHQ T) V+ 5 3 -
INM = exp((q') k) + (M — 1) exp(max; (g(, k*)))

exp(max; (g}, k')

exp((g'”, k7)) + (M — 1) exp(max; (¢%, k{)))

+ {lower order term} (120)

~ (s) k(s)>)
B T P 4L L
7 2NM Z EXP(<Q&),’€(;)>) + (M — 1) exp(max; (g () gl )>)

nes_ — 2 ™nj

exp(max; (qf) k S)>)

> g

. eXp(<q(j)7k(j)>) + (M — 1) exp(max; <q£) k(8)>)

) n,j

+ {lower order term} (121)

Similarly, by applying the update rules in Section[K.3] we can derive the following bounds on c and
B.

() 8 gl gls) () (s)
04++a —, = M4+ B,,, anr’ nzf’ﬂ +2’6n72—

a® () (s)
n+17an,—,17 nlnj>5n1+7ﬂn1—7ﬂnjnz —

K.6 LOWER BOUNDS OF (q, k)

In order to give the lower bounds for (g, k), we need to rewrite the bounds of « and /3 in a more
concise form. We first expand the equations in under the assumption that B(s) and £(s) holds
for s € [T1,1].

(8) 1.(s)
( ) _n Z (e)(ll _ (s) exp(( ak >)
+, n NHQ T) V+ : s s
S e exp((g k) + 0, exp((a k()

( (g k) )
exp( ‘I+ 7k(s )+ Zyzz eXp(<q$)’ks;”>)

a, kD)) + 27, exp((al), k()))

() 1.(s)
s exp((q, i, k3))
+§ (lleelloT + opT 21og(4NM/5)+72).<V+<>< . .
exp((q

=2
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LR + 0, exp (gl k)
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2

exp((g"), k)
<eXp<<q;:, LR + 0, exp((ay), kffj->)>
U (s 21 (s exp((g|”, k()
—avar X e S (@ KT
, St ex((@l k)
exp((g\” k) + S0, exp((al K))

n s (S)
> IN D (llz — )2V

+ {lower term}

exp({g}”, k()
exp((q¥, k) + N exp((@l, kS,))

exp((g{”, k)

exp((@l, k) + 20, exp((@l), kL))
(8) 1.(s)
N7 (1 exp((dy -k j)
_TO(lls = )2V (—oa)) -
2NM T o\M exp((g, k) + 0, exp((a kS,))

) n ]

+ {lower term}

vV

(s) 1.(s)
/O a1,(s) (1 exp((q’, K, ;)
> gt~ Ol = 7PV (7 = o) | {lower term}
2NM oM Cexp((g\?, k)
o POl — 1) wol3s ~Ty) 1

N exp(A ;)

where the first inequality is by Lemma as £(s) holds) and softmax((q'”, k*)) > (& — o(1)).
In the fourth inequality, by (¢(™*), k(7)) = o(1) and the monotonicity of (q (S), k(s)> ((qy (e) k(s)> i
increasing and (g () k:(s)) is decreasing), there exist a constant C' such that C' exp((q( ) k( )>)
exp((q ), K )>) —|— Zj/_z exp((qf), kffi&) In the last inequality, we plugging the lower bounds

of Vf) and —én and then absorb all the constant factors. Similarly, we have

5. > ’Cs([|lpll2 — 7)*|lwoll3(s — Th) ! (122)
4+ = N ALy
exp(Ay 7 )

oo s POs(pllz = 1)t lwold(s —T1) 1 (123)
e N exp(A; )

5(5) > n*Cs(|lpll2 = 7)*|lwoll3(s — Ty) . 1 ) (124)
- = N exp(A(S) ;)

With the concise lower bounds for « and 8 above and proposition C(s), we will give the lower
bounds for the dynamics of (g, k).

s+1 s+1 s s s s s
(@& BT — (g B = oL R )3+ D Z%H (K k)
nesSy i=2
+5++||q ||2+ Z Z/Bn+l q+ 7qn1>
nesSy i=2
(s) s) s s
+ | o L kY +Zz%+zm : ++q+ +Zzﬁn+zm
nesSy i=2 nesSy i=2
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= o K13 + B, a8 13 + {lower order term}

2 4 2e_
> 2n C5(HI/4H2 T) ||’wo||2(8 Tl) . 1(9) @(Hungagdh)
N eXp(Aﬁ,+,j)
+ {lower order term}
o MCe(llpll2 = )3l plllwoll3ordn(s — Th) 1
- N eXp(ASL,j) ’

(125)

Similarly, we have the lower bounds for the dynamics of other (q, k).

K.7 UPPER BOUNDS OF (g, k)

In order to give the upper bounds of (g, k) in stage II, we need to give the upper bounds of « and
[ based on the equations in Section under the assumption that D(T7), ..., D(s — 1) hold for
S € [Tl, t].
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++_ NM Z _gl ﬁ+,l~b+>

nesSy

. (vu) ( exp((g!”, k1))
+
exp((a} kD) + X1, exp((al kL))

) < exp((a k) )
exp((g, k) + M, exp((gl, k()

M
-> (V(t) . exp((g, kL))
i=2 " exp(< @) k(t)>) Z] QeXP(<q$)vk7(%t»)J>>

. exp((a, ki) ))
exp((g{”, k) + M, exp((gl”, k)

M (t) 1.(t)
~ () (t) eXP((‘]n,iakH- )
+Z<u+,£n,i>'<V+ (
= exp((g, k) + M, exp((q), k1))

2

) ( exp (4,01, k) )
exp((a) k) + 5L, exp((al)), kL)
(t)

- Z ( Vi exp((g,.). k)
ep((a) k) + 2, exp((a) kD)

| expla) k) )
exp((a), k) + M, exp((g), k)

(5) 1.(s)
i 21 7(s) exp({qy’, ky"))
< ST (Il + )2V —
NM & exp((q¥ k) + M, exp((a)”), k)

S exp((al, k)

+max|V()| . )
" exp((@l k) + M exp((al KC))
M (8) 1.(s)
s exp((q,,;, ki)
+ 3 (el + opm/210g(ANDM/8) + 72) (V) - —
Z exp((g'), k) + M, exp((a) k)
s S, exp((a) kL))
+m92x|Vrf,3|' 5o WRGEAGIY
= exp((g), k) + M, exp((a), kE))
3N s C s
<Nn v (el + 1) (Vi)'wﬂLmaX'V )l <O><>>
exp((g!?, ky) exp((q\, k)
+fuunr+w 210g<4NM/5>+T2).<vf>-g s max VO
1=2 exp((qn i k >) ¢ eXp(<qn i k >)
_ PCo(lpllz +7)* Z 2Oy (||l + 0p7+/210g(ANM/8) + %)
(s)

~ exp((@ kD)) exp((q), k)

(126)
where the first inequality is by —Zn(s) < 1land softmax((qsrs)7 k:gf)>) < 1. For the second inequality,
M (s) M (s)
we first consider (S)E]( )2 p(<M yk"’» o= < 2= pfﬁf’ (7’:"’»
exp((q$) k) +32, exp((af) k) exp({q;’ k"))
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Then by the monotonicity of (qf),kf)) and (q(Tl) k:(Tl)> = o(1) we have

M (s) () /()
PO 2exp((qJr .k, ;) < C for s € [T1,t]. The last inequality is by V., V' = o(1) for
s € [Ty,t] and absorbmg the constant factors. Similarly, we have

Similar to Section we apply the bounds of « and /3 above to give the upper bounds for the
dynamics (q, k).

s+1 s+1 s s s s s
(@ k) — (¢ kD) = o R+ Y Zanﬂ k' k)

nesSy i=2

CllgB+ > Zﬁf L i(a . d)

neSy i=2

+ a+)+k(6)+ Z Zan+z n,i

neSy i=2

++q+) + Z Zﬂr(tslr zqnz

neSy i=2

+ 3 Zaiflz k)2

nESJr =2

T

= a+ +||k S)H + ﬁ ||q+)H2 + {lower order terms}

IA

) - O(||pll307dn) + {lower order terms}

12Co(|| ]2 + 7)2 vacg l2]l27 + 07+/2108(ANM]5) + 72)
exp((gt”, k$Y) exp((q), k()

7701o||M||2(Hu»H2+T)20%d1L+Z77010||u||2(||u||27+0p7 2log(4NM/0) + r*)ojudn

exp((gf k() = exp((a,), k7))

IN

127)
Similarly, we have the upper bounds for the dynamics of other (q, k).

K.8 BOUNDS FOR THE SUM OF a: AND 3

The gradients of the inner products of ¢ and k& contain a lot of coefficients « and /3, and in order to
conveniently give the upper bounds of some lower order inner products, we will give upper bounds

for the summation of « and 3 (e.g. ZZ:Tl |a(+s’)+|).
Note that in the Jacobi matrix of the Softmax function, the elements on the diagonal are softmax(a; )-
(1 — softmax(a;)) and the elements on the off-diagonal are softmax(a;) - softmax(a;). In Stage II,

the attentions on signals g4 increase and the attentions on noises £ decrease, then we can consider
the following cases:

o if a; = (qy,ky) or a; = (qi,k+), softmax(a;) has a constant upper bound I,
(1 — softmax(a;)) decreases as softmax (a;) increases. So the upper bound of softmax(a;) -
(1 — softmax(a;)) decreases as softmax(a;) increases.

» ifa; = (g4, k;) or a; = (q;, k;), (1 — softmax(a;)) has a constant upper bound 1. So the
upper bound of softmax(a;) - (1 — softmax(a;)) decreases as softmax(a;) decreases.

 ifa; = (q+,k;) or a; = (q;, k;), softmax(a;) has a constant upper bound 1. So the upper
bound of softmax(al) softmax(aj) decreases as softmax(a;) decreases.

Based on the above cases, we first study the bounds of the following terms

o 1— softmax((qg_s), ka)))
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11— softmax((qr(f:z, kgf)))
. softmax((qs_s) 35N

7nyg

. softmax(<q7(f;27 kffi )

Note that 1 — softmaX(<‘I$)7 k$)>) =2 SOftmaX((‘]f)’ k;éb) and 1 = SOftmaX“ng’ k$)>) y
2 SOftmaX(<q7(j2a kf§>) we only need to give the upper bounds for softmaX(<q(+S g kg )) and
softmaX(<qr(Ls,2’ kfjb)

Assume that the propositions B(T}), ..., B(s),D(T1),...,D(s — 1) hold (s € [T},1]), we have

VELIVE) < O, )+ nCilllplle + Plwol (s — Ta), (128)

)

(129)

1

2 2 2 2,72

s T n°Cs(llpll2 — 7)*lplizlwollzd;
AL, >log <exp(A£l,;>,j)+ N(log(6N2M2;5))2 2% (s —T))(s—Ty — 1)

1
1°Cs(0pd + 0p7/2log(4NM/5) + 7°) | p||3||wo | 34}
N (log(6N2M2/6))?

A L >log (exp(A;T,;,Q,p + (s=Ti)(s—Ti—1)],

(130)
fori,j € [M]\{1},n € [N],s € [T1,1].
Then we have
exp((g¥”, kS)))
exp((g¥, k) + S0, exp((a) k)
exp((gt, k)

T Cexp((g¥ ELY)
1

Cexp(Ay) ;)

1 (131)
<

1
P CsC([lpll2 = 7)2[lmll3||wo|3d;

Cexp(AJY )+ (s —Ty)(s— Ty — 1)

e N (log(6N2M2/5))*
1
< T
20 _\2 2 2d§
Chs + n°Cis([lpllz — 7)%[plzwoll3d; (s—T)(s—Ti —1)

N(log(6N2M2/5))?

For the first inequality, by (g(™*), k(")) = o(1) and the monotonicity of (g(*), k(*)) ((¢(*), k(*)) is
increasing and <q§f ), k:ffg) is decreasing), there exists a constant C' such that C' exp((qgtS ), kg_f )>) >
exp((qgf)7 kgf))) + Zj\flzz exp((q@, kff;,» The second inequality is by plugging . For the
last inequality, by Agli{ ; = o(1), there exist a constant C13 such that 13 < C exp(AEf i), ;) and
C13 < CsC. Similarly, we have

(g, ki)

exp((g) k) + S, exp((g) kL))
1

< _ 132
Cexp(Ay) 4 ) (132
< 1
- 2C13(0 d+0,7+/210g(ANM/8)+72)||pl|2 | wo || 2d5/ 2 '
Chs + n*>Ciz(opd+ N(IO§§6N2A;2;5+))2)HH”QH ollzd,"” (s—Ty)(s—Ty —1)
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Plugging above equations into the expressions of «, 5 we have

ol | <

- n Vi ~  ~(s)
NM Z 7671(0)01,4_,;1,_,'_ >

neSy

| (W ( exp((gf”, k1)
+ S S S S
exp((g(”, k) + M, exp((a k)

_( exp((ay) k() )
exp({g, k) + M, exp((al k()

M s
_Z <V(s') ) exp(<q+)7k(+)>)
ST exn((@) k) + 20 exp((al), k)

. exp((a\”. k) >>
exp({g\”, k) + M, exp((a, kL))

M (s) 1.(s)
~ ~(s) (s) exp(<q71 i k >)
+ <H+7 sn,z) ' <V+ < s s 5
; exp({g(), k) + 2N, exp<<q£:’2, k)

2

exp((gi), k1))
<exp<<q£wk“ )+ Qexp«qﬁzkfi»))
S (V@ , exp((al), k)
=\ eXp((q,(fZ,k( )) +ZJ Qexp((qu,k(s)))
exp((gn), ko))
exp((al ), k) + 0 Qexp«qSZ?kffz»)

n(lplz +7)*-3N (o(d?) +nCa(lpll2 + 7)*[lwoll3 (s — Tl))

- NM
) 1
i+ PO R o 8 (s 73)(5 -7, - 1)
Y sl
Cug -+ POl BB (s — 1) (s T — 1)

7 (lpll2 + 7)* IIon (s =T1)

n2C1: T w
5(”’§l§<6£z‘)\2‘2”/fs'>>5”2 Le(s=T)(s—Ti—1)

7 (lpll2 + ) lwoll3(s — T1)

1
20 —7)2 2 2d§
013 + 1 13%%!;(6]\)72%2"?(‘5';;20"2 b (S - Tl)(s -1 — 1)
(133)

=0 (nllsllo + 7%y *) + 0
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2 2 2 2 3
where the third equality is by 72kl @22%‘2“;('5‘;’5”2"5 (s=Ty)(s—Ty—1) > 0for s € [T, 1.

n?(lpll2+7) " |lwo H%(l's*Tl)

n2C13(lklz—0) 2kl w342
N(]og(6N2M2/5>)2 (s=T1)(s—T1—1)

7 (lpll2 + ) woll3(s — T1)

1
2C —7)2 2d?
Cuz + 7 13(11‘1811;(61\)/2%!/2(‘5')1;0“2 Le(s=T)(s—T1—1)

Next, we give an upper bound for as follows:

Ciz+

7 (lpll2 + 7)*lwo3

1 1
Cia 4 n2C1s(lnllz—7)|lpl3llwoll3d; (s—T1) — n?Crs(lpllz=7)2llpll3llwoll3d
N(log(6N2M?/5))? 1 N(log(6N2M?2/6))2

7 (llpll2 + 7)*flwoll3

= 1 1
2\/7I2Cfg(|ulz—7)2|uléIwolgdﬁ n?Cis(llpll2—7)2pl3llwoll3d;

N(log(6N2M?2/5))? N(log(6N2M?2/§))? (134)
7> (|l + 7)*woll3

1 1
2nCis(|pllz—7)lpll2llwoll3d;  n?Cis(lnll2—7)2 el llwoll3d;
N7 (log(6N2M2/5)) N(log(6N?M?/5))?

7 (Ipll2 +7)*[[wol13
1
o <n(|ulz—7)|ulzlwo|2dé )

N7 log(6N2 M2 /6)

= O (nlllullz + )N, ¥ log(6N2M12/3))

where the inequality is by ax + % > 2v/ab for x > 0, the third equality is by absorbing the lower
1

72 Cus(lull2+7)* lwo l13d7?
N (log(6N2M?2/5))?

order term , the last equality is by ||wo||2 = ©(1). Plugging this into (133))

and get

01 = O (n(llullz +7)2d, ) + O (nllulls + 72N 2, ¥ log(6N211%/5) )

L 1 (135)
= O (n(lullz + 2N 3d,  log(6NM?/3)) .
Similarly, we have
1

@1, 181,181 = O (n(lllle + 7)2NEd, ¥ log(6N?M2/6) ),
il al | = O (n(lalls + 72N~ 3d, * 1og(6N*M?/3))
B9 L1BY |0 <77(||u||2 +T)2||M||210g1(6N2M2/5)> _ (136)

o ” 0pd2 N2d}

O (nlllull2 +7)% - SNR - N3, * log(6N 202 /) )
fori e [M]\ {1},n € S;.

s s d? log(6N2M?2/5
ol o) | = 0 (e lslg D

e ) = 0 (nllullz + 7%, * tog(6N>M2/3) ),
N3d}

(137)
fori € [M]\ {1},n € S, the last equality is by N - SNR? > Q(1).
noadlog(6N2M?/5)
Nidi

1B8) 41, 188) 1 = 0 ( ) = O (il + 7?3y ¥ 10g(6N12/3) )

(138)
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fori € [M]\ {1},n € S, the last equality is by N - SNR? > Q(1).
o« 1189 =0 (n(llqu +7)opd3 1og<6N2M2/6>>
n i n,] 7n,7,M,1

1

Nid; (139)

1

= 0 (n(llull2 + 7%, 10g(6N?M2/3))
fori, j € [M]\ {1},n € [N], the last equality is by N - SNR? > Q(1).
© 1 _ o[ nUellz + 7)oy log(6N2M?/5) log(6NM?/3)

l nzn,jl IB ,j7n’i|_0 . 1

Nzd, (140)

= 0 (nlllall + 7)%d~ 5, * (log (6N M2/9))%)

fori,j € [M]\ {1},n,n' € [N],n # n’, the last equality is by N - SNR? > Q(1). Taking a
summation we obtain that

S 2l = O (nlllla + 7 wol3log(6N2M2/3)) - O (nlellz + 7)2NEdy log(6N2012/5) )

s=T1
zo(zv%d,ji),

(141)
where the last equality is by H’wo | =0©(). Similarly, we have
t
s s 1 1
S ) 3 1 30 B 3 180 B _I=o(Nha ), a4
S—Tl S= T1 S= T1 S= T1 5:T1

fori e [M]\{1},n € S;.

_1
Z ot o, Zlaff)_tl: ( ’%dh”‘), (143)
s=T s=T1
fori e [M]\{l},nES+

Z |ﬁn+1

s=T, s=T1

’VL—’L

=0 (sNR- N7, ) (144)

fori € [M]\{l} nes,.

S )l 3l Y el 3 18, = 0 (d,*) (145)

s=T s=T, s=T, s=T1

fori,j € [M]\{l} nes;.

t
Z |an i,n’,j l Z |/87(Ls,3',n/,i| =0 (di%d;% lOg(6N2M2/5)) (146)

s=T1 s=T1
fori,j € [M]\ {1},n,n € [N],n#n'.
With these sums of o and /3 above, we can easily prove Claim 3 and Claim 4.
K.9 PROOF OF CLAIM 3

In this subsection, we assume that £(71), ..., E(t) hold, and then proof that C(¢ + 1) is true with
the result of [KC8]

t+1 T s+1 s
a1 - g™ 13 l<zluq< 13 - e 13 (147)
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t

< Z 20‘3-8,)+<q+ ’k(s +2 Z ZO‘ q+ ’ nsb

s=T1 nesSy i=2
CCNCES 3 N HNCGRGANED b DN
nesSy i=2 nesSy i=2
. (148)
szz 0 1(gl k) +2 Y Z Z ol g kD]
s=T1 neSy i=2 s=T

+ {lower order term}
-0 (N%dﬁ) -O(log(d? ) + N - M -0 (N*%d,ﬁ) - O(log(d?))
=0 (Nd;, ¥ log(d}))
where the first inequality is by triangle inequality. ~Since of > (max{o2d, || s })

dié(log(6N2M2/5)) and dj, = Q(max{SNR*, SNR™*} N2¢~2), we have Nd, log(d ) =
o[l ml3ozdn), so a3 = la{™ (13 + o(|ull3o2dn) = O ul|3o2ds). Similarly, we have

+1 T
NE - 1d)3] =

lla" 0
K18 = 1KTV13) = 0 (1 + SNR)NE ;¥ log(d)) = o ul3o7dn) e
_1 1
a2 V13 = gl 18] = O (45 1os(@)) = ofoZotdudn)
1
1K1~ 1B 13] = 0 (N F10g(d;)) = o(o2oRdnds),
so we have
1) 1
gV IR 15 = ©(ll3hdn). s
D12, KTV = ©(0202dd (15
st 15 ke VI3 = ©(o7o7dd)
fori € [M]\ {1},n € [N].
1 1 Ty) T s s s s
(g, q" ) < (@™, ¢ + Z| CH gy — (g, qY)]
S= T1
< (@, q")|
+ Z Oz + q+)’k5) Z Zan+z q+)’k£LSZ>
s=T1 neSy i=2
0 (g k) + ¥ Zas) g\ k) (151)
nesS_ i=2
L)
+ a++ + Z Zan+z n1
nesSy =2
.
(—S—k(—)+ Z Zan, K nz
neS_ i=2
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T
< (@™, q")|
t
+ 3 1 1@ B+ Y Z Z o, 1@ k)
s=T, nESJrz 2 5=T1
S WRECNCIND 35 3b SNl
s=T1 nesS_ 1=2 s=T
(152)

{lower order term}
<[(g™,q™)]
+O(Nfd,7 -0(1)+N-M-0(N—%d Z) 1og(d2))
= 1(a{",q")| + 0 (NEd; rog(d}))
:0(1)7

where the first inequality is triangle inequality, the last equality is by d;, =
Q(max{SNR* SNR™*}N2e~2). Similarly, we can prove:

113, 113 = © (llul3ordn) ,

a3, 15313 = © (o207ddy,)
e, a1, a1 14a) 4l )] = o(1),
[ BN (L R (R KL )] = o(1),

n,i?

for i,j € [M\{1},n,n’ € [N],i#jorn#n'

K.10 UPPER BOUNDS OF (g, k)

In order to give the upper bounds for (g, k) in stage III, we need to give the upper bounds of «
and (3 based on the equatlons in [KI} The main difference between this subsection and [K.7] is
that the bounds of [V4.|, |V;,.i O (1)) in this subsection, while the bounds of |V4|, [V, ] is
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log (O (1)) in resulting in different bounds for o and 3. Now we take '), as an example

+,+
(s) n VL ~  ~(s)
o < 5up Esj —0,(0) (i, 1)

neo+

,(V(s)< exp((a)” k1)
T Nep((@, k) + M, exp((g), kL))

. ( exp((ay, k1)) )
exp((q ),k S)>) + ZJ geXp(<Q+)a k S)>)
_Jz\/[: <V(s_) ' exp((g”, kL))

exp((g” k) + M, exp((af k$)))

| expl(al ki) ))
exp((@l), k) + 20, exp((@l, k()))

M (S) (s)
- ex kY
=2 exp(<qn z’k >) Z ZQXP(<qn z’kn,j>)
2

B exp((g,): k)
() () () )
eXp(<qn'L7 -+ >)+Zj:2€xp(<qn1’ ,]))
_ f: <Vr§? ) eXp(<q£LszJC[k$)>)
=\ (@) k) + M, exp((al) kL)
| exp((gy) ki) )
exp((g) k) + M, exp((al) kS)))
(s) 7.(s)
n s exp((qy’, kL))
< 1y (Hu||2+7)2(V+() T — ORAG
5 (gl k) + 320, exp((al?, kS))
M Qexp«qi) kS)Y)

g )
exp({g, k) + M, exp((al K5)))
M (s) 1.(s)
s exp((g, i k7))
+ > (el + op7/210g(ANM/5) + 72) (VL - e OREC)
= exp((g), k) + M, exp((a), k)
zfxexp«qu,ki%» )
exp((g\), kL)) + 30, exp((gl) k)

=

+max V)]
=2 )

+ max |V, -

N
< sy B (00— e )
exp(<q+ 7k+ >) ! (<Q+ >k+ >)

C C

+max |V, -

Mi 23

(lellm + op7\/210g(ANM/5) + 7%) - (Vf) VT O RO
exp((g;), ki)

al’). (s)

=2 eXp( <qn i)

_ 1Cs(lpll2 +7)*10g (O (4))
exp({g k$))

)

(153)
where the first inequality is by 7@ < 1 and softmax( <qs_’5)’ k(5)>) < 1. For the second in-
) oxp((ay? k) S, exp((al”) kL))
(@D KNI oxp (@D R < exol(a kD))
monctnicty of (¢, K and (a7, k() — o(1) we have ™4 expi((al?, K)) <  fo

7n] 7n]

equality, we first consider

, then by the
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t € [Ty, T3]. The last inequality is by V"), |V,*)| < 21og (O (1)) for ¢ € [T3, T3] and absorbing
the constant factors. Similar to we can give the bounds for the other o and /3 as follows:

()

)

21
o) < nCy(||p|l2 + 7)% log
) exp(( (s) k:( s)
() nCo(|lpll2 — 7)

+,+ = s
exp<<q<+>,

(154)

)
(0 (£))
)

Similar to we apply the bounds of a and 3 above to give the upper bounds for the dynamics
(a,k).

<q5r5+1) k(5+1)>_< (s) k(s)>

=a K 1E+ Y Zaw &, kL)

neSy i=2

||2+ Z Zﬁn—i-z q+ 7qnz>

nesSy i=2

+ Oéf+ S)+Zzan+1 n,i

nesy i=2 (155)

(S)T+ Z Zﬁn+z izzT

nesSy i=2

= a+ +||k:(s)||2 + B(s) Hq(s)”2 + {lower order term}
< 200l + 7)*1og (0 (2))

T ew((@ k)
1

1
< nCrolll3(pells + m)odn log (0 ()) exp((al), kD)
€ exp(<qsr)7kgr)>)

Similarly, we have the upper bounds for the dynamics of other (g, k).

O(||pll307dy) + {lower order term}

K.11 BOUNDS FOR THE SUM OF @ AND /3

Assume that the propositions F(75), ..., F(s), H(T3),...,H(s — 1) hold (s € [T},t]), we have

V)| < 2log (0 (1)) , (156)

v =0(1), (279)
2
A(S) > A( ) >1 A(Tl)_ h 1
= log { e i) + O\ Fiogonaarzyeye ) |+ 97
1
2dd?
A L= AT > og [exp(ATY, ) v 0 Tn i (158)

N||pl3(log(6N2M?/5))
fori,j € [M]\{1},n € [N],s € [T%, t]. Similar to (59) and (60), we have

(@l ki) o (N(log(ﬁN?M?/an?’)
)

(s) (s ) 3 (159
exp((at”, K)) + Til, (et k) d;
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exp((g,s ki) _ o[ MulBtosenarzant
K] s s s - 1
exp({a"), k§)) + 0, exp((al), ki) o2dd?

Plugging above equations into the expressions of «, 5 and letting O (log (O (%))) be the upper
bound for |Vi(s) l, |Vyfgz)| we have

~(s)
o), < NM > = 0) (i, B5Y)

nesSy

| (ws) < expl(a. k(")
+ s s S s
exp((qi), k! )>) + ZJMZQ eXP(<Qi)a kéb)

) ( exp((gt) kL)) )
exp((g, k) + M, exp((al K5)))

> (v cxp(la )
S\ e(@? k) + 2 e k)

| exp((ay ki) ))
exp({g(”, k%)) + M, exp((a, k)

M (s)
o xp((q), k()))
+3 74 ,5552>-<v<s>< exp((9y..i
LS T Nexp((@), k8 + 0, exp (g, k) (161)

S S 2

B exp((gg. kL)

(s) k(s) (s) k(s)

exp((g), k) + M, exp((a), kS))

Z( ey exp({ai, kL))

" exp((@l), k) + 0, exp((a), KC))
' exp((g,) Fyr)) )
exp((q(), k) + M, exp((al), k)

A 5o (o 2) (U

;
o(nN(||u||2+T) (10g(6N>1?/8))" log (O (1)))

;
Taking a summation we obtain that

i o] =0 (212> 0 <n||,u||§N(log(6N2M2/6)) Jog (o (J) log (0 (2))

= nellullzllwollz d;

, <N(log(6N2M2/5))3 log (O (1)))

3
2
edp,

(162)
where the last equality is by ||wo|| = ©(1). Similarly, we have the bounds for other sum of « and
(. Thus, we can easily prove Claim 7 and Claim 8.
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K.12 PROOF OF CLAIM 7

In this subsection, we assume that Z(7%), ..., Z(t) hold, and then proof that G(¢ + 1) is true with
the result of [K11l

o], - [

<y el - o

< Z 204(5) ) k(s) +2 Z Zas) q_(s)7 nz>

s=To nesy =2
)+k(s + Z Z an ,+, szi ’ a+s + S) + Z Z Oén it lkilsl
nesy i=2 neSy i=2
S?Z‘Oz++ q()k()‘+2222 n+z (3)’ 'Ezsb
s=T> n€Sy =2 s=T7

+ {lower order term}
Y (zvaog(ﬁzvz M2 /5))"log (0 (i))) g (14}
ed;
(log(6N2M?/5))? log (O (1))) Nog (efld%)
ed,% "
N(log(6N?M?/68))3log (O (1)) log (eildé)
ed,%

+N~M~O<

=0

(163)
where the first inequality is by triangle inequality, the second inequality is by the update rules in[F-2]

the third inequality is by ¢ < T%. Since 07 > (max{c2d, ||p,||§})_1 . d;é(log(GJ\f2M2/6))_2 and
d, = Q (max{SNR*, SNR™*} N?¢~2), we have

2072 /53 1 —14%
edy,

T: ..
s0 [lgl 113 = (14" 13 + o ull3o3dn) = ©(||pl|307dy). Similarly, we have

gt 112, 1112 = O(l|pllZo2dn),
a2, 1k13 = © (o207 ddy)

@\, a1, (e, a0, a1 = o(1),
[ N, 1D, kDR KD )] = 0(1)

fori,j € [M\{1},n,n' € [N],i # jorn #n'.
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