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ABSTRACT

Diffusion models generate samples by iteratively querying learned score esti-
mates. A rapidly growing literature focuses on accelerating sampling by mini-
mizing the number of score evaluations, yet the information-theoretic limits of
such acceleration remain unclear.

In this work, we establish the first score query lower bounds for diffusion sam-
pling. We prove that for d-dimensional distributions, given access to score es-
timates with polynomial accuracy ε = d−O(1) (in any Lp sense), any sampling
algorithm requires Ω̃(

√
d) adaptive score queries. In particular, our proof shows

that any sampler must search over Ω̃(
√
d) distinct noise levels, providing a formal

explanation for why multiscale noise schedules are necessary in practice.

1 INTRODUCTION

Diffusion models have become a central paradigm in modern generative modeling, enabling major
advances in tasks ranging from high-fidelity image synthesis to scientific computing (Sohl-Dickstein
et al., 2015; Ho et al., 2020; Song et al., 2021b; Nichol & Dhariwal, 2021; Karras et al., 2022). The
key to their success lies in an iterative formulation: rather than generating samples directly in a single
shot, these models progressively transform simple noise into structured data by repeatedly evaluating
the smoothed scores of the distribution (Song & Ermon, 2019; Song et al., 2021b). By reducing
the task of sampling from complex high-dimensional multimodal distributions into estimating the
scores, this framework has dramatically improved generative modeling capabilities.

A central goal within this framework is improving sampling efficiency. Since each iteration typi-
cally requires evaluating a large neural network, the computational cost is dominated by the total
number of such evaluations (queries). This has motivated a large body of work on reducing query
complexity, including higher-order numerical solvers, optimized discretization schemes, and flow
matching techniques that straighten generation trajectories (Lu et al., 2022; 2025; Liu et al., 2022a;
Zhang & Chen, 2023; Zhao et al., 2023; Karras et al., 2022; Lipman et al., 2023; Liu et al., 2022b;
Fukumizu et al., 2025). These advances have steadily reduced the number of queries required in
both theory and practice.

This rapid progress raises a basic theoretical question: as we aim to reduce the number of score
queries, what are the intrinsic information-theoretic limits of diffusion sampling in high dimension?
When access to the target distribution is limited to querying smoothed score estimates, is there an
unavoidable lower bound on the number of such queries? In this work, we ask:

Can we establish a query-complexity lower bound for score-based sampling?

Recent theory has made substantial progress on upper bounds. In particular, for targets with bounded
second moments, one can sample in Õ(d) iterations given access toL2-accurate smoothed score esti-
mates (Chen et al., 2023c; Lee et al., 2022; Benton et al., 2024). At the same time, practical diffusion
samplers often produce high-quality samples in only a handful of steps, far fewer than worst-case
theoretical guarantees. This gap makes lower bounds essential: is a polynomial dependence on d
truly unavoidable, or could one hope for polylog(d)—or even dimension-independent—query com-
plexity?
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Ruling out this possibility turns out to be very non-trivial. Information-theoretically, smoothed score
estimates are very powerful in sampling, suggesting that such efficiency improvements might indeed
be feasible:

1. Each query of a smoothed score returns a full vector in Rd, providing Ω(d) bits of infor-
mation. Thus, if each query can extract a near-optimal amount of information, the intrinsic
difficulty of sampling might not necessarily grow with dimension.

2. Although scores are by definition local quantities, the smoothed scores can reveal global
properties: Gaussian convolution can encode global distributional structure into local gra-
dients, potentially enabling efficient navigation of high-dimensional space.

3. Even when restricted to L2-accurate score estimates, which only guarantee accuracy in
expectation, smoothing can help overcome this limitation. By choosing large smoothing
levels, the algorithm can ensure that queries occur within the typical set of the smoothed
distribution, where an L2 guarantee is meaningful.

Furthermore, recent results hint at a gap between limitations of specific discretizations and the po-
tential power of smoothed-score access. For instance, Jiao et al. (2025); Gao & Zhu (2025) show
that even for a d-dimensional standard Gaussian, standard discretizations can require Ω(

√
d) steps

due to error accumulation. On the other hand, work on high-accuracy regimes has begun to explore
ε-accurate sampling with polylog(1/ε) dependence (Gatmiry et al., 2026), raising the possibility of
sampling with polylog(d) steps on product distributions. These considerations leave open whether
there is a fundamental, information-theoretic barrier to few-step diffusion sampling in the worst
case.

1.1 OUR RESULTS

In this work, we establish the first query-complexity lower bounds for diffusion sampling. Our
main message is that, under standard distributional assumptions and polynomially accurate score
estimates, there is an information-theoretic Ω̃(

√
d) barrier on the number of score queries required

to obtain a non-trivial sample.

To state our bounds formally, we first introduce the necessary notation. Let π be a target distribution
on Rd. For any noise level σ > 0 we write

πσ = π ∗ N (0, σ2Id), sπ,σ(x) = ∇ log πσ(x),

for the Gaussian-smoothed distribution and its score. We model diffusion samplers as follows:
Definition 1.1 (Diffusion Sampling). A diffusion sampling algorithm A accesses a target distribu-
tion π exclusively via adaptive queries to an oracle for smoothed score estimates ŝσ(x), outputting
a sample X̂ whose law aims to approximate π.

To guarantee convergence, assumptions on the class of target distributions and the quality of the
score estimates are needed. We work under two strong conditions (i.e., favorable to the algorithm)
that are standard in the diffusion-theory literature; therefore, our lower bounds apply to a broad
range of algorithms.

First, we assume the target is a Gaussian smoothing of a bounded-support distribution.
Assumption 1 (Bounded plus noise). For constant R > 0 and constant γ ∈ (0, R/2), there exists a
distribution πpre supported on [−R,R]d such that

π = πpre ∗ N (0, γ2Id).

Bounded-plus-noise is stronger than bounded moments or subgaussian tails, and it automatically
implies M2 = E[∥X∥22] = O(d) as well as bounds on all higher moments. The additional Gaussian
smoothing ensures that π is infinitely differentiable and mirrors the smoothed target distributions
typically sampled by diffusion models (e.g., via early stopping). Furthermore, this smoothing en-
ables Total Variation (TV) convergence guarantees for sampling algorithms.

Second, we assume the score estimate is polynomially Lp-accurate. The case p = 2 matches the
standard assumption in diffusion theory analysis, as it aligns with the standard score matching train-
ing objective used in practice (Hyvärinen, 2005; Vincent, 2011; Song & Ermon, 2019; Ho et al.,

2



2020; Song et al., 2021b; Gupta et al., 2024). We state the assumption for any constant p ≥ 2 to
cover a wider range of algorithms (Tang & Yang, 2024; Xun et al., 2025).

Assumption 2 (Lp-accurate score). There exists a constant p ≥ 2 and ε‘err = 1/poly(d) such that
for all σ > 0,

EX∼πσ

[
∥ŝσ(X)− sπ,σ(X)∥p2

]
≤ εperr

σp
.

Under Assumptions 1 and 2, the best known upper bound is that Õ(d) queries can give us very small
TV error. The bound can be achieved by analyzing the discretization error of standard algorithms
like DDPM or DDIM (Benton et al., 2024; Li & Yan, 2024; Conforti et al., 2023; Li et al., 2024b).
We restate the result of Benton et al. (2024) below, translating their original KL bound to TV distance
to facilitate comparison:

Theorem 1.2 (Benton et al. (2024)). Under Assumptions 1 and 2, there exists a diffusion sampling
algorithm (DDPM) that achieves TV error 0.01 using Õ(d) queries.

Our main theorem shows that one cannot reduce the query complexity below Ω̃(
√
d) in the worst

case, even to achieve a very large constant error.

Theorem 1.3 (Main Theorem). Any diffusion sampling algorithm under Assumptions 1 and 2 with
TV error less than 0.99 requires at least Ω̃(

√
d) queries.

More recently, researchers have shown that beyond Assumptions 1 and 2, adding additional score
Lipschitz assumptions can lead to algorithm acceleration, achieving sublinear iteration complexity
in d (Gupta et al., 2025; Li et al., 2024a; Wu et al., 2024; Li & Jiao, 2025). For example, Zhang et al.
(2025) showed that if the score estimates are L-Lipschitz, then DDPM only needs O(L

√
d) steps of

queries; Jiao & Li (2024) gave an algorithm with min(d, L1/3d2/3, Ld1/3) queries, where L is the
Lipschitzness of the true scores.

Therefore, a useful perspective is that our hard instance has globally Lipschitz true smoothed scores
and score estimates, with a Lipschitz parameter that scales linearly with dimension.

Remark 1.4 (Lipschitz scale of the smoothed score). In the hard instance underlying Theorem 1.3,
for every σ > 0, both sπ,σ and ŝσ are globally O(d)-Lipschitz.

This implies that any algorithm with a query upper bound of Õ(Ladb) yields a complexity of
Õ(da+b) when instantiated on our hard instance. Theorem 1.3 therefore rules out query upper
bounds of the form Õ(Ladb) with a+ b < 1/2.

A more formal version of the theorem, which tracks the dependence on (R, γ), the oracle accuracy,
and the exact Lipschitz constant, is given in Theorem A.1.

At the proof level, our lower bound isolates one intrinsic source of hardness: any diffusion sampler
must scan through Ω̃(

√
d) distinct noise levels. This matches what diffusion algorithms do in prac-

tice, where scores are queried along a multiscale noise schedule, and provides a formal explanation
for why such a design is necessary. In fact, we establish something stronger: we construct a null
distribution πnull and a class of planted distributions D, and show that Ω̃(

√
d) queries at distinct

noise levels are needed merely to distinguish whether the score estimates come from πnull or from
some π drawn from D. Since producing a valid sample from π is strictly harder than extracting this
single bit of information, the sampling lower bound follows immediately.

Under Assumptions 1 and 2, a gap remains between our Ω̃(
√
d) lower bound and the best known

Õ(d) upper bound, and determining the true query complexity is an important open problem. The
fact that our proof yields the Ω̃(

√
d) barrier for a task strictly easier than sampling points to a

concrete direction for tightening it: going beyond 1-bit distinguishing and directly lower-bounding
the difficulty of producing a sample. On the other hand, it is also plausible that scanning noise levels
already captures the dominant source of hardness and that the true complexity is Θ̃(

√
d), in which

case our hard instance may inform the design of faster diffusion sampling algorithms that close the
gap from above.

3



Subexponential Error Tail. While Lp accuracy is the standard assumption, it is also instructive
to consider the impact of stronger error tail conditions. Recent works have shown that stronger error
tail requirements might yield accelerated algorithms (Gatmiry et al., 2026).

Assumption 3 (Subexponential Error). For all σ > 0 and all z ≥ 0, the model can query ŝσ(x)
with the guarantee that

Pr
X∼πσ

[
∥ŝσ(X)− sπ,σ(X)∥2 ≥ z

]
≤ 2 exp

(
− zσ

εerr

)
.

We show that, under a constant sub-exponential error model, Ω(d1/4) queries are still necessary.

Theorem 1.5 (Subexponential Tail). For any constant εerr > 0, any algorithm that solves diffusion
sampling under Assumptions 1 and 3 with TV error less than 0.99 requires at least Ω(d1/4) queries.

2 INTUITION ON HARDNESS

To build intuition, we consider a simple hard family: mixtures of n well-separated Gaussians. Con-
cretely, pick a uniformly random set of centers S ⊆ {−1,+1}d with |S| = n, and define

πpre = Unif(S), π = πpre ∗ N (0, 0.1Id).

Clearly, any nontrivial sampler must locate at least one center in S using score queries. Our proof
shows that this is only possible when the algorithm queries a narrow window of smoothing levels
determined by n. Since n is hidden and may range over 2Θ(d) possibilities, the sampler is forced to
scan many different noise levels.

For conciseness, in this section we slightly abuse notation and write πσ := πpre ∗ N (0, σ2Id) and
we write sπ,σ for the score of πpre ∗ N (0, σ2Id) throughout (so σ2 should be read as an effective
variance). By Tweedie’s formula, suppose we sample a center Y ∼ πpre and noise Z ∼ N (0, σ2Id),
and set X = Y + Z, so X ∼ πσ , then the score can be rewritten as

sπ,σ(x) =
m(x)− x

σ2
,

where m(x) = E[Y | X = x]. Since Y is supported on S, m(x) is a posterior average over
the modes y ∈ S, with weights proportional to exp(−∥x − y∥22/(2σ2)). Thus a score query is
informative only insofar as this posterior average depends on the planted set S.

As a reference, let snullσ denote the score one would obtain if the adversary pretended S =
{−1,+1}d (so the answer carries no information about S). We will see that for most σ, an adversary
can answer essentially with snullσ while still satisfying the polynomial Lp(πσ) accuracy guarantee,
forcing the sampler to scan across σ.

Warmup: Gaussian as a sphere. A Gaussian in Rd concentrates on a thin shell: ∥Z∥2 ≈ σ
√
d.

Imagine that it were exactly uniform on the sphere of radius σ
√
d. Then for fixed (x, σ),m(x) would

simply average the sampled centers lying in the corresponding sphere around x. Now we count how
many points in S fall into this sphere, and let N(x, σ) denote this expected number over the random
draw of S.

This yields two uninformative extremes:

• If N(x, σ) ≫ poly(d), with high probability the averaging washes out the instance: by
concentration, m(x) becomes 1/ poly(d)-close to the null answer, so an adversary can
answer with snullσ .

• If N(x, σ) ≪ 1/ poly(d), then with high probability over S there are no points in the
sphere. This implies that πσ(x) has tiny mass, and the Lp(πσ) guarantee does not constrain
the oracle on these points. The adversary can again answer with snullσ .

Either way, a query at this σ reveals essentially nothing except that the chosen smoothing level is
“wrong.”
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To get more information, σ must be tuned so that N(x, σ) lies within an intermediate window of
a poly(d) range. Note that N(x, σ) scales linearly with the underlying n. Therefore, each query
would only rule out the range of n up to a poly(d) factor, and there are

logpoly(d)(2
Θ(d)) = Θ(d/ log d)

such ranges to check. Therefore, we need to query Θ(d/ log d) distinct smoothing levels to get one
“not null” answer that actually helps sampling.

The real Gaussian gives
√
d. The analysis above fails in one place: a Gaussian is not uniform

even on its thin shell. With 1− 1/ poly(d) probability,

∥Z∥22 = σ2d± Õ(σ2
√
d),

so the posterior is influenced by a whole band of squared distances of width Θ(σ2
√
d), and the mass

outside is negligible.

Pick two squared radii r2± = σ2d ± Θ(σ2
√
d) within this typical band. The per-center likelihood

weights satisfy

exp(−r2−/(2σ2))

exp(−r2+/(2σ2))
= exp

(
Θ

(
r2+ − r2−
σ2

))
= exp(Θ(

√
d)).

At the same time, the size of the corresponding Hamming shell at radius r+ versus r− differs by
exp(Θ(

√
d)) as well.

When S is a random subset of size n, this compensation creates a gap between the two thresholds
in the counting story: as n grows, one first exits the “empty” regime by hitting the high-surface-area
part of the band, but only after an additional exp(Θ̃(

√
d)) factor in n does one reach the true “averag-

ing” regime, where even the low-surface-area (but high-weight) part is well populated. Equivalently,
for fixed σ the informative window can pin down n only up to an exp(Θ̃(

√
d)) multiplicative factor.

Therefore we must scan
logexp(Θ̃(

√
d))

(
exp(Θ(d))

)
= Θ̃(

√
d)

distinct smoothing levels to reliably hit an informative scale, yielding the Ω̃(
√
d) lower bound.

We note that our actual construction replaces the binary hypercube with a higher-resolution prod-
uct constellation. This enables the log(R/γ) dependence in the parameterized theorem. See Ap-
pendix A for formal description of the hard instances.

Synthetic illustration. Figure 1 visualizes the informative-window phenomenon on the hyper-
cube warm-up family described above. For each dimension d, we draw a random codebook S from
a Poissonized ensemble on {−1,+1}d in which each vertex is included independently with prob-
ability eρd−d log 2 (so the expected codebook size is eρd), and consider the local signal at the fixed
query point x = 1:

IS(τ ; 1) :=
πτ (1)

πnull
τ (1)

· 1

d

∥∥sπ,τ (1)− snullτ (1)
∥∥2
2
,

where πτ is the smoothed density of the mixture defined by S and πnull
τ is the smoothed null density

(corresponding to S = {−1,+1}d), with sπ,τ and snullτ their respective scores. This is the pointwise
contribution at x = 1 to the relative Fisher divergence between planted and null distributions at
noise level τ . When IS(τ ; 1) is negligible, a query at noise level τ reveals no information about S
at this point.

The left panel plots the median of IS(τ ; 1) over randomly drawn instances as a function of log τ
for several values of d. The signal concentrates around a single matching scale and becomes pro-
gressively narrower as d grows. The right panel confirms that the full width at half maximum scales
as 1/

√
d, consistent with the d−1/2 prediction from the shell fluctuation argument above. Equiv-

alently, the informative noise levels occupy a window of width Θ(d−1/2) in log τ , so covering an
O(1) range of candidate smoothing levels requires Θ(

√
d) queries.
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Figure 1: Informative window on the hypercube warm-up family (ρ = 0.2). The signal concen-
trates near a single smoothing scale and narrows as d grows; the width scales as 1/

√
d, confirming

the predicted d−1/2 rate.

3 RELATED WORKS

While a rapidly growing literature studies the iteration complexity of diffusion sampling under var-
ious assumptions Chen et al. (2023c); Bortoli (2022); Conforti et al. (2023); Lee et al. (2022); Chen
et al. (2023b); Lee et al. (2023); Chen et al. (2023a;d), lower bounds remain much less developed
than convergence analyses. We discuss two directions that are closest in spirit: iteration lower
bounds for specific diffusion algorithms and query lower bounds in the classical sampling literature.

3.1 ITERATION LOWER BOUNDS FOR DIFFUSION MODELS

Existing algorithmic lower bounds typically fix a discretization or a noise schedule. Jiao et al. (2025)
show that under a standard DDPM discretization schedule, even with exact scores and a Gaussian
target, the KL error of the terminal marginal satisfies KL ≳ d/T 2, which forces T = Ω(

√
d/ε)

steps to achieve KL ≤ ε2. Related Gaussian lower bounds in Wasserstein metrics appear in Gao
& Zhu (2025). These results identify barriers for specific solvers, but their analyses are tied to
particular discretizations of specific stochastic processes and therefore cannot be generalized to the
algorithm-agnostic lower bounds we seek.

It is also worth mentioning a route toward dimension-dependent query lower bounds for small KL
error via tensorization. Let p be a one-dimensional distribution, and consider sampling from its
product p⊗d. Since each dimension is independent, the best an algorithm can do is to sample d
copies of p and output a sample following p̂⊗d. Since KL is additive:

DKL(p
⊗d∥q⊗d) = d ·DKL(p∥q).

In this setting, achieving ε-KL accuracy on p⊗d would require achieving (ε/d)-KL accuracy on
p (Benton et al., 2024).

This suggests that any query lower bound that in terms of (1/ϵ) in one dimension could be converted
into a dimension-dependent lower bound even for product targets. For instance, if achieving ε-KL
accuracy on R required Ω(1/ε0.1) score queries, then achieving ε-KL on Rd for a d-fold product
target would require Ω((d/ε)0.1) queries. However, this approach relies on query lower bounds for
small-ε KL, and to our knowledge no such bound is currently known.

3.2 QUERY LOWER BOUNDS FOR SAMPLING

A classical oracle model writes the target as π(x) ∝ e−V (x) and grants pointwise access to V (x) and
possibly its derivatives (Chewi et al., 2022). With first-order access, querying ∇V (x) is equivalent
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to querying the exact unsmoothed score

s0(x) := ∇ log π(x) = −∇V (x).

In the strongly log-concave and smooth setting, Chewi et al. (2024) prove dimension-dependent
lower bounds that already appear for Gaussian targets. In particular, for a centered Gaussian with
condition number κ, any algorithm with first-order oracle access needs

Ω̃
(
min{

√
κ log d, d}

)
queries to achieve constant accuracy, matching block-Krylov type methods up to logarithmic factors.
Sharp lower bounds are also known on one dimension (Chewi et al., 2022).

For general non-log-concavity, it is known that exp(Ω(d)) queries are needed. A typical construction
hides probability mass in one of exponentially many well-separated regions of Rd, so that local
values and gradients are essentially indistinguishable unless the algorithm queries near the right
region (Lee et al., 2018; He & Zhang, 2025; Chewi et al., 2023).

Diffusion-style access changes the picture because the oracle is smoothed. Querying sπ,σ =
∇ log(π ∗ N (0, σ2I)) aggregates information from an O(σ) neighborhood. Large σ can reveal
coarse global structure and rule out many candidate regions at once, while small σ refines local de-
tails. Therefore, our lower bounds require a different approach, and we show that the bottleneck is
identifying an informative smoothing scale σ.

3.3 APPLICABILITY TO PRACTICAL ALGORITHMS

Our oracle model is intended to capture the inference-time information available to a broad class
of practical diffusion and diffusion-adjacent samplers: repeated evaluations of a learned network at
user-chosen states and noise levels, without any additional access to the target distribution π.

Common network parameterizations are score-equivalent. In standard diffusion setups, a net-
work may be parameterized as a denoiser/x0-predictor, a noise predictor, or directly as a score/drift
model. All of these are information-equivalent to a smoothed-score oracle, up to known, noise-
dependent affine transformations. Concretely, under additive Gaussian corruption, the denoiser
(posterior mean) Dσ(x) and the noise predictor εσ(x) satisfy the standard identities

sπ,σ(x) =
Dσ(x)− x

σ2
, εσ(x) = −σ sπ,σ(x),

and hence any learned approximation of Dσ or εσ can be converted into a score estimate ŝσ by the
same formulas. These conversions are routinely used in diffusion models such as DDPM/DDIM and
score-SDE formulations (up to conventional rescalings that depend only on the noise/time param-
eterization) (Ho et al., 2020; Song et al., 2021b; Karras et al., 2022; Robbins, 1956; Efron, 2011;
Song et al., 2021a). Therefore, up to constant factors, each neural network evaluation can be counted
as one oracle query. (Methods that use higher-order updates or corrector steps may spend multiple
network evaluations per macro-step, but the relevant complexity measure for our results is the total
number of evaluations.)

Consequently, Theorems 1.3 and 1.5 can be interpreted as lower bounds on the number of neural
network evaluations required by any inference procedure whose only access to π is through re-
peated evaluation of such score-equivalent networks, regardless of how the updates are organized or
whether the method is deterministic or randomized.

SDE/ODE-based diffusion samplers. This scope includes both classic reverse-time SDE dis-
cretizations and ODE-based solvers. Concretely, it covers DDPM and its variants, predictor–
corrector samplers, the probability flow ODE, and generic integrators such as DPM-Solver, PNDM,
DEIS, UniPC, and EDM-style solvers (Song et al., 2021b; Lu et al., 2022; 2025; Liu et al., 2022a;
Zhang & Chen, 2023; Zhao et al., 2023; Karras et al., 2022). These methods differ in discretization
order, step-size selection, and whether the path is formulated as an SDE or an ODE, but they all
obtain information about π through the same primitive: evaluating a learned score (or an equivalent
drift derived from it) at adaptively chosen states and noise levels.
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Flow matching and rectified flow in the linear Gaussian interpolation setting. Our oracle
model also captures the standard rectified-flow / flow-matching setup with a Gaussian prior and
linear interpolation. Specifically, let X1 ∼ π and X0 ∼ N (0, Id) be independent and define

Xt = tX1 + (1− t)X0, t ∈ (0, 1).

Rectified flow defines the velocity field

vt(x) := E[X1 −X0 | Xt = x].

A direct calculation using Tweedie’s formula (Robbins, 1956; Efron, 2011) shows that vt is an
explicit affine transform of the Gaussian-smoothed score:

vt(x) =
x

t
+

1− t

t2
sπ,σt

(x/t), σt =
1− t

t
.

Equivalently, for each fixed t, querying vt(x) is invertibly equivalent to querying sπ,σt at the rescaled
input x/t. Therefore, any sampler whose inference-time access to π is only through evaluations of
such velocity fields inherits the same query lower bounds (Lipman et al., 2023; Liu et al., 2022b;
Benton et al., 2023).

What is not covered. Our lower bounds apply to any algorithm whose only source of informa-
tion about π at inference time is score-equivalent evaluations at adaptively chosen states and noise
levels, regardless of what computation the algorithm performs between or after queries. In contrast,
approaches such as progressive distillation (Salimans & Ho, 2022) or consistency models (Song
et al., 2023) may fall outside this model: their training procedures can encode additional global
information about π into a new mapping, so that each inference-time evaluation is no longer a
score-equivalent query. For hybrid systems that combine a partially distilled backbone with residual
score-correction steps, applicability depends on whether the correction steps are the sole source of
information about π at inference time; if so, the lower bound applies to the number of such correction
queries.

4 CONCLUSION

In this work, we establish the first information-theoretic lower bounds for diffusion sampling. We
prove that for d-dimensional distributions, acquiring a non-trivial sample using Lp-accurate score
estimates requires Ω̃(

√
d) adaptive score queries, even under favorable assumptions of smoothness

and polynomial estimation accuracy. These results characterize the computational cost’s dependence
on dimension as a fundamental barrier intrinsic to the score-based sampling paradigm, rather than a
limitation of current solvers.

At a technical level, our analysis reveals that multiscale scanning is a worst-case necessity driven by
high-dimensional concentration. Because the score signal is localized within specific noise scales
and forms a narrow “informative window”, algorithms that aggressively reduce step counts risk
missing the signal entirely. This perspective complements discretization-based analyses by identi-
fying information loss, rather than discretization error, as the primary bottleneck in the aggressive
acceleration regime.

Our work highlights several open frontiers for future research:

1. Tightening the Bound. There remains a gap between our Ω̃(
√
d) lower bound and the

best known Õ(d) upper bounds. Determining the precise query complexity is a major open
question that may require constructing sharper hard instances.

2. Beyond the Smoothed-Score Oracle. Our lower bounds apply when inference-time access
to the target is only through repeated evaluations of a Gaussian-smoothed score, or an
explicitly equivalent field as in rectified flow. A natural next step is to extend lower bounds
to paradigms that change this primitive, including flow matching with non-Gaussian priors
or alternative couplings, and distilled generators that produce samples in very few steps.

3. Real-World Structure. The empirical success of few-step sampling suggests that real-
world data possess structures stronger than generic smoothness. Identifying specific geo-
metric properties, such as low intrinsic dimension, that enable practical algorithms to break
the worst-case

√
d barrier is a promising direction for bridging theory and practice.
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APPENDIX

A FORMAL CONSTRUCTION

We begin by stating a parameterized version of Theorem 1.3 to make the dependence on (R, γ) and
the oracle parameters explicit.
Theorem A.1. Fix constants p > 0 and ρ ∈ (0, 1/4). Then there exists a constant c = c(p, ρ) > 0
such that the following holds for every exponent A ≥ 0, every R > 0, every γ ∈ (0, R/2), every
sufficiently large dimension d, and every εerr ∈ [d−A, 1]. There exists a distribution D over pairs
(π, {ŝσ}σ>0) on Rd such that:

(1) (bounded-plus-noise) π = πpre ∗ N (0, γ2Id) for some πpre supported on [−R,R]d;

(2) (Lp-accurate score oracle) for every σ > 0,

EX∼πσ

[
∥ŝσ(X)− sπ,σ(X)∥p2

]
≤ εperr

σp
;

(3) (global Lipschitzness) for every σ > 0, both sπ,σ and ŝσ are globally Lσ-Lipschitz with

Lσ ≤ 3

γ2 + σ2
+

7R2d

(γ2 + σ2)2
;

(4) (query lower bound) every adaptive algorithm making at most

Q ≤ c ·min

{
d,

d log(R/γ)√
dHp +Hp

}
, Hp := log(d/εerr) + log(R/γ),

score queries and outputting X̂ satisfies

P(π,{ŝσ})∼D

[
dTV

(
L(X̂), π

)
≥ 1− ρ

]
≥ 1− ρ.

Now we formally introduce the hard family and notation used throughout the proofs. We then prove
Theorem A.1 and its ψ1-counterpart in parameterized form; Theorem 1.5 follows by specialization.

Fix R > 0 and γ ∈ (0, R/2), and assume throughout this appendix that d is even, writing d = 2m.
Let

M :=

⌈
π
R

γ

⌉
,

and define the 2D constellation

aj := R
(
cos(2πj/M), sin(2πj/M)

)
∈ R2, j ∈ {0, 1, . . . ,M − 1}.

Write
A := {a0, . . . , aM−1} ⊂ R2, V := Am ⊂ Rd, U := Unif(V).

Thus
|V| =Md/2.

If S = (Y (1), . . . , Y (n)) is a codebook of size n sampled from U with replacement, let

νS :=
1

n

n∑
i=1

δY (i)

denote its empirical measure. Duplicates are allowed, and only the empirical measure matters.

For every total noise level τ > 0, define

νS,τ := νS ∗ N (0, τ2Id), νU,τ := U ∗ N (0, τ2Id).

When needed, we write

sS,τ := ∇ log νS,τ , sU,τ := ∇ log νU,τ
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for the corresponding score fields. In particular,

πS,γ := νS,γ , πU,γ := νU,γ .

We also write

τ(σ) :=
√
γ2 + σ2, κ(n) :=

1

d
log n.

The quantity κ(n) is the rate parameter used throughout the appendix. Its natural ambient scale is
1
2 logM , since |V| =Md/2.

Throughout, we interpret [a, b] = ∅ when a > b, and we write |[a, b]| := (b− a)+ for its length.

We first establish a lower bound for a total-noise oracle indexed by τ ≥ γ. The fixed-noise theorem
reduces this step to agreement with the null score outside a rate interval, a packing of the admissi-
ble rate set, and separation at the base noise level γ. The small-sample and large-sample regimes
determine the two endpoints of this interval, and the analytic estimates below are used only in the
large-sample regime. We then specialize the resulting fixed-noise lower bound to the Lp and ψ1

settings and transfer it back to the original σ-indexed model via τ(σ) =
√
γ2 + σ2.

B A FIXED-NOISE LOWER BOUND IN RATE SPACE

We begin with a lower bound for a total-noise oracle indexed by τ ≥ γ.

B.1 THE FIXED-NOISE THEOREM

Fix a query budget Q ≥ 1, a target error level ρ ∈ (0, 1/4), and set

δ :=
ρ2

80Q
.

For each codebook S and total-noise level τ ≥ γ, let ŝ(S)τ denote the oracle response at total noise
τ , and let sU,τ denote the corresponding null score. Unless stated otherwise, whenever PS or ES
appears below, the codebook S is sampled i.i.d. from U with the value of n prescribed there.

Theorem B.1 (A fixed-noise lower bound in rate space). Let 1 ≤ nmin ≤ nmax be integers, and
define the discrete admissible rate set

Kd := {κ(n) : n ∈ [nmin, nmax] ∩ N}.

Assume that for every τ ≥ γ we are given an interval

J (τ) ⊆ R,

and let
w := sup

τ≥γ
|J (τ)|,

with the convention that |J (τ)| = 0 when J (τ) = ∅. Suppose that the following hold.

(i) (Agreement with the null score outside the interval) For every fixed query point x ∈ Rd,
every τ ≥ γ, and every integer n ∈ [nmin, nmax],

κ(n) /∈ J (τ) =⇒ PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ δ,

where S is sampled i.i.d. from U with size n.

(ii) (Packing on the rate axis) The set Kd contains a subset G of cardinality

|G| ≥ 80Q

ρ2

whose points are pairwise separated by more than w.

14



(iii) (Separation at the base noise level) There exists a measurable map S 7→ A(S) ⊆ Rd such
that

πS,γ(A(S)) ≥ 1− ρ/2 for every codebook S of size n ∈ [nmin, nmax] ∩ N,

and, if J is uniform on G, if n(J) denotes the unique integer with κ(n(J)) = J , and if SJ
is an i.i.d. codebook of size n(J) drawn from U , then

sup
x∈Rd

PJ,SJ

[
x ∈ A(SJ)

]
≤ ρ2

8
.

Let D denote the law of (n(J), SJ). Then every adaptive algorithm A making at most Q score
queries, with output distribution QA

n,S on instance (n, S), satisfies

P(n,S)∼D

[
dTV

(
QA
n,S , πS,γ

)
≥ 1− ρ

]
≥ 1− ρ.

Proof. Fix an arbitrary adaptive algorithm A making at most Q score queries. Let QA
n,S be its

output distribution on the hard instance (n, S), and let QA
0 be its output distribution when the oracle

is replaced by the null family {sU,τ}τ≥γ .

Condition on the internal randomness ω of A in the null run. The resulting null transcript determines
a deterministic sequence of queries (

τ0t , x
0
t

)Q
t=1

.

Let

E :=
{
κ(n(J)) /∈

Q⋃
t=1

J (τ0t )
}
.

Because the points ofG are pairwise separated by more than w while each interval J (τ0t ) has length
at most w, every queried interval contains at most one point of G. Hence, conditional on ω,

PJ(Ec | ω) ≤
Q

|G|
≤ ρ2

80
.

Averaging over ω yields

PJ,ω(Ec) ≤
ρ2

80
.

We now couple the run of A on (n(J), SJ) with its null run by using the same internal randomness
ω. Let Diff be the event that the two transcripts ever differ, and let

T := min{t ≤ Q : the two transcripts differ at time t},

with the convention T = ∞ when they never differ. On the event {T = t} the two runs agree up to
time t− 1, hence issue the same tth query (τ0t , x

0
t ). Therefore

{T = t} ⊆
{
ŝ
(SJ )

τ0
t

(x0t ) ̸= sU,τ0
t
(x0t )

}
.

If E holds, then κ(n(J)) /∈ J (τ0t ) for every t ≤ Q, so assumption (i) gives

PJ,SJ ,ω(T = t | E) ≤ δ for every t ≤ Q.

Summing over t yields

PJ,SJ ,ω(Diff | E) ≤ Qδ =
ρ2

80
.

Consequently

PJ,SJ ,ω(Diff) ≤ PJ,ω(Ec) + PJ,SJ ,ω(Diff | E) ≤ ρ2

40
.

Outside Diff the coupled outputs coincide, and therefore

E(n,S)∼D
[
dTV(Q

A
n,S , Q

A
0 )
]
≤ PJ,SJ ,ω(Diff) ≤

ρ2

40
.

15



By Markov’s inequality,

P(n,S)∼D
[
dTV(Q

A
n,S , Q

A
0 ) ≥ ρ/4

]
≤ ρ

10
.

Let X0 ∼ QA
0 be independent of (J, SJ). Fubini’s theorem and assumption (iii) give

E(n,S)∼D
[
QA

0 (A(S))
]
= EX0∼QA

0

[
PJ,SJ

[
X0 ∈ A(SJ)

]]
≤ ρ2

8
.

A second application of Markov’s inequality yields

P(n,S)∼D
[
QA

0 (A(S)) ≥ ρ/4
]
≤ ρ

2
.

On the complement of the union of the last two events we have

QA
n,S(A(S)) ≤ QA

0 (A(S)) + dTV(Q
A
n,S , Q

A
0 ) ≤

ρ

2
,

whereas assumption (iii) gives πS,γ(A(S)) ≥ 1− ρ/2. Therefore

dTV(Q
A
n,S , πS,γ) ≥ πS,γ(A(S))−QA

n,S(A(S)) ≥ 1− ρ.

Hence
P(n,S)∼D

[
dTV(Q

A
n,S , πS,γ) < 1− ρ

]
≤ ρ

10
+
ρ

2
< ρ.

Since A was arbitrary, the theorem follows.

B.2 ORACLE CONSTRUCTION AND THE TWO THRESHOLD BOUNDS

We now specialize the fixed-noise argument to the product-circle hard family from Section A. We
write the argument for even d, so that the reference law U factorizes into d/2 identical planar blocks.
The odd-dimensional case follows from the standard one-coordinate padding/projection reduction.
The small-sample and large-sample regimes below yield the two threshold bounds used in Theo-
rem B.1.

For τ > 0 let
νU,τ := U ∗ N (0, τ2Id), νS,τ := νS ∗ N (0, τ2Id),

and let uτ denote the density of νU,τ , and let φτ2 denote the density of N (0, τ2Id). We also write

sS,τ := sνS,τ
, sU,τ := sνU,τ

.

For y ∈ V and x ∈ Rd define

Lτ (y, x) :=
φτ2(x− y)

uτ (x)
, ℓτ (y, x) := logLτ (y, x).

If Y ∼ U and X = Y + Z with Z ∼ N (0, τ2Id) independent, set

ℓτ := ℓτ (Y,X), Iτ :=
1

d
E[ℓτ ].

For a codebook S write

Jτ (S) := EX∼νS,τ

[
∥sS,τ (X)− sU,τ (X)∥22

]
.

For ζ ∈ (0, 1/2], define

Λτ (ζ) := inf
{
λ > 0 : P

[
ℓτ ≤ log λ

]
≥ ζ
}
.

We will repeatedly use the elementary consequences

EY∼U [Lτ (Y, x)] = 1, P
[
ℓτ < log Λτ (ζ)

]
≤ ζ, P

[
ℓτ ≤ log Λτ (ζ)

]
≥ ζ.

Fix auxiliary functions
ζ(τ) ∈ (0, 1/2], θ(τ) > 0, τ ≥ γ,
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and abbreviate Λτ := Λτ (ζ(τ)). Define

ℓmax
τ,S (x) := max

y∈S
ℓτ (y, x), Gτ (S) := {x ∈ Rd : ℓmax

τ,S (x) ≥ log Λτ},

and let
mτ,S(x) := ψ

(
ℓmax
τ,S (x)− log Λτ + 1

)
,

where ψ : R → [0, 1] is the standard 1-Lipschitz cutoff with ψ(t) = 0 for t ≤ 0 and ψ(t) = 1 for
t ≥ 1. Given such a choice, we define the oracle by

ŝ(S)τ (x) :=

{
sU,τ (x), Jτ (S) ≤ θ(τ),

sU,τ (x) +mτ,S(x)
(
sS,τ (x)− sU,τ (x)

)
, Jτ (S) > θ(τ).

By symmetry of the product-circle support and isotropy of the Gaussian noise, if S is any codebook
supported on V , YS ∼ νS , and X = YS + Z with Z ∼ N (0, τ2Id) independent, then ℓτ (YS , X)

d
=

ℓτ . Since
Gτ (S)

c ⊆ {ℓτ (YS , X) < log Λτ},
the elementary quantile fact above gives the mass-coverage bound

νS,τ (Gτ (S)) ≥ 1− ζ(τ)

for every codebook S. We will use this repeatedly.
Proposition B.2 (Regularity of the oracle construction). For every τ ≥ γ and every codebook S,

Lip(ℓmax
τ,S ) ≤ 2R

√
d

τ2
, Lip(mτ,S) ≤

2R
√
d

τ2
.

Consequently,

Lip
(
ŝ(S)τ

)
≤ 3

τ2
+

7R2d

τ4
.

Proposition B.3 (Small-sample agreement with the null score). Define

n−(τ) := δe−1Λτ , κ−(τ) :=
1

d
log n−(τ).

Then for every fixed τ ≥ γ, every fixed query point x ∈ Rd, and every integer n with

κ(n) ≤ κ−(τ),

one has
PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ δ.

Proof. If κ(n) ≤ κ−(τ), then
n ≤ edκ−(τ) = δe−1Λτ .

If ŝ(S)τ (x) ̸= sU,τ (x), then necessarily mτ,S(x) > 0, which implies

ℓmax
τ,S (x) > log Λτ − 1.

Equivalently, there exists y ∈ S with

Lτ (y, x) ≥ e−1Λτ .

Hence, by a union bound,

PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ nPY∼U

[
Lτ (Y, x) ≥ e−1Λτ

]
.

Using EY∼U [Lτ (Y, x)] = 1 and Markov’s inequality,

PY∼U
[
Lτ (Y, x) ≥ e−1Λτ

]
≤ e

Λτ
.

Therefore
PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ en

Λτ
≤ δ,

as claimed.
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Theorem B.4 (Large-sample agreement with the null score). Fix τ ≥ γ and define

H(τ) := max

{
1, log

(
log(1 + |V|)

δ
· CR2d2

γ2τ2θ(τ)

)}
,

where C > 0 is a sufficiently large universal constant. Let α := 1 − γ2

R2d2 and τ̃ :=
√
α τ , and

define

Emed(τ) := C
√
dH(τ) + CH(τ), Ebig(τ) := C

R

τ̃

√
dH(τ) + CH(τ).

Set

κ+(τ) := Iτ̃ +
1

d
min{Emed(τ), Ebig(τ)}.

Then, for all sufficiently large d, every fixed query point x ∈ Rd and every integer n with

κ(n) ≥ κ+(τ),

one has
PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ δ.

Theorem B.5 (Fixed-noise interval theorem). There exists a universal constant C > 0 such that the
following holds. Define

J (τ) := [κ−(τ), κ+(τ)], Hwin(τ) := max
{
log(1/ζ(τ)), H(τ), log(1/δ)

}
.

Then, for all sufficiently large d and every τ ≥ γ,

|J (τ)| ≤ C

√
Hwin(τ)

d
+ C

Hwin(τ)

d
.

Moreover, for every fixed query point x ∈ Rd and every integer n ≥ 1,

κ(n) /∈ J (τ) =⇒ PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ δ.

B.3 ANALYTIC INPUT FOR THE LARGE-SAMPLE REGIME

The large-sample theorem is the only point in the fixed-noise argument that needs additional analytic
input. The smoothing identities and KL/Fisher estimate control the Fisher term in Theorem B.4; the
likelihood-ratio estimates are then converted into expected-KL bounds for random codebooks.

Gaussian smoothing and KL/Fisher control.
Proposition B.6 (Gaussian smoothing identities and consequences). Let ν be any probability mea-
sure supported on [−R,R]d, and let ντ := ν ∗ N (0, τ2Id) for τ > 0. Then the following hold.

(a) For every x ∈ Rd,
sν,τ (x) = τ−2

(
E[Y | Y + Z = x]− x

)
,

where Y ∼ ν and Z ∼ N (0, τ2Id) are independent.

(b) The Jacobian of the posterior mean satisfies the standard Gaussian smoothing identity, and
hence

∇sν,τ (x) = τ−4 Cov(Y | Y + Z = x)− τ−2Id.

(c) If ν1, ν2 are both supported on [−R,R]d, then for every x ∈ Rd,

∥sν1,τ (x)− sν2,τ (x)∥2 ≤ 2R
√
d

τ2
.

(d) For every x ∈ Rd,

Lip(sν,τ ) ≤
1

τ2
+
R2d

τ4
.
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Proof. Let Y ∼ ν and Z ∼ N (0, τ2Id) be independent, and write

ντ (x) =

∫
φτ2(x− y) ν(dy).

Proof of (a). Differentiating under the integral sign gives

∇ντ (x) =
1

τ2

∫
(y − x)φτ2(x− y) ν(dy).

Dividing by ντ (x) and recognizing the posterior weights of Y given Y + Z = x yields

sν,τ (x) = ∇ log ντ (x) =
E[Y | Y + Z = x]− x

τ2
.

Proof of (b). Since ν is compactly supported, ντ is C∞ and strictly positive. Let

m(x) := E[Y | Y + Z = x], Σ(x) := Cov(Y | Y + Z = x).

A standard differentiation of the posterior weights yields

∇m(x) =
1

τ2
Σ(x).

Differentiating the identity from part (a),

sν,τ (x) =
m(x)− x

τ2
,

therefore gives

∇sν,τ (x) = − 1

τ2
Id +

1

τ4
Σ(x).

Proof of (c). Apply part (a) to ν1 and ν2:

sνi,τ (x) =
mi(x)− x

τ2
, mi(x) := Ei[Y | Y + Z = x].

Because each posterior mean mi(x) lies in the convex hull of [−R,R]d, it has Euclidean norm at
most R

√
d. Hence

∥m1(x)−m2(x)∥2 ≤ 2R
√
d,

and therefore

∥sν1,τ (x)− sν2,τ (x)∥2 ≤ 2R
√
d

τ2
.

Proof of (d). By part (b),

∇sν,τ (x) = − 1

τ2
Id +

1

τ4
Σ(x).

Since Σ(x) ⪯ E[Y Y ⊤ | Y + Z = x], we have

∥Σ(x)∥op ≤ E[∥Y ∥22 | Y + Z = x] ≤ R2d.

Thus

∥∇sν,τ (x)∥op ≤ 1

τ2
+
R2d

τ4
.

Taking the supremum over x proves the Lipschitz bound.

Proposition B.7 (KL/Fisher control under Gaussian smoothing). Let S be any codebook and define

D(t) := DKL(νS,
√
t ∥ νU,√t), J(t) :=

∫
νS,

√
t(x)

∥∥∥∇ log
dνS,

√
t

dνU,
√
t

(x)
∥∥∥2
2
dx.

There exists a universal constant C > 0 such that the following hold.
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(a) For every t > 0,

D′(t) = −1

2
J(t),

and if
ρ(t) := sup

x∈Rd

λmax

(
∇2 log u√t(x)

)
, ρ+(t) := max{ρ(t), 0},

then
J ′(t) ≤ 2ρ+(t)J(t)

for almost every t > 0.

(b) For every α ∈ (0, 1) and every τ > 0,

J(τ2) ≤ 2

(1− α)τ2
exp

(
2

∫ τ2

ατ2

ρ+(s) ds

)
D(ατ2).

(c) For the null heat flow generated by U ,

ρ+(t) ≤
R2

t2
∀t > 0.

(d) In particular, with α := 1− γ2

R2d2 and τ̃ :=
√
α τ ,

Jτ (S) ≤
CR2d2

γ2τ2
DKL(νS,τ̃ ∥ νU,τ̃ )

for all sufficiently large d and every τ ≥ γ.

Proof. For the proof it is convenient to work with the variance parameter t = τ2. For a fixed
codebook S, define

D(t) := DKL(νS,
√
t ∥ νU,√t),

and

J(t) :=

∫
νS,

√
t(x)

∥∥∥∇ log
dνS,

√
t

dνU,
√
t

(x)
∥∥∥2
2
dx.

Thus J(τ2) = Jτ (S).

Proof of (a). Because both νS,√t and νU,√t are finite Gaussian mixtures, they are smooth and strictly
positive, and all integrations by parts are justified. Differentiating

D(t) =

∫
νS,

√
t log

νS,
√
t

νU,
√
t

along the heat flow yields the relative de Bruijn identity

D′(t) = −1

2
J(t).

Writing

ht := log
νS,

√
t

νU,
√
t

, ρ(t) := sup
x
λmax

(
∇2 log u√t(x)

)
, ρ+(t) := max{ρ(t), 0},

the standard evolution formula for the relative Fisher information gives

J ′(t) = −
∫
νS,

√
t ∥∇

2ht∥2F + 2

∫
νS,

√
t ⟨∇

2 log u√t, ∇ht ⊗∇ht⟩.

Dropping the nonpositive first term and using

⟨A, v ⊗ v⟩ ≤ λmax(A)∥v∥22
yields

J ′(t) ≤ 2ρ+(t)J(t)
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for almost every t > 0.

Proof of (b). Fix α ∈ (0, 1). If J(τ2) = 0 there is nothing to prove. Otherwise, integrating the
differential inequality from part (a) over [ατ2, τ2] gives

J(s) ≥ J(τ2) exp

(
−2

∫ τ2

ατ2

ρ+(r) dr

)
for all s ∈ [ατ2, τ2].

Using D′(s) = −J(s)/2 and D(τ2) ≥ 0, we obtain

D(ατ2) ≥ D(ατ2)−D(τ2) =
1

2

∫ τ2

ατ2

J(s) ds

≥ 1

2
(1− α)τ2 J(τ2) exp

(
−2

∫ τ2

ατ2

ρ+(r) dr

)
.

Rearranging proves part (b).

Proof of (c) and (d). Because U is a product of d/2 two-dimensional circle laws, the density u√t
factorizes blockwise. By Proposition B.6(b), each two-dimensional block satisfies

∇2 log u
(2)√
t
(x) = −1

t
I2 +

1

t2
Cov(Y | Y + Z = x),

and since ∥Y ∥2 = R almost surely in each block,

λmax

(
Cov(Y | Y + Z = x)

)
≤ R2.

Therefore

ρ+(t) ≤
R2

t2
for all t > 0.

Now fix

α := 1− γ2

R2d2
, τ̃ :=

√
α τ.

Then ∫ τ2

τ̃2

ρ+(s) ds ≤ R2

(
1

τ̃2
− 1

τ2

)
=
R2(1− α)

ατ2
=

γ2

αd2τ2
≤ 1

αd2
,

since τ ≥ γ. For all sufficiently large d, the exponential factor in part (b) is therefore bounded by an
absolute constant. Using

1

1− α
=
R2d2

γ2
,

part (b) yields

Jτ (S) = J(τ2) ≤ CR2d2

γ2τ2
DKL(νS,τ̃ ∥ νU,τ̃ ),

for a sufficiently large universal constant C.

Log-likelihood ratio concentration.
Proposition B.8 (Log-likelihood ratio concentration). There exists a universal constant c > 0 such
that the following hold for every τ > 0.

(a) For every t ≥ 0,

P
[
|ℓτ − dIτ | ≥ t

]
≤ 2 exp

(
− cmin{t2/d, t}

)
.

(b) For every t ≥ 0,

P
[
ℓτ − dIτ ≥ t

]
≤ exp

(
−cτ

2t2

R2d

)
.
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Proof. We prove part (a) by showing that the centered block log-likelihood ratio has a universal ψ1

norm. Since the full d-dimensional log-likelihood ratio is a sum of d/2 independent block contri-
butions, Bernstein’s inequality then yields the desired two-sided sub-exponential tail. Part (b) is a
separate Gaussian-Lipschitz estimate.

Because U and the Gaussian noise factorize across the m = d/2 two-dimensional blocks,

ℓτ (Y, Y + Z) =

m∑
j=1

ℓ(2)τ (Y (j), Y (j) + Z(j)),

where ℓ(2)τ denotes the two-dimensional log-likelihood ratio for a single block. We first prove a
universal ψ1 bound for one block; the two-sided sub-exponential tail bound in part (a) then follows
from Bernstein’s inequality.

Fix one block. By rotational symmetry of the M reference points on the circle and isotropy of the
noise, the distribution of ℓ(2)τ (Y (1), Y (1)+Z(1)) does not depend on the underlying block point. We
may therefore assume that this point is the reference point a0 = (R, 0) and write Z(1) = τN with
N ∼ N (0, I2). Set

λ :=
τ

γ
, bk :=

ak
γ

(0 ≤ k ≤M − 1),

so that the points bk lie on the circle of radius R/γ and

M =

⌈
πR

γ

⌉
.

Define

Sλ(N) :=

M−1∑
k=0

exp

(
−∥b0 − bk∥22 + 2λ⟨N, b0 − bk⟩

2λ2

)
.

Then
ℓ(2)τ (a0, a0 + τN) = logM − logSλ(N).

It therefore suffices to show that logSλ(N)− E logSλ(N) has a universal ψ1 norm.

Regime 1: λ ≥M/10. Set fλ(N) := logSλ(N). Differentiating gives

∇fλ(N) = − 1

λ

M−1∑
k=0

wk(N)(b0 − bk),

where the weights wk(N) form a convex combination. Hence

∥∇fλ(N)∥2 ≤ 2(R/γ)

λ
.

Since M = ⌈πR/γ⌉, the condition λ ≥ M/10 implies 2(R/γ)/λ ≤ 20/π < 7. Thus fλ is
uniformly Lipschitz, and Gaussian concentration gives a universal sub-Gaussian bound on fλ(N)−
Efλ(N), hence also a universal ψ1 bound.

Regime 2: λ < M/10. Write N = (N1, N2). We claim that∣∣ logSλ(N)− log(1 + λ)
∣∣ ≤ C

(
1 + ∥N∥22

)
(1)

for a universal constant C. Taking expectations in equation 1 and using E∥N∥22 = 2 gives∣∣E logSλ(N)− log(1 + λ)
∣∣ ≤ C,

so ∣∣ logSλ(N)− E logSλ(N)
∣∣ ≤ C

(
1 + ∥N∥22

)
.

Since ∥N∥22 has a universal ψ1 norm, this implies the desired block-level ψ1 bound.

To prove equation 1, let k′ := min{k,M − k}. Using

∥b0 − bk∥2 = 2
R

γ
sin(πk′/M)
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and the inequalities (2/π)x ≤ sinx ≤ x on [0, π/2], we have

4R

γM
k′ ≤ ∥b0 − bk∥2 ≤ 2πR

γM
k′.

Hence

−∥b0 − bk∥22 + 2λ⟨N, b0 − bk⟩
2λ2

≤ −aj2 + u∥N∥2 j

with

a :=
(4R/(γM))2

2λ2
, u :=

2πR/(γM)

λ
, j = k′.

Since each value of j occurs for at most two indices k,

Sλ(N) ≤ 1 + 2

⌊M/2⌋∑
j=1

e−aj
2+u∥N∥2j .

Completing the square,

−aj2 + u∥N∥2j =
u2

4a
∥N∥22 − a

(
j − u

2a
∥N∥2

)2
,

u2

4a
=
π2

8
.

A comparison with the Gaussian integral gives∑
j∈Z

e−a(j−µ)
2

≤ C
(
1 +

1√
a

)
uniformly in µ ∈ R. Since M = ⌈πR/γ⌉, the ratio M/(R/γ) is bounded above and below by
absolute constants, so 1/

√
a ≍ λ. Therefore

Sλ(N) ≤ C(1 + λ) exp
(
C∥N∥22

)
,

and hence
logSλ(N) ≤ log(1 + λ) + C + C∥N∥22.

For the lower bound, the k = 0 term already contributes 1 to Sλ(N). Thus, if λ < 1 then

Sλ(N) ≥ 1 ≥ c(1 + λ) exp
(
− C(1 + ∥N∥22)

)
for suitable universal constants c, C, since 1 + λ ≤ 2.

Assume now that λ ≥ 1. Pair the terms k and M − k. Writing θk := 2πk/M , one checks that

e−Ak−Bk + e−AM−k−BM−k = 2 exp
(
−Ak −

R

γ

1− cos θk
λ

N1

)
cosh

(R
γ

sin θk
λ

N2

)
,

with Ak = ∥b0 − bk∥22/(2λ2) and Bk = ⟨N, b0 − bk⟩/λ. Since cosh(·) ≥ 1 and

R

γ

1− cos θk
λ

N+
1 =

λN+
1

R/γ
Ak,

we obtain

e−Ak−Bk + e−AM−k−BM−k ≥ 2 exp
(
−
(
1 +

λN+
1

R/γ

)
Ak

)
.

Let L := ⌊λ⌋. Because λ < M/10, we have L ≤ ⌊(M − 1)/2⌋. For every 1 ≤ k ≤ L,

Ak ≤ 1

2

(2πR
γM

)2
≤ C,

and therefore
λN+

1

R/γ
Ak ≤ λN+

1

R/γ
· 1
2

(2πR
γM

)2
≤ C

λ

M
N+

1 ≤ CN+
1 ,

using M ≥ πR/γ and λ < M/10. Hence each pair with 1 ≤ k ≤ L contributes at least

c exp(−CN+
1 )
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for universal constants c, C. Summing these L pairs together with the k = 0 term gives

Sλ(N) ≥ 1 + cL exp(−CN+
1 ) ≥ c(1 + λ) exp

(
− C(1 +N+

1 )
)
.

Since N+
1 ≤ (1 + ∥N∥22)/2, this yields

Sλ(N) ≥ c(1 + λ) exp
(
− C(1 + ∥N∥22)

)
,

which is the matching lower bound in equation 1. This proves the claim.

Summing the m = d/2 independent centered block contributions and applying Bernstein’s inequal-
ity gives

P
[
|ℓτ − dIτ | ≥ t

]
≤ 2 exp

(
− cmin{t2/d, t}

)
,

which is part (a).

For part (b), fix y ∈ V and define
fy(z) := ℓτ (y, y + z).

Differentiating the identity

ℓτ (y, y + z) = −∥z∥22
2τ2

− log uτ (y + z)− d

2
log(2πτ2)

with respect to z gives

∇zfy(z) = −mU (y + z)− y

τ2
,

where mU (·) is the posterior mean under the null law U . Hence

∥∇zfy(z)∥2 ≤ 2R
√
d

τ2
.

Gaussian concentration for Z ∼ N (0, τ2Id) therefore gives

P
[
fy(Z)− Efy(Z) ≥ t

]
≤ exp

(
− τ2t2

8R2d

)
.

By rotational symmetry, the law of ℓτ (y, y+Z) does not depend on y, so Efy(Z) = dIτ . Averaging
over Y ∼ U proves part (b).

Lemma B.9 (A quantile lower bound from the rate gap). There exists a universal constant C > 0
such that for every τ > 0 and every ζ ∈ (0, 1/2],

log Λτ (ζ) ≥ dIτ − C
√
d log(1/ζ)− C log(1/ζ).

Proof. By definition, any threshold t ∈ R with

P
[
ℓτ ≤ t

]
< ζ

must satisfy t < log Λτ (ζ). Let

s := C
(√

d log(1/ζ) + log(1/ζ)
)

with C > 0 sufficiently large. Proposition B.8(a) then gives

P
[
ℓτ ≤ dIτ − s

]
≤ 2 exp

(
− cmin{s2/d, s}

)
≤ ζ

2
< ζ.

Hence dIτ − s < log Λτ (ζ), and therefore log Λτ (ζ) ≥ dIτ − s.
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Random-codebook KL bounds.
Lemma B.10 (KL bound from a likelihood-ratio tail). Let U be the uniform law on a finite set V ,
and for each y ∈ V let W (· | y) be a probability distribution on X . Define

Q :=
1

|V|
∑
y∈V

W (· | y).

If Y1, . . . , Yn are i.i.d. from U and

Pn :=
1

n

n∑
i=1

W (· | Yi),

then for every a ≥ 0,

E
[
DKL(Pn∥Q)

]
≤ e−a + log(1 + |V|)P

[
ı(Y,X) ≥ log n− a

]
,

where Y ∼ U , X ∼W (· | Y ), and

ı(y, x) := log
dW (· | y)

dQ
(x)

denotes the corresponding pointwise log-likelihood ratio with respect to Q.

Proof. Let I be uniform on {1, . . . , n}, independent of everything else, and let

X ∼W (· | YI)
conditionally on (Y1, . . . , Yn, I). Then, conditional on (Y1, . . . , Yn), the law of X is exactly Pn,
and therefore

DKL(Pn∥Q) = E

[
log
( 1
n

n∑
i=1

eı(Yi,X)
) ∣∣∣Y1, . . . , Yn] .

Taking expectations and using exchangeability, we may replace the random index I by 1 and obtain

E
[
DKL(Pn∥Q)

]
= E

[
log
( 1
n

n∑
i=1

eı(Yi,X)
)]

,

where now Y1, . . . , Yn are i.i.d. from U and X ∼W (· | Y1).
Condition on (Y1, X). For every i ≥ 2, the random variable Yi is independent of X and

E
[
eı(Yi,X) | X

]
=
∑
y∈V

U(y)
dW (· | y)

dQ
(X) = 1.

By Jensen’s inequality for the concave logarithm,

E

[
log
( 1
n

n∑
i=1

eı(Yi,X)
) ∣∣∣Y1, X] ≤ log

(eı(Y1,X) + (n− 1)

n

)
≤ log

(
1 +

eı(Y1,X)

n

)
.

Since U is uniform on V , we also have the pointwise bound

eı(y,x) =
dW (· | y)

dQ
(x) ≤ |V|

for all y ∈ V and all x ∈ X . Hence, on the event{
ı(Y1, X) ≤ logn− a

}
we have

log
(
1 +

eı(Y1,X)

n

)
≤ e−a,

while on its complement

log
(
1 +

eı(Y1,X)

n

)
≤ log(1 + |V|).

Averaging over (Y1, X) proves the claim.

25



Lemma B.11 (Explicit random-codebook KL bound for the hard family). There exists a universal
constant c > 0 such that the following holds. For every integer n ≥ 1, every τ > 0, and every
a ≥ 0,

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a+2 log(1+|V|)·exp

(
−cmin

{
(d(κ(n)−Iτ )−a)2+/d, (d(κ(n)−Iτ )−a)+

})
.

Moreover,

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a + log(1 + |V|) · exp

(
−c τ

2

R2d

(
d(κ(n)− Iτ )− a

)2
+

)
.

Proof. Apply Lemma B.10 to the Gaussian observation distributions

W (· | y) = N (y, τ2Id).

Then Q = νU,τ , the empirical average over the sampled codebook is νS,τ , and the log-likelihood
ratio is

ı(y, x) = ℓτ (y, x).

Hence, for every a ≥ 0,

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a + log(1 + |V|)P

(
ℓτ ≥ logn− a

)
.

Set
b := d(κ(n)− Iτ )− a, t := b+ = (d(κ(n)− Iτ )− a)+.

If b ≤ 0, then the probability above is at most 1, and therefore

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a + log(1 + |V|),

which is stronger than both stated bounds because t = 0 in this case.

Assume now that b > 0, so that t = b. Since logn = dκ(n) and E[ℓτ ] = dIτ ,

P
(
ℓτ ≥ logn− a

)
= P

(
ℓτ − dIτ ≥ t

)
.

Applying Proposition B.8(a) yields

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a + 2 log(1 + |V|) · exp

(
− cmin

{
t2/d, t

})
This proves the first estimate. Applying Proposition B.8(b) instead gives

ES
[
DKL(νS,τ∥νU,τ )

]
≤ e−a + log(1 + |V|) · exp

(
−c τ

2

R2d
t2
)

This proves the second estimate.

B.4 PROOF OF THE LARGE-SAMPLE AND INTERVAL THEOREMS

We now return to the statements from Section B.2.

Proof of Proposition B.2. For y ∈ V , set

fy(x) := logLτ (y, x) = logφτ2(x− y)− log uτ (x).

Differentiating and using Proposition B.6(a) for the null law U ,

∇fy(x) =
y − x

τ2
− sU,τ (x) =

y −mU (x)

τ2
,

wheremU (x) := E[Y | Y +Z = x] under Y ∼ U and Z ∼ N (0, τ2Id). Both y andmU (x) belong
to the convex hull of [−R,R]d, so

∥∇fy(x)∥2 ≤ 2R
√
d

τ2
.
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Thus every fy is (2R
√
d/τ2)-Lipschitz, and the same bound passes to

ℓmax
τ,S = max

y∈S
fy and mτ,S = ψ

(
ℓmax
τ,S − log Λτ + 1

)
,

since maxima preserve Lipschitz constants and ψ is 1-Lipschitz.

If Jτ (S) ≤ θ(τ), then ŝ(S)τ = sU,τ , so the desired Lipschitz bound follows directly from Proposi-
tion B.6(d). Otherwise write

∆τ := sS,τ − sU,τ , ŝ(S)τ = sU,τ +mτ,S∆τ .

By Proposition B.6(c) and (d),

sup
x

∥∆τ (x)∥2 ≤ 2R
√
d

τ2
, Lip(∆τ ) ≤ 2

( 1

τ2
+
R2d

τ4

)
.

Applying the product rule for Lipschitz functions,

Lip(ŝ(S)τ ) ≤ Lip(sU,τ ) + Lip(mτ,S) sup
x

∥∆τ (x)∥2 + Lip(∆τ )

≤
( 1

τ2
+
R2d

τ4

)
+

2R
√
d

τ2
· 2R

√
d

τ2
+ 2
( 1

τ2
+
R2d

τ4

)
≤ 3

τ2
+

7R2d

τ4
.

Proof of Theorem B.4. By Proposition B.7(d),

Jτ (S) ≤
C1R

2d2

γ2τ2
DKL(νS,τ̃∥νU,τ̃ )

for a universal constant C1 > 0. Hence Markov’s inequality gives

PS
[
Jτ (S) > θ(τ)

]
≤ C1R

2d2

γ2τ2θ(τ)
ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
.

It therefore suffices to show that the expectation on the right is at most

δ τ2θ(τ)γ2

C1R2d2
.

Let
a :=

C

2
H(τ),

where C is the large constant appearing in the statement. Since

κ(n) ≥ Iτ̃ +
1

d
min{Emed(τ), Ebig(τ)},

we have
d
(
κ(n)− Iτ̃

)
− a ≥ min{Emed(τ), Ebig(τ)} − a.

Set
t := d

(
κ(n)− Iτ̃

)
− a.

Then either
t ≥ C

√
dH(τ) +

C

2
H(τ)

or
t ≥ C

R

τ̃

√
dH(τ) +

C

2
H(τ).

If the first alternative holds, then the first estimate in Lemma B.11 at noise τ̃ gives

ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
≤ e−a + 2 log(1 + |V|) exp

(
−cmin

{ t2
d
, t
})

.
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Since
t ≥ C

√
dH(τ) +

C

2
H(τ),

choosing the constant C in the present theorem sufficiently large yields

min
{ t2
d
, t
}
≥ c′H(τ),

and therefore
ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
≤ e−a + 2 log(1 + |V|) e−c

′H(τ).

If the second alternative holds, then the second estimate in Lemma B.11 at noise τ̃ gives

ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
≤ e−a + log(1 + |V|) exp

(
−c τ̃

2t2

R2d

)
.

Since
t ≥ C

R

τ̃

√
dH(τ) +

C

2
H(τ),

choosing the constant C in the present theorem sufficiently large again yields

τ̃2t2

R2d
≥ c′H(τ),

and therefore
ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
≤ e−a + log(1 + |V|) e−c

′H(τ).

In either case,
ES
[
DKL(νS,τ̃∥νU,τ̃ )

]
≤ e−a + 2 log(1 + |V|) e−c

′H(τ).

Finally, by the definition of H(τ) and by increasing the constant C in that definition if necessary,
we may ensure that

C1R
2d2

γ2τ2θ(τ)

(
1 + 2 log(1 + |V|)

)
e−c

′H(τ) ≤ δ.

Hence
PS
[
Jτ (S) > θ(τ)

]
≤ δ.

Whenever Jτ (S) ≤ θ(τ), the oracle is everywhere equal to the null score, and therefore equals sU,τ
pointwise. This proves the stated null-coupling conclusion.

Proof of Theorem B.5. By definition,

κ−(τ) =
1

d
log Λτ +

log δ − 1

d
.

Lemma B.9 therefore gives

κ−(τ) ≥ Iτ − C

√
log(1/ζ(τ))

d
− C

log(1/ζ(τ)) + log(1/δ)

d
.

On the other hand, Theorem B.4 gives

κ+(τ) ≤ Iτ̃ + C

√
H(τ)

d
+ C

H(τ)

d
,

where τ̃ =
√
1− γ2/(R2d2) τ .

We next compare Iτ̃ and Iτ . Let

I(t) := I(Y ;Y +
√
t Z) = dI√t,

where Y ∼ U and Z ∼ N (0, Id). By the standard de Bruijn identity,

d

dt
h(νU,

√
t) =

1

2
J(νU,

√
t),
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so

I ′(t) =
1

2
J(νU,

√
t)−

d

2t
.

The Fisher information of a Gaussian-smoothed law satisfies the standard Stam bound

J(νU,
√
t) ≤

d

t
,

whence

− d

2t
≤ I ′(t) ≤ 0.

Integrating from τ̃2 to τ2 yields

0 ≤ dIτ̃ − dIτ = I(τ̃2)− I(τ2) ≤ d

2
log
(τ2
τ̃2

)
=
d

2
log
( 1

1− γ2/(R2d2)

)
≤ Cγ2

R2d
.

Hence

0 ≤ Iτ̃ − Iτ ≤ Cγ2

R2d2
.

For all sufficiently large d, this term is dominated by

C

√
Hwin(τ)

d
+ C

Hwin(τ)

d
,

since Hwin(τ) ≥ 1.

Combining the two bounds yields

κ+(τ)− κ−(τ) ≤ C

√
Hwin(τ)

d
+ C

Hwin(τ)

d
,

because
Hwin(τ) = max{log(1/ζ(τ)), H(τ), log(1/δ)}.

By the standing interval convention, this is equivalent to the asserted bound on |J (τ)|.
For the null-coupling statement, fix x ∈ Rd and an integer n ≥ 1. If κ(n) < κ−(τ), then Proposi-
tion B.3 applies. If κ(n) > κ+(τ), then Theorem B.4 applies. Thus

κ(n) /∈ J (τ) =⇒ PS
[
ŝ(S)τ (x) ̸= sU,τ (x)

]
≤ δ,

as required.

B.5 SMALL-NOISE INFORMATION AND PACKING

Each parameterized section chooses its own admissible range of sample sizes. The next two lemmas
are the only ingredients shared by the two parameterized arguments: a uniform small-noise mutual-
information estimate and a packing lemma on a discrete rate set.

Lemma B.12 (Small-noise mutual-information lower bound). There exist absolute constants csm >
1 and cI > 1/16 such that, for every τ ∈ [γ, csmγ],

Iτ ≥ cI logM.

Proof. Since

M =

⌈
πR

γ

⌉
and γ < R/2, we have M ≥ 7. Let dmin be the nearest-neighbor spacing in one planar block of the
product-circle support. Then

dmin = 2R sin(π/M).

For a fixed block point, the nearest-point estimator can err only if the Gaussian perturbation crosses
one of the two Voronoi bisectors adjacent to that point. Each such bisector lies at distance dmin/2
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from the point. Writing Φ(t) := P[N ≥ t] for N ∼ N (0, 1), the block error probability is therefore
at most

q(τ) := 2Φ

(
dmin

2τ

)
,

which is a continuous increasing function of τ . Moreover,

dmin

2γ
=
R

γ
sin(π/M) >

M − 1

π
sin(π/M) =

(
1− 1

M

) sin(π/M)

π/M
.

Since M ≥ 7 and x 7→ sinx/x is decreasing on (0, π),(
1− 1

M

) sin(π/M)

π/M
≥ 6

7
· sin(π/7)

π/7
> 0.8.

Fix
q⋆ :=

7

16
.

Since 2Φ(0.8) < 7/16, we may choose an absolute constant csm > 1 sufficiently close to 1 so that

2Φ

(
0.8

csm

)
≤ q⋆.

Then for every τ ∈ [γ, csmγ],

q(τ) = 2Φ

(
dmin

2τ

)
≤ 2Φ

(
0.8

csm

)
≤ q⋆.

Fano’s inequality therefore gives a lower bound of

FM (q⋆) := logM − h2(q⋆)− q⋆ log(M − 1)

on the mutual information contributed by a single two-dimensional block. Since

FM (q⋆) ≥ (1− q⋆) logM − h2(q⋆)

and, for M ≥ 7, (
1− q⋆ −

1

5

)
logM ≥

(
1− q⋆ −

1

5

)
log 7 > h2(q⋆),

we obtain
FM (q⋆) >

1

5
logM.

Because the d/2 block observations are independent and identically distributed, the total mutual
information is at least (d/2)FM (q⋆). Hence

Iτ ≥ 1

2
FM (q⋆) >

1

10
logM.

The claim follows with cI := 1/10.

Lemma B.13 (Packing on the admissible rate axis). Let 1 ≤ nmin ≤ nmax be integers, and write

Kd := {κ(n) : n ∈ [nmin, nmax] ∩ N}.

Then for every w > 0, the set Kd contains a subset G whose points are pairwise separated by more
than w and whose cardinality satisfies

|G| ≥ log(nmax/(2nmin))

log 2 + 2dw
.

Proof. If nmax < 2nmin, then
log
( nmax

2nmin

)
< 0,

so the asserted lower bound is nonpositive and the claim is trivial. We may therefore assume

nmax ≥ 2nmin.
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Set
Γ := exp(2dw),

and recursively define
n0 := nmin, nj+1 := ⌈Γnj⌉

for as long as nj ≤ nmax. Let m be the number of generated points not exceeding nmax, and define

G := {κ(nj) : 0 ≤ j ≤ m− 1} ⊆ Kd.

Since nj+1 ≥ Γnj , we have for every 0 ≤ j < k ≤ m− 1,

κ(nk)− κ(nj) ≥
k − j

d
log Γ ≥ 2w > w,

so the points of G are pairwise separated by more than w.

Because Γ ≥ 1 and nj ≥ 1,

nj+1 = ⌈Γnj⌉ ≤ Γnj + 1 ≤ 2Γnj .

By induction,
nj ≤ (2Γ)jnmin for every j ≥ 0.

Set

j⋆ :=

⌊
log(nmax/(2nmin))

log(2Γ)

⌋
.

Then
(2Γ)j⋆nmin ≤ nmax

2
< nmax,

so nj⋆ ≤ nmax and therefore

m ≥ j⋆ + 1 ≥ log(nmax/(2nmin))

log(2Γ)
.

Since log(2Γ) = log 2 + 2dw, the claimed bound follows.

C PROOF OF THE PARAMETERIZED Lp LOWER BOUND

Fix p > 0, ρ ∈ (0, 1/4), an exponent A ≥ 0, and parameters R > 0, γ ∈ (0, R/2). For all
sufficiently large d, assume

εerr ∈ [d−A, 1].

Set
HLp := log(d/εerr) + log(R/γ),

let c0 = c0(p, ρ) > 0 be a sufficiently small constant, and define

Q⋆ :=

⌊
c0 min

{
d,

d log(R/γ)√
dHLp +HLp

}⌋
.

We work in the nontrivial regime Q⋆ ≥ 1 and set δ := ρ2/(80Q⋆). Choose an auxiliary constant
Cmin = Cmin(p, ρ) ≥ 1 sufficiently large, and define

n
(Lp)
min :=

⌈
eCminHLp

⌉
, n(L

p)
max :=

⌊
Md/32

⌋
, κ

(Lp)
min := κ(n

(Lp)
min ), κ(L

p)
max := κ(n(L

p)
max ),

and
K

(Lp)
d := {κ(n) : n ∈ [n

(Lp)
min , n

(Lp)
max ] ∩ N}.

Since Q⋆ ≥ 1, after taking d sufficiently large we have

d log(R/γ)√
dHLp +HLp

≥ 1

c0
,

and therefore, because logM ≍ log(R/γ),√
dHLp +HLp ≤ Cc0 d logM,

where C > 0 is an absolute constant.
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C.1 THE FIXED-NOISE Lp ORACLE

For τ ≥ γ define

ζ(p)(τ) := min

{
1

2
,

(
εerrτ

4R
√
d

)p}
,

and

θ(p)(τ) :=


ε2err/τ

2, 0 < p ≤ 2,

εperr
τp

(
τ2

4R
√
d

)p−2

, p > 2.

Let ŝ(S,p)τ denote the oracle defined in Section B.2 with (ζ, θ) = (ζ(p), θ(p)).

Lemma C.1 (Fixed-noise Lp accuracy). For every τ ≥ γ, the oracle ŝ(S,p)τ is Lp-accurate at total
noise τ in the sense that

EX∼νS,τ

[
∥ŝ(S,p)τ (X)− sS,τ (X)∥p2

]
≤ εperr

τp

for every codebook S. Moreover,

Lip
(
ŝ(S,p)τ

)
≤ 3

τ2
+

7R2d

τ4
.

Proof. Fix S and τ ≥ γ, and write

∆τ (x) := sS,τ (x)− sU,τ (x).

If Jτ (S) ≤ θ(p)(τ), then ŝ(S,p)τ = sU,τ . Hence

ŝ(S,p)τ (X)− sS,τ (X) = −∆τ (X), E∥∆τ (X)∥22 = Jτ (S).

For 0 < p ≤ 2, Jensen gives

E∥∆τ (X)∥p2 ≤ Jτ (S)
p/2 ≤ θ(p)(τ)p/2 =

εperr
τp

.

For p > 2, Proposition B.6(c) gives

∥∆τ (x)∥2 ≤ 2R
√
d

τ2
∀x,

so

∥∆τ (X)∥p2 ≤
(2R√d

τ2

)p−2

∥∆τ (X)∥22.

Using the definition of θ(p)(τ),

E∥∆τ (X)∥p2 ≤
(2R√d

τ2

)p−2

θ(p)(τ) ≤ εperr
τp

.

Assume next that Jτ (S) > θ(p)(τ). Then

ŝ(S,p)τ (x)− sS,τ (x) = −(1−mτ,S(x))∆τ (x),

and 1−mτ,S(x) vanishes on Gτ (S) and is bounded by 1{x /∈ Gτ (S)}. Therefore

∥ŝ(S,p)τ (X)− sS,τ (X)∥p2 ≤ ∥∆τ (X)∥p21{X /∈ Gτ (S)}.
Using again Proposition B.6(c) and the mass-coverage bound

νS,τ (Gτ (S)) ≥ 1− ζ(p)(τ),

we obtain

E∥ŝ(S,p)τ (X)− sS,τ (X)∥p2 ≤
(2R√d

τ2

)p
ζ(p)(τ) ≤ εperr

τp
.

The Lipschitz bound is Proposition B.2.
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Proposition C.2 (Extremal-noise collapse in the Lp case). There exist constants csm, Clg > 0,
depending only on p and ρ, such that the following hold for all sufficiently large d.

(a) If τ ∈ [γ, csmγ], then
κ
(p)
− (τ) > κ(L

p)
max ,

where κ(p)− (τ) := 1
d log

(
δe−1Λτ (ζ

(p)(τ))
)
.

(b) If τ ≥ ClgR
√
d, then

κ
(p)
+ (τ) < κ

(Lp)
min ,

where κ
(p)
+ (τ) is the upper threshold from Theorem B.4 specialized to the choice

(ζ(p), θ(p)).

Proof. We show that, at the two ends of the total-noise range, the admissible rate interval collapses
outside [κ

(Lp)
min , κ

(Lp)
max ].

Small noise. Fix τ ∈ [γ, csmγ]. By Lemma B.12,

Iτ ≥ cI logM

with cI > 1/16. Lemma B.9 with ζ = ζ(p)(τ) yields

log Λτ
(
ζ(p)(τ)

)
≥ dIτ − C

(√
d log(1/ζ(p)(τ)) + log(1/ζ(p)(τ))

)
.

Since τ ≥ γ,
log(1/ζ(p)(τ)) ≤ C

(
log(d/εerr) + log(R/γ)

)
= CHLp .

Therefore Lemma B.9 and the quantitative bound√
dHLp +HLp ≤ Cc0 d logM

give
log Λτ

(
ζ(p)(τ)

)
≥ cId logM − C

(√
dHLp +HLp

)
≥
(
cI − Cc0

)
d logM.

Recalling the definition of κ(p)− (τ) and using log δ−1 = O(log d), we obtain

κ
(p)
− (τ) ≥

(
cI − Cc0

)
logM − o(1).

Since
κ(L

p)
max =

1

d
log n(L

p)
max =

1

32
logM + o(1)

and cI > 1/16, choosing c0 = c0(p, ρ) sufficiently small gives

cI − Cc0 >
1

32
.

Hence
κ
(p)
− (τ) > κ(L

p)
max

for all sufficiently large d.

Large noise. Fix τ ≥ ClgR
√
d with Clg sufficiently large. By Theorem B.4,

κ
(p)
+ (τ) = Iτ̃ +

1

d
min{Emed(τ), Ebig(τ)}.

Since τ̃ ≍ τ and τ ≥ ClgR
√
d, the elementary Gaussian-observation bound (using Cov(Y ) ⪯

(R2/2)Id) gives

Iτ̃ ≤ 1

2
log

(
1 +

R2

2τ̃2

)
≤ C

d
.

For the Lp choice of (ζ, θ),

H(τ) = max

{
1, log

(
log(1 + |V|)

δ
· CR2d2

γ2τ2θ(p)(τ)

)}
≤ CHLp
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in this range of τ : indeed τ ≥ γ, and the explicit form of θ(p)(τ) contributes at worst polynomial
dependence on d, R/γ, and ε−1

err . Hence

κ
(p)
+ (τ) ≤ CHLp

d
.

Since
κ
(Lp)
min =

1

d
log n

(Lp)
min ≥ CminHLp

d
,

choosing Cmin = Cmin(p, ρ) sufficiently large ensures

κ
(Lp)
min ≥ 2CHLp

d
.

Therefore
κ
(p)
+ (τ) < κ

(Lp)
min .

Corollary C.3 (Rate-interval width in the Lp case). Under the standing assumptions of this section,
there exists a family of intervals {J (Lp)(τ)}τ≥γ such that

sup
τ≥γ

|J (Lp)(τ)| ≤ C

√
HLp

d
+ C

HLp

d
,

and for every τ ≥ γ, every fixed query point x ∈ Rd, and every integer n ∈ [n
(Lp)
min , n

(Lp)
max ],

κ(n) /∈ J (Lp)(τ) =⇒ PS
[
ŝ(S,p)τ (x) ̸= sU,τ (x)

]
≤ δ.

Proof. For
τ ∈ [γ, csmγ] ∪ [ClgR

√
d,∞),

Proposition C.2 shows that every admissible rate already lies outside the interval supplied by Theo-
rem B.5. Hence in these regimes we may set

J (Lp)(τ) := ∅
without changing the null-coupling conclusion.

On the active range
csmγ ≤ τ ≤ ClgR

√
d,

apply Theorem B.5 with
ζ(τ) = ζ(p)(τ), θ(τ) = θ(p)(τ),

and define
J (Lp)(τ) := [κ

(p)
− (τ), κ

(p)
+ (τ)].

Here
log(1/ζ(p)(τ)) ≤ CHLp

because τ ≥ csmγ, while the explicit form of θ(p)(τ) gives

log

(
R2d2

γ2τ2θ(p)(τ)

)
≤ CpHLp

uniformly on the active range. Moreover,

log log(1 + |V|) = log(d logM +O(1)) ≤ C(log d+ log logM) ≤ CHLp ,

and
log(1/δ) ≤ C log d ≤ CHLp

because Q⋆ ≤ d and HLp ≥ log d. Thus

Hwin(τ) ≤ CHLp

uniformly on this range, and Theorem B.5 yields

|J (Lp)(τ)| ≤ C

√
HLp

d
+ C

HLp

d

together with the required null-coupling implication. Combining the active and inactive regimes
proves the corollary.
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C.2 PROOF OF THEOREM A.1

Proof. Interval and packing. For each τ ≥ γ, set

ŝ(S)τ := ŝ(S,p)τ ,

and let {J (Lp)(τ)}τ≥γ be the interval family from Corollary C.3. Then assumption (i) of Theo-
rem B.1 holds, and

wLp := sup
τ≥γ

|J (Lp)(τ)| ≤ C

√
HLp

d
+ C

HLp

d
.

By Lemma B.13, the admissible rate set K(Lp)
d contains a subset Gp whose points are pairwise

separated by more than wLp and whose cardinality satisfies

|Gp| ≥
log(n

(Lp)
max /(2n

(Lp)
min ))

log 2 + 2dwLp

.

Now

log
n
(Lp)
max

2n
(Lp)
min

≥ d

32
logM − CminHLp −O(1).

Using the quantitative bound √
dHLp +HLp ≤ Cc0 d logM,

we obtain

log
n
(Lp)
max

2n
(Lp)
min

≥
( 1

32
− CCminc0

)
d logM −O(1).

Choosing c0 = c0(p, ρ) sufficiently small gives

log
n
(Lp)
max

2n
(Lp)
min

≥ c d log(R/γ)

for all sufficiently large d, because logM ≍ log(R/γ). Moreover,

log 2 + 2dwLp ≤ C
(√

dHLp +HLp

)
.

Hence

|Gp| ≥ c′
d log(R/γ)√
dHLp +HLp

.

Since

Q⋆ ≤ c0
d log(R/γ)√
dHLp +HLp

,

choosing c0 = c0(p, ρ) sufficiently small ensures

|Gp| ≥
80Q⋆
ρ2

.

Base-noise separation. Set
A(p)(S) := Gγ(S),

where the good set is defined using the threshold Λγ(ζ
(p)(γ)). By the mass-coverage property of

Gγ(S),
πS,γ(A

(p)(S)) ≥ 1− ζ(p)(γ).

Since
ζ(p)(γ) ≤

( εerrγ
4R

√
d

)p
→ 0,
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we have ζ(p)(γ) ≤ ρ/2 for all sufficiently large d, and therefore

πS,γ(A
(p)(S)) ≥ 1− ρ/2.

For the pointwise overlap bound, fix x ∈ Rd and an admissible size n. If x ∈ A(p)(S), then some
y ∈ S satisfies

Lγ(y, x) ≥ Λγ(ζ
(p)(γ)).

A union bound and Markov’s inequality therefore give

PS [x ∈ A(p)(S)] ≤ n

Λγ(ζ(p)(γ))
≤ n

(Lp)
max

Λγ(ζ(p)(γ))
.

Moreover,
log(1/ζ(p)(γ)) ≤ CHLp .

Hence Lemma B.9 at τ = γ, Lemma B.12, and the quantitative bound√
dHLp +HLp ≤ Cc0 d logM

give
log Λγ

(
ζ(p)(γ)

)
≥ cId logM − C

(√
dHLp +HLp

)
≥
(
cI − Cc0

)
d logM.

Since
log n(L

p)
max =

d

32
logM +O(1)

and cI > 1/16, choosing c0 = c0(p, ρ) sufficiently small yields

cI − Cc0 >
1

32
.

It follows that
n
(Lp)
max

Λγ(ζ(p)(γ))
≤ ρ2

8

for all sufficiently large d. Thus the separating-set hypothesis in Theorem B.1 holds for the map
A(p) and the packing set Gp.

Passage to the original σ-indexed model. Let D0 be the distribution over instances (n, S) from
Theorem B.1. For each such instance define

π(S,γ) := πS,γ = νS ∗ N (0, γ2Id), ŝ(S,γ)σ (x) := ŝ
(S)
τ(σ)(x), τ(σ) :=

√
γ2 + σ2.

Because νS is supported on V ⊂ [−R,R]d, the target π(S,γ) is of the bounded-plus-noise form
considered in Theorem A.1. Moreover,

(π(S,γ))σ = νS,τ(σ), sπ(S,γ),σ = sS,τ(σ).

Hence Lemma C.1 gives, for every σ > 0,

EX∼(π(S,γ))σ

[
∥ŝ(S,γ)σ (X)− sπ(S,γ),σ(X)∥p2

]
≤ εperr
τ(σ)p

≤ εperr
σp

,

and

Lip
(
ŝ(S,γ)σ

)
≤ 3

τ(σ)2
+

7R2d

τ(σ)4
.

By Proposition B.6(d), the true score obeys the same Lipschitz bound up to smaller constants. Thus
the family (

π(S,γ), {ŝ(S,γ)σ }σ>0

)
has the properties asserted in items (1)–(3) of Theorem A.1.

Now fix an adaptive algorithm A obeying the query budget in Theorem A.1, and construct A♯ by
replacing each query (σ, x) with (τ(σ), x). For every instance (n, S), the two runs induce the same
joint law of queries, oracle answers, and final output. Let D be the induced law of(

π(S,γ), {ŝ(S,γ)σ }σ>0

)
when (n, S) ∼ D0. Taking the constant in Theorem A.1 to be c0, the algorithm A♯ makes at most
Q⋆ queries. Theorem B.1 therefore gives

P(π,{ŝσ})∼D

[
dTV

(
L(X̂), π

)
≥ 1− ρ

]
≥ 1− ρ.

This proves Theorem A.1.
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Deriving Theorem 1.3. Under Assumptions 1 and 2, the ratio R/γ is fixed and εerr = d−O(1).
Hence there exists A ≥ 0 such that εerr ∈ [d−A, 1] for all sufficiently large d, and

HLp = log(d/εerr) + log(R/γ) = O(log d).

Applying Theorem A.1 with this exponent A, we obtain

Q = Ω

(
d√

d log d+ log d

)
= Ω

(√
d

log d

)
.

This yields Theorem 1.3.

D PROOF OF THE PARAMETERIZED ψ1 LOWER BOUND

Theorem D.1 (Parameterized ψ1 lower bound). Fix ρ ∈ (0, 1/4). Then there exists a constant
c = c(ρ) > 0 such that the following holds for every R > 0, every γ ∈ (0, R/2), every fixed
εerr ∈ (0, 1], and all sufficiently large d. There exists a distribution D over pairs (π, {ŝσ}σ>0) on
Rd such that:

(1) (bounded-plus-noise) π = πpre ∗ N (0, γ2Id) for some πpre supported on [−R,R]d;

(2) (ψ1-accurate score oracle) for every σ > 0 and every z ≥ 0,

PX∼πσ

[
∥ŝσ(X)− sπ,σ(X)∥2 ≥ z

]
≤ 2 exp

(
− zσ

εerr

)
;

(3) (global Lipschitzness) for every σ > 0, both sπ,σ and ŝσ are globally Lσ-Lipschitz with

Lσ ≤ 3

γ2 + σ2
+

7R2d

(γ2 + σ2)2
;

(4) (query lower bound) every adaptive algorithm making at most

Q ≤ c ·min

{
d,

d log(R/γ)√
dHψ1 +Hψ1

}
, Hψ1

:= log d+ log(R/γ) +
R

γ

√
d

εerr
,

score queries and outputting X̂ satisfies

P(π,{ŝσ})∼D

[
dTV(L(X̂), π) ≥ 1− ρ

]
≥ 1− ρ.

Fix ρ ∈ (0, 1/4) and parameters R > 0, γ ∈ (0, R/2), and εerr ∈ (0, 1]. For all sufficiently large d,
set

Hψ1
:= log d+ log(R/γ) +

R

γ

√
d

εerr
,

let c0 = c0(ρ) > 0 be a sufficiently small constant, and define

Q⋆ :=

⌊
c0 min

{
d,

d log(R/γ)√
dHψ1

+Hψ1

}⌋
.

We work in the nontrivial regime Q⋆ ≥ 1 and set δ := ρ2/(80Q⋆). Fix an auxiliary exponent
Cmin ≥ 1, and define

n
(ψ1)
min := ⌈dCmin⌉, n(ψ1)

max :=
⌊
Md/32

⌋
, κ

(ψ1)
min := κ(n

(ψ1)
min ), κ(ψ1)

max := κ(n(ψ1)
max ),

and
K

(ψ1)
d := {κ(n) : n ∈ [n

(ψ1)
min , n

(ψ1)
max ] ∩ N}.

Since Q⋆ ≥ 1, after taking d sufficiently large we have
d log(R/γ)√
dHψ1

+Hψ1

≥ 1

c0
,

and therefore, because logM ≍ log(R/γ),√
dHψ1

+Hψ1
≤ Cc0 d logM,

where C > 0 is an absolute constant.
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D.1 THE FIXED-NOISE ψ1 ORACLE

For τ ≥ γ define

ζ(ψ)(τ) := min

{
1

4
, 2 exp

(
−2R

√
d

τεerr

)}
, θ(ψ)(τ) :=

R2d

4τ4
exp

(
−2R

√
d

τεerr

)
,

and introduce the high-noise cutoff

τ⋆ :=
4R

√
d

εerr
.

For τ ∈ [γ, τ⋆), let ŝ(S,ψ)τ denote the oracle defined in Section B.2 with (ζ, θ) = (ζ(ψ), θ(ψ)). For
τ ≥ τ⋆, define

ŝ(S,ψ)τ := sU,τ .

Proposition D.2 (Fixed-noise ψ1 properties). For every τ ≥ γ, the oracle ŝ(S,ψ)τ satisfies

PX∼νS,τ

[
∥ŝ(S,ψ)τ (X)− sS,τ (X)∥2 ≥ z

]
≤ 2 exp

(
− zτ

εerr

)
for all z ≥ 0,

and

Lip
(
ŝ(S,ψ)τ

)
≤ 3

τ2
+

7R2d

τ4
.

Proof. Set

∆τ (x) := sS,τ (x)− sU,τ (x), Bτ :=
2R

√
d

τ2
, λ :=

τ

εerr
.

By Proposition B.6(c),
∥∆τ (x)∥2 ≤ Bτ ∀x ∈ Rd.

We first verify the ψ1 tail bound.

High-noise regime. If τ ≥ τ⋆, then by definition

ŝ(S,ψ)τ = sU,τ .

Thus the oracle error is just ∆τ (X). Since

λBτ =
τ

εerr
· 2R

√
d

τ2
=

2R
√
d

τεerr
≤ 1

2
,

we have: if z > Bτ , then the left-hand side is zero; if 0 ≤ z ≤ Bτ , then

2e−λz ≥ 2e−λBτ ≥ 2e−1/2 > 1.

Hence
P
[
∥ŝ(S,ψ)τ (X)− sS,τ (X)∥2 ≥ z

]
≤ 2e−λz

for all z ≥ 0.

Low-noise null regime. Assume τ < τ⋆ and Jτ (S) ≤ θ(ψ)(τ). Then the oracle is again sU,τ , so the
error is ∆τ (X). We use the following elementary claim.

Claim. If W is nonnegative, W ≤ B almost surely, and

E[W 2] ≤ B2

16
e−λB ,

then
P[W ≥ z] ≤ 2e−λz ∀z ≥ 0.

Proof of claim. For t ∈ [0, B],

eλt ≤ 1 + λt+
eλB

B2
t2
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by convexity. Therefore

E[eλW ] ≤ 1 + λE[W ] +
eλB

B2
E[W 2] ≤ 1 + λ

√
E[W 2] +

1

16
.

Using the assumed bound on E[W 2] and the elementary inequality ue−u/2 ≤ 2e−1 < 1 for u ≥ 0,
we obtain

λ
√

E[W 2] ≤ λB

4
e−λB/2 ≤ 1

2
.

Hence E[eλW ] ≤ 2, and Markov’s inequality proves the claim.

Applying the claim to
W := ∥∆τ (X)∥2, B := Bτ ,

and using

E[W 2] = Jτ (S) ≤ θ(ψ)(τ) =
B2
τ

16
e−λBτ ,

gives the required tail bound.

Masked regime. Assume finally that τ < τ⋆ and Jτ (S) > θ(ψ)(τ). Then

ŝ(S,ψ)τ (x)− sS,τ (x) = −(1−mτ,S(x))∆τ (x).

If z = 0, then
P
[
∥ŝ(S,ψ)τ (X)− sS,τ (X)∥2 ≥ 0

]
= 1 ≤ 2.

Assume therefore that z > 0. Since mτ,S(x) = 1 for every x ∈ Gτ (S), the event{
∥ŝ(S,ψ)τ (X)− sS,τ (X)∥2 ≥ z

}
can occur only when X /∈ Gτ (S). Hence

P
[
∥ŝ(S,ψ)τ (X)− sS,τ (X)∥2 ≥ z

]
≤ P[X /∈ Gτ (S)] ≤ ζ(ψ)(τ).

If z > Bτ then the left-hand side is zero. If 0 < z ≤ Bτ , then

ζ(ψ)(τ) ≤ 2e−λBτ ≤ 2e−λz

by the definition of ζ(ψ)(τ). This proves the ψ1-accuracy statement.

The Lipschitz bound is immediate from Proposition B.2 when τ < τ⋆, and from Proposition B.6(d)
when τ ≥ τ⋆.

Corollary D.3 (Rate intervals in the ψ1 case). Under the standing assumptions of this section, there
exists a family of intervals {J (ψ1)(τ)}τ≥γ such that

sup
τ≥γ

|J (ψ1)(τ)| ≤ C

√
Hψ1

d
+ C

Hψ1

d
,

and for every τ ≥ γ, every fixed query point x ∈ Rd, and every integer n ∈ [n
(ψ1)
min , n

(ψ1)
max ],

κ(n) /∈ J (ψ1)(τ) =⇒ PS
[
ŝ(S,ψ)τ (x) ̸= sU,τ (x)

]
≤ δ.

Proof. For τ ≥ τ⋆, the oracle is identically sU,τ by definition, so in this regime we may take

J (ψ1)(τ) := ∅.

On the active range
γ ≤ τ < τ⋆,

apply Theorem B.5 with
ζ(τ) = ζ(ψ)(τ), θ(τ) = θ(ψ)(τ),

and define
J (ψ1)(τ) := [κ

(ψ)
− (τ), κ

(ψ)
+ (τ)].
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Here

log(1/ζ(ψ)(τ)) ≤ log 4 +
2R

√
d

τεerr
≤ CHψ1 .

Also,
R2d2

γ2τ2θ(ψ)(τ)
=

4dτ2

γ2
exp

(
2R

√
d

τεerr

)
,

so, because γ ≤ τ < τ⋆ = 4R
√
d/εerr,

log

(
R2d2

γ2τ2θ(ψ)(τ)

)
≤ CHψ1

.

Finally,

log log(1 + |V|) = log(d logM +O(1)) ≤ C(log d+ log logM) ≤ CHψ1 ,

and
log(1/δ) ≤ C log d ≤ CHψ1

because Q⋆ ≤ d. Thus
Hwin(τ) ≤ CHψ1

uniformly on the active range, and Theorem B.5 gives

|J (ψ1)(τ)| ≤ C

√
Hψ1

d
+ C

Hψ1

d

together with the required null-coupling implication. Combining the active and inactive regimes
proves the corollary.

D.2 PROOF OF THEOREM D.1

Proof. Interval and packing. For each τ ≥ γ, set

ŝ(S)τ := ŝ(S,ψ)τ ,

and let {J (ψ1)(τ)}τ≥γ be the interval family from Corollary D.3. Then assumption (i) of Theo-
rem B.1 holds, and

wψ1 := sup
τ≥γ

|J (ψ1)(τ)| ≤ C

√
Hψ1

d
+ C

Hψ1

d
.

By Lemma B.13, the admissible rate set K(ψ1)
d contains a subset Gψ whose points are pairwise

separated by more than wψ1
and whose cardinality satisfies

|Gψ| ≥
log(n

(ψ1)
max/(2n

(ψ1)
min ))

log 2 + 2dwψ1

.

As above,

log
n
(ψ1)
max

2n
(ψ1)
min

≥ c d log(R/γ)

for all sufficiently large d, while

log 2 + 2dwψ1
≤ C

(√
dHψ1

+Hψ1

)
.

Hence

|Gψ| ≥ c′
d log(R/γ)√
dHψ1

+Hψ1

.

Since

Q⋆ ≤ c0
d log(R/γ)√
dHψ1 +Hψ1

,
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choosing c0 = c0(ρ) sufficiently small ensures

|Gψ| ≥
80Q⋆
ρ2

.

Base-noise separation. Set
A(ψ)(S) := Gγ(S),

where the threshold is Λγ(ζ(ψ)(γ)). Exactly as in the Lp proof,

πS,γ(A
(ψ)(S)) ≥ 1− ζ(ψ)(γ), PS [x ∈ A(ψ)(S)] ≤ n

(ψ1)
max

Λγ(ζ(ψ)(γ))

for every fixed x ∈ Rd. Since

ζ(ψ)(γ) ≤ 2 exp

(
−2R

√
d

γεerr

)
→ 0,

we have ζ(ψ)(γ) ≤ ρ/2 for all sufficiently large d. Moreover, by Lemma B.9 at τ = γ, Lemma B.12,
and the quantitative bound √

dHψ1
+Hψ1

≤ Cc0 d logM,
we obtain

log Λγ
(
ζ(ψ)(γ)

)
≥ cId logM − C

(√
dHψ1 +Hψ1

)
≥
(
cI − Cc0

)
d logM.

Since
log n(ψ1)

max =
d

32
logM +O(1)

and cI > 1/16, choosing c0 = c0(ρ) sufficiently small yields

cI − Cc0 >
1

32
.

It follows that
n
(ψ1)
max

Λγ(ζ(ψ)(γ))
≤ ρ2

8
for all sufficiently large d. Thus the separating-set hypothesis in Theorem B.1 holds for the map
A(ψ) and the packing set Gψ .

Passage to the original σ-indexed model. The transfer from the τ -indexed oracle to the original
σ-indexed model is identical to the Lp proof, so we record only the ψ1-specific oracle bound. Let
D0 be the distribution over instances (n, S) from Theorem B.1, and for each such instance define

π(S,γ) := πS,γ = νS ∗ N (0, γ2Id), ŝ(S,γ)σ (x) := ŝ
(S)
τ(σ)(x), τ(σ) :=

√
γ2 + σ2.

Then
(π(S,γ))σ = νS,τ(σ), sπ(S,γ),σ = sS,τ(σ).

Hence Proposition D.2 gives, for every σ > 0 and every z ≥ 0,

PX∼(π(S,γ))σ

[
∥ŝ(S,γ)σ (X)− sπ(S,γ),σ(X)∥2 ≥ z

]
≤ 2 exp

(
−zτ(σ)

εerr

)
≤ 2 exp

(
− zσ

εerr

)
,

and both ŝ(S,γ)σ and sπ(S,γ),σ satisfy the Lipschitz bound stated in Theorem D.1. Thus the family(
π(S,γ), {ŝ(S,γ)σ }σ>0

)
has the properties asserted in items (1)–(3) of Theorem D.1.

Fix an adaptive algorithm A obeying the query budget in Theorem D.1, and define A♯ exactly as
in the proof of Theorem A.1. The same transfer argument shows that the two runs induce the same
joint law of queries, oracle answers, and final output on every instance. Let D be the induced law of(

π(S,γ), {ŝ(S,γ)σ }σ>0

)
when (n, S) ∼ D0. Taking the constant in Theorem D.1 to be c0, the algorithm A♯ makes at most
Q⋆ queries. Theorem B.1 therefore gives

P(π,{ŝσ})∼D

[
dTV

(
L(X̂), π

)
≥ 1− ρ

]
≥ 1− ρ.

This proves Theorem D.1.
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Deriving Theorem 1.5. Under Assumptions 1 and 3, the ratio R/γ and the parameter εerr are
fixed constants. Consequently,

Hψ1
= log d+ log(R/γ) +

R

γ

√
d

εerr
= Θ(

√
d).

Theorem D.1 therefore gives

Q = Ω

(
d√

d
√
d+

√
d

)
= Ω(d1/4).

This yields Theorem 1.5.
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