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Learning State-Augmented Policies for Information
Routing in Communication Networks

Sourajit Das
and Alejandro Ribeiro

Abstract—This paper examines the problem of information
routing in a large-scale communication network, which can
be formulated as a constrained statistical learning problem
having access to only local information. We delineate a novel
State Augmentation (SA) strategy to maximize the aggregate
information at source nodes using graph neural network (GNN)
architectures, by deploying graph convolutions over the topologi-
cal links of the communication network. The proposed technique
leverages only the local information available at each node and
efficiently routes desired information to the destination nodes.
We leverage an unsupervised learning procedure to convert the
output of the GNN architecture to optimal information routing
strategies. In the experiments, we perform the evaluation on real-
time network topologies to validate our algorithms. Numerical
simulations depict the improved performance of the proposed
method in training a GNN parameterization as compared to
baseline algorithms.

Index Terms—Information routing, communication networks,
state augmentation, graph neural networks, unsupervised
learning.

1. INTRODUCTION

HE modern day telecommunication scenario is experi-

encing rampant growth of ubiquitous wireless devices
and intelligent systems. With the inception of 5" generation
(5G) communication networks, there has been a growing need
for efficient utilization of available resources and delivery of
services. Moreover, the proliferation of artificial intelligence
(AI) has been pivotal in addressing the challenging problems of
wireless communications in more superior ways. Following its
success in areas such as computer vision and natural language
processing, machine learning (ML) and Al have taken over
the research efforts in wireless networks and have opened new
avenues to address problems in which learning-based solutions
outperform conventional, non-learning-based methods [1].
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Communication networks, including both wired and wire-
less, present a plethora of complex features and network control
targets that have significant impacts on communication per-
formances, such as radio resource management, traffic con-
gestion control, queue management, etc. There are significant
works contributing to address such challenges which include
stochastic network utility maximization (NUM) [2], Radio Re-
source Management (RRM) [3], [4], [5], [6], routing [7], [8],
[9], and scheduling [10], [11], [12]. They are formulated as
constrained optimization problems of a utility function consid-
ering stochastic dynamics of user traffic and fading wireless
channels.

Mao et al. present a comprehensive survey of ML algorithms
in intelligent wireless networks to enhance different network
functions such as resource allocation, routing layer path search,
traffic balancing, sensing data compression, etc [1]. With sim-
ilar approaches, the networking research has found another
scope in the form of Reinforcement Learning (RL) to develop
efficient ML based solutions for network engineering [13],
[14], [15], [16]. Many ML-based approaches that have been
proposed in the communication networking area have relied
on supervised learning procedures to train a neural network
that can mimic the existing system heuristics thereby reducing
the computational cost in the execution phase [17], [18], [19],
[20]. Unfortunately such learning methods mandate the need
for training sets to build solutions for the system model and
may not have the potential to exceed heuristic performances.
An alternate approach would be to treat such communication
problem as a statistical regression model which solve the op-
timization problem directly instead of relying on training sets
[3], [21], [22], [23]. Such unsupervised learning outperforms
the capabilities of supervised learning as it can be applied to
any routing or resource allocation problem with a potential to
exceed existing heuristics.

From a network layer viewpoint, the devices in a communi-
cation network can be seen as exchanging information packets
using communication protocols based on 3 main categories;
distance vector, link state and path vector [24]. Information
packets are generated by the network nodes and denoted for
delivery to assigned destinations. It is crucial that the nodes are
also required to determine routes and link schedules to ensure
successful delivery of the packets under given traffic conditions.
Every node handles packets that are locally generated along
with the packets which are received from neighboring nodes.
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Thus the goal of every node in the network is to determine
the next hop of suitable neighbors for each flow conducive to
successful routing of the packet to the destination node.

With the challenge of training network models for modern
communication systems, fully connected neural networks (FC-
NNs) seemed to be a strong contender [3], [17], [25], [26].
The scalability of the message signals in time and space has
led CNNs to solve network routing problems recently [27],
[28]. However, these CNNs do not generalize well enough to
large scale scenarios which involve large network graphs with
multiple systems parameters [29]. Further, they lack the ability
to transfer and scale to other networks due to permutation-
invariance of the communication networks. Hence, we use
Graph Neural Network (GNN) architectures in this paper to
mitigate the shortcoming of a Fully Connected Neural Network
(FCNN), and accomplish benefits such as scalability, transfer-
ability and permutation invariance [30], [31]. The GNNs have
another important property which allows them to be imple-
mented in a distributed manner while this property does not
apply to the FCNNs or CNNs [32].

Similar to [3], [4], [5], [7], [8], [9], [10], [11], [33], we
consider the problem of network utility maximization subject
to multiple constraints. The utility function and some of the
constraints rely upon the average performance of the nodes
across the network while one of the constraints is an instan-
taneous constraint. The objective focuses on improving the
routing and scheduling in packet based networks. The routing
decisions made at the node level are crucial to ensure the
network stability and thereby forcing the queue lengths to be
stabilized in the steady state. In pursuit of the above network
optimization, we encounter certain challenges or constraints
which need to be ensured for the systems to be feasible. Gener-
ally, one solves such problems by switching to the Lagrangian
dual domain, where a single objective function is maximized
over the primal variables and minimized over the dual vari-
ables. The primal variable correspond to the objective function
while the dual variable designate the constraints in the origi-
nal routing problem. Although such primal-dual methods help
to reach optimal solutions, the null duality gap persists even
with near-universal parameterizations, such as fully connected
neural networks (FCNN) [5]. Moreover, it is uncertain whether
they lead to routing decisions which satisfy the constraints
in the original optimization problem while lacking feasibility
guarantees.

In this paper, we take an alternate approach of state aug-
mentation based constrained learning. More specifically, we
take advantage of the fact that dual variables in constrained
optimization provide the degree of constraints’ violation or
satisfaction over a period of time [34]. We leverage the above
concept to augment the typical communication network state
with dual variables at each time instant, to be used as dy-
namic inputs to the routing policy. The above approach of
incorporating dual variables to the routing policy enables
us to train the policy to adapt its decision to instantaneous
channel states as well as ensuring adaptation to constraint
satisfaction.

In summary, we make the following contributions in this
paper:

e We use Graph Neural Networks (GNNs) to learn effi-
cient routing strategies in decentralized communication
networks of varying sizes.

* We leverage the Method of Multipliers (MoM) to achieve
faster convergence than conventional dual descent
methods.

e We utilize State Augmentation methods to learn near-
optimal solutions with a finite number of iterations.

The rest of the paper is organized as follows. We start with
some of the related works pertaining to learning and optimiza-
tion in communication networks in Section II. We present the
problem formulation as a constrained network utility maximiza-
tion problem in Section III. We discuss some of the standard
optimization techniques in Sections IV, V and VI. The pa-
rameterization of the above learning algorithm using Graph
Neural Networks is presented in Section VII. Furthermore, we
discuss the fundamental principles of augmented Lagrangian
and GNN Learning to understand their application in our prob-
lem in Section VIIIL. In Section IX, we describe our proposed
state-augmented algorithm to optimize routing strategies for
the network optimization problem. The performance of the
different approaches are discussed and compared in the results
of Section X. Finally, we conclude the paper in Section XI.

II. RELATED WORK

The progress in communication networks primarily consisted
of solutions to solving the problem of resource management.
In [4], [5], [6], the authors addresses the challenge of optimizing
the power allocation in a wireless communication system using
GNNGs. [35] deals with design of optimal resource allocation
policies using Deep Neural Networks (DNNGs). In [36], [37], the
authors use Deep Reinforcement Learning (DRL) techniques
for transmit power control in wireless networks to mitigate
interference and network efficiency. In terms of routing, there
has been few works which aim to improve network capacity
for communication networks. In [38], the authors provide a
mathematical solution comprising of gradient based methods
to jointly optimize power and multi-path routing. [7] addresses
the challenges in stochastic NUM under heavy-tailed conditions
and proposed a stochastic gradient descent routing algorithm
to achieve optimality and stability. Paper [9] introduces a gen-
eralization of the backpressure algorithm which randomizes
routing and scheduling in ad-hoc networks to enhance delay
performance. The authors in [8] enhance the backpressure al-
gorithm further by using improvised dual descent methods for
faster convergence and stability in dynamic network conditions.
We derive the motivation for addressing the routing issues ma-
jorly from [8], [9]. Here we optimize our routing and scheduling
policies via GNN parameterization to imitate the Method of
Multipliers (MoM) which produces faster convergence without
sacrificing optimality. The closest prior work to the current
study is [5] where we echo the authors’ approach to use state
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augmentation methods to achieve faster convergence and near-
optimal solutions with a finite number of iterations, while ex-
tending it beyond conventional primal-dual algorithms.

III. PROBLEM STATEMENT

We consider a communication network, modeled as a graph
G=(V,&) where V is the set of nodes and £ CV x V is the
set of links between nodes. We denote the capacity of a link
(i,7) € € as C;; and we define the neighborhood of i as the
set N; = {j € V|(4,j) € £} of nodes j that can communicate
directly to i. The nodes communicate with each other by ex-
changing information packets in different flows. We use K to
denote the set of information flows with the destination of flow
k € K being the node o, € V.

At a given time instant ¢, node i # o} generates a random
number of packets, denoted by Af (t), which is to be delivered to
the destination oy,. We assume that the random variable(s) A% (¢)
are independent and identically distributed (iid) across time
with the expected value E[A¥(t)] = A¥. Within the same time
instant, node ¢ routes rfj (t) units of information packets to every
neighboring node j € A; and also receives r ;(t) packets from
neighboring node j. The difference between the total number
of received packets Aj (t) + >, v, 75;(t) and the sum of total
number of transmitted packets > x. rfj(t) is added to the
local queue or subtracted if the resultant quantity is negative.
Hence, we can iteratively define the queue length of the packets
of flow k at node 7, which we denote as ¢¥(t), according to the
following equation,

+

)+ Af(t) -k,

ORDILA0

JEN

g (t+1)=|q'(t)

where we add a projection on the non-negative orthant to ac-
count for the fact that the number of packets in the queue will
always be non-negative. Note that (1) is mentioned for all nodes
1 # oy, as packets routed to their destination will be discarded
from the network.

A. Problem Formulation

Now, we consider the above communication network operat-
ing over a series of time steps ¢ € {0,1,2,..,7 — 1}, where at
each time step ¢, the set of channel capacities, or the network
state, is denoted as C; € C. For the above network state, let
p(C:) denote the vector for routing decisions across the net-
work, where p : C — R™*"*F represents the routing function.
These routing decisions eventually lead to the network perfor-
mance vector f(C¢, p(C;)) € R®, where f:C x R™*"<F
R? represents the performance function.

Furthermore we consider an auxiliary optimization variable
a¥(t) > A%(t) to ensure we generate as many packets at node i
for flow k as possible. In real-time, A¥ (%) is the actual number
of packets present in the system, which is used to update the
queue length defined in (1). As a general approach in [5], we
start with a concave utility function ¢/ : R” — R and a set of
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constraints g : R® — R¢. The generic routing problem can be
defined as below.

(2a)

max

1 T—1
U\ = f(Ct, p(Ct))
P(CI ! (T ;

L Tl
s.t. g (T Z £(Cy, p(Ct))> >0, (2b)
=0

where the objective function and the constraints are derived
based on the ergodic average of the network performance i.e.
T t 0 f(C;, p(Cy)). Therefore the aim of the routing algo-
rithm is to determine the optimal vector of routing decisions
p(C;) for any given network state C; € C.

For the routing problem under consideration, we start with
the utility function which considers maximizing the information
packets at all nodes 7 and over all flows k. The concave objective

function can be written as below.
(t)> :

< cht, ct> ZZlog< Tzl
3)

t=0 kEK i€V t=0
We consider three sets of constraints with the given network
state to optimize the above objective function. The first set of
constraints can be defined as the routing constraints, Which state
that the sum of the total number of received packets, r ~(t) and
the local packets, a¥(t) at node i should be equal or less than
the total number of packets transmitted, rfj (t) from node 1.

af(t)+ ) rit) < Y rh(). @)

JEN; JEN;

The second set of constraints are the minimum constraints
which assume that the node 7 has a minimum number of local
packets to ensure reliable transmission to other nodes.

af(t) > AF(t). (5)

The third set of constraints can be termed as the capacity
constraints, as they define the maximum capacity of a channel
between two nodes, i.e. the sum of the total number of packets
over all the flows in a link between node ¢ and node j can not
be more than the maximum capacity of the channel.

D

keK

i () < Cij. (6)

Plugging (3)-(6) into the generic formulation in (2), the rout-
ing optimization problem can be written as,

T—1
1 k
b (O] kzzlog<Tz_:a’ (t)> 7
v ij t=0 e i€y t=0
Sk = Y ) —ak(t) =0  (7b)
JEN; JEN;
af(t) — AF(t)>0 (7o)
Cij(t) =D @) =0 (7d)
ke K
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IV. SOLVING FOR GRADIENT BASED ROUTING IN THE
LAGRANGIAN DOMAIN

Since the optimization problem in (7) involves a concave
utility function, we can use a gradient based dual descent al-
gorithm. We introduce a dual variable p € RS, also called as
the Lagrangian multiplier corresponding to the constraint (7b).
We keep the constraints (7c) and (7d) implicit while considering
T =1 for convenience in analysis. Now we can express the
Lagrangian as follows.

L(a,r, p)= Z Z IOg(aéﬂ)
k

i

(ST @

ik JEN; JEN;

The Lagrangian in (8) can be maximized using a standardised

gradient based algorithm. More specifically, a dual descent like

the primal-dual learning works to maximize £ over a and r

while minimizing over the dual variables g at the same time.
L*=minmax L(a,r,p) 9)

®nooa,r

For a given iteration index m € {1,2,.., M}, the primal vari-

ables a¥ and rfj can be updated according to the following

equations (10) and (11),

[af]m-i-l = [af]m + 77¢V¢£(a, Ty 1) (10)
[rims1 = [ri]m + 1 Vs L(ay 7, p) (11)

Now the gradient descent on the dual variable can be expressed
as 1 = My, — N VeL(a,r, pn). Since the Lagrangian is
linear in the dual variable, the gradient is easy to compute and
p can be updated recursively as

.
TR [um —m( o= - af)] (12)

JEN; JEN;

We consider [.|T to account for the non-negative orthant and can
be defined as [z]T = maz(x,0). Moreover, 7),, and 74 denote
the corresponding learning rates for the primal variables (a, 1)
and dual variable (). The above routing optimization problem
can deliver near-optimal and feasible results when run for a
large enough number of time steps. Standard gradient descent
techniques such as primal-dual learning may not guarantee a
feasible set for routing decisions, whereas such a feasibility
can be guaranteed for the routing algorithms in (10), (11), (12).
Even though the above algorithm generates optimal solutions
with feasibility, a major drawback of the above dual descent
algorithm can be attributed to its slow convergence rate. As
an alternative approach, we opt for the Method of Multipliers
which we discuss in the upcoming section.

V. SOLUTION USING THE AUGMENTED LAGRANGIAN:
METHOD OF MULTIPLIERS

When we consider an optimization problem to be solved in
the Lagrangian domain, dual descent method serves as a good
starting point to reach optimal solution. Unfortunately, such

an approach is known to have proven disadvantages, the most
notable being its extremely slow convergence rate and the need
for strictly convex objective functions. Hence the Augmented
Lagrangian or the Method of Multipliers (MoM) serves as
an excellent alternate to alleviate the above problems of dual
descent methods [39], [40], [41]. To start with the algorithm,
we take care of the inequality constraint (7a) by converting it
into an equality constraint as shown below,

Yokt = Y k() —af(t) -z @t) =0

JEN; JEN;

13)

where zF >0 is an auxiliary variable. The Augmented
Lagrangian for the optimization problem in (7) can now be
written as

T-1
Ly(a,r, z,p) = Z Z % Z IOg(af)

keKiey = t=0
1 T—1
k k k k k

+ZZTZ{M ( Zﬁj— Z Tji — a4 _Zi>

keEK i€V t=0 JEN; JEN;

2

4 : :

N4 DS ST } "
JEN; JEN;

where p > 0 is a penalty parameter and p € RTF is the dual
multiplier associated with the constraint (7b). We keep the
constraints (7c¢) and (7d) implicit, i.e., we force our solutions
to the optimization problem to automatically satisfy them.
The penalty method solves the above optimization problem for
various values of p and p.

amtl il amtl — apg max L,(a,r,z, u™) (15a)
a,r,z
p™ ! = arg min Ep(amH, T m AL, (15b)
v

Note that since £,(a,r, z, pt) is a linear function of the dual
variables p, the minimization in (15b) can be implemented
using gradient descent, i.e.,

N
()™t = [(uf)m - p"‘( b=y k- (af)mﬂ :

JEN; JEN;
(16)

The convergence of the MoM algorithm is ensured under
certain conditions (in particular, when the maximization over z
has an optimal solution independent of the initialization) [42].
However, a critical disadvantage of the above method is that
MoM loses decomposability, thereby making it inefficient in
complex distributed systems. This motivates the use of another
variation of the above process called The Alternating Direction
Method of Multipliers, which we discuss in the next section.

VI. THE ALTERNATING DIRECTION METHOD OF
MULTIPLIERS (ADMM)

The Alternating Direction Method of Multipliers or ADMM
combines the best of both Dual Descent and Method of Multi-
pliers algorithms. The ADMM exploits the decomposable struc-
ture of the augmented Lagrangian. Basically ADMM solves
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the original convex optimization problem by breaking it into
smaller sub-problems that can be solved efficiently [40], [42],
[43]. The augmented Lagrangian for our optimization problem
in (7) is given by

Ly(a,r z,v)

- Stota) 4462
DHRE (z Y

k k

JEN; JEN;
2
14 k k k 2
-3 Zrij— Z (R G } 17
JEN; JEN;

where ¢ is an indicator function on z defined by

9(z) = {0’ fz=0 (18)

—00, otherwise

and v is the dual variable associated with the constraint while p
is the penalty parameter. The general ADMM iteration follows,

a™t r" = argmax £,(a, r, 2™, v™) (19a)
a,r
2"t = argmax £, (™t P 2 ™) (19b)
z
v+ = arg min Ep(am'H, L 2m L L™ (19¢)
v

The prime difference between the MoM and ADMM is that
the primal maximization here is split into two parts instead
of optimizing over (a, r, z) jointly [44]. Alternatively, we can
also use a scaled form of the above algorithm by considering
W= %V. Substituting this in the above augmented Lagrangian,
we get,

Ly(a,r, z, 1) ZZlog (2)
g 2
k k k k Pl &
Z% erz'*ai*'zi*l% *5’%:
JEN: JEN;
(20)

Now the steps of ADMM can be written as,

a™ Tl = arg max{ E E log(ak) — g r”
a""‘ . k
(2

JEN;
? 2
m m p m
= Y k- af = — [l —5HM1 I }
JEN;
(21a)
m+1 __ 4 kim+1
z = arg max {g(z) -5 Z [ri;]
JEN;

= S [ 2 ek
JEN;

2 2
_B"?
M}

(21b)
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[+ = l[u?]m - ( >t

JEN;

+
|
jENG
’ 21c)

Here g is the scaled dual variable for the constraint con-
sidered in the optimization problem. Just like the name sug-
gests, note that the iterative optimization process is carried out
via alternating the direction of the variables by sequentially
solving the subproblems (21a) and (21b). Since the optimal
solution is obtained in each subproblem, we can conclude that
the augmented Lagrangian is maximized after sufficient number
of iterations. We select a suitable penalty parameter 0 < p < 1
to ensure the convergence of ADMM but larger choices may
generate improved results for a very small number of iterations.
We observe that the unparameterized form of ADMM works
effectively for consensus problems which have a decomposable
structure but real-time problems often require more general
framework to handle wider range of scenarios as in case of
the Method of Multipliers (MoM). Even though MoM is faster
in terms of convergence than ADMM, unfortunately it is a
centralized algorithm unlike the ADMM. Thus we propose to
use Graph Neural Networks (GNNs) that learn to mimic the
solution of MoM and implement a decentralized system which
can potentially outperform the decentralized ADMM solution.

VII. GRAPH NEURAL NETWORKS BASED PARAMETERIZATION
FOR ROUTING OPTIMIZATION

We observe that (7) is an infinite- dimensional optimization
problem because we need to find a¥ and r¥ ;; for any given
channel state C; and input A¥(¢) and these are hard to obtain
in practice. Alternatively we use a parameterized model which
takes C; and A¥(t) as input and generates the desired decisions
ay (t) and rf;(t) as output. We take advantage of Graph Neural
Networks (GNNs) for parameterizing the information routing
policy. These architectures are a family of neural networks
specially designed to operate over graph structured data [45],
[46]. Similarly to the recent studies in [3], [4], [5], [47], [48], we
use GNNSs as they have been seen to provide multiple benefits
such as permutation equivariance, scalability and transferability
to other networks. Recall that the network in our considered
problem can represented as a graph G = (V, £, z;, w;) ata given
time step ¢t where:

1) V=]1,2,...,n] are the set of graph nodes with each node

representing a communicating code in the entire network

2) £ CV x Vrepresent the set of directed edges in the graph

3) 1z, represent the initial node features

4) wy: € — R represents the mapping of each edge to its

weight at time ¢. We defined the weight between a pair
of nodes to be the normalized channel capacity for our
optimization problem, i.e. w;;(t) = Cy;(t).
Consider a single time instant ¢, and a slight abuse of notation,
we use the channel capacity matrix C; € R™*" as an adjacency
matrix representation of a graph which links node ¢ to node j.
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The initial node feature z; can be reinterpreted as a signal
supported on the nodes 7 = 1, 2, .., n. The GNNs are basically
graph convolutional filters supported on the graph C; to pro-
cess the input signal z; € R". Since we have a filter, let h :=
{ho,...,hx_1} be the set of K filter coefficients. We define
¢(Cy¢) to be the graph filter, which is essentially a polynomial
on the graph representation applied linearly to the input signal
z; [49]. The resulting output signal of the convolution operation
can be given as,

Z hkct Zt.

Note that the filter ¢(Cy) has the characteristics of a linear
shift invariant filter and the graph Cy is called as a Graph Shift
Operator (GSO) [49]. The GNN processes the input node and
edge features using L layers, where the [*" layer transforms the
node features at [ — 1 layer, i.e. Yi_l e R™*Fi-1 o the node
features at layer 1, Yi e R™*Fi The filter in the {*" can be
applied to the output of the [ — 1 layer to produce the feature
y. which can be written as

Vi =d(Cy)ze = (22)

K;—1

Z i Clzl~

The intermediate features are then passed through a pointwise
non-linearity function to generate the output of the /* layer, i.e.

K;—1
2 = ofyl] = [ S hlkcfzé*]

k=0

= ¢! (Cy)z (23)

(24)

Finally the GNN is used as a recursive application of the convo-
lution operation in (24). It is to be noted that the non-linearity
in (24) is applied to the individual component in each layer and
some common choices for ¢ are rectified linear units (ReLU),
absolute value or sigmoid functions [30], [31].

The previous expressions for GNNs considered a single
graph filter but we can increase the expressive power of the
GNN network by using a bank of F; graph filters [3]. In other
words, these set of filters create multiple features per layer,
each of which is processed with a separate graph filter bank.
Let’s take the output of layer [ — 1 which consists of Fj_;
features and these features become inputs for the layer /, each
of which can be processed by the F; filters ¢lf 9(Cy). The I*h
layer intermediate feature upon application of these filters can
now be given as

K;—1
k_l—1
thgct Z; ¢

Thus (25) shows that the layer [ generates Fj_; x Fj intermedi-
ate feature yL 4+ These features can grow exponentially unless
all the features yz’;y 4 for a given value of g, are linearly aggre-
gated and passed though a pointwise non-linearity function o
to generate the layer [ output. Thus the output z! at the [*" layer
can be given as,

F
—az[Zyi,fgl— [Z@ Ctztf] (26)
F=1

g =61 (25)

We use (26) in recurrence to obtain the GNNs for our experi-
ments. The filter coefficients can be grouped in the filter tensor
= [hlfkg li.k,f,q and we define the GNN operator as,

W(Cy,x4;0) :ZtL

where x = z? is the input to the GNN at layer, [ = 1. We con-
sider different number of input features, Fy based on our algo-
rithms described in the later sections. Hence the output layer
provides the GNN result which can be given as

@7

RanL

Yout = Y[ € (28)

The resulting output of (28) provides a column vector which
can then used along with an intermediate matrix w, € RFt*Fr
to obtain the routing decisions 7 J( ). We make sure to pass the
resulting matrix through a Softmax filter to ensure the entries
of the routing decision matrix are between 0 and 1, i.e.

p(Ct7 Xt ¢) =

where Softmax(x); =

SOftmaX(yout Wy youtT)a (29)

exp(z;) - =
ST exp(z;) fort=1,2,..., Kandx

(71,22,...,7x) € RE, The intermediate matrix w, is a square
matrix of shape (F, x Fr) which helps in generating the re-
sultant routing matrix to be a (n x n) matrix. Thus the above
formulation to compute rfj (t) takes care of meeting the capacity
constraints in (7d). Similarly we derive the target packets a
by passing the output of the GNN through another linear layer
where it is multiplied with a column vector w, € R¥~,

ai'c (t) = [Aic (t) + Yout wa]+

We pass the a¥(¢) through a ReLU filter to account for the fact
that packets generated at the nodes are non-negative. The for-
mulation in (30) ensures that the minimum constraint is satisfied
during the optimization process. In summary, the above ways
of implementing (29) and (30) satisfy constraints (7d) and (7c)
which we considered as implicit during the formulation of the
Lagrangian. One key take away from the GNN implementation
is that with a filter length of K at the [*" layer, the total number
of parameters in GNN is hardly Zle K, which is significantly
smaller than a fully connected neural network.

(30)

VIII. GNN PARAMETERIZATION WITH AUGMENTED
LAGRANGIAN: METHOD OF MULTIPLIERS

In order to solve the optimization problem in (7) involving
a concave utility function, we use the Method of Multipliers
(MoM) to solve for the optimal solution using the GNN param-
eterization we discussed above. We use z; = A¥(¢) as the input
feature to the GNN in order to find the optimal routing policy
pP(Cy,x¢; @). Using the GNN parameterization in (27), (28),
(29), we can rewrite the parameterized optimization problem
in (7) as,

max

1 T—1
Srwewa u (T ; f(Ct, P(Ct; d’)))

=
s.t. g (T Z £(C, p(C; d’))) 20 (31b)
=0

(31a)
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The Augmented Lagrangian for the problem in (31) is given by

=
L(p, ) :U<T Z £(Ct, p(Cy; 4’)))

) t:()l -
+urg T f(Ci, p(Cs; )

g (111 S f(Ct, p(Cy; ¢’))>
t=0

In order to train the model parameter ¢,, we present an iter-
ation duration 7Tp, which is equal to the number of time steps
between consecutive model parameter updates. With a slight
abuse of notation for time ¢, we define an iteration index m €
{0,1,2,..., M — 1}, where M = |T'/Tp| and model parameter
is updated as follows.

Il
[

2

N o«

p
+2

(32)

¢, = arg max L(D, py)- (33)

The dual variables, p are updated recursively as

1 (m+1)To—1 +
—Pg<T > f(Ct,P(Ct;@))]

t=mTp
(34)

ll'm+1 =

where the penalty parameter p, represents the learning rate for
the dual variable update. The above routing algorithm can result
in a feasible and near-optimal decision when run for a large
enough number of time instants.

It can be noted that using regular dual descent algorithms
like Primal-Dual methods may not guarantee a feasible set of
routing decisions since the algorithm in (33), (34) adapts the
routing policy to the dual variables in each iteration. Given their
efficient results, such parameterized policies have significant
drawbacks which requires us to improve the approach to ob-
taining routing policies.

IX. THE STATE AUGMENTATION ALGORITHM

As discussed previously, the iterative routing optimization
in (33), (34) is feasible, they have certain shortcomings which
make it unsuitable for practical applications. Firstly, the max-
imization of the Lagrangian duals require the future or non-
causal knowledge of the network state i.e. it is not possible to
get knowledge of the system at ¢t = k7. It may be possible
during the training phase but infeasible in the testing phase.
The other challenge is convergence to near-optimal network
performance. This is feasible when the time 7 tends to infinity,
thus the training iterations can not be stopped after a finite time
step. In other words, there may not exist an iteration index m
for which ¢,, is optimal or feasible. Finally, the optimal set
of model parameters in (33) are required to be found at each
time step for a different vector of dual variables p,,,, thereby
increasing the computational complexity, more precisely in the
execution phase.

The above challenges mandate the need to design an algo-
rithm that does not require to retrain the model parameters ¢,,,
for any given set of dual variables u,,. Hence we propose a
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state-augmented routing algorithm as in [5], [34], where we
augment the network state C, at each time step ¢ with the
corresponding set of dual variables |, /7, |. These dual vari-
ables are fed as simultaneous inputs along with the input node
features to the GNN model, A% (#) to obtain the optimal routing
policy. In other words, the GNN model in this case takes two
input features, i.e. F{y = 2. We present a different parameteriza-
tion for the state-augmented routing policy, where the routing
decisions p(C;) are represented in the form p(C;; ), where
6 € © denotes the set of GNN filters tensors parameterized
by the state-augmented routing policy. We start by defining
the augmented Lagrangian of (31) for a set of dual variables
€ RS as expressed in (32).

L.(0)=U G i £(Ct, p(Cy; 0)))

t=0

T
+uTg(
Ple( LS ¢, p(cii0))
2 g Tt:o t7p ty

If we try to plug in the functional values of the optimization
problem in (7), we obtain the augmented Lagrangian as follows.

Sl

1

f(Ct, p(Cy; 0)))

Nl =
- O

2

N o~

+ (35)

T-1

2«

T
bl Z(Z —zrm—afu)—zm)]
t=0 \jeN; JEN;
o DR SR RO R0 (36)
JEN; JEN;

where the Lagrangian multipliers p are associated with the
constraint (7b). We keep the constraints (7c) and (7d) implicit.
Next we consider the dual variables to be drawn from a proba-
bility distribution p,,. This leads to defining the state-augmented
routing policy as the one which maximizes the expectation of
the augmented Lagrangian over the probability distribution of
all parameters, i.e.

0" = arg max Epmp,, [£1(0)] (37)

The above state-augmented policy parameterized by 8" enables
us to determine the Lagrangian maximized routing decision
p(C;0) for every dual variable iteration = p,,,. Using the
above concept, the dual variable update for the iteration m in

(37) can be updated as below.
+
£(Cy, Po(Ct; 9*)))]

(38)

1 (m+1)To—1

Mm—i—l = [“m - ng<TO Z

t:mT()

Plugging in the required function values for our optimization
problem in (7), the dual variable update for the execution phase
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Algorithm 1 Training Phase for State-Augmented routing algorithm.

Input: Number of training iterations Ny,.qiy, batch size B, number of time steps, T, primal learning rate 7y

I: Initialisation : 6y, q*(0)
2: for n =0, ..., Nipgin — 1 do
33 forb=0,..,B—1do

4: Randomly samplep, ~ p,,

5: Randomly generate a sequence of network states {Cy; } 7'

6: fort=0,....,T —1do

7: Generate routing decisions p(Cp 1, Xp;6),))

8: Obtain queue length using (1)

9: end for

10: Calculate the augmented Lagrangian dual according to (35), i.e.

T-1 T-1
Ly, (0)=U (111 Z f(Cb,n P(Cy,t, Xp; 9n))> +u'g (111 Z f(Cb,t, P(Ch,t, Xp; 9n)>>
=0

11:  end for
12:  Update the model parameters according to (41)

0n+1 == en +

13: end for
14: 0" < 0On,,...
Output: Optimal model parameters 6*

t=
2

p
+2

T—1
g <; > f(cb,t> P(Cy,¢, Xp; 9n))>
t=0

B—-1
B3 G0t 0,)
b=1

Algorithm 2 Execution Phase for State-Augmented routing algorithm.

Input: Optimal model parameters 6*, sequence of network states {Cb,t}tT;Ol, iteration time 7p, dual learning rate 7,

1. Initialisation : pg < 0, m <0
2: fort=0,....,7T—1do
3. Generate routing decisions p; := p(Cy, X,,,;0™))

4:  Obtain queue length using (1)
5. if (t+ 1) mod Ty = O then
6: Update the dual variables according to (38)
1
m = m g\ =
Kt H ym To
m+—m+1
7. end if
8: end for

Output: Sequence of routing decisions {p,g}tT:_O1

.
f(ct,p(ct,xmao*))ﬂ

can be given as,

The above equation helps us in learning a parameterized model
in parallel while solving for the optimal state-augmented rout-
ing policy in (37), eventually executing the gradient descent
techniques of a standardized dual descent algorithm. It can also
be induced from Theorem 2 in [5] that the routing decisions
made by the state-augmented algorithm in (38), (37) are both
feasible, and near-optimal. Since we have routing matrices re-
sulting from the local information operated on channel capacity
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Fig. 1. Comparison of two different unparameterized methods of MoM and

dual descent (DD) for a network with 10 nodes and 5 flows, where the network
is run only for a single time step.

matrices, they can be best attributed to the operation on signals
on graphs.

A. Implementation Scenario and Practical Assumptions

The maximization in (37) is supposed to be carried out during
the offline training phase. We resort to the gradient ascent
technique to learn an optimal set of parameters 8 which can
be saved after the completion of the training step and utilized
later during the execution phase. During the training phase, we
consider a batch of dual variables {s, }£_, sampled randomly
from the probability distribution p,,. Thus the empirical form
of the Lagrangian maximization in (37) can be reformulated as

(40)

B—1
. 1
0" =arg max — ; L,,(0)

Just like a primal variable is maximized in primal-dual learning,
the above maximization problem can be solved iteratively using
the gradient ascent method. In order to initiate the above pro-
cess, the model parameters were randomly initialized as 6y and
they can be updated over an iteration index n =0, ..., Nypqin —
1. The parameter update equation for 6 can be expressed as
below,

B-1
011 =0, + % 3 VoL, (6,) (1)
b=1
where 7¢ delineates the learning rate for the model parameters
0 or it can be denoted as the coefficients of the graph filter for
the Graph Neural Network (GNN) parameterization discussed
previously. Note that the model parameters here refer to the
filter coefficients of the graph filters used in the GNN network.
Subsequently the update of the primal variables a, r is updated
by the GNN once the model parameters are updated using (41).
Once the model is trained, the final set of converged parameters
are stored as (0"). The generalization capability of the trained
model can be improved for each set of dual variables, { g, } 5:—01
in the batch, by randomly sampling a separate realization of
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Fig. 2. Performance comparison between unparameterized ADMM and the

proposed parameterized state-augmented method using GNNs for networks
with 10 nodes and 5 flows, run over 7' = 100 time steps.
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Fig. 3. Performance comparison of state augmentation and ADMM algo-

rithms for networks with 5 flows and N € {10, 50, 100} nodes.
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the sequence of network states {Cy ¢}, This facilitates the
model to be optimized over a family of network realizations and
we summarize the above training procedure in Algorithm 1.
The subsequent stage brings us to the execution phase where
the dual variables are updated to engender the routing policies
for the operating network. First the dual variables are initialized
to zero. For any given time instant {t}?z_ol, and a given network
state C;, the routing decisions are generated using the state-
augmented policies p(Cy, X417, ;0" ), which were obtained in
Algorithm 1. The dual variables are updated for every 7j time
step as per (39). The key point of observation is the fashion in
which the dual dynamics in (39) make the satisfaction of the
constraints tractable. As we described the execution phase in
Algorithm 2, we realize the routing decisions at time instant ¢
help satisfy the constraints when the dual variables are mini-
mized. On the contrary, increase in the value of dual variables
imply that the constraints are not satisfied and the execution
phase needs attention to tune some of the algorithm parameters.
Both the algorithms follow similar steps to the ones in [5] with
some minor changes specific to our problem formulation.

X. EXPERIMENTAL OBSERVATIONS &
NUMERICAL RESULTS

A. Communication Network Architectures

We initiate the experiments by generating random geometric
network graphs of size N = |V|. k-Nearest Neighbor (k-NN)
method was followed to randomly generate N communicating
nodes in a unit circle. We considered the k=4 for all our
simulations involving random graphs. For the architecture, we
use a 3-layer GNN with Fy = 2, F} = 32, and F;, = 8 features.
We utilize the ADAM optimizer with a primal learning rate of
ne = 0.005 to optimize the primal model parameters, and we
consider the penalty term p = 0.005, which is decayed expo-
nentially to optimize the dual variables. We consider the fol-
lowing time steps for our simulations i.e. 7" = 100 and T = 5.
The above conditions have been assumed for a time varying
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(b) Performance on Queue length

Performance of state augmentation and ADMM algorithms for network with 50 nodes and K € {5,10,15} flows.

channel capacity whereas we assume a constant channel during
our experiments, i.e. we need to find the policy p(C,x;0™)
for C € C. We generate a total of 128 training samples and
16 testing samples for each network size with a batch size of
16 samples. We run the training for 40 epochs and the dual
variables for the training phase were drawn randomly from the
U(0,1) distribution.

B. Performance Across Different Unparameterized
Algorithms

Initially, we compare the performances of two unparame-
terized optimization methods by considering networks of size
N =10 nodes and K =5 flows. We run the two methods for
100 epochs with T'=1 in order to reduce the total number
of optimization variables. Fig. 1 shows the performance for
the 2 unparameterized methods of MoM, and Dual Descent
(DD). It can be clearly observed from the utility plot that DD
converges to the optimal solution slower while the augmented
Lagrangian or MoM performs the best in terms of maximizing
the utility and minimizing the queue lengths. The same can
be attributed to queue length, as slow convergence amounts to
piling up of more packets in the queues at the nodes.

C. State-Augmentation vs ADMM

Next, we train the proposed state-augmented GNN-based
model with random networks having N = 10 nodes and K =5
flows, executed over 7" = 100 time steps. We compare its per-
formance with that of ADMM. As it can be seen from Fig. 2, the
proposed method performs better than the non-learning method
of ADMM. The key point of observation is that while the
proposed state-augmented model approaches the optimal utility
attained by ADMM in Fig. 2(a), it outperforms ADMM in terms
of queue length in Fig. 2(b).

Now, we vary the number of nodes in the network and ob-
serve the behaviors of the two algorithms. As the number of
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Fig. 5. Relative performance of state-augmented algorithm with ADMM for

a network with 50 nodes and 5 flows.

nodes are increased from 10 to 100, we observe an increase
in the utility performance of both State Augmentation (SA)
and ADMM. Although the parameterized algorithms has more
variability, the average of the GNN based algorithm still per-
forms close to the non-learning ADMM algorithm (Fig. 3(a)).
Similar statistics can be observed for the queue length stability
in both the learning algorithms (Fig. 3(b)). Furthermore, we
test another scenario where the number of nodes in the network
was kept fixed at 50 while the number of flows were increased
from 5 through 15. We observe in Fig. 4(a) the performance
of both algorithms increases with an increase in the number
of flows while state augmentation still performs close to the
optimal performance provided by ADMM. The queue size also
increases with an increase in the number of flows as it facilitates
more flows of packets in the network when the number of flows
is increased. These results demonstrate the superior scalability
of the proposed GNN-based solutions vs. conventional opti-
mization methods.

The next point of consideration is the relative performance
of state augmentation algorithm with the ADMM algorithm.
We use the relative utility and queue length comparison for
a network with 50 nodes and 5 flows. The mean value of the
random input to the GNN, A¥(¢) is varied for 5 different traffic
situations. As Fig. 5(a) depicts, the relative performance of state
augmentation based learning increases with an increase in the
value of input traffic, A¥(t). This implies higher input traffic
is better processed by the GNN layers to pump more packets
to their destination which inversely improves the queue length
stability as evident from Fig. 5(b). The variability in the shaded
region is due to the state augmentation algorithm which makes
use of the multiple GNN parameters.

D. Stability to Perturbation

In order to test the stability property of GNNs, we provided
perturbations to half of the nodes in a network which shifted
their original location by 20%. This leads to unanimous addition
or reduction of edges in the network thereby creating a new
graph for each sample. As it can be seen in Fig. 6, when
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Fig. 10. Network topology graphs used from the topology-zoo dataset.

compared to the original graphs, the GNN model performs quite
well on the perturbed graphs, hence supporting the stability
property. It is to be noted that there can be minor deviations as
the number of nodes increases because the number of changes
in edge creation also varies substantially. We can consider an
application of the above case in a varying network situation like
flocking in multi agent systems where the nodes keep changing
locations at every time step.

E. Transferability to Unseen Graphs of Various Sizes

As discussed in Section VII, another advantage of GNNs
is the size-invariance property where they can be seamlessly
executed on network of different size which were previously not

— gt
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Queue length

40
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(b) Queue length at a sample node

Behavior of a dual variable and queue length stability for an example node in a network with 50 nodes and 5 flows.

seen in the entire training phase. As a first approach we trained
a state-augmented GNN model with N = 20 nodes and K =5
flows. Then it was tested on graph with different sizes ranging
from 10 nodes to 100 nodes. Fig. 7 shows the above transferabil-
ity of a 50 node network under our proposed state-augmented
algorithm to network of unseen sizes. The performance for
transferability was found to be better for graphs of higher sizes
while there was a minor increase in the queue length. The point
for testing with 50 nodes also shows the stability of the GNN
to other random graphs of the same size.

We perform similar experiments to observe the transferability
by training a GNN model with N =50 nodes and K = 10
flows. Now we test the same model with a network of N = 50
nodes but different flows. The transferability is satisfied again
for the case of varying flows as depicted in Fig. 8. The utility
and the queue length stability perform close to the performance
of the actual model trained on the respective graphs. Moreover
the point for 10 flows shows the stability of the GNN to other
random graphs of the same size and with same number of flows.
This property of GNNs can be very helpful to train smaller
networks offline and test them on larger networks online which
will save considerable computational expenses.

F. Dual Variable and Queue Length Stability

For a general case of network samples with N = 10, we train
the model for 7" = 100 and observe the behavior of dual vari-
ables and its relationship to the network performance. We plot
the queue length at each time step ¢ and the corresponding dual
variables g, /7, |- Fig. 9(b) shows the queue length stability for
two example nodes in the network over the course of 7" = 100
time instants. It is observed that their corresponding queue
lengths at the node increases as the dual variables increase with
time. Once the dual variables converge to their optimal values,
the queue length stabilizes to the best possible values.
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G. Performance on Real Time Network Topology Graphs

We finally evaluate the performance of the proposed
methodon several real-world network topologies from the In-
ternet Topology Zoo dataset [50]. We trained the models on
4 different network topologies as shown in the Fig. 10 for 5
flows. Subsequently we transferred a model trained on 50 nodes
and 5 flows using random data to test the robustness of the
GNN architecture. Fig. 11 shows even if the trained models
on the corresponding network topologies perform well, the
transferred model which was trained on random data previously
performs close to the former. However, if the network structure
during testing deviate from those encountered during training,
the model’s transferability might be impacted. A particular
case of performance can be seen in the Sinet graph where the
transference does not perform well as compared to the others
which is due to the cluster based structure of the network. Thus
we can say that our proposed model is generalized to perform
well on a wide variety of data sets and network topologies.

XI. CONCLUSION

In this paper, we considered the problem of routing informa-
tion packets in a communication network where the objective
was to maximize a network level utility function subject to
various constraints. We carried out experiments via both learn-
ing and non-learning based approaches. The results in learning
paradigm showed that they outperform non-learning methods
although there was a cost involved in training the models ini-
tially. Considering the case of unparameterized learning, it was
found to provide feasible and near optimal solutions but they
have multiple challenges which include running them for an
infinite number of time steps and the model parameters are re-
quired to be optimized for any set of dual variables at every time
instant. Hence the State-Augmentation based routing algorithm
was proposed to alleviate the above challenges of unparame-
terized learning. The experimental procedure and observation
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(b) Performance on Queue length

Performance of state-augmentation based routing policy on real world network topology.

plots proved that the state augmentation based learning leads
to feasible and near-optimal sequences of routing decisions,
for near-universal parameterizations. Finally we used Graph
Neural Network (GNN) architectures to parameterize the State-
Augmentation based routing optimization which showcased the
stellar properties of stability and transference to other networks
including topologies from the real world datasets.
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