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Abstract

Two non-parametric models, namely the non-parametric kernel density (NP-KD)

and non-parametric JW (NP-JW) models, are proposed for joint probabilistic mod-

eling of wind speed and direction distributions. In the NP-KD model, a novel bivari-

ate kernel density function, which could consider the characteristics of both wind

direction (angular) and speed (linear) data, is firstly constructed and the optimal

bandwidth is selected globally through two cross-validation (CV) methods. In the

NP-JW model, the univariate Gaussian and von Mises kernel density functions are,

respectively, utilized to fit the wind speed and direction data. The estimated wind

speed and direction distributions are used to form the joint distribution according

to the JW model. Several classical parametric models, including the AG, Weibull,

Rayleigh, JW-TNW and JW-FMN models, are also introduced in order for com-

parisons with the proposed non-parametric models. By conducting various tests on

the real hourly wind speed and direction data, the goodness of fit of both para-

metric and non-parametric models is compared and evaluated in detail. It is shown

that the non-parametric models (NP-KD, NP-JW) generally outperform the para-

Preprint submitted to Elsevier 7 April 2018

© 2018 published by Elsevier. This manuscript is made available under the Elsevier user license
https://www.elsevier.com/open-access/userlicense/1.0/

Version of Record: https://www.sciencedirect.com/science/article/pii/S0960148118304348
Manuscript_4ee7502a3ddc6a2afd8977262cbd684b

https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0960148118304348


metric models (AG,Weibull,Rayleigh,JW-TNW,JW-FMN) and have more robust

performance in fitting the joint speed and direction distributions. Among the two

non-parametric models, the NP-KD model has better performance in fitting joint

distribution, while the NP-JW model has higher accuracy in fitting the marginal

speed (or direction) distributions.

Key words: non-parametric model, kernel density estimation, joint probabilistic

distribution, marginal distribution

1 Introduction1

With increasing climate change and environmental concerns, wind energy has2

now become the world’s fastest growing source of renewable and green energy.3

Accurate estimation of wind characteristics is critical to the assessment of4

wind energy potential, the site selection of wind farms, and the operations5

management of wind power conversion systems.6

Among the wind characteristics, wind speed is one of the most importan-7

t parameter to be considered in the design and operations of wind energy8

conversion systems [1–3]. Various statistical models have been proposed and9

utilized for analyzing the wind speed frequency distributions with probability10

density functions (PDFs). The two-parameter Rayleigh and Weibull models11

are by far the most widely adopted for representing the wind speed [4]. Oth-12

er theoretical distributions suitable for modeling the wind speed are square13

root normal [5], three-parameter Weibull [6], inverse Gaussian [7], etc. Be-14
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sides the classical statistical models, some new parametric models, such as15

Bayesian model averaging (BMA) [8], Measure-Correlate-Predict (MCP) [9],16

Johnson SB distribution [10], and mixture distributions [11,12], have been17

put forward recently for application. Despite the extensive efforts on model-18

ing wind speed distribution, a comprehensive and fair comparison is still not19

enough. Carta, Ramirez and Velazquez [13], Zhou et al. [14], respectively, com-20

pared the effectiveness of multiple statistical distributions for characterizing21

the wind speed for various wind sites, and used a comprehensive evaluation22

metric for goodness-of-fit. They found that the popular Weibull distribution23

cannot represent all the wind regimes encountered in nature, for example,24

those with high percentages of null wind speeds, bimodal distributions, etc.25

Ouarda, Charron and Chebana [15] introduced novel moment and L-moment26

ratio diagram methods for the optimal selection of probability distributions27

for wind speed data.28

Besides the wind speed analysis, the distribution analysis of wind direction is29

another important aspect of wind energy assessment. Fisher [16] introduced30

several commonly used models for handling circular data. Currently, the von31

Mises distribution function is one of most popular functions for fitting the wind32

direction data. Carta et al. [17] first used a finite mixture of the von Mises33

(FMvM) distribution to characterize the wind direction for Canary Islands,34

Spain. Recently, Masseran et al. [18] utilized the FMvM for fitting the wind35

direction data of Peninsular Malaysia, and the effect of monsoon seasons on36

the wind direction behaviors was analyzed in detail [19]. They also constructed37

a new circular distribution based on nonnegative trigonometric sums for wind38

direction fitting. Heckenbergerova et al. [21,22] paid attention to the parameter39

estimation and model optimization for the FMvM distribution.40

3



It is well known that the wind speed and direction should be treated as de-41

pendent random variables. Generally, a more realistic and complete approach42

is to consider the joint distribution of wind speed and direction, instead of43

the univariate (marginal) PDFs. Research shows that the joint probability44

approach could support the decision making [23], and improve the accuracy of45

wind energy assessment under specific cases [24]. More variables, such as wind46

turbulence [25], are also beginning to be considered in joint probability analy-47

sis. Some studies were directed at constructing bivariate distributions models48

for representing wind speed and direction simultaneously. However, compared49

with numerous wind speed distribution models, these models are less com-50

mon. Smith [26] discussed using the bivariate Normal density function for51

predicting the distribution of wind speed and direction. Weber [27] developed52

a more flexible model by lifting the equal variance assumption, which is called53

the anisotropic Gaussian (AG) model. Johnson and Wehrly [28] proposed a54

parametric model, namely the JW model, for representing wind speed and di-55

rection by obtaining angular-linear distributions. Carta, Ramirez and Bueno56

[29] generalized the JW model and then proposed a flexible joint PDF of57

wind speed and direction, based on angular-linear distributions with specified58

marginal distributions that were compared with AG models. After evaluating59

the fitted distributions through the coefficient of determination, the authors60

concluded that the proposed model provided better fits for the examined cas-61

es in the Canary Islands. Erdem and Shi [30] constructed seven bivariate62

distributions based on three construction approaches (angular-linear, Farlie-63

Gumbel-Morgenstern, anisotropic lognormal) that were compared by applying64

the adjusted coefficient of determination and the root mean square error as65

goodness-of-fit measures. Four sites in North Dakota were examined as case66

studies and the results revealed that the anisotropic approach lags significant-67
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ly compared to the other two methods, which provided very close values for68

the two measures. Soukissian [31] implemented the same model of Carta [29]69

for the joint modelling of linear/directional wind and wave characteristics. Re-70

cently, Soukissian and Karathanasi [32] thoroughly examined and evaluated71

three families of models for the joint probabilistic description of wind speed72

and direction data. The obtained results suggested that the performance of73

the JW model is rather superior, since it provides better fits compared to the74

other two families of bivariate distributions for the overwhelming majority of75

the examined cases and criteria.76

As the above literature shown, the parametric models have been widely adopt-77

ed in modeling the wind speed and direction distributions. Besides the para-78

metric models, the non-parametric models (such as the kernel density esti-79

mation, KDE) are also popular in the probabilistic modeling of wind data80

[33]. The most attractive feature of non-parametric models is that it directly81

makes use of sample data without a need of estimating characteristic parame-82

ters in a theoretical distribution [34]. In other words, there is no error caused83

by assumption of a theoretical distribution for wind speed and by mismatch84

between estimated parameters and actual behaviors of wind speed. Thus, the85

non-parametric models could better describe the natural characteristics of the86

wind speed and direction, which is conducive for the accurate estimation of87

wind resources at potential sites. Qin, Li and Xiong [34] proposed a non-88

parametric KDE method for wind speed probability distribution, and com-89

pared with ten conventional parametric models using three year’s actual wind90

speed data at ten wind frams sites with different wind speed behaviors. Based91

on the diffusion partial differential equation in finite domain, Xu, Yan and Xu92

[35] presented an improved KDE method to account for both bandwidth selec-93
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tion and boundary correction problems. Ouarda et al. [36] and Wang, Hu and94

Ma [33] conducted comprehensive reviews and comparisons on non-parametric95

models for wind speed probability distribution in the UAE and central China,96

respectively.97

Although the non-parametric models have been proved to be effective and98

more accurate in the probabilistic modeling of wind speed [33–36], its applica-99

tions in wind direction distributions have been slow and inadequate. Until re-100

cently, Oliveira, Crujeiras and Rodriguez-Casal [37] developed a circular KDE101

procedure to fit the wind direction data, and provided different alternatives102

for choosing the bandwidth parameters. It is rare to see the non-parametric103

models for the joint wind speed and direction modeling in current literature.104

Actually, the non-parametric joint distribution model can well supplement105

the deficiency of the parametric model, and the assessment of wind energy106

potential could be benefited accordingly. Lately, Zhang et al. [38] conducted107

a pioneering work on the joint modeling of wind speed and direction data.108

They proposed a multivariate KDE model, which they called the multivariate109

and multimodal wind distribution (MMWD) model, to capture the coupled110

variation of wind speed and direction. The effectiveness and the reliability of111

the MMWD model were successfully validated using the ten-year wind data.112

However, the kernel function of the MMWD model is designed for wind speed113

(linear) data, and is not specially for the wind direction (angular) data. Such114

treatment might cause some errors in application.115

A literature review indicated that only a few studies have used the non-116

parametric models for fitting the wind direction distributions; this is par-117

ticularly true for the joint probabilistic distributions of wind speed and direc-118

tion data. Moreover, there have few attempts to comprehensively compare the119
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performance and robustness of both parametric and non-parametric models120

in modeling various wind speed/direction data. Therefore, the novelty and121

contributions of this study can be summarised as follows:122

�A framework for modeling joint probabilistic distributions of wind speed/direction123

data is introduced. Two non-parametric models with univariate and bivariate124

kernel functions are proposed to fit joint speed/direction distributions.125

� In the non-parametric kernel density (NP-KD) model, a novel bivariate k-126

ernel density function, which could consider the characteristics of both wind127

direction (angular) and speed (linear) data, is firstly constructed and the op-128

timal bandwidth is selected globally through two cross-validation (CV) meth-129

ods. In the non-parametric JW (NP-JW) model, the univariate Gaussian and130

von Mises kernel functions are, respectively, utilized to fit the wind speed and131

direction data. The estimated wind speed and direction distributions are used132

to form the joint distribution according to the JW model.133

� Various tests on the real data from four wind sites of China are conduct-134

ed. Non-parametric models generally have more accurate and robust per-135

formances than most current parametric models in joint modeling of wind136

speed/direction data. It is believed that the assessment of wind energy poten-137

tial could be benefited accordingly.138

The remainder of this paper is organised as follows. Section 2 introduces the139

proposed method, section 3 describes the wind data acquired from various140

observation sites in China, section 4 gives the parameter estimations of both141

parametric and non-parametric models, section 5 presents and discusses the142

results, and section 6 lists the conclusions of the study.143
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2 Models144

The structures and procedures for two non-parametric models (NP-KD and145

NP-JW) are proposed in detail. Then, several classical parametric models,146

including the AG model and JW models, are briefly explained in order for147

comparisons. Finally, four metrics are introduced for measuring the goodness148

of fit.149

2.1 NP-KD model150

Before applying the NP-KD model, the first issue to be solved is the selection151

of kernel density functions. For the linear (wind speed v) data, the univari-152

ate Gaussian function is usually utilized in the non-parametric models. Its153

expression is given as154

KV (v) =
1

σ
√
2π

exp
(

−
(v − µv)

2

2σ2

)

(1)

in which µv ≥ 0 represents the mean value of wind speed, and σ denotes155

bandwidth parameter of the univariate Gaussian function. The von Mises k-156

ernel function is used for fitting the angular (wind direction θ) data, and its157

expression could be written by158

KΘ(θ) =
1

2πI0(κ)
exp(κ cos(θ − µθ)) (2)

in which µθ ∈ [0, 2π) represents the mean value of wind direction, and κ159

denotes bandwidth parameter of the univariate von Mises kernel function.160

The I0(κ) =
∑

∞

m=0
(−1)m

m!Γ(m+1)

(

κ
2

)2m
represents the modified Bessel function of161
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the first kind and order zero, in which Γ(·) is the Gamma function.162

Most current functions could not consider the angular (wind direction θ) and163

linear (wind speed v) data simultaneously. Considering the characteristics of164

both Gaussian and von Mises kernel functions, a novel bivariate kernel density165

function is constructed by multiplying the two univariate kernel density func-166

tions together. From Eqs. (1) and (2), the newly constructed bivariate kernel167

function could be expressed as follows168

KV,Θ(v, θ) = KV (v) ·KΘ(θ)

=
1

(2π)3/2I0(κ)σ
exp

(

−
(v − µv)

2

2σ2

)

exp(κ cos(θ − µθ))
(3)

in which σ, κ are the two bandwidth parameters for the bivariate kernel func-169

tion. They should be determined globally through the optimization algorithm,170

which will be introduced in the following section.171

If (v1, θ1), (v2, θ2), · · · , (vn, θn) are random samples from unknown bivariate172

populations, the joint PDFs of the wind speed and direction based on the173

bivariate kernel density functions (NP-KD model) is expressed as follows174

fV,Θ(v, θ) =
n
∑

i=1

KV,Θ(v, θ)

=
1

(2π)3/2I0(κ)σ

n
∑

i=1

exp
(

−
(v − µi)

2

2σ2

)

exp(κ cos(θ − µi))

(4)

How to determine optimal values of the bandwidths σ, κ is the key problem in175

NP-KD model. Usually, the bandwidth values could be obtained by minimizing176

an error function. For instance, the mean integrated squared error (MISE) or177

cross validation (CV) are all alternatives. According to the result of Zambom178
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and Dias [39], compared with the MISE method, the CV method has some179

major advantages, i.e. simple implementation and robust performance. Thus,180

the CV method will be utilized for choosing the optimal bandwidth values181

σ, κ.182

There are two CV methods for use, one of which is called the likelihood cross-183

validation (LCV). According to the idea of LCV, the optimal bandwidth is184

calculated by minimizing the likelihood function185

LCV (σ, κ) =
n
∏

i=1

f−i,V,Θ(vi, θi, σ, κ) (5)

where f−i,V,Θ represents the joint density estimation after deleting the ith186

observation value in Eq. (4). Another CV method is called the least square187

cross-validation (LSCV). Using the LSCV, the optimal bandwidth value is188

determined by minimizing the following equation as189

LSCV (σ, κ) =
∫ 2π

0

∫

∞

0
f 2
V,Θ(v, θ, σ, κ)dvdθ −

2

n

n
∑

i=1

f−i,V,Θ(vi, θi, σ, κ) (6)

From the results by Oliveira et al. [40], except for the peak distribution case,190

in most cases the LCV is a good bandwidth estimation method. However, the191

LSCV behaves more stable. In this study, both the LCV and LSCV methods192

are all utilized for estimating the bandwidth values, and the best results are193

retained.194
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2.2 NP-JW model195

In the NP-JW model, the classical JW model will be utilized for establishing196

probability density for an angular-linear distribution. The expression of JW197

model is given by [28]198

fV,Θ(v, θ) = 2πg(ζ)fV (v)fΘ(θ) 0 ≤ θ < 2π,−∞ ≤ v < ∞ (7)

in which fV (v), fΘ(θ) are PDFs of wind speed and direction, ζ represents the199

circular variable between the wind speed and direction, and its definition is200

expressed as201

ζ =































2π[FV (v)− FΘ(θ)], FV (v) ≥ FΘ(θ);

2π[FV (v)− FΘ(θ)] + 2π, FV (v) < FΘ(θ).

(8)

where FV (v), FΘ(θ) are cumulative distribution functions (CDFs) of wind202

speed and direction, g(ζ) denotes the PDF of ζ .203

Although most current kernel function could not describe the angular and204

linear data at the same time, one can use the univariate Gaussian and von205

Mises kernel functions to fit the wind speed and direction data, respectively.206

Then, according to Eq. (7) of JW model, the joint density estimation results207

could also be gained. This is the main idea of NP-JW model, which could be208

considered as the non-parametric version of the JW model. The procedure of209

NP-JW model is expressed as follows:210

(1) Univariate Gaussian and von Mises kernel functions are, respectively, used211

for fitting the wind speed and direction data. The corresponding cumulative212
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distributions for the wind speed and direction are then computed through213

numerical integration of the estimated density distributions.214

(2) The circular variable ζ is gained using Eq. (8). As the ζ is an angular215

variable, the univariate von Mises kernel function is also utilized to fit g(ζ)216

(PDF of ζ).217

(3) After the PDFs of single wind speed, direction and circular variable data218

obtained, then the joint density estimation results could be gained using Eq.219

(7).220

Using two CV methods described in Eqs. (5-6), the optimal bandwidth values221

for the univariate Gaussian and von Mises kernel functions in NP-JW model222

are determined accordingly.223

2.3 Several popular parametric models224

One of the most popular parametric models for fitting joint wind speed and225

direction distributions is the AG model, which was proposed by Weber [27]226

in 1991. The model has some hypotheses: the wind speed components for227

the prevailing wind direction are random variables which are described by a228

Gaussian distribution; the longitudinal and lateral wind speed components229

are statistically independent of each other. Based on the hypotheses and the230

polar coordinate transformation method, the joint probability density function231

of wind speed and wind direction is derived accordingly. Detailed expressions232

could be found in Ref. [29].233

The JW family is another widely adopted parametric models in joint fitting of234
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wind speed and direction data. Usually, the finite mixture of von Mises distri-235

butions (FMvM) are utilized for PDF modeling of random angular variables236

θ, ζ . For the random wind speed data, both the truncated normal-Weibull mix-237

ture distribution (TNW) and finite mixture normal distribution (FMN) are238

the most commonly used models. Thus, there are two JW models, namely the239

JW-TNW model and JW-FMN model, whose detailed expressions are given240

in Ref. [29].241

Here, the Expectation-Maximization (EM) algorithm [41,42] is utilized to esti-242

mate the parameter values of various distributions. EM algorithm is a powerful243

method providing the distribution parameter estimates and it could be used as244

an alternative method for finding the maximum likelihood estimates. Accord-245

ing to Banerjee et al. [41], let us suppose that the posterior distribution of the246

unknown parameters is known. Expectation step is computed using current247

estimate of parameters as the expectation of the log-likelihood method. In the248

maximization step, the parameter estimates are computed by maximization of249

the expected log-likelihood obtained in expectation step. Detailed procedure250

for the EM algorithm could be found in Refs. [41,42].251

2.4 Model evaluation metrics252

Four metrics, including root mean square error (RMSE), mean absolute error253

(MAE), index of agreement (IA) [14] and χ2 statistic [43], are defined to254

measure the goodness of fit of both parametric and non-parametric models.255

RMSE is very sensitive to the large or small errors in a set of measurements,256

and thus it can reflect the precision of measurement very well. Compared with257

the mean error (ME), MAE can better measure the actual fitting error because258
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the offset of positive and negative errors does not appear in the MAE, and IA259

is a bin-specific static which resembles R2 statistic. It is a relative figure that260

can take the values between 0 and 1, and a higher value indicates a better261

fit between the specified distribution and observed data values. χ2 statistic is262

calculated from the observed and expected frequencies. If the χ2 test value is263

smaller than the critical value, the hypothesis stating that the data follow the264

specified distribution is accepted. The test is bin-specific and the test value is265

dependent on how the bins are selected. χ2 test has been extensively used to266

compare various statistical distributions for characterization of wind data.267

Two probability values are defined here to calculate the above-mentioned four268

metrics. The wind speed-direction plane is divided into k × k elements. The269

p
(o)
i represents the real probability value of random variables falling into the270

area (i, j) (1 ≤ i, j ≤ k), while the p
(e)
i is the probability value obtained by271

density estimation model. Then, the four metrics are expressed by272

RMSE =

√

√

√

√

1

n

∑

i,j

(

p
(o)
i − p

(e)
i

)2
(9)

MAE =
1

n

∑

i,j

∣

∣

∣p
(o)
i − p

(e)
i

∣

∣

∣ (10)

IA = 1−
∑

i,j

(

p
(o)
i − p

(e)
i

)2

∑

i,j

(∣

∣

∣p
(o)
i − p̄

(o)
i

∣

∣

∣+
∣

∣

∣p
(e)
i − p̄

(e)
i

∣

∣

∣

)2 (11)

χ2 =
∑

i,j

(

np
(o)
i − np

(e)
i

)2

np
(e)
i

(12)

where n denotes the total number of the wind data sample. Among the four273

metrics, except for the IA, the lower value of other three metrics (RMSE, MAE274
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and χ2 statistic) means that the model would have higher accuracy. According275

to the definition of IA (see Eq. (11), one can find that the value of IA varies276

between 0 and 1. The value of IA is more close to 1, indicating that the model277

is more accurate.278

3 Wind data descriptions279

By employing anemometers, the wind speed and direction data could be mea-280

sured and captured at a wind observation site. In this study, four wind ob-281

servation sites in China are selected and shown in Fig. 1. Their geographical282

positions are listed in Tab. 1. The wind data in various observation sites were283

recorded continuously by the anemometers, and the wind attributes (includ-284

ing wind speed, direction, etc.) could be obtained accordingly. Tab. 1 also285

describes the wind data periods used in the analysis.Due to the electrical or286

mechanical reasons, the output wind speed of anemometers might be invalid.287

The data periods were carefully chosen to make sure that there is no invalid288

wind speeds. Thus, the completeness of data in our selected data samples is289

all 100%, which is shown in Tab. 1.290
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Fig. 1. Selected wind observation sites in China.

Table 1

Locations of four observation stations in China.

Observation station Longitude Latitude Altitude(m) Data period Completeness of data

AnHui(AH) 117017
′

E 31052
′

N 20 7/8/2011-5/7/2012 100%

GuangDong(GD) 113017
′

E 2308
′

N 11 12/24/2011-2/28/2013 100%

GanSu(GS) 103044
′

E 3602
′

N 1500 1/16/2014-5/27/2014 100%

HeiLongJiang(HLJ) 126038
′

E 45045
′

N 128 11/1/2015-2/23/2016 100%

Usually, the anemometer tower records the wind speed and direction data in291

every 10 minutes. Although there is no restriction on the sampling time period292

for the proposed non-parametric models, the wind data usually needs to be293

treated as the hourly average data. Such treatment could reduce the unwant-294

ed fluctuation components of the wind data and also improve the calculation295

efficiency. The data should be treated as the hourly average data. The wind296
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direction starts from the North and increases clockwise. Using the vector av-297

eraging method [44], the 10-min wind directions are transformed into hourly298

average wind direction299

θh =







































































































arctan
(

V̄x/V̄y

)

, V̄x ≥ 0, V̄y > 0;

arctan
(

V̄x/V̄y

)

+ π, V̄x > 0, V̄y ≤ 0;

arctan
(

V̄x/V̄y

)

+ π, V̄x ≤ 0, V̄y < 0;

arctan
(

V̄x/V̄y

)

+ 2π, V̄x < 0, V̄y ≥ 0.

0, V̄x = 0, V̄y = 0

(13)

where V̄x, V̄y are the hourly averaged wind speeds, and could be expressed as300

follows301

V̄x =
1

6

6
∑

i=1

(

Vm,i sin θm,i

)

V̄y =
1

6

6
∑

i=1

(

Vm,i cos θm,i

)

(14)

in which Vm,i, θm,i represent the 10-min wind speed and direction. After aver-302

aging the 10-min data, one obtains the absolute value of wind speed as follows303

Vh =
√

V̄ 2
x + V̄ 2

y (15)

Thus, the hourly average wind speed and direction observed at four wind sites304

are plotted in Fig. 2.305

17



Fig. 2. Hourly average wind speed and direction observed at four wind sites: (a)

AH; (b) GD; (c) GS and (d) HLJ.

4 Model parameter estimations306

4.1 Parametric models307

For the AG model, the parameters includes the mean and variance of the longi-308

tudinal wind speed (µy
′ , σy

′ ) and variance of the lateral wind speed (σx
′ ). The309

parameters of FMvM distributions are the mean wind direction µi, smoothing310

parameter κi, weighting coefficient ωi and the number of finite terms n. The311

parameters of FMN distributions are the mean and variance of the random312

wind speed µj, σj , weighting parameter αj and the number of finite terms m.313

For the TNW distribution, the parameters include the scale and shape pa-314

rameters α, β, weighting parameter ω0 and random variables φ1, φ2. Besides,315
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the Weibull and Rayleigh distributions have been widely used for fitting the316

mainstream wind speed data. Such two distributions are also utilized for com-317

parisons with non-parametric models. For the Weibull distribution, there are318

usually two parameters: scale parameter η and shape parameter β. For the319

Rayleigh distribution, the shape parameter σ should be determined.320

The EM algorithm is utilized for the distribution parameter estimates of para-321

metric models (AG, JW-TNW and JW-FMN). After numerical simulations,322

one can find that the high order terms of the FMvM and FMN distributions323

have little contributions to the fitting accuracy. Thus, the numbers of finite324

terms in the two distributions are all set to be n = m = 3 in this study. The325

maximum likelihood estimates for parametric models at various wind sites are326

given in Tabs. 2-4. It should be noted that the FMvM distributions used in327

the JW-TNW and JW-FMN models for the same wind direction data remain328

unchanged. Thus, parameter values of the FMvM for wind direction data are329

omitted in Tab. 4. In addition, the parameters values for both Weibull and330

Rayleigh distributions are also listed in Tab. 5.331

Table 2

Parameter estimation results for the AG model at various wind sites (Units: m/s).

AH site GD site GS site HLJ site

µ
y
′ 1.73149 3.72496 0.47598 5.25752

σ
x
′ 3.47676 4.07760 6.59563 2.23973

σ
y
′ 3.27303 4.29564 2.88817 5.74009
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Table 3

Parameter estimation results for the JW-TNW model at various wind sites (Units:

µi, µ
∗

i (rad); φ1, φ2, α, β (m/s)).

AH site GD site GS site HLJ site

FMvM

(direction)

ω1, µ1, κ1

0.29290,

4.29805,

0.51945

0.64982,

0.11954,

64.40694

0.36226,

4.74585,

7.40989

0.75543,

4.41194,

14.85419

ω2, µ2, κ2

0.45144,

0.93909,

1.70044

0.03364,

0.59240,

261.37665

0.30449,

1.20769,

0.45863

0.18224,

0.96374,

39.05120

ω3, µ3, κ3

0.25566,

1.93091,

2.71713

0.31654,

2.22884,

2.78227

0.33325,

1.44542,

22.79816

0.06233,

0.68441,

0.57504

FMvM

(circular variable)

ω∗

1
, µ∗

1
, κ∗

1

0.33463,

5.57145,

0.70241

0.36985,

4.05187,

0.90857

0.35466,

4.34628,

1.32540

0.34050,

4.9147,

0.52891

ω∗

2
, µ∗

2
, κ∗

2

0.39724,

1.47754,

0.33603

0.38907,

6.13888,

0.73594

0.43896,

0.83888,

1.80479

0.44433,

0.28209,

1.39478

ω∗

3
, µ∗

3
, κ∗

3

0.26813,

2.12253,

0.96998

0.24107,

2.47725,

0.93990

0.20637,

2.90370,

1.36813

0.21516,

3.23675,

1.56882

TNW

(wind speed)

ω0 0.46635 0.11459 0.30522 0.99402

φ1, φ2

4.95522,

2.36729

4.93560,

5.26753

8.11738,

5.29833

7.16004,

3.63003

α, β
3.81495,

4.92681

2.98356,

7.24868

2.11900,

5.64529

0.10701,

0.00006
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Table 4

Parameter estimation results for the JW-FMN model at various wind sites (Units:

µ∗

i (rad); µi, σi (m/s)).

AH site GD site GS site HLJ site

FMvM

(circular variable)

ω∗

1
, µ∗

1
, κ∗

1

0.33599,

5.52568,

0.71352

0.35572,

4.46802,

0.81217

0.34971,

4.32000,

1.33454

0.35572,

4.46802,

0.81217

ω∗

2
, µ∗

2
, κ∗

2

0.39895,

1.41515,

0.39336

0.43118,

0.30052,

1.75250

0.44212,

0.80302,

1.74510

0.43118,

0.30052,

1.75250

ω∗

3
, µ∗

3
, κ∗

3

0.26507,

2.16453,

0.94977

0.21310,

3.00967,

1.31362

0.20817,

2.85487,

1.35154

0.21310,

3.00967,

1.31362

FMN

(wind speed)

α1, µ1, σ1

0.00562,

0.23834,

0.19524

0.01833,

0.24561,

0.21974

0.28157,

2.86599,

1.20855

0.01833,

0.24561,

0.21974

α2, µ2, σ2

0.84490,

4.47251,

1.53245

0.13275,

2.63963,

1.10383

0.52193,

6.07800,

2.18040

0.13275,

2.63963,

1.10383

α3, µ3, σ3

0.14948,

6.40896,

2.26980

0.84892,

8.21647,

2.91083

0.19650,

11.11342,

4.09700

0.84892,

8.21647,

2.91083
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Table 5

Parameter estimation results for the Weibull and Rayleigh distributions at various

wind sites (Units: η, β (m/s) and σ (m/s)).

AH site GD site GS site HLJ site

Weibull

η, β

2.598739,

5.268372

2.617606,

7.283343

1.723109,

6.928555

1.930503,

8.053095

Rayleigh σ 3.591349 4.94729 5.101668 5.726812

4.2 Non-parametric models332

Using two CV methods described in Eqs. (5-6), the optimal bandwidth values333

for the NP-KD and NP-JW models are determined accordingly. The results334

are listed in Tabs. 6-7.335

Table 6

Bandwidth values for the NP-KD model at various wind sites.

AH site GD site GS site HLJ site

Gaussian bandwidth 0.42940 0.66170 0.65818 0.5997887

von Mises bandwidth 138.3239 708.9999 130.9623 204.5325
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Table 7

Bandwidth values for the NP-JW model at various wind sites.

AH site GD site GS site HLJ site

Gaussian bandwidth 0.22354 0.19238 0.38974 0.28690

von Mises bandwidth

(wind direction)

191.8563 709 266.1224 256.6935

von Mises bandwidth

(circular variable)

14.7 11.6 17.4 23.001

5 Comparisons and discussions336

Utilizing both parametric (AG,JW-TNW,JW-FMN,Weibull,Rayleigh) and non-337

parametric (NP-KD,NP-JW) models, the joint and marginal speed and direc-338

tion distributions at AH station are shown in Figs. 3-4. The same plots are339

represented in Figs. 5-6, Figs. 7-8 and Figs. 9-10, but for the GD, GS and HLJ340

stations, respectively. From Figs. 3, 5, 7 and 9, one can see that the joint distri-341

bution curves fitted by parametric models seem to be more smooth, while the342

curves obtained by non-parametric models have some ups and downs besides343

the main peaks. This means that the non-parametric models could better cap-344

ture the fluctuating components in the wind speed/direction change. Thus, the345

non-parametric might have superior fitting accuracy. For the marginal speed346

(or direction) distributions, as shown in Figs. 4, 6, 8 and 10, one can find347

that non-parametric models seem to be more suitable for fitting the actual348

wind speed (or direction) data, while the parametric models show less suit-349
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able, especially for the AG model. For the marginal direction data, it is shown350

that the result of AG model has much more distinct difference with that of351

JW-TNW and JW-FMN models. For the marginal speed data, among the352

five parametric models (AG,JW-TNW,JW-FMN,Weibull and Rayleigh), the353

accuracy of JW-TNW and JW-FMN models seems to be better, followed by354

the Weibull and Rayleigh models, and the AG model is the worst.355

In order to quantitatively compare the fitting performance of various models,356

the RMSE,MAE,IA and χ2 statistic for both joint and marginal PDFs at357

various wind stations are computed and listed in Tabs. 8-11. It is indicated358

that:359

(1) The accuracy of JW-TNW is slightly better than that of the JW-FMN at360

the AH and GD sites (see Tabs. 8 and 9), while the opposite is true at the361

GS and HLJ sites (see Tabs. 10 and 11). Except for the HLJ site, in other362

three sites, the Weibull model has better performance in fitting the marginal363

speed distribution than the Rayleigh model. The performance of the AG model364

seems to be the worst among the parametric models.365

(2) The non-parametric models (NP-JW,NP-KD) generally outperform the366

parametric models (AG,JW-TNW,JW-FMN,Weibull,Rayleigh) and have more367

robust fitting performance. Compared with the RMSE of the parametric and368

non-parametric models, the maximum accuracy increase appears at the GD369

site (see Tab. 9), which is increased from 8.82E-05 of the JW-TNW model to370

7.66E-05 of the NP-KD model. The accuracy is increased by 13.1%. For the371

MAE metric, the maximum increase in accuracy also occurs at GD site (see372

Tab. 9), up from 1.87E-05 of the JW-TNW model to 1.66E-05 of the NP-KD373

model, with a relative decline of 11.2%. For the IA metric, the maximum in-374
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crease in accuracy appears at GD site (see Tab. 9), up from 6.43E-01 of the375

JW-TNW model to 7.63E-01 of the NP-KD model, with a relative increase of376

18.7%. For the χ2 statistic, the maximum increase in accuracy occurs at HLJ377

site (see Tab. 11), up from 2.56E+06 of the JW-FMN model to 5.56E+05 of378

the NP-KD model, with a relative increase of 78.3%. Similar phenomena could379

also be observed in the marginal speed or direction distributions.380

(3) The NP-KD model has better performance in fitting joint distribution,381

while the NP-JW model has higher accuracy in fitting the marginal speed382

(or direction) distributions. This is because the bandwidth of NP-KD mod-383

el is optimized globally, and it can more accurately describe the correlation384

between the wind speed and direction. In the NP-JW model, the bandwidths385

for the Gaussian and von Mises kernels are selected separately, and thus it386

might be more precious in fitting the marginal distributions. Thus, the NP-387

KD model would be a better choice for fitting the joint wind speed/direction388

distributions.389

Fig. 3. Joint PDF plots at AH site: (a) AG model; (b) JW-TNWmodel; (c) JW-FMN

model; (d) NP-KD model; and (e) NP-JW model.
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Fig. 4. Marginal PDF plots of wind speed (a) and direction (b) at AH site.

Fig. 5. Joint PDF plots at GD site: (a) AG model; (b) JW-TNWmodel; (c) JW-FM-

N model; (d) NP-KD model; and (e) NP-JW model.
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Fig. 6. Marginal PDF plots of wind speed (a) and direction (b) at GD site.

Fig. 7. Joint PDF plots at GS site: (a) AG model; (b) JW-TNWmodel; (c) JW-FMN

model; (d) NP-KD model; and (e) NP-JW model.
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Fig. 8. Marginal PDF plots of wind speed (a) and direction (b) at GS site.

Fig. 9. Joint PDF plots at HLJ site: (a) AG model; (b) JW-TNWmodel; (c) JW-FM-

N model; (d) NP-KD model; and (e) NP-JW model.
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Fig. 10. Marginal PDF plots of wind speed (a) and direction (b) at HLJ site.
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Table 8

RMSE,MAE,IA and χ2 statistic for both joint and marginal PDFs at AH site.

AG Weibull Rayleigh JW-TNW JW-FMN NP-JW NP-KD

Direction

RMSE 1.07E-03 - - 9.03E-04 9.03E-04 7.34E-04 7.49E-04

MAE 8.19E-04 - - 6.95E-04 6.95E-04 5.65E-04 5.78E-04

IA 9.27E-01 - - 9.57E-01 9.57E-01 9.72E-01 9.71E-01

χ2 1.79E+01 - - 1.37E+01 1.37E+01 8.56E+00 8.95E+00

Speed

RMSE 2.15E-03 1.20E-03 2.19E-03 7.92E-04 7.62E-04 7.02E-04 7.38E-04

MAE 1.50E-03 7.72E-04 1.51E-03 5.22E-04 5.01E-04 4.45E-04 4.61E-04

IA 9.21E-01 9.80E-01 9.18E-01 9.92E-01 9.93E-01 9.94E-01 9.93E-01

χ2 6.15E+01 2.68E+02 6.23E+01 1.77E+01 1.33E+01 8.66E+00 9.61E+00

Joint

RMSE 4.97E-05 - - 4.64E-05 4.63E-05 4.64E-05 4.59E-05

MAE 2.51E-05 - - 2.23E-05 2.22E-05 2.24E-05 2.19E-05

IA 3.37E-01 - - 5.19E-01 5.23E-01 5.14E-01 5.36E-01

χ2 8.70E+05 - - 1.30E+06 1.00E+06 7.09E+05 4.08E+05
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Table 9

RMSE,MAE,IA and χ2 statistic for both joint and marginal PDFs at GD site.

AG Weibull Rayleigh JW-TNW JW-FMN NP-JW NP-KD

Direction

RMSE 1.47E-02 - - 1.22E-02 1.22E-02 1.03E-02 1.03E-02

MAE 4.93E-03 - - 2.85E-03 2.85E-03 2.27E-03 2.27E-03

IA 2.12E-01 - - 6.92E-01 6.92E-01 8.06E-01 8.06E-01

χ2 1.75E+03 - - 3.59E+02 3.59E+02 1.78E+02 1.78E+02

Speed

RMSE 1.81E-03 8.85E-04 1.87E-03 8.12E-04 8.41E-04 6.91E-04 7.59E-04

MAE 1.16E-03 5.51E-04 1.23E-03 4.98E-04 5.18E-04 4.11E-04 4.66E-04

IA 9.57E-01 9.91E-01 9.54E-01 9.93E-01 9.92E-01 9.95E-01 9.94E-01

χ2 4.99E+01 1.83E+04 4.17E+01 1.20E+01 1.63E+01 6.00E+00 8.58E+00

Joint

RMSE 1.02E-04 - - 8.82E-05 8.83E-05 7.78E-05 7.66E-05

MAE 2.55E-05 - - 1.87E-05 1.88E-05 1.71E-05 1.66E-05

IA 2.44E-01 - - 6.43E-01 6.39E-01 7.53E-01 7.63E-01

χ2 1.45E+08 - - 6.30E+05 5.63E+05 3.65E+05 1.81E+05
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Table 10

RMSE,MAE,IA and χ2 statistic for both joint and marginal PDFs at GS site.

AG Weibull Rayleigh JW-TNW JW-FMN NP-JW NP-KD

Direction

RMSE 3.50E-03 - - 1.13E-03 1.13E-03 9.73E-04 1.05E-03

MAE 2.46E-03 - - 8.28E-04 8.28E-04 6.66E-04 7.09E-04

IA 6.72E-01 - - 9.81E-01 9.81E-01 9.86E-01 9.84E-01

χ2 1.57E+02 - - 2.48E+01 2.48E+01 1.53E+01 1.75E+01

Speed

RMSE 1.14E-03 1.25E-03 1.44E-03 1.10E-03 1.06E-03 9.89E-04 1.04E-03

MAE 7.75E-04 8.46E-04 9.62E-04 7.34E-04 6.92E-04 6.50E-04 6.86E-04

IA 9.82E-01 9.78E-01 9.72E-01 9.84E-01 9.85E-01 9.87E-01 9.85E-01

χ2 2.39E+01 3.38E+01 1.11E+02 2.22E+01 2.53E+01 1.78E+01 1.92E+01

Joint

RMSE 7.16E-05 - - 7.12E-05 7.12E-05 7.11E-05 6.96E-05

MAE 2.63E-05 - - 2.51E-05 2.50E-05 2.51E-05 2.45E-05

IA 3.39E-01 - - 4.18E-01 4.16E-01 4.13E-01 4.51E-01

χ2 6.85E+05 - - 9.26E+05 1.03E+06 9.01E+05 5.30E+05
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Table 11

RMSE,MAE,IA and χ2 statistic for both joint and marginal PDFs at HLJ site.

AG Weibull Rayleigh JW-TNW JW-FMN NP-JW NP-KD

Direction

RMSE 3.06E-03 - - 1.53E-03 1.53E-03 1.07E-03 1.11E-03

MAE 2.05E-03 - - 8.49E-04 8.49E-04 6.15E-04 6.39E-04

IA 9.42E-01 - - 9.88E-01 9.88E-01 9.94E-01 9.94E-01

χ2 2.26E+02 - - 3.46E+01 3.46E+01 1.87E+01 1.98E+01

Speed

RMSE 2.72E-03 1.93E-03 1.87E-03 1.43E-03 1.27E-03 1.20E-03 1.25E-03

MAE 1.97E-03 1.35E-03 1.30E-03 1.00E-03 8.80E-04 8.17E-04 8.54E-04

IA 7.42E-01 8.80E-01 8.90E-01 9.41e-01 9.54E-01 9.60E-01 9.56E-01

χ2 2.26E+02 1.65E+02 2.10E+02 3.00E+01 3.40E+01 2.58E+01 2.96E+01

Joint

RMSE 9.36E-05 - - 7.90E-05 7.88E-05 7.88E-05 7.64E-05

MAE 2.99E-05 - - 2.33E-05 2.32E-05 2.36E-05 2.20E-05

IA 6.73E-02 - - 5.04E-01 5.10E-01 4.94E-01 5.63E-01

χ2 7.39E+14 - - 2.87E+06 2.56E+06 2.34E+06 5.56E+05

6 Conclusions390

Two non-parametric models, namely the NP-KD and NP-JW models, are391

proposed to fit joint wind speed and direction distributions. The CV method is392

utilized for optimal bandwidth selections. Several classical parametric models,393

including the AG, Weibull, Rayleigh, JW-TNW and JW-FMN models, are394

also introduced in order for comparisons with the proposed non-parametric395

models. Through conducting various tests on the real hourly wind speed and396

direction data, the goodness of fit of both parametric and non-parametric397

models is compared and evaluated in detail. Some conclusions are summarized398
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as follows:399

(1) It is shown that the proposed non-parametric models (NP-JW,NP-KD)400

generally outperform the parametric models (AG,Weibull,Rayleigh,JW-TNW,JW-401

FMN) and have more robust performance in fitting the joint speed and direc-402

tion distributions.403

(2) Among the two non-parametric models, the NP-KD model has better404

performance in fitting joint distribution, while the NP-JW model has higher405

accuracy in fitting the marginal speed (or direction) distributions.406

(3) The NP-KD model would be a better choice for fitting the joint wind speed407

and direction distributions.408
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