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Abstract

Bayesian optimization (BO) is a method commonly used for policy search in
problems with low-dimensional policy parameterizations. While it is generally
considered data-efficient, existing BO approaches are agnostic to the sequential
structure of the optimization objective induced by policy roll-outs. Thereby, valu-
able information is discarded that could improve the convergence of BO. We
address this inefficiency by developing and rigorously analyzing a novel approach
for BO that relies on a temporal difference learning formulation for discounted
infinite-horizon value functions based on Gaussian process (GP) regression. We
derive learning error bounds for the proposed temporal difference GPs, such that
we can exploit upper confidence bounds to analyze the cumulative regret of our BO
approach. This analysis is further refined by bounding the maximal information
gain for our temporal difference GP model. In a comparison with a BO approach
agnostic to the sequential structure and a reinforcement learning baseline on classic
control benchmarks, we demonstrate the practical advantages of our method.

1 Introduction

Policy search is a class of reinforcement learning (RL) methods which is particularly popular in
robotics [1;2]. Policy search relies on policy parameterizations, often comparatively low-dimensional
and tailored to specific tasks, leading to success in a large variety of real-world robotics problems,
such as balancing tasks [3], stroke movements [4]], object manipulation [5], and locomotion [6].
Among the different policy search techniques, Bayesian optimization (BO) [7; i8] has gained
increasing attention due its strong theoretical foundations [9; [10] as well as the straightforward
consideration of safety constraints [[L1;12]] and robustness requirements [13]].

BO, also referred to as Gaussian process (GP) bandit optimization, is a class of black-box optimization
algorithms that aims to find the global optimum given noisy samples of the objective function. For
this purpose, it sequentially learns a model of the objective using GP regression [14]], based on which
an acquisition function proxy is constructed for optimization. Using suitable acquisition functions,
this approach can be shown to achieve order optimal regret [[15;|16] and sample complexities [17]].
Since we can interpret policy search problems via the lens of black-box optimization, BO algorithms
can be immediately applied to them. In particular, BO has been demonstrated to be highly effective
in applications with low-dimensional, structured policy parameterizations, such as PID [18]] and
LQR parameter optimization [[19], and the automatic tuning of model predictive control [20]. While
there has been a considerable focus on suitable policy parameterizations [21}[19; 225 23], existing
BO approaches for policy search remain agnostic to the underlying sequential structure of returns
induced by roll-outs. By ignoring such an informative structure, valuable insight is discarded that
would beneficially affect the learning of value functions and thereby improve the convergence of BO.
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Contributions: We address this weakness of existing BO approaches by proposing and analyzing a
novel upper confidence bound algorithm that relies on a Gaussian process model of the value function
learned from its temporal differences. In particular, our key contributions are the following:

» Temporal difference GPs: We propose a novel approach for temporal difference learning
of discounted infinite-horizon value functions with GPs by exploiting the closedness of GPs
under linear operators. Under weak assumptions on the transition probabilities, we extend
existing probabilistic regression error bounds to the obtained value function estimate.

* Regret bounds: Based on the derived error bound, we extend the common upper confidence
bound (UCB) approach in BO [9] to maximizing discounted infinite-horizon value functions.
By relating the GP variances of the value function to those of temporal differences, we
bound the regret of the proposed UCB algorithm in terms of the maximum information gain.

* Information gain analysis: To establish regret bounds directly in terms of the number of
episodes, we provide a novel analysis of the information gain given our GP model exploiting
the temporal difference structure via a matrix representation. We show that our regret bounds
are competitive to those of related model-based RL approaches.

The remainder of this paper is structured as follows: We formalize our problem setting in Section 2}
Our approach for policy search via BO with temporal difference GP is proposed and analyzed in Sec-
tion[3] In Sectionfd] we discuss the connection of our method to related work. We compare our method
to different baselines on benchmark problems in Section[5] before we conclude the paper in Section [6]

2 Problem Statement

We consider a discrete-time stochastic dynamical system
St+1 ~ p(-[st, ar) So ~ p ()

where s, € S C R% is the state, a; € A C R% is the action, p : S x A — A(S) is the transition
kernel and p is some initial state distribution. We assume that the transition kernel p is unknown, but
we restrict its distribution to satisfy the following properties.

Assumption 1. The transition kernel p(-|s,a) is compactly supported such that S is a
compact set.  Moreover, the process noise w = 8T — Egi[sT] is sub-Gaussian with
SUDPy: |v||=1 Ewlexp((vTw)?/A?)] < 2 for X € R>o.

The assumption of a compact support of p ensures that trajectories generated by (I]) cannot diverge
indefinitely, such that learning can be realized on a bounded set. Thereby, this requirement resembles
similar assumptions in literature on RL, e.g., [24]]. The restriction on noise is commonly found in liter-
ature on Bayesian optimization [9;[10]] and reinforcement learning approaches [25;126]. It poses an up-
per bound on the decay of the tails of the distribution of w. Since this assumption admits a wide range
of distributions such as Gaussian and uniform distributions, it is generally not considered restrictive.

We study the problem of determining a policy 7 : S x © — A parameterized by § € © C R% with
compact set © which maximizes the discounted average cumulative returns
SO:|:| ) (2)

where r : § X A — R is an immediate reward, v € (0, 1) is a discount factor, and the sequence
of states s; is generated by (I)) with a; = (s, 8). Since p is unknown, we aim to iteratively
learn the optimal policy parameter 8* which maximizes (2)) by interacting with the dynamics (T)).
In particular, we consider an episodic setting in which we roll out a policy 7 with parameter

(oo}

J(e) = ESO [V(S()? 9)] = Eso |:ES1,52’~~ |:Z ’ytT(sh 7T(St, 0))

t=0

0" for M,, € N time steps in every episode n = 1,..., N. This results in a trajectory 7" =
{(s6,70), (8T,71)s -5 (8, s 73y, )} With 7l = r(s], w(s}',0")) for each episode n, which we

aggregate into a data set DYV = {(7™)n=1,... n}. This data sets is subsequently used to learn an
estimate of the returns .J(-) defined in (2) based on GP regression.

The goal of this paper is the development of an algorithm for determining the parameter 8" for the
next episode given the data D" obtained so far. We measure the performance of this algorithm via the



commonly used metric of cumulative regret [27]]

Ry = Z;V:l J(0%) — J(8,), 3)

where 8* denotes the maximizer of (2). Therefore, an intuitive requirement for a useful algorithm
choosing 8™ is Ry /N — 0 for N — o0, i.e., the cumulative regret must be sub-linear.

To formally analyze the asymptotic behavior of the cumulative regret, additional assumptions about
the problem complexity are necessary. Since we employ Gaussian process regression for learning
an estimate of the returns J(-), we pose this requirement in terms of the function complexity as
measured through the kernel used for regression.

Assumption 2. Let k : (S x ©) x (§ x ©) — Rxq be a kernel with bounded Hessian
trace(VSVSk([s; 0],[s’;0)]) s,:s) < Ly forall s,0 € § x ©. The value function V:Sx0 —R
has a bounded norm in the reproducing kernel Hilbert space (RKHS) defined through the kernel

k, ie., |V = +/(V,V) < B for some B € Rx.

The restriction to functions with bounded RKHS norm can be commonly found in research on
Bayesian optimization [9;/10] and reinforcement learning [25; 26] as it allows the analysis of learning
errors. Depending on the used kernel, the RKHS can contain large function classes, e.g., analytic and
Sobolev functions [28;[29]]. Due to known continuity properties of value functions, e.g., [30;31], this
restriction is generally not severely restricting the applicability of our results.

3 Bayesian Optimization of Discounted Infinite-Horizon Value Functions

To iteratively select the parameters 6 in each episode, we develop and analyze a novel variant of the
GP-UCB algorithm that exploits structured Gaussian processes inspired by temporal difference learn-
ing. For this purpose, we firstly introduce some general background on Gaussian process regression
in Section[3.1] In Section[3.2] we propose a structured GP prior that enables learning value functions
V(-,-) from trajectory data taking rewards as training targets. Based on the resulting temporal dif-
ference GP models, we present a Bayesian optimization algorithm based on upper confidence bounds
in Section [3.3]and derive cumulative regret bounds in Section[3.4] To render these bounds fully data-
dependent, we analyze the maximum information gain under our structured GP prior in Section [3.3]

3.1 Gaussian Process Regression

Gaussian process regression [14] is a supervised machine learning technique that relies on Bayesian
principles. A Gaussian process g ~ GP(myg, k) can be considered a generalization of the Gaussian
distribution to functions g : R% — R, which is fully specified through the prior mean E[g(x)] =
mg(z), my : R% — R, and a covariance function Cov(g(z), g(z')) = ky(z, ') defined through
a kernel k,, : R x Rd= — R>o. Given a data set D = {(,,, Yn)n=1,...,n} With training targets
Yn = g(xn) + €, perturbed by i.i.d. Gaussian noise €, ~ N(0,0?), we can formulate the joint
distribution between a test output g(x) and the training targets y as

YN | N my Ky(Xy)+ 0T ky(x :|) 4

{g(w)} ({mg(m)} : [ kT (z) ky(z, )| ) @)

where [ynli = yi, [Xn]i = @i, [mgli = my(xi), [Kg(Xn)]i; = ko(i, ;) and [ky(z)]; =

kg(z;, ) fors,j =1,..., N. Due to this joint distribution, the posterior conditioned on the data set
is a Gaussian g(x)|D ~ N (pg(2), 02(x)) with mean and variance

pg(@) = my(@) + Ky (@) (Ky(Xn) +0°I) " (yn —my), )

o5(®) = ky(@, @) — kg (2)(Ky(Xn) + 0°1) " ky(). (©)

The matrix K ,(X v )+021 is not only crucial for GP regression, but also has an information-theoretic
meaning as it reflects the information gain due to data. Thus, the maximum information gain

1 —2
Iy, (N) = QJnEXI,r’VILa:)i,...,N 5 logdet(I + 0 “K,(Xn)) @)

acts as a measure for the complexity of learning problems [9].



3.2 Learning Value Functions using Temporal Difference Gaussian Processes

Since we do not have access to measurements of V' (s, @), we cannot directly apply GP regression to
learn a model of the value function. Therefore, we take inspiration from model-free reinforcement
learning, where value functions are commonly learned from temporal differences [27]

AV(s,sT,0)=V(s,0) —~V(st,0). (8)

For notational simplicity, we use here the shorthand notation s* ~ p(st|s, (s, 0)). By fitting a
model for the temporal difference (), (s, 7w (s, 8)) becomes available as unbiased training target for
regression because E -+ [AV (s, sT,0)] = r(s, (s, 0)). Moreover, we can exploit the closedness
of GPs under the linear operation @]) [32;133]], which allows us to infer the conditional distribution
of V given noisy measurements of AV by formulating their joint distribution analogously to ().

For this purpose, we define a structured GP prior for AV by assuming V' ~ GP(my, ky ). Exploiting
linearity of the expectation, we immediately obtain E[AV (2)] = my (x) — ymy (x*), where © =
[s;0], T = [sT; 0], z = [x;x], and we define V(z) = V(s,0) and AV (z) = AV (z,z",0)
with slight abuse of notation. Similarly, the definition of AV immediately yields

Cov(AV (2:), AV (2))) = kv (i, ;) — vhv (zi, 2]) — vk (2], 2)) + kv (27, 2f) )

for V.~ GP(my, ky). Thus, we obtain the structured prior AV ~ GP(ma, ka) with ma(z) =
E[AV(z)] and k:A(z“z]) = Cov(AV(z;), AV (z;)). Finally, we have Cov(V (x;), AV (2;)) =
kv (zi, @) — vhv (i, ] ), such that the joint distribution between measurements with Gaussian
noise, i.e., e = AV (s, sT,0) — r(s,m(s,0)) ~ N(0,0?), and the value function is given by

Vol - (o] Lt “Ran @) o

where [ky (z)]; = ky(zi, ), [k (2)); = kv(z],2), [Ka(ZN))i; = ka(zi, 2;), and [r]; =
r(s;, m(s;,0;)). Note that for a data set DV consisting of N trajectories 7" with length M,,, we
nandm; =i—1— Z=_11 M, for

. — T
have z; = a7 and z; = =z, , forn; = mmZ My

i=1,..., 25:1 M,,. Based on the joint distribution (IEI), we can proceed analogously to Section
to obtain the posterior V (z)|DY ~ N (uy (z), o3 (x)) with

pv (x) = my(z) + (kv (z) — vk (2) T (Ka(Zn) + 0*I) " (r — ma), (11)
o (@) = kv (z,2) — (kv (@) =7k (@) (Ka(Zn)+0° D)7 (kv () =7k (@), (12)

Note that we assume Gaussian noise e purely for the derivation of posterior GP expressions (T1)
and (T2)), but this assumption is generally not satisfied when the randomness stems from transition
dynamics (T]) due to nonlinearity of V. Therefore, existing theoretical results [34]] do not apply directly
to (I1) and (I2). We overcome this limitation by showing that € is sub Gaussian for sufficiently
smooth value functions V' and sub-Gaussian process noise w = s+ ], such that existing
frequentist error bounds for GP regression become applicable [9}[10; 35]@]

Proposition 1. Consider a stochastic dynamical system (1) satisfying Assumption|[l] assume that the
value function 'V satisfies Assumption and let my = 0| Then, the error for learning V from a data
set D™ using Gaussian process regression with posterior mean (1) and variance (12)) is bounded by

luv () = V(z)| < B(6)ov (x) (13)
Jjointly for all x, 0 in a compact domain S x © with probability 1 — 6, 6 € (0,1), where

B(0) = 2\/dSLkB)\\/logdet <I + ;KA(ZN)) —2log(d) + oB. (14)

3.3 Policy Search via Bayesian Optimization

Based on this GP approach for learning value functions, we interpret reinforcement learning as a
black-box optimization problem with unknown objective J(-) defined in (Z). Due to the regression

"Proofs for all theoretical results can be found in the appendix.
The extension to non-zero prior mean only requires V' (-) — my (+) to exhibit bounded RKHS norm.



Algorithm 1 Temporal Difference Gaussian Process Upper Confidence Bound Optimization
1: J1(8) « Eqs [B\/Ev ([x, x)] with = [s], 07T
2: Initialize D' (e.g., D' < 0)
3: forn=1,...,N do
4:  Get optimistic policy parameters 0,, + arg maxgeo J,,(0)
: Roll-out m(-,8,,) for M, steps and record 7" = {(s¢,74),---, (8}, 7 )}
Extend data set D"*! <~ D" U 7"
Determine (v, n 11, 0y, 1> 6(#11)2) for data set D"*! using (TT), (12), (30)

5
6
7
8:  Define optimistic value function V1 (s,8) < py.ni1(x) + B(#?W)ovmﬂ(w)
9
0

Compute jn+1(0) =Eg, [Vn,+1(30, 0)]

1 end for

error bound for temporal difference learning derived in Proposition I} this interpretation immediately
allows the extension of upper confidence bound algorithms [9; 36| to our setting. To highlight this
connection, we refer to the resulting algorithm, which is outlined in Algorithm |I} as Temporal
Difference Gaussian Process Upper Confidence Bound Optimization (TDGP-UCB).

Starting from the prior GP model of the value function, our approach computes the expectation of the
upper confidence bound of our value function estimate over the initial state distribution

Jn(8) = Eg, (v ([3050)) + B(=525)ov.n ([s05 0))] - (15)

Note that we select J,, = 69/x2n? in the n-th episode such that the union bound guarantees the upper
confidence bound to hold jointly for all n € N with probability 1 — 4. Finally, we maximize the

and update our GP model using the trajectory data obtained from the roll-out, such that the next
episode can start with an improved model. While the optimization problem (I6) is generally non-
convex, we assume to have access to an oracle which provides us with the global maximum as
common in the Bayesian optimization literature [37].

3.4 Regret Bounds

While Algorithm [T] barely differs from standard upper confidence bound approaches in Bayesian
optimization [9;[10], the theoretical analysis in these works does not immediately extend to it. The
reason for this difficulty lies in the fact that the regression error bound (29) relies on the posterior
. 2 . . .
variances oy, (). The sum of these variances cannot directly be bounded through the maximum
information gain analogously as in standard Bayesian optimization [9] since it relies on different
covariance functions (kv (-, -) and kay (-, -)). We overcome this challenge by bounding the variance
0%, (x) through the sum of GP variances

0A(2) = ka(z,2) — kA (2)(Ka(Zn) +0°I) ' ka(2) (17)

along the roll-out trajectories and a residual error. Due to the discount factor, we can make the residual
error arbitrarily small using trajectories with sufficiently many time steps M, in every episode n. By
increasing this roll-out length M,, with growing n, this enables us to obtain the following result.

Theorem 1. Consider a dynamical system (1) satisfying Assumption|[l| such that Assumption 2| holds
for the value function V (-). Assume that parameters 07,y are chosen via (16) with GP mean (TI)
and variance learned from a data set D" which is obtained from roll-outs of length M, such
that vMn < w/n? for k € (0,1) in each episode n = 1,..., N. Then, the regret (3) satisfies

Ry < cy/NMnTy, (NMy) (Tin (NMy) +log(N)) (18)
with probability 1 — § and constant ¢ € R>q for N > 1.

While we do not explicitly state it, the constant ¢ depends on the choice of the parameter x. However,
this dependency does not have any asymptotic effect since ¢ behaves as O(1) for k — 0 due to other



Table 1: Asymptotic regret bounds for common base kernels ky with My € O(log(N)).

linear kernel SE kernel Matérn kernel with param. v
1 (3d(d+1)+2v)
O (AN"2) O (N"*1og(N)?)  O* [ (N log(I))2 @rFdl@D)

remaining constant dependencies. For x — 1, the constant ¢ behaves as O(k), i.e., it again converges
to a constant. Note that » neither has an asymptotic effect on My the satisfaction of M~ < x/n2
. M > log(k) 2log(N)
requires My = fog(3) ~ Tog(y)
the roll-outs. In contrast, the necessary growth rate is independently given by log(V). If we limit the
growth rate of My to this necessary one, we can simplify the bound in (I8) as shown in the following.
Corollary 1. Assume that the assumptions of Theorem|[l|are satisfied and My € O(log(N)) holds.
Then, with probability 1 — b, the regret (3) satisfies

Ry € OF (\/NriA (N 1og(N))) (19)

where O* denotes asymptotic expressions up to dimension-independent logarithmic factors.

i.e., k essentially defines an offset for the number of steps during

3.5 Maximum Information Gain Bounds

To finally quantify the asymptotic behavior of the regret for Algorithm I} it remains to bound the
maximum information gain I'y, (). Even though bounds for many commonly used kernels [9; 38} [39]
and certain combinations of them [40] exist, the special structure of the temporal difference kernel
ka(-,-) defined using (O) prevents the direct application of these results. Nevertheless, the temporal
difference kernel ka (-, -) is still a composition of base kernels &y (-, -), which is also reflected by the
Gram matrix Ka(Zy)), i.e., the core element of the definition of the maximum information gain
in (7). Taking inspiration from early work on model-free RL with GPs [41]], we see that the Gram
matrix Ka(Zy)) can indeed be expressed through the Gram matrix Ky (X ) of the base kernel

k(-,-) via Ka(Zy)) = EKy (X n)ET. Here, the matrix Z = blkdiag(Z,, . .., Ey) with blocks

1 — 0 ... 0
0 1 —y ... 0
0 0 0 .. —y

encodes the temporal difference structure of the data with each block corresponding to one roll-out
trajectory. By exploiting bounds for the eigenvalues of tri-diagonal Toeplitz matrices [42]], we can
show that these the norm of these matrices satisfies || Z|| < (1 + ). This property essentially allows
us to lump the effect of the temporal difference structure into the noise parameter in (7)), such that
bounds for the maximum information gain I'y, (-) asymptotically behave the same as Ty, (-). We
formalize this insight in the following result.

Theorem 2. The maximum information gain for the temporal difference kernel ka is asymptotically
bounded by the information gain of its base kernel, i.e.,

Tin (NMy) € Oy, (NMy)) 1)

for a non-decreasing sequence M,, n=1,...,N.

By combining this result with Corollary [I] we immediately obtain the regret bound
O*(N'/?T,,, (N log(N))). This allows us to formulate explicit regret bounds for many frequently
used base kernels ky (-, -) as illustrated in Table Moreover, it enables a straightforward comparison
with related approaches in the literature. For example, it can be immediately observed that our
asymptotic regret bound is slightly worse compared to the original GP-UCB algorithm, which yields
O*(N'/2Ty,, (N)) [9]. The extra log(NN) term in our regret bound is likely to be an artifact of the
delayed update of the GP model after a roll-out has generated multiple data points. This artifact can
be similarly observed in model based RL formulations [23]], for which O* (N1/2T;, (N log(N)))
can also be shown when ignoring dimension-dependent factors. Thus, the proposed TDGP-UCB
algorithm ensures the same asymptotic regret bound as state-of-the-art model-based RL methods
relying on GP models, which underlines its efficiency.



4 Related Work

Numerous variants and special cases of Bayesian optimization have been proposed for policy search.
Many works focus on the parameterization of policies, among which LQR policies are probably
the most widely investigated. Developed approaches range from the optimization over controller
parameters [21]], LQR weight matrices [[19], dynamics parameters for LQR [22]], and combinations
thereof [23]]. In addition to the parameterization, approaches have been tailored to specific control
architectures [43]], and properties of GPs have been exploited to combine simulation and real-world
data, such that the data efficiency of policy search can be improved [44; 45 146]. However, it has only
been noticed recently that the sequential structure of policy search problems can be incorporated into
the prior GP mean function to reduce the sample complexity [47].

The general idea of combining temporal difference learning with GP models to infer discounted
infinite-horizon value functions originates from the field of Bayesian RL [48]]. It has been employed
in a variety of GP-based RL algorithms including SARSA [49] and Q-learning [50;51]]. While the
GP model considered in early work [41]] seems to exhibit a high similarity with our TDGPs, it puts
the GP prior on the random samples of value functions instead of the value functions themselves. This
conceptually different idea does not allow the derivation of regression error bounds. Consequently, no
theoretical results comparable to ours have been derived for the discussed Bayesian RL techniques.

In contrast to Bayesian RL, upper confidence bounds play a crucial role in many theoretical RL
approaches that employ function approximation. These methods often rely on a form of optimistic
least squares value iteration, i.e., the value function is not directly obtained via a form of TD learning.
These approaches allow the derivation of strong theoretical guarantees similarly as for our method
[52:153]). For example, in episodic problems with kernelized linear MDPs, which are strongly related
to our problem setting due to the equivalence of linear MDPs and linear value function models for
finite state spaces [54]], regret bounds have been derived for multiple such algorithms, e.g., variants of
Q-learning [551565;157]. When the transition probability is in the RKHS of the used kernel, uncertainty
sampling can be employed to find e-optimal policies for discounted infinite-horizon problems [S8]].
However, these approaches are purely theoretical and their practical effectiveness is unclear.

Note that the practical effectiveness of learning the value function in dependency of the policy
parameters has been demonstrated experimentally. State- and parameter-dependent value functions
are learned using deep RL in [59]. Moreover, policy evaluation networks only depending on a
“fingerprint’ of a policy neural network are successfully employed in [60]. These examples further
support our rationale of learning policy parameter-dependent value functions.

5 Numerical Evaluation

We demonstrate the effectiveness of the proposed TDGP-UCB algorithm in modified benchmark
problems from the Gymnasium Classic Control Suite [61]]. In Section[5.1} we describe the setting
that is used for evaluation and we outline the baselines that we compare against. In Section[5.2} we
present the results for experiments with dense rewards. Finally, we illustrate the effectiveness of our
approach in experiments with sparse rewards in Section[5.3]

5.1 Simulation Setting and Baselines

As linear policies have been demonstrated to achieve a competitive performance on many RL bench-
marks [62]], we also adopt this policy class by choosing 7(s,8) = 8 s, with bounded parameters
0 € [—-1,1]%. We apply these policies for 100 + log(n) time steps in episode n of every environment
and determine returns using v = 0.9. We evaluate the performance of all algorithms using the
cumulative regret averaged over 5 runs with different random seeds. To compute the regret, we find
the optimal parameters 6* by numerically maximizing the returns using the Nelder-Mead method.

Since each episode generates more than 100 training samples for the temporal difference GP in Algo-
rithm|[I] data quickly accumulates. Therefore, we an approximation of the squared exponential kernel
based on 200 random spectral features [63]] as our base kernel ky (-, -). If not stated differently, we start
each run with the roll-out of a random parameter 6. The hyperparameters of the approximated squared
exponential kernel are tuned using log-likelihood maximization after 10 and 20 subsequent episodes,
respectively. As common in the Bayesian optimization literature [64], we fix 5(§) = 2. Moreover,
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Figure 1: Average cumulative regret for the Gymnasium Pendulum environment with dense rewards.
Shaded areas illustrate one standard deviation confidence intervals.

we approximate the expectation in (I9) via the empirical mean over 10 samples that are fixed at the
beginning of each run. The maximization in is executed using the Nelder-Mead method.

We compare our TDGP-UCB algorithm to two baselines:

* Value GP-UCB: To demonstrate the benefits of exploiting the temporal difference
decomposition of value functions in the GP model, we compare to a variant of GP-UCB that
directly uses the value function estimates as training targets. For this, we perform Gaussian

process regression on V' ~ GP(my, ky ) using the dataset D= {(Zn, Jn)n=1,.. N}, where

&, = [s7,0"] and g, = Zﬁ’() yir(sy, w(s},0m)). This allows us to directly use (3 and
(6) with D to compute the posterior, while no other changes are made compared to our

implementation of Algorithm [I]

* DDPG: To illustrate benefits over modern reinforcement learning techniques, we use Deep
Deterministic Policy Gradients [65]] as an example for the ubiquitous class of actor-critic
methods. We use the implementation from [66], which topped the OpenAl Pendulum
leaderboard [67]. To ensure fair comparison, we constrain the actor to linear policies with
the same parameter bounds as our method.

5.2 Dense Reward Experiments

We firstly compare all methods on the Gymnasium Pendulum environment using the default squared
rewards, which provide dense feedback. We slightly modify the environment by defining the angular
position and angular velocity as observations, such that the linear controller parameterization is essen-
tially rendered a PD control law [68]. We evaluate all methods based on three different distributions
of the initial state: random, upwards, and downwards. When evaluating on the random scenario,
which corresponds to the default setting of the environment, the initial angular position and velocity
are sampled uniformly at random from the entire state space. Thereby, the variance of episode
returns is naturally large in this scenario. In order to reduce the randomness due to the initial state
distribution, we additionally evaluate the methods in the upwards and downwards scenarios, where
the initial state is sampled from uniform distributions with width 0.2 centered around the upwards
and downwards stationary configurations. These settings are highly distinctive from each other: Due
to the quadratic rewards, early rewards of roll-outs are relatively flat and optimal returns have small
magnitudes in the upwards scenario, while the opposite holds for the downwards scenario.

This variety in these scenarios highlights crucial differences in the regret of the compared methods as
illustrated in Fig.[l| DDPG only exhibits a considerably better performance than random actions in the
scenario with random initial states. Since it does not benefit from the exploration provided by the ini-
tial states in other scenarios, more than 200 episodes are necessary before the regret decays. In contrast,
UCB-based methods do not show this behavior as they inherently ensure sufficient exploration. The
Value GP-UCB approach even suffers from the high variance of episode returns in the random scenario.
While it also struggles with the flat rewards in the early steps of roll-outs experienced in the upwards
scenario, our proposed TDGP-UCB approach shows a consistent performance across all scenarios.

While it would seem reasonable that the advantage of exploiting the temporal difference structure
becomes less beneficial with shorter effective horizons, i.e., smaller ~, this is generally not the case.
As illustrated in Fig. [2|for the random scenario, the cumulative regret of our TDGP-UCB approach
normalized by effective horizon lies consistently below all baseline approaches. It only exhibits
a considerable increase when -y is close to 1, which coincides with the performance deterioration
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Figure 3: Average cumulative regret for the Gymnasium Pendulum and Cart Pole environments with
sparse rewards. Shaded areas illustrate one standard deviation confidence intervals.

of random policies. Hence, the achieved regret of our method strongly correlates with the overall
problem difficulty, which further underlines its effectiveness.

5.3 Sparse Reward Experiments

To increase the problem difficulty, we additionally modify
the scenarios considered in Section [5.2] by providing only
binary rewards, such that we obtain a sparse reward setting.
In particular, a reward of 1 is returned if the angular position
is within 60 degrees of the vertically upward position and 0
otherwise. Note that the binary rewards in combination with f : T
the deterministic pendulum dynamics render the value func- 0.7 0.8 0.9
tions discontinuous. Hence, the experiments in this section discount (vy)

constitute an evaluation outside our theoretical assumptions.
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Figure 2: Behavior of cumulative re-

The cumulative regret achieved in the modified random and ~ gret normalized by effective horizon
upwards scenarios is illustrated at the left and center of Fig.[J depending on the discount factor.
Even though the proposed TDGP-UCB algorithm remains

to outperform the baseline methods, a considerable increase of the regret can be observed for all
methods except DDPG. In particular, the performance of our approach suffers significantly from the
high randomness in the random scenario. It should be noted that the apparently linear growth of the
cumulative regret is not out of the ordinary: It is known that Bayesian optimization exhibits such a
regret in the misspecified setting [69] to which these scenarios correspond to.

While our approach relies on the smoothness of value functions, we can further violate this condition
by considering discrete actions. We demonstrate this for the Gymnasium Cart-Pole environment that
admits only actions {0, 1}. We filter the output of the linear policy using the Heavyside step function
to enable our approach. To account for the higher-dimensional state space, we additionally do 5 roll-
outs using random parameters 6, but leave the evaluation setting otherwise unchanged compared to
the Pendulum environment. The resulting regret curves are illustrated on the right of Fig.[3] While the
performance of our approach is worse than that of the default GP-UCB algorithm, this is completely
caused by a steep regret growth before the first hyperparemeter optimization, while the regret remains
essentially constant afterwards and exhibits a lower growth than all baseline methods. Therefore, these
examples demonstrate the practical effectiveness of our approach beyond its theoretical guarantees.

6 Conclusion and Outlook

In this work, we proposed a novel framework for temporal difference-based learning of value functions
with Gaussian process regression. We established regret bounds for UCB-based BO in this framework,
for which we analyze the maximum information gain of the temporal difference GP. The effectiveness
of our approach is demonstrated in several benchmarks additionally highlighting its practical benefits.

In future work, we aim to address the poor scalability to higher dimensional state and parameter spaces
that our approach inherits from BO. For this, we will adopt ideas from local BO [70;[71]] to avoid the
exploration of the full policy parameter space. Moreover, we will explore approaches to compactly
represent neural network policies using concise embeddings referred to as fingerprinting [60], such
that our approach becomes applicable to deep RL settings.
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A Error bounds for Gaussian process regression

Lemma 1. Consider a value function V satisfying Assumption[2] Then, V is Ly -Lipschitz continuous
with Ly = /Ly B.

Proof. 1t follows from [72| Corollary 4 36] that a function with bounded RKHS norm satisfies

82
—V(s,0) < B——— :0],[s'; 6 22
v(s6) < Byl kseL 0| @
By defining the Lipschitz constant via the maximum derivative of V/, we consequently obtain
Ly < max [[VaV(s,0)] (23)
sE
851 (s 0)
< max : (24)
sesoco ||,
Foao V(s 0)
Jrkso 0]
< B max : (25)
5€5,0€© :
oo k(300 [ 0))|
d g0
< - . ’.

- Bse%l%)é@ ; asias;k([s’ 0], 1s';6)) s'=s (26)

< T/ . /. .
<B Jonax \/trace (VSVS k([s; 0],[s’;0]) S/:S) (27)
Finally, the result follows by bounding the trace using L. O

Lemma 2. Consider a Ly -Lipschitz value function V' and process noise satisfying Assumption ]
Then, AV (s,s%,0) —r(s,m(s,0)) is 2y/ds Ly \-sub-Gaussian.

Proof. It directly follows from the definition of AV that
Ew[AV (s,8T,0)] =r(s,7(s,0)).
Moreover, it is straightforward to see that all the randomness of AV (s, s*, 6) appears in
V(st,0)=V(s" +w,0)
with 7 = E,+[sT] for sT ~ p(sT|s,m(s,0)) and w = sT — §T. Therefore, it suffices to show
((V(éJr +w,0) —E[V(sT +w, 0)])2)] <
4ds L3 N2 -
to prove that AV (s, s*,0) — r(s, m(s,0)) is 2¢/d, Ly A-sub-Gaussian. For this purpose, let w’ be
an independent copy of w. Since w’ has the same distribution as w, we can reformulate the left side
of (28) as
5+ 5+ 2
E, {exp ((V(s + w,0)4d5§€%(s +w, 0)]) )]

Eu {exp (28)

E, |exp (V(8T +w,0) — Ew2, [V(sT +w',0)])? -
4ds L7 N2
Using Jensen’s inequality, we can pull the expectation out of the exponential yielding
3+ _ 3+ 2
exp V(8T +w,0) IEZ,[V(S +w, 0)]) <
4d L3 N2

(V(3+ +w,8) — V(3T + ', )
E. {exp ( 4d5L%/)\2 .
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This allows us to exploit the Lipschitz continuity of V' via

- {exp ((V(g+ +w,0) - V(5t +w, a))?)} 3

4dsL‘2/)\2
(Ly ([lw] + [lw']))?
Ew,w’ [exp ( 4dSL%/)\2 .

Due to Young’s inequality we can bound this expression in terms of ||w||? and ||w’||?, i.e.,

(Lv ([lw]| + [[w']])* 2L% ([|wlf* + [lw"]]*)
’ < ’ .
Buww {eXp< 1d, L3 )2 S Bwwr |exp Ad, L3 )2

The independence of w and w’ and their identical distributions ensures that

2L% (|lw]? + [[w']|?) Ad, LY |wlf?)
Eep [exp < v =Fy |exp | —E 22|
W 4ds L3 \2 b 413,22

Finally, let by, ..., by, be an orthonormal basis for R . Then, we have

ds
[w]? = w” <Z bibiT) w
=1

<ds sup wlvvTw

villvl =1
<ds sup (vTw)?.
villvl =1

Therefore, we obtain

ALY ||w|?) 4d, L2 (vTw)?)
E VI < E sty \U W) )
v {QXP( 1,02 )| 7 gt TP ad e

oo oo (27

2
viflv|=1 A
<2,

where the last inequality is a direct consequence of Assumption[I] Hence, (28) is satisfied, which
concludes the proof. O

Proposition 1. Consider a stochastic dynamical system (1) satisfying Assumption[l] assume that the
value function V satisfies Assumption[2] and let my = 0. Then, the error for learning V' from a data
set D™ using Gaussian process regression with posterior mean (1) and variance (12)) is bounded by

v (z) = V()| < B(6)ov () 29)
Jjointly for all x, 0 in a compact domain S x © with probability 1 — 6, 6 € (0,1), where

B(0) = 2\/dSLkB)\\/logdet <I + ;KA(ZN)) —2log(d) + oB. (30)

Proof. The target values for the GP model with prior mean m = 0 and kernel (@) are of the form
AV (s,s™,0) but we use labels 7(s, w(s,0)) for computing the posterior mean (T1). Thus, the
labels are perturbed by noise AV (s, s™,0) — r(s,m(s,0)). Note that the value function V is
Ly -Lipschitz with Ly, = /LB due to Lemma Therefore, it follows from Lemma 2| that
AV (s,st,0)—r(s,m(s,0))is 2y/d, L BA-sub-Gaussian. Finally, the sub-Gaussianity of the noise
in GP regression allows the application of [35, Theorem 3.11], which guarantees a learning error
bound with 3 defined in (30). O
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B Regret Bounds for Optimistic Optimization

Lemma 3. Consider a dynamical system (1)) with process noise satisfying Assumption|[l|and assume
that the value function V satisfies Assumption[2] If Oucg is chosen according to (16)) it holds with
probability 1 — ¢ that

J(0%) — J(Oucs) < 2BEs, [ov ([so; Oucs])] - (31)

Proof. Due to Proposition J upper bounds J with probability 1 — §. Thus, we have
J(67) < J(6")
with probability 1 — §. Moreover, (T6)) implies that
J(6%) < J(Bucn).
Combining these two inequalities, we obtain
J(0) — J(Buce) < J(Bucs) — J(Bucs)
with probability 1 — &. Exploiting the linearity of the expectation and the definition of J yields
J(0) — J(Bucs) < Es, [uv ([s0; Oucs]) + Bov ([so; Oucs]) — V(so, Oucs))]

with probability 1 —d. Finally, we can bound |uy ([so; Qucs]) —V (S0, Oucs)| < B7ov ([so; Bucs])
with probability 1 — § by employing Proposition [T]once more, which immediately implies

O
Lemma 4. Let 7" = {(Sy,"m)m=1,.. M} Tm = [Sm,0)], and z,, = [@p,, Timy1]. Then, the
posterior variance (I2)) satisfies
M + 1 M M IW-‘rl + 2
oy (xg) < %O’%(ib]\{) + W— Z Y0 (2m) (32)
for o2 defined in (T7).

Proof. Due to the Bayesian foundations of GPs, we know that 0% () is the conditional variance of
V(x0) under the GP prior, i.e.,

ot (o) = V[V (z0)D]. (33)

For notational simplicity, we drop the conditioning on data for notational simplicity in the following
derivations and simply write 0% (o) = V [V (2)]. Observe that we can expand the value function
in terms of the temporal difference via

V(:Em) = V(:Em) - PyV(merl) + ’VV((L'm+1>7
= AV (zm) + 7V (@mt1)-
Employing this identity recursively, we obtain

M-1
V(xo) =MV (xa) + Z ATAV (zm)-
m=0
Therefore, we can express the GP variance 0% () as

0"2/($0) =V )

M-1
MV (@M) + D A" AV (2m)
m=0

which we can equivalently express as

M-1
oy (wg) =Cov (vMV (xar), vV (zar)) + 2Cov <7MV($M), > ’YmAV(Zm)>

m=0

M—1 M-1
+ Cov <Z YAV (z), Z 7mAV(zm)> . (34)

m=0 m=0
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For the first term, linearity of the covariance in each argument together with the definition of o2 ()
yields

Cov (YMV (zpn), AV (@) = v*M ot (zu)- (35)
For the second term, we obtain
M-1 M—1
o (vawM), > mwzm)) = 3 M Cov (V(@ar), AV (2m))
m=0 m=0
M—1

MV (@an)]V VAV (210)]

1]}

m=0
1 M-—1
<5 2 Y VIV(@a)] + VIAV (2)])
m=0
1 M-—1
<3 DM (b @) + oA (2m)
m=0
WM 2 1 y M+m 2
< 5ot (@) + 5 > MR (zm). (36)

m=0

The first line follows from the linearity of the covariance in each argument, the second line is due
to the Cauchy-Schwarz inequality, Young’s inequality results in the third line, the fourth line is
a consequence of the definitions of 0% (x.,,) and o (), and the last line uses yM+m < M,
Similarly, we obtain for the last term in (34) that

M-—1 M-1 M-1M-1

v <Z VAV (2), S mw%)) = A Cov (AV (2m), AV (2))
m=0 m=0 m=0 m’=0
M-1M-1

7m+m' \/V[AV(Zm)] \/V[Av(zm’ )]

(]
(]

’

0

m=0 m’=0
1 -1 M-1
<3 Y (VIAV (2m)] + VIAV (2,0)])
m=0 m’=0

using the linearity of the covariance in both arguments in the first line, the Cauchy-Schwarz inequality
in the second line, and Young’s inequality in the last line. Observe that

1 M-1 M—1 M—-1

M—
3 7m+m VAV (zn)] = S y"VIAV (2)] 3 4™
m=0

m/= m=0 m’=0
| M-l
. > ATVAV (20)]
m=0
< LS i e
=71_ ~y Pt Al=m
where the second line is due to Zm o™ S ™ = ﬁ and the third line follows from
the definition of 0% (., ). Therefore, we have
M1 M1 M-1
v (Z YAV (2m), Z YAV (2m) ) < — Z Y0 (Zm)- (37
m=0 m=0
Substituting (33), (36), (37) into (34), we obtain
MAM | M1 M-1
ot (zo) < v*Moi (@n) + —5 oV Z A OR (2m) + T > A"oA(zm)-
m=0 m=0
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Finally, we have v2™ < M such that we can simplify this expression to

M-—1
5 (M +14M M — yMHL 4 9 m 2
oy(xy) < —F————oyl(@em) + —7—— Y OA(Zm),
v(zo) 5 v(zn) 21— ) mE_O A(zm)

which concludes the proof.

Lemma 5. Consider a sequence of training input sets X,, = {(%;)i=1,.. o} with X,, C X,11.
Let agm be defined by (6) with training input set X,, and prior GP(mgy, k). Moreover, define
(K (Xn)|i,j = kg(xi, x;). Then, it holds that
N
logdet(I + 02 Ky(Xn)) =Y log(l+ 0 20p , 1 (2n)). (38)

n=1

Proof. Let y, = g(z,) + €, for an arbitrary function g ~ N'(my, k,) and €, ~ N(0,0?) is i.i.d.
noise. Then, we have yy|gn ~ N(0,0%I) and yy ~ N (m,, Kg, + 0*I), where [yn]; = i,
[gn]i = g(z;) and [mgy]; = mgy(x;). Therefore, it follows that

1
5 log det(I + 0 *Ky(Xy)) = H(yn) — H(ynlgn),

where H is the differential entropy. Due to the chain rule for differential entropies, we have
N-1
H(yn) = Z H(ynt1lyn) + H(y1).

n=1

Moreover, it holds that y,,|yn—1 ~ N (tg.n—1(xn), 02, _1(xy,)) such that

g,n—1
N—1 | N
> H(ynialyn) + H(yr) = 3 > log(o® + 07,1 ().
n=1 n=1
Combining these identities, we obtain @), which concludes the proof. O

Lemma 6. Let M, be a sequence such that v™» < x/n> for k € (0,1). Then,

= (M, + 1)yM=
Z % < (39)
2
n=1
with
- k2 (log(k) + elog(y) — 1) — 12/16. 40)
12elog(7)
Proof. Since yM» < r/n2, we have
yMn K
25 =25
= 2
n=1 2 n=1 n
2
< H% 41)

Moreover, yMn < x/n* implies M,, > log(k/n?)/log(y). Let a(n) = M,, — log(x/n?)/log(v).
Therefore, we obtain

o (log(ﬁ/ng) + a(n))n%’yo‘(")

- Mn/VM” o log(~)
nzz:l 5 _Z g(y 5 7

n=1

<3 /) o)
2log(y)n? 2n?

n=1
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where the second line follows from the fact that 70‘(") < 1. The second term can be bounded using

"2eR ' ~elog(y)
which yields
o0 M’n. oo o
— 2 2log(7) 7 n? en?

Furthermore, it can be shown that >~ 7 log(n)/n? < 1, such that

i M,,~Mn " 72 log(k) _g_ 12
— 2 ~ 2log(y) 6 Ge
kr?log(k) — 12ke — kr? 42)
- 12elog(7)
Combining (@T) and {@2) concludes the proof. O

Theorem 1. Consider a dynamical system (1) satisfying Assumption[I} such that Assumption 2] holds
for the value function V.. Assume that parameters 07y, are chosen via (16) with GP mean (L1)) and
variance (12)) learned from a data set D™ which is obtained from roll-outs of length v~ < #/n? for
k € (0,1) in each episode n =1, ..., N. Then, the regret (3) satisfies

Ry < c/NMnTy, (NMy) (T, (NMy) + log(N)) (43)
with probability 1 — 6 and constant ¢ € R for N > 1.

Proof. Since we define (3,, using §,, = 66/x%»? in every episode, Lemmatogether with the union
bound yields

N N

J(0%) = J(O%cp) < Y 2Bu-1Es, [ovn1 ([s0; 0cn))], (44)
n=1 n=1
N
<Eay |3 2Bn-10vin-1 ([0; 0{}'03])] ; (45)
n=1

where the second line follows from the linearity of the expectation. We expand the variances using
Lemmafd] such that we obtain

N
> J(67) = J(6¢cn) <Es,

N
(M, + 1)yMn n
S ( O+ 7™ o ()

AMu A Mot1 o M

LT Z V" 0A -1 )) 1 (46)

with probability 1 — ¢ for xff = [so; 0f,p]. Due to the Cauchy-Schwarz inequality, we can change
the order between summation and square root resulting in

(M, + 1)y
(N Z 2B2_ +7)0\2/,n,—1($X4n,)

N
Z J(6") — J(6Gce) <

M, _ M+1+2

201 - Z ™ 10An 1(Zn)) ] 47

with probability 1—4. Here, the index n—1ino? | and 0% ,,_, indicates that these are the posterior

variances given the data set D"~!. We continue to analyze the two terms on the right side of this
inequality separately. For the first term, observe that continuity of the kernel ky, guarantees continuity

gl

+

20



of 0%, such that the compact set S implies the existence of a finite value maxge x Uv olx) > a‘z,yn(:c)
forallz € X = S x ©. Therefore, Lemmal6]ensures

N

M, + 1)yMn N
Soosz M DT e () < 288y mago? o (). @)

n=1

For the second term in (#7), we first consider the sum over the sub-sequence z;. Moreover, let 0% ;
/

denote the variance based on training inputs 21, . .., 2,1 for z; = @} withn; = mlnz Mz
andm; =i —1— Z;ll My, i.e., the first ¢ — 1 samples in the data set. Then, it is stralghtforward
to see that we can bound sum over the sub-sequence z{ by
N S M,
2 2
Y oAnal(z) < Z oA,i1(28), (49)
n=1 i=1

since 03 ,,_1(28) = 0& ;_,(24) fori = (n—1)M, +1. By permuting the order of training samples,
this is analogously possible for all other sub-sequences z!*, such that

N Mn_l 271:,]:1 Mn
Z Z " 10An 1(z )<MN6N Z UQA,iA(Zi) (50)
n=1 m=0 i=1

since v < 1. We can upper bound the variances through through logarithmic terms via

o203, 1(z)
2 V<o 2 Aji—1\*1 1 1 -2.2 i 1
UA,z—l(zl) > log(1+0_20A -~ 1(Zz)) og(l+o JA,z—l(zZ)) (51)
<colog(l+o~ UA’ifl(zi)) (52)
where the second line follows from the monotonous growth of 10g(++q)’ such that
2
maxzcz oA o(2)
o = ——= A0 . (53)
log(1 + 072 maxzez 03 ((2))
This allows us to apply Lemma5]to obtain
N M,-1
Z Z VB2 _10A 1 (20) < caMy B3 logdet(I + 0 2 Ka(Zy)). (54)
n=1 m=0
Substituting @8)) and (54)) into 7)) results in
N
S (J(07) — JOFcn) <Es, [@wﬁwg F My logdet(I + o 2Ka(Zy))|, (55
n=1
where
_ 2
c3 =21 max oyo(x), (56)
3
— 57
Cq4 2(1 — ,y) C2, ( )

since yMn — AMntl < 1. We can upper bound the argument of the expectation by taking the

maximum over the data set in Z2n=1 Mn with Z = X x S , Which results in
N

Z(J(e*) — J8%cp) <Es c 2 hax NﬂNW\/Cg + caMpy log det(I + U_QKA(ZN))]
n=1 Zn ,n=1,...,
(58)
N
< znez{{lgngﬂN\/N s+ caMyT g, <; Mn> (59)
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where we employ the maximum information gain I',, for the kernel ka as defined in (7). Since the
maximization over the data renders the argument of the expectation independent of the initial states,
we drop the expectation. However, we keep the maximization over the data due to the non-explicitly
dependency of Sy on the data as defined in (30). We further simplify this bound by noting that
Tia (ij:l M,) > Tk, (0) > log(1l + o2 maxzez oao(2)) for N > 1 due to Lemma such
that we obtain

N
c3 + C4MNFI<:A (Z Mn) < ¢s MNFkA (NMN) (60)
n=1
where
Cc3
= . 6]
@ \/log(l + o0 2max,cz oA 0(2)) T ©b

For By, we can similarly proceed to bound its maximum over possible data sets by

max NﬂN < 24/ dstB)\\/PkA (NMN) — 2log (66> +o0oB (62)

zn€Zn=1,..., T2 N2

using Lemma Cauchy-Schwarz inequality together with F;M(ZT]Y:an) > log(l +
o 2maxzez oa0(z)) for N > 1 results in

202 B?
m%}i NﬂN <2+/dsLi B\ 2+ 1 FkA (NMN)

og(l + o0 2max,cz UA,(](z))

272 %
+410g<7r6‘75V )) . (63)

) = 4log (g—;) + 8log(N) and the implication of N' > 2 by the assumption of

Due to 4 log (”26](;72

N > 1 for the integer N, we have 4 log (’g—;) + 8log(N) < (4108(%5 ) flog(2) + 8) log(N). Thus,
we can further simplify the bound to

max fy < c6\/Try (NMy) + log(N) (64)

with

202 B2 41 fused
c6 = 2v/ds Ly BX max{<2+ c > Og(65)+8}. (65)

log(1+ 07 2maxzez oa0(2)) log(2)
Finally, substituting (60) and (64) into (39)), we obtain

N
> (J(0%) = JO%ep) < csce\/NMyT gy (NMy) (T, (NMy) + log(N)) (66)
n=1
O
C Bounding the Information Gain
Lemma 7. Define 2 = blkdiag(Ey,...,Ey), where E,, € RM»*(Mat1) s given by
1 —~ 0 ... 0
0 1 — ... 0
E,=1. . . - (67)
0 0 0 ... —v
Moreover, let X y denote the matrix ofallxl = [s7;0"|m=1,...,M,,n=1,...,N, arranged
in the order they occur in the trajectories. Then, we have the identity
Ka(Zy)) = EKv(Xy)ET. (68)
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Proof. To proof this identity, observe that we can express the temporal difference kernel k as the
vector-matrix-vector product

e [ el oo ), ().00) - 1[1
halen2i) =0 kg (5f, 0, (59,00 ) desg,wei(sn,eiL[szwexs;%f)ﬂ)} M'

Considering the matrix X, consisting of a single trajectory, this immediately implies that we have

Ka(Zy,Z,) = EK(X,, X,)E". (69)

We do not have a coupling via a y-term between trajectories, such that we obtain a block-diagonal

structure for E when considering multiple trajectories resulting in (69). O
Lemma 8. A block-diagonal matrix = with blocks satisfies

IZI* <1+, (70)

where ||E|| is the spectral norm of Z.

Proof. The spectral norm of a matrix corresponds to its largest singular value, which in turn is the
root of the maximum eigenvalue of ==T. Thus, we have

1E]1? = Mnax(BEET). (71)
Since = is block-diagonal, the matrix ==7 is also block-diagonal, i.e. ==7 =
blkd@ag(El =7 o ENEL). Due to the block-diagonal structure of E, its eigenvalues are given by
the eigenvalues of its blocks such that
IZ]? = max Amax(E,EL). (72)
n=1 N

EEREE)

Moreover, for each of its blocks, we can compute the matrix =,,Z7 in closed-form yielding

1+42 — 0 ... 0
T —y 14+42 —y ... 0
E.E, = . . o . (73)
0 0 0 ... 1472

Due to [42, Theorem 2.2], the maximum eigenvalue of such a tri-diagonal Toeplitz matrix is bounded
by

= = ) Mym
)\max(':n:‘Z) =1 + 72 -2 72 COSs <Mn ¥ 1) ) (74)
<1497 +2y, (75)
<(1+9)? (76)
which concludes the proof. O
Lemma 9. Let Xy denote the matrix of all ', = [s7,;0"] m =1,...,M,, n=1,...,N. Then,
it holds that
—2 (1+7)? o
logdet(I + 07 *Ka(Zy)) <logdet [ I + 72KV(XN) . (77)
o

Proof. Due to Lemma([7} we have the identity
logdet(I + 0 2Ka(Zy)) = logdet(I + 0 2EKy (X y)ET). (78)

The log-determinant of a matrix corresponds to sum of the logarithm of its eigenvalues. Moreover,
the eigenvalues \;(I + A) for an arbitrary quadratic matrix A are given by 1 + \;(A). Therefore,
we obtain the identity

NM N
logdet(I + 0 2Ka(Zy)) = Y log(l + 02X (EKy(Xn)E")). (79)
=1
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The eigenvalues of the matrix EK V(X' ~)ET correspond to its singular values since it is positive

definite. Similarly, the eigenvalues of K V(X' ~ ) correspond to its eigenvalues as it is also positive
definite. Hence, the min-max characterization of singular values guarantees

N(EKy(XN)ET) < [IEI1PNi (Kv (X)) (80)
Substituting this bound into (79), we obtain

NMn
logdet(I + 0 *Ka(Zn)) = Y _ log(1+ 0 | E[IXi(Kyv(Xn))). (81)

i=1
Finally, we employ Lemma 8] which results in

NMn

2
logdet(I 4+ o~ KA Zy)) Z log(1 +7) )\i(Kv(XN)))7 (82)
< log det (1 T “;”)KV(XNO , (83)

where the second line follows from the equivalence of the log-determinant of a matrix and the sum
over the logarithm of its eigenvalues. O

Theorem 2. The maximum information gain for the temporal difference kernel k is bounded by the
information gain of its base kernel, i.e.,

FkA(NMN) S O(FkV(NMN)) (84)

for a non-decreasing sequence M,, n=1,...,N.

Proof. We consider the scahng factor 1 + ~? on the right side of (77) as part of the variance, i.e.,
assume a noise variance 6% = 7 + 5. Then, the right side corresponds to Ty, (N(Mpy + 1)). As the

scaling factor is constant, it does not influence the asymptotic behavior for growing /N, which yields
(84). O
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