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Abstract

Matrix factorization models have been extensively studied as a valuable test-bed
for understanding the implicit biases of overparameterized models. Although both
low nuclear norm and low rank regularization have been studied for these models,
a unified understanding of when, how, and why they achieve different implicit
regularization effects remains elusive. In this work, we systematically investigate
the implicit regularization of matrix factorization for solving matrix completion
problems. We empirically discover that the connectivity of observed data plays
a crucial role in the implicit bias, with a transition from low nuclear norm to low
rank as data shifts from disconnected to connected with increased observations. We
identify a hierarchy of intrinsic invariant manifolds in the loss landscape that guide
the training trajectory to evolve from low-rank to higher-rank solutions. Based on
this finding, we theoretically characterize the training trajectory as following the
hierarchical invariant manifold traversal process, generalizing the characterization
of Li et al. (2020) to include the disconnected case. Furthermore, we establish
conditions that guarantee minimum nuclear norm, closely aligning with our experi-
mental findings, and we provide a dynamics characterization condition for ensuring
minimum rank. Our work reveals the intricate interplay between data connectivity,
training dynamics, and implicit regularization in matrix factorization models.

1 Introduction

Overparameterized models have the capacity to easily fit data with random labels (Zhang et al., 2017,
2021). However, in real-world applications, models with more parameters than training samples
still generalize well. This has led researchers to hypothesize that overparameterized models undergo
implicit regularization, favoring certain functions as outputs. Overparameterized matrix factorization
models, fθ = AB with θ = (A,B),A,B ∈ Rd×d, have served as a simplified test-bed for
studying this implicit regularization. In the context of matrix completion problems like the Netflix
challenge, these models aim to find a low-rank completion of a partially observed matrix M ∈ Rd×d.
Prior works have offered seemingly conflicting perspectives on the implicit regularization at play,
with some claiming it promotes low nuclear norm (Gunasekar et al., 2017) and others arguing for low
rank (Arora et al., 2019; Li et al., 2020; Razin and Cohen, 2020). However, a unified understanding
of when, how, and why they achieve different implicit regularization effects remains elusive.

Unlike previous works that focus on either low rank or low nuclear norm regularization„ we sys-
tematically investigate the training dynamics and implicit regularization of matrix factorization for
matrix completion. Through extensive experiments, we found that a certain connectivity property
of observed data plays a key role in the implicit regularization effects. Data connectivity, in the
context of this paper, refers to the way observed entries in the matrix are linked through shared rows

∗Corresponding author: zhyy.sjtu@sjtu.edu.cn.

38th Conference on Neural Information Processing Systems (NeurIPS 2024).



0 1 2 3 4
Ground Truth(rank)

0

1

2

3

4

Ex
pe

rim
en

ta
l r

an
k

Rank vs. Connectivity

7.5 10.0 12.5 15.0 17.5
Ground Truth(Nuclear Norm)

6

9

12

15

Ex
pe

rim
en

ta
l N

uc
le

ar
 N

or
m

Nuclear Norm vs. Connectivity

Connected
Disconnected with complete 
bipartite components
Disconnected(otherwise)

Figure 1: The connectivity of observed data affects the implicit regularization. The ground truth
matrix M∗ ∈ R4×4 has rank ranging from 1 to 3. The sample size n covers settings where n is equal
to, smaller than, and larger than the 2rd − r2 threshold required for exact reconstruction. Darker
scatter points indicate a greater number of samples, while lighter points indicate fewer samples. The
positions of observed entries are randomly chosen, and the experiment is repeated 10 times for each
sample size. (Please refer to Appendix B for additional experiments and detailed methodology.)

or columns. A set of observations is considered connected if there’s a path between any two observed
entries via other observed entries in the same rows or columns. This concept plays a crucial role in
determining the behavior of matrix factorization models, as we will demonstrate throughout this paper.
As shown in Fig. 1, we sample observations randomly from a ground truth matrix M∗ ∈ Rd×d with
rank(M∗) < d and train models fθ = AB,A,B ∈ Rd×d from small random initialization without
any rank constraints. For each observation set, we calculate the solutions with the minimum nuclear
norm and minimum rank, which serve as the ground truth benchmarks. These are then compared
with the completion matrix obtained by the model. From Fig. 1, we observe that:

(i) Low rank bias in connected case: When the observed entries are connected, the model consis-
tently learns the lowest-rank solution.

(ii) Low nuclear norm bias in certain disconnected case: When the observed entries are dis-
connected, the model generally does not find the minimum nuclear norm or lowest-rank solution.
However, in the special case where each connected component is a complete bipartite subgraph, the
model consistently finds the minimum nuclear norm solution.

To understand how data connectivity modulates the implicit bias, we analyze the loss landscape and
optimization dynamics. We find a hierarchy of intrinsic invariant manifolds Ωk of different ranks
in the loss landscape. These manifolds constrain the optimization trajectory, causing the model to
learn by incrementally ascending through higher ranks. In the disconnected case, additional sub-Ωk

invariant manifolds emerge within the Ωk invariant manifold, preventing the model from reaching
the global lowest-rank solution. However, we prove that the minimum nuclear norm solution is
guaranteed in the disconnected with complete bipartite subgraph case.

The contributions of our work are summarized as follows:

(i) We systematically investigate the influence of data connectivity on the implicit regularization. Our
empirical findings indicate that the connectivity of observed data plays a key role in the implicit bias,
leading to a transition from favoring solutions with a low nuclear norm to those with a low rank as
the data becomes more connected with an increase in observations (refer to Sec. 4).

(ii) We characterize the training dynamics of matrix factorization theoretically, showing that the
optimization trajectory follows a Hierarchical Invariant Manifold Traversal (HIMT) process. This gen-
eralizes the characterization of Li et al. (2020), whose proposed Greedy Low-Rank Learning(GLRL)
algorithm equivalence only corresponding to the connected case (refer to Sec. 5 and Sec. 6.1).

(iii) Regarding the minimum nuclear norm regularization, we establish conditions that provide
guarantees closely aligned with our empirical findings, which complement the results of Gunasekar
et al. (2017). For the minimum rank regularization, we present a dynamic characterization condition
that assures the attainment of the minimum rank solution (refer to Sec. 6.2).
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2 Related works

Norm minimization and rank minimization. Extensive research has been conducted on the
implicit regularization of matrix factorization models, focusing on norm minimization and rank mini-
mization. For norm minimization, Gunasekar et al. (2017) proved that gradient flow with infinitesimal
initialization converges to the minimum nuclear norm solution in the special case of commutative
observations. Ji and Telgarsky (2019); Gunasekar et al. (2018) studied norm minimization regular-
ization in deep linear networks. For rank minimization, numerous works have shown that matrix
factorization models favor low-rank solutions. Arora et al. (2019); Gidel et al. (2019); Gissin et al.
(2019); Razin and Cohen (2020); Jiang et al. (2023); Belabbas (2020) investigated how infinitesimal
initialization of gradient flow encourages low rank in specific settings. Li et al. (2020) showed
that under certain assumptions, matrix factorization dynamics are equivalent to a greedy low-rank
learning heuristic. Li et al. (2018); Stöger and Soltanolkotabi (2021); Jin et al. (2023) established
low-rank recovery guarantees for matrix sensing problems under the Restricted Isometry Property
(RIP) condition. Zhang et al. (2022, 2023) studied a broader class of model rank minimization for
nonlinear models, of which the matrix factorization model is a special case.

Nonlinear dynamics. The initialization scale can significantly influence the implicit regularization
of neural networks. Large initialization typically leads to linear dynamics (Jacot et al., 2018) and
poor generalization (Chizat et al., 2019), while small initialization induces nonlinear dynamics (Luo
et al., 2021). In this work, we focus on the case of infinitesimal initialization, which corresponds to
highly nonlinear dynamics. An important characteristic of nonlinear neural network dynamics is the
phenomenon of condensation (Luo et al., 2021; Zhou et al., 2022), where the network’s effective
complexity is small. The low-rank Ωk invariant manifolds we propose are essentially a manifestation
of condensation. Zhang et al. (2021, 2022); Bai et al. (2022); Fukumizu et al. (2019); Simsek et al.
(2021) established the embedding principle of the loss landscape of neural networks and empirically
demonstrated that the training process traverses critical points embedded from smaller subnetworks.
Jacot et al. (2021) conjectured a saddle to saddle dynamics for deep linear networks, which is
conceptually analogous to the dynamics characterization in this work.

3 Preliminaries

Matrix completion problem. This study focuses on the matrix completion problem, which involves
estimating missing entries within a partially observed matrix. Given an incomplete matrix M ∈ Rd×d,
the goal is to predict the entirety of M based on its observed elements. The set of observed entries
is represented as S = {(ik, jk),Mik,jk}nk=1, where (ik, jk) indicates the row and column indices,
and Mik,jk is the corresponding value assumed non-zero in the matrix. The set of observed indices
is defined as Sx = {(ik, jk)}nk=1. Entries that are not observed, denoted by ⋆, are considered
missing or unknown. The positions of observed elements in the matrix M are defined by a binary
observation matrix P , where Pij = 1 indicates that Mij is observed, and Pij = 0 indicates that
Mij is unobserved.

Matrix factorization model. Matrix factorization is a prevalent approach for addressing the matrix
completion problem. It reconstructs the matrix W ∈ Rd×d through the product W = AB, where
A ∈ Rd×r and B ∈ Rr×d. This work studies the overparameterized scenario with r = d, aiming to
understand the implicit regularization effect in the absence of explicit rank restrictions, paralleling
prior research (Gunasekar et al., 2017; Arora et al., 2019; Li et al., 2020; Jin et al., 2023). In this
work, we focus on the asymmetric factorization, which can be represented as a parametric model:

fθ = AB, A,B ∈ Rd×d. (1)

The matrix factorization model parameters are denoted by θ = (A,B), identified with its vectorized
form vec(θ) ∈ R2d2

. The augmented matrix is W⊤
aug =

[
A⊤ B

]⊤ ∈ Rd×2d, and row(A) and
col(B) denote the row and column spaces of A and B, respectively. The augmented matrix Waug
plays a crucial role in our subsequent analysis, particularly in characterizing the intrinsic invariant
manifolds Ωk of the optimization process. Specifically, it allows us to establish the relationship
rank(A) = rank(B⊤) = rank(Waug), which is important to understanding the invariance property
under gradient flow.
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Loss function. The learning process for the parameters θ = (A,B) involves minimizing a loss
function that measures the difference between observed and estimated entries. In this work, we focus
on the mean squared error, and the empirical risk is thus formulated as

RS(θ) =
1

n
∥(AB −M)Sx∥2F :=

1

n

n∑

k=1

(aik · b·,jk −Mik,jk)
2, (2)

where ai and b·,j represent the i-th row and j-th column of matrix A and B, respectively. The
residual matrix δM = (AB −M)Sx has elements δMij = (AB)ij −Mij for (i, j) ∈ Sx and
δMij = 0 for (i, j) /∈ Sx. The training dynamics follow the gradient flow of RS(θ):

dθ

dt
= −∇θRS(θ), θ(0) = θ0. (3)

In all experiments, θ0 ∼ N(0, σ2) is initialized from a Gaussian distribution with mean 0 and small
variance σ2. We use gradient descent with a small learning rate to approximate the gradient flow
dynamics (Please refer to Appendix B.1 for the detailed experiment setup).

4 Connectivity affects implicit regularization

In this section, we define connectivity and present experimental results on implicit regularization for
connected and disconnected observational data.
Definition 1 (Associated Observation Graph). Given a incomplete matrix M to be completed and
its observation matrix P , the associated observation graph GM is the bipartite graph with adjacency

matrix
[
0 P⊤

P 0

]
, with isolated vertices removed.

Definition 2 (Connectivity). Given a incomplete matrix M to be completed, it is considered
connected if its associated observation graph GM is connected; otherwise, it is disconnected. The
connected components of M are defined as the connected components of GM .

The connectivity of the graph, as defined above, reflects the connectivity of the observed data.
Appendix A Sec. A.2 provides a detailed discussion on the equivalent definition of connectivity.

In the case of disconnectivity, there is a special case where each connected component has full
observations, characterized by disconnectivity with complete bipartite components.
Definition 3 (Disconnectivity with Complete Bipartite Components). A incomplete matrix M is
considered disconnected with complete bipartite components if its associated observation graph GM

is disconnected and each connected component forms a complete bipartite subgraph.

We present examples to demonstrate how connectivity influences the characteristics of the learned
solutions. Consider three matrices to be completed, each obtained by adding one more observation to
the previous matrix: M1 (disconnected), M2 (disconnected with complete bipartite components),
and M3 (connected). Fig. A1 of Appendix B illustrates the associated graphs GM .

M1 =

[
1 2 ⋆
3 ⋆ ⋆
⋆ ⋆ 5

]
,M2 =

[
1 2 ⋆
3 4 ⋆
⋆ ⋆ 5

]
,M3 =

[
1 2 ⋆
3 4 ⋆
6 ⋆ 5

]
. (4)

Figs. 2(a-b) compare the learned matrices with the ground truth (GT) solutions having the smallest
nuclear norm and rank. For disconnected M1 (blue bars), the learned solution achieves neither the
smallest nuclear norm nor rank. For disconnected M2 with complete bipartite components (green
bars), the learned matrix has the smallest nuclear norm but not rank. For connected M3 (red bars),
the lowest rank-2 solution is not unique; the model identifies a particular lowest rank-2 solution, but
it does not correspond to the one with the minimum nuclear norm.

To thoroughly study all possible cases, we examine all sampling patterns of the 3×3 matrix completion.
Fig. 2(c) shows that the model consistently learns the lowest-rank solution for connected sampling
patterns but fails to do so for disconnected patterns. Fig. 2(d) further verifies the impact of connectivity
on low-rank matrix recovery by comparing the reconstruction error for 100 randomly sampled rank-1
matrices using two connected sampling patterns (red and blue dots) and one disconnected sampling
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Figure 2: (a) Nuclear norms of the learned solutions for M1, M2, and M3. Dashed lines represent
theoretically computed smallest nuclear norms. (b) Singular values of the learned matrices for
M1,M2,M3. Each set of three bars represents the singular values of a matrix. The thick vertical
lines partition significantly nonzero singular values, which serves as the empirical rank. The text (GT)
shows the ground truth minimum rank. Mean and standard deviation are recorded over 100 repetitions.
(c) All equivalent sampling patterns of the 3× 3 matrix completion problem (see Appendix B for
details). Cyan stars marked the case learning the lowest-rank solution. (d) Reconstruction error of the
solutions for a 10× 10 matrix reconstruction problem with M∗ randomly sampled at rank r = 1 and
sample size set to the minimum reconstruction setting n = 2rd− r2.

pattern (green dots). The model consistently achieves small reconstruction errors under connected
sampling patterns, while the error is significantly larger for the disconnected pattern.

These empirical results demonstrate an implicit preference for low rank induced by connectivity and
a preference for low nuclear norm in a particular kind of disconnection. In the following section, we
will investigate the training dynamics under both connected and disconnected scenarios.

5 Training dynamics in connected and disconnected cases

5.1 Connected case

This section empirically demonstrates the detailed dynamics of connected observed data. Fig. 3(a)
shows the connected target matrix M with a single unknown element denoted by ⋆. The rank of M
is at least three and equals three if and only if ⋆ = 1.2.

Learning lowest-rank solution. We initialize A and B with different scales and record the singular
values of the learned matrix. As depicted in Fig. 3(b), when starting with larger initialization, the
learned solutions are almost always rank-4. Conversely, as the initialization scale decreases, the first
three singular values of the learned solution are consistently maintained in magnitude, but the fourth
singular value keeps decreasing, resulting in the model learning the lowest rank-3 solution.

Traversing progressive optima at each rank. For a small random initialization (Gaussian distribu-
tion with mean 0 and variance 10−16), the loss curves exhibit a steady, stepwise decline (Fig. 3(c)).
The flat periods correspond to small gradient norms, indicating potential saddle points (Fig. 3(d)).
We compare the matrices learned at these saddle points with the optimal approximation of each rank
and plot their difference in Fig. 3(d), which is very small. These findings suggest that the model
starts near 0 (rank-0) and progressively finds optimal approximations within rank-1, rank-2, and
higher-rank manifolds until reaching a global minimum.

Alignment of the row space of A and the column space of B. Starting with small initialization,
we track the rank (number of significantly non-zero singular values) of W = AB, A, B, and the
augmented matrix Waug during the training process. We observe that the rank gradually increases,
with singular values growing rapidly one after another (Fig. 3(e-h)). Throughout the entire process,
we consistently find that rank(A) = rank(B⊤) = rank(Waug), which implies that the row space of
A and the column space of B remain aligned at all times. This alignment corresponds to a special
structure that we refer to as the “Hierarchical Intrinsic Invariant Manifold” in Sec. 6.1, which plays a
crucial role in the overall dynamics of the system.
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Figure 3: (a) The matrix M to be completed, with the ⋆ position unknown. (b) The four singular
values of the learned solution at different initialization scale (Gaussian distribution, mean 0, variance
from 100 to 10−16). (c) Training loss for 16 connected sampling patterns in a 4 × 4 matrix, each
covering 1 element and observing the remaining 15 in a fixed rank-3 matrix. (d) Evolution of the
l2-norm of the gradients throughout the training process. The cyan crosses represent the difference
between the matrix corresponding to the saddle point and the optimal approximation at each rank.
(e-h) Evolution of singular values for matrices W ,A,B, and Waug during training.

The dynamics of increasing ranks step by step aligns with the description of Greedy Low Rank
Learning (GLRL) (Li et al., 2020). However, we will show next that when the observed data are
disconnected, the learning process is not equivalent to GLRL.

5.2 Disconnected case

In this section, we present a typical experiment in the disconnected situation. As depicted in Fig. 4(a),
the target matrix M contains four unknown elements denoted by ⋆ and is disconnected. The rank of
M is at least one, and there are infinitely many rank-1 solutions.

Alignment of the row space of A and the column space of B. As shown in Fig. 4(b-e), the
learning process in the disconnected case is similar to the previous experiment: the model naturally
evolves from low-rank to high-rank, with each step increasing a singular value and satisfying
rank(A) = rank(B⊤) = rank(Waug). Fig. 4(f) illustrates that as the initialization scale decreases,
the model tends to learn symmetric solutions. However, unlike the connected case, the output does
not approach a particular solution as the initialization decreases. For this specific disconnected M ,
we will show that every symmetric solution learned is a minimal nuclear norm solution(see Sec. 6.2
Thm. 4). For fewer observations, the experimental phenomena are similar (see Appendix B Fig. B5).

Lowest-rank solution is not learned. Despite the adaptive learning behavior, the final learned
solution has rank 2, as evidenced by the two significantly non-zero singular values in Fig. 4(b-d).
Examining the dynamics (3), we find that they decouple into two independent systems: one for the 1st
and 3rd rows of A and columns of B, and another for the 2nd row of A and column of B. Fig. 4(g)
shows that the model first learns the surrounding elements 1, 3, 3, 9 (rank-1 saddle point), then learns
the middle element 5 in the next stage. The decoupling of dynamics is equivalent to the definition
of disconnection (see Appendix A Prop. A.4 for proof). In Fig. 4(e), we fixed a rank-1 matrix and
explored all nine disconnected sampling patterns with 5 observations. For each pattern, we conducted
experiments with small initializations. The loss curves consistently indicate that in disconnected
cases, the model learns a sub-optimal solution in the rank-1 manifold, ultimately resulting in a rank-2
solution. This demonstrates that regardless of the specific disconnected sampling pattern, the model
fails to achieve the optimal low-rank solution.
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Figure 4: (a) The matrix to be completed, with unknown entries marked by ⋆. (b-d) Evolution of
singular values for A, B, and Waug during training. (e) Training loss for 9 disconnected sampling
patterns in a 3× 3 matrix, each covering 4 elements and observing the remaining 5 in a fixed rank-1
matrix. (f) Learned values at symmetric positions (1, 2) and (2, 1) under varying initialization scales
(zero mean, varying variance). Each point represents one of ten random experiments per variance;
labels show initialization variance. Other symmetric positions exhibit similar behavior. (g) Learned
output at the saddle point corresponding to the red dot in (e). (h) Final learned solution of the GLRL
algorithm (Li et al., 2020).

Not equivalent to GLRL in disconnected case. We compare the GLRL algorithm (Li et al., 2020)
with the matrix factorization model for solving the same matrix completion problem (Fig. 4). Li
et al. (2020) claim that the matrix factorization dynamics is mathematically equivalent to the GLRL
algorithm under reasonable assumptions. While GLRL learns the same rank-1 saddle point shown
in Fig. 4(g) in the first stage, it then fills unobserved elements with 0, resulting in a unique rank-2
solution (Fig. 4(h)). In contrast, the matrix factorization model learns symmetric solutions with some
degree of freedom depending on the random seed (Fig. 4(f)). The key difference is that the first
critical point (Fig. 4(g)) reached by the trajectory is a sub-optimal and not a second-order stationary
point of the rank-1 manifold as assumed by Li et al. (2020). Therefore, the equivalence assumption
between GLRL and matrix factorization does not hold in the disconnected case.

6 Theoretical analysis of training dynamics and implicit regularization

6.1 Characterization of training dynamics

Matrix factorization models exhibit a distinctive adaptive learning behavior, progressively evolving
from low rank to high rank. Understanding this phenomenon is rooted in grasping the global dynamics
of matrix factorization models, where the role of intrinsic invariant manifolds becomes critical.

Proposition 1 (Hierarchical Intrinsic Invariant Manifold (HIIM)). (see Appendix A Prop. A.1 for
Proof) Let fθ = AB be a matrix factorization model and {α1, · · · ,αk} be k linearly independent
vectors. Define the manifold Ωk as Ωk := Ωk(α1, · · · ,αk) = {θ = (A,B) | row(A) = col(B) =
span{α1, · · · ,αk}}. The manifold Ωk possesses the following properties:

(i) Invariance under Gradient Flow: Given data S and the gradient flow dynamics θ̇ = −∇RS(θ),
if the initial point θ0 ∈ Ωk, then θ(t) ∈ Ωk for all t ≥ 0.

(ii) Intrinsic Property: Ωk is a data-independent invariant manifold, meaning that for any data S,
Ωk remains invariant under the gradient flow dynamics.

(iii) Hierarchical Structure: The manifolds Ωk form a hierarchy: Ω0 ⫋ Ω1 ⫋ · · · ⫋ Ωk−1 ⫋ Ωk.
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Figs. 3(f-h) and Figs. 4(b-d) show that the training process with small initialization consistently
satisfies rank(A) = rank(B⊤) = rank(Waug), aligning with the Ωk invariant manifold. Since
a non-zero initialization in practice, the training trajectory is close to the Ωk invariant manifold,
approaches a critical point, and transitions to the next level invariant manifold without getting trapped.

In both connected and disconnected scenarios, we observe a step-by-step hierarchical Ωk invariant
manifold traversal. In the connected case, at each level we observe that the model reaches an optimal
solution (Fig. 3). However, in the disconnected case, we can prove that each connected component
induces a sub-Ωk invariant manifold, leading to the experimentally observed sub-optimal solution
(see Fig. 4).

Proposition 2 (Intrinsic Sub-Ωk Invariant Manifold). (see Appendix A Prop. A.2 for Proof) Let
fθ = AB be a matrix factorization model, M be an incomplete matrix and Ωk be an invariant
manifold defined in Prop. 1. If M is disconnected with m connected components, then there exist m
sub-Ωk manifolds ωk such that ωk ⫋ Ωk, each possessing the following properties:

(i) Invariance under Gradient Flow: Given data S and the gradient flow dynamics θ̇ = −∇RS(θ),
if the initial point θ0 ∈ ωk, then θ(t) ∈ ωk for all t ≥ 0.

(ii) Intrinsic Property: ωk is a data-value-independent invariant manifold, meaning that for a fixed
sampling pattern in M and any observed values S, ωk remains invariant under the gradient flow.

(iii) Strict Subset Relation: The output set {fθ | θ ∈ ωk} is a proper subset of {fθ | θ ∈ Ωk},
namely, {fθ | θ ∈ ωk} ⫋ {fθ | θ ∈ Ωk}.

Hierarchical Intrinsic 
Invariant Manifold 𝛀𝟏

Hierarchical Intrinsic
Invariant Manifold 𝛀𝟐

Initialization 𝜽#

Optimal within each rank level

Sub-optimal within each rank level

Sub-𝛀𝟏 Invariant Manifold

(a) Illustration of training trajectories in disconnected case

𝑎! , 𝑏,#

Align to one 
direction

Evolve in Ω!

Critical point

(b) Alignment of row(A) and col(B)

Figure 5: (a) Illustrated trajectories for the experiment in Fig. 4. The blue line represents the trajectory
converging to the lowest-rank solution, and the red line represents the actual trajectory experienced
by the model. (b) The parameter trajectory escaping from a second-order stationary point to reach the
next critical point for the experiment in Fig. 3. The 8 scatter points represent the 4 row vectors of
matrix A and the 4 column vectors of matrix B. For ease of visualization, we randomly project them
onto two dimensions and plot them in polar coordinates.

Fig. 5(a) illustrates the trajectory of the experiment in Fig. 4. In the disconnected case, sub-Ωk

invariant manifolds exist and attract the dynamics, leading the model to learn sub-optimal solutions
on the entire Ωk invariant manifold. In fact, we can prove that these sub-optimal solutions are
necessarily strict saddle points. This loss landscape result extends Theorem 5.10 from Li et al. (2020),
which established the findings for the specific case of symmetric matrix factorization models (see
Appendix A Sec. A.3 for a detailed discussion).

Theorem 1 (Loss Landscape). (see Appendix A Thm. A.3 for Proof) Given any data S, the critical
points of RS(θ) are either strict saddle points or global minima.

Gradient descent easily escapes saddle points (Lee et al., 2016, 2019). Fig. 5(b) shows that when the
model escapes a saddle point, the parameters initially appear chaotic but align in one direction after
some time, consistent with the “condensation” phenomenon in neural networks (Luo et al., 2021;
Zhou et al., 2022). For matrix factorization models, by meticulously analyzing the Hessian matrix
structure (see Appendix A.5), we find that this alignment corresponds to an Ω1 invariant manifold,
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resulting in a rank increase of one at a time. Under reasonable assumptions, we prove that the training
trajectory follows the Ωk invariant manifold step by step.
Assumption 1 (Unique Top Singular Value). Let δM = (AcBc −M)Sx be the residual matrix
at the critical point θc = (Ac,Bc). Assume that the largest singular value of δM is unique.

Assumption 2 (Second-order Stationary Point). Let Ω be an Ωk invariant manifold or sub-Ωk

invariant manifold defined in Prop. 1 or 2. Assume θc is a second-order stationary point within Ω,
i.e., ∇RS(θc) = 0 and θ⊤∇2RS(θc)θ ≥ 0 for all θ ∈ Ω.

Theorem 2 (Transition to the Next Rank-level Invariant Manifold). (see Appendix A Thm. A.4 for
proof) Consider the dynamics θ̇ = −∇RS(θ). Let φ(θ0, t) denote the value of θ(t) when θ(0) = θ0.
Let Ω be an Ωk or sub-Ωk invariant manifold. Let θc ∈ Ω be a critical point satisfying Assump. 1
and 2. Then, for randomly selected θ0, with probability 1 with respect to θ0, the limit

φ̃(θc, t) := lim
α→0

φ

(
θc + αθ0, t+

1

λ1
log

1

α

)
(5)

exists and falls into an invariant manifold Ωk+1. Here λ1 is the top eigenvalue of −∇2RS(θc).

Proof sketch. The main idea is to analyze the local dynamics near the critical point θc. The nonlinear
dynamics can be approximated linearly in the vicinity of θc: dθ

dt ≈ H(θ0 − θc), where H =

−∇2RS(θc) is the negative Hessian matrix. For exact linear approximation, the solution is: θ(t) =
etH(θ0−θc)+θc. Let λ1 > λ2 > ... > λs be the eigenvalues of H , with corresponding eigenvectors
qij . We can express θ(t) as: θ(t) =

∑s
i=1

∑li
j=1 e

λit⟨θ0 − θc, qij⟩qij + θc. For sufficiently large

t0, the dynamics follows a dominant eigenvalue dynamics: θ(t0) =
∑l1

j=1 e
λ1t0⟨θ0 − θc, q1j⟩q1j +

O(eλ2t0). Through detailed analysis of the eigenvalues and eigenvectors of the Hessian matrix (please
refer to Lems A.2-A.4 of Appendix A), we show that if the largest singular value of residual matrix
δM at θc is unique and θc is a second-order stationary point within Ω, the first principal component∑l1

j=1 e
λ1t0⟨θ0 − θc, q1j⟩q1j will happen to be an Ω1 invariant manifold. Consequently, escaping

θc increases the rank by 1, entering Ωk+1.

Remark. Assump. 1 ensures that upon departing from a critical point θc, the trajectory is constrained
to escape along a single dominant eigendirection corresponding to the largest singular value. This
assumption holds for randomly generated matrix with probability 1, making it a reasonable condition
in most practical scenarios. In Sec A.7 of Appendix A, we provide an special example to illustrate the
situation where Assump. 1 does not hold.

Remark. To ensure the escape direction falls within the Ωk+1 invariant manifold, the Hessian’s top
eigenvectors must satisfy rank(A) = rank(B⊤) = rank(Waug). The condition that θc is a second-
order stationary point within Ω in Assump. 2 guarantees this Hessian structure. Our Assump. 2 is
more general than conditions proposed by Li et al. (2020), as it remains valid across both connected
and disconnected configurations. Empirical findings (Figs. 3 and 4) indicate that this assumption
consistently holds in practical scenarios.

Thm. 2 provides a characterization of the escape trajectory. It shows that as the point approaches a
second-order stationary point θc ∈ Ωk, the trajectory generically converges to a well-defined limit
within Ωk+1. Since the origin 0 is always a second-order stationary point of Ω0, the theorem implies
that the trajectory escaping from a small initialization will be close to Ω1. This iterative process
gives rise to the phenomenon of Hierarchical Invariant Manifold Traversal (HIMT), which involves a
sequential progression through these Ωk manifolds.

6.2 Implicit regularization analysis

Rank minimization is a challenging non-convex optimization problem. Li et al. (2018); Jin et al.
(2023) proved that the Restricted Isometry Property (RIP) condition ensures a minimal rank solution.
However, the RIP condition is often too stringent for practical matrix completion. For instance, the
matrix M3 in Eq. (4) does not satisfy the RIP criteria, yet the model still finds the minimum rank
solution. Our empirical findings (Figs. 1, 2, 3) suggest that a more lenient condition, specifically
the connectivity of the observed data, frequently leads to convergence towards the minimal rank
solution. Proving this result directly, however, would necessitate a comprehensive examination of
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the convergence characteristics within each Ωk invariant manifold, which is an endeavor we leave
for future work. Despite this, our insights into the system’s dynamics, i.e., hierarchical invariant
manifold traversal, allow us to assert that if a trajectory successfully navigates through the optimal on
each rank-level invariant manifold Ωk, a solution of minimal rank can be achieved naturally.

Theorem 3 (Minimum Rank). (see Appendix A Thm. A.5 for proof) Consider the dynamics θ̇ =
−∇RS(θ), where θ(t) = (A(t),B(t)), and denote Wt = A(t)B(t). Assume Wt achieves
an optimal within each invariant manifold Ωk. For a full rank initialization W0, if the limit
Ŵ = limα→0 W∞(αW0) exists and is a global optimum with Ŵij = Mij for all (i, j) ∈ Sx, then

Ŵ ∈ argminW rank(W ) s.t. Wij = Mij ,∀(i, j) ∈ Sx. (6)

For a disconnected matrix M , our theoretical results (Prop. 2) and experiments (Fig. 4) confirm the
existence of sub-Ωk invariant manifolds. These manifolds attract the training trajectory, leading to
sub-optimal solutions and preventing convergence to the lowest-rank solution.

However, in a specific disconnected case, such as disconnection with complete bipartite components,
as illustrated in Figs. 1 and 2, the minimum nuclear norm may still serve as a characterization.
Gunasekar et al. (2017) proved a special case: if the observations are commutative, then the symmetric
model will learn the minimum nuclear norm solution. Intriguingly, for the example M2 in Eq. (4),
even though the observations are not commutative, the model still learns a minimum nuclear norm
solution. In fact, we can prove the following result, which aligns well with practical experiments.
Theorem 4 (Minimum Nuclear Norm Guarantee). (see Appendix A Thm. A.6 for proof) Consider
the dynamics θ̇ = −∇RS(θ), where θ(t) = (A(t),B(t)), and let Wt = A(t)B(t). If the
observation graph associated with the incomplete matrix M is disconnected with complete bipartite
components, and if for a full rank initialization W0, the limit Ŵ = limα→0 W∞(αW0) exists and
is a global optimum with Ŵij = Mij for all (i, j) ∈ Sx, then

Ŵ ∈ argminW ∥W ∥∗ s.t. Wij = Mij ,∀(i, j) ∈ Sx. (7)

7 Conclusion and future work

This study presents a comprehensive experimental and theoretical investigation of matrix factorization
models. The primary objective was to develop a cohesive framework for understanding the conditions,
mechanisms, and reasons behind the diverse implicit regularization effects exhibited by matrix
factorization models. A key finding of this research is the pivotal role of the connectivity of observed
data in shaping the implicit regularization behavior. To elucidate this phenomenon, we identified the
significance of hierarchical invariant manifold traversal within the training dynamics.

Our experiments (Figs. 1, 2, 3) provide strong evidence that connected observed data leads to
minimum-rank solutions, as the model learns the optimal of the Ωk invariant manifold. However,
further investigation is needed to uncover the underlying mechanisms by which connectivity facilitates
optimal attainment across different Ωk invariant manifolds. Additionally, the trade-offs between
initialization scale and training efficiency warrant further research, as certain cases may require
extremely small initialization, potentially impacting training speed (see Appendix B Sec. B.4).

Generalizing the insights gained from matrix factorization models to other architectures is also an
important avenue for future work. Our preliminary experiments indicate that the learning phenomenon
from low rank to high rank persists in deep multi-layer matrix factorization and the query-key
factorization model in Transformer attention mechanisms (see Appendix B Figs. B9, B11). These
findings suggest that the hierarchical invariant manifold traversal process uncovered in our study may
have broader implications and merit further exploration.
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A Proofs of Theoretical Results

In this section, we give all proofs for our theoretical results mentioned in the main text.

A.1 Hierarchical Intrinsic Invariant Manifold and Sub Invariant Manifold

Proposition A.1 (Hierarchical Intrinsic Invariant Manifold (HIIM)). Let fθ = AB be a matrix
factorization model and {α1, · · · ,αk} be k linearly independent vectors. Define the manifold Ωk

as Ωk := Ωk(α1, · · · ,αk) = {θ = (A,B) | row(A) = col(B) = span{α1, · · · ,αk}}. The
manifold Ωk possesses the following properties:

(i) Invariance under Gradient Flow: Given data S and the gradient flow dynamics θ̇ = −∇RS(θ),
if the initial point θ0 ∈ Ωk, then θ(t) ∈ Ωk for all t ≥ 0.

(ii) Intrinsic Property: Ωk is a data-independent invariant manifold, meaning that for any data S,
Ωk remains invariant under the gradient flow dynamics.

(iii) Hierarchical Structure: The manifolds Ωk form a hierarchy: Ω0 ⫋ Ω1 ⫋ · · · ⫋ Ωk−1 ⫋ Ωk.

Proof. (i) Invariance under Gradient Flow.

By definition, Ωk := Ωk(α1, · · · ,αk) = {θ = (A,B) | row(A) = col(B) =
span{α1, · · · ,αk}}. Consider the gradient flow dynamics in (8):





ȧi = − 2

n

∑

j∈Ii

(ai · b·,j −Mij)b
⊤
·,j ,

ḃ·,j = − 2

n

∑

i∈Ij

(ai · b·,j −Mij)a
⊤
i ,

(8)

where Ii = {j|∃i : (i, j) ∈ Sx}, Ij = {i|∃j : (i, j) ∈ Sx}, ai and b·,j represent the i-th row and
j-th column of A and B, respectively.

For any (i, j) ∈ Sx, the evolution of ai is coupled with b·,j for j ∈ Ii. The condition row(A) =
col(B) = span{α1, · · · ,αk} ensures the existence of k linearly independent vectors α1, · · · ,αk ∈
Rd such that ai, b·,j ∈ span{α1, · · · ,αk} for all 1 ≤ i, j ≤ d.

Consequently, if ai and b·,j are initially in span{α1,α2, · · · ,αk}, they will continue to evolve
within this subspace under the gradient flow dynamics. Additionally, for (i, j) /∈ Sx, the gradients
for the corresponding ai and b·,j will be zero, provided their initial values are zero, maintaining this
state throughout the evolution.

(ii) Intrinsic Property.

As demonstrated in part (i), Ωk is invariant under gradient flow dynamics for any dataset S, confirming
its status as a data-independent invariant manifold.

(iii) Hierarchical Structure.

Th invariant manifold Ωk encompasses matrices of rank up to k, including those of lower ranks.
Consequently, the manifolds exhibit the following hierarchical nesting:

Ω0 ⫋ Ω1 ⫋ · · · ⫋ Ωk−1 ⫋ Ωk.

Proposition A.2 (Intrinsic Sub-Ωk Invariant Manifold). Let fθ = AB be a matrix factorization
model, M be an incomplete matrix and Ωk be an invariant manifold defined in Prop. 1. If M is
disconnected with m connected components, then there exist m sub-Ωk manifolds ωk such that
ωk ⫋ Ωk, each possessing the following properties:

(i) Invariance under Gradient Flow: Given data S and the gradient flow dynamics θ̇ = −∇RS(θ),
if the initial point θ0 ∈ ωk, then θ(t) ∈ ωk for all t ≥ 0.

(ii) Intrinsic Property: ωk is a data-value-independent invariant manifold, meaning that for a fixed
sampling pattern in M and any observed values S, ωk remains invariant under the gradient flow.
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(iii) Strict Subset Relation: The output set {fθ | θ ∈ ωk} is a proper subset of {fθ | θ ∈ Ωk},
namely, {fθ | θ ∈ ωk} ⫋ {fθ | θ ∈ Ωk}.

Proof. Existence.

Let us consider an incomplete matrix M whose associated observational graph is divided into m

connected components, denoted by L1, L2, . . . , Lm. For each component Lp, we define S
Lp
x as the

subset of observed indices within Lp, where 1 ≤ p ≤ m and Sx is the set of all observed indices.

For each Lp, we can identify row indices Rp and column indices Cp corresponding to the observed
entries in Lp as follows:

Rp = {i|∃j : (i, j) ∈ S
Lp
x }, Cp = {j|∃i : (i, j) ∈ S

Lp
x }.

Here, Rp includes the row indices and Cp includes the column indices of the entries observed in Lp.

Define ALp and BLp as the submatrices of A and B corresponding to Rp and Cp, respectively, and
let ALp

r and B
Lp
r be the remaining rows not in Rp and Cp.

Let Ωk := Ωk(α1, · · · ,αk) = {θ = (A,B) | row(A) = col(B) = span{α1, · · · ,αk}} be the
given Ωk invariant manifold.

The sub-Ωk invariant manifold associated with the connected component Lp can be defined as

ω
Lp

k := {(θ = (A,B)) | row(ALp) = col((BLp)) = span{α1, · · · ,αk},ALp
r = BLp

r = 0}.
(9)

It is easy to check ω
Lp

k is a proper subset of Ωk.

(i) Invariance under Gradient Flow.

The condition row(ALp) = col((BLp)) = span{α1, · · · ,αk} along with A
Lp
r = B

Lp
r = 0

guarantees that ai, b·,j ∈ span{α1, . . . ,αk} for all (i, j) ∈ S
Lp
x , and ai, b·,j = 0 for all (i, j) /∈

S
Lp
x .

In other words, the sub-Ωk invariant manifold ω
Lp

k is the set of all pairs (A,B) where, for each
observed position (i, j) in the connected component Lp, the vectors ai and b·,j lie within the span of
{α1, · · · ,αk}, and for any position not in S

Lp
x , the vectors are zero.

Considering the dynamics expressed in equation (8), it is evident that the evolution of ai is influenced
by b·,j for (i, j) ∈ S

Lp
x . Hence, if ai and b·,j are initially in the span of {α1,α2, · · · ,αk}, they

will continue to evolve within this span under the gradient flow dynamics. Moreover, for positions
(i, j) /∈ S

Lp
x , we consider the following scenarios:

• For (i, j) /∈ Sx, since the matrix entry Mij does not contribute to the loss RS(θ), the
gradients for corresponding ai and b·,j will perpetually be zero. Thus, if their initial values
are zero, they will remain zero throughout the evolution.

• For (i, j) ∈ Sx but not in S
Lp
x , the dynamics corresponding to different connected compo-

nents are decoupled. Therefore, if the initial values for ai and b·,j are zero, they will stay
zero during the evolution.

(ii) Intrinsic Property.

As established in (i), the manifold ω
Lp

k is invariant under gradient flow for any data S with a fixed
sampling pattern, qualifying it as a data-value-independent invariant manifold.

(iii) Strict Subset Relation.

The output set {fθ | θ ∈ Ωk} encompasses all matrices of rank k, whereas {fθ | θ ∈ ω
Lp

k } is
limited to rank-k matrices with specific row and column indices confined to Rp and Cp. Consequently,
{fθ | θ ∈ ωk} forms a strict subset of {fθ | θ ∈ Ωk}, as stated by {fθ | θ ∈ ωk} ⫋ {fθ | θ ∈
Ωk}.
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A.2 Connectivity

Definition A.1 (Associated Observation Graph). Given a incomplete matrix M to be completed
and its observation matrix P , the associated observation graph GM is the bipartite graph with

adjacency matrix
[
0 P⊤

P 0

]
, with isolated vertices removed.

Definition A.2 (Connectivity). A matrix M to be completed is considered connected if its associated
observation graph GM is connected, otherwise, we call it disconnected. The connected components
of M are defined as the connected components of this graph.
Definition A.3 (Disconnectivity with Complete Bipartite Components). A matrix M to be
completed is considered disconnected with complete bipartite components if its associated observation
graph GM is disconnected and each connected component forms a complete bipartite subgraph.
Remark. In the bipartite graph representation of the observed data, isolated vertices correspond
to entire rows or columns of the matrix M that are not observed. These rows or columns do not
contribute to the loss calculation and have no influence on the dynamics of the matrix factorization
under infinitesimal initialization. Consequently, when analyzing the connectivity of the observed data
and its impact on the learning dynamics, these isolated vertices can be safely disregarded.
Remark. The disconnectivity of the bipartite graph representing the observed data is equivalent

to the reducibility of the adjacency matrix
[
0 P⊤

P 0

]
, where P is the binary observation matrix

indicating the positions of the observed entries in M .

In the context of matrix completion problems, such as the Netflix problem, connectivity has a practical
interpretation. Connected components in the bipartite graph indicate groups of users and movies
that are linked by the users’ viewing history. Users within the same connected component are related
through the movies they have watched in common. Due to this practical significance, we prefer to use
the term “connectivity” instead of “reducibility” when discussing the structure of the observed data
in matrix completion problems.
Definition A.4 (Connectivity of Observed Data). Given a matrix M to be completed, an undirected
simple graph G can be induced from it: the nodes of the graph are the observed elements in the
matrix, and two nodes are adjacent if and only if they are in the same row or column of the matrix M .
A matrix M to be completed is considered connected if its induced graph G is connected, otherwise,
we call it disconnected.
Lemma A.1. For any simple graph G, if we remove all isolated vertices from G to obtain a new
graph G′, then G′ is connected if and only if the line graph of G′, denoted as L(G′), is connected.

Proof. =⇒ Assume G′ is connected. Consider any two nodes in L(G′), which correspond to two
edges in G′, say e1 and e2. Since G′ is connected, there exists a path connecting the endpoints of
e1 and e2. This path corresponds to a sequence of edges in G′, which in turn corresponds to a path
connecting the nodes representing e1 and e2 in L(G′). Therefore, L(G′) is connected.

⇐= Conversely, assume L(G′) is connected. Consider any two vertices v1 and v2 in G′. Since G′

has no isolated vertices, each of v1 and v2 is incident to at least one edge. Let these edges be e1 and
e2, respectively. Since L(G′) is connected, there exists a path connecting the nodes representing e1
and e2 in L(G′). This path corresponds to a sequence of edges in G′, which in turn corresponds to a
path connecting v1 and v2 in G′. Therefore, G′ is connected.

In conclusion, we have proven that for any simple graph G, if we remove all isolated vertices from G
to obtain a new graph G′, then G′ is connected if and only if the line graph of G′, denoted as L(G′),
is connected.

Proposition A.3. Given a incomplete matrix M , the connectivity of M defined in Def. A.2 and
Def. A.4 is equivalent.

Proof. By definition, each edge of a bipartite graph corresponds to an observed data item, and two
edges in a bipartite graph are adjacent if and only if the two corresponding observed data items are
in the same row or column. Therefore, the connectivity of the observed data is equivalent to the
connectivity of the edges of the bipartite graph, which is, in turn, equivalent to the connectivity of the
line graph of the bipartite graph.
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According to Lem. A.1, for any graph G, if we remove all isolated vertices from G to obtain a new
graph G′, then G′ is connected if and only if the line graph of G′, denoted as L(G′), is connected.

In the context of the bipartite graph representation of the observed data, removing isolated vertices
corresponds to removing rows and columns that contain no observed entries. Thus, the connectivity
of the bipartite graph after removing isolated vertices is equivalent to the connectivity of the observed
data as defined in Def. A.4.

Consequently, the connectivity of the observed data as defined in Def. A.2 (based on the line graph
of the bipartite graph) is equivalent to the connectivity of the observed data as defined in Def. A.4
(based on the connectivity of observed data).

Definition A.5 (Decoupling of Dynamics). Given an incomplete matrix M , consider the gradient
flow dynamics of matrix factorization models, ∀1 ≤ i, j ≤ d,





ȧi = − 2

n

∑

j∈Ii

(ai · b·,j −Mij)b
⊤
·,j ,

ḃ·,j = − 2

n

∑

i∈Ij

(ai · b·,j −Mij)a
⊤
i .

(10)

The dynamics are said to be decoupled if there exist disjoint subsets of indices R1, R2, . . . , Rk ⊆
{1, 2, . . . , d} for the rows of A and C1, C2, . . . , Ck ⊆ {1, 2, . . . , d} for the columns of B, such that
for each l ∈ {1, 2, . . . , k}, the dynamics of {ai : i ∈ Rl} and {b·,j : j ∈ Cl} form an independent
system of equations. In other words, the dynamics can be divided into k(k > 1) independent
subsystems, each involving a subset of rows of A and a subset of columns of B. If such a division is
not possible, the dynamics are said to be coupled.

Proposition A.4. Given an incomplete matrix M , if it is disconnected as defined by Def. A.2, then
the dynamics are decoupled as defined by Def. A.5; if it is connected as defined by Def. A.2, then the
dynamics are coupled as defined by Def. A.5.

Proof. Consider a matrix M to be completed, with its associated observation graph comprising
m connected components, denoted as L1, L2, · · · , Lm. Let SLp

x ⊆ Sx represent the subset of
observed indices corresponding to the connected component Lp, where 1 ≤ p ≤ m and Sx denotes
the complete set of observed indices. If the incomplete matrix M is disconnected, then for each
connected component Lp, the subset SLp

x can be partitioned into two subsets Rp and Cp, 1 ≤ p ≤ m,
such that

Rp = {i|∃j : (i, j) ∈ S
Lp
x }, Cp = {j|∃i : (i, j) ∈ S

Lp
x }. (11)

In other words, Rp contains the row indices and Cp contains the column indices of the observed
entries in the connected component Lp.

It can be easily verified that the dynamics are decoupled in this case, as the subsets {Rp, Cp}mp=1
satisfy the conditions in Def. A.5. Each connected component Lp corresponds to an independent
subsystem involving the rows of A indexed by Rp and the columns of B indexed by Cp.

If M is connected, then its associated observation graph consists of a single connected component,
and the entire dynamics are coupled.

Examples of connectivity and disconnectivity. Consider three matrices to be completed, each ob-
tained by adding one more observation to the previous matrix: M1 (disconnected), M2 (disconnected
with complete bipartite components), and M3 (connected).

M1 =

[
1 2 ⋆
3 ⋆ ⋆
⋆ ⋆ 5

]
,M2 =

[
1 2 ⋆
3 4 ⋆
⋆ ⋆ 5

]
,M3 =

[
1 2 ⋆
3 4 ⋆
6 ⋆ 5

]
(12)

The observation matrix P is:

P1 =

[
1 1 0
1 0 0
0 0 1

]
,P2 =

[
1 1 0
1 1 0
0 0 1

]
,P3 =

[
1 1 0
1 1 0
1 0 1

]
(13)
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And the adjacency matrix is:

A1 =

[
0 P⊤

1
P1 0

]
,A2 =

[
0 P⊤

2
P2 0

]
,A3 =

[
0 P⊤

3
P3 0

]
(14)

Given the adjacency matrix A, we can obtain a graph GM . Fig. A1 illustrates the associated
graphs GM , from which we can see that M1 is disconnected, with its associated observation graph
consisting of two connected components. M2 is also disconnected, but each connected component of
its associated observation graph forms a complete bipartite subgraph. In contrast, M3 is connected,
and its associated observation graph consists of a single connected component.

1

2

3

4

5

6

(a) M1

1

2

3

4

5

6

(b) M2

1

2

3

4

5

6

(c) M3

Figure A1: The associated observation graphs GM of the incomplete matrices M1, M2, and
M3 in Eq. 4. M1 is disconnected, with its associated observation graph consisting of two connected
components. M2 is also disconnected, but each connected component of its associated observation
graph forms a complete bipartite subgraph. In contrast, M3 is connected, and its associated observa-
tion graph consists of a single connected component.

A.3 Loss Landscape

In this paper, we focus on the problem of asymmetric matrix factorization. Previous literature (Gu-
nasekar et al., 2017; Li et al., 2018, 2020; Jin et al., 2023) has predominantly concentrated on
symmetric matrix factorization problems. Although asymmetric matrix factorization models can
be transformed into symmetric cases, studying symmetric matrix factorization does not necessarily
cover all aspects of the asymmetric scenarios.

Generally, an asymmetric matrix factorization model W = AB can be transformed into a symmetric
situation by setting

U =

[
A
B⊤

]
∈ R2d×d.

We then consider the model W ′ = UU⊤, which corresponds to the following matrix completion
problem: [

AA⊤ AB
B⊤A⊤ B⊤B

]
.

We define the loss as

L′
([

A B
C D

])
=

1

2
L(B) +

1

2
L(C⊤).

Li et al. (2020) established the following results:
Theorem A.1 (Theorem 5.10 in Li et al. (2020)). Let f : Rd×d → R be a convex C2-smooth function.
(1). All stationary points of L : Rd×d → R,L(U) = 1

2f
(
UU⊤) are either strict saddles or global

minimizers; (2). For any random initialization, GF (1) converges to strict saddles of L(U) with
probability 0.

The proof of this theorem relies heavily on Theorem A.2 of Du and Lee (2018), which requires the
parameter matrix U ∈ Rd×k to satisfy the condition that k ≥ d. In the case of symmetric matrix
factorization, where U ∈ Rd×d, this condition is naturally met. However, for asymmetric matrix

factorization, where U =

[
A
B⊤

]
∈ R2d×d, this condition is not satisfied, and thus the proof of

Theorem A.1 is only applicable to the symmetric case of matrix factorization.
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Theorem A.2 (Theorem 3.1 in Du and Lee (2018))). Let f : Rd×d → R be a C2 convex function.
Then L : Rd×k → R,L(U) = f

(
UU⊤) , k ≥ d satisfies that (1). Every local minimizer of L is

also a global minimizer; (2). All saddles are strict. Here saddles denote those stationary points
whose hessian are not positive semi-definite (thus including local maximizers).

Below we give a direct proof of the loss landscape of an asymmetric matrix factorization model.
Theorem A.3 (Loss Landscape). For any data S, the critical points of RS(θ) are either strict
saddle points or global minima.

Proof. We start by recalling the definition of the loss function:

RS(θ) = L(A,B) =
1

2
∥AB −M∥2Sx

=
1

2

∑

(i,j)∈Sx

((AB)ij −Mij)
2.

Let θ = (A,B) denote a critical point. We define a new matrix, δM , as the difference between the
product of A and B and the matrix M , with this difference being computed only over the indices in
the set Sx. More formally, δM = (AB −M)Sx , where the elements of δM are given by:

• For (i, j) ∈ Sx, we have δMij = (AB)ij −Mij .

• For (i, j) /∈ Sx, we have δMij = 0.

This definition of δM ensures that we only consider the differences in the entries that belong to the
set Sx, while all other entries are set to zero.

Consider the function:

L(A+ ε,B + η) =
1

2
∥δM + εB +Aη + εη∥2Sx

=
1

2
∥δM∥2Sx

+ ⟨δM , εB +Aη⟩Sx +
1

2
∥εB +Aη∥2Sx

+ ⟨δM , εη⟩Sx + o(∥ε∥2, ∥η∥2),

(15)

where the inner product of two matrices A,B is defined as ⟨A,B⟩ := Tr(AB⊤).

At the critical point, the first order term ⟨δM , εB + Aη⟩Sx equals 0. The Hessian operator,
representing the second order term, is given by:

hA,B(ε,η) =
1

2
∥εB +Aη∥2Sx

+ ⟨δM , εη⟩Sx .

Our goal is to demonstrate that if δM ̸= 0, there always exists ε,η such that hA,B(ε,η) < 0. To
this end, we consider the ranks of matrices A and B in two cases:

(i) rank(A) < d or rank(B) < d:

Without loss of generality, we assume δMij := δMij ̸= 0 for some (i, j) ∈ Sx, and rankA < d.
Under these conditions, there exists a non-zero vector v such that Av = 0.

We set η∗
,j = v and η∗

,s = 0 for s ̸= j, where η∗
,j denotes the j-th column of the matrix η. Let

ε∗i = w⊤ ∈ Rd and εs = 0 for s ̸= i, where ε∗i denotes the i-th row of the matrix ε.

We then have:

hA,B(ε∗,η∗) =
1

2
∥ε∗B∥2Sx

+ δMijw
⊤v

≤ 1

2
∥w⊤B∥2F + δMijw

⊤v

=
1

2
w⊤BB⊤w + δMijw

⊤v.
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We define g(w,v) = 1
2w

⊤BB⊤w + δMijw
⊤v and consider:

g(−αδMijv,v) =
1

2
α2δM2

ijv
⊤BB⊤v − αδM2

ijv
⊤v

=
1

2
α2δM2

ij(v
⊤BB⊤v − 2

1

α
v⊤v).

For 0 < α < 2
λB,max

, where λB,max represents the top eigenvalue of BB⊤, we find
g(−αδMijv,v) < 0.

Therefore, when w = −αδMijv, we obtain hA,B(ε∗,η∗) < 0. This immediately implies the
critical point θ = (A,B) is a strict saddle point.

(ii) rank(A) = rank(B) = d:

Let ε = αδMB−1 and η = 0. In this scenario, the first order term ⟨δM , εB +Aη⟩Sx in Eq. (15)
simplifies to α∥δM∥2Sx

. At a critical point, this quantity equals zero, it implies that δM = 0. This
in turn implies that the critical point θ = (A,B) is a global minimum.

This concludes the proof, establishing that the critical points of RS(θ) are either strict saddle points
or global minima.

A.4 Escaping from Top Eigendirection

In this section, we focus on the dynamics of escaping from a critical point. According to Prop. A.3,
the loss landscape consists solely of strict saddle points and a global minimum. Consequently,
gradient-based methods can readily escape from a critical point that is not a global minimum.

In the following, we will demonstrate that the escaping dynamics near a critical point can be
approximated by a linearized version of these dynamics. For this, consider the following:

θ̇ = −∇RS(θ). (16)

Assume θc is a saddle point for which ∇RS(θc) = 0. We can apply a first-order Taylor expansion to
the right-hand side of Eq. (16), yielding:

−∇RS(θ) = −∇RS(θc)−∇2RS(θc)(θ − θc) +O(∥θ − θc∥2), (17)

where ∇2RS(θc) represents the Hessian matrix. Given that ∇RS(θc) = 0, the gradient flow
dynamics around θc can be approximated as:

θ̇ = H(θ − θc), (18)

where H := −∇2RS(θc). Eq. (18) is a classic linear ordinary differential equation, with the solution:

θ(t) = etH(θ0 − θc) + θc. (19)

The dynamics near a critical point can be approximated by a linearized version. Hence, in the vicinity
of a critical point, we can analyze the linearized dynamics to understand the escape mechanism. In
the following, we will show that during this escape process, the dynamics follow a pattern referred to
as dominant eigenvalue dynamics.

Eq. (19) elucidates that the dynamics near the critical point θc are predominantly dictated by the
properties of H , a real symmetric matrix in R2d2×2d2

. Its eigendecomposition is given by:

H := −∇2RS(θc) = QΛQ⊤, (20)

where Λ is a diagonal matrix and Q is an orthogonal matrix. Let λ1 > λ2 > · · · > λs ∈ R denote
the eigenvalues of H , and let qi1, qi2, · · · , qili represent the eigenvectors corresponding to λi.

Given that λ1 > λ2, the ratio eλ1t/eλit for i > 1 grows exponentially fast. Consequently, near θc,
the evolution of the system is primarily driven by the eigenvectors q11, q12, · · · , q1l1 associated with
the largest eigenvalue λ1.
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This following proposition formalizes the intuitive idea that in the vicinity of a saddle point, the
dynamics primarily follow the direction associated with the largest eigenvalue. This leading eigendi-
rection becomes increasingly dominant as time evolves, allowing for an escape from the saddle point
and facilitating a specific structured transition.

Let’s consider θc to be a saddle point. Consider:

θ̇ = −∇2RS(θc)(θ − θc), θ(0) = θ0. (21)

Here, θ0 and θc are in close enough proximity for the linearized dynamics to be valid over a
sufficiently long period. We can then establish the following proposition:

Proposition A.5 (Escape from Saddle Points Following a Dominant Eigenvalue Dynamics).
Consider the linearized dynamics given by θ̇ = −∇2RS(θc)(θ−θc), we denote H := −∇2RS(θc).
Let λ1 ∈ R be the largest eigenvalue of H , with corresponding eigenvectors q11, q12, · · · , q1l1 .
Denote cj = ⟨θ0 − θc, q1j⟩,∀1 ≤ j ≤ l1. Assume there exists j such that cj ̸= 0, then, given any
ε > 0, there exists a t0 > 0 such that for all t ≥ t0, the following holds:

∥∥∥∥∥∥∥∥∥

θ(t)− θc

eλ1t
l1∑

j=1

cjq1j

− 1

∥∥∥∥∥∥∥∥∥
< ε. (22)

This means that, as time progresses, the direction of the parameter evolution increasingly aligns with
the dominant eigenvectors of H .

This proposition is a consequence of the fact that the solution of the differential equation is given
by θ(t) = eHtθ(0), and as t tends to infinity, the term corresponding to the dominant eigenvalue in
the matrix exponential eHt becomes dominant. Therefore, near the saddle point, we have θ(t) ≈
eλ1t

l1∑
j=1

cjq1j + θc.

Proof. The solution of the ordinary differential equation (21) is θ(t) = etH(θ0 − θc) + θc. Here,
H = −∇2RS(θc) is a real symmetric matrix, which can be diagonalized. Let λ1 > λ2 > · · · > λs

be the eigenvalues of H , and let qi1, qi2, · · · , qili be the eigenvectors corresponding to λi. We can
then express θ(t) as:

θ(t) =

s∑

i=1

li∑

j=1

eλit⟨θ0 − θc, qij⟩qij + θc. (23)

Next, we analyze the norm of the relative difference between θ(t) and a term dominating its growth:
∥∥∥∥∥∥∥∥∥

θ(t)− θc
l1∑

j=1

eλ1t⟨θ0 − θc, q1j⟩q1j
− 1

∥∥∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥∥∥

s∑
i=2

li∑
j=1

eλit⟨θ0 − θc, qij⟩qij
l1∑

j=1

eλ1t⟨θ0 − θc, q1j⟩q1j

∥∥∥∥∥∥∥∥∥

≤
s∑

i=2

li∑

j=1

e−(λ1−λi)t

∥∥∥∥∥∥∥∥∥

⟨θ0 − θc, qij⟩qij
l1∑

j=1

⟨θ0 − θc, q1j⟩q1j

∥∥∥∥∥∥∥∥∥

≤ e−(λ1−λ2)t
s∑

i=2

li∑

j=1

∥∥∥∥∥∥∥∥∥

⟨θ0 − θc, qij⟩qij
l1∑

j=1

⟨θ0 − θc, q1j⟩q1j

∥∥∥∥∥∥∥∥∥
.

(24)
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We define C =
s∑

i=2

li∑
j=1

∥∥∥∥∥∥∥∥∥

⟨θ0 − θc, qij⟩qij
l1∑

j=1

⟨θ0 − θc, q1j⟩q1j

∥∥∥∥∥∥∥∥∥
. By choosing t0 =

log C
ε

λ1 − λ2
, we ensure that for all

t > t0, the following condition is met:
∥∥∥∥∥∥∥∥∥

θ(t)− θc
l1∑

j=1

eλ1t⟨θ0 − θc, q1j⟩q1j
− 1

∥∥∥∥∥∥∥∥∥
< ε. (25)

Prop. A.5 describes that under the linearized dynamics, the parameters will escape from the saddle
point along a specific direction. However, when considering the original nonlinear dynamics θ̇(t) =
−∇RS(θ), we encounter a trade-off: we should choose t0 sufficiently large so that the trajectory can
align well with the dominant eigendirection while escaping the saddle point, but if t0 is too large,
the linearization approximation will fail as θ(t0) moves away from θc. Li et al. (2020) (Theorem
5.3) proved a general dynamical result through careful analysis and error control: assuming the
eigenvector corresponding to the maximum eigenvalue is unique and the initialization is sufficiently
close to the saddle point, there always exists a suitable t0 such that the linear dynamics can align with
the dominant eigendirection before the linearization breaks down. We can generalize this result to the
case where the eigenvector corresponding to the largest eigenvalue is not unique:

Proposition A.6. Consider the dynamics given by θ̇(t) = −∇RS(θ), we use φ(θ0, t) to denote the
value of θ(t) in the case of θ(0) = θ0. At a critical point θc, we denote the negative Hessian as
H := −∇2RS(θc). Let λ1 ∈ R be the largest eigenvalue of H , with corresponding eigenvectors
q11, q12, · · · , q1l1 . Denote cj = ⟨θ0 − θc, q1j⟩,∀1 ≤ j ≤ l1, and v1 =

∑l1
j=1 cjq1j . Assume

there exists j such that cj ̸= 0. Let zα(t) := φ
(
θc + αv1, t+

1
λ1

log 1
α

)
for every α > 0, then

z(t) := limα→0 zα(t) exists and is also a solution of the given dynamics, i.e., z(t) = φ(z(0), t).
Furthermore, ∀t ∈ R, there exists a constant C > 0 such that

∥∥∥∥φ
(
θc + αθ0, t+

1

λ1
log

1

α

)
− z(t)

∥∥∥∥
2

≤ Cα
λ1−λ2
2λ1−λ2

for every sufficiently small α, where λ1 − λ2 > 0 is the eigenvalue gap.

Proof. By Theorem 5.3 in Section 5.1 of Li et al. (2020), we know that if the eigenspace corresponding
to λ1 is one-dimensional, i.e., l1 = 1, then the escaping direction will be the top eigenvector direction,

and the convergence rate is O(α
λ1−λ2
2λ1−λ2 ). Therefore, Proposition A.6 holds in this case.

Now, if the eigenspace corresponding to λ1 is not one-dimensional, we denote cj = ⟨θ0 −
θc, q1j⟩,∀1 ≤ j ≤ l1, and v1 =

∑l1
j=1 cjq1j will be the escaping direction. Following the same

technique as in Li et al. (2020), we can easily verify that the convergence rate remains O(α
λ1−λ2
2λ1−λ2 ).

Therefore, Proposition A.6 holds in this case as well.

A.5 Eigenvalues and Eigenvectors of Hessian

Suppose the dominant directions fulfill specific conditions, such as any combination c1q11 + c2q12 +
· · · + cl1q1l1 , leading to rank 1 model parameters (A,B). In such scenarios, we may observe a
phenomenon where the rank of the matrix increases incrementally.

Firstly, we analyze the eigenvector structure of the Hessian matrix at the critical point θc =
(Ac,Bc)to understand why the parameter will enter the rank-1 invariant manifold.
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Computation of the Hessian Matrix at a Critical Point. To compute the Hessian matrix, we first
consider the gradient:

RS(θ) = ESℓ (f(x,θ), f
∗(x)) ,

∇θRS(θ) = ES∇ℓ (f(x,θ),f∗(x))
⊤ ∇θfθ(x),

=

d2∑

i=1

ES∂iℓ (fθ,f
∗)∇θ (fθ)i ,

=

d2∑

i=1

ES(fθ − f∗)i∇θ (fθ)i ,

where ∂iℓ (fθ,f
∗) is the i-th element of ∇ℓ (f(x,θ),f∗(x)), and (fθ)i is the i-th element of the

vectorization of fθ.

For the Hessian matrix HS(θ), we have

H(θ) := ∇θ∇θRS(θ) =

d2∑

i=1

ES∇θ (∂iℓ (fθ,f
∗))∇θ (fθ)i +

d2∑

i=1

ES∂iℓ (fθ,f
∗)∇θ∇θ ((fθ)i)

=

d2∑

i,j=1

ES∂ijℓ (fθ,f
∗)∇θ (fθ)i

(
∇θ (fθ)j

)⊤
+

d2∑

i=1

ES∂iℓ (fθ,f
∗)∇θ∇θ ((fθ)i) ,

=

d2∑

i,j=1

∇θ (fθ)i

(
∇θ (fθ)j

)⊤
+

d2∑

i=1

ES(fθ − f∗)i∇θ∇θ ((fθ)i) ,

where ∂ijℓ (fθ,f
∗) is the (i, j)-th element of ∇∇ℓ (f(x,θ),f∗(x)).

We define matrices H(1)(θ) and H(2)(θ) as follows:

H(1)(θ) :=

d2∑

i,j=1

∇θ (fθ)i

(
∇θ (fθ)j

)⊤
,

H(2)(θ) :=

d2∑

i=1

ES(fθ − f∗)i∇θ∇θ ((fθ)i) ,

We further denote that H(θ) := H(1)(θ) +H(2)(θ).

For matrix factorization model, the eigenvectors of H(2) has a special structure, as characterized by
Lem. A.2.

Lemma A.2 (Data-Independent Interleaved Structure of Eigenvectors of H(2)). Let θc =
(Ac,Bc) be any critical point of the matrix factorization model. If λ is an eigenvalue of H(2)(θc) ∈
R2d2×2d2

, then there exist at least d eigenvectors associated with λ. These d eigenvectors take the
form v ⊗ e1,v ⊗ e2, · · · ,v ⊗ ed ∈ R2d2

, where v ∈ R2d is a vector to be determined and ei is the
unit vector representing the i-th column of the identity matrix Id ∈ Rd×d.

Proof. Let’s denote the residual matrix at the critical point as δM = (AcBc − M)Sx , where
(Ac,Bc) is a critical point. For the vectorized parameter θc, by direct calculation the matrix
H(2) := −∇2RS(θc) can be formulated as a block matrix, with the diagonal blocks being 0. The
specific format is as follows:

H(2) =

[
0 −δM ⊗ Id

−δM⊤ ⊗ Id 0

]
. (26)

Next, we compute the eigenvectors of H(2). Let λ be an eigenvalue of H(2). We need to verify that
v⊗ e1,v⊗ e2, · · · ,v⊗ ed ∈ R2d2

are the eigenvectors of H(2) corresponding to λ, for a particular
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v ∈ R2d yet to be determined. That is, we need to ensure that for all 1 ≤ i ≤ d, the equation
(H(2) − λI2d2)(v ⊗ ei) = 0 has a non-zero solution for v. Notice that

(H(2) − λI2d2)(v ⊗ ei) =

[
−λId ⊗ Id −δM ⊗ Id
−δM⊤ ⊗ Id −λId ⊗ Id

]
(v ⊗ ei)

=

([
−λId −δM
−δM⊤ −λId

]
⊗ Id

)
(v ⊗ ei)

=

([
−λId −δM
−δM⊤ −λId

]
v

)
⊗ ei.

(27)

Since λ is an eigenvalue of H(2), the determinant of the matrix H(2) − λI2d2 equals zero. Hence

det
([

−λId −δM
−δM⊤ −λId

])2d

= det
([

−λId −δM
−δM⊤ −λId

]
⊗ Id

)
= 0. (28)

Consequently, from Eq. (27), we conclude that there always exists a non-zero vector v ∈ R2d such
that (H(2)−λI2d2)(v⊗ei) = 0. Since v ̸= 0, it is evident that v⊗e1,v⊗e2, · · · ,v⊗ed ∈ R2d2

are linearly independent, and thus they represent d eigenvectors corresponding to λ.

Proposition A.7 (Eigenvectors Structure of H at the Origin). Consider the dynamics given
by Eq. (21), where we denote H := −∇2RS(0). If λ is an eigenvalue of H ∈ R2d2×2d2

, then
there exist at least d eigenvectors associated with λ in H . These d eigenvectors take the form
v ⊗ e1,v ⊗ e2, · · · ,v ⊗ ed ∈ R2d2

, where v ∈ R2d is a vector to be determined and ei is the unit
vector representing the i-th column of the identity matrix Id ∈ Rd×d.

Proof. In the matrix factorization model, at the origin the gradient ∇θ (fθ) = 0 and thus H(1)(0) =
0 and the Hessian matrix reduces to H(2)(0), making H = −∇2RS(0) = −H(2)(0).

Let’s denote the residual matrix at the origin as δM = (AcBc − M)Sx , where at the origin
(Ac,Bc) = (0,0). For the vectorized parameter θc, the matrix H := −∇2RS(0) can be formulated
as a block matrix, with the diagonal blocks being 0. The specific format is as follows:

H = H(2) =

[
0 −δM ⊗ Id

−δM⊤ ⊗ Id 0

]
. (29)

By Lem. A.2, the proof is completed.

Lemma A.3 (Eigenvectors Structure of H at Second-order Stationary Point). Let Ω denote an
Ωk invariant manifold or sub-Ωk invariant manifold defined in Prop. A.1 and A.2, and consider
a second-order stationary point θc within Ω, i.e., ∇RS(θc) = 0 and θ⊤∇2RS(θc)θ ≥ 0 for all
θ ∈ Ω. Then, the eigenvectors corresponding to the negative eigenvalues of the Hessian matrix
H(θc) are contained within the span of the eigenvectors corresponding to the negative eigenvalues
of H(2)(θc).

Proof. Recall the definitions of H(1)(θ) and H(2)(θ) given by:

H(1)(θ) :=

d2∑

i,j=1

∇θ (fθ)i

(
∇θ (fθ)j

)⊤
,

H(2)(θ) :=

d2∑

i=1

ES

[
(fθ − f∗)i ∇2

θ (fθ)i
]
.

The Hessian matrix H(θ) at θ is H(θ) := H(1)(θ) +H(2)(θ).

The manifold Ω is an affine subspace with orthogonal complement denoted by Ω⊥. Let H have the
following block representation in the bases of Ω and Ω⊥:

H =

[
H11 H12

H21 H22

]
. (30)
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Since Ω is an invariant subspace under the gradient flow, we have Hθ ∈ Ω for all θ ∈ Ω, which
implies that H12 = 0. Since H is symmetry, we have H21 = 0.

Let λ < 0 be a negative eigenvalue of H := H(θc) with v as the corresponding eigenvector. Since
H11 is positive semi-definite, v must lie in Ω⊥.

At a critical point θc = (Ac,Bc), by direct calculation, the gradient ∇θfθc
can be structured as:

∇θfθc
=




Bc

Bc

. . .
a11I a21I · · · ad1I
a12I a22I · · · ad2I

...
...

. . .
...

a1dI a2dI · · · addI




=

[
I ⊗Bc

A⊤
c ⊗ I

]

2d2×d2

, (31)

where ⊗ denotes the Kronecker product.

Note that ∇θ (fθ∗)j is the j-th column of matrix ∇θfθc and it falls precisely within the defined Ωk

invariant manifold or sub-Ωk invariant manifold Ω. Therefore, we have:
(
∇θ (fθc

)j

)⊤
v = 0 ∀1 ≤ j ≤ d2, (32)

which implies that v is orthogonal to the image of ∇θ (fθc
), placing it in the null space of H(1)(θc).

As a result, we have:

H(θc)v =
(
H(1)(θc) +H(2)(θc)

)
v = H(2)(θc)v = λv.

Thus, the eigenvector v of the Hessian H(θc), corresponding to the negative eigenvalue λ, is also an
eigenvector of H(2)(θc), confirming that v is within the span of the eigenvectors of H(2)(θc).

A.6 Transition to the Next Rank-level Invariant Manifold

Proposition A.8. The linear combination of the eigenvectors of H(2): c1(v ⊗ e1) + c2(v ⊗ e2) +
· · ·+ cd(v ⊗ ed) falls within the invariant manifold Ω1(c), where c = (c1, c2, · · · , cd)⊤.

Proof. Notice that
c1(v ⊗ e1) + c2(v ⊗ e2) + · · ·+ cd(v ⊗ ed)

= v ⊗ [c1e1 + c2e2 + · · ·+ cded]

= v ⊗ c.

(33)

By Definition A.1, the data-independent invariant manifold generated by c is Ω1(c) =
{(A,B)|ai, bj ∈ span{c},∀1 ≤ i, j ≤ d}. If θ = (A,B) ∈ Ω1(c), then A,B must take
the form

A =




β1c
β2c

...
βdc


 , B =




βd+1c
βd+2c

...
β2dc


 , (34)

for some β = [β1, β2, · · · , β2d]
⊤ ∈ R2d, and the vectorized parameter θ = vec((A,B)) ∈ R2d

takes the form β ⊗ c. Let β = v, and the proof is complete.

Lemma A.4. Suppose α1,α2, · · · ,αk+1 ∈ Rd are linearly independent, the data-
independent invariant manifold exhibits the property Ωk(α1,α2, · · · ,αk) + Ω1(αk+1) =
Ωk+1(α1,α2, · · · ,αk+1).

Proof. Assume that θ = (A,B) ∈ Ωk+1(α1,α2, · · · ,αk+1). Then A,B should adopt the form:

A =

k∑

i=1

βiα
⊤
i + βk+1α

⊤
k+1, B =

k∑

i=1

γiα
⊤
i + γk+1α

⊤
k+1. (35)
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Denote ci =

[
βi

γi

]
∈ R2d, then the vectorized parameters θ := vec(θ) can be expressed as:

θ =

k∑

i=1

ci ⊗αi + ck+1 ⊗αk+1. (36)

Since we know that
k∑

i=1

ci ⊗αi ∈ Ωk(α1,α2, · · · ,αk) and ck+1 ⊗αk+1 ∈ Ω1(α), it is straight-

forward to validate that Ωk+1(α1,α2, · · · ,αk+1) = Ωk(α1,α2, · · · ,αk) +Ω1(αk+1).

Assumption A.1 (Unique Top Eigenvalue). Let δM = (AcBc −M)Sx be the residual matrix at

the critical point θc = (Ac,Bc). Assume that the top eigenvalue of the matrix
[

0 −δM
−δM⊤ 0

]
is

unique.
Assumption A.2 (Second-order Stationary Point). Let Ω be an Ωk invariant manifold or sub-Ωk

invariant manifold defined in Prop. A.1 or A.2. Assume θc is a second-order stationary point within
Ω, i.e., ∇RS(θc) = 0 and θ⊤∇2RS(θc)θ ≥ 0 for all θ ∈ Ω.
Theorem A.4 (Transition to the Next Rank-level Invariant Manifold). Consider the dynamics
θ̇ = −∇RS(θ). Let φ(θ0, t) denote the value of θ(t) when θ(0) = θ0. Let Ω be a Ωk invariant
manifold or sub-Ωk invariant manifold. Let θc ∈ Ω be a critical point satisfying Assump. A.1 and
A.2. Then, for randomly selected θ0, with probability 1 with respect to θ0, the limit

φ̃(θc, t) := lim
α→0

φ

(
θc + αθ0, t+

1

λ1
log

1

α

)
(37)

exists and falls into an invariant manifold Ωk+1. Here λ1 is the top eigenvalue of negative Hessian
−∇2RS(θc).

Proof. At the critical point θc, we denote the negative Hessian as H := −∇2RS(θc). Let λ1 ∈ R
be the largest eigenvalue of H , with corresponding eigenvectors q11, q12, · · · , q1l1 .

Denote cj = ⟨θ0 − θc, q1j⟩,∀1 ≤ j ≤ l1, and v1 =
∑l1

j=1 cjq1j . For a randomly selected θ0, with
probability 1, there exists at least one j such that cj ̸= 0.

Consider the path zα(t) := φ
(
θc + αv1, t+

1
λ1

log 1
α

)
for every α > 0. By Prop. A.6, the limit

z(t) := limα→0 zα(t) exists and satisfies the dynamics z(t) = φ(z(0), t).

Furthermore, ∀t ∈ R, there exists a constant C > 0 such that
∥∥∥∥φ
(
θc + αθ0, t+

1

λ1
log

1

α

)
− z(t)

∥∥∥∥
2

≤ Cα
λ1−λ2
2λ1−λ2

for every sufficiently small α, where λ1 − λ2 > 0 is the eigenvalue gap.

This implies that the limit limα→0 φ
(
θc + αθ0, t+

1
λ1

log 1
α

)
exists and

φ̃(θc, t) := lim
α→0

φ

(
θc + αθ0, t+

1

λ1
log

1

α

)
= lim

α→0
φ

(
θc + αv1, t+

1

λ1
log

1

α

)
.

Assuming θc ∈ Ωk and satisfies Assumps. A.1 and A.2, we aim to show the existence of a rank-(k+1)
invariant manifold Ωk+1 containing θc + αv1.

Define the following matrices:

H(1)(θc) :=

d2∑

i,j=1

∇θc
(fθc

)i

(
∇θc

(fθc
)j

)⊤
,

H(2)(θc) :=

d2∑

i=1

ES

[
(fθc

− f∗)i ∇2
θc

(fθc
)i
]
.
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The Hessian matrix H(θc) at θc can be expressed as H(θc) := H(1)(θc) +H(2)(θc), and we have
H = −H(θc).

Assump. A.1 and Lem. A.2 imply that there exist exactly d eigenvectors associated with the top
eigenvalue λ1 of −H(2)(θc). These eigenvectors are of the form v ⊗ ei for i = 1, . . . , d, where
v ∈ R2d is a vector to be determined and ei is the i-th standard basis vector in Rd. By Assump. A.2
and Lem. A.3, the eigenvectors corresponding to λ1 of H are contained within the span of the
eigenvectors associated with the negative eigenvalues of H(2)(θc).

Prop. A.8 ensures that the escaping direction v1 lies within a rank-1 invariant manifold Ω1. Lem. A.4
then guarantees the existence of an invariant manifold Ωk+1 that includes θc + αv1. Since Ωk+1 is
invariant under the gradient flow, the trajectory φ

(
θc + αv1, t+

1
λ1

log 1
α

)
remains within Ωk+1.

Finally, since Ωk+1 is a closed subspace, the limit φ̃(θc, t) lies in Ω̄k+1, concluding the proof.

A.7 Example of Coincident Top Eigenvalues

Consider the 2× 2 matrix completion problem: M =

[
2 ⋆
⋆ 2

]
. In this case, the two numbers on the

diagonal are identical, which causes the maximum singular value of the residual matrix at the origin
to be non-unique, violating Assump. 1. Consequently, the training process will jump directly from
the rank 0 to the rank 2 invariant manifold, thereby missing the lowest rank solution of rank 1. This
behavior is demonstrated in Fig. A2, which shows experimental results for this scenario.

100 101 102 103 104

Epoch

10 11
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10 2

101
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ss
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(a) Training loss (b) Singular values of A (c) Singular values of B (d) Singular values of Waug

Figure A2: Analysis of matrix completion for M with identical diagonal elements. (a) Training
loss under small initialization. (b-d) Singular value evolution for A,B,Waug. Simultaneous growth
of singular values results in direct convergence to a rank-2 invariant manifold.

A.8 Minimum Rank

Theorem A.5 (Minimum Rank). Let Ω denote an invariant as defined previously. Assume Wt

achieves a global minimum within each invariant manifold Ωk. If the limit Ŵ = limα→0 W∞(αI)

exists and is a global optimum with Ŵ (i, j) = M(i, j) for all (i, j) ∈ Sx, then

Ŵ ∈ argminW rank(W ) s.t. W (i, j) = M(i, j),∀(i, j) ∈ Sx. (38)

Proof. Consider the invariant manifold Ωk, which is defined as follows:

Ωk := Ωk(α1, · · · ,αk) = {(A,B)|ai, b·,j ∈ span{α1, · · · ,αk},∀1 ≤ i, j ≤ d},
where ai denotes the i-th row of A, b·,j denotes the j-th column of B, and α1, . . . ,αk are indepen-
dent vectors that span the invariant subspace associated with Ωk.

According to Thm. A.4, the training trajectory adheres to a hierarchical traversal across invariant
manifolds. For any matrix C with rank(C) ≤ k, we will show that there always exists θ = (A,B) ∈
Ωk such that AB = C. Therefore, Ωk contains all matrices of rank k.

In fact, Since rank(C) ≤ k, we can express C as a sum of k rank-one matrices: C =
∑k

i=1 uiv
⊤
i

where ui and vi are column vectors. By the definition of Ωk, for any θ = (A,B) ∈ Ωk, each
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row of A and each column of B can be expressed as a linear combination of {α1, · · · ,αk}:
ai =

∑k
j=1 cijαj b·,j =

∑k
i=1 dijαi where cij and dij are scalars. We can write:

A =




∑k
j=1 c1jαj

...∑k
j=1 cdjαj


 ,B =

[∑k
i=1 di1αi · · · ∑k

i=1 didαi

]
.

Now, we can express the product AB as: AB =
∑k

i=1

∑k
j=1

(∑d
l=1 clidjl

)
αiα

⊤
j By choosing

appropriate values for cij and dij , we can make AB = C. This is possible because the outer
products αiα

⊤
j span the same subspace as the rank-one matrices uiv

⊤
i in the expression of C.

Therefore, for any matrix C with rank(C) ≤ k, there always exists θ = (A,B) ∈ Ωk such that
AB = C.

If the output matrix Wt attains optimums within each Ωk, it suggests that the optimization process
is selecting the best approximation from the set of all possible rank-k matrices. Provided that each
step in the optimization is optimal, the resulting solution will naturally be the matrix with the lowest
feasible rank that satisfies the matrix completion criteria, thereby completing the proof.

A.9 Minimum Nuclear Norm Guarantee

Lemma A.5 (Minimal Nuclear Norm Computation). Given a matrix M to be completed with
observed diagonal entries, i.e., diag(M) = v, the minimal nuclear norm solution among all possible
completions is ∥v∥1.

Proof. The nuclear norm of a matrix is the dual of the spectral norm ∥ · ∥2, defined as:

∥A∥∗ = max
∥X∥2≤1

⟨A,X⟩.

Given that ∥ diag(sign(v))∥2 ≤ 1, for any matrix A with diag(A) = v, it follows that:

∥A∥∗ ≥ ⟨A,diag(sign(v))⟩ = ⟨v, sign(v)⟩ = ∥v∥1.

Specifically, the nuclear norm of the diagonal matrix with v on its diagonal is ∥ diag(v)∥∗ = ∥v∥1,
which establishes that the diagonal matrix with v is indeed a minimizer for the nuclear norm.

Diagonal Observations

Proposition A.9 (Minimum Nuclear Norm Guarantee in Diagonal Case). Consider the dynamics
θ̇ = −∇RS(θ), where θ(t) = (A(t),B(t)) and denote Wt = A(t)B(t). If the observation data is
diagonal, and if for a full rank initialization W0, the limit Ŵ = limα→0 W∞(αW0) exists and is a
global optimum with Ŵij = Mij for all (i, j) ∈ Sx, then

Ŵ ∈ argminW ∥W ∥∗ s.t. Wij = Mij ,∀(i, j) ∈ Sx. (39)

Proof. Without loss of generality, assume that M is a diagonal matrix given by:

M =




µ1

µ2

. . .
µd


 .

By Lem. A.5, the minimal nuclear norm among all possible completions is |µ1|+ |µ2|+ · · ·+ |µd|.
When the matrix to be completed is diagonal, the evolution of the i-th row of A is influenced only by
the i-th column of B. Hence, the dynamics decouple into d independent parts, each equivalent to
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learning a scalar µi. The learning process thus unfolds in d stages, with each stage passing through a
critical point to learn a respective µi.

By Lem. A.2, the second term of the Hessian matrix can be expressed as:

H(2) =

[
0 −δM ⊗ Id

−δM⊤ ⊗ Id 0

]
.

According to Lem. A.2, the d eigenvectors of H(2) take the form v⊗e1,v⊗e2, . . . ,v⊗ed ∈ R2d2

,
where v ∈ R2d is a vector to be determined and ei is the unit vector corresponding to the i-th column
of the identity matrix Id ∈ Rd×d.

(i) Suppose µ1 > µ2 > · · · > µd > 0.

With a infinitesimal initialization, the training dynamics first focus on the element with the largest
singular value, then proceed sequentially to blocks with smaller singular values. This pattern of
learning is consistent with the concept of “sequential learning” as reported in the literature (Gidel
et al., 2019; Gissin et al., 2019; Jiang et al., 2023).

For a diagonal observation matrix, the residual matrix δM at any critical point remains a diagonal
matrix. While starting to learn µi from a critical point, direct calculation confirms that vector
v = [ei, ei]

⊤ ∈ R2d. Escaping from each saddle point θc, the trajectory θ(t) − θc approximates∑d
i=1 ci(v ⊗ ei), which satisfies B,i = (A⊤),i. Thus, learning a diagonal matrix M using the

asymmetric model AB is equivalent to using a symmetric model AA⊤. The final outcome ensures
that diag(AB) = diag(AA⊤) = diag(M).

The nuclear norm of AA⊤ equals the sum of its eigenvalues, which is precisely the trace of the
matrix, and tr(AA⊤) = tr(M) = µ1 + µ2 + · · ·+ µd. Therefore, the nuclear norm of the learned
matrix W = AB = AA⊤ remains |µ1|+ |µ2|+ · · ·+ |µd|.
(ii) If some µi < 0, assume without loss of generality that |µ1| > |µ2| > · · · > |µn| > 0.

While starting to learn µi from a critical point, direct calculation confirms that v =
[ei, sign(µi)ei]

⊤ ∈ R2d. Escaping from each saddle point θc, the trajectory θ(t) − θc approxi-
mates

∑d
i=1 ci(v ⊗ ei), satisfying B,i = sign(µi)(A

⊤),i. Hence, AB = AA⊤Q, where Q is an
orthogonal matrix given by:

Q =




sign(µ1)
sign(µ2)

. . .
sign(µd)


 .

The final result ensures that diag(AB) = diag(AA⊤Q) = diag(M), meaning diag(AA⊤) =
diag(QM). The nuclear norm of AA⊤ equals the sum of its eigenvalues, which is the trace of the
matrix, and tr(AA⊤) = tr(QM) = |µ1|+ |µ2|+ · · ·+ |µd|.
Since an orthogonal transformation does not change the nuclear norm of a matrix, the nuclear norm
of the final learned matrix W = AB = AA⊤Q is still |µ1|+ |µ2|+ · · ·+ |µd|.

Disconnected with Complete Bipartite Components

Theorem A.6 (Minimum Nuclear Norm Guarantee). Consider the dynamics θ̇ = −∇RS(θ),
where θ(t) = (A(t),B(t)), and let Wt = A(t)B(t). If the observation graph associated with the
matrix M to be completed is disconnected with complete bipartite components, and if for a full
rank initialization W0, the limit Ŵ = limα→0 W∞(αW0) exists and is a global optimum with
Ŵij = Mij for all (i, j) ∈ Sx, then

Ŵ ∈ argminW ∥W ∥∗ s.t. Wij = Mij ,∀(i, j) ∈ Sx. (40)

Proof. Consider a matrix M ∈ Rd×d composed of m connected components, with each component
forming a complete bipartite subgraph. Since M is disconnected, it can be represented in a block
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diagonal form without loss of generality:

M =




M1

M2

. . .
Mm


 ,

where each block Mi ∈ Rdi×d′
i , and

∑m
i=1 di = d,

∑m
i=1 d

′
i = d, representing the sum of the

dimensions of the blocks.

Each block Mi corresponds some singular values of the corresponding Hessian matrix at a critical
point. With a infinitesimal initialization, the training dynamics first focus on the block with the largest
singular value, then proceed sequentially to blocks with smaller singular values. This pattern of
learning is consistent with the concept of “sequential learning” as reported in the literature (Gidel
et al., 2019; Gissin et al., 2019; Jiang et al., 2023).

Since each connected component of M forms a complete bipartite subgraph, the block Mi is fully
observed. We can do singular value decomposition (SVD) on each sub-block Mi as Mi = UiΣiV

⊤
i ,

where Ui and Vi are orthogonal matrices, and Σi is a diagonal matrix with the singular values of Mi.

Construct block diagonal matrices U and V as follows:

U =




U1

U2

. . .
Um


 , V =




V1

V2

. . .
Vm


 .

This leads to the diagonal matrix:

UMV ⊤ =




Σ1

Σ2

. . .
Σm


 =




µ1

µ2

. . .
µd


 .

Orthogonal transformations preserve the nuclear norm, so by Lem. A.5, the minimal nuclear norm
among all possible completions is the sum of the absolute values of the diagonal entries, i.e.,
|µ1|+ |µ2|+ · · ·+ |µd|.
Consider an incomplete matrix M whose associated observational graph is divided into m connected
components, denoted by L1, L2, . . . , Lm. For each component Lp, we define S

Lp
x as the subset of

observed indices within Lp, where 1 ≤ p ≤ m and Sx is the set of all observed indices.

For each Lp, we can identify row indices Rp and column indices Cp corresponding to the observed
entries in Lp as follows:

Rp = {i|∃j : (i, j) ∈ S
Lp
x }, Cp = {j|∃i : (i, j) ∈ S

Lp
x }.

Here, Rp includes the row indices and Cp includes the column indices of the entries observed in Lp.

Define ALp and BLp as the submatrices of A and B corresponding to Rp and Cp, respectively. The
evolution of ALp is influenced only by BLp . Thus, the dynamics decouple into m independent parts,
each equivalent to learning a fully observed matrix Mi.

Accordingly, we partition A and B into m blocks:

A =



A1

...
Am


 , B = [B1 · · · Bm] ,

where Ai = ALi and Bj = BLj .

Denote Li = ∥AiBi −Mi∥22. The overall loss function L =
∑m

i=1 Li can be decomposed into m

independent parts. Performing orthogonal transformations Ãi = U⊤
i Ai and B̃i = BiVi, we obtain

a diagonal loss L̃i = ∥ÃiB̃i −Σi∥22 for 1 ≤ i ≤ C.
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Since gradient descent is the steepest descent in the l2 norm and orthogonal transformations preserve
this norm, the dynamics of optimizing L̃i are equivalent to those of optimizing Li.

Without loss of generality, assume µ1 > µ2 > · · · > µd > 0. Otherwise, as with Prop. A.9, a sign
orthogonal transformation Q can be applied without changing the nuclear norm.

By Prop. A.9, the learning result for a diagonal matrix implies B̃i = Ã⊤
i , which means BiVi =

U⊤
i A⊤

i .

The final learning result

Ã =



Ã1

...
Ãm


 , B̃ =

[
B̃1 · · · B̃m

]
,

satisfies B̃ = Ã⊤.

The result ensures that diag(ÃB̃) = diag(ÃÃ⊤) = diag(Σ). The nuclear norm of ÃÃ⊤ equals
the sum of its eigenvalues, which is the trace of the matrix, and Tr(ÃÃ⊤) = Tr(Σ) = |µ1|+ |µ2|+
· · ·+ |µd|.
Since orthogonal transformations do not alter the nuclear norm of a matrix, the nuclear norm of
W = AB is also |µ1|+ |µ2|+ · · ·+ |µd|, concluding the proof.

B Experimental Setup and Supplementary Experiments

In this section, we present the supplementary experiments mentioned in the main text and the details
of experiments.

B.1 Experimental Setup

For all our experiments, we employ gradient descent with a carefully chosen small learning rate. A
learning rate is deemed suitable when it yields a smooth, monotonically decreasing training trajectory
for the loss function, free from any abrupt fluctuations or oscillations. We initialize all model
parameters using a Gaussian distribution with a mean of zero and a variance that is detailed for each
specific experiment. Because of the small size of the experiment, the experiment can be completed
on a single CPU.

The criterion for the sufficiency of training in all cases is a training loss that falls below 10−10.
To ascertain the rank of the matrix produced by the learning process, we utilize a technique of
extrapolation with an infinitesimally small initialization. As depicted in Fig. 3(b), if a singular value
persistently diminishes in response to decreasing initialization magnitudes, it is then inferred that
such a singular value will not contribute to the rank in the context of an infinitesimal initialization.

We have included code in the Supplementary Material that determines the connectivity of a partially
observed matrix and provides specific examples illustrating the implicit regularization effects. This
code can be used to reproduce our results and explore the relationship between data connectivity and
the implicit biases of matrix factorization models in various matrix completion scenarios.

B.2 Connectivity Experiments

In the connectivity experiments corresponding to Fig. 1, we explore the behavior of randomly
generated 4× 4 matrices with intrinsic ranks of 1, 2, and 3. To investigate the impact of sampling
density on matrix reconstruction, we sample matrices at three different levels: 2rd − r2, which
meets the threshold for exact reconstruction, 2rd− r2 − 1, which is just below the threshold, and
2rd− r2 + 1, which exceeds the threshold.

For each sampling size, we randomly generate 10 sets of sampling positions. We then assess the
connectivity of the sampled positions and compute both the rank and the nuclear norm of the solutions
obtained through gradient descent. As an illustration, in Fig. B1, panel (a) presents a scenario with
connected sampling positions, panel (b) shows disconnected sampling positions, and panel (c) depicts
disconnected sampling with each disconnected component forming a complete bipartite graph.
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Figure B1: Examples of connected sampling and disconnected sampling patterns in Fig. 1.

In the connectivity experiments depicted in Figs. 2(c-d), we examine the behavior of randomly
generated matrices of size 4× 4 and 10× 10 with a rank of 1. The matrices are sampled at a size of
2rd− r2, which corresponds to the threshold for exact reconstruction. We evaluate two connected
and one disconnected sampling patterns.

Fig. B2(a) displays the first connected sampling pattern, where all entries in the first row and the first
column are sampled. Fig. B2(b) illustrates the second connected sampling pattern, which forms a “Z”
shape across the matrix. Fig. B2(c) shows the disconnected sampling pattern, where the samples are
split into two unconnected blocks, one in the top-left and the other in the bottom-right of the matrix.
A similar approach is taken for the 10× 10 matrices.
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(c) Disconnected sampling

Figure B2: Examples of connected sampling and disconnected sampling patterns in Fig. 2(c).

For Figs. 2 (a-b), we performed 100 random initializations for each initialization scale, recorded the
mean and standard deviation, and plotted them on the figure. For a sequence x1, x2, · · · , xn, the
mean is calculated by x̄ = 1

n

∑n
i=1 xi, and the standard deviation is calculated by:

σ =

√√√√ 1

n− 1

n∑

i=1

(xi − x̄)2.

Figs. 2(c-d) demonstrate that when the target matrix has a rank of 1 and the number of samples
meets the minimum requirement for reconstruction with connected sampling positions, the matrix
factorization model is capable of accurately reconstructing the original target matrix.

In scenarios where the target matrix has a higher rank, we have extended our experiments accordingly.
For a randomly chosen 4× 4 matrix with rank 2, we selected a sample count less than the threshold
of 2rd− r2 = 12, specifically 10 samples, while ensuring that the sampling pattern is connected, as
shown in Fig. B3. The resulting solution from the matrix completion has a rank of 2, which is the
minimal rank that fits the sampled data.

Fig. B4 reveals distinct behaviors of the matrix completion depending on the scale of initialization.
With a larger initialization, the third and fourth singular values of the completed matrix remain

31



× × × ×

× × × ×

× × × ×

× × × ×







Figure B3: The sample pattern in Fig. B4.

relatively significant, suggesting that the model does not converge to the lowest rank solution. On
the other hand, with a smaller initialization, the third and fourth singular values are uniformly small,
indicating that the model successfully converges to the lowest rank solution.
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(b) Initialization scale σ = 10−7
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(c) Reconstruction error

Figure B4: For a randomly selected 4× 4 matrix with rank 2, we chose 10 samples, fewer than the
threshold 2rd− r2 = 12, ensuring connected sampling positions, as shown in Fig. B3. The figures
show the experimental results for the four singular values of the matrix learned under Gaussian
initialization with mean 0 and standard deviations of 10−1 (a) and 10−7 (b), respectively. (c)
Reconstruction error of the solutions for a 4× 4 matrix reconstruction problem with M∗ randomly
sampled at rank r = 1 and sample size set to the minimum reconstruction setting n = 2rd− r2. Red
and blue scatter points represent two connected sampling patterns, while green points represent a
disconnected pattern.

B.3 Equivalent Sampling Patterns

For a given sample size, there are different sampling models corresponding to connected or discon-
nected sampling. As shown in Fig. B1, 7 observations are sampled, but different sampling positions
affect connectivity or disconnection. To thoroughly study all possible cases, we examine all sampling
cases of a 3× 3 matrix completion, as illustrated in Figure 2(c).

For a 3 × 3 matrix, the sample size varies from 1 to 9. When using the matrix decomposition
model fθ = AB for matrix completion, the dynamics obtained by exchanging rows or columns or
transposing the matrix to be completed are equivalent. These three operations allow us to divide all
sampling patterns equally.

For sample size = 1, there is only one sampling pattern in the equivalent sense, and the observation
matrix P is:

P1 =

[
1 0 0
0 0 0
0 0 0

]
.

where 1 indicates that the position is observed and non-zero, and 0 means that the position is not
observed or is 0.
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(a) Matrix completion (b) Singular values of A (c) Singular values of B (d) Singular values of Waug
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Figure B5: (a) The matrix to be completed, with unknown entries marked by ⋆. (b-d) Evolution of
singular values for A, B, and Waug during training. (e) Training loss for the disconnected sampling
pattern. (f) Learned values at symmetric positions (0, 1) and (1, 0) under varying initialization scales
(zero mean, varying variance). Each point represents one of ten random experiments per variance;
labels show initialization variance. Other symmetric positions exhibit similar behavior. (g) Learned
output at the saddle point corresponding to the red dot in (e). (h) Final learned solution of the GLRL
algorithm (Li et al., 2020).

For sample size = 2, there are only 2 sampling patterns in the equivalent sense:

P1 =

[
1 1 0
0 0 0
0 0 0

]
,P2 =

[
1 0 0
0 1 0
0 0 0

]

For sample size = 3, there are only 4 sampling patterns in the equivalent sense:

P1 =

[
1 1 1
0 0 0
0 0 0

]
,P2 =

[
1 1 0
1 0 0
0 0 0

]
,P3 =

[
1 1 0
0 0 1
0 0 0

]
,P4 =

[
1 0 0
0 1 0
0 0 1

]

For sample size = 4, there are only 5 sampling patterns in the equivalent sense:

P1 =

[
1 1 1
1 0 0
0 0 0

]
,P2 =

[
1 1 0
1 1 0
0 0 0

]
,P3 =

[
1 1 0
0 1 1
0 0 0

]
,P4 =

[
1 1 0
1 0 0
0 0 1

]
,P5 =

[
1 1 0
0 0 1
0 0 1

]

For sample size = 5, there are only 3 sampling patterns in the equivalent sense:

P1 =

[
1 1 1
1 1 0
0 0 0

]
,P2 =

[
1 1 1
1 0 0
1 0 0

]
,P3 =

[
1 1 0
1 1 0
0 0 1

]

For sample size = 6, there are only 4 sampling patterns in the equivalent sense:

P1 =

[
1 1 1
1 1 1
0 0 0

]
,P2 =

[
1 1 1
1 1 0
0 0 1

]
,P3 =

[
1 1 1
1 1 0
1 0 0

]
,P4 =

[
1 1 0
0 1 1
1 0 1

]

For sample size = 7, there are only 2 sampling patterns in the equivalent sense:

P1 =

[
1 1 1
1 1 1
1 0 0

]
,P2 =

[
1 1 1
1 1 0
0 1 1

]
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For sample size = 8, there is only 1 sampling pattern in the equivalent sense:

P1 =

[
1 1 1
1 1 1
1 1 0

]

For sample size = 9, there is only 1 sampling pattern in the equivalent sense:

P1 =

[
1 1 1
1 1 1
1 1 1

]

B.4 Initialization Scale Analysis

Our experimental findings indicate that when the observational data is connected, matrix factorization
models often learn the lowest-rank solution starting from a small initialization. However, the required
scale of initialization is not constant across different instances. We empirically observed that if the
magnitude of the numerical values in the matrix to be completed varies significantly, an extremely
small initialization is necessary, which, in some cases, can exceed machine precision.

Consider the following two simple 2× 2 matrix completion problems, with the only difference being
that the number 3 in the first row is replaced by 20. When training begins from a small initialization,
for M4, the fourth element only needs to learn the value 6 to be a rank-1 solution. However, for M5,
the fourth element needs to learn the value 40 to achieve rank-1.

M4 =

[
1 2
3 ×

]
, M5 =

[
1 2
20 ×

]
.

Fig. B6 illustrates the difficulty in learning these two examples. For M4, an initialization variance of
approximately 10−7 is sufficient to learn the lowest-rank solution. In contrast, for M5, an extremely
small initialization variance is required, making it challenging to learn a rank-1 solution. Yet, with
an exceedingly small initialization variance of 10−83, we can still observe the second singular value
plummeting to zero. The origin is a saddle point. The smaller the initialization, the longer it will stay
at the origin. If initialization continues to decrease, training will stagnate. Therefore, if the magnitude
difference is even greater, such as replacing 20 with 100 in M5, then with the small initialization
allowed by machine precision, it is nearly impossible to learn the value 200 completely.

For the matrix factorization model fθ = AB, the Hessian matrix at 0 has strictly negative eigenvalues,
making the origin a strict saddle point. Under small random initialization, gradient descent escapes
this saddle at an exponential rate. Our Theorem 1 ensures that only strict saddle points and global
minima exist as critical points in the loss landscape. Subsequent saddle points on invariant manifolds
are also strict, with exponential escape speeds, maintaining acceptable optimization process.

Reaching the lowest rank solution requires parameters to escape the saddle point along the unique top
eigen-direction. Fig. B6 illustrates the relationship between required initialization scale and obser-
vation magnitude differences. For lowest possible rank with large numerical magnitude differences
in observations, extremely small initialization is necessary. However, for approximately low rank
solutions, a relatively small initialization suffices.

(a) Output: M4 (b) Singular values: M4 (c) Output: M5 (d) Singular values: M5

Figure B6: (a, c) The value of the (2, 2) element learned by the model as the initialization decreases.
(b, d) The singular values of the matrix learned by the model with decreasing initialization.
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B.5 High-dimensional Experiments

To validate the scalability of our findings, we extended our experiments to higher-dimensional matri-
ces. We conducted tests on 20× 20 matrices, employing both connected (Fig. B7) and disconnected
(Fig. B8) sampling patterns, while monitoring rank evolution during training. Our results consistently
corroborated the main findings:

(i) Connected observations converged to optimal low-rank solutions.

(ii) Disconnected observations yielded higher-rank solutions.

(iii) The Hierarchical Invariant Manifold Traversal (HIMT) process was observed in both connected
and disconnected scenarios.
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Figure B7: Connected sampling pattern analysis for a 20×20 random rank-2 matrix completion
problem. (a) Training loss under small initialization. (b-d) Singular value evolution for A,B,Waug.
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Figure B8: Disconnected sampling pattern analysis for a 20× 20 random rank-2 matrix com-
pletion problem. (a) Training loss under small initialization. (b-d) Singular value evolution for
A,B,Waug.

B.6 Dynamics of Deep Matrix Factorization

In the context of depth-3 matrix factorization models, we consider the functional form:

fθ = ABC, where A,B,C ∈ Rd×d.

Figs. B9 and B10 suggest that even for a depth-3 model, the learning process exhibits a progression
from low rank to high rank structures.

B.7 Incorporating Attention Mechanisms

Within the Transformer architecture, the matrix factorization component retains its significance. The
attention mechanism is formalized as follows:

fθ(X) =

h∑

i=1

softmaxrow

(
XWQi

W⊤
Ki

X⊤
√
dk

)
XWVi

WOi
,

where the row-wise softmax operation is applied to the attention scores, and the sum is over the h
different attention heads, with WQi

,WKi
,WVi

,WOi
representing the learnable weight matrices
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(a) Matrix completion
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Figure B9: Deep Matrix factorization models learn adaptively from low rank to high rank with
small initialization. (a) The matrix to be completed, the ⋆ position is unknown. (b) The value at ⋆
learned under different initialization scales (mean is zero, variance changes), 10 random experiments
were done under each variance, and each blue point represents an experiment. (c) The training loss
curve with an initial variance of 10−14. (d) Evolution of singular values for fθ = ABC during
training. The count of significantly non-zero singular values is indicative of the rank.
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Figure B10: Deep Matrix factorization models learn adaptively from low rank to high rank with
small initialization. (a) Evolution of the l2-norm of the gradients for all parameters throughout the
training process. (b-d) Evolution of singular values for matrices A,B, and C during training. The
count of non-zero singular values is indicative of the rank.

for queries, keys, values, and output transformations, respectively, and dk is the dimensionality of the
key vectors.

The attention module’s ability to capture low-rank representations is reflected in the depth-2 matrix
factorization model. As illustrated in Fig. B11, the attention models consistently learns representations
that evolve from lower to higher ranks.

(a) Singular values of WQ(b) Singular values of WK(c) Singular values of WV (d) Singular values of WO

Figure B11: The attention modules in Transformer learn adaptively from low rank to high rank
with small initialization. (a-d) The evolution of singular values for the matrices WQ,WK ,WV ,
and WO throughout the training process. The number of significantly non-zero singular values
suggests the effective rank of each matrix.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: Please see the Abstract.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Please see Section 7 for the limitation discussion and see Section 6.1 and
Section 6.2 for the discussion of assumptions.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]

37
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for proofs of all theoretical results.
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• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Please refer to Appendix B for comprehensive details of the experiments. The
design ensures that all experiments can be readily replicated.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Guidelines:

• The answer NA means that paper does not include experiments requiring code.
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experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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Answer:[Yes]
Justification: Please see Section 7.
Guidelines:
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• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
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being used as intended and functioning correctly, harms that could arise when the
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from (intentional or unintentional) misuse of the technology.
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• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.
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• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the package

should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.
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• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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