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Abstract
We study the benefits of sparsity in nonparametric contextual bandit problems, in which the set of
candidate features is countably or uncountably infinite. Our contribution is two-fold. First, using
a novel reduction to sequences of multi-armed bandit problems, we provide lower bounds on the
minimax regret, which show that polynomial dependence on the number of actions is generally
unavoidable in this setting. Second, we show that a variant of the Feel-Good Thompson Sampling
algorithm enjoys regret bounds that match our lower bounds up to logarithmic factors of the horizon,
and have logarithmic dependence on the effective number of candidate features. When we apply our
results to kernelised and neural contextual bandits, we find that sparsity enables better regret bounds
whenever the horizon is large enough relative to the sparsity and the number of actions.

1. Introduction

The contextual bandit problem is a general model for sequential decision-making problems, in
which at each step, a learner observes a context, plays an action in response to the context and
then receives a reward. The goal of the learner is to maximise the reward accumulated over n
rounds, which is usually measured by the regret with respect to playing the best action for each
context. The contextual bandit problem has attracted a great deal of attention because it is a faithful
model of many real-world problems, such as personalised advertising (Abe and Nakamura, 1999),
personalised news recommendation (Li et al., 2010) and medical treatment (Durand et al., 2018). In
many practical situations, the set of possible contexts is very large, and the learner must use some
sort of function approximation to learn general patterns that apply to new contexts. Previous works
have considered finite-dimensional linear function approximation (Abe and Long, 1999; Dani et al.,
2008; Abbasi-Yadkori et al., 2011), nonparametric function approximation (Bubeck et al., 2008;
Kleinberg et al., 2008; Srinivas et al., 2010; Valko et al., 2013; Slivkins, 2014; Singh, 2021) and
wide neural networks (Zhou et al., 2020; Zhang et al., 2021; Kassraie and Krause, 2022). However,
none of these approaches is entirely satisfactory. While linear methods lead to efficient estimation
of the reward function, they typically only work well when one has considerable prior knowledge
about the relationship between contexts, actions and rewards. In particular, the user is required to
specify a (small) set of features such that the reward function is a linear combination of these features.
Nonparametric methods are much more flexible, but they suffer from a curse of dimensionality. If
the contexts are vectors, then the regret of a nonparametric contextual bandit algorithm can grow
exponentially with the dimension of the contexts. Neural contextual bandit algorithms typically
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operate in the lazy regime (Jacot et al., 2018; Chizat et al., 2019), in which neural networks behave
like kernel methods. As a result, these algorithms suffer from the same drawbacks as nonparametric
methods. Can we achieve the best of both worlds: a contextual bandit algorithm that selects a small
set of useful features from an infinite set of candidate features to achieve both flexibility and sample
efficiency?

In this work, we study a class of contextual bandit problems that we call sparse nonparametric
contextual bandits. Briefly, we assume that the expected reward for each context-action pair is
a linear combination of features selected from a set of infinitely many candidate features, which
enables flexible function modelling. We further assume a sparse structure opening the way to efficient
estimation. We consider both the case of countable sparsity, where the set of candidate features is
countable, and the case of uncountable sparsity, where the set is uncountable. We fully describe the
class under study in Section 2.2.

Contributions. We consider sparse nonparametric contextual bandits with n rounds, K actions per
round and sparsity s. In the uncountable sparsity model, we consider candidate features parameterised
by a d-dimensional vector. Our contribution is as follows:

• First, using a novel reduction to sequences of multi-armed bandit problems, we establish lower
bounds of order

√
Ksn for countable sparsity and

√
Ksdn for uncountable sparsity. These

lower bounds show that it is not possible to achieve low worst-case regret when the number of
actions is large relative to the number of rounds.

• Second, we propose an algorithm based on the Feel-Good Thompson Sampling (FGTS)
algorithm (Zhang, 2022), which uses novel sparsity priors for nonparametric models. We
prove that this algorithm enjoys regret bounds that nearly match our lower bounds, even when
the sparsity s is unknown. When the sparsity is known, our results demonstrate that FGTS is
minimax optimal, up to logarithmic factors of n (cf. Section 4).

• In addition, we identify regimes in which sparsity enables improved regret bounds in kernelised
and neural contextual bandit problems.

Outline. The remainder of the paper is structured as follows. In Section 2, we formally describe
the setting of sparse nonparametric contextual bandits and introduce some mild regularity conditions.
We also show that our framework includes interesting settings that require feature learning, such
as sparse kernelised contextual bandits and neural contextual bandits. In Section 3, we state our
lower bounds on the minimax regret and outline their proofs. In Section 4, we describe FGTS with
our sparsity priors, and we show that it enjoys regret bounds that closely match our lower bounds.
Finally, in Section 5, we summarise our findings. The proofs and the discussions of related work,
limitations and directions for future work are gathered in the Appendix. Additionally, in Appendix
B.2, we use our upper and lower bounds on the minimax regret to identify regimes in which sparsity
is helpful for regret minimisation in kernelised and neural contextual bandits.

Notation. For any x ∈ R, ⌊x⌋ is the greatest integer that is less than or equal to x and ⌈x⌉ is the
least integer that is greater than or equal to x. For any positive integer d, [d] is the set {1, . . . , d}.
For positive integers a and m, a modm is defined to be the unique integer r ∈ {0, 1, . . . ,m− 1},
such that a = qm+ r, for some non-negative integer q. For any q ∈ [1,∞], d ∈ N and R > 0, we
let Bd

q(R) = {θ ∈ Rd : ∥θ∥q ≤ R} denote the d-dimensional ℓq-ball with radius R. For any set T
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and any ϵ > 0, we use M(T, ∥ · ∥, ϵ) to denote the ϵ-packing number of T (w.r.t. the norm ∥ · ∥) and
N (T, ∥ · ∥, ϵ) to denote the ϵ-covering number of T.

2. Problem Setting

2.1. Contextual Bandits

We consider the following contextual bandit protocol, in which a learner interacts with an environment
over a sequence of n rounds. At the start of each round t ∈ [n], the environment reveals a context
Xt ∈ X . In response, the learner selects an action At ∈ A and observes a real-valued reward Yt.
We let Ft = σ(X1, A1, Y1, . . . , Xt, At, Yt) denote the σ-field generated by the interaction history
between the learner and the environment up to the end of round t, and we introduce the shorthand
Et[·] = E[·|Ft−1, Xt, At].

We assume that the action set is A = [K], and that each context Xt is of the form Xt =
(Xt,a)a∈A, where each Xt,a lies in some set Z . For an arbitrary x ∈ X and a ∈ [K], we use xa to
denote the element in Z corresponding to the context x and the action a. We allow the contexts
to be selected by an adaptive adversary, which means that the environment can take the history
Ft−1 into account before selecting Xt. The rewards are assumed to be stochastic, and of the form
Yt = f∗(Xt, At) + ϵt, where f∗ : X × A → R is a fixed reward function and ϵt is zero-mean,
conditionally sub-Gaussian noise, meaning Et[exp(λϵt)] ≤ exp(λ2/8) for all λ ∈ R.1 The goal of
the learner is to minimise the expected cumulative regret, which is defined as

Rn(f
∗) = E

[
n∑

t=1

max
a∈A

{f∗(Xt, a)} − f∗(Xt, At)

]
. (1)

The conditional distribution of the action At, conditioned on Ft−1 and Xt is denoted by πt(·|Ft−1, Xt).
We call the sequence (πt)

n
t=1 the policy of a contextual bandit algorithm.

2.2. Sparse Nonparametric Contextual Bandits

The reward function f∗ is assumed to be an unknown linear combination of s features that belong
to a known set of infinitely many candidate features. The sparsity s may or may not be known in
advance. We consider two notions of sparsity that we refer to as countable sparsity and uncountable
sparsity. To describe them, we start by recalling the standard, parametric, sparse linear contextual
bandit problem, and then we show how our framework extends it.

In sparse linear contextual bandits, the reward function can be expressed as a weighted sum
f∗(x, a) =

∑p
i=1w

∗
i ϕi(xa) of finitely many features ϕ1, . . . , ϕp. It is assumed that the weight vector

w∗ ∈ Rp contains only s non-zero elements. A natural way to make this model more flexible is to
express the reward function as the infinite weighted sum f∗(x, a) =

∑∞
i=1w

∗
i ϕi(xa), where w∗ is

now a parameter sequence, as opposed to a parameter vector. We say that such a reward function
is s-sparse when ∥w∗∥0 = s, where s is finite and ideally small. That is, there exists a finite subset
S ⊂ N of size s, such that for all i /∈ S, w∗

i = 0. We refer to this as countable sparsity. We assume
that ∥w∗∥1 ≤ 1 and ∥ϕi∥∞ ≤ 1 for all i ∈ N, which implies that ∥f∗∥∞ ≤ 1.

1. More precisely, this means that ϵt is conditionally 1
2

-sub-Gaussian. Our regret analysis applies to any sub-Gaussian
parameter. We assume that it is 1

2
so that Theorem 10 is consistent with Theorem 1 in Zhang (2022).
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One can view the features ϕ1, ϕ2, . . . as a sequence of functions, each mapping Z to R, or as
a single function ϕ : Z × N → R that maps any xa ∈ Z and i ∈ N to the value ϕi(xa). Adopting
the latter view, we can further generalise this model by replacing the index i ∈ N with a continuous
parameter θ ∈ Θ ⊂ Rd. The reward function can now be written as f∗(x, a) =

∫
Θ ϕ(xa, θ)dw

∗(θ),
where w∗ is a signed measure on Θ. We say that such a reward function is s-sparse if w∗ is a
discrete measure that can be written as a sum of s Dirac measures, where the ith Dirac measure is
weighted by w∗

i and centred at θ∗i . That is, there exist s ∈ N, θ∗1, . . . , θ
∗
s ∈ Θ and w∗ ∈ Rs, such that

f∗(x, a) =
∑s

i=1w
∗
i ϕ(xa, θ

∗
i ). Since the set of candidate features is uncountable, we refer to this

as uncountable sparsity. The set of all functions of the form f(x, a) =
∑∞

i=1wiϕ(xa, θi) contains
every s-sparse reward function, so we will restrict our attention to functions of this form, where
w = (w1, w2, . . . ) is a parameter sequence, and θ1, θ2, . . . is a sequence of elements in Θ. We
assume that ∥w∗∥1 ≤ 1, ∥θ∗i ∥2 ≤ 1 for all i ∈ [s] and ∥ϕ∥∞ ≤ 1, which implies that ∥f∗∥∞ ≤ 1.

We introduce the following shared notation to describe the classes of reward functions that we
consider. We use s and S to denote the sparsity and the support of f∗. For countable sparsity, the
support of f∗ is S = {i ∈ N : w∗

i ̸= 0} ⊆ N. For uncountable sparsity, the support of f∗ is
S = {θ∗1, . . . , θ∗s}. We use m and M to denote the sparsity and the support of an arbitrary model.
We use ν to denote the parameter(s) of interest in both types of sparsity. That is, for countable
sparsity ν = w, and for uncountable sparsity ν = (w, θ1, . . . , θm). Depending on the type of sparsity,
we define fν to be the function fν(x, a) =

∑∞
i=1wiϕi(xa) or fν(x, a) =

∑m
i=1wiϕ(xa, θi). For

countable sparsity, we use the notations fν and fw interchangeably.

2.3. Regularity Conditions

In our analysis, we make the following regularity assumptions. For countable sparsity, we assume
that the feature map satisfies one of following uniform decay conditions.

Definition 1 (Uniform decay.) We say that (ϕi)
∞
i=1 satisfies the polynomial decay condition if, for

some β > 1, ∥ϕi∥∞ ≤ i−β/2. We say that (ϕi)
∞
i=1 satisfies the exponential decay condition if, for

some β > 0, ∥ϕi∥∞ ≤ exp(−iβ/2).2

As discussed in Section 2.4, this is a natural assumption for kernelised bandits with countable sparsity.
More generally, smoothness assumptions of this form appear frequently in nonparametric statistics
(Wasserman, 2006). When the features satisfy one of these decay conditions, we can define a notion
of effective dimension. In particular, we define the effective dimension for sample size n as

deff := min{i ∈ N : ∀j > i, ∥ϕj∥2∞ ≤ 1
n}. (2)

This definition ensures that if we approximate fν(x, a) =
∑∞

i=1wiϕi(xa) by the function f̃ν(x, a) =∑deff
i=1wiϕi(xa), then the squared approximation error is bounded by 1/n. In kernelised bandits,

which will be one of our main points of reference (cf. Section B.2), deff is usually defined to be the
effective degrees of freedom of the kernel ridge estimate, which is a data-dependent quantity (see
e.g. Valko et al. (2013); Calandriello et al. (2019)). However, both definitions of deff are equivalent
in the sense that, in the worst case, the scaling in n of the effective degrees of freedom of the ridge

2. The factors of 1
2

are to make these definitions consistent with the usual eigenvalue decay conditions for Mercer kernels
(see for instance Vakili et al. (2021)). For positive constants C, C1 and C2, one can easily replace these conditions
with ∥ϕi∥∞ ≤ Ci−β/2 and ∥ϕi∥∞ ≤ C1 exp(−C2i

β/2).
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estimate with the features ϕ1, ϕ2, . . . matches that of our deff quantity in (2). One can verify that
for polynomial decay, deff ≤ n1/β , and for exponential decay, deff ≤ log1/β(n). For uncountable
sparsity, we require that the feature map is uniformly Lipschitz continuous. We assume that the
Lipschitz constant is 1 for the sake of simplicity.

Definition 2 (Uniform Lipschitz continuity) We say that ϕ is uniformly Lipschitz if

∀x ∈ X , a ∈ [K], θ, θ′ ∈ Θ, |ϕ(xa, θ)− ϕ(xa, θ
′)| ≤ ∥θ − θ′∥2.

As discussed in Section 2.4, this is a natural assumption for kernelised bandits with uncountable
sparsity and neural bandits. Moreover, similar assumptions have been used in previous works on
contextual bandits (Zhang, 2022; Neu et al., 2022, 2024).

2.4. Examples

We conclude this section by highlighting some specific instantiations of our framework.

Kernelised Bandits with Countable Sparsity. In kernelised contextual bandits, each context-
action pair corresponds to a vector xa ∈ Z ⊂ Rp, and the reward function is f∗(x, a) = h∗(xa),
where h∗ : Z → R is a function in a reproducing kernel Hilbert space (RKHS) H, with reproducing
kernel k : Z ×Z → R. If k is continuous and Z is a compact metric space, then k is called a Mercer
kernel, and due to Mercer’s theorem, the kernel function can be written as

k(z, z′) =
∞∑
i=1

ξiφi(z)φi(z
′),

where (ξi)
∞
i=1 and (φi)

∞
i=1 are the (non-negative) eigenvalues and eigenfunctions of the kernel (cf.

Section 12.3 in Wainwright (2019)). Moreover, H can be represented as

H = {h(z) =
∑∞

i=1wi

√
ξiφi(z) :

∑∞
i=1w

2
i < ∞},

and the squared RKHS norm is ∥h∥2H =
∑∞

i=1w
2
i . We notice that if we define ϕi :=

√
ξiφi, and

consider functions in H corresponding to s-sparse sequences w, then we find ourselves in a sparse
nonparametric contextual bandit problem, with countable sparsity. Note that for the commonly-used
Matérn and RBF kernels, the eigenfunctions can be uniformly bounded and the eigenvalues decay
to 0 as i tends to ∞, which means the features ϕi will typically satisfy one of the uniform decay
conditions in Definition 1.

Kernelised Bandits with Uncountable Sparsity. The kernelised contextual bandit problem can
also be modelled as a sparse nonparametric contextual bandit problem with uncountable sparsity.
One can alternatively express the RKHS H as

H = {h(z) =
∑∞

i=1wik(z, zi) :
∑∞

i=1

∑∞
j=1wiwjk(zi, zj) < ∞},

where for any set A, A denotes the closure of A. In addition, the squared RKHS norm can be ex-
pressed as ∥h∥2H =

∑∞
i=1

∑∞
j=1wiwjk(zi, zj). If we set Θ = Z , ϕ(z, θ) = k(z, z′) and assume that

the function h∗ is s-sparse, meaning h∗(z) =
∑s

i=1w
∗
i k(z, z

∗
i ), then we find ourselves in a sparse

nonparametric contextual bandit problem with uncountable sparsity (assuming Z is uncountable).
The Matérn and RBF kernel functions are both Lipschitz, which means that the uniform Lipschitz
continuity property is satisfied for these kernels.
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Neural Bandits. For our final example, we consider a class of contextual bandit problems in which
the reward function is a single-layer neural network, of possibly unknown width. Each context-action
pair corresponds to a vector xa ∈ Z ⊂ Rp. The reward function can be written as the infinite-width
neural network

f∗(x, a) =

∞∑
i=1

w∗
i σ(⟨θ∗i , xa⟩) ,

where σ : R → R is an activation function and θ∗i ∈ Θ. If we assume that f∗ is s-sparse, and define
ϕ(z, θ) = σ(⟨θ, z⟩), then this is a sparse nonparametric contextual bandit problem with uncountable
sparsity (assuming Θ is uncountable). If the norm of xa is bounded for every x ∈ X and a ∈ [K],
and σ is a Lipschitz activation function, then the uniform Lipschitz continuity property is satisfied.

3. Minimax Lower Bounds

In this section, we establish lower bounds on the minimax regret for each type of sparsity. Both
of our lower bounds are inspired by the lower bound for sparse linear bandits in Theorem 24.3
of Lattimore and Szepesvári (2020a), which exploits the fact that a sparse linear bandit problem
can mimic a multi-task bandit problem. The main idea behind our lower bounds is that a sparse
nonparametric contextual bandit problem, with either type of sparsity, can mimic a sequence of
K-armed (non-contextual) bandit problems. In each of these sub-problems, there is a single good
action with expected reward ∆ and K − 1 bad actions with expected reward 0. The regret suffered in
each sub-problem can be quantified using the lower bound for K-armed bandits in Exercise 24.1 of
Lattimore and Szepesvári (2020a) (see also Lemma 7). Due to space limitations, we only describe
the reduction to sequences of K-armed bandits in detail in Appendix C.

The lower bound obtained through this reasoning is typically larger when the original problem
is split into a larger number of K-armed bandits, each with a smaller horizon. At one extreme, if
we impose no restrictions on the features and the reward function other than boundedness, then the
sparse nonparametric contextual bandit problem can be reduced a sequence of n K-armed bandits,
each with horizon 1, and with ∆ = 1. In this case, any algorithm is reduced to guessing in each
round, and so the minimax regret is linear in n. If the features satisfy one of the regularity conditions
in Section 2.3, then this constrains the largest possible value of ∆. In particular, the maximum value
of ∆ decreases as the number of K-armed bandits increases. One can still reduce the problem to a
sequence of n K-armed bandit problems, but ∆ would be so small that the regret of any algorithm is
negligible. The worst-case reduction is to a sequence of fewer than n K-armed bandits, where some
learning is possible, and so the minimax regret is sublinear. In the following subsections, we state
our lower bounds for each type of sparsity.

3.1. Countable Sparsity

In the countable sparsity setting, we obtain the following lower bound.

Theorem 3 Consider the sparse nonparametric contextual bandit problem with countable sparsity
described in Section 2. Let A = [K] for some K ≥ 2 and assume that the noise variables
are standard Gaussian, i.e. ϵt ∼ N (0, 1). Suppose that for some β > 1 and some integer m ≥
sβ+2Kβ+1, n = sm. Then for any policy, there exists a sequence of contexts x1, . . . , xn, a parameter
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sequence w = (w1, w2, . . . ) with ∥w∥0 = s, ∥w∥1 = 1 and a sequence of functions (ϕi)
∞
i=1 with

∥ϕi∥∞ ≤ i−β/2, such that

Rn(fw) ≥
1

8

√
Ksn.

Instead, suppose that for some β > 0 and some integer m ≥ ⌈1/β⌉s2K exp(sβKβ⌈1/β⌉),
n = sm. Then for any policy, there exists a sequence of contexts x1, . . . , xn, a parameter sequence
w = (w1, w2, . . . ) with ∥w∥0 = s, ∥w∥1 = 1 and a sequence of functions (ϕi)

∞
i=1 with ∥ϕi∥∞ ≤

exp(−iβ/2), such that

Rn(fw) ≥
1

8

√
max(1, 1/β)Ksn.

Note that Rn(fw) denotes the expected regret when the reward function is fw, where w is the difficult
parameter sequence. The proof of this result can be found in Appendix C.2. Here, we provide
some intuition about the manner in which the decay conditions constrain the number of K-armed
bandits in the reduction. To reduce the problem to a sequence of ms K-armed bandits, for any
m ≥ 1, we require that the features satisfy ∥ϕi∥∞ = ∆ for all i ∈ [sKm]. Combined with either the
polynomial or exponential decay condition, this means that ∆ must satisfy either ∆ ≤ (sKm)−β/2

or ∆ ≤ exp((sKm)−β/2). Thus, there is a trade-off between choosing a large number of switches
and a large gap ∆. On the one hand, this lower bound does not rule out the possibility that there exist
algorithms with regret bounds that depend polynomially on s log(deff). In the absence of sparsity,
one would expect that the minimax regret depends polynomially on deff . On the other hand, this
lower bound has polynomial dependence on K, whereas in non-sparse linear or kernelised contextual
bandits, the minimax regret depends only logarithmically on K. This suggests that sparsity is only
helpful when the number of actions is sufficiently small (cf. Section B.2).

3.2. Uncountable Sparsity

In the uncountable sparsity setting, we obtain the following lower bound.

Theorem 4 Consider the sparse nonparametric contextual bandit problem with uncountable sparsity
described in Section 2. Let A = [K] for some K ≥ 2 and let n = sdm for some integer m ≥
s2+2/dK3. Assume that the noise variables are standard Gaussian. For any policy, there exists
a sequence of contexts x1, . . . , xn ∈ X , parameters w ∈ Bs

1(1), θ1, . . . , θs ∈ Θ ⊂ Bd
2(1) and a

uniformly Lipschitz continuous function ϕ, with ∥ϕ∥∞ ≤ 1, such that

Rn(fν) ≥
1

8

√
Ksdn.

This lower bound has similar implications to the previous one. In particular, it does not rule out
the possibility of an algorithm with a regret bound that is polynomial in sd, but it does suggest that
sparsity is only helpful when the number of actions is sufficiently small. For the special case of s = 1,
Theorem 4 provides a lower bound of order

√
Kdn for the setting studied in Neu et al. (2022, 2024),

where the reward function f∗(x, a) = ϕ(xa, θ
∗) is a Lipschitz function of a d-dimensional parameter

vector. The proof of Theorem 4 can be found in Appendix C.3. It uses a similar reduction to a
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sequence of K-armed bandits, though the number of switches is constrained in a different manner.
For any given number of switches, the Lipschitz property is used to relate the maximum value of ∆
to the packing number of the ball Bd

2(1).

4. Matching Upper Bounds

In this section, we present an algorithm with regret bounds that match the lower bounds in the
previous section up to logarithmic factors of n. We first describe the algorithm, and then discuss the
regret bounds for countable and uncountable sparsity separately.

4.1. Method

Our algorithm is a particular instance of the Feel-Good Thompson Sampling (FGTS) algorithm
proposed by Zhang (2022). FGTS is a modification of the popular Thompson Sampling algorithm
(Thompson, 1933) that achieves improved bounds on (frequentist) regret by more aggressively
exploring promising actions. Our algorithm uses novel priors inspired by the PAC-Bayes literature
on sparse regression to extend FGTS to sparse nonparametric contextual bandits.

To describe FGTS in detail, we must first introduce some notation. Let us define a(ν, x) =
arg maxa∈[K] fν(x, a) to be the optimal action for context x and reward function fν . We let fν(x) =
maxa∈[K]{fν(x, a)} = fν(x, a(ν, x)) denote the maximum of fν(x, a) with respect to the action.
Similarly, we let a∗(x) = arg maxa∈[K] f

∗(x, a) and f∗(x) = f∗(x, a∗(x)). We use p1(ν) to
denote the prior distribution, which will be specified in the subsequent subsections. We consider the
following negative log-likelihood for the reward, conditioned on ν, x and a:

L(ν, x, a, y) = η(fν(x, a)− y)2 − λfν(x) . (3)

The quadratic term η(fν(x, a)− y)2 corresponds to a Gaussian log-likelihood with mean fν(x, a)
and variance 1/(2η). The Feel-Good exploration term, λfν(x), favours parameters ν where the
maximum of fν(x, a) w.r.t. the action is large. Finally, η > 0 and λ > 0 are tuning parameters,
which we will set later. With the negative log-likelihood L and the prior p1, the posterior pt after
t− 1 rounds have been completed is

pt(ν) ∝ exp
(
−

t−1∑
l=1

L(ν,Xl, Al, Yl)
)
p1(ν). (4)

In each round t, FGTS draws a sample νt from the posterior pt, and then plays the action At =
a(νt, Xt). We give the pseudocode for FGTS in Algorithm 1.

Algorithm 1 Feel-Good Thompson Sampling
Input: prior p1, parameters η, λ
for t = 1, . . . , n do

Observe context Xt,
Draw νt ∼ pt according to (4),
Select action At = a(νt, Xt),
Observe reward Yt.

end for

8
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To bound the regret of FGTS, we use the decoupling technique developed by Zhang (2022). As
long as the prior satisfies Pν∼p1 [maxx,a |fν(x, a)| ≤ 1] = 1, Theorem 1 of Zhang (2022) (see also
Theorem 10) states that

Rn(f
∗) ≤ λKn

η
+ 6λn− 1

λ
Zn ,

where Zn := E logEν∼p1 exp(−
∑n

t=1∆L(ν,Xt, At, Yt)) is a log-partition function with potential
function ∆L(ν, x, a, y) := η[(fν(x, a)− y)2 − (f∗(x, a)− y)2]− λ[fν(x)− f∗(x)], which is the
logarithm of a likelihood ratio. The main technical contribution of our regret analysis is to derive new
bounds on Zn, which depend on the true (possibly unknown) sparsity ∥w∗∥0. These new bounds
on Zn may be of independent interest, since they can be used to prove regret bounds for sparse
nonparametric regression (cf. chapters 2 and 3 in Cesa-Bianchi and Lugosi (2006)). We state and
prove our bounds on Zn in Appendix D.2 and Appendix E.2. In the following subsections, we
describe the priors that we use and the regret bounds that we obtain for each type of sparsity.

4.2. Countable Sparsity

For countable sparsity, we use a subset selection prior that can be factorised into a discrete distribution
p1(M) over subsets M ⊆ N, and a conditional distribution p1(w|M) over parameter sequences
w ∈ R∞ with support M . In particular, we adapt the prior used in Section 3 of Alquier and Lounici
(2011), which is designed for finite-dimensional sparse linear models with a p-dimensional parameter
vector. Alquier and Lounici (2011) use a prior p1(M) over subsets M ⊆ [p] that can be factorised
into a distribution p1(m) over subset sizes m ∈ [p] and a conditional distribution p1(M | m) over
subsets M ⊆ [p] of size m. To penalise large subsets and express no preference between any two
subsets of the same size, p1(m) is chosen to be p1(m) ∝ 2−m (with p1(0) = 0) and p1(M | m) is
chosen to be the uniform distribution over subsets of size m. The resulting distribution over subsets
of [p] is

p1(M) =

p∑
m=1

p1(m)p1(M | m) = p1(|M |)p1(M | |M |) = 2−|M |( p
|M |

)∑p
m=1 2

−m
,

for any non-empty M ⊆ [p]. The conditional distribution p1(w | M) over parameter vectors with
support M is the uniform distribution on the set WM := {w : ∥w∥1 ≤ 1, and wi = 0 ∀i /∈ M}.
The resulting prior over parameter vectors w is p1(w) =

∑
M⊆[p] p1(M)p1(w | M) .

A naïve way of extending this prior to the infinite-dimensional case would be to replace the sums
over m from 1 to p with sums over m from 1 to infinity. However, this fails for two reasons. First,
the power set of N is uncountable, so it is not clear that a sum over all subsets of N is well-defined.
Second, for a fixed subset size m, the set of all subsets of N of size m is countably infinite, so
a uniform distribution on this set cannot be defined. Fortunately, these problems can be fixed by
exploiting the uniform decay condition in Definition 1. In particular, we restrict the support of the
distribution p1(M) to subsets M ⊆ [deff ]. Intuitively, if we include at least deff features, then the
uniform decay condition ensures that the regret suffered by ignoring some features will be negligible
compared to the regret suffered while estimating the best deff -dimensional approximation of w∗. This
intuition is made rigorous in the proof of Theorem 5. We set

p1(M) = I{M ⊆ [deff ]}
2−|M |(deff

|M |
)∑deff

m=1 2
−m

,

9



FLYNN OLKHOVSKAYA ROGNON-VAEL

for non-empty M ⊆ [deff ] and p1(∅) = 0, which penalises large subsets and assigns probability
zero to any subset not contained within [deff ]. For any subset M ⊆ [deff ], we choose the conditional
distribution over parameter sequences with support M to be the uniform distribution U(WM ) over
WM , which has the density function

p1(w | M) = |M |!
2−|M| I{∥w∥1 ≤ 1}I{wi = 0 ∀i /∈ M} .

This reflects our assumption that ∥w∗∥1 ≤ 1. The resulting prior over parameter sequences is

p1(w) =
∑

M⊆[deff ]

p1(M)p1(w | M) . (5)

For every w in the support of this prior, we have ∥w∥1 ≤ 1. This means that, as required by Theorem
10, we have Pw∼p1 [maxx,a |fw(x, a)| ≤ 1] = 1. Our regret bound for FGTS in the countable sparsity
setting is stated in the following theorem.

Theorem 5 Consider FGTS with η = 1/4 and the prior p1 defined in (5). The expected regret of
FGTS with λ ∝

√
log(deffn)/(Kn) is at most

Rn(f
∗) = O(∥w∗∥0

√
Kn log(deffn)) .

Suppose that s ≥ ∥w∗∥0 is a known upper bound on the sparsity. The expected regret of FGTS with
λ ∝

√
s log(deffn)/(Kn) is at most

Rn(f
∗) = O(

√
Ksn log(deffn)) . (6)

This regret bound shows that when either of the uniform decay conditions in Definition 1 is satisfied,
FGTS with the prior p1 is nearly minimax optimal. When the polynomial decay condition is satisfied,
the effective dimension satisfies deff ≤ n1/β . Therefore, the regret bound for FGTS is of order
at most

√
(1 + 1/β)Ksn log(n). Since β > 1, 1 + 1/β less than 2, so this matches the lower

bound in Theorem 3 up to a factor of
√

log(n). When the exponential decay condition is satisfied,
deff ≤ log1/β(n), and so the regret bound for FGTS is of order at most

√
max(1, 1/β)Ksn log(n).

Once again, this matches the lower bound in Theorem 3 up to a factor of
√
log(n).

4.3. Uncountable Sparsity

For uncountable sparsity, we use a prior that can be factorised into a discrete distribution p1(m)
over the number of features m, and conditional distributions p1(w | m) and p1(θ1, . . . , θm | m)
on the parameters w ∈ Rm and θ1, . . . , θm ∈ Rd given m. To penalise large numbers of features,
we choose p1(m) ∝ 2−m for m ∈ N. We set both p1(w | m) and p1(θ1, . . . , θm | m) to be
uniform distributions. In particular, we set p1(w | m) to be the uniform distribution U(Bm

1 (1)) on
the m-dimensional unit ℓ1 ball Bm

1 (1) to reflect our assumption that ∥w∗∥1 ≤ 1. For each m ∈ N,
we factorise the conditional distribution over θ1, . . . , θm as p1(θ1, . . . , θm | m) =

∏m
i=1 p1(θi). We

choose p1(θ) to be the uniform distribution U(Bd
2(1)) on the d-dimensional unit ℓ2 ball Bd

2(1) to
reflect our assumption that for each i, ∥θ∗i ∥2 ≤ 1. We then have

p1(w | m) = m!
2−m I{∥w∥1 ≤ 1} and p1(θ) =

Γ(d/2+1)

πd/2 I{∥θ∥2 ≤ 1} .

10
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The resulting prior over parameters ν is

p1(ν) =
∞∑

m=1

p1(m)p1(w | m)p1(θ1, . . . , θm | m) . (7)

For every ν in the support of our prior, we have ∥w∥1 ≤ 1, which means that the prior satisfies
Pν∼p1 [maxx,a |fν(x, a)| ≤ 1] = 1. Our regret bound for FGTS in the uncountable sparsity setting is
stated in the following theorem.

Theorem 6 Consider FGTS with η = 1/4 and the prior p1 defined in (7). The expected regret of
FGTS with λ ∝

√
d log(n)/(Kn) is at most

Rn(f
∗) = O(∥w∗∥0

√
Kdn log(n)) .

Suppose that s ≥ ∥w∗∥0 is a known upper bound on the sparsity. The expected regret of FGTS with
λ ∝

√
sd log(n)/(Kn) is at most

Rn(f
∗) = O(

√
Ksdn log(n)) .

This regret bound shows that FGTS with a suitable prior is nearly minimax optimal for the uncount-
able sparsity setting. In particular, the regret bound for known sparsity matches the lower bound in
Theorem 4 up to a factor of

√
log(n). The proof of Theorem 6 can be found in Appendix E.

5. Discussion

In this work, we studied a new class of contextual bandit problems, called sparse nonparametric
contextual bandits, which captures the challenge of simultaneously learning relevant features and
minimising regret. Our main goal was to establish whether it is possible to exploit sparsity to obtain
a flexible and sample-efficient contextual bandit algorithm. To this end, we proved upper and lower
bounds on the minimax regret for this class of problems, which match up to logarithmic factors of
n. Our findings are mixed. On the one hand, our lower bounds have polynomial dependence on the
number of actions, which suggests that it is difficult to exploit sparsity when the number of actions
is large. On the other hand, we showed that the Feel-Good Thompson Sampling algorithm, with
suitable sparsity priors, enjoys regret bounds with mild dependence on the number of candidate
features. When applied to sparse kernelised contextual bandits and neural contextual bandits (cf.
Appendix B.2), we found that sparsity always enables better regret bounds, as long as the horizon
and/or the dimension of the contexts is large enough relative to the sparsity and the number of actions.
In the subsections that follow, we discuss some limitations of and questions raised by our work.

5.1. Computationally Efficient Algorithms

An important question is whether or not there exists a computationally efficient algorithm that has
a (nearly) matching regret bound. For FGTS, this question boils down to whether or not one can
sample from the posterior efficiently. In particular, if there is access to an oracle that samples from
the posterior, then FGTS is oracle-efficient. We are required to sample from the posterior only once
per round and the rest of the algorithm has time complexity which polynomial in K, s, n, d and
the dimension of the contexts. Several works have demonstrated that Markov Chain Monte Carlo
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methods can be used to approximately sample from the sparse posteriors that appear in our analysis
(Alquier and Lounici, 2011; Rigollet and Tsybakov, 2011; Guedj and Alquier, 2013). However, we
are not aware of any way to sample from the posteriors in Section 4 with polynomial time complexity.

Several oracle-based contextual bandit algorithms, such as SquareCB (Foster and Rakhlin, 2020),
are known to lead to sample-efficient and computationally efficient algorithms whenever the oracle
is both sample-efficient and computationally efficient. For SquareCB in particular, this reduces
the problem to that of finding a sample-efficient and computationally efficient algorithm for sparse
nonparametric regression. However, it is known that even sparse linear regression exhibits an
unfortunate trade-off between sample and computational efficiency (Zhang et al., 2014). If we
require a polynomial-time algorithm, we could resort to using “slow-rate” bounds for the LASSO
(see e.g. Section 7.4 in Wainwright (2019)) for finite-dimensional or countable sparse regression, or
the Beurling LASSO (Bach, 2017) for uncountable sparse regression. However, the regret bound
of SquareCB would have a sub-optimal n3/4 rate. Moreover, it is not clear that this actually would
lead to a polynomial-time algorithm for sparse nonparametric regression. The time complexity of
the LASSO is polynomial in the number of candidate features, but in the countable sparsity model,
the (effective) number of features is deff , which can be exponential in the dimension of the contexts.
Similarly, it is not known whether the Beurling LASSO can be computed with polynomial time
complexity.

5.2. Large Action Sets

Our lower bounds show that under our mild set of assumptions it is not possible to have low worst-
case regret when the set of actions is large. It would be interesting to investigate which additional
assumptions can lead to regret bounds with improved dependence on the number of actions. In sparse
linear contextual bandits with contexts drawn i.i.d. from a well-conditioned distribution, there are
several algorithms that achieve logarithmic (or better) dependence on both the dimension and the
number of actions (Kim and Paik, 2019; Oh et al., 2021). Loosely speaking, the context distribution
is well-conditioned if there is low correlation between the features. This notion of a well-conditioned
distribution can be made precise using conditions studied in high-dimensional statistics, such as
the compatibility condition (Bühlmann and Van De Geer, 2011), restricted eigenvalue conditions
(Bickel et al., 2009) and the restricted isometry property (Candès and Tao, 2005, 2007) to name a
few. Unfortunately, when the number of features is infinite, these conditions can fail to hold at all. In
the field of compressed sensing, a number of weaker conditions, known as individual or non-uniform
recovery conditions (cf. Section 4.4 in Foucart and Rauhut (2013)), have been studied and applied to
sparse infinite-dimensional linear models. In the uncountable sparsity model, these conditions roughly
state that recovery is possible if θ∗1, . . . , θ

∗
s are well-separated (Candès and Fernandez-Granda, 2014;

Duval and Peyré, 2015; Azais et al., 2015; Poon et al., 2023). One could investigate whether these
individual recovery conditions enable regret bounds for sparse nonparametric contextual bandits with
logarithmic (or better) dependence on the number of actions.

These conditions on the context distribution also have implications for designing computationally
efficient algorithms. If the restricted isometry property is satisfied, then it is possible to sample
from spike-and-slab posteriors for sparse (finite-dimensional) linear models with polynomial time
complexity (Kumar et al., 2025). If one could prove a similar result for sparse nonparametric models,
then (under suitable conditions on the context distribution) it would be possible to run FGTS with
polynomial time complexity. Similarly, if a restricted eigenvalue condition is satisfied, then the
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LASSO enjoys fast-rate bounds for sparse regression (cf. Theorem 7.20 in Wainwright (2019)), and
so SquareCB would have a

√
n regret bound. However, as previously mentioned, it is not clear that

the LASSO (or BLASSO) has polynomial time complexity for sparse nonparametric models.

5.3. Instance-Dependent Analysis

We could also consider conditions on the context and/or reward distributions that allow for improved
dependence of the regret on n. Several sparse linear bandit algorithms enjoy improved regret bounds
when a margin condition (cf. Assumption 1 in Li et al. (2021)) is satisfied. The margin condition
roughly states that, with high probability over the random draw of the context, the gap between the
reward of the best action and that of the second best action is large. In the extreme case where, with
probability 1, there is a strictly positive gap, regret bounds of order log(n) can be achieved (Wang
et al., 2018; Bastani and Bayati, 2020; Li et al., 2021). It would be interesting to investigate whether
the margin condition enables logarithmic regret bounds for sparse nonparametric contextual bandits.

Similarly, one could investigate first-order bounds, where the dependence of the regret on n is
replaced with the cumulative loss (negation of the reward) of the best policy, which will be much
smaller when, for instance, a margin condition is satisfied and/or the rewards are (almost) noiseless.
The first efficient algorithm with first-order guarantees for contextual bandits was introduced by
Foster and Krishnamurthy (2021), and is based on a reduction from contextual bandits to online
regression with cross-entropy loss. More recently, the Optimistic Information Directed Sampling
(OIDS) algorithm was shown to achieve a first-order regret bound for a general class of contextual
bandit problems (Neu, Papini, and Schwartz, 2024). As noted by Neu, Papini, and Schwartz (2024),
their information-theoretic regret analysis is closely related to the decoupling technique proposed by
Zhang (2022), which we used in this paper. In particular, both approaches reduce the problem of
bounding the regret to that of bounding the log partition function Zn in (11). We therefore expect
that our bounds on Zn could be used to show that OIDS satisfies a first-order regret bound for sparse
nonparametric contextual bandits.

5.4. Misspecification

For simplicity, and to keep our attention focused solely on the challenge of exploiting sparsity, we
assumed that the model is well-specified. To make the model more realistic, we could assume that
the reward function is approximated well by a sparse function. For FGTS, achieving a good balance
between the regret suffered while estimating the best s-sparse approximation of the reward function
and the regret suffered due to approximation error likely requires the tuning parameter λ to be set
according to the misspecification level, which will decrease as s increases, but the rate at which it
does so may be unknown. One could investigate whether an aggregation (or “corralling”) procedure
(Agarwal et al., 2017; Foster et al., 2020) could be used to tune λ adaptively.
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Appendix A. Related Work

A.1. Sparse Models

The sparsity priors that we use take inspiration from a line of work on exponentially weighted
aggregates, which have previously been used to derive oracle inequalities for sparse linear regression
(Leung and Barron, 2006; Dalalyan and Tsybakov, 2008, 2012b,a; Alquier and Lounici, 2011) and
regret bounds for online sparse linear regression (Gerchinovitz, 2011). Several works have applied
traditional approaches for sparse linear regression, such as the LASSO (Tibshirani, 1996), Basis
Pursuit (Chen et al., 2001) and thresholding, to nonparametric regression settings that resemble
the countable sparsity model that we consider. Examples include wavelet regression (Donoho and
Johnstone, 1994, 1995, 1998; Donoho et al., 1995) and sparse additive models (Lin and Zhang, 2006;
Koltchinskii and Yuan, 2008; Ravikumar et al., 2009; Raskutti et al., 2012). The uncountable sparsity
model has been studied in supervised learning settings, under the name of convex neural networks
(Bengio et al., 2005; Rosset et al., 2007; Bach, 2017). Several previous works have developed sparse
kernel methods, such as the Support Vector Machine (Cortes, 1995; Vapnik, 1997), the Relevance
Vector Machine (Tipping, 1999) and sparse Gaussian processes (Smola and Bartlett, 2000; Williams
and Seeger, 2000). Many of these approaches use sparse estimators for the purpose of improved
computational efficiency, though some sparse kernel methods exploit sparsity for improved sample
efficiency (Shi et al., 2019).

A.2. Sparse Linear Bandits

The challenge of simultaneously learning relevant features and minimising regret in contextual
bandits has been partially addressed by some previous works on sparse linear contextual bandits.
Several works consider sparse linear contextual bandits, with p-dimensional feature vectors, which
can be thought of as a finite-dimensional version of the problem that we consider. Abbasi-Yadkori
et al. (2012) used an online-to-confidence-set conversion to develop an algorithm with a regret
bound of order

√
spn. When the contexts are chosen by an adversary and the number of actions

K is allowed to be large or infinite, there is a matching lower bound (Lattimore and Szepesvári,
2020a). Because of this negative result, it has become popular to study sparse linear contextual
bandits with i.i.d. contexts drawn from a well-conditioned distribution. Here, well-conditioned
means that, with high probability, the empirical context covariance matrix satisfies a compatibility
condition (Bühlmann and Van De Geer, 2011), or one of a number of similar conditions studied
in high-dimensional statistics. Under these conditions, various methods enjoy regret bounds that
depend only logarithmically on the dimension p (Foster et al., 2018; Bastani and Bayati, 2020;
Wang et al., 2018; Kim and Paik, 2019; Oh et al., 2021; Ariu et al., 2022; Chakraborty et al., 2023).
In non-contextual sparse linear bandits, Hao et al. (2020b) and Jang et al. (2022) showed that the
existence of a policy that collects well-conditioned data enables problem-dependent regret bounds
with logarithmic dependence on p. However, these approaches cannot easily be extended to sparse
nonparametric bandits, because the compatibility condition (as well as other similar conditions) can
fail to hold at all in both the countable and uncountable sparsity models.

A.3. Contextual Bandits and Feature Selection

Several works discovered conditions on the context distribution and the feature representation under
which optimistic (Hao et al., 2020a; Wu et al., 2020) or greedy (Bastani et al., 2021; Kim and Oh,
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2024) contextual bandit algorithms are guaranteed to have constant or logarithmic (in n) regret.
Subsequently, contextual bandit algorithms have been developed to identify these good feature
representations while simultaneously minimising regret (Papini et al., 2021; Tirinzoni et al., 2022).
These results are complementary to our own, which hold when the contexts are selected by an
adversary.

A.4. Bandits With Low-Dimensional Structure

Various methods have been developed to exploit other forms of low-dimensional structure in bandit
and Bayesian optimisation problems. Chen et al. (2012), Djolonga et al. (2013) and Wang et al.
(2016) designed Bayesian optimisation algorithms for the setting where the reward function is a
composition of a low-dimensional linear embedding and a function drawn from a Gaussian process.
Li et al. (2023) designed a contextual bandit algorithm for a similar setting, in which the reward
function is a composition of a linear embedding and a Lipschitz function. Kandasamy et al. (2015),
Gardner et al. (2017), Rolland et al. (2018) and Mutny and Krause (2018) developed Bayesian
optimisation algorithms for (generalised) additive reward functions.

A.5. Compressed Sensing Off the Grid

The nonparametric contextual bandit problem with uncountable sparsity is related to a problem known
as compressed sensing off the grid (Tang et al., 2013). This is also called an inverse problem in the
space of measures (Bredies and Pikkarainen, 2013), or (blind) deconvolution when applied to signals
(Levin et al., 2009). In this problem, the aim is to recover the underlying discrete measure in a sparse
infinite-dimensional linear model, using as few measurements as possible. In the finite-dimensional
compressed sensing problem, conditions on the measurements similar to the compatibility condition
used in sparse linear bandits are sufficient to guarantee recovery via, for instance, the LASSO
(see e.g. chapters 4-6 in Foucart and Rauhut (2013)). To guarantee recovery in the off-the-grid
compressed sensing problem, several works have developed weaker and more refined conditions
on the measurements (Duval and Peyré, 2015; Bodmann et al., 2018; Poon et al., 2023). These
conditions ensure that the underlying sparse measure can be recovered using an infinite-dimensional
formulation of the LASSO, known as the Beurling LASSO (De Castro and Gamboa, 2012).

Appendix B. Application to Linear, Kernelised and Neural Bandits

B.1. Implications for Sparse Linear Contextual Bandits

Our results have interesting implications for particular cases of sparse linear contextual bandits.
With a small modification, Theorem 3 also provides a lower bound of

√
Ksn/8 for sparse linear

contextual bandits with p-dimensional feature vectors and K ≤ p/s. This complements the existing
lower bound of order

√
spn (Lattimore and Szepesvári, 2020a), in which the difficult instance has

K ≥ p. When K ≤ p/s, our Theorem 5 gives a matching upper bound up to a factor of
√
log(n).

In linear contextual bandits with adversarial contexts, p-dimensional feature vectors and K
actions, SupLinRel (Auer, 2002) and SupLinUCB (Chu et al., 2011) both have regret bounds of
order approximately

√
pn log(K). If the parameter vector is s-sparse (and s is known), then as

discussed in Section A, there is an algorithm that achieves an upper bound of
√
spn, and a matching

lower bound. This suggests that sparsity is helpful when the number of actions is large, relative
to the sparsity, but not particularly helpful when p is large. When applied to this setting, where
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deff = p, Theorem 5 would give a regret bound of order
√
Ks log(p)n. Roughly speaking, this is an

improvement whenever the number of actions is less than the ratio of the total number of features
and the number of useful features, so when K ≤ p/s.

B.2. When Does Sparsity Help In Kernelised and Neural Bandits?

In this section, we use our upper and lower bounds from sections 3 and 4 to identify regimes in which
sparsity is helpful for regret minimisation in kernelised and neural contextual bandits. For simplicity,
we ignore polylogarithmic factors of n in this section. Our findings are summarised in Table B.2, for
kernelised bandits with the Matérn kernel, Table B.2, for kernelised bandits with the RBF kernel, and
Table B.2, for neural bandits.

Upper Bound Regret Sparsity Assumption

Valko et al. (2013) O
(
n

ν+p
2ν+p

√
log(K)

)
none

This paper (Theorem 5) O(
√
Ksn log(n)) countable

This paper (Theorem 6) O(
√
Kspn) uncountable

Lower Bound
This paper (Theorem 3) Ω(

√
Ksn) countable

This paper (Theorem 4) Ω(
√
Kspn) uncountable

Table 1: Regret upper and lower bounds for kernelised contextual bandits with the Matérn kernel.

In kernelised contextual bandits with adversarial contexts (of dimension p) and K actions,
SupKernelUCB (Valko et al., 2013) has a regret bound of order

√
deffn log(K), where deff depends

on the choice of the kernel. If the Matérn kernel with smoothness parameter ν > 0 is used, then
the polynomial decay condition is satisfied with β = (2ν + p)/p (Santin and Schaback, 2016), and
so deff ≤ np/(2ν+p). If the RBF kernel is used, then the exponential decay condition is satisfied
with β = 1/p (Belkin, 2018), and so deff ≤ logp(n). In the countable sparsity model, Theorem 5
gives a regret bound of order

√
Ksn log(deff). For the Matérn kernel, this translates to a bound

of order
√
(p/(2ν + p))Ksn log(n), which can be compared to the bound of n

ν+p
2ν+p

√
log(K) for

SupKernelUCB. For the RBF kernel, the bound from Theorem 5 becomes
√
Kspn log log(n),

whereas the bound for SupKernelUCB is
√
n logp(n) log(K). With both of these kernels, we

observe that when n is sufficiently large, approximately n ≥ (sK)(2ν+p)/p for the Matérn kernel and
n ≥ exp((Ksp)1/p) for the RBF kernel, sparsity enables better regret bounds. In the uncountable
sparsity model, the dimension of θ is d = p. Theorem 6 gives a regret bound of order

√
Kspn with

both the Matérn and RBF kernels. Again, we observe that for sufficiently large n, approximately
n ≥ (Ksp)(2ν+p)/p for the Matérn kernel and n ≥ exp((Ksp)1/p) for the RBF kernel, sparsity
enables better regret bounds.

In neural contextual bandits, it is often assumed that the reward function lies in the RKHS
associated with an infinite-width neural tangent kernel (NTK). In this setting, with adversarial
contexts and K actions, the SupNN-UCB algorithm (Kassraie and Krause, 2022) has a regret bound
of order approximately

√
deffn log(K), where deff is the effective dimension of the NTK. If the

contexts are p-dimensional vectors on the unit sphere, then for the NTK of a single-layer ReLU
neural network, deff ≤ n1−1/p (cf. Theorem 3.1 in Kassraie and Krause (2022)). In this setting,
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Upper Bound Regret Sparsity Assumption
Valko et al. (2013) O

(√
n logp(n) log(K)

)
none

This paper (Theorem 5) O(
√
Kspn log log(n)) countable

This paper (Theorem 6) O(
√
Kspn) uncountable

Lower Bound
This paper (Theorem 3) Ω(

√
Kspn) countable

This paper (Theorem 4) Ω(
√
Kspn) uncountable

Table 2: Regret upper and lower bounds for kernelised contextual bandits with the RBF kernel.

the regret bound of SupNN-UCB is of order n1−1/(2p)
√
log(K). In the neural bandits example in

Section 2.4, the reward function is assumed to be a single-layer neural network of possibly unknown
width. If we use a ReLU activation function, then Theorem 6 gives a regret bound of order

√
Kspn.

For sufficiently large n, approximately n ≥ (Ksp)1−1/p, sparsity enables a better regret bound.

Upper Bound Regret Sparsity Assumption

Kassraie and Krause (2022) O
(
n
1− 1

2p
√
log(K)

)
none

This paper (Theorem 6) O(
√
Kspn) uncountable

Lower Bound
This paper (Theorem 4) Ω(

√
Kspn) uncountable

Table 3: Regret upper and lower bounds for neural contextual bandits.

Appendix C. Proofs of the Lower Bounds

The proofs of Theorem 3 and Theorem 4 both work by first reducing the sparse nonparametric
contextual bandit problem to a sequence of K-armed bandits, and then lower bounding the total
regret in the sequence of K-armed bandit problems. Each type of sparsity requires a different
reduction. However, both proofs use the same auxiliary lemmas to lower bound the regret in the
sequence of K-armed bandit problems. In Section C.1, we state and prove these auxiliary lemmas.
In the subsequent subsections, we use these lemmas to prove Theorem 3 and then Theorem 4.

C.1. Auxiliary Lemmas

The first auxiliary lemma is a lower bound on the regret for K-armed bandit problems in which one
action has mean reward ∆ and the remaining K − 1 actions have mean reward 0. The rewards of all
actions are subject to standard Gaussian noise. For some b ∈ [K], let Rm(b) denote the expected
regret over m steps in a K-armed bandit with optimal action b. Therefore,

Rm(b) = E

[
m∑
t=1

∆ · I{At ̸= b}

]
.

Exercise 24.1 in Lattimore and Szepesvári (2020a) asks the reader to prove the following lower
bound on the averaged (over b) expected regret 1

K

∑
b∈[K]Rm(b).
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Lemma 7 (Exercise 24.1 in Lattimore and Szepesvári (2020a)) Let K ≥ 2 and set ∆ =
√
K/m/2.

For any policy,
1

K

∑
b∈[K]

Rm(b) ≥ 1

8

√
Km.

A proof can be found in Lattimore and Szepesvári (2020b). To use this result, we need to reduce
the sparse nonparametric contextual bandit problem to a sequence of K-armed bandit problems. In
the proofs of each lower bound, we always factorise the horizon as n = m1m2 for some m1,m2 ∈ N
and fix the sequence of contexts x1, . . . , xn to be z1, . . . , z1, z2, . . . , z2, . . . , zm1 , . . . , zm1 , where
each zi is repeated m2 times. For each lower bound, we choose a set of parameters N of size
|N | = Km1 and a feature map ϕ, such that for every i ∈ [m1], a ∈ [K] and ν ∈ N , we can express
the expected reward as

fν(zi, a) =
∆
s I{a = bi(ν)} . (8)

The function b : N → [K]m1 is any bijection between N and the set of sequences of actions of
length m1. This reward function mimics a sequence of m1 K-armed bandit problems, in which the
index of the optimal action switches every m2 rounds. For each context zi and each ν ∈ N , there is
a single good action bi(ν) with expected reward ∆/s and K − 1 bad actions with expected reward
0. Since each ν ∈ N corresponds to a unique sequence (b1, . . . , bm1) ∈ [K]m1 of optimal actions
(and vice versa), we can equivalently parameterise the reward function by b1:m1 := (b1, . . . , bm1) ∈
[K]m1 . In particular, for each b1:m1 ∈ [K]m1 , we can write the expected regret Rn(b1:m1) as

Rn(b1:m1) := E

[
n∑

t=1

m1∑
i=1

∆
s I{xt = zi}I{At ̸= bi}

]
.

The following lemma shows that, for any b1:m1 ∈ [K]m1 , Rn(b1:m1) can be re-written as the
total expected regret suffered in a sequence of K-armed bandit problems.

Lemma 8 (Regret decomposition) For any b1:m1 ∈ [K]m1 ,

Rn(b1:m1) =

m1∑
i=1

Rm2,i(b1:i) ,

where

Rm2,i(b1:i) = E

 m2i∑
t=m2(i−1)+1

∆
s I{At ̸= bi}

 .

Proof The proof only requires us to swap a sum and an expectation. In particular,

Rn(b1:m1) = E

[
n∑

t=1

m1∑
i=1

∆
s I{xt = zi}I{At ̸= bi}

]

=

m1∑
i=1

E

[
n∑

t=1

∆
s I{xt = zi}I{At ̸= bi}

]

=

m1∑
i=1

E

 m2i∑
t=m2(i−1)+1

∆
s I{At ̸= bi}

 =

m1∑
i=1

Rm2,i(b1:i).
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We notice that Rm2,i(b1:i) is the regret suffered in m2 steps of a K-armed bandit problem, in
which the optimal action is bi and all other actions result in an expected regret of ∆/s. We write
Rm2,i(b1:i) (as opposed to Rm2,i(b1:m1)) because the expected regret for the ith sub-problem is
independent of bi+1:m1 . Rm2,i(b1:i) can depend on the first i − 1 elements b1:i−1 of the sequence
b1:m1 , since the rewards obtained in the first (i − 1)m2 rounds can influence the policy played in
rounds t = (i− 1)m2 + 1 to t = im2. However, the lower bound in Lemma 7 applies to any policy,
and hence any b1:i−1. The final auxiliary lemma combines the previous two, and provides a lower
bound on the averaged regret 1

Km1

∑
b1:m1∈[K]m1 Rn(b1:m1).

Lemma 9 (Lower bound for sequences of K-armed bandits) Let K ≥ 2 and set ∆ = s
√
K/

√
4m2.

For any b1:m1 ∈ [K]m1 and any policy,

1

Km1

∑
b1:m1∈[K]m1

Rn(b1:m1) ≥
1

8
m1

√
Km2 .

Proof Choosing ∆ = s
√
K/

√
Km2 ensures that ∆/s =

√
K/

√
4m2, which is required for the

lower bound in Lemma 7. Using Lemma 7, and the fact that Rm2,i(b1:i) is independent of bi+1:m1 ,
we obtain,

1

Km1

∑
b1:m1∈[K]m1

Rn(b1:m1) =

m1∑
i=1

1

Km1

∑
b1:m1∈[K]m1

Rm2,i(b1:m1)

=

m1∑
i=1

1

Ki−1

∑
b1:i−1∈[K]i−1

1

K

∑
bi∈[K]

1

Km1−i

∑
bi+1:m1

∈[K]m1−i

Rm2,i(b1:i)

=

m1∑
i=1

1

Ki−1

∑
b1:i−1∈[K]i−1

1

K

∑
bi∈[K]

Rm2,i(b1:i)

≥ 1

8

m1∑
i=1

1

Ki−1

∑
b1:i−1∈[K]i−1

√
Km2

=
1

8
m1

√
Km2 .

C.2. Proof of Theorem 3

For the convenience of the reader, we repeat the statement of Theorem 3 here.
Statement of Theorem 3. Consider the sparse nonparametric contextual bandit problem with

countable sparsity described in Section 2. Let A = [K] for some K ≥ 2 and assume that the noise
variables are standard Gaussian. Suppose that for some β > 1 and some integer m ≥ sβ+2Kβ+1,
n = sm. Then for any policy, there exists a sequence of contexts x1, . . . , xn, a parameter sequence
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w = (w1, w2, . . . ) with ∥w∥0 = s, ∥w∥1 = 1 and a sequence of functions (ϕi)
∞
i=1 with ∥ϕi∥∞ ≤

i−β/2, such that

Rn(fw) ≥
1

8

√
Ksn.

Instead, suppose that for some β > 0 and some integer m ≥ ⌈1/β⌉s2K exp(sβKβ⌈1/β⌉),
n = sm. Then for any policy, there exists a sequence of contexts x1, . . . , xn, a parameter sequence
w = (w1, w2, . . . ) with ∥w∥0 = s, ∥w∥1 = 1 and a sequence of functions (ϕi)

∞
i=1 with ∥ϕi∥∞ ≤

exp(−iβ/2), such that

Rn(fw) ≥
1

8

√
max(1, 1/β)Ksn.

Proof First, we prove the lower bound for the scenario with polynomial decay, in which ∥ϕi∥∞ ≤
i−β/2 for some β > 1. The sequence of contexts x1, . . . , xn is fixed in advance, and selected from
the set {z1, . . . , zs}, where each zi is of the form zi = (zi,a)a∈[K]. For each i ∈ [s] and a ∈ [K], zi,a
can be arbitrary, as long as each zi,a is distinct. We choose the sequence of contexts x1, . . . , xn to be

z1, . . . , z1, z2, . . . , z2, . . . , zs, . . . , zs,

where each zi is repeated m times. Next, we define the sequence of functions (ϕj)
∞
j=1. In fact,

we will consider a finite sequence of functions (ϕj)
sK
j=1. We could extend this to an infinite sequence

by choosing ϕj ≡ 0 for j > sK and nothing would change. We define e1, . . . , esK to be the standard
basis vectors of RsK . For each i ∈ [s] and a ∈ [K], and some ∆ ∈ (0, 1] to be chosen later, we
define

ϕ(zi,a) = (ϕ1(zi,a), . . . , ϕsK(zi,a)) = ∆ · e(i−1)K+a .

We could also write this as ϕj(zi,a) = ∆ · I{j = (i− 1)K + a}. Note that if ∆ ≤ (sK)−β/2,
then ∥ϕj∥∞ ≤ j−β/2 is satisfied for all j ∈ [sK]. Next, we define a set of s-sparse parameter
sequences. In fact, we will consider sK-dimensional parameter vectors, but if we wished to use
an infinite sequence, we could just append zeros to the end. We let u1, . . . , uK denote the standard
basis vectors of RK , and we define the set W = {(1/s)ui : i ∈ [K]} ⊂ RK . We consider parameter
vectors in the set Ws ⊂ RsK , meaning each w is of the form

w = [(1/s)u⊤i1 , . . . , (1/s)u
⊤
is ]

⊤ ,

for some collection of indices (i1, . . . , is) ∈ [K]s. We define the bijection b : Ws → [K]s to be
the function that maps each w to its corresponding sequence of indices (i1, . . . , is). Thus for any
i ∈ [s], bi(w) is the position of the non-zero element within the ith block of w. We notice that each
w ∈ Ws satisfies ∥w∥0 = s and ∥w∥1 = 1. Moreover, for any i ∈ [s], a ∈ [K] and w ∈ Ws we can
write down the expected reward as

fw(zi, a) =

sK∑
j=1

wjϕj(zi,a) =
∆
s I{a = bi(w)} .

This reward function (and this sequence of contexts) mimics a sequence of K-armed bandit
problems, in which the index of the optimal action switches every m rounds. In particular, it is of
the same form as the reward function in (8). Since each w ∈ Ws corresponds to a unique sequence
(b1, . . . , bs) ∈ [K]s of optimal actions (and vice versa), we can equivalently parameterise the reward

28



SPARSE NONPARAMETRIC CONTEXTUAL BANDITS

function by the sequence b1:s := (b1, . . . , bs) ∈ [K]s. Now, using Lemma 8, we can re-write the
regret Rn(b1:s) as

Rn(b1:s) =
s∑

i=1

Rm,i(b1:i) ,

where Rm,i(b1:i) = E[
∑mi

t=m(i−1)+1
∆
s I{At ̸= bi}] is the expected regret for the ith sub-problem.

Using this regret decomposition and Lemma 9 (and the fact that n = sm), we can lower bound the
averaged expected regret as

1

Ks

∑
b1:s∈[K]s

Rn(b1:s) ≥
1

8
s
√
Km =

1

8

√
Ksn .

Lemma 9 requires us to set ∆ such that ∆/s =
√
K/m/2. The only thing left to do is to find

the values of m such that ∆ = s
√

K
4m ≤ (sK)−β/2, which ensures that ϕ1, . . . , ϕsK satisfies the

polynomial decay condition. This constraint for m can be rearranged into

m ≥ 1
4s

β+2Kβ+1 .

Thus we can choose any m satisfying m ≥ sβ+2Kβ+1. Next, we prove the lower bound for the
scenario with exponential decay, in which ∥ϕi∥∞ ≤ exp(−iβ/2), for some β > 0. First, we consider
the case where β ≥ 1. In this case, max(1, 1/β) = 1, so we need to lower bound the expected regret
by

√
Ksn/8. To do so, we can mostly repeat the proof for polynomial decay. We set (ϕj)

∞
j=1 to

be the same sequence of functions, which satisfies ∥ϕj∥∞ ≤ ∆ for j ≤ sK and ∥ϕj∥∞ = 0 for
j ≥ sK. If ∆ ≤ exp(−sβKβ/2), then (ϕj)

∞
j=1 satisfies the exponential decay condition. We can

factorise n as n = sm and repeat the rest of the proof to obtain the desired lower bound of
√
Ksn/8.

In order to use Lemma 9, we again require ∆ = s
√
K/

√
4m. This means that the exponential

decay condition is satisfied when m satisfies the inequality s
√
K/

√
4m ≤ exp(−sβKβ/2). This is

equivalent to
m ≥ 1

4s
2K exp(sβKβ) .

Thus we can choose any m ≥ s2K exp(sβKβ). Due to the condition on n in the statement of the
theorem, when β ≥ 1, we can indeed factorise n as n = sm, for some integer m ≥ s2K exp(sβKβ).

For the case where β ∈ (0, 1), we require a more elaborate reduction to sequences of K-armed
bandit problems. The proof for this case generalises the previous one in the sense that, for some
positive integer l ̸= 1, we reduce the problem to a sequence of sl K-armed bandit problems, each
with horizon m. We factorise the horizon as n = s⌈1/β⌉m. The sequence of contexts x1, . . . , xn is
fixed in advance, and selected from the set {z1, . . . , zs⌈1/β⌉}. For each i ∈ [s⌈1/β⌉] and a ∈ [K],
zi,a can be arbitrary, as long as each zi,a is distinct. We choose the sequence of contexts x1, . . . , xn
to be

z1, . . . , z1, z2, . . . , z2, . . . , zs⌈1/β⌉, . . . , zs⌈1/β⌉,

where each zi is repeated m times. Next, we define the sequence of functions (ϕj)
∞
j=1. For each

i ∈ [s⌈1/β⌉], we define the bijection ρ : [s⌈1/β⌉] → [s]× [⌈1/β⌉] by

ρ(i) = (ρ1(i), ρ2(i)) = (⌈ i
⌈1/β⌉⌉, (i− 1) mod ⌈1/β⌉+ 1).

Some values of ρ are ρ(1) = (1, 1), ρ(2) = (1, 2), ρ(⌈1/β⌉) = (1, ⌈1/β⌉), ρ(⌈1/β⌉ + 1) =
(2, 1), ρ(s⌈1/β⌉) = (s, ⌈1/β⌉). We let ζ : [K⌈1/β⌉] → [K]⌈1/β⌉ be any bijection between [K⌈1/β⌉],
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the set of all positive integers up to K⌈1/β⌉, and [K]⌈1/β⌉, the set of sequences of integers in [K] of
length ⌈1/β⌉. For instance, we could choose

(ζ1(i), ζ2(i), . . . , ζ⌈1/β⌉(i)) = (⌊ i−1
K⌈1/β⌉−1 ⌋+ 1, ⌊ i−1

K⌈1/β⌉−2 ⌋modK + 1, . . . , (i− 1) modK + 1).

We can now define the sequence of functions (ϕj)
∞
j=1. Similarly to before, we will consider a

finite sequence of sK⌈1/β⌉ functions, but we could extend it to an infinite sequence by choosing
ϕj ≡ 0 for all j > sK⌈1/β⌉. For each i ∈ [s⌈1/β⌉], a ∈ [K] and j ∈ [sK⌈1/β⌉], we define the jth

function in the sequence to be

ϕj(zi,a) = ∆ · I{⌊ j−1
K⌈1/β⌉ ⌋+ 1 = ρ1(i)} · I{a = ζρ2(i)((j − 1) modK⌈1/β⌉ + 1)} , (9)

where ∆ ∈ (0, 1] is some positive constant to be chosen later. If we let ϕ(zi,a) denote the
vector in RsK⌈1/β⌉

whose jth element is ϕj(zi,a), we can describe the functions ϕ1, . . . , ϕsK⌈1/β⌉ in
a simpler way. We split the vector ϕ(zi,a) into s blocks of K⌈1/β⌉ elements and write

ϕ(zi,a) = [0, . . . , 0,∆ · I{a = ζρ2(i)(1)}, . . . ,∆ · I{a = ζρ2(i)(K
⌈1/β⌉)}, 0, . . . , 0] , (10)

where the block of K⌈1/β⌉ elements that are not identically equal to zero is the ρ1(i)
th block. To

see that this is the same as the previous definition, we can observe that the first indicator in (9) sets
ϕj(zi,a) to 0 whenever j does not correspond to an index in the ρ1(i)

th block of ϕ(zi,a). For j in the
ρ1(i)

th block of ϕ(zi,a), i.e. j satisfying

(ρ1(i)− 1)K⌈1/β⌉ + 1 ≤ j ≤ ρ1(i)K
⌈1/β⌉ ,

(j − 1) modK⌈1/β⌉ + 1 is equal to the position of j within the ρ1(i)
th block, which means the

second indicator in (9) is equal to the indicator in (10) for these j. To satisfy the exponential decay
condition, ∆ must be set small enough. In particular, since ∥ϕj∥∞ ≤ ∆ for all j ∈ [sK⌈1/β⌉], then
as long as ∆ satisfies ∆ ≤ exp(−sβKβ⌈1/β⌉/2), each ϕj satisfies ∥ϕj∥∞ ≤ exp(−jβ/2).

Next, we define a set of s-sparse parameter sequences. We will consider s-sparse vectors in
RsK⌈1/β⌉

, but we could extend this to infinite sequences by appending zeros. We let u1, . . . , uK⌈1/β⌉

denote the standard basis vectors of RK⌈1/β⌉
, and we define the set W = {(1/s)ui : i ∈ [K⌈1/β⌉]}.

We consider parameter vectors in the set Ws, so each w is of the form

w = [(1/s)u⊤i1 , . . . , (1/s)u
⊤
is ]

⊤ ,

for some collection of indices (i1, . . . , is) ∈ [K⌈1/β⌉]s. We define the bijection ω : Ws →
[K⌈1/β⌉]s to be the function that maps each w to it’s corresponding sequence of indices (i1, . . . , is).
Thus, for any i ∈ [s], ωi(w) is the position of the non-zero element within the ith block of w. We
notice that each w ∈ Ws satisfies ∥w∥0 = s and ∥w∥1 = 1. Now, we can write down the expression
for the expected reward function. In particular,

fw(zi, a) =

sK⌈1/β⌉∑
j=1

wjϕj(zi,a) =
∆
s I{a = ζρ2(i)(ωρ1(i)(w))}.

To simplify this expression, we define b : Ws → [K]s⌈1/β⌉ to be the bijection that maps each
w to the corresponding sequence of good actions. Thus b(w) = (b1(w), . . . , bs⌈1/β⌉(w)), where for
each i ∈ [s⌈1/β⌉],

bi(w) = ζρ2(i)(ωρ1(i)(w)).
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Thus, for any i ∈ [s⌈1/β⌉], a ∈ [K] and w ∈ Ws we can express the expected reward as

fw(zi, a) =
∆
s I{a = bi(w))}.

We notice that we have another reward function that is in the same form as the reward function in
(8). Since b is a bijection between Ws and [K]s⌈1/β⌉, each w ∈ Ws corresponds to a unique sequence
(b1, . . . , bs⌈1/β⌉) ∈ [K]s⌈1/β⌉ of optimal actions (and vice versa). Therefore, we can equivalently
parameterise the reward function by the sequence b1:s⌈1/β⌉ := (b1, . . . , bs⌈1/β⌉) ∈ [K]s⌈1/β⌉. Using
Lemma 8, we can re-write the regret Rn(b1:s⌈1/β⌉) as

Rn(b1:s⌈1/β⌉) =

s⌈1/β⌉∑
i=1

Rm,i(b1:i) ,

where Rm,i(b1:i) = E[
∑mi

t=m(i−1)+1
∆
s I{At ̸= bi}] is the expected regret for the ith sub-problem.

Using this regret decomposition and Lemma 9 (and the fact that n = s⌈1/β⌉m), we can lower bound
the averaged expected regret as

1

Ks⌈1/β⌉

∑
b1:s⌈1/β⌉∈[K]s⌈1/β⌉

Rn(b1:s⌈1/β⌉) ≥
1

8
s⌈1/β⌉

√
Km =

1

8

√
⌈1/β⌉Ksn ≥ 1

8

√
(1/β)Ksn .

Lemma 9 requires us to set ∆/s =
√
K/m/2. The only thing left to do is to find the values of m

such that ∆ = s
√

K
4m ≤ exp(−sβKβ⌈1/β⌉/2), which ensures that the exponential decay condition

is satisfied. This constraint for m can be rearranged into

m ≥ 1
4s

2K exp(sβKβ⌈1/β⌉) .

Thus, we can choose any m satisfying m ≥ s2K exp(sβKβ⌈1/β⌉). Since the condition on n
was n = sm for some integer m ≥ ⌈1/β⌉s2K exp(sβKβ⌈1/β⌉), we can indeed factorise n into
n = s⌈1/β⌉m for some m ≥ s2K exp(sβKβ⌈1/β⌉).

C.3. Proof of Theorem 4

For the convenience of the reader, we repeat the statement of Theorem 4 here.
Statement of Theorem 4. Consider the sparse nonparametric contextual bandit problem with

uncountable sparsity described in Section 2. Let A = [K] for some K ≥ 2 and let n = sdm for
some integer m ≥ s2+2/dK3. Assume that the noise variables are standard Gaussian. For any policy,
there exists a sequence of contexts x1, . . . , xn ∈ X , parameters w ∈ Bs

1(1), θ1, . . . , θs ∈ Θ ⊂ Bd
2(1)

and a uniformly Lipschitz continuous function ϕ, with ∥ϕ∥∞ ≤ 1, such that

Rn(fν) ≥
1

8

√
Ksdn.

Proof The sequence of contexts x1, . . . , xn is fixed in advance, and selected from the set {z1, . . . , zsd}.
For each i ∈ [sd] and a ∈ [K], zi,a can be arbitrary, as long as each zi,a is distinct. In particular, we
choose the sequence of contexts x1, . . . , xn to be

z1, . . . , z1, z2, . . . , z2, . . . , zsd, . . . , zsd,

31



FLYNN OLKHOVSKAYA ROGNON-VAEL

where each zi is repeated m times. Next, we choose the parameters w and θ1, . . . , θs. First, we
set wj = 1/s for every j ∈ [s], which means that ∥w∥1 = 1. The parameters θ1, . . . , θs lie in a
set Θ, which we specify now. We choose Θ such that: a) Θ is a ∆-packing of Bd

2(1) w.r.t. the ℓ2
norm, for some ∆ ∈ (0, 1] to be chosen later; b) Θ is a union of s disjoint sets Θ1, . . . ,Θs, each
with cardinality |Θj | = Kd. To guarantee that there is a set Θ that satisfies these requirements, we
must choose ∆ such that the ∆-packing number M(Bd

2(1), ∥ · ∥2,∆) is at least sKd. Using Lemma
5.5 and Lemma 5.7 in Wainwright (2019), M(Bd

2(1), ∥ · ∥2,∆) can be lower bounded as

M(Bd
2(1), ∥ · ∥2,∆) ≥ N (Bd

2(1), ∥ · ∥2,∆) ≥ ( 1
∆)d,

which means that if sKd ≤ ( 1
∆)d, then we can construct a ∆-packing of Bd

2(1) that has at least
sKd elements. This inequality can be rearranged into ∆ ≤ 1/(s1/dK). We will consider sequences
of parameters θ1, . . . , θs where each θj is in Θj . For each j ∈ [s], since Θj has cardinality Kd, we
can define a bijection ωj : Θj → [K]d between Θj and the set [K]d of sequences of actions of length
d. We define the bijection ρ : [sd] → [s]× [d] by

ρ(i) = (ρ1(i), ρ2(i)) = (⌈ i
d⌉, (i− 1) mod d+ 1).

Now, using ρ and ω1, . . . ωs, we can define a bijection b : Θ1 × · · · × Θs → [K]sd between
Θ1×· · ·×Θs and the set [K]sd of sequences of actions of length d. In particular, for any (θ1, . . . θs) ∈
Θ1 × · · · ×Θs and i ∈ [sd], we define

bi(θ1, . . . , θs) = ω
ρ1(i)
ρ2(i)

(θρ1(i)).

To define ϕ, we introduce one more function. We define κ : Θ → [s] to be the function that maps
each θ ∈ Θ to the unique integer j ∈ [s] such that θ ∈ Θj . For each i ∈ [sd], a ∈ [K] and θ ∈ Θ,
we define (with the same ∆ ∈ (0, 1] as before)

ϕ(zi,a, θ) = ∆I{ρ1(i) = κ(θ)}I{a = ω
κ(θ)
ρ2(i)

(θ)}.

Since ϕ(zi,a, θ) ∈ {0,∆} and Θ is a ∆-packing, we have

∀i ∈ [sd], a ∈ [K], θ, θ′ ∈ Θ, |ϕ(zi,a, θ)− ϕ(zi,a, θ
′)| ≤ ∆ < ∥θ − θ′∥2,

which means that ϕ satisfies the uniform Lipschitz continuity property. Using the definition of ϕ,
for any ν = (θ1, . . . , θs) ∈ Θ1 × · · · ×Θs, the expected reward function is

fν(zi, a) =
s∑

j=1

1
sϕ(zi,a, θj) =

∆
s I{a = ω

ρ1(i)
ρ2(i)

(θρ1(i))} = ∆
s I{a = bi(θ1, . . . , θs)}.

We have another reward function that is in the same form as the reward function in (8). Since b is
a bijection between Θ1 × · · · ×Θs and [K]s⌈1/β⌉, each ν ∈ Θ1 × · · · ×Θs corresponds to a unique
sequence (b1, . . . , bsd) ∈ [K]sd of optimal actions (and vice versa). Therefore, we can equivalently
parameterise the reward function by the sequence b1:sd := (b1, . . . , bsd) ∈ [K]sd. Using Lemma 8,
we can re-write the regret Rn(b1:sd) as

Rn(b1:sd) =

sd∑
i=1

Rm,i(b1:i) ,
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where Rm,i(b1:i) = E[
∑mi

t=m(i−1)+1
∆
s I{At ̸= bi}] is the expected regret for the ith sub-problem.

Using this regret decomposition and Lemma 9 (and the fact that n = sdm), we can lower bound the
averaged expected regret as

1

Ksd

∑
b1:sd∈[K]sd

Rn(b1:sd) ≥
1

8
sd
√
Km =

1

8

√
Ksdn .

Lemma 9 requires us to set ∆/s =
√
K/m/2. The only thing left to do is to find the values of

m such that ∆ = s
√

K
4m ≤ 1/(s1/dK), which ensures that |Θ| is smaller than M(Bd

2(1), ∥ · ∥2,∆).
This constraint for m can be rearranged into

m ≥ 1
4s

2+2/dK3 .

Thus we can choose any m satisfying m ≥ s2+2/dK3.

Appendix D. Proof of Theorem 5

To bound the expected regret of FGTS, we use the decoupling technique developed by Zhang (2022).
Theorem 1 in Zhang (2022) provides the following upper bound on the expected regret of FGTS.

Theorem 10 (Theorem 1 in Zhang (2022)) Consider FGTS with the posterior defined in (4) and
the likelihood defined in (3). Suppose that the prior p1 is chosen such that Pν∼p1 [maxx,a |fν(x, a)| ≤
1] = 1. For any η ≤ 1/4 and any λ > 0,

Rn(f
∗) ≤ λKn

η
+ 6λn− 1

λ
Zn , where Zn := E logEν∼p1 exp

(
−

n∑
t=1

∆L(ν,Xt, At, Yt)

)
,

(11)
and

∆L(ν, x, a, y) := η
[
(fν(x, a)− y)2 − (f∗(x, a)− y)2

]
− λ [fν(x)− f∗(x)] .

Note that ∆L(ν, x, a, y) is the logarithm of the likelihood ratio with parameter ν∗ in the denom-
inator and ν in the numerator. Hence, we call ∆L the log-likelihood ratio. We use the shorthand
∆Lt(ν) := ∆Lt(ν,Xt, At, Yt). For countable sparsity, we use ∆Lt(ν) and ∆Lt(w) interchange-
ably.

The proof of Theorem 5 uses Theorem 10 and a bound on the log partition function Zn (defined
in (11)). To bound Zn, we use some auxiliary lemmas. In Section D.1, we state and prove these
auxiliary lemmas. In Section D.2, we then state and prove a bound on Zn. Finally, in Section D.3,
we prove Theorem 5.

We recall here some notation introduced in Sections 2.2 and 4.2. We use s and S to denote the
sparsity and support of w∗. For any non-empty subset M ⊆ N, we define WM := {w : ∥w∥1 ≤
1, wi = 0 ∀i /∈ M}. We let w̄ denote the projection of the sequence w∗ onto the set of parameter
sequences with support contained in [deff ]. Thus w̄ is the sequence such that for all i ∈ S ∩ [deff ],
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w̄i = w∗
i , and for all i /∈ S ∩ [deff ], w̄i = 0. We let S̄ = supp(w̄) = supp(w∗) ∩ [deff ]. Note that if

S̄ = ∅, then the regret of any algorithm is O(
√
n). In particular,

Rn(f
∗) = E

[∑n
t=1maxa∈[K]

{∑∞
i=deff+1w

∗
i ϕi(Xt,a)

}
−
∑∞

i=deff+1w
∗
i ϕi(Xt,At)

]
≤ 2n∥w∗∥1∥ϕdeff+1∥∞ ≤ 2

√
n .

Therefore, we continue under the assumption that S̄ ̸= ∅. For each c ∈ (0, 1], we define the set
Wc = {(1− c)w̄ + cw : w ∈ WS̄} ⊆ WS̄ . We notice that for every w ∈ Wc,

∥w̄ − w∥1 = ∥w̄ − (1− c)w̄ − cw′∥1 = c∥w̄ − w′∥1 ≤ 2c . (12)

D.1. Auxiliary Lemmas

The first auxiliary lemma provides an alternative expression for the log-likelihood ratio ∆L.

Lemma 11

∆L(ν,Xt, At, Yt) = η(fν(Xt, At)− f∗(Xt, At))
2 − 2ηϵt(fν(Xt, At)− f∗(Xt, At))

+ λ(fν(Xt)− f∗(Xt)) .

Proof By definition of ∆L, we have

∆L(ν,Xt, At, Yt) = η
[
(fν(Xt, At)− Yt)

2 − (f∗(Xt, At)− Yt)
2
]
− λ(fν(Xt))− f∗(Xt)) .

By expanding and rearranging the squared terms, we obtain

(fν(Xt, At)− Yt)
2 − (f∗(Xt, At)− Yt)

2 = (fν(Xt, At)− f∗(Xt, At)− ϵt)
2 − ϵ2t

= (fν(Xt, At)− f∗(Xt, At))
2

− 2ϵt(fν(Xt, At)− f∗(Xt, At)).

The next lemma utilises the uniform decay condition. It shows that for any parameter sequence
w with support contained in [deff ], the difference between fw and f∗ can be bounded in terms of the
ℓ1 distance between w and w̄ and a small approximation error caused by ignoring any components of
w∗ with indices greater than deff .

Lemma 12 For any w with support contained in [deff ], and all x ∈ X and a ∈ [K],

|fw(x, a)− f∗(x, a)| ≤ ∥w − w̄∥1 + 1/
√
n .
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Proof Using the triangle inequality, we obtain

|fw(x, a)− f∗(x, a)| =

∣∣∣∣∣∣
deff∑
i=1

(wi − w̄i)ϕi(xa)−
∞∑

i=deff+1

w∗
i ϕi(xa)

∣∣∣∣∣∣
≤ ∥w − w̄∥1∥ϕ1∥∞ + ∥w∗∥1∥ϕdeff+1∥∞
≤ ∥w − w̄∥1 + 1/

√
n .

The fact that ∥ϕdeff+1∥∞ ≤ 1/
√
n follows from the definition of deff .

As a consequence of this lemma, we also have

(fw(x, a)− f∗(x, a))2 ≤ ∥w − w̄∥21 + 2∥w − w̄∥1/
√
n+ 1/n .

In addition, since |fw(x)− f∗(x)| ≤ maxa∈[K] |fw(x, a)− f∗(x, a)|, we also have

|fw(x)− f∗(x)| ≤ ∥w − w̄∥1 + 1/
√
n .

Using Lemma 12, we obtain the following exponential moment bound, which we will use later
to control the terms depending on ϵ1, . . . , ϵn that appear in Lemma 11.

Lemma 13 For any fixed w ∈ Wc,

E [exp(
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt)] ≤ exp
(
η2(4c2n+4c

√
n+1)

2

)
.

Proof We recall that Et[·] = E[· | Ft−1, Xt, At] and that each ϵt is sub-Gaussian, meaning
Et[exp(λϵt)] ≤ exp(λ2/8) for any λ ∈ R. Using this, Lemma 12 and the fact that w ∈ Wc, we have

E [exp(
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt)]

= E
[
exp(

∑n−1
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt)En [exp(−2η(fw(Xn, An)− f∗(Xn, An))ϵn)]

]
≤ E

[
exp(

∑n−1
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt) exp(

η2(fw(Xn,An)−f∗(Xn,An))2

2 )
]

≤ E
[
exp(

∑n−1
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt)

]
exp

(
η2(4c2+4c/

√
n+1/n)

2

)
,

where the last inequality follows from Lemma 12 and (12). By iterating this argument, we obtain the
inequality in the statement of the Lemma.

The next lemma provides a bound on the covering number of Wc.

Lemma 14 (Lemma 7 in Wainwright (2019)) For any p ≥ 1, d ≥ 1, c > 0 and ∆ > 0,

N (Bd
p(c), ∥ · ∥p,∆) ≤ (1 + 2c

∆ )d .
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It is easy to see that there is a surjective isometric embedding from the set Wc (with the ℓ1
norm) to the ball Bs̄

1(c) (also with the ℓ1 norm). In particular, to embed w ∈ Wc into Bs̄
1(c), one can

subtract (1− c)w̄ and then remove all the components corresponding to indices not in S̄. Therefore, a
consequence of Lemma 14 is that N (Wc, ∥ · ∥1,∆) ≤ (1 + 2c

∆ )s̄. The final auxiliary lemma controls
the expected value of the maximum of the noise process originating from Lemma 11.

Lemma 15 For any c ∈ (0, 1] and ∆ > 0,

E
[
max
w∈Wc

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s̄ log(1+ 2c

∆ ) + η2(4c2n+4c
√
n+1)

2 +∆ηn .

Proof We set Wc,∆ to be any minimal ℓ1-norm ∆-covering of Wc. We define [w] := arg minw′∈Wc,∆
∥w−

w′∥1 to be the ℓ1-norm projection of w ∈ Wc into Wc,∆. The first step is to replace the maximum
over the infinite set Wc by a maximum over the finite set Wc,∆ and a discretisation error. We have

max
w∈Wc

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt} ≤ max
w∈Wc

{∑n
t=1 − 2η(f[w](Xt, At)− f∗(Xt, At))ϵt

}
+ max

w∈Wc

{∑n
t=1 − 2η(fw(Xt, At)− f[w](Xt, At))ϵt

}
= max

w∈Wc,∆

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt}

+ max
w∈Wc

{∑n
t=1 − 2η(fw(Xt, At)− f[w](Xt, At))ϵt

}
.

To bound the expectation of the maximum over Wc,∆, we use Jensen’s inequality, Lemma 13
and Lemma 14 to obtain

E
[

max
w∈Wc,∆

{∑n
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt

}]
≤ logE

[
max

w∈Wc,∆

{
exp

(∑n
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt

)}]
≤ logE

[∑
w∈Wc,∆

{
exp

(∑n
t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt

)}]
≤ log

(
|Wc,∆| exp

(
η2(4c2n+4c

√
n+1)

2

))
= log(N (Wc, ∥ · ∥1,∆)) + η2(4c2n+4c

√
n+1)

2

≤ s̄ log(1 + 2c
∆ ) + η2(4c2n+4c

√
n+1)

2 .

Since, Wc,∆ is a ∆-covering and ∥ϕi∥∞ ≤ 1, we have |fw(x, a)−f[w](x, a)| ≤ ∆ for all x ∈ X
and a ∈ [K]. Also, since each ϵt is 1/2-sub-Gaussian, E[ϵ2t ] ≤ 1/4. Using these facts and the
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Cauchy-Schwartz inequality, we can bound the discretisation error as

E
[
max
w∈Wc

{∑n
t=1 − 2η(fw(Xt, At)− f[w](Xt, At))ϵt

}]
≤ E

[
max
w∈Wc

{√∑n
t=14η

2(fw(Xt, At)− f[w](Xt, At))2
}√∑n

t=1ϵ
2
t

]
≤ 2η∆

√
nE

[√∑n
t=1ϵ

2
t

]
≤ 2η∆

√
n
√∑n

t=1E[ϵ2t ]

≤ η∆n .

D.2. Bounding the Log Partition Function

Using the auxiliary lemmas established in the previous subsection, we can now prove a bound on the
log partition function Zn.

Lemma 16 If we use the prior p1 in (5), then for every n,

−Zn ≤ ∥w∗∥0 log(8edeffn) + 2η2 + 5η + 2λ
√
n .

Proof For each c ∈ (0, 1], we define the set Wc = {(1− c)w̄ + cw : w ∈ WS̄} ⊆ WS̄ and define
the event

Ec := {w ∈ Wc} .

When w ∼ p1(w | M = S̄) = U(WS̄), we have

Pw∼p1(·|M=S̄)[Ec] =
Vol(Wc)
Vol(WS̄)

= cs̄ .

Since we know that p1(M) = 2−|M |(deff
|M |

)−1
(
∑deff

i=1 2
−i), we have

Zn = E [logEw∼p1 [exp(−
∑n

t=1∆L(w,Xt, At, Yt))]]

≥ E
[
log p1(S̄)Ew∼p1|S̄ [exp(

∑n
t=1∆L(w,Xt, At, Yt))]

]
≥ E

[
log p1(S̄)Pw∼p1|M=S̄ [Ec] min

ν∈Wc

{exp(−
∑n

t=1∆L(w,Xt, At, Yt))}
]

= log(p1(S̄)) + log(Pw∼p1|M=S̄ [Ec])− E
[
max
w∈Wc

{
∑n

t=1∆L(w,Xt, At, Yt)}
]

= −s̄ log(2)− log(
(
deff
s̄

)
)− log(

∑deff
i=12

−i)− s̄ log(1/c)− E
[
max
w∈Wc

{
∑n

t=1∆L(w,Xt, At, Yt)}
]
.
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Next, using Lemma 11, Lemma 12 and (12), for any w ∈ Wc, we have∑n
t=1∆L(w,Xt, At, Yt) =

∑n
t=1η(fw(Xt, At)− f∗(Xt, At))

2 + λ(fw(Xt)− f∗(Xt))

+
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt

≤ 4c2ηn+ 4cη
√
n+ η + 2cλn+ λ

√
n

+
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt .

Therefore,

E
[
max
w∈Wc

{
∑n

t=1∆L(w,Xt, At, Yt)}
]
≤ 4c2ηn+ 4cη

√
n+ η + 2cλn+ λ

√
n

+ E
[
max
w∈Wc

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt}
]
.

Using Lemma 15, for any c ∈ (0, 1] and ∆ > 0, we also have

E
[
max
w∈Wc

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s̄ log(1+ 2c

∆ ) + η2(4c2n+4c
√
n+1)

2 +∆ηn .

If we choose c = 1/(2
√
n) and ∆ = 1/n, then this bound becomes

E
[
max
w∈Wc

{
∑n

t=1 − 2η(fw(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s̄ log(1 +

√
n) + 2η2 + η .

Thus, with the choice c = 1/(2
√
n), we obtain the bound

E
[
max
w∈Wc

{
∑n

t=1∆L(w,Xt, At, Yt)}
]
≤ s̄ log(1 +

√
n) + 2η2 + 5η + 2λ

√
n .

If we combine everything, and use the inequality
(
deff
s̄

)
≤ (edeff/s̄)

s̄, then we obtain

−Zn ≤ s̄ log(2) + log(
(
deff
s̄

)
) + log(

∑deff
i=12

−i) + s̄ log(2
√
n) + s̄ log(1 +

√
n) + 2η2 + 5η + 2λ

√
n

≤ ∥w∗∥0
(
log(2) + log(edeff) + 2 log(2

√
n)
)
+ 2η2 + 5η + 2λ

√
n

≤ ∥w∗∥0 log(8edeffn) + 2η2 + 5η + 2λ
√
n .

D.3. Proof of Theorem 5

Proof Using Theorem 10, and then Lemma 16 (with η = 1/4), we have

Rn(f
∗) ≤ λ(4K + 6)n− 1

λ
Zn

≤ λ(4K + 6)n+
1

λ

(
∥w∗∥0 log(8edeffn) + 2

)
+ 2

√
n .
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If we choose

λ =

√
log(8edeffn)

(4K + 6)n
,

then we obtain the regret bound

Rn(f
∗) ≤ (∥w∗∥0 + 1)

√
(4K + 6)n log(8edeffn) + 2

√
(4K + 6)n

log(8edeffn)
+ 2

√
n

= O
(
∥w∗∥0

√
Kn log(deffn)

)
.

If s is a known upper bound on ∥w∗∥0 and we choose

λ =

√
s log(8edeffn) + 2

(4K + 6)n
,

then we obtain the regret bound

Rn(f
∗) ≤ 2

√
(4K + 6)(s log(8edeffn) + 2)n+ 2

√
n

= O(
√

Ksn log(deffn)) .

Appendix E. Proof of Theorem 6

This section follows a similar structure to the previous one. In Section E.1, we state and prove some
auxiliary lemmas. In Section E.2, we state and prove a bound on Zn. Finally, in Section E.3, we
prove Theorem 6.

In this section, unless stated otherwise, we let s = ∥w∗∥0 denote the true sparsity. We recall here
some notation introduced in Section 4.3. For each c ∈ (0, 1] we define the sets

Wc := {(1− c)w∗ + cw : w ∈ Bs
1(1)}, Θi,c := {(1− c)θ∗i + cθ : θ ∈ Bd

2(1)} .

We notice that for each w ∈ Wc,

∥w∗ − w∥1 = c∥w∗ − w′∥1 ≤ c∥w∗∥1 + c∥w′∥1 ≤ 2c ,

where w′ is some element in Bs
1(1). Similarly, for each i ∈ [s] and θi ∈ Θi,c, we have

∥θ∗i − θi∥2 ≤ 2c. For each c ∈ (0, 1], let Nc = Wc ×Θ1,c × · · · ×Θs,c

E.1. Auxiliary Lemmas

First, we show that if ϕ satisfies the Lipschitz property in Definition 2, then for any x ∈ X and
a ∈ [K], the function value fν(x, a) changes smoothly as ν is varied.
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Lemma 17 For any m ∈ N and any ν, ν ′ ∈ Rm ×Θm,

∀x ∈ X , a ∈ [K], |fν(x, a)− fν′(x, a)| ≤ max
i∈[m]

{∥θi − θ′i∥2}+ ∥w − w′∥1.

Proof Using the triangle inequality and the uniform Lipschitz property, we have

|fν(x, a)− fν′(x, a)| =

∣∣∣∣∣
m∑
i=1

(wiϕ(xa, θi)− w′
iϕ(xa, θ

′
i))

∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

(wiϕ(xa, θi)− wiϕ(xa, θ
′
i) + wiϕ(xa, θ

′
i)− w′

iϕ(xa, θ
′
i))

∣∣∣∣∣
≤

m∑
i=1

|wi||ϕ(xa, θi)− ϕ(xa, θ
′
i)|+

m∑
i=1

|wi − w′
i||ϕ(xa, θ′i)|

≤ max
i∈[m]

{∥θi − θ′i∥2}+ ∥w − w′∥1 .

Note that this upper bound also applies to fν(x) and fν′(x). In particular,

|fν(x)− fν′(x)| = | max
a∈[K]

{fν(x, a)} − max
a∈[K]

{fν′(x, a)}|

≤ | max
a∈[K]

{fν(x, a)− fν′(x, a)}|

≤ max
i∈[m]

{∥θi − θ′i∥2}+ ∥w − w′∥1 .

Using Lemma 17, we obtain the following exponential moment bound.

Lemma 18 For any fixed ν ∈ Nc,

E
[
exp

(∑n
t=1 − 2η(fν(Xt, At)− f∗(Xt, At)ϵt

)]
≤ exp

(
8c2η2n

)
.

Proof Using the sub-Gaussian property of ϵ1, . . . , ϵn, Lemma 17 and the fact that ν ∈ Nc, we obtain

E
[
exp

(∑n
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)]
= E

[
exp

(∑n−1
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)
En

[
exp

(
− 2η(fν(Xn, An)− f∗(Xn, An))ϵn

)]]
≤ E

[
exp

(∑n−1
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)
exp

(η2(fν(Xn,An)−f∗(Xn,An))2

2

)]
≤ E

[
exp

(∑n−1
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)]
exp

(
8c2η2

)
.

By iterating this argument, we obtain the inequality in the statement of the lemma.

We set Wc,∆ to be any minimal ℓ1-norm ∆-covering of Wc and (for each i ∈ s) Θi,c,∆ to be any
minimal ℓ2-norm ∆-covering of Θi,c. We let Nc,∆ = Wc,∆ ×Θ1,c,∆ × · · · ×Θs,c,∆. Using Lemma
14, we obtain a bound on the cardinality of Nc,∆.
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Corollary 19 For any c ∈ (0, 1] and ∆ > 0,

|Nc,∆| ≤
(
1 + 2c

∆

)s(d+1)
.

Proof Using Lemma 14, we have

|Wc,∆| ≤ N (Bs
1(c), ∥ · ∥1,∆) ≤

(
1 + 2c

∆

)s
,

and, for any i ∈ [s],

|Θi,c,∆| ≤ N (Bd
2(c), ∥ · ∥2,∆) ≤

(
1 + 2c

∆

)d
.

Therefore,

|Nc,∆| = |Wc,∆| × |Θ1,c,∆| × · · · × |Θs,c,∆| ≤
(
1 + 2c

∆

)s(d+1)
.

The final auxiliary lemma is analogous to Lemma 15. It controls the expectation of the maximum
of the noise process in from Lemma 11 for the case of uncountable sparsity.

Lemma 20 For any c ∈ (0, 1] and ∆ > 0,

E
[
max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s(d+ 1) log(1 + 2c

∆ ) + 8c2η2n+ 2η∆n .

Proof We define [w] := arg minw′∈Wc,∆
∥w − w′∥1 to be the ℓ1-norm projection of w ∈ Wc into

Wc,∆. For each i ∈ [s], we define [θi] := arg minθ′∈Θi,c,∆
∥θi − θ′∥2 to be the ℓ2-norm projection

of θi ∈ Θi,c into Θi,c,∆. For any ν ∈ Nc, we define [ν] := ([w], [θ1], . . . , [θs]). Using Lemma 17,
and the fact that Wc,∆, Θ1,c,∆, . . . ,Θs,c,∆ are ∆-coverings, we have

∀x ∈ X , a ∈ [K], |fν(x, a)− f[ν](x, a)| ≤ max
i∈[s]

{∥θi − [θi]∥2}+ ∥w − [w]∥1 ≤ 2∆ .

The first step is to replace the maximum over the infinite set Nc by a maximum over the finite set
Nc,∆ and a discretisation error. We have

max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt} ≤ max
ν∈Nc

{∑n
t=1 − 2η(f[ν](Xt, At)− f∗(Xt, At))ϵt

}
+ max

ν∈Nc

{∑n
t=1 − 2η(fν(Xt, At)− f[ν](Xt, At))ϵt

}
= max

ν∈Nc,∆

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}

+ max
ν∈Nc

{∑n
t=1 − 2η(fν(Xt, At)− f[ν](Xt, At))ϵt

}
.
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To bound the expectation of the maximum over Nc,∆, we use Jensen’s inequality, Lemma 18 and
Corollary 19 to obtain

E
[
max

ν∈Nc,∆

{∑n
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

}]
≤ logE

[
max

ν∈Nc,∆

{
exp

(∑n
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)}]
≤ logE

[∑
ν∈Nc,∆

{
exp

(∑n
t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

)}]
≤ log

(
|Nc,∆| exp

(
8c2η2n

))
= s(d+ 1) log(1 + 2c

∆ ) + 8c2η2n .

Using the sub-Gaussian property of ϵ1, . . . , ϵn and the Cauchy-Schwartz inequality, we can
bound the discretisation error as

E
[
max
ν∈Nc

{∑n
t=1 − 2η(fν(Xt, At)− f[ν](Xt, At))ϵt

}]
≤ E

[
max
ν∈Nc

{√∑n
t=14η

2(fν(Xt, At)− f[ν](Xt, At))2
}√∑n

t=1ϵ
2
t

]
≤ 4η∆

√
nE

[√∑n
t=1ϵ

2
t

]
≤ 4η∆

√
n
√∑n

t=1E[ϵ2t ]

≤ 2η∆n .

E.2. Bounding the Log Partition Function

Lemma 21 If we use the prior p1 in (7), then for every n,

−Zn ≤ ∥w∗∥0(d+ 1) log(4
√
n) + 4η + 2λ

√
n .

Proof For each c ∈ (0, 1], we define the event

Ec := {ν ∈ Nc} .

When w ∼ p1(w | m = s) = U(Bs
1(1)) and θi ∼ p1(θ) = U(Bd

2(1)), we have

Pν∼p1|m=s[Ec] =
Vol(Wc)

Vol(Bs
1(1))

× Vol(Θ1,c)

Vol(Bd
2(1))

× · · · × Vol(Θs,c)

Vol(Bd
2(1))

= cs(d+1) .
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Using this, and the fact that p1(m) = 2−m, we have

Zn = E [logEν∼p1 [exp(−
∑n

t=1∆L(ν,Xt, At, Yt))]]

≥ E
[
log p1(s)Eν∼p1|m=s [exp(−

∑n
t=1∆L(ν,Xt, At, Yt))]

]
≥ E

[
log p1(s)Pν∼p1|m=s[Ec] min

ν∈Nc

{exp(−
∑n

t=1∆L(ν,Xt, At, Yt))}
]

= log(p1(s)) + log(Pν∼p1|m=s[Ec])− E
[
max
ν∈Nc

{
∑n

t=1∆L(ν,Xt, At, Yt)}
]

= −s log(2)− s(d+ 1) log(1/c)− E
[
max
ν∈Nc

{
∑n

t=1∆L(ν,Xt, At, Yt)}
]

Next, using Lemma 11 and then Lemma 17, for any ν ∈ Nc, we have∑n
t=1∆L(ν,Xt, At, Yt) =

∑n
t=1η(fν(Xt, At)− fν∗(Xt, At))

2 + λ(fν(Xt)− fν∗(Xt))

+
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt

≤ 16c2ηn+ 4cλn+
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt .

Therefore,

E
[
max
ν∈Nc

{
∑n

t=1∆L(ν,Xt, At, Yt)}
]
≤ 16c2ηn+ 4cλn

+ E
[
max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}
]
.

Using Lemma 20, for any c ∈ (0, 1] and ∆ > 0, we also have

E
[
max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s(d+ 1) log(1 + 2c

∆ ) + 8c2η2n+ 2η∆n .

If we choose c = 1/(2
√
n) and ∆ = 1/n, then this bound becomes

E
[
max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s(d+ 1) log(1 +

√
n) + 2η2 + 2η .

Thus with the choice c = 1/(2
√
n), we obtain the bound

E
[
max
ν∈Nc

{
∑n

t=1 − 2η(fν(Xt, At)− f∗(Xt, At))ϵt}
]
≤ s(d+1) log(1+

√
n)+2η2+6η+2λ

√
n .

If we combine everything, then we obtain

−Zn ≤ s log(2) + s(d+ 1) log(2
√
n) + s(d+ 1) log(1 +

√
n) + 2η2 + 6η + 2λ

√
n

≤ s(d+ 1)(log(2) + 2 log(2
√
n)) + 2η2 + 6η + 2λ

√
n

= s(d+ 1) log(8n) + 2η2 + 6η + 2λ
√
n .
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E.3. Proof of Theorem 6

Proof Using Theorem 10, and then Lemma 21 (with η = 1/4), we have

Rn(f
∗) ≤ λ(4K + 6)n− 1

λ
Zn

≤ λ(4K + 6)n+
1

λ

(
∥w∗∥0(d+ 1) log(8n) + 2

)
+ 2

√
n .

If we choose

λ =

√
(d+ 1) log(8n)

(4K + 6)n
,

then we obtain the regret bound

Rn(f
∗) ≤ (∥w∗∥0 + 1)

√
(4K + 6)(d+ 1)n log(8n) + 2

√
(4K + 6)n

log(8n)
+ 2

√
n

= O
(
∥w∗∥0

√
Kdn log(n)

)
.

If s is a known upper bound on ∥w∗∥0 and we choose

λ =

√
s(d+ 1) log(8n) + 2

(4K + 6)n
,

then we obtain the regret bound

Rn(f
∗) ≤ 2

√
(4K + 6)(s(d+ 1) log(8n) + 2)n+ 2

√
n

= O(
√
Ksdn log(n)) .
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