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Abstract

This paper studies the unsupervised change point detection problem in time series of net-
works using the Separable Temporal Exponential-family Random Graph Model (STERGM).
Inherently, dynamic network patterns can be complex due to dyadic and temporal depen-
dence, and change points detection can identify the discrepancies in the underlying data
generating processes to facilitate downstream analysis. Moreover, the STERGM that uti-
lizes network statistics to represent the structural patterns is a flexible and parsimonious
model to fit dynamic networks. We propose a new estimator derived from the Alternat-
ing Direction Method of Multipliers (ADMM) procedure and Group Fused Lasso (GFL)
regularization to simultaneously detect multiple time points, where the parameters of a
time-heterogeneous STERGM have changed. We also provide a Bayesian information crite-
rion for model selection and an R package CPDstergm to implement the proposed method.
Experiments on simulated and real data show good performance of the proposed framework.

1 Introduction

Networks are often used to describe relational phenomena that are not limited merely to the attributes of
individuals as tabular data. In an investigation of the transmission of COVID-19, [Fritz et al.| (2021]) used
networks to represent human mobility and forecast disease incidents. The study of physical connections,
beyond the health status of individuals, permits policymakers to implement preventive measures effectively
and to allocate healthcare resources efficiently. Yet relations progress in time, and dynamic relational phe-
nomena are occasionally aggregated into a static network for analysis. To this end, temporal models for
dynamic networks are in high demand to study the evolution of relational phenomena.

In recent decades, a plethora of temporal models has been proposed for dynamic networks analysis. [Snijders
(2001)), |Snijders| (2005]), and |Snijders et al.|(2010) developed a Stochastic Actor-Oriented Model, which is
driven by the actor’s perspective to make or withdraw ties to other actors in a network. [Hoff et al.| (2002),
Sarkar & Moore (2005)), [Sewell & Chen| (2015, and [Sewell & Chen| (2016|) presented latent space models,
by assuming the edges between actors are more likely when they are closer in the latent Euclidean space.
Matias & Miele| (2017)), [Ludkin et al.| (2018]), and Pensky]| (2019) investigated the dynamic Stochastic Block
Model (SBM), and |[Jiang et al.| (2020) developed an autoregressive SBM to characterize the evolution of
communities. Kolar et al. (2010]) focused on recovering the latent time-varying graph structures of Markov
Random Fields from serial observations of nodal attributes. Furthermore, the Exponential-family Random
Graph Model (ERGM) that uses local forces to shape global structures (Hunter et al., 2008b) is a promising
model for networks with dependent ties. [Hanneke et al.| (2010)) defined a Temporal ERGM (TERGM), by
conditioning on previous networks in the network statistics of an ERGM. |Desmarais & Cranmer| (2012b)
proposed a bootstrap approach to maximize the pseudo-likelihood of the TERGM and assess uncertainty. In
general, network evolution concerns the rate at which edges form and dissolve. Demonstrated in [Krivitsky
& Handcock| (2014)), these two factors can be mutually interfering, making the dynamic models used in the
literature difficult to interpret. Posing that the underlying reasons that result in dyad formation are different
from those that result in dyad dissolution, |[Krivitsky & Handcockl (2014) proposed a Separable Temporal
ERGM (STERGM) to dissect the entanglement with two conditionally independent models.
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In time series analysis, change point detection plays a central role in identifying the discrepancies in the
underlying data generating processes over time. In reality, network evolution is usually time-heterogeneous.
Without taking the structural changes across dynamic networks into consideration, learning from the time
series may not be meaningful, by confounding the network effects before and after a change occurs. As
relational phenomena are studied in numerous domains, it is practical for researchers to first localize the
change points, and then analyze the network effects within segments, rather than overlooking the time points
where the network patterns have substantially changed.

There has also been an increasing interest in studying the unsupervised change point detection problem
for dynamic networks. Wang et al.| (2013)) focused on the Stochastic Block Model time series, and [Wang
et al| (2021) studied a sequence of inhomogeneous Bernoulli networks. [Larroca et al.| (2021)), Marenco et al.
(2022), and [Madrid Padilla et al.| (2022) considered a sequence of Random Dot Product Graphs that are both
dyadic and temporal dependent. Methodologically, |Chen & Zhang| (2015]) and |(Chu & Chen/ (2019) developed
a graph-based approach to delineate the distributional differences before and after a change point, and |Chen
(2019) utilized the nearest neighbor information to detect the changes in an online framework. |Zhao et al.
(2019) proposed a two-step approach that consists of an initial graphon estimation followed by a screening
algorithm, |Song & Chen| (2022b)) exploited the features in high dimensions via a kernel-based method, and
Chen et al.| (2020a]) employed embedding methods to detect both anomalous graphs and anomalous vertices.
Chen et al.| (2024)) and |Athreya et al. (2024)) developed a model for network time series based on a latent
position process, using spectral estimates of the FEuclidean mirror to detect first-order change points. [Zhang
et al.|(2024) combined Variational Graph Auto-Encoder and Gaussian Mixture Model, and [Kei et al.| (2024)
focused on graph representation learning for change point detection in dynamic networks. Moreover, [Liu
et al.| (2018)) introduced an eigenvector-based method to reveal the change and persistence in the gene
communities for a developing brain. Bybee & Atchadé| (2018)) focused on a Gaussian Graphical Model to
detect the change points in the covariance structure of the Standard and Poor’s 500. |Ondrus et al.| (2021)
proposed a factorized binary search method to understand brain connectivity from the functional Magnetic
Resonance Imaging time series data.

Allowing for interpretable network statistics to determine the structural changes for the detection, we make
the following contributions in the proposed framework:

o To detect multiple change points from a sequence of networks, we fit a time-heterogeneous STERGM
while penalizing the sum of Euclidean norms of the sequential parameter differences. Essentially, we
impose a Group Fused Lasso (GFL) regularization on the model parameters, smoothing out minor
variation and highlighting significant structural changes. We also derive an Alternating Direction
Method of Multipliers (ADMM) procedure to solve the resulting optimization problem.

e We exploit the practicality of STERGM, which manages dyad formation and dissolution separately,
to capture the structural changes in network evolution realistically. The flexibility of STERGM and
the extensive selection of network statistics also boost the power of the proposed method. Moreover,
we provide a Bayesian information criterion for model selection, and we develop an R package
CPDstergm to implement the proposed method.

e We simulate dynamic networks to imitate realistic social interactions, and our method can achieve
greater accuracy on the networks that are both dyadic and temporal dependent. Furthermore, we
punctually detect the winter and spring vacations with the MIT cellphone data (Eagle & Pentland,
2006)) and we detect three significant financial events during the 2008 worldwide economic crisis from
the stock market data analyzed in|James & Matteson| (2015]).

The rest of the paper is organized as follows. In Section [2] we review the STERGM for dynamic networks.
In Section [3] we present the likelihood-based objective function with Group Fused Lass regularization, and
we derive an Alternating Direction Method of Multipliers to solve the optimization problem. In Section
we discuss change points localization after parameter learning, along with model selection. In Section [5| we
implement our method on simulated and real data. In Section [ we conclude our work with a discussion on
the limitation and potential future developments.
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2 STERGM Change Point Model

2.1 ERGM

For anode set N = {1,2,--- ,n}, we can use a network y € ) = {0, 1}"*™ to represent the potential relations
for all pairs (¢,7) € Y = N x N. The network y has dyad y;; € {0,1} to indicate the absence or presence
of a relation between node i and node j. The relations in a network can be either directed or undirected,
where an undirected network has y;; = y;; for all (4,5) € Y.

The probabilistic formulation of an Exponential-family Random Graph Model (ERGM) is
y ~ P(y:0) = exp[8 g(y) — ¥(0)] (1)

where g(y), with g : Y — RP, is a vector of network statistics; 8 € RP is a vector of parameters; exp[¢(0)] =
D oyey exp[@ T g(y)] is the normalizing constant. The network statistics g(y) may depend on nodal attributes
@. For notational simplicity, we omit the dependence of g(y) on x.

With a surrogate as in Besag| (1974); |Strauss & Ikeda) (1990); [Van Duijn et al.| (2009)); Desmarais & Cranmer
(2012b)); [Hummel et al.| (2012), the log-likelihood of an ERGM in can be approximated as

1(6)ercM = Z {yij 0 - Agij(y)] —log {1+ expl6 - Agij(y)]}}
(i,5)€Y

where the change statistics Ag;;(y) € RP denote the change in g(y) when y;; changes from 0 to 1, while
rest of the network remains the same. This formulation is called the logarithm of the pseudo-likelihood, and
it is helpful in ERGM parameter estimation. Moreover, the Hessian matrix of —I(@)grcm is

H(0) = Z h(0 : Agij(y)) : [1 - h(9 : Agij(y))] ) [Agij(y)Agij(y)T]

(,7)€Y

where h(z) = 1/(1+exp(—z)) is the sigmoid function. Since h(6-Ag;;(y)) € (0,1) and Ag;;(y)Agi;(y)" €
RP*P is positive semi-definite, the Hessian matrix H(0) = V3 — [(6)grcm is positive semi-definite. In other
words, the negative logarithm of the pseudo-likelihood is convex with respect to 8 € RP. Next, we introduce
the Separable Temporal ERGM (STERGM) used in our change point model.

2.2 STERGM

For network time series, network evolution concerns (1) incidence: how often new ties are formed, and (2)
duration: how long old ties last since they were formed. Donnat & Holmes| (2018]), |Goyal & De Gruttola
(2020), and |Jiang et al.| (2020)) pointed out that modeling snapshots of networks may give limited information
about the transitions between consecutive networks. To address this issue, [Krivitsky & Handcock! (2014)
designed two intermediate networks, formation network and dissolution network, to reflect the incidence and
duration. In particular, the incidence can be measured by dyad formation, and the duration can be traced
by dyad dissolution. Many applications on real-world data support the separable assumption for dynamic
networks (Broekel & Bednarzl 2018} [Uppala & Handcock, |2020; |Ando et al.| |2025)).

Let y* € Y* = {0,1}™*" be a network observed at a discrete time point ¢. The formation network y™! € Y+
is obtained by attaching the edges that formed at time ¢ to y'~!, and Y = {y € V' : y D y'~'}. The
dissolution network y—* € Y 7! is obtained by deleting the edges that dissolved at time ¢ from y'~!, and
Yt ={y e Y :y Cyt !} We also use the notation from Kei et al| (2023)) to specify the respective
formation and dissolution networks between time ¢ — 1 and time t as

+.t _ t—1 ¢ -t . t—1 ¢
Yi; _max(yij ’yij) and y,; _mln(yij ’yij)

¢ incorporate the dependence on y*~! through construction, and

t=1 and y* to emphasize the network

for all (7,7) € Y. In summary, y ™! and y ™
they can be considered as two latent networks recovered from both y
transition from time ¢ — 1 to time t.
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Posing that the underlying factors that result in edge formation are different from those that result in
edge dissolution, [Krivitsky & Handcock| (2014) proposed the STERGM to dissect the evolution between

consecutive networks. Assuming y! is conditionally independent of y ¢ given y*~!, the STERGM for y*

conditional on y*~1 is

P(y'ly' =" 0") = P(y™'[y' 100" x Py™'ly' =07 (2)
with the respective formation and dissolution models:
Py ™'y =0 = exp[07 - g (y Ty T — (0T y )],
Ply™'ly" =107 ) =expl0™" g7 (y "y ) — (07 y" )],

The parameter 8* = (67, 0~t) € RP is a concatenation of 67 € RP* and 8! € RP2 such that p; +ps = p.

Notably, the normalizing constant in the formation model at a time point ¢:

explpy (04" ] = Y expl0™ gt (yty )]

y+,t€y+,t

is a sum over all possible networks in Y*°¢, and that in the dissolution model is similar except for notational
difference. Measuring these normalizing constants can be computationally intractable when the number of
nodes n is large (Hunter & Handcock, 2006). Thus, for the change point detection problem described in
Section [3] we adopt the pseudo-likelihood of an ERGM to estimate the parameters. For a network modeling
problem, other parameter estimation methods exploit MCMC sampling (Geyer & Thompson,|{1992; |Krivitsky,,
2017) or Bayesian inference (Caimo & Friel, 2011} Thiemichen et all 2016) to circumvent the intractability
of the normalizing constants.

Specifically, the logarithm of the pseudo-likelihood of a time-heterogeneous STERGM Hthz P(ytlyt=1; 0"
is formulated as

Z > {yw (0% Agfi(y™ ]—10g{1+exp[0+’t-Agiﬁ(er’t)]}}Jr
tT2 G.5)eY 3)
Z > {ym Tt Agy(y )] —log {1+ exp[0 - Ag,(y ’t)]}}

2 (1,5)€Y

where = (62,...,07) € R™*? with 7 = T — 1. The change statistics Agfj(y“"t) denote the change in
gt (y™t) when yij’t changes from 0 to 1, while rest of the y* remains the same. The Ag;; (y—t) is defined
similarly except for notational difference. Since y** and y ! inherit the dependence on y*~! by construction,
we use the implicit dynamic terms, g™ (y™?) with g* : Y™ — RPt and g~ (y ) with g— : Y% — RP2, as
discussed in [Krivitsky & Handcock| (2014).

The 1(0) in is an approximation to the log-likelihood of ([2)) for ¢t = 2,...,T. We use the pseudo-likelihood
for the optimization problem defined in Section [3] because it is computationally feasible comparing to using
MCMC sampling or Bayesian inference. Throughout, the number of rows in 8 is 7 = T — 1 instead of T" due
to the transition probability P(y*|y'~!;6") that is conditional on the previous network. Although y* can be
conditioned on more previous networks, we only discuss STERGM under the first-order Markov assumption
in this article.

We now define the change points to be detected in terms of the parameters in STERGM. Let {Bk}kK‘Bl C
{1,2,...,T} be a collection of ordered change points with 1 = By < By < -+ < Bx < Bgy1 = T such that

6P = 9Bt = ... = gBml k=0,... K
0B £ 0P+ k=0,...,K -1, and 8P+ =B«

Our goal is to recover the collection { By}, from a sequence of observed networks {y’}/_; where the number
of change points K is also unknown. Intuitively, the consecutive parameters 8* and @**! are similar when
no change occurs, but one or more components in @5++1 € RP can be different from 8% € RP after a change
happens. For this setting, we present our method in the next section.
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3 Group Fused Lasso for STERGM

3.1 Optimization Problem

Inspired by |Vert & Bleakley| (2010) and Bleakley & Vert| (2011)), we propose the following estimator for our
change point detection problem:

s oy 1 B |
O = aremin —1(0) + \ el — i 012 4
gl (6) ;:1 d (4)

where [(6) is formulated by . The Group Fused Lasso penalty expressed as the sum of Euclidean norms
encourages sparsity of the parameter differences, while enforcing multiple components in 8;11,; — 8; ; across
j =1,...,p to change at the same group 7. This is an effect that cannot be achieved with the ¢; penalty
of the differences. Along with the user-specified network statistics in STERGM, the sequential parameter
differences learned from the observed networks with can reflect the magnitude of structural changes over
time. In summary, by penalizing the sum of sequential differences between the STERGM parameters, the
proposed framework focuses on capturing significant structural changes while smoothing out minor variations.

Furthermore, the term A > 0 is a tuning parameter for the Group Fused Lasso penalty, and the term d € R™~!
is a position dependant weight (Bleakley & Vert, [2011)) such that d; = +/7/[i(T —4)] for ¢ € [1,7 — 1].
Intuitively, the inverse of d; assigns a greater weight to the time point that is far from the beginning and
the end of a time span, as the end points are usually not of interest for change point detection.

Figure [1] gives an overview of the proposed framework. The shaded circles on the top denote the sequence
of observed networks as time passes. The dashed circles in the middle denote the sequences of formation
networks y % and dissolution networks y~* recovered from the observed networks. Note that each observed
network is utilized multiple times to extract useful information that emphasizes the transition between con-
secutive time steps. We learn the parameters denoted by the dotted circles at the bottom, while monitoring
the sequential parameter differences.

Sequence of observed networks

07 4--mem-m--- I L s o or

Sequence of learned parameters

Figure 1: An illustration of change point model with STERGM.

To solve the problem in , we first introduce a slack variable z € R™*P and rewrite the original problem
as a constrained optimization problem:

T—1
A . ||Zi+1 -T2, |2
0 =argmin —[(0) + \ —_ =
g min —I(6) ; 4 5)

subject to 6 = z.
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Let u € R™*P be the scaled dual variable. The augmented Lagrangian can be expressed as

T—1
Zitl,. — %4, « «
LolB2u) = —1(0) + 23 e ZZielz | Qg oz Y ©

Levy-leduc & Harchaoui (2007)) formulated a one-dimensional change point detection problem as a Lasso
regression problem. Following Bleakley & Vert, (2011), we make the change of variables (v, 3) € R*P x
R(T=D*P to formulate the augmented Lagrangian in (]-sz as a Group Lasso regression problem (Yuan & Lin,
2006; |Alaiz et all 2013)), where

Zit1, — Zi
y=2z. and B;. = 2F :

T Vel (7)

Reversely, the matrix z € R™*P can also be collected by

z = 17,1’7+X/8

where X € R™*("~1 is a designed matrix with X, ; =d; for i > j and 0 otherwise. Plugging « and 8 into
@, we have

7—1

« (0%
Lo(0.7,8.w) = ~1(0) + A Y _[IBi.ll2 + 5110 — Lray = XB + ulf — 5 [lulf- (8)
i=1

Thus we derive an Alternating Direction Method of Multipliers (ADMM) to solve (5)). The resulting ADMM
is given as:

glat1) :arggmin —1(0) + %HO — 2 a3, (9)
T—1

A B0 argmin A Y8 + G101y - X+ ul (10)
i=1

w@tD = glatl) _ Slatl) 4 gy(@) (11)

where a denotes the current ADMM iteration. Note that the update is equivalent to

Slat1) argmm)\z ”Z“rld—zz||2 + %Hg(aﬂ) 2t u @2,
=1 v

except that we decompose the slack variable z to work with « and B instead. Once the update is
completed within an ADMM iteration, we collect 2(*+1) = 1, 4@+ 4 X B(@+1) until the next decomposition
of z. We recursively implement the three updates until a convergence criterion is satisfied.

By adapting the idea from |Boyd et al.[(2011)), we have the following result for the proposed ADMM procedure:

Proposition 1. Denote the respective primal and dual residuals at the ath ADMM iteration as

(a)

_ (a) _ (a) 2 (a) _ (a) _ (a Dya2
Tp'rimal - TXDp Z Z 0 and T dual = TXPp Z Z )
i=1 j=1 =1 j=1
Assume the updates (@ and attain minimum at each ADMM iteration. Then the primal residual
r;arzmal — 0 and dual residual le;al — 0 asa— o0.

The proof is provided in Appendix [A] Next, we discuss the updates (9) and in detail.
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3.2 Updating 6

In this section, we derive the Newton-Raphson method for learning € in the update @[) We choose to use the
Newton-Raphson method because it is more efficient than gradient descent: the Newton-Raphson method
utilizes second-order information to adaptively determine the step size, leading to quadratic convergence and
more stable updates (Galantail |2000). To implement the Newton-Raphson method in a compact form, we
first vectorize 8 € R™*P as § = vec,,(0) € R™*! and we construct

A2
+,t
Al = <A A‘7t> and H =
AT

The matrices ATt € REXP1 and A=t € REXP2 abbreviate the respective change statistics Ag;; (y*?) and
Ag;j(y_’t) that are ordered by the dyads. The dimension of A? is thus 2F x p. The quantity E = n x n
is due to vectorization, and the double in the number of rows is due to the separability of STERGM. In
practice, the matrix H € R27FX7P that consists of the change statistics for ¢t = 2,...,T is calculated before
the implementation of ADMM.

For the Hessian matrix, we also need to calculate g = h(H - 5) € R¥Ex1 where h(x) = 1/(1 + exp(—=z)) is
the element-wise sigmoid function with h'(z) = h(z)(1 — h(x)). Furthermore, we construct

W2
Wt
W' = < _ t) and W =
w —

where Wt = diag(u;;’t(l — u;t)) € REXE with ujj’t =h(0" - Agfi(y™")) € (0,1). The matrix W' €

REXE is defined similarly except for notational difference.

Proposition 2. Using the Newton-Raphson method, the parameter g c R7ox1 of our change point model
can be updated iteratively by applying the following:

6.1 =6.—(HWH+al,) - (—H (§-8)+a(6,— 2 +3@)) (12)
where ¢ denotes the current Newton-Raphson iteration.

The derivations are provided in Appendix [B] The diagonal matrix W with diagonal entries between 0 and
1, along with a quadratic form of the matrix H, shows that the matrix H W H is positive semi-definite.
The identity matrix I, inherited from the augmentation term [0 — z + u||% in @ ensures the Hessian
matrix H'WH + al,, is not only invertible but also positive definite. Thus the objective function in
@[) is strongly convex with respect to the parameter 8 and a global minimum is guaranteed to exist. The
constructed formation and dissolution network data is vectorized in the form of ¥ € {0,1}*7E*! to align
with the dyad order of the matrix H € R?>™F X”’._) Once the Newton-Raphson method is concluded within
an ADMM iteration, we fold the updated vector 6 back into a matrix as 8(@+1) = vec; () € R™*? before
implementing the update in , which is discussed next.

3.3 Updating v and 3

In this section, we derive the update in , which is equivalent to solving a Group Lasso problem. We
decompose the matrix z to work with v and B instead, and the objective function is convex with respect to
these parameters. With ADMM, the updates on « and 8 do not require the network data and the change
statistics, but the updates primarily rely on the 8 learned from the update @

By adapting the derivation from [Vert & Bleakley (2010) and [Bleakley & Vert|(2011), the matrix 8 € R(7—1)x»
can be updated in a block coordinate descent manner.
Proposition 3. We iteratively apply the following equation to update B; . for each blocki=1,...,7 —1:
1 A
Bi,. (1 ) i (13)
+

< p—
OZXTtX’Z ||Si||2
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where (-)+ = max(-,0) and
§; = O[X;Fi(e(aJrl) + u(a) — 17—71")’ — X-,—iﬁ—i,-)~

The derivations are provided in Appendix [C] and the convergence of the procedure is monitored by the
Karush-Kuhn-Tucker (KKT) conditions:

Bi,.
18i.-ll2
||—C¥X-Ti(‘9(a+1) +ul -1,y - XB)|2 <\ VB;.=0.

A

—aX (0t +ul® —1, 1y - XB) =0 VB;.#£0,

Subsequently, for any 8 € R("=D*P the minimum in vy € R'*? is achieved at
7=/ (0D +u — Xp).

Once the update is concluded within an ADMM iteration, we collect z = 1, 1y + X3 and proceed to
update the scaled dual variable w € R™*P with .

4 Change Point Localization and Model Selection

In this section, we discuss the choices of network statistics for change point detection with STERGM, followed
by change point localization and model selection.

4.1 Network Statistics

As a probability distribution over dynamic networks, STERGM allows us to generate different networks that
share similar structural patterns with the observed networks, by using a carefully designed MCMC sampling
algorithm (Snijders, 2002; Krivitsky, |2017)). Hence, in a dynamic network modeling problem with STERGM,
network statistics are often chosen to signify the underlying process producing the observed networks or to
capture important network effects interpreting for a research question.

In our change point detection problem with STERGM, network statistics are chosen to determine the types
of structural changes that are searched for by the researchers. The R library ergm (Handcock et al., [2022)
provides an extensive list of network statistics that boost the power of the proposed method. Since the un-
derlying reasons that result in edge formation are usually different from those that result in edge dissolution,
the choices of network statistics in the formation model can be different from those in the dissolution model.
For an in-depth discussion of network statistics in an ERGM framework, see [Handcock et al.| (2003)), Hunter
& Handcock! (2006), [Snijders et al.| (2006), [Hunter et al.| (2008al), Morris et al. (2008), Robins et al.| (2009),
and Blackburn & Handcock! (2022]).

4.2 Data-driven Threshold

Intuitively, the location of a change point is the time step where the parameter of STERGM at time ¢ differs
from that at time t — 1. To this end, we can calculate the parameter difference between consecutive time
points in 0 € R™%P as . . A

AG; = H0i+17' — 97;’.“2 Vi € [].,’T — 1]

and declare a change point when a parameter difference is greater than a threshold.

Though researchers can choose an arbitrary threshold for A8 based on the sensitivity of the detection, in this
work we provide a data-driven threshold with the following procedures. First we standardize the parameter
differences A as R R
:  Af; — median(A6)

A, ~ Viell,T—1]. 14

¢ a6 17 =1] (19
Then the threshold based on the parameters learned from the data is constructed as

eenr = mean(AC) + Z1_ o x sd(AC) (15)
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where Z;_,, is the (1 — @)% quantile of the standard Normal distribution. We declare a change point By,
when Aé B, > €thr- Lhe data-driven threshold in is intuitive, as the standardized parameter differences
at the change points are greater than those values in between the change points, derived from the Group
Fused Lasso penalty. When tracing in a plot over time, the values Af can exhibit the magnitude of structural
changes, in terms of the network statistics specified in the STERGM.

4.3 Model Selection

To determine the optimal set of change points over multiple STERGMs learned with different tuning param-
eter A\, we can use Bayesian information criterion (BIC) to perform model selection. Consider the STERGM
with learned 6 and fixed A\, we have

BIC(0,\) = —20(0) + log(T Npet) X p X Seg(6, \). (16)

For a list of A, we choose the set of change points obtained from the STERGM with the lowest BIC value.

Different from the number of nodes n, the network size Nyt is (;’) for an undirected network and 2 x (g) for
a directed network. In general, for a dyadic dependent network, the effective network size is often smaller
than Nyt and it may be difficult to quantify the effective size (Hunter et al., 2008a). In a node clustering
problem for a static network, Handcock et al.|(2007)) used the number of observed edges as Npet to quantify
the effective network size. In this work, we use N, to consider a greater value for the network size, since
the procedure is to select a model with the lowest BIC value. Furthermore, the term Seg(é, A) in
gives the number of segments between change points {ng}kKjOl that are learned with a A. In other words,

Seg(é, A) = K + 1, where K is the number of detected change points.

5 Simulated and Real Data Experiments

In this section, we evaluate the proposed method on both simulated and real data. For simulated data, we
use the following three metrics to compare the performance of the proposed and competing methods. The
first metric is the absolute error \K — K| where K and K are the numbers of detected and true change
points, respectively. The second metric is the one-sided Hausdorff distance defined as

d(C|C) = maxmin|é — ¢,
ceC éeé

where é and C are the respective sets of detected and true change points. We also report the metric d(ClC).
When C = (), we define d(C|C) = oo and d(C|C) = —oo. The third metric described in van den Burg &
Williams| (2020)) is the coverage of a partition G by another partition G’, defined as

o1 AN A
CO.9) =7 L M- s zua
S

with A, A" C [1,T]. The G and G’ are collections of intervals between consecutive change points for the
respective true and detected change points. Throughout, the network statistics are calculated directly from
the R library ergm (Handcock et al.l [2022)) and the formulations are provided in Appendix

5.1 Simulations

We simulate dynamic networks from two particular models to imitate realistic social patterns. We use the
Stochastic Block Model (SBM) to attain that participants with similar attributes tend to form communities,
and we impose a time-dependent mechanism in the generation process. Also, we simulate dynamic networks
from STERGM, which separately takes into account how relations form and dissolve over time, as their
underlying social reasons are usually different.

For each specification, we provide 10 Monte Carlo simulations of dynamic networks. We let the time span
T = 100 and the number of nodes n = {50, 100,500}. The true change points are located at ¢ = {26,51, 76},
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so K = 3. The K + 1 = 4 intervals in the partition G are A; = {1,...,25}, Ay = {26,...,50}, A3 =
{51,...,75}, and Ag = {76,...,100}. In each specification, we report the means over 10 Monte Carlo trials
for different evaluation metrics.

To detect change points with our method, we initialize the penalty parameter a = 10. We let the tuning
parameter A\ = 10° with b € {—2,—1,...,6,7}. For each A\, we run A = 200 iterations of ADMM and the
stopping criterion in uses €] = 1077. Within each ADMM iteration, we run C' = 20 iterations of the
Newton-Raphson metll’od7 angl> D = 20 iterations for Group Lasso. The stopping criteria for the Newton-
Raphson method is |0 .11 — 0|2 < 1073. To construct the data-driven threshold in , we use the 90%
quantile of the standard Normal distribution.

Two competitor methods, gSeg (Chen & Zhang) |2015) and kerSeg (Song & Chenl 2022b) that are available
in the respective R libraries gSeg (Chen et al., |2020b) and kerSeg (Song & Chen, [2022a), are provided
for comparison. We use networks (nets.) and network statistics (stats.) as two types of input data to the
competing methods. For gSeg, we use the minimum spanning tree to construct the similarity graph, and
we use the approximated p-value of the original edge-count scan statistic. The significance level is set to
a = 0.05. For kerSeg, we use the approximated p-value of the f{GKCP; and we set the significance level
a = 0.001. Throughout, we remain on these settings, since they produce good performance on average for
the competitors. Changing the above settings can improve their performance on some specifications, while
severely jeopardizing their performance on other specifications.

Scenario 1: Stochastic Block Model (SBM)

As in [Madrid Padilla et al.| (2022), we construct two probability matrices P,Q € [0,1]™*™ and they are
defined as
0.45, 4,5 € Bl €3],

p._ 0.5, 4,5 €B;,1e€]l3,
v 0.2, otherwise,

0.3, otherwise,

and Qij = {

where By, By, Bs are evenly sized clusters that form a partition of {1,...,n}. We then construct a sequence
of matrices E! for t = 1,...,T such that

Bt — P, teAUAs,
t Qij, te Ay U Ay

Lastly, the networks are generated with p € {0.0,0.5,0.9} as a time-dependent mechanism. For any p and
t=1,...,T -1, we let yilj ~ Bernoulli(Eilj) and

i1 Bernoulli(p(1 — E'fjl) + Ef;rl)7 Yl =1,
Yis Bernoulli((1 — p)E[ ), yl; =0.

When p = 0, the probability to draw an edge for dyad (4,7) at time ¢ + 1 remains the same. This imposes
a time-independent condition for a sequence of generated networks. On the contrary, when p > 0, the
probability to draw an edge for dyad (i, j) becomes greater at time ¢ + 1 when there exists an edge at time
t, and the probability becomes smaller when there does not exist an edge at time ¢.

Figure [2] exhibits examples of generated networks at particular time points. Visually, Scenario 1 produces
adjacency matrices with block structures, and mutuality is an important pattern in these networks. To
detect the change points with our method, we use two network statistics, edge count and mutuality, in both
formation and dissolution models. In the competitor methods, besides the dynamic networks {y*}~ ;, we
also use the edge count and mutuality in {g(y')}~_; as another specification. Tables and [3| display the
means of evaluation metrics for different specifications.

As expected, the kerSeg method can achieve a good performance on the covering metric C(G,G’) when
p = 0, since the time-independent setting aligns with the assumption of the kerSeg method. However, the
performances of gSeg and kerSeg methods are worsened when p > 0. In particular, when the networks in the
sequence are time-dependent, both gSeg and kerSeg methods can effectively detect the true change points,

10
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Figure 2: Examples of adjacency matrices generated from SBM with p = 0.5 and n = 100. In the first row,
from left to right, each plot corresponds to the network at ¢ = 25,50, 75 respectively. In the second row,
from left to right, each plot corresponds to the network at ¢t = 26,51, 76 respectively (the change points).

Table 1: Means of evaluation metrics for dynamic networks simulated from the Stochastic Block Model with

p = 0.0. The best coverage metric is bolded.

pn  Method IK—K[] d(Clc)) dcle)l C(G,6)1
CPDstergm 0.3 0.8 2.2 95.35%
gSeg (nets.) 2.9 Inf —Inf 4.55%

0.0 50 kerSeg (nets.) 0 0 0 100%
gSeg (stats.) 2.1 Inf —Inf 43.68%
kerSeg (stats.) 0.1 0 0.3 99.70%
CPDstergm 1 0.8 5.8 89.07%
gSeg (nets.) 2.9 Inf —Inf 4.79%

0.0 100 kerSeg (nets.) 0 0 0 100%
gSeg (stats.) 1.9 Inf —Inf 44.38%
kerSeg (stats.) 0 0 0 100%
CPDstergm 0 1 1 97.07%
gSeg (nets.) 3 Inf —Inf 0%

0.0 500  kerSeg (nets.) 0 0 0 100%
gSeg (stats.) 2.1 Inf —Inf 40.12%
kerSeg (stats.) 0 0 0 100%

as the one-sided Hausdorfl distance d((f |C) are close to zeros. Yet the reversed one-sided Hausdorff distance
d(C|C) and the absolute error |K — K| show that both gSeg and kerSeg methods tend to detect excessive
number of change points as the sequences of networks become noisier under the time-dependent condition.

11
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Table 2: Means of evaluation metrics for dynamic networks simulated from the Stochastic Block Model with
p = 0.5. The best coverage metric is bolded.

pn  Method [K—K[L dClo)L dCle)L €991
CPDstergm 0.1 1 2.4 97.04%
gSeg (nets.) 12.9 0 194 27.20%
0.5 50 kerSeg (nets.) 6.4 0 16.6 45.50%
gSeg (stats.) 1.8 36.6 5.8 56.04%
kerSeg (stats.) 0.7 0 4.4 94.60%
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12.3 0 19 27.80%
0.5 100  kerSeg (nets.) 6 0 15.2 47.00%
gSeg (stats.) 1.6 Inf —Inf 53.50%
kerSeg (stats.) 0.9 0 10 92.70%
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12.3 0 19.2 27.80%
0.5 500  kerSeg (nets.) 4 0 12.7 52.20%
gSeg (stats.) 1.7 36.6 3.9 58.59%
kerSeg (stats.) 1.3 0 7.4 91.40%

Table 3: Means of evaluation metrics for dynamic networks simulated from the Stochastic Block Model with
p = 0.9. The best coverage metric is bolded.

p n Method IK—K|| d(Clc)) dc|6)) C(G.¢)1
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12.6 0 19.2 27.50%
0.9 50 kerSeg (nets.) 11 0 18.7 32.00%
gSeg (stats.) 6.7 5.4 16.9 58.45%
kerSeg (stats.) 4.4 0 14 70.80%
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12.6 0 19 27.50%
0.9 100  kerSeg (nets.) 12 0 19 28.00%
gSeg (stats.) 5.6 1.6 18.8 62.66%
kerSeg (stats.) 4 0 17.3 71.50%
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12.2 0 19 27.80%
0.9 500  kerSeg (nets.) 12 0 19 28.00%
gSeg (stats.) 74 0.2 19.1 58.96%
kerSeg (stats.) 5.2 0 19 66.90%

12
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Our CPDstergm method, on average, achieves smaller absolute error, smaller one-sided Hausdorff distances,
and greater coverage of interval partitions, regardless of the temporal dependence.

Another aspect worth mentioning is the usage of the network statistics in the competitor methods. The
performance of gSeg and kerSeg method, in terms of the covering metric C(G,G’), improves significantly
when we change the input data from networks to network statistics, which demonstrates the potential of
using network level summary statistics to represent the enormous amount of individual relations.

Scenario 2: Separable Temporal ERGM

In this scenario, we employ time-homogeneous STERGMs (Krivitsky & Handcock, 2014) between change
points to generate sequences of dynamic networks, using the R package tergm (Krivitsky & Handcock,
2022). For the following three specifications, we gradually increase the complexity of the network patterns,
by adding more network statistics in the data generating process. First we use two network statistics, edge
count and mutuality, in both formation and dissolution models to let pgi,, = 4. The parameters are

o+t g—t — -1, =2, -1, =2, te A3 UAs,

’ -1, 1, -1, =1, te AU Ay.

Next, we include the number of triangles in both formation and dissolution models to let psi,, = 6. The
parameters are

0t gt — -2,2, -2, -1, 2,1, teA UdAs,
’ —15,1, =1, 2, 1, 1.5, te Ay U Ay.

Finally, we include the homophily for gender, an attribute assigned to each node, in both formation and
dissolution models to let pgm = 8. The parameters are

9+t 9=t = -2,2, -2, -1, -1, 2, 1, 1, te A UA3,
’ —1.5, 1, =1, 1, 2, 1, 1.5, 2, t€ Ay U Ay.

The nodal attributes, x; € {Female, Male} for i € [n], are fixed across time ¢ in the generation process.

Figure [3| exhibits examples of generated networks at particular time points. Specifically, Scenario 2 produces
adjacency matrices that are sparse, which is often the case in reality. For comparison, to detect change points
with our method, we use the network statistics that generate the networks in both formation and dissolution
models. For the competitor methods, besides the networks, we also use the same network statistics that
generate the networks as another specification. Tables [d] [5] and [f] display the means of evaluation metrics
for different specifications.

For psim = 4, the performance of the kerSeg method in terms of the covering metric C(G,G’) improves
significantly when we change the input data from networks to network statistics. However, for pgim, = 6,
both gSeg and kerSeg methods tend to detect excessive number of change points when the networks are
highly dyadic dependent due to the inclusion of the triangle term. Using network statistics as input can
no longer improve their performance. Our CPDstergm method, which dissects the network evolution using
formation and dissolution models, can achieve a good result when the networks are both temporal and
dyadic dependent. Lastly, for ps, = 8, our method permits the inclusion of nodal attributes to facilitate
the change detection, besides edge information. On average, our method produces smaller absolute error,
smaller one-sided Hausdorff distances, and greater coverage of interval partitions.

5.2 MIT Cellphone Data

The Massachusetts Institute of Technology (MIT) cellphone data (Eagle & Pentland, [2006)) consists of human
interactions via cellphone activity, among n = 96 participants for a duration of T' = 232 days. The data were
taken from 2004-09-15 to 2005-05-04, which covers the winter and spring vacations in the MIT academic
calendar. For participants ¢ and j, a connected edge yfj = 1 indicates that they had made at least one phone
call on day ¢, and yj; = 0 otherwise.

13
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100
100

Figure 3: Examples of adjacency matrices generated from STERGM with pg,m = 6 and n = 100. In the first
row, from left to right, each plot corresponds to the network at ¢t = 25,50, 75 respectively. In the second row,
from left to right, each plot corresponds to the network at ¢t = 26,51, 76 respectively (the change points).

Table 4: Means of evaluation metrics for dynamic networks simulated from the STERGM with pg, = 4.
The best coverage metric is bolded.

Psm n  Method IK—K[] d(Clc)) dcl6)l C(G,6)1
CPDstergm 0 0.1 0.1 99.80%
gSeg (nets.) 1.9 21.7 12 48.83%
4 50 kerSeg (nets.) 2.8 0 15.8 78.30%
gSeg (stats.) 2.1 Inf —Inf 43.61%
kerSeg (stats.) 0 0 0 100%
CPDstergm 0 0 0 100%
gSeg (nets.) 1.8 18.2 17.1 44.20%
4 100 kerSeg (nets.) 2.6 0 15.6 77.40%
gSeg (stats.) 2.1 Inf —Inf 30.37%
kerSeg (stats.) 0.1 0 0.2 99.80%
CPDstergm 0 1 1 94.96%
gSeg (nets.) 12 0 19 28.00%
4 500  kerSeg (nets.) 4.6 1.7 14.4 51.65%
gSeg (stats.) 1.9 24.9 19.8 48.41%
kerSeg (stats.) 4.3 14 194 74.02%

As the data portrays human interactions, we use the number of (1) edges, (2) isolates, and (3) triangles
to represent the occurrence of connections, the sparsity of social networks, and the transitive association of
friendship, respectively. The three network statistics are used in both formation and dissolution models of

14
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Table 5: Means of evaluation metrics for dynamic networks simulated from the STERGM with pg, = 6.
The best coverage metric is bolded.

psm m  Method [K—K[L dClo)L dCle)L €991
CPDstergm 0.2 1.6 3 91.54%
gSeg (nets.) 12.3 0 19 27.90%
6 50 kerSeg (nets.) 9.7 14 17.9 37.62%
gSeg (stats.) 15.8 1.5 20.1 24.55%
kerSeg (stats.) 9.4 3.9 18 35.86%
CPDstergm 0 1 1 94.19%
gSeg (nets.) 12 0 19 28.00%
6 100  kerSeg (nets.) 9.6 1 17.5 37.66%
gSeg (stats.) 14.9 1.9 20.3 26.13%
kerSeg (stats.) 8 5.4 16.7 38.45%
CPDstergm 0 1 1 98.04%
gSeg (nets.) 12 0 19 28.00%
6 500  kerSeg (nets.) 8.3 0.2 16.4 42.20%
gSeg (stats.) 1.7 45.1 4.6 49.27%
kerSeg (stats.) 6.1 3.1 15.3 55.24%

Table 6: Means of evaluation metrics for dynamic networks simulated from the STERGM with pg, = 8.
The best coverage metric is bolded.

Psim 7 Method IK—K|| d(Clc)) dc|6)) C(G.¢)1
CPDstergm 0.4 1.7 4.4 89.56%
gSeg (nets.) 13.3 0 19.6 27.20%
8 50 kerSeg (nets.) 9.5 0.8 18.2 37.86%
gSeg (stats.) 134 2.3 19.7 28.00%
kerSeg (stats.) 8.7 4.8 18.3 36.51%
CPDstergm 0 1.6 1.6 93.11%
gSeg (nets.) 12 0 19 28.00%
8 100 kerSeg (nets.) 9.3 1.7 17.6 37.12%
gSeg (stats.) 12.8 4.2 19.5 28.08%
kerSeg (stats.) 8.2 5.8 18.6 36.55%
CPDstergm 0.4 12.3 2.3 85.71%
gSeg (nets.) 12 0 19 28.00%
8 500  kerSeg (nets.) 8.9 2 14.5 43.00%
gSeg (stats.) 5.1 20.2 20.7 32.08%
kerSeg (stats.) 9.6 2 17 37.95%
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our method. For the competitors, we also use the three network statistics g(y?) as input data, since they
provide better results than using the networks y*. Figure {4| displays Aé of Equation and the detected
change points of our method, as well as the results from the competitors. Moreover, Table [7] provides a list
of potential nearby events that align with the detected change points of our method.

gSeg

kerSeg

cPostergn | | || | | | |

10 4

NS ; 2 b
SIS AN SN ~ &
F FF K & &
[ S S Y B3

Figure 4: Visualization of A¢ and the detected change points from our method for the MIT cellphone data.
The detected change points from the competitors are also displayed. The two shaded areas correspond to
the winter and spring vacations in the MIT 2004-2005 academic calendar. The data-driven threshold (red
horizontal line) is calculated by with Zj 9.

The two shaded areas in Figure [4 correspond to the winter and spring vacations, and our method can
punctually detect the pattern change in the contact behaviors. Both gSeg and kerSeg methods can also
detect the beginning of the winter vacation, but their results on the spring vacation are slightly deviated.
Furthermore, we detect a few spikes in the middle of October 2004, which correspond to the annual sponsor
meeting that happened on 2004-10-21. About two-thirds of the participants have prepared and attended the
annual sponsor meeting, and the majority of their time has contributed to achieve project goals throughout
the week (Eagle & Pentland, 2006).

Table 7: Potential nearby events that align with the detected change points (CP) of our method.
Detected CP  Potential nearby events

2004-10-13 Preparation for the Sponsor meeting
2004-10-24 2004-10-21 (Sponsor meeting)

2004-11-02 2004-11-02 (Presidential election)
2004-11-16 2004-11-17 (Last day to cancel subjects)
2004-12-17 2004-12-18 to 2005-01-02 (Winter vacation)
2005-03-24 2005-03-21 to 2005-03-25 (Spring vacation)
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5.3 Stock Market Data

The stock market data consists of the weekly log returns of 29 stocks included in the Dow Jones Industrial
Average (DJIA) index, and it is available in the R package ecp (James & Matteson| [2015). We consider
the data from 2007-01-01 to 2010-01-04, which covers the 2008 worldwide economic crisis. We focus on
the negative correlations among stock returns to detect the systematic anomalies in the financial market.
Specifically, we first use a sliding window of width 4 to calculate the correlation matrices of the weekly log
returns. We then truncate the correlation matrices by setting those entries which have negative values as 1,
and the remaining as 0.

In the T' = 158 networks, a connected edge yfj = 1 indicates the log returns of stock ¢ and stock j are
negative correlated over the four-week period that ends at week t. Moreover, the number of triangles can
signify the volatility of the stock market, as the three stocks are mutually negative correlated. In general,
the more triangles in a network, the more opposite movements among the stock returns, suggesting a large
fluctuation in the market. On the contrary, when the number of triangles is small, the majority of the stock
returns either increase or decrease at the same time, suggesting a stable trend in the market. To this end,
we use the number of edges and triangles in both formation and dissolution models of our method. For the
competitors, we use the networks y® as input data, since they provide better results than using the networks
statistics g(y*). Figure [5| displays Aé of Equation and the detected change points of our method, as
well as the results from the competitors.

gSeg

kerSeg

s | 1 |

6 —

Figure 5: Visualization of AC and the detected change points from our method for the stock market data. The
detected change points from the competitors are also displayed. The data-driven threshold (red horizontal
line) is calculated by with Zg9.

As expected, the stock market is volatile. The competitors have detected excessive number of change points,
aligning with the smaller spikes in Af . Those change points can be detected by our method, if we manually
lower the threshold to adjust the sensitivity. In this experiment, we focus on the top three spikes for real event
interpretation. Table[§] presents the three detected change points and the potential nearby events. Given the
networks are constructed using a sliding window, a detected change point indicates the pattern changes occur
amid the four-week time span. As supporting evidence, the New Century Financial Corporation (NCFC)
was the largest U.S. subprime mortgage lender in 2007, and the Lehman Brothers (LB) was one of the largest
investment banks. Their bankruptcies caused by the collapse of the mortgage industry severely fueled the
worldwide financial crisis, which also led the DJIA to the bottom.
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Table 8: Potential nearby events that align with the top three detected change points (CP) of our method.
Detected CP  Potential nearby events

2007-04-23 2007-04-02 (NCFC filed for bankruptcy)
2008-10-06 2008-09-15 (LB filed for bankruptcy)
2009-04-20 2009-03-09 (DJIA bottomed)

6 Discussion

In this work, we study the change point detection problem in time series of graphs, which can serve as a
prerequisite for dynamic network analysis. Essentially, we fit a time-heterogeneous STERGM while penalizing
the sum of Euclidean norms of the parameter differences between consecutive time steps. The objective
function with the Group Fused Lasso penalty is solved via Alternating Direction Method of Multipliers, and
we adopt the pseudo-likelihood of STERGM to expedite parameter estimation.

The STERGM (Krivitsky & Handcock, [2014) used in our method is a flexible model to fit dynamic networks
with both dyadic and temporal dependence. It manages dyad formation and dissolution separately, as the
underlying reasons that induce the two processes are usually different in reality. Furthermore, the ERGM
suite (Handcock et al.;|2022)) provides an extensive list of network statistics to capture the structural changes,
and we develop an R package CPDstergm to implement the proposed method.

Several improvements to our change point detection method are possible. Relational phenomena by nature
have degrees of strength, and dichotomizing valued networks into binary networks may introduce biases for
analysis (Thomas & Blitzstein) [2011). We can extend the STERGM with a valued ERGM (Krivitsky}, 2012;
Desmarais & Cranmer} |2012a; |Caimo & Gollinil [2020) to facilitate change point detection in dynamic valued
networks. Moreover, the number of participants and their attributes are subject to change over time. It
is necessary for a change point detection method to adjust the network sizes as in [Krivitsky et al.| (2011)),
and to adapt the time-evolving nodal attributes by incorporating the Exponential-family Random Network
Model (ERNM) as in |[Fellows & Handcock| (2012) and [Fellows & Handcock| (2013)).
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A ADMM Convergence

In this section, we provide the proof for Proposition [I] Consider the constrained optimization problem

7—1
A . ||Zi+1 . Zi-H2
0 =argmin —1(0) + A —_— =
g min —(6) ; 4

subject to 8 — z = 0.
The Lagrangian can be expressed as
L(8,z,p) = (6) +g(2) + tr[p (6 — 2)] (17)

and the augmented Lagrangian can be expressed as

Lo(8,2,p) = f(8) +g(z) + tr[p (8 — 2)] + %IIB - z||% (18)
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where

T—1
£(0) = ~1(0) 2 0, gz) = Ay 12rete—Felz

i=1 v

>0

)

and p € R™*P is the Lagrange multiplier.
Let (6%, z*, p*) be the optimal point of the Lagrangian £(8, z, p) in Equation . Also, let
p* = f(0%) +g(=")
where k is the current ADMM iteration. Denote r*+1 = @k+1 — 2++1 ¢ R7*P ag the primal residual in the
matrix form. Since L£(8¥FT1 25+ p*) = p*+L + tr[(p*) ek T, and L£(0%, 2%, p*) < L(OFF1 2F+L p*) we
have
p* <P 4 tr(p*) et
p* _pk+1 < tr[(p*)TrkH]. (19)
Note that the dual update of ADMM procedure for the optimization problem in is pFtl = pF 4+ arkt!
so pF = pPtl — arktl Since O*! = argming £,(0, z*, p¥), the optimal condition gives
0 € 9f(0" )+ p" + (6" — 2F). (20)

Substituting the p* in with p**! — ar**1 and then adding and subtracting az**! to the right hand
side of , we have

0caf(e"+) + (pk+1 art ) 4 (@R — 2F) 4 azktl gkt
0 € Af(O"+Y) + pFH! — apktl a(9k+1 gLy (oL zk))

0 € Af(O"H1) + phtl — apktl +a(rk+1 + (M1 7zk))

0 € Of(65+1) + pht! +a( B+l ok,

This implies that 8%t minimizes the objective function
16) + tx[ (P! + (24— ) To]

and
f(0k+1)+tr[(pk+1+a k+l _ Lk ) 0k+1] < f( 9*)+tr[(pk+1+a(zk+17zk))T0*]. (21)
k

k41 — argmin, £, (8!, z, p*), the optimal condition gives

Similarly, since z
0 € dg(2"h) — p* — ("1 — ZFHT), (22)
Substituting the p* in with p*t1 — arf+1 we have
0 € 9g(z"+1) — (p"*! — arhtl) — arkt!
0 € 9g(2FTt) — phtl,
This implies that z*¥*1 minimizes the objective function

g(z) = tr[(p"1) "]

and
g(ZF ) = trl(p" T T2 < g(27) — wal () T2, 23)

Adding the two Inequalities and together, we have

FOF) 4 (M) = 1(07) — g(=") < [ (pH + a2 = 28) (0" — 0] urf(pH) T (M — =)
PP pr < tr[(pk'H +a(zFtt - zk))T(e* _ 9k+1)] Ftr[(pP ) T (2R — 2.
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Separating and grouping the terms on the right hand side in , we have

pk+1 7p* < tr [(karl)T(e* o 0k+1)] + tI‘[Oé(szrl o zk)T(e* o 0k+1)} +tr[(pk+1)'l'(zk+1 o Z*)]
pk+1 _p* < tr [(karl)T(e* . (0k+1 _ ZkJrl))] —|—tr[a(zk+1 o Zk)T(e* . 9k+1)]
pEtt — p* —tr[(pk+1)Trk+1] + tr [a(z’€+1 — 2T (e - 0k+1)] (25)

where 0% — z* = 0 and 0%t — zFt1 = pk+1 Moreover, note that

,,.k-‘rl _ 01€+1 o Zk+1 _ (0* _ Z*)
,r,k-‘rl _ (0k+1 _ 0*) _ (zk—i-l _ Z*)
kAl — 6" — 9k+1) + (Zk+1 — 2

(0* _ 0k+1) _ _,’,k+1 _ (zk—i-l _ z*)'
Substituting the term (8* — @**1) in Inequality , we have

pk+1 _p* < —tr[(pk+1)TTk+l] 4 tr[a(zk—i-l _ zk)T( _ T‘k+1 _ (zk+1 _ Z*))]
T

pk+1 _p* < _tr[(karl)T,’,kJrl] _ tr[a(zk+1 _ zk)T
Then adding Inequalities and , we have

0 S tr[(p*)—rrk“] —tr [(pk+1)TTk+1] —tr [Oé Zk+1 k)T,’,,k-l-l} _ tI‘[Oé zk:—i—l _ zk)T(zk+1 _ Z*)}
0< tr[(p* _ pk-i—l)'l'rk-l—l] —tr [a( Zk)Trk } tI‘[Oz(Zk—H _ zk)T(zk+1 *)}
0> 2tr[(pk+1 _ p*)Trk+1] 4 2tr[a(zk+1 k T k+1] + 2tr[a(zk+1 _ zk)T( k+1 Z*)] (27)

where followed as we multiply the inequality by two and change the sign on both sides.
Now we consider the expansion of the first term on the right hand side in Inequality . Substituting the

p**1 with the dual update p**! = p¥ + ar*+1, we have
2tr[(pk+1 _ p*)TT‘k—H] (28)
— 2tr[(pk + O“,,kJrl _ p*)T,’,kJrl]
_ 2tr[(pk _ )T k+1] + 2tr[a(rk+1)T(rk+1)]
= 2tr[(p" — p*) T ol + ot (29)

Since p" ! = p* + ar®, we also have "1 = L(phF1 — k) Substituting the r*+1 in the first two terms

of and expanding the matrix multiplications, the expression in proceeds as

2r[(pF ! — p*) Tk

rf2(p 1) (P~ ] agtrl(pt — M) T (0 — g+ all et

= Tul(p") TP~ 20" T 4 2(p) ok — (6)T P+ e

= étr[(p’““)Tp’“+1 —2(p") TP +2(0") T 0" = (6") TP  + (") " = (p") TP + a1
étr{[ MO TR —2(p") T oM 4 (p") Tp*] = [(0%) 0" —2(p") 0" + (p*) Tp"]} + allr* 1%

1 . \
= E(Ilp'“r1 —p* % = 1lp* = p*II7) + P 3. (30)
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Next we consider the expansion of the second and third terms on the right hand side in Inequality , with
an additional term «||r**1||%. By adding and subtracting o|z¥*! — 2¥||2., we have

o PR3 4 2t [T — 2F) Tk 4 2tr [ (2P — 2F) T (2R — 27)] (31)
= a2+ ate [2(25 — 29 TR 4 2t [a (2R — 2F)T (2 — 2] 4 a2 — 2R — a2t — 2R
= a{ P+ 205 = 2 TR 2R 2R R~ afl 2 - R 4 2fa(zR - 29T - 2]
= allr" T+ (M = 2|15 — al|2F T = 2R |5+ 2tr[a(2P T — 2F) T (2R - 2] (32)
Since K1 — z* = (2F+1 — 2F) 4 (2% — 2*), we substitute the 2+ — 2* in the third term of (32)) so that
(31) proceeds as
al[rF % + 2tr[a(zk+1 - zk)Trk'“] + 2tr [oz(zk+1 —2F) T2k = z*)]
= al[rt* (25— 2R — a2 - 2 2l - )T - 2R 4 (F - 2]
= aflr 4 (2 = 2 [F - all 2 - 2| 4 atr{ (2 - 2 T[4 - 24) 4 22 - )]}

= aflr 4 (2 = ) F 4 an{ (2 - 2T - 26 4 2 - 2] (33)

Since zF*1 — 2k = (k1 — 2*) — (2F — 2*), we sequentially substitute the z**1 — 2* in so that
proceeds as

ol PP % 4 2tr [T — 2F) TR 4 2t [ (2P — 2F) T (2R — 2]
= aflr ! 4 (= 2h)F + ate{ (2 - )T - 2) - (2F - 2 + 2 - =)
= aflr 4 (2 = 2 F 4 an{ (2 - 2T - 2 + (25 - )]

+(
= aflr 4 (2 = ) E 4 an{ [ - 20— (2 - 2T - 2+ (2R - 2]
k+1 +( k41

k k
= afr z )E+ ol 27 - 2" - 2")E] (34)

Combining the results from and to substitute the corresponding terms on the right hand side of
Inequality , we have

2r{(p — p) e + 2t [a(251 — 29) ek 4+ 2trfa(xH — 25T (£ - 2] <0
1 . ) * *
(10" = p7l[E = N6 = p*I[F) + allr™+ 4+ (= 2)[E + a2 - 27 F - 12 - 23] <0

—lp" = pllE + allZ™ = 27 E = et = pTlE —all2® = 2(IE 4 allrtT 4 (2F - 2R < 0. (35)
Define 1
VE=—lpt = p"llf + el - 2|7 > 0.
Then Inequality can be expressed as

Vk+1 _ Vk < _a||rk+1 + (zk+1 _ Zk)”%
VI —VE < —a([lr IR + 260 [(rm T T (2E = 2] 4 (125 - 2R 1)

VR VR < afr B2 — a2 - 283 — 20t )T (25— 2b)). (36)

Recall that 28! minimizes g(z) — tr[(p**!) T z] and 2* minimizes g(z) — tr[(p*) T 2]. Then

g(z" 1) = ur[(p"T) T2 < g(2h) — m(p"T) T 2]
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and
g(z") — tr[(p*) 2" < g (M) — (") T2
Adding the above two inequalities, we have

t[(p") T2 + (0" ) T 24 — tr[(p" ) T2 — tr[(p*) T4 < 0
tr[(p") T (2" = 2]+ (o) T (F -2 <0
“tr](phtt — pM)T (2P — 2R) < 0
Recall p**t1 — pF = ark*+1. Then
—atr[(rF) T (2 — 2F) <o,
Back to Inequality , we can see that
VEHL k< q|lph 2 - 2R - 2R
also hold. Since V¥ > 0 and
VI <VE —a(|rt G 4 2 - 2R, (37)

we know that Vj is a bounded by below decreasing sequence.
By iterating 7 we have
oo
Y (I E + (125 = 2FF) < VO
k=0

which implies the primal residual ||r**1(|2 = ||@*+1 — 2*+1||12, — 0 and dual residual ||z*+! — 2¥||2 — 0 as
k — oo. Similarly, for

primal = Z Z )? d Z Z
rk = and r
primal TXp z dual = TXp a

i=1 j=1 =1 j=1

we have rﬁrimal — 0and rk | — 0 as k — oco. This concludes the proof for Proposition

B Newton-Raphson Method for Updating 6

In this section, we provide the derivation for Proposition 2} Specifically, we derive the gradient and Hessian
for the Newton-Raphson method to update 8. The first-order derivative of 1(8) with respect to 87! the
parameter in the formation model at a particular time point ¢, is

expl0! - Agih(y™h)]
Ver.: 1(6) = vy gyt — : Agi(y™h)
2 A - g 95
= 3 it uihAgh )]
(ig)EY

where /,L+t = h(0"" - Agfi(y™')). The h(z) = 1/(1 + exp(—x)) is the element-wise sigmoid function.
Likewise, the first-order derivative of I(8) with respect to !, the parameter in the dissolution model at a
particular time point ¢, is similar except for notational difference.

Denote the objective functlon in Equation @D as L,(0). To update the parameters € R™*? in a compact
form, we first vectorize it as 6 = Vech(G) € R™P*1. The matrices z € R™*P and w € R™*P are also vectorized
as Z = vec,p(z) € R™*! and 4@ = vec,p(u) € R™*1. With the constructed matrices H € R?7PX7P and
W € R?7EX27E " the gradient of L, (0) with respect to g is

Vg La(0)=—H'(§ — i) +a(d — 2@ + @)
where i = h(H - ) € R27EX1,

Furthermore, the second order derivative of 1(8) with respect to 8% is
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(1,5)€Y

and the second order derivative of [(6) with respect to 8! is similar except for notational difference. Thus,
the Hessian of £, (0) with respect to 8 € R™*1 is

V% Lo(0) = H WH +al,,
where I, is the identity matrix. By using the Newton-Raphson method, the 6 c R7Px1 s updated as
61=0.— (HWH+al,) " - (-H (§-8) +a(6.— 2@ 4+ 5@))

where ¢ denotes the current Newton-Raphson iteration. Note that both W and I are also calculated based
on 6.

C Group Lasso for Updating 8

In this section, we provide the derivation for Proposition [3| of learning B, which is equivalent to solving a
Group Lasso problem (Yuan & Linl |2006). Denote the objective function in as Lq(v,8). When ;. # 0,
the first-order derivative of L, (7, 8) with respect to 8;. is

Bi,-
[1Bi1I2

Lo(v,B)=A —aX (0 +ul —1, 1y - X8 — X._iBi.)

9
08,

where X.; € R™*! is the ith column of matrix X € R™ ("1 and B;. € R'*? is the ith row of matrix
B € RU—1xP_ Setting the gradient to 0, we have

Bi- = (XX + )_1si (38)

A
18i.-1l 5

where
i =aX 0 +ul® 19— X. _iB,.).

Taking the Euclidean norm of on both sides and rearrange the terms, we have
1Bi.-ll2 = (X[, X.:) " (llsill2 — A).

Plugging ||3;..||2 into (38)), the solution of ;.. is

1 A
A XX, ( Isill2/ %

When B8, . = 0, the subgradient v of || 3, .||2 needs to satisfy |lv]|2 < 1. Since
0€ \— CKX,TZ-(G((H_U + U(a) — 17,1’7 — X.yfi,Bfiw),

we obtain the condition that 8;. becomes 0 if ||s;]l2 < A. Therefore, we can iteratively apply the following
equation to update B;. for each i =1,...,7 —1:

1 A
P (1 — ) S;
A aX,TZ-X.)i sill2/ +

where (-); = max(-,0). The matrix X € R™*("=1 is constructed from the position dependent weight
deR™L
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D Practical Guidelines

As in Boyd et al| (2011)), we also update the penalty parameter o to improve convergence and to reduce
reliance on its initial choice. After the completion of an ADMM iteration, we calculate the respective primal
and dual residuals:

a a 1 - a a—
T[()ri)mal = ZZ 0( 2 and rdu)dl TXDp ZZ( ’L(J) zgj 1))2

T X
Pz 1j=1 i=1 j=1

at the ath ADMM iteration. We update the penalty parameter o and the scaled dual variable w with the
following schedule:

primal ual’

a0t = 90(@) qlo+1) — %u(a) it () >10 x T (a)

1
alot) — 5a(a)’u((“rl) =2u(® if (" >10x r;(m)mal

Since STERGM is a probability distribution for the dynamic networks, in this work we stop ADMM learning

until
1(0a+D)y —1(0()

1(6()

where €0 is a tolerance for the stopping criteria.

S €tol (39)

Algorithm 1 Group Fused Lasso STERGM

1: Input: initialized parameters 81, v 81 4@ tuning parameter \, penalty parameter o, number of
iterations for ADMM, Newton-Raphson, and Group Lasso A, C, D, vectorized network data 3, network
change statistics H

2: fora=1,- , A do

6 = vech(O(“)), 2@ = vec,, (1,17 + XB@)), @@ = vec,,(ul®)

forc=1,---,Cdo
Let 9c+1 be updated according to

end for R

6t = vec 1(0c41)

Set ¥ =~ and B = g(@

ford=1,---,D do

10: Let B?'H be updated according to fori=1,---,7—1

ne A D (1)1, - (00 4 ul@ — X BT

12:  end for

13 ,.y(a—l-l) _ '7 d+1 ﬂ(a—i—l) _ ,Bd+1 z(a+1) =1, A,,(a—‘,-l + X,B(a+1)

14:  qletl) — 9(a+1) — zlatl) 4 (@)

15: end for

16: 0 « @latD)

17: Output: learned parameters 0

The algorithm to solve via ADMM is presented in Algorithm I The complexity of an iteration for the
Newton-Raphson method is O(72p?) and that for the block coordinate descent method is O(7(7 — 1)p). In
general, the complexity of Algorithm I is at least of order O(A[CT%p? + D7(7 — 1)p]), where A, C, and D
are the respective numbers of iterations for ADMM, Newton-Raphson, and Group Lasso. Next, we provide
practical guidelines for our proposed method.

By convention, we also implement two post-processing steps to finalize the detected change points {Bk}szl.
When the spacing between consecutive change points is less than a threshold or By — Bi_1 < Ospe, we keep

the detected change point with greater A(f value to avoid clusters of nearby change points. Furthermore, as
the endpoints of a time span are usually not of interest, we discard the change point By, less than a threshold
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dend and greater than 7" — deng. In Section [5] we set dgpc = 5, and we set deng = 5 and deng = 10 for the
simulated and real data experiments, respectively.

E Network Statistics in Experiments

In this section, we provide the formulations of the network statistics used in the simulation and real data
experiments. The network statistics of interest are chosen from the extensive list in ergm (Handcock et al.|
2022), an R library for network analysis. Tables |§| and display the formulations of network statistics
used in the respective formation and dissolution models of our method for ¢ = 2,...,T. Moreover, Table
[I1] displays the formulations of network statistics used in the competitor methods for ¢ = 1,...,T. The
formulations are referred to directed networks, and those for undirected networks are similar.

Table 9: Network statistics used in the formation model

Network Statistics ~Formulation of g™ (y ™)

Edge Count > yj]t

Mutuality doicy y;;ty;t

Triangles Dk y;;fy;rkfy;;f + 2 i<k y;;fy;rkfy:zf
Homophily > yjjt x 1(x; = x;)

Isolates > 1(degy, (y i) = 0 A degyy (y T, i) = 0)

Table 10: Network statistics used in the dissolution model
Network Statistics Formulation of g~ (y =)

Edge Count Zij yl_]t

Mutuality Do y;tyj_lt

Triangles Sk Yis Yk Y T ek Yy Yk Yai
Homophily > y;t x 1(x; = x;)

Isolates > L(deg, (yh, i) = 0 A deggy (¥, i) = 0)

Table 11: Network statistics used in the competitor methods

Network Statistics Formulation of g(y*)

Edge Count > i

Mutuality dici (IR

Triangles Yoiik Yis¥ikYin + 2ijer YisYinYhi
Homophily > Yl x Uz = x5)

Isolates > L(degi, (', 9) = 0 A deg,y (¥, i) = 0)
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