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Abstract

Large language models (LLMs) have shown
strong abilities in generalization, adaptation,
and reasoning. Among these capabilities, in-
context learning (ICL) has emerged as a defin-
ing property of LLMs. ICL enables models
to separate and exploit heterogeneous data
arising from different environments or tasks
while producing context-dependent solutions.
In this work, we show that such in-context
learning capabilities can arise even in a simple
two-layer Transformer with a single attention
head per layer when trained on heterogeneous
data with causal structure. Through an anal-
ysis of training dynamics during next-token
prediction on diverse interventional datasets,
we observe two phases: an initial phase that
learns the parents of a target variable, fol-
lowed by a later phase that captures the full
Markov boundary. By leveraging the crucial
role of positional embeddings, we show that in-
context learning can be used for local causal
discovery under certain interventions without
knowing from which environment or interven-
tional distribution each prompt is drawn.

1 Introduction

Transformers [Vaswani et all, [2023] have gained a lot of
attention because of the remarkable abilities they show,
such as in context learning [Dong et al.,|2024] Han et al.|
2023, |[Brown et al., [2020]. In-context learning is notable
because the model can learn to learn from examples in
the prompt without updating its weights. A growing
body of research investigates how Transformers perform
in-context learning across different tasks [Hendel et al.,
2023|, such as linear regression |Akyiirek et al.l |2023]
Zhang et al.| 2023| [Bai et al., 2023] and Markov chains
|Edelman et al., 2024].

Not only the final results matter. The training dy-
namics of the training process also contain information

Murat Kocaoglu
Johns Hopkins University

Qifan Song
Purdue University

about the data and about how the model learns an
optimal solution step by step |Singh et al., 2023}, |Ols-
son et al.l 2022, Reddyl [2023| |[Nanda et al.| [2023]. For
example, work on induction heads and Markov chain
in context learning gives concrete analyses of training
time behavior in small transformer settings [Chen et al.l
2024, |Zhang et al., [2025] [He et al., |2025].

In the causal context, transformers are being used as
tools for causal discovery, and some work demonstrates
that the attention score can be used to recover causal
relations, either by directly detecting relations or by
extracting causal structure from model signals [Ro-
hekar et al.| 2023, |[Nichani et al.| 2024, |Butkus and
Kriegeskortel, [2025 [Montagna et all, 2025|.

We consider training a simple two-layer Transformer
with a standard next token prediction objective on het-
erogeneous interventional data. In this setting, existing
work has not characterized the training dynamics, and
it remains unclear whether those dynamics can be used
to discover causal relations.

1.1 Contributions

Our contributions are as follows.

e We introduce a novel in-context learning problem,
termed heterogeneous discrete prompts with causal
structure. In this task, the underlying directed
acyclic graph (DAG) is fixed but unknown to the
Transformer. Each prompt consists of IID samples
from a single causal mechanism, while different
prompts correspond to different causal mechanisms
induced by multiple soft interventions on specific
variables in the causal graph.

e We observe that next-token prediction training
dynamics exhibit two phases. The first phase cor-
responds to the model learning the invariant causal
predictors of the target variable, while the second
corresponds to learning its Markov boundary. The
Transformer converges to an optimal in-context
solution by learning, for each interventional distri-
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bution, the conditional probability of the target
variable given its Markov boundary.

e We propose a local causal discovery algorithm that
leverages positional embeddings to identify the
parents of the target variable under certain in-
terventions, without knowing from which environ-
ment or interventional distribution each prompt
is drawn.

2 Setup

2.1 Transformer Architecture

For a detailed description of a multi-layer Transformer,
we refer readers to Section 2.1 of |[Nichani et al.| [2024].
We emphasize that the two-layer Transformer we use is
a standard Transformer, with a linear token embedding,
positional embeddings, and a single attention head in
each layer.

2.2 Problem Setup: Discrete-valued Prompt
with Causal Structure

Denote [a] == {1,--- ,a} and [a,b] :== {a,- - , b}, where
a,b € NT. Sets are usually denoted by bold letters,
while individual variables are denoted by non-bold
letters. Let G(V, E) denote the underlying causal graph
with the variable set V and edge set E. For each
variable X € V|, the variables with directed edges
pointing into X form its parent set, denoted by Pa(X).
We denote a single parent as pa(X) € Pa(X). Similarly,
the variables to which directed edges point out from
X form its set of children, denoted by Child(X), and
an individual child is denoted by child(X) € Child(X).
MB(X) denotes the Markov boundary of X.

In our task, we use X to denote the predictor variables
and Y to denote the target variable to be predicted.
Accordingly, we have X U {Y'} = V. Note that in this
work all variables share the same discrete-valued sup-
port, S = {0,1,2, - }; therefore, the only distinction
between the variables in X and Y lies in their positions
within the input data. Specifically, Y appears as the
final token of each sample unit in every prompt.

ICL Next-Token Prediction Task (heterogeneous
discrete-valued prompts with causal structure)

1. Generate a random Directed Acyclic Graph G given
the number of variables m = |V/|.

2. Generate a set of random conditional distributions
corresponding to each causal mechanism implied by G,
given the size of the discrete-valued support |S|. Repeat
this process E times to obtain F distinct sets of condi-
tional distributions. Fach such generation can be inter-
preted as a soft intervention, in which the functional

form of the conditional distributions is modified while
the underlying causal graph G remains unchanged.

For each predictor X; € X with ¢ € [m — 1], there are
E distinct conditional distributions P(X; | Pa(Xj;)),
indicating that the causal mechanism of each predictor
X, varies across the F environments, while the con-
ditional distribution P(Y | Pa(Y")) remains invariant
across all E environments.

3. Specify a probability mass function P(FE) over a
finite or countable set of environments.

4. Sample an environment E ~ P(F) prior to gener-
ating each training input sequence. Condition on the
realized environment E = e to generate discrete-valued
IID samples from the corresponding Structural Causal
Model (SCM) associated with environment e. Finally
construct prompts spanning multiple environments,
where each prompt consists of n complete IID samples,
followed by a final sample in which the predictors X
are observed and the target variable Y is separated
and treated as the prediction target.

As a result, we obtain heterogeneous prompts that
share the same causal graph G but differ in their causal
mechanisms across F distinct environments.

Therefore, the k-th input prompt can be formalized as:

DF = (X}, YF, X5 Y, XEL Lk € [K]
where k indexes the prompt. We further denote |X¥| =
m — 1 for any prompt index k € [K] and sample index

i€n+1].

The loss function is therefore defined as
K
Lo=Ep [Z€<f9(Dk)’Yf+l)} (1)
k=1

where fp(-) denotes the output of a model parame-
terized by 6 that aims to minimize the loss Ly, and
£(-,-) is a chosen loss function. Let P denote the joint
distribution over prompts.

3 In-context Learning: Dynamic
Training Process

By training a two-layer Transformer on the ICL next-
token prediction task with the objective in Eq. [1} we
observe that positional embeddings play a critical role
in the model’s performance.

Consider two Transformers with identical architecture
(e.g., two layers, one head per layer, same width and
MLP), denoted by Gp(+;60) (with positional embed-
dings) and G\, /p(-;0) (without positional embeddings).
The only difference is the inclusion/exclusion of posi-
tional embeddings in the input representation.
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Figure 1: Training dynamics on discrete-valued sequences generated from 4 environments (SCMs). Panel (a)
shows the dynamics of G (+;8), where Phase I learns Pa(Y") and Phase II captures MB(Y’). Panel (b) shows that

G /p(+; 0) fails to learn either Pa(Y') or MB(Y).

With positional embedding, we observe that the train-
ing dynamics exhibit two distinct phases. At the end
of Phase I, the model learns Pa(Y'), and at the end of
Phase II, the model learns MB(Y'). The performance
evaluated throughout the training process is illustrated

in Fig. [1]
3.1 DPositional Embedding

Observation 3.1 (Faster Convergence to Lower
Loss with Positional Embedding). Let {6} };>0 and

{Hf/p}tzo be the parameter sequences produced by the
same training procedure (including optimizer, learning-
rate schedule, batch size, and initialization distribution)
applied to Gy, and G,y respectively. Let Liest(0) de-
note the test loss.

For any accuracy level € > 0, define the hitting times
T,(e) = inf{t EN: E[Liew(09)] < 5}, 2)

Ty p(e) = inf{t EN: E[Leest(0)/P)] < s}. (3)

Empirically, we observe that for a range of target accu-
racies € € (0,¢&0], the positional-embedding model tends
to reach the target test loss in many fewer training
steps, i.e.,

Tp (5) < TW/p(E) (4>

Empirically, we observe a substantial performance gap
between G, (-;0) and Gy, /p(+;0) both in terms of the
learned distribution, as shown in Fig. [I} and training
loss, as shown in Fig. 3, In particular, Gy, /,(+;0) strug-
gles to reduce the loss and quickly plateaus at a high
level early in training, whereas G, (-;6) continues to re-
duce the loss and approaches the cross-entropy induced
by the true conditional distribution P(Y | X).

3.2 Two-Phase Training Dynamics under
Causal Structure

Here, we state a claim and a theorem that guarantees
the observed two-phase training dynamics. We note
that Claim [3.2]is not fully proved as of the submission
date.

Claim 3.2 (Phase I: Parent-Preferential Gradient on
Positional Embeddings). Let gpe(t) == Vi, L(0(t)) be
the positional embedding gradient at training time t.
Assume there exists an environment-identification abil-
ity a(t) € [0,1] of the model at time t, interpreted as
how well the model can infer which environment or
prompt source generated the current context, with a(t)
nondecreasing in t and a(0) = 0, meaning that at ini-
tialization the model cannot distinguish heterogeneous
prompts at all.

Then we have for all t € (0,Ty],

c

wa (5)

lgpe' ®ll, = llgme Ol =

for some constant ¢ > 0 independent of t. Here gfe“(t)

and gl?,i\Pa(t) denote the components of the positional-

embedding gradient attributable to the parent variables
of Y and the non-parent variables, respectively.

Moreover, as a(t) increases with training, the thresh-
old ﬁ decreases, capturing a transition from treating
data as drawn from the mizture distribution (small
a(t)) toward environment- or prompt-conditioned be-
havior (large a(t)), more specifically toward in-context

learning.

Claim states that for early training time ¢ € [0, T7],
the positional-embedding gradients are dominated by
contributions from the parent variables of Y, while
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Figure 2: The dynamics of the learned positional embedding structure and the underlying causal graph. Panel (a)
shows how the positional embedding weights, aggregated over embedding dimensions for each variable, evolve over
training steps. Panel (b) shows the corresponding causal graph used in the experiment. This comparison and the
color matching illustrate how the learned positional embedding patterns reflect the structural roles of variables in
the causal graph. In particular, the model first captures the parents of the target variable Y, Pa(Y) = { Xy, X2},
and then identifies the remaining variables in the Markov boundary, including the child X3 and the spouse Xj.

non-parent variables have weaker influence. As train-
ing progresses and the model improves its ability to
distinguish environments, this preference gradually di-
minishes, reflecting a transition from learning invariant
structure to environment-specific behavior.

A toy example is shown in Fig. 2] For better visual-
ization, instead of showing the gradient directly, we
plot in Fig. the norm of the positional embed-
ding weights, aggregated over embedding dimensions
for each variable, and track how it evolves throughout
training. The underlying causal graph for this exam-
ple is shown in Fig. In Fig. the blue and
green curves, corresponding to Pa(Y) = { Xy, X2}, in-
crease immediately at the beginning of training and
almost simultaneously, which corresponds to Phase 1.
Around 1,500 training steps, the model begins to cap-
ture the child of Y, namely X3 (red curve), and around
4,000 steps it starts to identify the spouse X; (orange
curve). The time gap between learning Pa(Y) and
learning MB(Y) \ Pa(Y") corresponds to the transition
from Phase I to Phase II. Moreover, the gap in learn-
ing time between X3 and X; arises because the path
Y — X3 < X; becomes informative only after condi-
tioning on Xsj.

Theorem 3.3 (Phase II: Optimal Solution). By the
end of Phase II, for each environment e, the model
learns the optimal conditional distribution and uses all
predictive information available in the input, so that

¢:(Y | X) = P(Y [MB(Y),e). (6)

The theorem above characterizes the model’s behavior
in Phase II: for each environment e, the predictor be-

comes optimal by using all information contained in
MB(Y).

3.3 Local Causal Discovery Algorithm

Based on the observed training dynamics of the model
and the way positional embeddings capture the informa-
tion associated with Phase I and Phase II, we propose
a local causal discovery algorithm for identifying the
parents of a target variable under interventions. The
procedure is described in Algorithm [f}

Initial experiments on arbitrary six-node causal graphs
achieve an average Fj score of 0.93 for correctly identi-
fying Pa(Y’), with a standard deviation of 0.07, evalu-
ated over 25 random graphs with 5 environments each.
Moreover, the model also estimates P(Y | Pa(Y)) and
P(Y | MB(Y), e), achieving an average KL divergence
of 0.04 + 0.02 from the ground-truth distributions.

4 Conclusions

Through our analysis of next-token prediction training
dynamics on diverse interventional datasets, we identify
a two-phase training pattern: Phase I learns Pa(Y’),
while Phase IT captures MB(Y). We further observe
that positional embeddings are not only critical for
in-context learning ability, but also encode information
about the underlying graph structure. By leveraging
this training dynamic and its manifestation in posi-
tional embeddings, ICL can be used for local causal
discovery. We leave the extension to latent environ-
ment classification and intervention set identification
for future work.
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A Partial Proof

Theorem A.2 (Phase II: Optimal Solution). By the end of Phase II, for each environment e, the model learns
the optimal conditional distribution and uses all predictive information available in the input. In particular, this
information is fully captured by the Markov boundary of Y, so that

¢ (Y [ X) = P(Y [MB(Y),e). (7)

Proof. The environment index variable E has a marginal distribution:

E ~ P(E) (®)

Given an environment E = e, predictors X and the target variable Y have a joint distribution with underlying
factorized causal mechanisms:

PX,Y|E=¢)= [] P(Xi[Pa(Xi),e) P(Y[Pa(Y),e) 9)
X;eX

For any conditional model ¢(Y'|-), define the expected cross-entropy loss as follows:
L, =Ex,y,p)~p| —logq(Y|X, E)] (10)

where p here denotes the joint distribution over X, Y, E. In order to get the optimal solution for minimizing the
expected cross-entropy loss, we can write the loss into two terms shown below:

Ly=Y p(x,y,e)(—logq(ylx,e)) (11)
= p(x,e) Y p(ylx,e)(—logq(ylx, ¢)) (12)
=3 00 Y bl ) logplylx. ) (13)

’ plylx,¢)
—i—pre Zpy|xe Iqu(y\X 0 (14)
= H(Y|X,E) + Exe [Drr(p(Y|X, E)|lg(Y|X, E))] (15)

Since KL divergence is non-negative, we have:
Ly >HY|X,E) (16)
with equality iff

Exe[Drr(p(Y|X, E)|lg(Y[X, E))] =0 (17)
= p(Y|x,e) = q(Y]|x,¢e) for any x,e (18)
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Therefore, the optimal solution is:

2:(Y[X) = p(Y|X,¢) (19)
Under Causal Markov Condition, we have:
Y 1 X\ MB(Y) |MB(Y) (20)
Therefore we have:
q: (Y[X) == p(Y|MB, ) (21)
O

B Training Loss

Fig. 3] shows the training loss for models trained with and without positional embeddings, while keeping all other
settings identical.

Loss Data Plot
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(a) Training loss with positional embeddings
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(b) Training loss without positional embeddings

Figure 3: The blue curve shows the training loss over 30,000 optimization steps for two-layer Transformers trained
on the ICL next-token prediction task, with and without positional embeddings. The model with positional
embeddings exhibits faster convergence and reaches a lower training loss, suggesting that positional information
plays an important role in optimization and predictive performance.
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Below we explain the meaning of each legend entry in Fig.

Loss = — > [y log () + (1 — ) log(1 — 75, (22)
k
Loss CIP = — > |y log(pf) + (1 — ) log(1 — pf)| (23)
k
exp CIP = — ) " |pf log(pf) + (1 — p§) log(1 — pi)}, (24)
|
min CIP = — >~ [pf¢ log(pf¢) + (1 = pf¢) log(1 — pff)] (25)
exp min CIP = — Z _pﬁf log(wp},) + (1 — pif) log(1 — wp%)} (26)
|

Here, y; € {0,1,...} denotes the true value in test prompt k € [K] drawn from environment e € [E].

For each prompt k associated with its environment index e,

e p7 denotes the estimated conditional probability produced by the trained model for that environment;
e p; denotes the true conditional probability given the true parents of the target variable in environment e;
o pi¢ denotes the true conditional probability given all other observed variables in environment e;

o wpj, denotes the weighted conditional probability given all other observed variables. This quantity is
computed from a weighted conditional probability table (CPT). In particular, for one batch of prompts,
there is a single weighted CPT used to obtain wpj¢. In contrast, the quantities p§, and pj¢ are computed from
environment-specific CPTs, so for each batch, there are multiple such CPTs, one for each environment.

In all cases, the quantities yf, pf,, p§, and p)° correspond to the same environment e from which prompt & is
drawn.
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C

Algorithm

Algorithm 1 Local Parent Discovery via Positional Embedding Dynamics

DU W

: Input: Target variable Y, variables X, training horizon T, early-training window 7j, threshold 7 > 0
: Output: Estimated parent set Pa(Y)

: Train the two-layer Transformer on the next-token prediction task with target Y up to step T'.

: Record the positional embedding weights Wp(t) over training.

: for all X; € X do

Compute the aggregated positional embedding magnitude

sj(t) + HWpe(Xjat) )

t € 10,7,

where the norm is taken after aggregating over embedding dimensions.

: Define the estimated parent set as

Pa(Y) {Xj eX:s;(t)>T, te [TI]}.
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