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Abstract

We propose an efficient federated dual decomposition algorithm for calculating
the free-support Wasserstein barycenter of several distributions. The algorithm
does not have access to local data and uses only highly aggregated information. It
avoids repeated solutions of mass transportation problems. Owing to the absence of
any matrix-vector operations, the algorithm exhibits very low complexity of each
iteration and significant scalability. We illustrate its virtues on mixture models.

1 Introduction

The transportation distance, often called the Wasserstein metric, is a powerful tool for comparing
probability measures [15]]. For p > 1, the p-th order distance between two measures p, v € Pp(y ) is:
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where I1(u, 1) is the set of all joint measures with marginals x4 and v. Its applications are widespread,
from generative models [2] to clustering [7]] and finance [[12}|13]].

In this work, we consider a family of probability measures {Q(x)}.cx, parameterized by x from
a metric space X. Given a distribution A on X, we can define an average transportation distance
between the entire family ) and a single measure ¢ € P, () as [11]:
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Our central problem is to find the transportation barycenter, which is the measure g that minimizes
this average distance, that is, solves the following problem:
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This generalizes the Wasserstein barycenter problem introduced in [[1]. Such a problem is highly
relevant in Federated Learning settings [14]], where = might represent a client (e.g., a hospital, a
regional office) and Q(x) is the local data distribution. Due to privacy and confidentiality constraints,
the local distributions cannot be shared with a central server. This prevents the direct calculation of
a simple mixture distribution and motivates the need for algorithms and frameworks that preserve
privacy [10]]. Barycenters play a key role in fairness in data analysis and learning [6} 4].

Existing algorithms for computing Wasserstein barycenters [3} [8, |5, 9] are not designed for the
federated setting, as they typically require direct access to all distributions. They also require
repeated and time-consuming solutions of transportation problems. We propose a novel federated
dual subgradient algorithm to solve the barycenter problem (3) without accessing local data, ensuring
privacy while maintaining computational efficiency and scalability.
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2 Discretization of the Barycenter Problem

We assume that the spaces X’ and Y are finite. We consider a discrete distribution A supported on a
set of clients {x°}s—1,... n. Each client s holds a private local data distribution Q(z*), supported on
particles y** with probabilities p;, i € Z°.

We seek a barycenter ¢ that is a uniform discrete measure supported on M points selected from a
large, pre-defined set of candidate locations Z = {¢ k}k:l,..., x C Y. Our goal is to find the optimal
cloud of M particles Z C Z that solves the discrete approximation of (3).

We introduce binary decision variables vy, = 1 if a point ¢* is selected for the barycenter’s support
(¢* € Z), and ), = 0 otherwise. The barycenter is then § = - S 1, 70¢+. The pth power of
the Wasserstein distance [W,(Q(z*), §)]? is the optimal value of a linear transportation problem.

By rescaling the transportation plan variables, we formulate the search for the optimal set Z as the
following linear mixed-integer programming problem:
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Here, dgi1, = d(y*',¢*)P, ws = A\s/M, and By are the mass flows from y** to ¢¥ multiplied by
Z]K:l ~y; . This problem is computationally intractable for large IV, |Z°|, and K by standard solvers,
and it violates privacy constraints, as it requires all dg;, values at the central location.

3 A Federated Dual Subgradient Algorithm

To solve (@) in a federated and efficient manner, we develop a dual decomposition method. The
key innovation is that we introduce not only global Lagrange multiplier 6, for the cardinality
constraint {@d), but also local dual variables {0;},c1- for each client s, associated with the local
mass conservation constraints (@c)). These are kept private to each client.

The Lagrangian function is:
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The calculation of the corresponding dual function Lp(#) = min, g L(7y, 8;0) subject to (D)
and decomposes into K independent subproblems, one for each candidate point ¢*. It has a
closed-form solution, owing to the relaxation of the constraints (@c).

The optimal ; for each candidate point is determined by a simple rule:
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For each (s, 1), 8sik = 71 only for one i = i*(s, k) maximizing the expression in braces in (6).

We solve the dual problem maxy Lp(#) using a subgradient method tailored for the federated
architecture, as detailed in Algorithm The subgradients of L (6) are given by the expressions in
the parentheses in (3)), with v and 3 specified above.



Algorithm 1 Federated Dual Subgradient Algorithm for the Barycenter Problem

Require: Initial (°), M, step size a(), maxiter. Let j = 0.
1: while j < maxiter do
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Local Devices (s = 1,..., N):

fork=1,...,Kdo ' '
Tp ¢ max;ezs (92) - Wsdsik) = D iezs Qg)psi
U, < Argmax; 7. (921) — Wydsik)

end for

Report the vector [Ts1, . . ., Tsx] to the global device.

Global Device:

fork=1,...,Kdo

Vi < { Zivzl Ts > 9(()])}
end for ,
Update the step size: a7+ « o0/ /71
Compute the subgradient: gg Z_,If:l Ve — M ‘
Update the global dual variable: 9(()J MR 9(()j )+ alithyg,

Send the vector [y1, . ..,vxk] to all local devices.
Local Devices (s = 1,..., N):
Foreachk =1,..., K set s+, < Yk, and By, < 0 otherwise.

For each i € Z°, compute the subgradient: gg; <— Dsi D1 Vi — 2 Bsik

Update the local dual variables: Ggﬂ) — G‘g) + alth) Jsi
j—j+1

21: end while

The only information transmitted from each client s to the server is the vector [Ty, ...
summarizing the aggregate usefulness of the candidate points. Private data, such as particle locations,

distances, or local dual variables, is never shared.

For each client, the communication cost per iteration is only O(K), and the computational complexity
is O(|Zs| K'), without any matrix-vector operations. The coordinator’s cost is negligible.

4 Numerical Illustration

We demonstrate our algorithm on the problem to find the Wasserstein barycenter of several 2D
Gaussian components. In Figure[T] the left panel displays the components and the grid of K potential
barycenter points (black). The right panel shows the computed barycenter (in black) for the weight

vector w = [0.166, 0.385, 0.063, 0.321, 0.065).
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Figure 1: The barycenter selected from a uniform grid.



We also present an experiment to compare two algorithms. The first one is a momentum version of
our dual subgradient method, which is a discretized free-support approach, where the barycenter’s
support is a subset of a larger, randomly selected set of candidate points. The other method is the best
free-support algorithm based on alternating Bregman projections, which optimizes the locations of a
fixed number of barycenter points. This iterative process computes regularized optimal transport plans
to each source measure via the Sinkhorn algorithm at each step, subsequently updating the support
locations toward the barycentric mapping of the measures until convergence|'| Both algorithms are
initialized with identical source distributions.

The visualization of barycenters in Figure 2]is similar to the one presented earlier in Figure[I] The
weight vector was w = [0.7,0.1,0.05,0.05,0.1]. The K = 1000 candidate points for the dual
subgradient method were randomly sampled from a normal distribution with independent components
having zero means and variances equal to 5. The starting support of cardinality M = 250 of the
barycenter for the Bregman projection method was sampled from the same distribution. The stopping
test for the dual method is whether the relative change in the dual function is smaller than ¢ = 10~
and the number of points selected is within 5% of M = 250. For the alternating Bregman projection
method, the stopping test is whether the relative change of the barycenter drops below ¢ = 10, The
regularization term was 0.05.

Table[T] provides the numbers of iterations, solution time, and the final barycenter value.

The key insight from this analysis is the rapid convergence of the dual method to a high-quality
solution, and the high cost of the alternating Bregman projections method. For the nominal regulariza-
tion 0.05, the latter algorithm did not reach the tolerance threshold e before the maximum iterations.
Larger regularization parameters resulted in very low-quality solutions.

The dual subgradient method demonstrates superior computational performance and scalability, and
much lower time per iteration. Its primary advantage lies in its architecture, which does not require
the expensive computation of optimal transport plans at each iteration. By relying on computationally
cheaper dual variable updates, the method is substantially faster per iteration.
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Figure 2: Barycenters by the dual subgradient method and alternating Bregman projections.

Table 1: Comparison of Barycenter Computation Methods

Method Converged? Time (s) Iterations Time/Iter. (ms) Barycenter Value
Subgradient Yes 23.73 2204 10.77 4.44
Bregman No 2397.21 1000 2397.21 4.43

! Adapted from the Python Optimal Transport library at https://pythonot.github. io.
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