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Abstract

Graph neural networks (GNNs) are a powerful solution for various structure learning appli-
cations due to their strong representation capabilities for graph data. However, traditional
GNNs, relying on message-passing mechanisms that gather information exclusively from
first-order neighbours (known as positive samples), can lead to issues such as over-smoothing
and over-squashing. To mitigate these issues, we propose a layer-diverse negative sampling
method for message-passing propagation. This method employs a sampling matrix within a
determinantal point process, which transforms the candidate set into a space and selectively
samples from this space to generate negative samples. To further enhance the diversity of
the negative samples during each forward pass, we develop a space-squeezing method to
achieve layer-wise diversity in multi-layer GNNs. Experiments on various real-world graph
datasets demonstrate the effectiveness of our approach in improving the diversity of negative
samples and overall learning performance. Moreover, adding negative samples dynamically
changes the graph’s topology, thus with the strong potential to improve the expressiveness
of GNNs and reduce the risk of over-squashing.

1 Introduction

Graph neural networks (GNNs) have emerged as a formidable tool for various applications of structure
learning, including drug discovery (Sun et al.| [2020), recommendation systems (Yu & Qinl, [2020), and traffic
prediction (Lan et all 2022), owing to their strong representation learning power. GNNs propagate the
learning of nodes through a message-passing mechanism (Geerts et al., |2021)) that conveys and aggregates
information from neighbouring nodes, known as first-order neighbours. The message passing is based on the
assumption that neighbours of a node have similar representations. The common practice of updating node
representations solely with positive samples in most GNNs (Kipf & Welling, 2017} [Xu et al., 2019} Brody
et al., 2022), can have three limitations: 1) Over-smoothing (Chen et al., |2020; [Rong et al.l 2020; |Zhao &
Akoglu), 2020), where the node representations become less distinct as the number of layers increases; 2)
GNNs expressivity (Xu et al., 2019)), where it becomes difficult to distinguish different graph topologies after
aggregation; and 3) Over-squashing (Alon & Yahav, 2021; [Topping et al., |2022; Karhadkar et al.; 2022),
where bottlenecks exist and limit the information passing between weakly connected subgraphs.

In addition to a node’s positive samples, there are many other non-neighbouring nodes that can pro-
vide diverse and valuable information for updating the representations. Unlike neighbouring nodes, non-
neighbouring nodes typically have distinct representations compared to the given node and are referred to
as negative samples (Duan et al.; 2022). While it is crucial to select appropriate negative samples, only a
few studies have given adequate attention to this aspect of negative sampling.

It is believed that the ideal negative samples should contain enough information about the entire graph
without including a large amount of redundant information. However, a remaining issue is that all previous
approaches treat the negative samples in each layer as independent. Thus, from a holistic perspective, the
negative samples obtained still contain a considerable amount of redundancy. In fact, experiments show that
the overlap between the node samples for different layers obtained by [Duan et al.| (2022) is more than 75%,
as outlined in further detail in Section 4.2

To address the issue of redundant information in negative samples, we propose an approach called layer-
diverse negative sampling that utilizes the technique of space squeezing. This method is designed to obtain



Under review as submission to TMLR

] 1
1 1
| X = | 44 "‘
X | - H !
— ! o .g“ ! g e )
— ] A1z_@ y Syl . 1 W N
/N 3 1 e W { Nt . 1 v s ) { W |
(L e, K've ra g LEE{) e
2y T N | : i o : : ) ’ ay .
S Nac N ] : O : g N " e o o7 ¢ A O '
Y %' \7/ : L 2 . P : i 20 ! i ) .9 ), K (1\;' 4
/ — . "4”5«@ 9 L R 9 M 3™ 5
-, . : -3@.__ ~8 S : S P . -'\'E'\I . g
N I N s ! | . s -, f
i I 1 1 & e e %
7 : : ____________
' . Layer ¢ Layery Layer 3
® Given node
@ + 6 5 8 9
QO Positive samples Lo sy amay ama sy gmay
R X 10 {3 43 . (@ & b RO .
© Selected nodes on different length T o T -
of shortest path to get candidate set Candidate set Different negative samples in each layer
(a) (b) (c)

Figure 1: Negative samples from layer-diverse DPP sampling. (a) For a given node in a graph, its first-order
neighbours can be thought of as positive samples, despite the fact that these neighbours may belong to
different clusters. (b) Algorithm [1| calculates the shortest path from a given node to other nodes in the
graph to obtain smaller, yet more efficient candidate sets for further sampling. (c) As the candidate set
is significantly larger than the number of negative samples needed, the ideal subset of negative samples
is not unique. By using the layer-diverse DPP sampling method to select negative samples, it is possible
to include as much information from the entire graph as possible while also reducing redundancy among
negative samples in different layers.

meaningful information with a smaller number of samples (as illustrated by Figure [1). Specifically, our
method utilizes the sampling matrix in DPP to transform the candidate set into a space. The dimension
of the space is the number of nodes in the candidate set, with each node represented as a vector in this
space. We then apply the space squeezing technique during sampling, which eliminates the dimensions
corresponding to the samples of the last layer, thus significantly reducing the probability of selecting those
samples again. These negative samples are then utilized in message passing in GCN, resulting in a new
model called Layer-diverse GCN, or LDGCN in short.

The effectiveness of the LDGCN model has been demonstrated through extensive experimentation on seven
publicly available benchmark datasets. These experiments have shown that LDGCN consistently achieves
excellent performance across all datasets. We provide a detailed discussion on why the use of layer-diverse
DPP sampling for negative samples may improve learning ability by improving GNNs expressivity and
reducing the risk of over-squashing. Our main contributions are twofold:

e We propose a method for layer-diverse negative sampling that utilizes space squeezing to effectively
reduce redundancy in the samples found and enhance the overall performance of the model.

e We empirically demonstrate the effectiveness of the proposed method in enhancing the diversity of
layer-wise negative samples and overall node representation learning performance, and we also show
the great potential of negative samples in improving GNNs expressivity and reducing the risk of
over-squashing.

2 Preliminaries

2.1 Determinantal Point Processes (DPP)

A determinantal point process W is a probability measure on all possible subsets of the ground set Y with a
size of 2|1, For every Yqup C Y, a DPP dHough et al.L |2009|) defined via a positive semidefinite L matrix is
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Algorithm 1 Get candidate set S; using shortest-path-based method

Input: A graph G, sample length P, node i
Compute the shortest path lengths from ¢ to all reachable nodes V,.
Divide V,. into different sets V,, based on the path length p
for p in range (2, P) do
Randomly choose a node j in V,,
Collect first-order neighbours N; of j
end for
Output: Candidate set S;

formulated as

det (Ly,, )
Ur(Yeup) = ——— 2. 1

L) = L= 1) W
DPP has an intuitive geometric interpretation. If we have a L, there is always a matrix B that satisfies
L = B"B. Let B; be the columns of B. A determinantal operator can then be interpreted geometrically
as

U (Vaup) o det (Lysub) = vol? ({B,;}Z,Eysub) : 2)

where the right-hand side of the equation is the squared |Yg,p|-dimensional volume of the parallelepiped
spanned by the columns of B corresponding to the elements in Yg,1,. Intuitively, diverse sets are more
probable because their feature vectors are more orthogonal and span larger volumes.

2.2 Negative Sampling for GNNs

Let G = (V,E) denote a graph with node features h; for i € V, where V and E are the sets of nodes and
edges. Let N := |V| denote the number of nodes. GNNs aggregate information via message-passing (Geerts
et al., [2021)), where each node i repeatedly receives information from its first-order neighbours N; to update
its representation as

hl = 1 w - ’
jeN%{i} V/deg(i) - \/@( i) (3)

where deg(-) is the degree of the node. Introducing negative samples can improve the quality of the node
representations and alleviate the over-smoothing problem (Chen et al.| [2020; Rong et al., 2020; Duan et al.,
2022). The new update to the representations is formulated as

(wl : h;l_l) (wl . hg_l)),

J

sl Vdes(@) - /des(i) N V/deg(i) - v/deg(j) (4)

where N; are the negative samples of node i, and y is a hyper-parameter to balance the contribution of
negative samples.

The current state-of-the-art approaches for selecting negative samples N; used in Eq. are the DPP-based
methods (Duan et all [2022; [2023]). Intuitively, good negative samples for a node should have different
semantics while containing as complete a knowledge of the whole graph as possible. Since the sampling
procedure in the DPP requires an eigendecomposition, the large size of candidates found from exploring
the whole graph to find negative samples would make such an approach an impractical solution even for a
moderately-sized graph. To reduce the computational complexity, the shortest-path-based method (Duan
et al. 2023) is first used to form a smaller but more effective candidate set S; for node ¢, which is detailed
in Algorithm [I]
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After obtaining the candidate set S;, the subsequent step involves effectively leveraging the characteristics
of the graph, such as the node feature representations and graph structural information, to devise the
computation method for the L matrix. Following the |Duan et al. (2023)), all the nodes V in a graph G are

first divide into ) communities, denoted as V = {Vgom}qul, using Fluid Communities method (Parés et al.,

2017). Then, the features of each community Vi°™ and each candidate set S; are extracted from the node
representations h; via

_Sevho L Siah
g = —gem] > biT e (5)
’Vq ‘ Si

As a major fundamental technique of DPP, Quality-Diversity decomposition is used to balance the diversity
against some underlying preferences for different items in Y (Kulesza & Taskar, |2012)). This enables the
effective use of the aforementioned graph information for the intended sample selection. Since L can be
written as L = B B, each column of B is further written as the product of a quality term q; € RT and a
fqb;” = 1. The probability of a subset is the square of the
volume spanned by q;¢; for j €Y. Hence, L for the given node i now becomes

vector of normalized diversity features ¢; € R,

i iaT o i

i3 q3¢3 d)j/qj/a (6)
where j,j’ € S; are two candidate negative nodes. The q% and q%, are quality terms ensuring the candidate
node j is not similar to the given node %, which are defined as:

q% = cos(a;, b;) © cos(a;, a;), q%, = cos(a;, b;) © cos(a;, aj ), (7)

where a;, a;,a; represents the feature expression of the node belonging to its community, b; denotes the
features of the candidate set S; and the ® means point-wise product. The diversity term ensures that
there are sufficient differences between every pair of candidate nodes 7 and j', which is defined as

gb;qb;, = cos(hj, aj ) cos(aj, hj ) © exp (cos((hj, hj) — 1)). (8)

Due to the primary focus of this paper not being on the computation of the L matrix, additional details can
be referenced in [Duan et al.| (2022;2023). Although the above method ensures good diversity for each layer,
there is still plenty of redundancy across the layers because the negative samples in each layer are treated
as being independent.

3 Proposed Model

3.1 Layer-diverse Negative Sampling

—1 —1
Given a node i and its candidate negative sample set S N, € S; and N; 1 € S; denote the negative
samples for node ¢ in a multi-layer GNNs collected from layers [ and [ + 1, respectively, as illustrated in

—1 —I+1
Figure [1} Our goal is to reduce the overlap between N; and N; ! o cover as much negative information in
the graph as possible while retaining an accurate representation of . Note that S; could be seen geometrically

—1
as a space spanned by the node representations, while N; is just a subspace of this space spanned by the
selected negative samples/representations. Inspired by this geometric interpretation of negative sampling,

—1
our idea is to squeeze this space for negative sampling at layer [ 4+ 1 conditioned on obtained N; to reduce
—1
the probability of re-picking the samples in N; .
To be specific, an eigendecomposition is first performed on L from Eq. @ of §; = {51, ...,js}, which yields

the eigenvalues U = {1, ..., Ag} and the eigenvectors T = {vy, ..., vg}. Here, T is an orthogonal basis for the
space of S; since L is a real and symmetric matrix. All the eigenvectors compose a new matrix denoted as

1S; denotes all non-neighbour nodes of 4 in the graph in theory, but we follow [Duan et al. (2022} 2023) to reduce its size by
the Algorithm E
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Figure 2: Illustration of the layer-diverse sampling process. (a) In the candidate set with 3 nodes, construct
the V3%3, The original space is spanned by the eigenvectors v;,vs,v3 and every node in the candidate set
corresponds to a coloured vector in this space. (b) Suppose node 1 (green vector) is selected in the last layer,
which has the greatest impact on the v, /V:, 1], we then squeeze the space along the V[:, 1] direction. If the
sign of another node in V'[:, 1] projection is the same as the green one, the re-scale direction will be the same
(the orange vector) and vice versa (the blue vector). (c¢) This operation will result in a new space, where the
component V[:, 1] is significantly cut-off, which means the probability of picking the corresponding node 1
has been reduced.

VxS = [v1, ..., vs], where each row corresponds to a node in §;, and V_[}, :] is also the impacts/contributions
of the node j on each eigenvector. The probability of picking node j through the DPP sampling is then

_ —1 - —I
proportional to [[V[j,:]||2. Given N, , the goal is reduce the information of any j* € N; in space V. To this
end, the eigenvector/basis of node j* that makes the greatest impact/contribution is identified:

= Vi*, .
m=arg max ™ Y] (9)

The space V along the m direction is then squeezed by
V =V -y V[ml @ -2 (10)

where ® denotes the outer product and « € (0,1) is the weight of the squeezing. The outer product can be
thought of as a way to “stretch’ every vector of node j* along the V[:,m]-direction. Since m in Eq.
implies that the node j* has the strongest influence on this eigenvector/direction, it helps to reduce the
contribution of the node j* at m-direction to all vectors as much as possible. It is worth noting about

Eq. that:

= <! . . .. Lo
Remark 3.1. Suppose the probability of re-picking node j* € N; in 'V is p, the new probability of re-picking
it in V' would be reduced to (1 —)p, where 0 <~ < 1. It means that we can control the squeezing degree by
7. See the proof given in Appendiz[A1]

Remark 3.2. For a node i € Nil and i # j*, if V[i,:] and V[j*,:] are sufficiently similar with each other,
then the probability of re-picking i would also be reduced. (See the proof in Appendix ) It means we do
not just reduce the re-picking probability of 7*. By reducing the re-picking probability of j*, we also decrease
the influence of similar nodes, reducing the likelihood of them being considered.

After obtaining the layer-diverse vector matrix V', we employ k-DPP for negative sampling. k-DPP is a
generalization of the DPP for sampling a fixed number of items, rather than a variable number. By setting
the value of k, we can effectively control the number of negative samples obtained through sampling. The
Algorithms [2| is the procedure of k-DPP for negative sampling, which is based on Algorithms 2 and 8 in
[Kulesza & Taskar| (2012)). The most significant difference lies in the original input of k-DPP is eigenvector
matrix V', while the input of Algorithm [2] is layer-diverse matrix V'. Note that e, is the z-th standard
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Algorithm 2 k-DPP for negative sampling

Input: k, eigenvalue set U = {\1,..., s}, layer-diverse matrix V'

Sample k eigenvectors from V' to compose T using Algorithm 8 in Kulesza & Taskar| (2012)
! !

N0

while [V'| > 0 do

Select = from Y with P(x) ! Z (v—'—e$)2

"V &,
veV
N« Nuz
V' <~ V', , an orthonormal basis for the subspace of V' orthogonal to e,
end while
Output: N

Algorithm 3 Layer-diverse negative sampling

Input: Node i, S;, Ni_ !

Calculate L* using Eq. @
Eigendecompose L* to get U and T

for every j* € Wil_l do
Find m using Eq. @D
Get layer-diverse matrix V' using Eq.

end for
Perform k-DPP sampling on S; using Algorithm
Output: Ni

basis S-vector, which is all zeros except for a one in the z-th position. The process of layer-diverse negative
sampling for node 7 is outlined in Algorithm[3] Our method can be used for all layers by collecting all negative
samples before a given layer as the candidate set. To reduce the computational cost, two consecutive layers
are used in the following experiments.

To better illustrate our method, a three-dimensional example is shown in Figure [2| where the candidate
set contains three nodes and the size of V is 3 x 3. Figure a) shows that the original space is spanned
by v1,vs, v3, with the eigenvectors {V[:, y]}y=1,2,3. Suppose node 1 has the highest impact on vy, that is
1 = argmax V[;, 1]. The space along the v;-direction then squeezes, as we can observe in Figure 2[b). The
original space finally turns to the new space in Figure (c), where the magnitude of the v; component is
significantly reduced and the probability of choosing the corresponding nodes (including node 1) becomes
smaller.

3.2 Discussion

Although there is a limited number of works having investigated the use of negative samples for GNNs, the
exact benefits of using such samples remain largely unexplored. To better understand the impact of negative
samples, we give examples and discussions on their effects on GNNs expressivity and over-squashing. Our
results show that negative samples have a strong potential to improve GNNs expressivity and reduce the
degree of over-squashing.

3.2.1 GNN expressivity

Intuitively, adding negative samples into a graph’s convolution layers will temporarily change the graph’s
topologies. Xu et al.| (2019) state that ideally powerful GNNs can distinguish between different graph
structures by mapping them into different embeddings (so-called GNN ezpressivity). In the following, from
a topological view, we will demonstrate the three different aggregation cases in which adding negative samples
to GNNs may improve the GNN expressivity.
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Figure 3: Case 1: Adding negative samples can help GNN learn different embedding for different structures.
Dash lines mean adding negative samples. (a) After adding negative samples, MAX can distinguish different
structures. (b) After adding negative samples, MAX and MEAN can distinguish different structures.
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Figure 4: Case 2: Although for layer [ — 1, MAX and MEAN aggregators still can not distinguish different
structures after adding negative samples. Since the layer-diverse method can obtain different samples from
the last layer, for layer [, adding negative samples lets MAX and MEAN aggregators to be able to distinguish
different structures.

Case 1 In a single layer, negative samples can help aggregators distinguish different structures. As shown
in Figure a), before adding negative samples, MAX fails to distinguish two structures because

v =max(2,2,1) = max(2,1) = v'. (11)

After adding negative samples, we have
v=2— pmax(2,2,0) # 2 — pmax(0,1) = v'. (12)
In Figure b), before adding negative samples, MAX and MEAN both fail to distinguish two structures

because for MAX, it will be
v =max(1,1,2,2) = max(2,1) =o' (13)

and for MEAN, it will be

1+14+2+42 142
v = = =

1 5 (14)

After adding negative samples, we have

v=2—pmax(1,1,2,0) # 2 — pmax(0,1) = v’ (15)
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Figure 5: Case 3: (a) Aggregators in the original graph can distinguish different structures. (b) Under
the specific condition, adding negative samples has a small probability of preventing that. (c¢) Even if this
situation occurs, the layer-diverse approach will address this in the next layer.

3 1414042 ,3 0+1
—_— = I [ — _— . 1
v=g o H 1 Fy T, = (16)

Negative samples help MAX and MEAN distinguish different structures in this case.
Case 2 Layer-diverse negative samples can help distinguish different structures in multi-layers. The outcomes
of only one negative sampling process do not always help the aggregators to generate different embeddings

for various structures. As Figure [4] shows, even after adding some negative samples, the MAX and MEAN
aggregators for layer [ — 1 still cannot distinguish between the different structures. This is because we have:

v =max(1,1,2,2) — pmax(1,1,0,2) = max(1,2) — pmax(0,2) = v, (17)

1+14+24+2 1414042 142 042
v = — = — =v.
1 H 1 2 My

(18)

However, if the sampling method is well-designed, the probability of distinguishing between different graph
structures in the network will be higher. Benefit from the layer-diverse method which can obtain different
samples from the last layer, for layer [, we get different samples and have

v =max(1,1,2,2) — pmax(1,0,2,2) # max(1,2) — pmax(1,0) = v, (19)

1414242 1+40+2+2 142 140 ,

v = 1 — i 1 g TH 5 =V (20)

In this case, the layer-diverse negative sampling will help MAX and MEAN to distinguish different structures
in multi-layers.

Case 3 There exist some situations where adding negative samples could make the originally distinguishable
structures indistinguishable, but the probability of such situations is low. As shown in Figure a), the MAX
and MEAN aggregators can distinguish two different structures because we have

v =max(1,1,2,3) # max(1,2) =, (21)
1+1+24+3 142
vt Z e ‘; — . (22)

As shown in Figure b), in the [ — 1 layer, after adding negative samples, using MEAN will have

S_l+1+4243 1434043 7 7 (23)
- 1 H 1 1 My

142 0+3 3 3
_1xz_ 043 33 2

v 2 HFTy 2~ H3
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Bottler]eck

Figure 6: Over-squashing occurs when information passes between weakly connected subgraphs, where
bottlenecks exist and lead to the graph failing to propagate messages flowing from distant nodes.

We notice that it cannot distinguish two structures after adding negative samples when p = 1. However,
from this example, we can see that to make the originally distinguishable structures indistinguishable, the
negative samples and p must exactly complement the difference between the two structures from the original
aggregation. Apparently, the probability of finding satisfied the negative samples and p is significantly smaller
than the finding of some negative samples to make representations of two structures different. Furthermore,
considering our layer-diverse design, the probability of finding such satisfied negative samples and p at every
layer would be exponentially reduced. As shown in Figure c), the result of the MEAN operator is

7 1+0+2+2 0+1
=--1 77&7—1 ' 2
v=7 X 1 — =V (25)

Hence, we believe our layer-diverse negative sampling is helpful in improving GNN expressivity.

3.2.2 Over-squashing

Separate from over-smoothing and GNN expressivity, over-squashing is much less known, first pointed out
by [Alon & Yahav| (2021)). Over-squashing occurs when bottlenecks exist and limit the information passing
between weakly connected subgraphs, which leads to the graph failing to propagate messages flowing from
distant nodes (Alon & Yahavl 2021} [Topping et all, [2022), as shown in Figure [} An effective approach
to addressing over-squashing is to rewire the input graph to remove the structural bottlenecks
. However, the rewiring methods face two main challenges: 1) losing the original topological
information when the graph changes and 2) suffering from over-smoothing when adding too many edges. In
the following, we will show negative samples have the potential to address these two challenges.

An alternative way to understand negative samples in Eq. is to introduce new (negative) edges/relations
into GNNs, which can be rewritten as

hl = wh(”+2—wl”+z whh{™Y, (26)
(az)eE (i Jid

where E; and Es; denote positive and negative relations separately. Firstly, as stated in [Karhadkar et al.|
, the flexible w; and wsy could help to balance the over-smoothing and over-squashing. Secondly,
different from the positive samples/edges added by Karhadkar et al| (2022)), our negative samples/edges
could further improve the ability to preserve the node representations. The reason is that the underlying
assumption of GNNs is that the representation of a node should be similar to the representations of its
(positive) linked nodes, so any new positive samples might very likely bring some incorrect information to
a node and then damage the original node representation significantly. However, our negative samples are
purposely chosen to provide negative information to a given node, so the Eq. would not damage the
original node representation too much under the same number of newly added edges with Karhadkar et al.|
(2022). Hence, we believe the negative samples are useful to overcome the over-squashing problem.
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Table 1: Accuracy of all 4-layer models on datasets

Citeseer Cora PubMed CS Computers Photo ogbn-arxiv
GCN 55-78i5.69 63.3947.92 72-24i4.34 54-00i3.69 47~21i6.22 68.04i6,37 70-57i1.02
GATv2 63.671707 74431380 74.951171  85.004155 61.904538  79.084343  70.6010.86
SAGE 59.704887 73.134354 75484194 82224060 59.271785 79.011654 71.1541.00
GIN-¢ 60.891197 68.071887 72.931500 59.001952 37.094291 31.564691 35.044533
RGCN 62.82:&3,84 71-75:|:3.64 74.96:|:1,40 79.91:‘:3.50 56.44:|:9‘78 75-1918.60 71.19:|:0,42
MCGCN 50.9049.70 69.284433  71.444409 80.6613.81 64.094707 T73.014954 65.4940.26
PGCN 63.031487 70371451 75471178 5273411114 71134697  79.264667 66.1610.45
D2GCN 63.3042.01  73.024301  75.364+182 83474094 74194006 82.784423  T1.4640.01
LDGCN  68.271,99 76.804196 77.07T4103 86.234055 77.92103, 86.501;45 71.665030
Citeseer 00 PubMed
§0'5 §o.s— . §o.7o— o oo
5 . 5 054 - 5 065 - GATV2
3 ~#- SAGE 3 -~ SAGE 3 ®- SAGE
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Figure 7: Node classification accuracy of all models with 2-6 layers in six datasets.

4 Experiments

Our experiments aimed to address these questions: (1) Can the addition of negative samples obtained using
our method improve the performance of GNNs compared to baseline methods? (Section (2) Does our
method result in negative samples with reduced redundancy? (Section (3) Does our method yield
consistent results even when fewer nodes are included in the negative sampling? (Section (4) How
would our negative sampling approach perform when applied to other GNNs architectures? (Section (5)
Does incorporating these negative samples into graph convolution alleviate issues with over-smoothing and
over-squashing? (Section (6) What is the time complexity of the proposed method? (Section

4.1 Evaluation of Node Classification

Datasets. We first conducted our experiments with seven homophilous datasets for semi-supervised node
classification, including citation network: Citeseer, Cora and PubMed (Sen et all [2008]), Coauthor net-

10
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Table 2: Acc of 2-layer models on WebKB dataset

Cornell Texas Wisconsin
GCN 48.5245 09 56.214565 49.804570
LD-GCN 59.3616.04 61.624590 61.5645¢63
GATV2 51-35i7.15 50-54i4.21 50-54i4.21

LD—GATVQ 66.48:‘:4'71 61.86i7_36 64.31:|:6_72

GraphSAGE 61.01:‘:4‘17 70.27:‘:5.04 70'6512.86
LD-SAGE 671141754 76461450 76471639

GIN 43.78 +4.49 56481519 47.054533
LD-GIN 96.7843.05 61.561537 52.9414.16

works: CS (Shchur et all 2018), Amazon networks: Computers and Photo (Shchur et al.| 2018), and
Open Graph Benchmark: ogbn-arxiv 2020)). Then, we expanded our experiments to three
heterophilous datasets, including Cornell, Texas, and Wisconsin [Craven et al.| (1998]).

Baselines. For homophilous datasets, we compared our framework to four GNN baselines: GCN (Kipf &
2017), GATv2 (Brody et al} [2022), SAGE (Hamilton et al] 2017) and GIN-e (Xu et al) [2019).
We also compared existing GNN models with negative sampling methods. RGCN (Kim & Ol [2021)) selects
negative samples in a purely random manner. MCGCN (Yang et all 2020)) selects negative samples using
Monte Carlo chains. PGCN (Ying et al.| 2018) uses personalised PageRank. D2GCN (Duan et al., [2022)
calculates the L-ensemble using node representations only and does not take into account the diversity of
the samples found across layers. Once the negative samples were obtained using these methods, they were
integrated into the convolution operation using Eq. . For heterophilous datasets, to ensure a comprehen-
sive analysis, we tested the layer-diverse negative sampling method across multiple graph neural network
architectures, both in 2-layer and 4-layer configurations. The architectures tested include GCN (LD-GCN),
GATv2 (LD-GATv2), GraphSAGE (LD-SAGE), and GIN (LD-GIN).

Experimental setup. We selected 1% of the nodes for negative sampling in each network layer. The
datasets were divided consistently with Kipf & Welling| (2017). Further information on the experimental
setup and hyperparameters can be found in Appendix [A.2]

Results on homophilous datasets. The results reported are the average accuracy values of the node
classification after 10 runs, shown in Figure[7] for layers 2 to 6 and the detailed values for layer 4 are presented
in Table [[] The results indicate that our model outperforms the other models. It performed better than
the two state-of-the-art GCN variants: GraphSAGE, GATv2, and GIN-e. Unlike these methods, LDGCN
incorporates both neighbouring nodes (positive samples) and negative samples obtained by our method
into message passing. Although RGCN, MCGCN, and PGCN also incorporate negative samples into the
convolution operation, they have not shown consistent performance across various datasets. D2GCN does
not utilize layer-diverse sampling to reduce the chances of selecting the same nodes in consecutive layers.
Consequently, the negative samples identified by this method contain less information about the overall
graph, impeding graph learning.

Results on heterophilous datasets. The results of the 2-layer are shown in Tab[2} On the Cornell dataset,
our LD-GCN model outperformed the standard GCN by approximately 6.84%. In Texas, the LD-GATv2
model showed an improvement of 11.32% over the standard GATv2. For Wisconsin, LD-SAGE exceeded
the performance of standard GraphSAGE by 5.82%. Furthermore, the 4-layer model results (Tab are
consistent with the improved performance observed in the 2-layer models, suggesting that our layer-diverse
negative sampling method contributes positively across different model depths.

Heterophilous graphs are characterized by their tendency to connect nodes with dissimilar features or labels.
This starkly contrasts the homophilous nature typically assumed in many GNN designs. This heterophily
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Table 3: Acc of 4-layer models on WebKB dataset

Cornell Texas ‘Wisconsin
GCN 43.78 670 54.234650 53.1346.92
LD-GCN 48.654537 58.641542 58.4716.02
GATV2 49-54i8.50 57-97i6.33 51-52i5.37

LD—GATVQ 52-54:t3.86 60.06:‘:3_78 57.14:|:3_54

GraphSAGE 52-9716.41 64.86:‘:5.40 5937:&5.28
LD-SAGE 58.5946.10 70.644761 62.941791

GIN 48.3817929 58.3914a56 47.1244.43
LD-GIN 94.054469 60.48+403 54.3743.15

Table 4: Overlap rates of D2GCN and LDGCN on Cora

OVRnode OVRCIS OVRSXCIS
4-Layer 6-Layer 4-Layer 6-Layer 4-Layer 6-Layer

D2GCN-1%  75.0046.37 65.461762 85881527 79.614685 77.554563 71.0617.71
LDGCN-1%  10.744287 9.254304 62.8641454 57.824434 26.621476 23.15455s

D2GCN-10%  70.991479 72424474 83.244151 84.591071 T4.0841061 75.441411
LDGCN-10% 13.724962 12.904210 62.891043 59.821581 28.651071 26.2319.99

METHOD

implies a diverse neighbourhood for each node, which can challenge learning algorithms that rely on the
assumption that 'neighbouring nodes have similar labels or features’.

Our layer-diverse negative sampling method is well-suited for such graphs for several reasons:

¢ DPP-based Sampling Within Layers: Our method uses DPP-based sampling to ensure diversity
within each layer of the graph. This approach is crucial for heterophilous graphs, where it’s important
to capture a wide range of node characteristics within the same layer.

e Layer-Diverse Enhancement: We enhance diversity between layers and reduce overlap, allowing
for richer information capture across the graph. This method is particularly effective in heterophilous
graphs, where nodes with similar properties may not be close in the graph’s topology.

e Improved Node Representation Learning: Our approach effectively learns node representa-
tions by distinguishing between similar and dissimilar neighbors. This is key in heterophilous graphs,
where traditional GNNs might struggle due to the uniformity in their aggregation and update pro-
cesses.

e Structural Insight: Our method offers more structural insight into the graph by allowing the
GNN to learn from a wider range of node connections, thus avoiding the pitfall of homogeneity in
the learning process.

We believe that these results and our analysis of the structural properties of heterophilous graphs demonstrate
the applicability and advantages of our layer-diverse negative sampling method in a broader range of graph
types. This strengthens the case for our approach as a versatile tool in the GNN toolkit, capable of addressing
the challenges presented by both homophilous and heterophilous graphs.
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Table 5: Overlap Rate of D2GCN and LDGCN on Computers

OVRnode OVRCIS OVRsxcls
METHOD 4-Layer 6-Layer 4-Layer 6-Layer 4-Layer 6-Layer
D2GCN-1% 99.710.04  99.69+1005 99841002 99.7910.04 99.7710.02 99.7240.05
LDGCN-1%  40.454164 43.2746.11 93.834098 94.234130 69.614135 68.9941 40
D2GCN-10%  99.7110.03 99.744003 99.831002 99.8310.01 99.741003 99.7610.03
LDGCN-10% 52.59+066 54.851087 96.054139 94.611063 74.011114 74.294070
Table 6: Overlap Rate of D2GCN and LDGCN on CS
OVRnode OVRCIS OVRS xcls
METHOD 4-Layer 6-Layer 4-Layer 6-Layer 4-Layer 6-Layer
D2GCN-1%  95.5310.95 95.181041 96.671075 96.384024 95.814080 95.4610.37
LDGCN-1%  24.731119 30.321302 59.76117¢6 66.611190 34.571130 41.721038
D2GCN-10%  95.584030 95.3740.10 96.8040.25 96.5910.00 95.894031 95.6840.10
LDGCN-10% 25.484075 25.774+014 63.234117 62134910 36.334128 35.1840.36
Cora Computers Ccs
0804 &zz--_ emm===hy 091 BoITmm—en
\\““f- _____ . 0.80 * ________ t:::\\ _______ ::: _______
I Sy, g S R B N T T =
0.70 —%::\:\\"t\\‘\‘:\ . i\\\\ j I 2 om—-e %] g\::\ \\;\
0:557 -#- D2GCN-1% \\\\+ 1 ~®- D2GCN-1% “~—~__: 0.6 -#- D2GCN-1% +\\\ ™
-#- D2GCN-10% ~ 0.55 -®- D2GCN-10% -#- D2GCN-10%
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Figure 8: Compare the accuracy of LDGCN and D2GCN by choosing 1% and 10% nodes to perform negative
sampling in three datasets.

4.2 Evaluation of Layer-diversity

This section presents a comparison of our LDGCN model with the previous D2GCN (Duan et al.| |2022])
to demonstrate that our approach effectively reduces the overlap rate of negative samples in terms of both
nodes and clusters, and that these samples are more beneficial for graph learning.

Datasets. Three of seven previous datasets were chosen to test this claim: the citation network Cora, the
coauthor network CS, and the Amazon network Computers. The average degrees of the three datasets are
3.90, 8.93 and 35.76, respectively. This difference in density facilitates the comparison of the two methods
in different graph datasets.

Setup. We repeated the experiments using both 1% and 10% of the nodes selected for negative sampling.
Our aim was to show that: (1) the layer-diverse projection method can identify a set of negative samples
with reduced overlap between layers and less redundant information; (2) an efficient sampling method can
achieve better performance with fewer central nodes.

Metric. In addition to utilizing accuracy to display the final prediction results, we developed two metrics
to evaluate the overlap rate of the selected samples: the Node Overlap Rate (OVR,04e) and Cluster
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Table 7: Applying the layer-diverse sampling method to different GNN architectures on Cora

Method Layer 2 Layer 4 Layer 6 Layer 8 Layer 16 Layer 32

GCN 80.031052  63.394792  17.164324 13.904+055 141941956  14.3340.79
LDGCN 80.94.07 76.80119 67.91:0s2 52.801596 30.121705 25.25110s
GATv2 78.361166 74431380 62.031660 30.7540904 23.171818  22.724560
LDGATv2 79.301061 78461085 67.7912314 30.931000 25.111903 24.28:330
SAGE 80.194060 73.131354  58.831428 18514654 16961466  16.56+3.45
LDSAGE  80.261045 76.5510094 65.391349 23.251016 20.891374 20.791451
GIN 78954102 68.0714926 36.361680 29.361380 27471360  15.8648.00

LDGIN 79.21,056 69.271170 39.34.75 31.804533 31.79i69s 30.144713

Overlap Rate (OVR.js). OVR, 4. assesses the average overlap of the samples in the last and current layers
of the network, defined by

OVRnode = Z Z |N ﬁ N |a (27)
Vl 35 IN;]

where V. are the central nodes performing the negative sampling, and L is the number of network layers.

In addition to selecting diverse nodes, it is crucial that the selected nodes come from different clusters, as
shown in Figure [I} In the context of semi-supervised learning with GNNs, we assume that the true labels
of all nodes are currently unknown. Therefore, we employ K-Means to partition all nodes V into K clusters
V = UK K, after each layer. This ensures that the negative samples Ni for each layer belong to different
clusters K and form the cluster set @i. Then, we define OVR¢s to measure the overlap of the cluster sets
between layers:

](C

(28)

—l
=2 ich |Cz|

Results. Table [d] [6] and [5] illustrate the various overlap rates for the two methods on three datasets. To
evaluate the cluster overlap rate, the number of clusters K was set to: (a) the actual number of classes,
denoted as OVRgjs, and (b) 5 times the actual number of classes, denoted as OVR5x1s. On all three datasets,
we found that in comparison to D2GCN, LDGCN not only significantly decreased the node overlap rate but
also reduced the repetition rate of the clusters to which the nodes belong. An interesting observation is that
when we increased the number of clusters from the actual number of classes to 5 times the actual number
of classes, LDGCN saw a further significant reduction in the sample overlap rate, while D2GCN only saw a
slight reduction.

One possible explanation is that within each class, nodes can be further clustered. For instance, in the citation
network, articles classified as machine learning can be further divided into articles on CNNs, GNNs, etc.
Our layer-diverse method is designed to find the most diverse samples possible, even when searching within
the same class, such as those belonging to these more specific clusters. In contrast, D2GCN consistently
selects negative samples from the same cluster. These results demonstrate that LDGCN provides more useful
information about the entire graph for feature extraction than D2GCN during message passing.

We evaluated the accuracy of LDGCN and D2GCN on the Cora, Computers, and CS datasets using
different negative sampling rates. As shown in Figure [§] LDGCN demonstrated superior performance on all
three datasets using both 1% and 10% of nodes for sampling. Examining the 1% experiment, where fewer
nodes were used for negative message passing, we found that the selected nodes were meaningful enough to
aid in graph learning. As Figure |8 shows, LDGCN maintained consistent performance even with a reduced
sampling rate, while D2GCN'’s performance decreased significantly.

14



Under review as submission to TMLR

Table 8: Applying the layer-diverse sampling method to different GNN architectures on CS

Method Layer 2 Layer 4 Layer 6 Layer 8 Layer 16 Layer 32
LDGCN 91.531041 86.231055 64.371301 53.961 087 19.821975 15.531115
GATv2 89.284162  85.004155 52194786 34.2411067 21.891303  22.9010.00
LDGATvV2 90.26:‘:1.07 88.70i1.24 75.59:|:4_00 35.70:|:7_01 22.90:‘:0.00 22.90:‘:0.00
SAGE 90.641063 82.224960 99.6047.16 22.1441026 10.264337  9.2012.00
LDSAGE 91.60.03; 86.331062 64.791155 47.541910 13.831365 12.80127¢
GIN 90.80+0.51  59.00+1052 20.19457¢  20.1616.83 21.4614.00 6.9841 81

LDGIN 90.88.072 66.104335 22.37T4405 20.61i35 204041003 8.2713531

Table 9: Applying the layer-diverse sampling method to different GNN architectures on Computers

METHOD LAYER 2 LAYER 4 LAYER 6 LAYER 8 LAYER 16 LAYER 32
GCN 61.4713414 47.21i4.22 47.81i7‘72 25~12i5.38 22-21i2432 24~33i5.83
LDGCN 80.81i0,26 77.92:{:2434 70-30:‘:0.65 59-39:t1.28 55.85i2,00 54-50j:2.82
GATV2 70.9813 83 61.90+5.38 24.744110.45 23.8619.71 23.86+10.86 22.90+0.00
LDGATV2 72.594102 70.284200 28.28.:5047 31.10411.08 22.90+0.00 22.9040.00
SAGE 80.75+0.84 59.2717.85 21.5949.67 20.8919.91 19.8945.86 19.2345.09
LDSAGE 80.921041 75.611701 63.8711.23 56.0616.39 33.28410.67 37.291759
GIN 33.7346.25 37.0942.91 35.8040.39 35.6540.20 6.62+5.84 3.06+0.00
LDGIN 35.3842.12 36.67+1.30 39.3417.51 36.7614.22 7.39+5.32 3.06+0.00

4.3 Evaluation of different GNNs architectures

This section presents an investigation of applying our layer-diverse sampling method to different GNN
architectures on the Cora, CS and Computers datasets, which have different graph densities.

Setup. Besides GCN (Kipf & Welling}, [2017)), layer-diverse sampling method was applied to GATv2 (Brody
et all 2022), SAGE (Hamilton et al. |2017) and GIN-e (Xu et al., [2019), which were called LDGATV2,
LDSAGE, LDGIN-e¢ seperately in the following. We repeated the experiments using 1% of the nodes selected
for negative sampling. The layers of different models are set as {2,4, 6, 8,16,32}. Our aim was to show that:
the layer-diverse negative sampling is applicable to different GNN architectures and helps theses models to
relieve the over-smoothing problem so that to achieve better results when the layers of the model become
deeper.

Results. The results are shown Table[7] [§ and [0} which compare the performance of GNN architectures
with and without layer-diverse negative sampling methods on the Cora and CS datasets. It’s clear that
layer-diverse methods (LDGCN, LDGATv2, LDSAGE, LDGIN) consistently outperform their counterparts
without layer-diverse methods (GCN, GATv2, SAGE, GIN) across all layer sizes for both datasets. Although
as the layers in the network increased, all models showed a trend of decreasing accuracy, layer-diverse methods
consistently performed better, implying that these methods enhance the effectiveness of GNNs in capturing
informative samples for learning better graph representations. For example, LDGATv2 outperforms GATv2
on CS, with the highest performance improvement observed in Layer 6 (from 52.19 to 75.59); LDSAGE
outperforms SAGE in all layer sizes on Computers, with the highest performance improvement observed in
Layer 6 (from 21.59 to 63.87).

Interestingly, it was observed that GIN failed to converge for all layer settings on the Computers dataset. As
a result, the layer-diverse method, which had consistently shown improvements on other GNN architectures,

15



Under review as submission to TMLR

Table 10: MAD of 4-layer NegGCN models on all datasets

Citeseer Cora PubMed  Coauthor-CS Computers Photo ogbn-arxiv

GCN 66.4646.35 70.97 4579 76.97 4579 63.7645.19 50.0844.88 60.7845.66 9.784+0.11
RGCN 74.0846.07 75.221444 87.181761 73.1343.01 55. 701688 73.071668  77.1712.49
MCGCN  70.4947¢69 74404551  80.521441 72.4113.75 55.5646.04  71.204497 76.32+0.67
PGCN 70.894731  74.8645.07 85.331+9.37 73.2443.15 57814634  T4.7T546.40 75.9111 05
D2GCN 73.9346.22  73.154506 83.2048.15 72.5143.02 57341450 75901565  80.4710/60
LDGCN 74.714040 75.241369 88.884:7.94 73.2513.57 62.331669 79.451419 81.09.1¢91

Table 11: MAD of 6-layer NegGCN models on all datasets

Citeseer Cora PubMed  Coauthor-CS  Computers Photo ogbn-arxiv

GCN 7444500 6.6845.46 75944726 62571362  46.164674  57.8846.06  8.9610.20

RGCON 459841905 64.711607 76524457  69.731512  54.744g04 79164419  76.0411.35
MCGCN  57.331167s 67.601526 75.67Ti670  67.824140  56.674a44 77884449 T72.8110.75
PGCN 509541573 69.024505 76.031380 71164505 57354165 76.761511  73.014114
D2GCN  71.794930 70.51iss0  77.5746935  72.2241007 57451661 78.834780  T7.8710.51
LDGCN  74.29.557 74.92.55 81.404355 73.704139 62.18.511 82.6711435 78.334104

Table 12: Assessing over-squashing using accuracy and MAD on Cora-based graph

ACC MAD

GCN 65244610 57.39+0.00
GCON+FA  43.6440.00 0.0040.00
LDGCN 71174503 74.481519

couldn’t enhance the performance of GIN on the Computers dataset. This outcome underlines the fact that
the layer-diverse approach may not be universally applicable or beneficial for all GNN architectures and
datasets and that individual characteristics of the networks and the data can play a significant role.

In summary, the layer-diverse negative sampling methods have consistently improved performance across
various architectures and datasets, supporting their effectiveness in graph-based learning tasks. They have
potential for further exploration in other tasks or architectures, and could be a promising direction for
improving the performance of GNNs, especially those with multiple layers.

4.4 Evaluation of Over-smoothing and Over-squashing

Over-smoothing. To measure the smoothness of the graph representations, we employed the Meari A\grage
. . . D, A
Distance (MAD) metric (Chen et al.,|2020)), which was computed as MAD = % where D; = m,
and D;; = 1—-cos(x;, z;) is the cosine distance between the nodes ¢ and j. Our comparison between LDGCN
and other negative sampling methods are presented in Table [I0] and Table [[I] As can be seen from these
results, LDGCN’s MAD is higher than the other methods on all datasets. All the negative sampling methods,
except for GCN, had relatively high MADs, indicating that adding negative samples to the message passing
increases the distance between nodes. These results confirm our argument in Section that incorporating

negative samples into the convolution increases the upper bound of the distance between nodes.
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Table 13: Computational time per epoch and per run for various methods on Citeseer

Methods Time (s) /Epoch  Time (s) /Run
GCN 0.01 £0.00 1.58 £0.15
SAGE 0.01 £0.00 1.20+0.11
GATv2 0.01 £0.00 2.18+1.81
GIN 0.01 £ 0.00 1.16 £0.18
MCGCN 0.39 £0.01 41.76 +0.29
PGCN 0.01 £0.00 1.17+0.87
RGCN 0.01 £0.00 1.98 +£1.83
D2GCN-1% 0.25 £ 0.05 47.73 £2.62
LDGCN-1% 0.21+£0.04 39.30 £ 3.38

D2GCN-10% 2.10£0.11 431.89 +£13.03
LDGCN-10% 1.73£0.08 346.01 £ 13.01

Over-squashing. Using the Cora dataset, we created a graph G, with a bottleneck where only one edge
linked two distinct communities. We then compared LDGCN with the basic GCN method
and the GCN+FA method (Alon & Yahav, 2021)), where the last layer of GCN was fully connected.
More information on the methods used to construct the graph, as well as the experiment settings, can be
found in Appendix [A22:3] Table [[2] presents the results in terms of accuracy and MAD. GCN+FA added too
many edges in the graph at the last layer, which resulted in over-smoothing problems, and MAD went to
zero. In contrast, our method reduces the likelihood of over-squashing and improves classification accuracy
without the negative side effect of over-smoothing.

4.5 Evaluation of Time Complexity

The computational complexities of Egs. @[) and (10) are O(S) and O(S?) respectively for S = |S;|. Let
D be the average node degree, which is a constant for a given dataset and D < § < N. The complexity
of the loop in Algorithm [3[is then O(DS?). Since matrix decomposition is an essential step in DPP, with
complexity O(S?), if we take into account every node in the sampling process, the total one-time cost of our
method would be O(N(DS? + 53)). To reduce this cost, we can do negative sampling only on a fractional
number of nodes. Experiments in Section show that negative sampling on (random) 1% or 10% nodes
suffices to achieve good performance in general. Taken the Citeseer as an example, Tabell[I3] shows the
computational time per epoch and per run for various methods.

4.6 Case study for different negative sampling methods

We have conducted a case study using the Cora dataset to provide a qualitative comparison between our pro-
posed Layer-Diverse Graph Convolutional Network (LDGCN) and the existing Determinantal Point Process
(DPP) based model (D2GCN).

We implemented a 2-layer GNN for both the D2GCN (without layer diversity) and our LDGCN (with layer
diversity). We employed the respective sampling strategies for each model and collected the indices of nodes
sampled in two consecutive layers. When visualizing these nodes in a 2D space, we used the original node
features as shown in the Fig[d] The left panel depicts the sampling results from the D2GCN model, and the
right panel illustrates the sampling by our LDGCN model. Overlap nodes from two successive layers are
highlighted in dark blue for clarity.

From this case study, we observe two key outcomes:

e Reduced Overlap in Sampling: The LDGCN model demonstrates fewer overlap nodes than the
D2GCN model. This finding substantiates our claim that layer-diverse negative sampling effectively
reduces the likelihood of resampling duplicate nodes across layers.
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Figure 9: Left: Sampling results from the D2GCN model without layer diversity. Right: Sampling results
from LDGCN model with layer-diverse. Overlap nodes, indicating sampling redundancy, are highlighted in
dark blue. Sample diversity is shown in red dash box.

e Enhanced Sample Diversity: Aside from reducing overlap nodes, the LDGCN model’s samples
are more uniformly distributed in the 2D space. This contrasts with the D2GCN model, where
samples appear more clustered and thus exhibit a higher spatial overlap. The more dispersed samples
from the LDGCN model suggest that layer diversity contributes to increased sample diversity and
a more distinct representation for each layer.

5 Related Work

GNNs and their variants. GNNs are typically divided into two categories: spectral-based and spatial-
based. A widely used and straightforward example of the first category is the graph convolutional network
(GCN) (Kipf & Welling}, 2017), which utilizes first-order approximations of spectral graph convolutions.
Many variations have been proposed based on GCN, such as GPRGNN (Chien et al., [2021)), GNN-LF/HF
, UFG (Zheng et al., [2021) which uses graph framelet transforms to define convolution. In
the spatial stream, GraphSAGE (Hamilton et al. 2017) is a well-known model. It utilizes node attribute
information to effectively generate representations for previously unseen data. provides a
theoretical analysis of GNNs’ representational power in capturing various graph structures and proposed the
Graph Isomorphism Network. Besides these two models, there are numerous spatial-based methods, such as
GAT (Velickovic et al. [2018) and PPNP (Klicpera et al.,[2019) to mention just a few.

Negative sampling in GNNs. All the GNNs previously mentioned are based on positive sampling. In
terms of negative sampling, there are roughly two kinds negative sampling methods for graph representation
learning. The first includes methods such as randomly selecting (Kim & Oh} 2021), Monte Carlo chains
based (Yang et al.| [2020)), and personalized Page-Rank based (Ying et al., [2018). While these methods do
find negative samples, they often have a high degree of redundancy or the small clusters are overwhelmed
by large clusters. These do not meet the criteria for obtaining good negative samples as proposed in
let al}, [2022)). Duan et al/| (2022)) attempted to find negative samples that meet the above criteria, and focus
on controlling the diversity of negative samples using DPP (Kulesza & Taskar, [2012)). However, the found
samples were still highly redundant, and it has not yet been confirmed whether these samples meet the
criteria for being good negative samples.

DPP and its applications. Determinantal point process (DPP) was first introduced to the field of
machine learning by Kulesza & Taskar| (2012) as k-determinantal point process (k-DPP). The k-DPP is a
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generalization of the DPP for sampling a fixed number of items, &, rather than a variable number, which
is defined by a positive semidefinite kernel matrix, and encodes the similarity between the items in the
candidate set. The k-DPP method for negative sampling in graph representation learning is a way of
selecting negative samples by controlling the diversity of negative samples using the k-DPP. This method
is particularly effective in capturing the properties of repulsion and has been successfully applied to various
scenarios such as sequential labelling (Qiao et al., [2015), document summarization (Cho et al. [2019)), video
summarization (Zheng & Lul, 2020)).

6 Conclusion

In this paper, we presented a novel approach for negative sampling in graph representation learning, based
on a layer-diverse DPP sampling method and space squeezing technique. Our method is able to signifi-
cantly reduce the redundancy associated with negative sampling, resulting in improved overall classification
performance. We also provided an in-depth analysis of why negative samples are beneficial for GNNs and
how they help to address common issues such as over-smoothing, GNN expressivity, and over-squashing.
Through extensive experiments, we have confirmed that our method can effectively improve graph learning
ability. Furthermore, our approach can be applied to various types of graph learning tasks, and it is expected
to have a wide range of potential applications.
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A Appendix
A.1 Remark of Space Squeeze
o
Remark A.1. Suppose the probability of re-picking node 7* € N; in V is p, the new probability of re-picking
it in V' would be reduced to (1 —~)p, where 0 < v < 1. It means that we can control the squeezing degree by

Y-

Proof. After the space squeezing using Eq., the j* row of new space is

Vit = VI = VI ml- M
=Vt =Vt (29)
=1 =-7VI[*,

Since the probability of picking node j* through the DPP sampling is proportional to ||V [*,:]||2, we denote
the probability of re-picking node j* € Wil inV is

=Vl (30)
According to Egs. and , the new probability of re-picking it in V' is (1 — 7)p. O
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Remark A.2. For a node i € Nil and i # 3%, if V[i,:] and V[j*,:] are sufficiently similar with each other,
then the probability of re-picking i would also be reduced. It means we do not just reduce the re-picking
probability of j*. By reducing the re-picking probability of j*, we also decrease the influence of similar nodes,
reducing the likelihood of them being considered.

Proof. For any two L-length vectors vy and v, if the following conditions are satisfied,
go:ﬁ, 1-0<¢pm]<1+§ forany0<m <L (31)
U2

then we call v; and vy are d-similar with each other.

- T l - - . .
For a node i € N; and 7 # j*, the new representation of 7 in new space V' would be

Vi = V] — AV m] - (32)
Vij*,m]
If V'[i,:] and V[j*,:] are é-similar with each other, we have
I - - V 7.*, :]
Vi ]=po Vi, =yV]im] —=—, (33)
Vi{j*,m|
and according to conditions in (31]), we have
(1=8) =@ +)V[" ] < V'[i,:] (1 +6) —v(1 =) VI[i":]. (34)
When § goes to 0, according to sandwich theorem, we have
%1_% Vii,:]=1Q-yVI[i*, ] (35)

That is to say, if node i is similar enough with j*, the space squeezing will also reduce the probability of
selecting node i. The more similar the two nodes are, the lower node i will be re-picked. Hence, we do not
just reduce the re-picking probability of j* but also the information of this node, and any nodes sharing
similar information with this node would not be considered with high probability. O

A.2 Experiment Details
A.2.1 Dataset statistics

The datasets are split generally following |Kipf & Welling| (2017)). For the first 6 datasets, we choose 20 nodes
for each class as the training set. For the Ogbn-arxiv, because this graph is large, we choose 100 nodes for
each class as the training set.

The first six datasets are downloaded from PyTorch Geometric (PyG)ﬂ The Ogbn-arxiv is downloaded from
Open Graph Benchmark (OGB)EI

A.2.2 Implementation Details

The experimental task was standard node classification. We set the maximum length of the shortest path
P to 6 in Algorithm [} which means after throwing away the first-order nearest neighbours, there are still
5 nodes at the end of the different shortest paths. The size of the candidate set for node i is |S;| = 5 x D.
When selecting 1% or 10% nodes to perform negative sampling, we choose nodes whose degree is greater
than the average degree D.

The negative rate p is a trainable parameter and is trained in all models. Each model was trained using
an Adam optimiser with a learning rate of 0.02. The number of hidden channels is set to 16 for all models.
Tests for each model with each dataset were conducted ten times. The convolution layers of GCN [Kipf &
Welling| (2017), SAGE Hamilton et al.| (2017)), GATv2 Brody et al.| (2022) and GIN-¢ Xu et al.| (2019) use
PyTorch Geometric to implement Iﬂ All experiments were conducted on an Intel(R) Xeon(R) Gold 6326

2https:/ /pytorch-geometric.readthedocs.io/en /latest /modules/datasets.html
Shttps://ogb.stanford.edu/docs/nodeprop/
4https:/ /pytorch-geometric.readthedocs.io/en/latest /modules/nn.html#convolutional-layers
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Table 14: Dataset Statisric

Dataset Nodes Edges Classes Features ASZijeOf Label Rate  Val / Test  Epoch
Citeseer 3,327 9,104 6 3,703 2.74 3.61 % 500/1000 200
Cora 2,708 10,556 7 1,443 3.90 5.17 % 500/1000 200
PubMed 19,717 88,648 3 500 4.50 0.30 % 500/1000 200
CoauthorCS 18,333 163,788 15 6805 8.93 1.64% 500/1000 200
Computers 13,752 491,722 10 767 35.76 1.45% 500/1000 200
Photo 7,650 238,162 8 745 31.13 2.09% 500/1000 400
Ogbn-arxiv 169,343 1,166,243 40 128 35.76 53.70% 29799/48603 200
Cornell 183 298 5 1703 1.63 48% 59/37 200
Texas 183 325 5 1703 1.78 48% 59/37 200
Wisconsin 251 515 5 1703 2.05 48% 80/51 200

Algorithm 4 Constructing the graph G, having bottlenecks
Input: number of community @, original graph G
Using Fluid Communities method |Parés et al.| (2017)) get @ communities in G
while True do
delete the node linking two different communities
if only one node linking two different communities then

Break
end if
end while
Obtain the maximum connected subgraph from the left graph as G,
Output: G,
Table 15: STATISTICS of G,
Dataset Nodes Edges Classes Features A‘],;ZZic;eOf Label Rate Val / Test Epoch
G, (Cora-based) 915 3054 7 1443 3.33 8% 400/400 200

CPU @ 2.90GHz and NVIDIA A100 PCIe 80GB GPU. The software that we use for experiments is Python
3.7.13, PyTorch 1.12.1, torch-geometric 2.1.0, torch-scatter 2.0.9, torch-sparse 0.6.15, torchvision 0.13.1, ogh
1.3.4, numpy 1.21.5 and CUDA 11.6.

A.2.3 Over-squashing Experiment Details

Algorithm of constructing the graph having bottlenecks. The central concept in construction is to
segment the initial graph into distinct clusters and incrementally eliminate the nodes linking these clusters
until only one edge remains, connecting the two communities. This edge can be considered a bottleneck in
the graph. The pseudo-code for constructing this graph G, is shown in the Algorithm

Detail of Cora-based Graph. It is important to consider a dataset’s specific characteristics and purpose
before making any modifications to it, as it can affect the validity and reliability of the analysis and results
obtained from it. We construct a graph with bottlenecks G, based on the real dataset Cora. The statistics
of G, are shown in Table[12] and visualization is shown in Figure As Cora is a citation dataset, it consists
of a set of nodes representing scientific publications and edges representing citations between them. If some
nodes and corresponding edges are deleted from the dataset, it will not affect the authenticity of the dataset
as long as it still represents the citation relationships among the remaining publications.
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Figure 10: Based on the Cora dataset, we construct a graph with a bottleneck by only having one edge
(shown in the orange dash box) linking two different communities. Left: nodes labelled by communities.
Right: nodes labelled by true classes.

Table 16: Best Performance Accuracy of Various GNIN Models Across Datasets. Most models
achieved optimal performance with a 2-layer setting, which is the default and hence not specifically marked.
Models achieving their best performance at 3 or 4 layers have this indicated in brackets.

Citeseer Cora PubMed CS Computers Photo ogbn-arxiv
GCN 72.8140.41 80.03+0.52 78.15.4 .52 90.7140.01 61.474314 80.67+3.59 71.1040.64(3)
GATv2 72.4940.81 78.36+1.66 77.40+9.49 89.281162 70.981583 83.451452(3) 71.761034(3)
SAGE 71.78 4105 80.1910.60 76.2410.51 90.6440.63 80.75+0.84 87.9710.48 71.154 oo
GIN—e 70.12:|:1_47 78.95:‘:1.02 77.61:‘:0.73 90.80:|:0_51 33-73:t6.25 65-19:|:7_22 60-95:t1.66
RGCN 73.5211 53 T7.78+1.06 75.7340.77(3)  91.1340959  78.8041.33 85.0040.76 70.4510.85
MCGCN 73.4441 g8 77114030 76.66i0.56<3) 91.2740.44 T7.7841.04 83.03+1.62 69.674+1.01
PGCN 73.2449 05 T77.78+£0.99 76-35i0.68(3) 88.3040.58 78.3941 49 86.4841.76 70.53+0.76
D2GCN 73.20+0.70 80.4140.54 T77.8410.71 90.4640.58  80.0211.74 87.03+0.80 70.6110.26

LDGCN 74.33:|:0_79 81'93:|:1.40(3) 78~02:|:0.34 91.5310.41 80.81_ .96 88.84:|:1_48(3) 71.66i0_30(4)

However, not all datasets are suitable for the above constructing method. Take the PROTEINS dataset as
an example. This dataset represents the interactions between different proteins in a biological system, and
the edges in the dataset represent the interactions between them. Suppose some nodes and corresponding
edges are deleted from the dataset. In that case, it could potentially alter the overall structure and function
of the modelled biological system, thus affecting the authenticity of the dataset.

A.3 Additional Experiment Results

A.3.1 Best Performance of Various GNN Models in Experiment [4.1]

We thoroughly examined and tuned the number of layers for each model using the validation set. This has led
to a more nuanced understanding of how layer configurations impact model performance. Table[I6]showcases
the highest accuracy achieved by various GNN models across diverse datasets. The table provides insights
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into whether each model attained its peak performance through a 2-layer, 3-layer, or 4-layer configuration,
denoted within brackets where applicable. In the table, the best-performing method for each dataset is
highlighted in bold, emphasizing the top achievement, while the second-best performance is underscored for
clarity.

The results revealed that while a 2-layer setup is generally effective, certain models and datasets benefit
from more layers. For instance, our LDGCN exhibited its highest accuracies on Cora and Photo datasets
with 3 layers. An interesting pattern emerged from our analysis: methods that incorporated negative sam-
ples frequently achieved the second-best results. This observation suggests that adding negative samples to
graph convolutional neural networks can significantly enhance the model’s ability to learn different types
of relationships, thereby improving overall performance. However, it’s crucial to note that not all methods
involving negative samples yielded consistent performance across different datasets. This variability high-
lights that the selection of negative samples is a non-trivial aspect of model design and that carefully chosen
negative samples can substantially aid GCNs in better learning from graph data.

A.3.2 Big Dataset

We conducted additional experiments using the Open Graph Benchmark’s login-mag dataset, which indeed
presents a more challenging environment with its larger graph size of approximately 1.94 million nodes and
over 21 million edges. The statistics of obgn-mag are shown in Tab[I7]

Table 17: STATISTICS of obgn-mag

Average of . .
Dataset Nodes Edges Classes Degree Split / Ration Epoch
ogbn-mag 1,939,743 21,111,007 349 21.7 85/9/6 400

We acknowledge that the eigendecomposition techniques employed in Determinantal Point Process (DPP)
sampling do introduce considerable computational complexity, which can lead to scaling challenges on very
large graphs. To address this and maintain a balance between computational efficiency and the benefits
of our approach, we strategically sampled a subset of 0.1% of the nodes from the ogbn-mag dataset for
layer-diverse negative sampling. The results are shown in Tab[T8]

Despite the reduced sampling size, our Layer-Diverse Graph Convolutional Network (LDGCN) achieved an
accuracy of 33.51%+40.32 on the ogbn-mag dataset. This performance is higher compared to the baseline
models. The results demonstrate that even with only a fraction of the nodes subjected to layer-diverse
negative sampling, there is still enhancement in the performance of the original GCN framework. This
evidences the efficacy of our proposed sampling method, suggesting that it could be a valuable strategy
for managing the trade-off between computational demand and performance in large-scale graph neural
networks.

Table 18: Acc of 4-layer models on obgn-mag dataset

GCN GATv2 GraphSAGE LDGCN
obgn—mag 31.99:&).53 32-21:t0.46 30.11:|:0_29 33~51:|:0.32

A.3.3 Graphs classification

We have conducted additional experiments focusing on graph-level classification tasks, this time extending
our approach to the Graph Isomorphism Network (GIN) model. We selected two well-known graph datasets,
Proteins and MUTAG, for our experiments. We employed a 10-fold cross-validation scheme and utilized SUM
readout pooling to aggregate node features at the graph level. Our experiments compared the performance of
standard graph neural network models like GCN, GATv2, GraphSAGE, and GIN with our modified version,
the Layer-Diverse GIN (LD-GIN). The results of these experiments are shown in the Tab[19]
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Table 19: Acc of 2-layer models on graph dataset

GCN GATv2 GraphSAGE GIN LD-GIN
PROTEINS 72971055 64.114719 72431157  73.064214  74.0744.78
MUTAG 76.5448.19 T7.784+6.92 79.16+4.60 87.831489 88.8946.05

The results from these experiments were encouraging. Our LD-GIN model improved over the baseline models
on both the PROTEINS and MUTAG datasets. This enhanced performance on graph-level classification
tasks demonstrates the versatility of our layer-diverse negative sampling method. It not only maintains
its effectiveness in different graph structures but also adapts to varying task requirements, be it node-level
or graph-level classification.This extension of our experiments to graph-level tasks aligns to broaden the
applicability and relevance of our method.
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