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ABSTRACT

Actor-critic (AC) methods have achieved state-of-the-art performance in many
challenging tasks. However, their convergence in most practical applications are
still poorly understood. Existing works mostly consider the uncommon double-
loop or two-timescale stepsize variants for the ease of analysis. We investigate the
practical yet more challenging single-sample single-timescale natural AC for solv-
ing the canonical linear quadratic regulator problem. Specifically, the actor and the
critic update only once with a single sample in each iteration using proportional
stepsizes. We prove that the single-sample single-timescale natural AC(NAC) can
attain an e-optimal solution with a sample complexity of O(¢~2), which eluci-
dates on the practical efficiency of single-sample single-timescale NAC. We de-
velop a novel analysis framework that directly bounds the whole interconnected
iteration system without the conservative decoupling commonly adopted in previ-
ous analysis of AC and NAC. Our work presents the first finite-time analysis of
single-sample single-timescale NAC with a global optimality guarantee.

1 INTRODUCTION

Actor-critic (AC) methods achieved substantial success in solving many difficult reinforcement
learning (RL) problems (LeCun et al., 2015; Mnih et al., 2016; Silver et al., 2017). In addition
to a policy update, AC methods employ a parallel critic update to bootstrap the Q-value for policy
gradient estimation, which often enjoys reduced variance and fast convergence in training.

Despite the empirical success, theoretical analysis of AC in the most practical form remains chal-
lenging. Most existing works focus on either the double-loop setting or the two-timescale setting,
both of which are uncommon in practical implementations. In double-loop AC, the actor is updated
in the outer loop only after the critic takes sufficiently many steps to have an accurate estimation
of the Q-value in the inner loop (Yang et al., |2019; Kumar et al.l 2019; Wang et al., 2019). Hence,
the convergence of critic is decoupled from that of the actor. The analysis is separated into a pol-
icy evaluation sub-problem in the inner loop and a perturbed gradient descent in the outer loop. In
two-timescale AC, the actor and the critic are updated simultaneously in each iteration using step-
sizes of different timescales. The actor stepsize (denotes by «;) is typically smaller than that of
the critic (denotes by [3;), with their ratio goes to zero as the iteration number goes to infinity (i.e.,
lim; o /B = 0). The two-timescale allows the critic to approximate the correct Q-value in an
asymptotic way. This design essentially decouples the analysis of the actor and the critic.

The aforementioned AC variants are considered mainly for the ease of analysis. In practice, the
single-timescale AC, where the actor and the critic are updated simultaneously using constantly
proportional stepsizes (i.e., with «;/3; = ¢, > 0), is more favorable due to its simplicity of im-
plementation and empirical sample efficiency (Schulman et al., [2015; Mnih et al.l 2016)). However,
its analysis is significantly more difficult than the other variants. To understand its finite-time con-
vergence, some recent works (Fu et al.| 2020; Zhou & Lu, [2022)) consider multi-sample variants of
single-timescale AC, where the critics are updated by the least square temporal difference (LSTD)
estimator rather than the TD(0) update. The idea is still to obtain an accurate policy gradient estima-
tion at each iteration by using sufficient samples (LSTD), and then follows the common perturbed
gradient analysis to guarantee the convergence of the actor, decoupling the convergence analysis of
the actor and the critic. In addition to the multi-sample settings, there are few attempts that analyzed
the single-sample single-timescale AC(NAC), and they only attest local convergence (Chen et al.,
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2021} |Olshevsky & Gharesifard, [2022). Besides, (Olshevsky & Gharesifard, [2022)) only considers
the simple tabular case. We attempt to answer the more general yet more challenging question:

Can the single-sample single-timescale AC(NAC) find a global optimal policy, especially on the
general unbounded continuous state-action space with unbounded reward?

To this end, we make the first step to consider the classic Linear Quadratic Regulation (LQR), a fun-
damental continuous state-action space control problem that are commonly employed to study the
performance and the limits of RL algorithms (Fazel et al., 2018;|Yang et al.,2019; Tu & Recht,2018;
Duan et al.l 2021). In particular, under the time-average cost, the single-sample single-timescale
AC(NAC) algorithm for solving LQR consists of three parallel updates in each iteration: the cost
estimator, the critic, and the actor. Unlike the aforementioned double-loop, two-timescale, or multi-
sample structures, there is no specialized design in single-sample single-timescale AC(NAC) that fa-
cilitates a decoupled analysis of its three interconnected updates. In fact, it is both conservative and
difficult to bound the three iterations separately. Moreover, the existing perturbed gradient analysis
can no longer be applied to establish the convergence of the actor either. To tackle these challenges
in analysis, we instead propose a novel framework to directly bound the overall interconnected iter-
ation system altogether, without resorting to conservative decoupled analysis. In particular, despite
the inaccurate estimation in all three updates, we prove the estimation errors diminish to zero if the
(constant) ratio of the stepsizes between the actor and the critic is below a threshold. The identified
threshold provides new insights into the practical choices of the stepsizes for single-timescale AC.

Overall, our contributions are summarized as follows:

o Our work furthers the theoretical understanding of AC(NAC) in its most practical form. We for the
first time show that the single-sample single-timescale NAC can provably find the e-accurate global
optimum with a sample complexity of O(e~2) for tasks with unbounded continuous state-action
space. The previous works consider either specialized algorithm variants (Fu et al.| [2020; Zhou &
Lu, [2022), or more restricted settings with only local convergence guarantee (Chen et al.l 2021}
Olshevsky & Gharesifard, 2022).

e We also contribute to the work of RL on continuous control task. It is novel that even with actor
updated by a roughly estimated gradient, the single-sample single-timescale NAC algorithm can still
find the global optimal policy for LQR, under general assumptions. Compared with all other model-
free RL algorithms for solving LQR (see related work [I.T)), our work is the first one adopting the
simplest single-sample single-loop structure, which may serve as the first step towards understanding
the limits of AC(NAC) methods on continuous control task. In addition, compared with the state-
of-the-art double-loop AC for solving LQR (Yang et al., 2019), we improve the sample complexity
from O(e7?) to O(e~2). We also show the algorithm is much more sample-efficient empirically
compared to a few classic works in Section [5} which unveils the practical wisdom of AC(NAC)
algorithm.

e Technically, we provide a new proof framework that can establish the finite-time convergence
for single-timescale AC. In the finite-time analysis of double-loop AC (Yang et al.l[2019) and two-
timescale AC (Wu et al., [2020), the previous techniques hinge on decoupling the analysis of actor
and critic, establishing the convergence of critic first and then the convergence of actor consequently.
The novelty of our proof framework is that we formulate the estimation errors of the time-average
cost, the critic, and the natural policy gradient into an interconnected iteration system and establish
the convergence for them simultaneously rather than separately. This proof framework may provide
new insights for finite-time analysis of other single-timescale algorithms.

1.1 RELATED WORK

In this section, we review the existing works that are most relevant to ours.

Actor-Critic methods. The first AC algorithm was proposed by Konda & Tsitsiklis|(1999). Kakade
(2001) extended it to the natural AC algorithm. The asymptotic convergence of AC algorithms
has been well established in |[Kakade|(2001); Bhatnagar et al.| (2009); |Castro & Meir| (2010); Zhang
et al.| (2020). Many recent works focused on the finite-time convergence of AC methods. Under
the double-loop setting, |Yang et al.| (2019) established the global convergence of AC methods for
solving LQR. [Wang et al.|(2019) studied the global convergence of AC methods with both the actor
and the critic being parameterized by neural networks. |[Kumar et al.| (2019) studied the finite-time
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local convergence of a few AC variants with linear function approximation. Under the two-timescale
AC setting, Wu et al.[(2020); [Xu et al.|(2020) established the finite-time convergence to a stationary
point at a sample complexity of O(e~2-%). Under the single-timescale setting, all the related works
(Fu et al., |2020; (Chen et al.| 2021} [Zhou & Lul [2022; |Olshevsky & Gharesifard, 2022)) have been
reviewed in the Introduction.

RL algorithms for LQR. RL algorithms in the context of LQR have seen increased interest in
the recent years. These works can be mainly divided into two categories: model-based methods
(Dean et al., 2018 Mania et al., |2019; |Cohen et al., |2019; |Dean et al., [2020) and model-free meth-
ods. Our main interest lies in the model-free methods. Notably, Fazel et al.| (2018)) established the
first global convergence result for LQR under the policy gradient method using zeroth-order opti-
mization. |Krauth et al.| (2019) studied the convergence and sample complexity of the LSTD policy
iteration method under the LQR setting. On the subject of adopting AC to solve LQR, [Yang et al.
(2019) provided the first finite-time analysis with convergence guarantee and sample complexity
under the double-loop setting. [Zhou & Lu|(2022) considered the multi-sample (LSTD) and single-
timescale setting. For the more practical yet challenging single-sample single-timescale AC, there
is no such theoretical guarantee so far, which is the focus of this paper.

Notation. Without other specification, for two sequences {z,} and {y,}, we write z, = O(y,)
if there exists an constant C' such that x,, < Cy,. We use O(-) to further hide logarithm factors.
For any symmetric matrix M € R"*", let svec(M) € R™™+1)/2 denote the vectorization of the
upper triangular part of M and smat(-) denote its inverse such that smat(svec(M)) = M. Finally,
we denote by A ®4 B the symmetric Kronecker product of two matrices A and B.

2 PRELIMINARIES
In this section, we introduce the AC algorithm and provide the theoretical background of LQR.

2.1 ACTOR-CRITIC ALGORITHMS

We consider the reinforcement learning for the standard Markov Decision Process (MDP) defined by
(X,U,P,c), where X is the state space, U is the action space, P (z¢41|2¢, u¢) denotes the transition
kernel that the agent transits to state a1 after taking action w; at current state x¢, and (x4, uy) is
the running cost. A policy 7 (u|z) parameterized by 6 is defined as a mapping from a given state to
a probability distribution over actions.

In this paper, we aim to find a policy 7y that minimizes the infinite-horizon time-average cost, which
is given by

* : N Ztho C(xtvut) _
0" = arg min J(0) := Thm Ey=—"=—""— = E  [e(z,u)], ey
—00

T @~pg U
where py denotes the stationary state distribution generated by policy 7. In the time-average cost
setting, the state-action value (Q-value) of policy my is defined as
Qol(z,u) =Eo> _(clw, ur) — J(0))|zo = z,u0 = ul, 2)
t=0

which describes the accumulated differences between running costs and average cost for selecting
u in state x and thereafter following policy my (Sutton & Barto, [2018)). Based on this definition, we
can use the policy gradient theorem (Sutton et al.,|[1999) to express the gradient of J(6) with respect
to 6 as

VoJ(0) = Ezpy unmy [ Vo log mo(ulz) Qo (2, u)].

One can also choose to update the policy using the natural policy gradient (Kakadel [2001)), which is
given by

VY JI(0) = F(0)'VeJ(6). (3)
where

F(0) = Ezpy,u~my Vo log mg(ulz) Vg log Wg(u\x)—r]
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is the Fisher information matrix and (€)' denotes its Moore Penrose pseudoinverse.

Optimizing J(#) in (1)) with (3) requires evaluating the Q-value of the current policy 7y, which is
usually unknown. AC estimates both the Q-value and the policy. The critic update approximates
Q-value towards the actual value of the current policy my using temporal difference (TD) learning
(Sutton & Bartol [2018). The actor improves the policy to reduce the time-average cost J(6) via
gradient descent. Note that the AC with natural policy gradient is also known as natural AC.

2.2 NATURAL ACTOR-CRITIC FOR LINEAR QUADRATIC REGULATOR

In this paper, we aim to demystify the convergence property of natural AC by focusing on the
infinite-horizon time-average linear quadratic regulator (LQR) problem:

T
C . . 1 T T
minimize J({uw}) = Tlgr;o T]E[tg1 v, Qi+ uy Ruy “)
subjectto  z;11 = Axy + Buy + €, 5)

where z; € R? is a state and u; € R¥ is a action; A € R%*? and B € R*** are system matrices;
Q € S™4 and R € S*** are performance matrices; ¢, ~ N(0, Dy) are i.i.d Gaussian random
variables with Dy > 0. From the optimal control theory (Anderson & Moorel [2007), the optimal
policy of (@) is a linear feedback of the state

Uy = —K*xt, (6)

where K* € R¥*? is the optimal policy which can be uniquely found by solving an Algebraic
Riccati Equation (ARE) (Anderson & Moorel 2007) depending on A, B, (), R. This means that
finding K* using ARE relies on the complete model knowledge.

In the sequel, we pursue finding the optimal policy in a model-free way by using the natural AC
method, without knowing or estimating A, B, @, R. The structure of the optimal policy in (6] allows
us to reformulate (4) as a static optimization problem over all feasible policy matrix K € R¥*4, To
encourage exploration, we parameterize the policy as

{rr(-|z) = N(=Kz,0%I},), K € RF*¥4} (7)

where o > 0 is the standard deviation of the exploration noise. In other words, given a state x,

the agent will take an action w; according to u; = —Kuxzy + (s, where (¢ ~ N(0,1;). As a
consequence, the closed-loop form of system (3] under policy (7) is given by

ri11 = (A= BK)x: + &, 3

where & = ¢; + 0 B¢ ~ N(0, D,) with D, = Do + 0?BBT. Note that optimizing over the set of
stochastic policies (7)) will lead to the same optimal K*.

The set K of all stabilizing policies is given by
K:={K e R**?: p(A - BK) < 1}, 9)

where p(-) denotes the spectral radius. It is well known that if K € K, the Markov chain in (8) yields
a stationary state distribution N'(0, D), where D satisfies the following Lyapunov equation

Dk =D, + (A — BK)Dg(A - BK)'. (10)
Similarly, we define Px as the unique positive definite solution to
Py =Q+ K'RK + (A - BK)' Px(A - BK). (11)

Based on Dy and Pk, the following lemma characterizes J(K) and its gradient V i J(K).

Lemma 2.1. (Yang et al.| 2019) For any K € K, the time-average cost J(K) and its gradient
V ik J(K) take the following forms

J(K) = Tr(PgD,) + o°Tr(R), (12a)
ViJ(K) =2FEgDg, (12b)

where EK = (R + BTPKB)K - BTPKA.
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Then, the natural gradient of J(K') can be calculated as (Fazel et al., [2018}; |Yang et al.,[2019)
VIRJ(K) =VkgJ(K)Dg' = Fk, (13)

which eliminates the burden of estimating Dy . Note that we omit the constant coefficient since it
can be absorbed by the stepsize.

Calculating the natural gradient V¥ .J(K) requires estimating Py, which depends on A, B, Q, R.
To estimate the gradient without the knowledge of the model, we instead directly utilize the Q-value.

Lemma 2.2. (Bradtke et al.l|1994; Yang et al.l|2019) For any K € K, the Q-value Qk (x,u) takes
the following form

Qr(z,u) = (", u")Q @) — 0*Tr(R + Px BB") — Tr(Px D), (14)
where

O Q}?} _ [Q+ATPKA AT Py B (15)

Qi = [Qig 032 BTPxkA R+ BTPgB|’
Clearly, if we can estimate (), then Ey in can be readily estimated by using Q2! and Q%2.

3  SINGLE-SAMPLE SINGLE-TIMESCALE NATURAL ACTOR-CRITIC

In this section, we describe the single-sample single-timescale natural AC algorithm for solving
LQR. In view of the structure of the Q-value given in (I4)), we define the following feature function

é(z,u) = svec [(i) (i) T] .

Then, we can parameterize the Q-estimator (critic) by
QK(x, u;w, b) = ¢(x, u)Tw +b.
Using the TD(0) learning, the critic update follows by

w1 = wi + Bel(er — J(K) + d(@pp1, 1) " we + b — d(we,up) " wi — b)] (e, ug),  (16)

where (3; is the stepsize of the critic and K denotes the policy under which the state-action pairs are
sampled. Note that the constant b is not required for updating the linear coefficient w.

Taking the expectation of w;; in (I6) with respect to the stationary distribution, conditioned on wy,
the expected subsequent critic can be written as

Elwiti|we] = we + Be(bx — Arwy), o))

where
Ak =B [o(z, u)(¢(z,u) — ¢(2',u) "], b = By [(c(z, u) — J(K))d(z,w)].  (18)

Note that for ease of exposition, we denote (z’,u’) as the next state-action pair after (x,u) and
abbreviate E, ), u~rg (-|2) @S Bz u)-

Given a policy 7, it is not hard to show that if the update in (I7) has converged to some limiting
point wy,, i.e., lim; o wy = Wi, Wy, must be the solution of Axw = bg.

Proposition 3.1. Suppose K € K. Then the matrix Ay defined in (I8) is invertible and Axw = by
has a unique solution wy, that satisfies

wi = svec(Qg). 19)
where Q is defined in (I3)).
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Combining (13), (13)), and (19), we can express the natural gradient of .J(K) using wj:
VEJ(K) = Q2K — Q% = smat(w} ) K — smat(wj)*.

This allows us to estimate the natural policy gradient using the critic parameters w;, and then update
the actor in a model-free manner

—

Kt+1 = Kt — atV%tJ(Kt), (20)

where a is the actor stepsize and V%f J(K) is the natural gradient estimation depending on w;:

—

V%tJ(Kt) = smat(wt)22Kt — smat(wt)m. (21)

Furthermore, we introduce a cost estimator 7, to estimate the time-average cost J(K;). Combining
the critic update and the actor update (20), the single-sample single-timescale natural AC for
solving LQR is listed below.

Algorithm 1 Single-Sample Single-timescale Natural Actor-Critic for Linear Quadratic Regulator

1: Input initialize actor parameter Ky € K, critic parameter wg, time-average cost 7y, stepsizes
«ay for actor, (3, for critic, and ; for cost estimator.

2: fort=0,1,2,--- , T —1do

3:  Sample x; from the stationary distribution pg,.

4:  Take action u; ~ g, (-|z;) and receive ¢; = c(x¢, u;) and the next state ;.
5:  Obtain u; ~ 7g, (+|z}).

6:  TD error calculation: §; = ¢; — n; + ¢(x}, u}) Twy — (e, up) Ty

7: Cost estimator update: 7,41 = 1t + Yye(ce — M)

8:  Critic update: wy 1 = g (we + Beded (e, ut))

9:  Actor update: K;y1 = K; — ay(smat(w;)?? K; — smat(w;)?!)
10: end for

Note that “single-sample” refers to the fact that only one sample is used to update the critic per actor
step. Line 3 of Algorithm [T| samples from the stationary distribution induced by the policy 7, ,
which is a mild requirement in the analysis of uniformly ergodic Markov chain, such as in the LQR
problem (Yang et al.l|2019). It is only made to simplify the theoretical analysis. Indeed, as shown in
Tu & Recht| (2018)), when K € K, (8) is geometrically S-mixing and thus its distribution converges
to the stationary distribution exponentially. In practice, one can run the Markov chain in a
sufficient number of steps and sample one state from the last step. In addition, “single-timescale”
refers to the fact that the stepsizes for the critic and the actor updates are constantly proportional.

Since the update of the critic parameter in requires the time-average cost J(K3), Line 7 provides
an estimation of it. Besides, on top of (I6), we additionally introduce a projection (II) in Line 8 to
keep the critic norm-bounded, which is common in the literature (Wu et al.l 20205 Yang et al., 2019
Xu et al.,|[2020). In our analysis, the projection is relaxed using its nonexpansive property.

4 MAIN THEORY

In this section, we establish the global convergence and analyze the finite-time performance of Al-
gorithm|[I] All the proofs can be found in the Appendix

Before preceding, we make the following standard assumptions.
Assumption 4.1. There exists a constant K > 0 such that ||K;|| < K for all t.

The above assumes the uniform boundedness of the actor parameter (Konda & Tsitsiklis, [1999;
Karmakar & Bhatnagar, [2018}; [Barakat et al.| 2022} [Zhou & Lu, [2022). As can be seen from our
proof, it is only made to guarantee the boundedness of the feature functions, which is a standard
assumption in the literature of analyzing AC with linear function approximation (Xu et al.l 2020;
‘Wu et al.| 2020; Zhou & Lul 2022).

Assumption 4.2. There exists a constant p € (0,1) such that p(A — BK;) < p forall t.
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Assumption [4.2] is made to ensure the stability of the closed loop systems induced in each iteration
and thus ensure the existence of the stationary distribution corresponding to policy 7mg,. In the
single-sample case, the estimation of the natural gradient of J(K) can be highly noisy and biased.
In general, it is difficult to obtain a theoretical guarantee for this condition. Nevertheless, we will
present numerical examples to support this assumption. Moreover, the assumption for the existence
of stationary distribution is common and has been widely used in |Chen et al.| (2021); |[Zhou & Lu
(2022); |Olshevsky & Gharesifard| (2022).

Under these two assumptions, we can now prove the convergence of Algorithm [I] which consists of
three estimators: 7y, w;, and K.

Theorem 4.3. Suppose thatAssumptionsand hola’ and choose oy = \/%7 B = = ﬁ

where c,, is a small positive constant. With probability at least 1 — 10719, we have

! TﬁlE J(K))? =0 b
7 2 Bl ~ (K =00 ),
LN By —wie |F ~0(-)
T t=0 ' e \/T 7
. . 1
OISQIET]EU(KJ = J(K")] :O(ﬁ)'

The theorem shows that the cost estimator, the critic, and the actor all converge at a sub-linear rate
of O(T’%). Correspondingly, to obtain an e-optimal policy, the required sample complexity is
0(6*2). This order is consistent with the existing results on single-timescale AC (Fu et al., 2020;
Chen et al., [2021; |Olshevsky & Gharesifard, [2022)). Nevertheless, our result is the first finite-time
analysis of the single-sample single-timescale AC with a global optimality guarantee.

4.1 PROOF SKETCH

The main challenge in the finite-time analysis lies in that the estimation errors of the time-average
cost, the critic, and the natural policy gradient are strongly coupled. To overcome this issue, we view
the propagation of these errors as an interconnected system and analyze them comprehensively.
To see the merit of our analysis framework, we sketch the main proof steps of Theorem [4.3] in
the following. The supporting propositions and theorems mentioned below can be found in the
Appendix.

We define three measures A(7T'), B(T'), C(T') which denote the average values of the cost estimation
error, the critic error, and the square norm of the natural policy gradient, respectively:

1 T-1 1 T-1 1 T-1
A(T) = > By}, B(T) =7 Y Ellal, O(T) = 7 D ElEx | 2
t=0 t=0 t=0

where y; := 1, — J(K) is the cost estimation error and z; := w; — w; with w} := w}(t is the critic
error. Note that g, = V],\{’tJ (K%) is the natural policy gradient according to ti
We first derive implicit (coupled) upper bounds for the cost estimation error ¥, the critic error z;, and

the natural gradient E'g,, respectively. After that, we solve an interconnected system of inequalities
in terms of A(T), B(T'), C(T) to establish the finite-time convergence.

Step 1: Cost estimation error analysis. From the cost estimator update rule (Line 7 of Algorithm
EI), we decompose the cost estimation error into:

Yir =1 = 29097 + 2vewe(cr — J(Ky)) + 202 (J(Ky) — J(K41))
+ [J(Ky) = J (K1) 4+ ve(ee —ne)]* (23)

The second term on the right hand side of (23) is a noise term introduced by random sampling
of the state-action pairs, which reduces to 0 after taking the expectations. The third term is the
variation of the moving targets .J(K) tracked by cost estimator. Itis bounded by y4, z:, Ex, utilizing
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the Lipschitz continuity of J(K;) (Proposition [A.6), the actor update rule (21, and the Cauchy-
Schwartz inequality. The last term reflects the variance in cost estimation, which is controlled by a
high probability bound of ¢; (Proposition [A.4).

Step 2: Critic error analysis. By the critic update rule (Line 8 of Algorithm|[I)), we decompose the
squared error by (neglecting the projection for the time being)

H«Zt+1||2 :H2t||2 + 2B¢ (2, B(wtv Ky)) + 28 A (O, wi, Ky) 4 28 (2, Ah(Og, 11, Ky))
+ 2(z,wf — wiyy) + 1B (R(Or, wi, Ky) + AR(Oy, me, Ky)) + (wff — wiy )P, (24)

where the definitions of h, h, Ah, A, and O; can be found in in the Appendix. The second term
on the right hand side of is bounded by —u| 2¢||?, where u is a lower bound of oyin (A, )
proved in Proposition[A.8] The third term is a random noise introduced by sampling, which reduces
to 0 after taking expectation. The fourth term is caused by inaccurate cost and critic estimations,
which can be bounded by the norm of y; and z;. The fifth term tracks the difference between
the drifting critic targets. We control it by the Lipschitz continuity of the critic target established
in Proposition The last term reflects the variances of various estimations, which is bounded by
the diminishing /3.

Step 3: Natural gradient norm analysis. From the actor update rule (Line 9 of Algorithm [I)) and
the almost smoothness property of LQR (Lemmal|A.11), we derive

1 .
2Tr(DKt+1EI—;,,EKt) :OTt[J(Kf) - J(Kt-‘rl)] - QTI(DKt+1 (EKf - EKt)TEKt)

+ a;Tt(Dx,,, Ef,(R+ B" Pg,B)Ex,), (25)

where EKt denotes the estimation of the natural gradient Eg,. The first term on the left hand
side of can be considered as the scaled square norm of the natural gradient. The first term
on the right hand side compares the actor’s performances between consecutive updates, which is
bounded via Abel summation by parts. The second term evaluates the inaccurate natural gradient
estimation, which is then bounded by the critic error z; and the natural gradient E'x,. The last term
can be considered as the variance of the perturbed natural gradient update, which is controlled by
the diminishing stepsize.

Step 4: Interconnected iteration system analysis. Taking the expectation and summing 23)), 24),
and (25) from 0 to 7' — 1, respectively, we obtain the following interconnected iteration system in
terms of A(T"), B(T), C(T):

1

A(T) <O(—=) + bB(T) + bC(T),

3

B(T) g(’)(%) +d\/A(T)B(T) + eC(T), (26)
o(T) go%) + g/ BI)C(D),

where b, d, e, g are positive constants. By solving the above system of inequalities, we further prove
that if bd? + bd%g® + 2eg® < 1, then A(T), B(T),C(T) converge at a rate of O(T ). This
condition can be easily satisfied by choosing the stepsize ratio c, to be smaller than a threshold

defined in (52).

Step 5: Global convergence analysis. To prove the global optimality, we utilize the gradient dom-
ination condition of LQR (Lemmal[A.T2),
1
J(K)—J(K*) < ——||Dk~
(K) = J(K") < 1D

This property shows that the actor performance error can be bounded by the norm of the natural gra-
dient (that is, Tr(E}; Exc)). Since we have proved the average natural gradient norm C(7T') converges
to zero, summation over both sides of the above inequality yields

(ég%EUUQ)—Ju(Hzixv?%

which is the convergence of the actor performance error. We thus complete the proof of Theorem4.3

Tr(Ej Ek).
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5 EXPERIMENTS

We provide two numerical examples to illustrate our theoretical results. The first example is a two-
dimensional system and the second example is a four-dimensional system (See Appendix [D]for the
system matrices and other settings). The performance of Algorithm[I]is shown in Figure [I| where
the left column corresponds to the first example and the right column to the second example. The
solid lines plot the mean values and the shaded regions denote the 95% confidence interval over 10
independent runs. Consistent with our theorem, Figure @] shows that the cost estimation error, the

critic error, and the actor performance error all diminish at a rate of at least T—z. The convergence
also suggests that the intermediate closed-loop linear systems during iteration are uniformly stable.

We also compare Algorithmﬂ] with the zeroth-order method (Fazel et al.,|2018)) and the double-loop
AC algorithm proposed in (Yang et al.,[2019) (listed in Algorithm[2|and Algorithm [3| respectively,
in Appendix D). We plotted the relative errors of the actor parameters for all three methods in Figure
[I(d)] Algorithm [T demonstrates superior sample-efficiency compared to the other two algorithms,
which is well supported by our theoretical analysis.

2
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(b) Comparison of Algorithm[I]with two other algorithms

Figure 1: (a) Learning results of Algorithm Here the cost estimation error refers to % ZtT:*OI (ne —

J(K))?, Critic error refers to + Zth_Ol lws — wi,||?, and the Actor performance error refers to

T f:_ol [J(K:) — J(K™*)], corresponding to the conclusion in Theorem empirically. (b) Com-

parison of Algorithm |1|with two other algorithms. The plots are the actor error || K — K*||p.

6 CONCLUSION AND DISCUSSION

In this paper, we establish the first finite-time global convergence analysis for the single-sample
single-timescale natural actor-critic method under the Linear Quadratic Regulation (LQR) setting.
Our work is the first one adopting the simplest single-sample single-timescale structure for solv-
ing LQR, which may serve as the first step towards understanding the limits of the AC(NAC) on
continuous control task. We provide a novel analysis framework that systematically establishes the
convergence of actor and critic simultaneously. Our framework can be extended to analyze other
single-timescale reinforcement learning algorithms.
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A PROOF OF MAIN THEOREMS

We choose stepsizes oy = \/‘:1—“?, By = = ﬁ Additional constant multipliers cg, ¢, can be

considered in a similar way. Before proceeding, we define the following notations for the ease of
presentation:

Bre, =V J(K), @7
AR(O,n, K) := [J(K) = n]¢(z,u),
h(0,w, K) = [e(x,u) — J(K) + (¢(a’,u) — ¢(z, ) "w]g(z, u),
h(w, K) = B uy(pe mic [, 1) = T(K) + (62’ 0) — d(a, u)) T w]e(a, u)).

AO,w,K) = (w — wk, h(O,w, K) — h(w, K)).

In the sequel, we establish implicit (coupled) upper bounds for the cost estimator, the critic, and the
actor in Theorem [A77] Theorem [A-T0| and Theorem [A:T3] respectively. Then we prove the main
Theorem 43| by solving an interconnected system of inequalities in Appendix [A.4]

Before start, we define two notations which are frequently used in our proof.

Definition A.1. For any symmetric matrix M € 8™, we define the vector svec(M) € Rz (D) g
svec(M) = (mq1, V2mat, -V 2mp1, Mas, V2mse, -,V 2mips, - - M) |

We further define its inverse smat(-) such that

smat(svec(M)) = M.

A.1 COST ESTIMATION ERROR ANALYSIS

In this section, we establish an implicit upper bound for the cost estimator 7);, in terms of the critic
error and the natural gradient norm.

We first give an uniform upper bound for the covariance matrix D, .

12



Under review as a conference paper at ICLR 2023

Proposition A.2. (Upper bound for covariance matrix). Suppose that Assumption #.2 holds. The
covariance matrix of the stationary distribution N'(0, D, ) induced by the Markov chain in (I) can
be upper bounded by

C1

1Dk < —55
L- (552

D, || for all t, (28)

where cq is a constant.

Note that the distribution of state-action pair is unbounded so that the feature function is also un-
bounded. We can establish an upper bound for the tail probability of (z,u) by the Hansen-Wright
inequality, the proof of which can be found in|Rudelson & Vershynin|(2013).

Lemma A.3. (Hansen-Wright inequality). For any integer m > 0, let A be a matrix in R™*"™ and
let 7 ~ N(0, I,,)be the standard Gaussian random variable in R™. Then there exists an absolute
constant ¢ > 0 such that, for any 6 > 0, we have

—e-min{6? 2 -1
Pln" An — E(n" An)| > 6] < 2¢=cmin{07 1Al 701AI")

With this lemma, we can provide an uniform upper bound for the cost under high probability.

Proposition A.4. (Upper bound for cost). With probability at least 1 — 10710, for t =
0,1,2,--- T — 1, the cost satisfies

where

U =2¢2(0max(Q) + Omax(R) + 1)[02 +(1+ I_(Q)l | Do |]log(10) (29)

(= H” )?
and cs is a constant.

Hereafter, we use U as an upper bound for all cost ¢(z;, u;). As a consequence, we choose 779 < U
so that we have 7, < U for all ¢.

Lemma A.5. (Perturbation of Pk ). Suppose K' is a small perturbation of K in the sense that
O min D — — —
&~ i) < 2P =1 =1 (14 - B 1) 60)

Then we have

||PK/ PK” <60’

min (

Do) DI NRICAEIBI - [[A = B[ + [IK[[| B + DIIK — K.
Proof. See Lemma 5.7 in|Yang et al.|(2019) for a detailed proof. O

With the perturbation of Pk, we are ready to prove the Lipschitz continuous of J(K).

Proposition A.6. (Local Lipschitz continuity of J(K)) Suppose Lemma holds, for any
Ky, Ky 1, we have

|J (K1) — J(K)| < L[ Ky — Kl

where

_ D, |?
ll Z—GCldKO'm"ll (D()) ”(IJFP)Z
2

IRI(ENBIIAN + K[IBIl +1) +1). 31
Equipped with the above propositions and lemmas, we are able to bound the cost estimation error.
Theorem A.7. Suppose that Assumptions and hold and choose o, = \/%’ B = v =
ﬁ, where c,, is a small positive constant. With probability at least 1 — 1070, we have

T—

Z < (43(K +1)%0%E + 30?)
t=0

30~

l1Co l1Co =

1Ca 2 1Ca 2

—_— E —_— E|E . (32
# O B+ SR (D
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Proof. From line 5 of Algorithm[I] we have

Yirr = + J(Ke) = J (K1) +ve(ee —m))°
<yi + 2veye(ce = ne) + 200 (T(Kr) = J(Kig)) + 2(J (Kp) = J(Kis1))? + 297 (e = m0)?
=(1 = 29)y7 + 2vee(ce — J(EKr)) + 207 (ce — 1) + 2y (T (Ke) — T (Ki41))
+ 2(J(Ky) — J(Ki41))2

Taking expectation up to (x4, u;) for both sides, we have

Ely?, 1] <(1 — 27)Ey? 4+ 2viE[ye (¢, — J(K1))] + 272E(c; — mi)? + 2By (J (Ki) — J (K1)
+ 2E(J(Ky) — J(Ki41))2

To compute E[y;(c; — J(K}))], we use the notation v, to denote the vector (z, us) and vg.; to denote
the sequence (o, ug), (1,u1),- - , (xt, us). Hence, we have

Elyt(ci — J(K4))] =Euy., [ye(ce — J(K1))] = Eog, Bug., [ye(er — J(K))vo:e-1]
Once we know vg.;—1, ¥ is not a random variable any more. Thus we get

Eovg., B, [ye(c: — J(K3t))|vo:s—1]
:Evo:t—lytE’Un;t [(Ct - J(Kt))|UO:t71]
:EUO:t—lytE'Ut, [Ct - J(Kt)‘UO:t—l]
=0

Hereafter, we need to verify Lemma @ first and use the local Lipschitz continuous property of
J(K) provided by Propositionto bound the cost estimation error. Since we have

[ K1 — K¢l = o] (smat(w; ) ** Ky — smat(w;)*!) ||,
to satisfy (30), we choose

(1- (#)%Umin(DO)

“ = 3e 1D, BN + 4] + KIBI(E + o &9
Hence, according to the update rule, we have
[ Kis1 — Ki|| =o||(smat(wy)** Ky — smat(w;)*") |
s(lj—“t)é<f?||smat<wt>22|| + [|smat(ewr)?! )
< g Klleell + el
g(liiat)&(f{ D)o
(1= (452)%)0min(Do) 1

= 4ei [ D, 1B (X + [[A] + KJIB]) (1 +1)°
<Zmn0)) | B (1A - B+ 1), 34

where the last inequality comes from (28). Thus Lemma [AZ5] holds for Algorithm[I} As a conse-
quence, Proposition [A.6]is also guaranteed.

14
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Combining the fact 2v¢E[y.(c; — J(K}))] = 0, we get
Elyi1] <(1—29)By; + 2By, (J(K) — J(Ki1)) + 2E(J (Ky) = J(Ki41))? + 277 E(e — i)

ﬂt)2

)
<(1 = 2v¢)By; + 2E|y||J(K;) — J(Kiq1)| + 2E(J(Ky) — J(Ki41))? 4 277 E(ce — me)?
<(1 = 29)By; + 2L Elye|[| K¢ — Ky || + 2E(J(Ky) — J(Ki41))? + 297 E(ce — me)?
<(1 = 29)Ey? + 2l Elye|| Exc, || + 2E(J(Ky) — J(Kp41))? + 297E(ce — i)
<(1—2v)Ey} + 2hovBly| | Ex, — Ex, + Ex,|| + 2E(J(Ky) — J(K41))?
+ 2% (ce — me)?
<(1 = 2v¢)By; + 21 0¢B[(2K? + 2)|ye[| e ]| + [l || Exc, [[] + 2B(J (Ky) — J(Kp41))?
+ 2% E(ct — )
<(1 = 27)By; + 2L B2(K? + 1)%07 + |21 /2 + 47 /2 + || Bk, |1 /2)
+ 2E(J(Ky) — J(Ki41))? 4 297E(ce — mi)?
_ 1
<(1—(2v; — 21101,5(2(1(2 + 1)2 + 7)))]Eyt2 + llatIEHthQ + Lo E|| Fk, ||2
+ 2]E(J(Kt) — J(Kt+1)) + Q’Yt E(Ct — T]t) 5
where we use the fact that
I1EK, — Bk, || < 2(K + 1)|wy — ;|-
Choose c,, small enough such that
_ 1
2hea(2K? +1)%+5) < 1. (35)
Then we get
_ 1
v > 20 (2(K? +1)% + 5).
Thus we have
Ely7, 1] <1 —v)By; + houB| 2| + haE[| Bk, ||* + 2E(J (K;) — J(Ki41))? 4 297 E(c
Rearranging and summing from 0 to 7' — 1, we have
T-1 -1 -1, T—1
DBy <> —E; —yi)+ Y —EJ(K) = J(Ki1) + > 2%B(e —m0)°
t=0 =0 It t=0 It t=0

I Iz
T-—1 T-—1

+ llca Z E||Zt”2 + llca Z EHEKtHZ

t=0 t=0

I3

In the sequel, we need to control I, I, I3 respectively. For I7, following Abel summation by parts,

we have

-1
= Z TE(y? - yt2+1)

=Z —— —BGD) + 2 E) -

Tt Tt—1 0 YT-1

15
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where we use the fact that |y;| < U. For I, we get

L=>" 3]E(J(Kt) — J(K41))?

T-1
< 23(K +1)%w? Z L2
—o 1t

For I3, we have

T-1
Is =Y 7E(ce —m)
=0
T-1
< 1U?
=0
<20°VT

where we use the fact 0 < ¢;,n; < U derived by Proposition

Combining all terms together, we get

T-1 T-1
ZEyt <MK +1)°0°¢ + 30T + lica Y Ellzil|” + lica > Bl Ex, ||*.
t=0 t=0 t=0

Dividing by 7', we have

1 l Cq l Ca
- ZE% < (AB(K +1)%0%2 + 30%) — + 17 ZEH%W Lo ZEHE}QHQ

t=0 t=0 t=0

Thus we finish our proof. O

A.2 CRITIC ERROR ANALYSIS

In this section, we derive an implicit bound for the critic error, in terms of the cost estimator error
and the natural gradient norm. First, we need the following propositions.

Proposition A.8. For all the K,, there exists a constant v > 0 such that
Umin(AKt) Z M.

Proposition A.9. (Lipschitz continuity of w{) For any wf,wj, ,, we have

|wi — wiprll < ol Ky — Kiqall, (36)

where
ly =6c,d2 K (]| A B2_1DMKBAKB 1) +1 37
2 =6c1d2 K (|| Al + || B||)? 0, o)l_(lﬂ)g( IBI[(I[All + K[| B + 1) + 1). (37
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Theorem A.10. Suppose that Assumptions and hold and choose o; = \/‘31—‘*?, By = v =

\/11?, where c,, is a small positive constant. With probability at least 1 — 10~'°, we have

1 laca
- ZIEIIzzsII2 U4<1 +20)% + @2 + Bcd) —= vl L ZIEHEKJI2

~

-1 T—
Eyél

)_.

El|2]|2)%. (38)

t=0

U(

t\w
el

t

Il
o

Proof. Since we have Ag,w; = bg,, where bk, = E(y, u,)[(c(zs, us) — J(K¢)) (w4, ug)], we can
further get

o | = 1A%, bxc. |
1
< =Ullo(@e, ue)||
I3
<12,
where in the last inequality, we use the fact that

ol =1 () 7 Dl

—1 () @
<a((}) ")

= ll2lf* + flul®

Hence, we set
w=-U? 39)
such that all w; lie within this projection radius for all £.

From update rule of critic in Algorithm[I] we have

wir1 = g (Wi + b (e, ur)),
which further implies

Wit — wipy = Hg(we + Bede (e, ur)) — wipy-
By applying 1-Lipschitz continuity of projection map, we have
lwrpr — wipall =Te(wr + Bedid (@, ur)) — wips |l
= (we + Beded(ae, ur)) — Ha(wip)||
<lwt + Bedrd(we, ur) — wiyq||

=|lwr — wi + B0 p(se, ar) + (wi —wiyq)|l-
This means

21 1? <llze + Bebed(se, ar) + (wi —wiyy)I?
=z + Be(h(Op, wi, Ky) + AR(Og, 1y, Ki)) + (wi — wip)|?
=[lz¢|1? + 281 (20, M(Or, wi, Ki)) + 2B1(2e, AR(Op, 1, Kt)) + 2(20, ) — wiys)
+ [18:(h(Or, we, Ki) + Ah(Or, i, K)) + (wp — wipy)|I
=[lz¢|1* + 28:(z0, h(we, Ki)) + 28: MOy, wi, Ki) + 281 (20, AR(Or, e, Ky))
+ 2(z, wi — wiy1) + 1Be(R(Og, wi, Ky) + AR(Oy, me, Ky)) + (wf — wipy) )
<[|zel|? + 28 (21, h(we, Kp)) + 2B:A(O, we, Ky) + 2B¢ (26, Ah(Oy, e, Ky))
+ 2z, wi — wiyy) + 267 1O, wi, Ki) + AR(Or, me, Ki)) |1 + 2||w; — wiyy |12

17
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From Proposition we know that opin(Ak,) > w for all K. Then we have
(z¢, h(we, Ky)) = (24, bg, — Ak, wi)
= (z1,bx, — Ag,wy — (bi, — Ak, wy))
(2, —AK, 2t)
= —thAKtzt
— =],
where we use the fact Axw};, — bk, = 0. Hence, we have
Ize1ll® <(U=2uBe)l12)1* + 28:A(Or, wi, Ki) + 28426, AR(Oy, 1, Kr)) + 2(20, w) — wiys)
+2804 (1 + @)% + 2|lwf — wip |,
where we use the fact that
[7(Or, wi, Ki) + AR(Oy, e, K3))|
=[l (e, ue) = ) (@, we) + (D), up) — b, ue)) Twid(we, )|
<|[(e(ws, ue) = ne)d(we, ue) | + (Bt uy) = d(we, ur)) Twid(@s, uy)|
<U? +20%
=U?%(1+ 2w).
Taking expectation up to (x4, u;) and noticing that
E[A(Or,wi, Ky)] = E [(wi — wi,, h(Oy,wy, Ki) — h(we, Ky))]

Vo:t

E E [{(w: —wk,, (O, wi, Ki) — h(we, K¢))|vo:¢—1]

Vo:t—1 Vo:t

= E (w: —wk,, E[MOs,w, Ki) — h(wy, Ki)|vo:e—1])

Vo:t—1 Ut

:07

IN

we get
Ellzesl® <1 — 2uB)E| 2] + 28E(ze, AR(Op,me, Ky)) + 2B (2, wf — wyfyy)
+ 2E||wf — wi 4 |* + 207 (1 + 20)° 87 (40)
Therefore, using ||AR(Oy, ¢, Kt)|| < Ulyz|, we can further rewrite (40) as
Ellz1]2 <(1— 2080 Bl + 2Bz, wf — wiyp) + 20 BBl
+ 28204 (1 + 22)° + 2E|lw} — iy |1
Based on (36), we can rewrite the above inequality as
Ellze1l® <(1—2uB)E|2el|* + 20 BiElye[|ze || + 202El| ||| Kt — Kega |
+ 204 (1 + 2w)* B} + 213E|| Ky — Ky 42
<(1 = 2uB)E||z|* + 20 BiElyi |22l + 2lacuB| 2 ||| B, |
+ 204 (1 + 2w)* B} + 213E|| K} — Ky pq?
<(1 = 2uB)E||z:|* + 20U BElys || z:]| + 2ocwB| 2 ||| Exe, — Exc, + Eic, |
+ 204 (1 + 2w)* B} + 2I3E|| Ky — Ky 42
<(1—2pB0)E| ze))* + 2ei Bl 20| Exe, — Exe, || + |2l B, |]
+ 2U BiE|ye| || 2¢|| +20*(1 + 2w)? 87 + 23E|| Ky — Ky

=l |, 1B, |

<(1 = 2uB)E||2t||? + 22 E[2(K + 1) 2> + B ) ]
+ 20 BeElye|l|ze ]| + 20* (1 + 20)* 87 + 2B3E|| Ky — Ky 1]
<(1 = 2uB)E|z]* + 20U BiElye ||| 2¢ || + (4K + 5)loc |z ||

+ by Bl Ex, || 4+ 2(U*(1 + 2@)% + 13¢2) 32 41

18
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where the second inequality is due to || Ky — K11 < 1+t)5 = ¢33 from ( , where

(1 - (ligp)Q)Umin(Do}
der|| Do [[||BII(1 + [|All + K| B])

C3 = (42)
Choose c,, small enough such that
(4K + 5)laca < p. 43)

Thus we can rewrite 1] as

Ellze1]? (1 — pB)E|2e)1* + 20U BElye|[|ze]| + locw E|| Exc, |2
+2(U%(1 + 2w)% + 13¢2) 32

Rearranging the inequality and summing from 0 to 7" — 1 yields

iz Z Ellz| < Z E (lzel* = llzeall®) +20 Z Elye|l[z¢]| + laca Z E| Ex,|?

t=1 =0 =0
T-1
+2(0(1+20)° +1563) ) B
t=0
T— T-1 T-1
Z E (l2ell® = llze411%) +20 Y Elyslllze| +laca Y EllEx, |
=0 =0 =0
I I

+ 4(U*(1 + 20)% + BA)WVT.
orc We need to control /7 and Is, respectively.

For term I, from Abel summation by parts, we have

T-1 1 ) )
I :Z E]E(II%II = llze4111%)

= Z 5~ 5 ElalP + - Ellaol® - - —Ejerl?
f T—
T-1
1 1 1
< — — —)E||z||? + —E||20||?
;% S Bl + 2 Elol
T-—1
11 1
<4@? = + =
QG -50%3
1
—4>
Br-1
=4 VT.

For I, from Cauchy-Schwartz inequality, we have

ZE@HH%H
t=0
-1
1 1
<D (EyP)? (Ellz]*)*

t=0
BE ZEHztn .

’ﬂ

~
Il
o

19



Under review as a conference paper at ICLR 2023

Combining the upper bound of the above two items, we can get

lQCa
ZIEIIZtII2 U4(1+2w) o + BEVT ZIEIIEKfII2

T—1 T—1
— 1 1
SO Ey)* (Y Ell=|®)?
t=0 t=0
Dividing by 7', we have

1 locy
—f§jEnan2 U%1+2w>-+w +zﬂa4——+—ﬁif§jEuEKm2

!

-1

Ey7)? (

'ﬂ

1

o L3 B,

“;\I\D
Nl =

t

Il
<

t

Il
<

which concludes he convergence of critic. O

A.3 NATURAL GRADIENT NORM ANALYSIS

In this subsection, we derive an implicit bound for the natural gradient norm in terms of the the critic
error. Before proceeding, we need the following two lemmas, which characterize two important
properties of LQR system.

Lemma A.11. (Almost Smoothness). For any two stable policies K and K', J(K) and J(K')
satisfy:

J(K') — J(K) = —2Tr(Dg (K — K') " BExg) + Tr(Dg: (K — K') " (R+ B Pg B)(K — K')).
Lemma A.12. (Gradient Domination). Let K* be an optimal policy. Suppose K has finite cost.
Then, it holds that

1
amm( )
Theorem A.13. Suppose that Assumptions and hold and choose a; = \/%, B =m =
\/11?, where cq, is a small positive constant. With probability at least 1 — 107'°, we have

Omin(Do)||R + BT P B|'Tr(ELEx) < J(K) — J(K*) < | D g+

U+2C462 1 C5K+1 1 l
E|Ek |? < (———22 )y — E )2 ( E|E z,
Zum o D) T2 " Do) an an

(44)

Proof. Combining the almost smoothness property, we get
J (K1) — J(Ky)
= —2Tr(Dg, ., (K; — Ki11) ' Ex,) + Tr(Dk,,, (K; — Ki41) (R + B Py, B) (K — Ky41))
= —204Tt(Dg,,, Ef, Ex,) + ofTt(Dx,,, E, (R + B" Px, B)Ex,)
= —20yTr(Dx,,, (Ex, — Ex,)" Ex,) — 20¢Tr(D,,, E, Ex,)
+a}Tr(Dx,,,Ef,(R+ B Px,B)Ek,).
By the similar trick to the proof of Proposition[A:2] we can bound Pk, by

| P, | SWHQ + K"RK||
<Cl (Umax(Q) + K2UmaX(R))
- 1— (M)z ’
2
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where ¢; is a constant. Hence we further have
Tr(Dk,,, Ek,(R+ B Pg,B)EK,)
<d|| Dk, |[IIR+ B' Pk, B||| Ex, |

2-2 ClHD ” 2 C Umax(Q)"'KZO'max(R))

<K + 1% e (Omes(B) +o2,(B) L

where we use | F, ||r < (K + 1)@. Hence we define ¢, as follows

_ 2-2 c1]| Do || 2 ¢1(Omax(Q) + K2UmaX(R))
Cyq —d(K + 1) @(Urnax(fa + gmax(B) 1_— (igp)z ) (45)
Then we get
J(Kiy1) — J(Ky)
< - QQtTI‘(DKH_l (EK,, — EKt)TEKt) — 2atTr(DKt+1EI—EtEK1,) + C40¢?
2¢1dz || D,
<a 2210 B i, B | - 2D i P+ a0
P
=c50t|| Ex, || Bx, — Exc, || = 20:0min(Do) | Exc, ||* + cac?,
where
3
— 261d2||D(7'|| (46)
1—(552)?
Taking expectation up to (x4, u;) and rearranging the above inequality, we have
E[J(K) — J(Kty1)] « Ca0uy
E|Exk,|?* < E|FE Eg, — FE —_—.
i < St B+ o e Bl B, — B+ 5
Summing over ¢ from 0 to 7" — 1 gives
Z B x| < Z USLS S B 1k, - P
K 2atgm1n(D0) 2O'mm(l)o =0 K Ko T
Il 12
CqCq
+— = VT.
Umin(DO)
For term I;, using Abel summation by parts, we have
T—
Zl E[J(K) = J(Kp)
=0 2at0min(DO)
S (S - )+ L) - — e
20min(Do) "= o T s g
) o T—1(i 1 1
T 20min(Do) = a1’ o
U 1
20min(Do) ar—1
U
- JT.
2Cazo'min(-DO)
For term I, by Cauchy-Schwartz inequality, we have
T-1 R T-1 LTl
> E|Ek|l|Ex, — Ex,| < (Y _E|Ek,|*)? () E|Ex, — Ex,|?)?.
t=0 t=0 t=0
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Combining the results of I; and I», we have

U+26 C2 T—1 T—1
BB ||2 <(— 2% E|Exk,|?)? E|Ex — Ex ||?)2
Z [ Ex, (QUmm(Do)ca)er p— Do ; 1Bk, )7) (; |Ex, — Ex, )

)ﬂ

U + 2¢4c? es(K +1) , = .
_(20min(DO)ca)\/>+ Jmin(DO) (t ”th 2 Z H Ki” :

Dividing by T, we get

T—1
U + 2¢4c? 1 es(K + 1 1,1 1
E|Ek,|? < (— i) — + — Ellz:|*)2 (= E|Exk,|)>.
Z || Kt” 20min(D0) )\/T Umin DO Z || t” T s || K H
Thus we conclude our proof. O

A.4 INTERCONNECTED ITERATION SYSTEM ANALYSIS

From the definition in[22] we have

T-1
1

_TE Ey;, B( E IEHZtH2 E IE||E1<t|\2 47
t=0

In the following, we give an interconnected iteration system analysis With respect to A(T), B(T)
and C(T).
Theorem A.14. Combining (32)), (38) and [@4), we have

A(T) = O(—=). BIT) = 0(—7=). C(T) = O

Proof. From (32), (38) and {@4), we have

A(T) <(43(K 4 1)%@ c2+3U2)ﬁ+llca (T) 4 l1coC(T),

4 | laca
B(T) <=(U*(1 4 20)2 + @* + 13¢2) f+ 24 2% o,
1

U+2cc? 1 cs(K +1)
20min(D0)Ca) + B(T)C(T).

\/T Omin (D 0 )
For simplicity, we denote

)- (48)

C(T) <(

_ o1
a=(413(K +1)%0%c2 + 3U%)

VT’
b :Zlcav
1
(U1 4202 + @2 + 23—
M( ( )? 2 3)\f
a=20,
o
lQCa
€E=—",
IJL7
Fo U + 2cqc, i
20m1n(D0)Ca \/T7
_C5(K + ].)
Umin(DO)
Thus we further have
A(T) <a+ bB(T) + bC(T), (49)

B(T) <c + d\/A(T)B(T) + eC(T)
C(T) <f + g\/B(T)C(T).
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Then we have
B(T)<c+ 5 (d2 (T) + B(T)) + eC(T),

B(T) < 2¢+ dQA( ) + 2eC(T). (50)
For C(T), we get

O(T) < [+ 5 B(T) + O(T)),
C(T) <2f + ¢*B(T) (51)
Combining [49] 50| and [51] we have
B(T) <2c+d*(a+bB(T) + b(2f + ¢°B(T))) + 2e(2f + ¢*B(T))
=2c + ad® + 2bd® f + 4def + (bd® + bd*g* + 2eg?) B(T)
If bd? + bd?g> + 2eg® < 1, we have

2¢c + ad?® + 2bd% f + def
B(T) <
(T) < 1 — bd? — bd2g? — 2eg?

Note that

4 2B 17 2aca G(K +17
bd? + bdg? + 2eg? —llcaM—U2+l1 N B+ 17 2lac (K +1)

,LL2 mln( ) /14 mln(DO)
4 (K +1)2 23 (K +1)2
=co (1 =U%+1 —UQ
( 1'u2 mm(DO) mm(DO) )

Thus we can achieve bd? + bd?g? + 2eg? < 1 by choosing the stepsize ratio smaller than the
following threshold:

E(K+1)2 2K +1)?

4 _ 4 _
1/(h—U?+ 1, —U? 52
/(IMQ 1/1’2 mm(DO) mm(DO) ) 42
Therefore, we get
2c + ad? + 2bd? f + def 1
B(T) < - O(—
( )_1—bd2—bd292—2692 O(\/T)’
1
C(T) <2f + ¢*B(T) = O(—=),
(T) <2/ +¢°B(T) = O( )
1
A(T) <a+bB(T)+C(T) = O(—=).
(T) <a (T)+ (1) (\/T)
Thus we have
1 1 1
A(T)=0(—=), B(T) =0(—), C(T) = O(—),
(1) = O(—), B(T) = O(7=), (1) = O( )
which concludes the proof. O

A.5 GLOBAL CONVERGENCE ANALYSIS

Proof of Theorem

Proof. From gradient domination, we know that
D |E[Tt(Ef, Ex,)] < ———=

From the convergence of C'(T'), we know that

= Z E|Ex, |l =

E(J(K;) — J(K*)) < E||Ex [, (53)

)

%\
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Hence, we have

min W28 2 <
0<t<T Opmin(R)

d||DK*

ZEHEIQH (T)

Therefore, from @] we get

i * ].
OgntngE(J(Kt) — J(K*)) = O(ﬁ

Thus we conclude the proof of Theorem4.3]

B PROOF OF PROPOSITIONS

To establish the Proposition [3.1} we need the following lemma, the proof of which can be found in
Nagar| (1959); Magnus| (1978)).

Lemma B.1. Let g ~ N (0, I,) be the standard Gaussian random variable in R™ and let M, N be
two symmetric matrices. Then we have

Elg" Mgg' Ng] = 2Tr(MN) 4 Tr(M)Tr(N).
Proof of Proposition 3.1}
Proof. This proposition is a slight modification of lemma 3.2 in|Yang et al.| (2019) and the proof is

inspired by the proof of this lemma.

For any state-action pair (x,u) € R?*, we denote the successor state-action pair following policy
mx by (2’,u'). With this notation, as we defined in , we have

2 =Ax+ Bu+e, u =-Kzx' +o(.

where € ~ N(0, Dy) and ¢ ~ N(0, I;;). We further denote (z,u) and (2, u’) by 9 and ¥’ respec-
tively. Therefore, we have

¥ =LY +e, (54

where

L A B o Id L €
L= {—KA —KB} = [—K] [4 Bl e:= {—Ke—kag} :
Therefore, by definition, we have € ~ N(0, f)o) where

Ho_| Do —DoKT
"7 =KDy KDoKT + oI}

Since for any two matrices M and N, it holds that p(MN) = p(NM). Then we get p(L) =
p(A — BK) < 1. Consequently, the Markov chain defined in have a stationary distribution

N(0, D k) denoted by px, where D is the unique positive definite solution of the following Lya-
punov equation

Dy = LDgL" + D, (55)
Meanwhile, from the fact that z ~ A (0, D) and u = — Kz + o(, by direct computation we have

B[ Dx ~DgKT 7OO+IdDId
K= |-KDx KDgKT +o2I,| — |0 &%l Kl_K
From the fact that | AB||r < || A||¢||B]| and ||A]| < || A||r, we have
1Dkl < 1Dk [lr < o2k + || Dicl|(d + 1KIIF)-
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Then we get

Ew) [0, u)o(@,u) '] = By [0(9)0(0) ]
Let M, N be any two symmetric matrices with appropriate dimension, we have
svec(M) "Ey s, [6(9)p(9) " Jsvec(N)
= Ey~py [svec(M) T d(9)p(9) "svec(N)]
= Eop (997, M) (09T, N)]
=Eyj [0 M99 NV
= Eyno1a,lg” D> MD} 99" D> ND}g),
where D}(/Q is the square root of Dg. By applying Lemma we have
svee(M) "By [6()6(9) TJsvee(N)
“Eyn 010009 DI*MD}/* 99" Di/*ND}/?g)
=2Te(D}/?MDx ND}/?) + Te(D}*M D}/ Te(D}/ N D}/?)
=2(M, Dg N D) + (M, Dc)(N, D)
=svec(M) " (2D @, D + svec(D )svec(Dg) " )svec(N),
where the last equality follows from the fact that
svec(2 (NSMT + MSNT)) = (M @, N)svec(S).
for any two matrix M, N and a symmetric matrix S (Schacke],[2004). Thus we have
Egnjr [6(9)p(9) '] = 2D @, Dic + svec(Dic)svee(Dxc) "
Similarly
P(9') = svec[(LY +&)(LY +¢) ']
ec(LVY LT + Loe” —ed LT +ecT).
Since ¢ is independent of 1}, we get
Eorprc [0(9)6(0') ] = Egrepyc[@(9)svee(LI9 T LT + Do))-
By the same argument, we have
svec(M) " Egn i [0(9)(0") "Jsvec(N)
=Epjpye [(90 T, M)(LOY LT + Dy, N)]
=Egmppe [0T MO LT NLI) + (M, Dic ) (Do, N)]
“Egeno1.-0l9" DiMDjg9" DL NLDjg)
+ (M, Dg, )(Do, N)]
=2Tr(MDg LT NLDg) + Te(MDg)Tr(LT NLDy)
+ (M, D) (Do, N)
=2(M,DgL"NLDg) + (M, Dg)(LDg LT, N)
+ (M, Dic) (Do, N)
=2(M, D L' NLDk) + (M, Dk )(D, N)
=svec(M)" (2D LT @, Dx LT
+ svec(Dy )svec(Dx) T )svec(N),

25
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where we make use of the Lyapunov equation (33). Thus we get

Eomp [0(9)p(0) ] = 2D LT @5 D LT + svec(Dy¢)svec(Dye) . (57)
Therefore, combining (36) and (57), we have

Ag =2(Dg @5 Dg — DL" @5 D L")
=2(Dg ®s D)(I— LT @, L"),
where in the last equality we use the fact that
(A®s B)(C®s D) = %(AC’ ®s BD+ AD ®, BC)
for any matrices A, B, C, D. Since p(L) < 1,then I — LT ®, L is positive definite, which further
implies A is invertible.
From Bellman equation of () i, we have
(p(z,u),svec(Qx)) = c(z,u) — J(K) + (E[p(z’,u') |z, u], svec(Qx))-
Multiply each side by ¢(x, u) and take a expectation with respect to (z, u), we get
E[¢(z, u)(¢(x, u)~E[¢(z’, o)z, u]) "Jsvee(Qux) = Elg(e, u)(c(z, u) — J(K))].

We further have

E[(b(.’[?, u)(d)(m, u) - E[¢($/, u' |'T7 u])T}

where the first equality comes from the low of total expectation and
E[p(z, u)(e(z, u) = J(K))] = bx
Therefore, we get
AKSVCC<QK) = bK,

which implies w}; = svec(Qx ). Thus we conclude our proof. O
Proof of Proposition [A.2}

Proof. Since D, satisfies the Lyapunov equation defined in @), we have
Dk, =Y (A— BK;)*D,((A— BK;)")".
k=0
From Assumption we know that p(A — BK;) < p < 1. Thus for any ¢ > 0, there exists a
sub-multiplicative matrix norm || - ||, such that
|A— BEK¢[l« < p(A— BK;) +e.

Choose € = %, we get

1
|4 B < 2 <1.

Therefore, we can bound the norm of D, by

1Dk, |l < Y A = BE || Dol
k=0

< 1Dl Y (0
k=0

1
< IDa 1575
()
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Since all norms are equivalent on the finite dimensional Euclidean space, there exists a constant c;
satisfies

1Dk, || < 155 1 Dall,
1Ty
which concludes our proof. O
Proof of Proposition[A.4}
Proof. Since z; ~ N (0, Dg,) and u; = — Ky + 0(;, we denote the joint distribution of 9, =
(x4, us) by p, = N(0, Dk, ) where
D _ DKt _DKt [(t—r
Ke = \_K,Dg, KDk, K, + I,
-
o 0 0 Id Id
SNANTYITA S

Based on Lemma|A.3| for (z;,u;) ~ N(0, Dg,) with D, defined in (58], we obtain
PH”%&”% + HutH% o TT(DKt” > 0] < 2675-min{92|‘DKtHF_279HDK(5H_1}.

Choose = cylog(10)|| D, || with ¢y sufficiently large such that e, > 12 and 62|| D, || >

0||Dx,||~!, where we make use of the fact that || D, || is bounded. Hence we have the following
probability inequality

Pll[lze)13 + lluell3 — Tr(Dx, )| < c2log(10)|| D, ||] > 1 — 2e~c21os00),
We define the following event
Ay = {[l|lell3 + [luell3 — Tr(Dx, )| < c21og(10)|| D, ||}-
Then we have P(A;) > 1 — 2e~°¢21°8(10) > 1 —2.10712 > 1 — 10~ '". We further define
A = No<t<r-14;.

Thus we get ]P’(fl) > 1—10"10, In the sequel, we only consider the case when A holds. That is,
forany 0 <t <T — 1, we have

zell® + luell® < e2log(10)|| D, || + tr(Dx, )
< (calog(10) +d + k) || D, |
< 2¢5log(10)[| D, ||
< 2¢9l0g(10)[0%k + (d + || K¢[I7) | D, 1],

where the third inequality holds since we choose ¢, large enough such that ¢; log(10) > d + k and
the last inequality is due to the fact

IDr, || < o2k + (d + | KelIf) | Drc, |-
From Assumption we know that | K;|| < K, so we have
l24]|% + [Jue ]| < 2¢2log(10)[0%k + d(1 4+ K?)|| D, ||]. (59)
From Proposition[A.2] we know that

&]
Dk, | < ——355 1 Do -
T (R

Substitute || D, || into (39), we get

= C
lze]* + [luel* <2c2log(10)[0%k + d(1 + K?) 551041 (60)
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Notice that c(z,u) = 2T Qx + u " Ru, combine with , we get
c(wg,up) SUmaX(Q)thHQ + UmaX(R)||ut||2

§2C2(0max(Q) + Umax(R) + ]-)[UQk + d(]- + Kz)%p)”D ||] ( )

=U.
Thus we can use U as an upper bound to both c(z,u) and ||x¢||> + ||u¢||?, which concludes the
proof. O
Proof of Proposition [A.6}

Proof.
|J(Kt41) — J (K|
:|Tr<(PKt+1 - PKt)DU)
<d|| Do ||| Prc s — Pre. |l

<6d|| Do |0 in (Do) | Dxc N E MBI LN BINIA — BE:|| + 1 BI| + D Kewr — Ko
<6 dKff;li(Do)%IIRI(KBII(IIAI FRIBI 1)+ 1) Ko — Kol
=l || K1 — K],
where the second inequality is due to the perturbation of Pk in Lemmal[A5]and
I :6cldKa;i<Do>1_”Z;’ﬂj)2||R|<K|B||<||A|| +RIBI+1)+1).
Thus we finish our proof. ’ O
Proof of Proposition [A.8}

Proof. From Proposition 3.1} we know that
Ak, =2(Dg, ®s D, ) (I —LT @,LT).
By Assumption [4.2] we have p(L) = p(A — BK;) < p < 1. Then we have

| Agill = *ll(f LT ®, L") (Dk, ® Dk,) ||
1 —_ = -~ J—
< §||(I— LT @, L) Dk, ®s Di,) ™|
1 So1y2
1

2(1*17 ) mm(DKt)

To bound oin (D, ), for any a € R% and b € R¥, we have
~ a
(a” b7) D, (b)

=E (4yon(0,0) (@ D7) ( > ( >

=E (2 )N (0, D, >[(( —b ' K)z+0b'¢)-((a" —b"K)x+0b" ()]
=Eor (0,5, ) c~N (010 (@ =0T Kz (a — KJ b) +o2b" ¢
>0min(Dr,)[la — K,'b]|* + o ||b]|*.
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For |la — K,"b||?, we have

la = K70l = flall® + [ 576l = 2flall 5" []]b]
>la]l* = 2K |all[[b]
1 _
>lall® = 5 (lal* + 4K>[b][*)

1 _
=3l — 282 |b|>

Hence we get

~ a
(T bT) D, <b>
Zo'min(DKt)Ha - KthHZ + O-QHbH2

1 _
>0min(Dic, ) (5 llall* = 2K [BIJ*) + o [b]|*

2

. g 1 2 201112 201702
2 min{omin(Do), 5} (5 llall” = 2K71BlI) + o||bl]
. Omin(Do) o* o? 2 2
> Zmini ) 7 .
> min 2220 b lalf? + 0]2)

Thus we have

™ . Jmin(DO) 02 02

Omin(Dk,) > mm{T, Vel ?} >0,
which further implies
1

At _
1A%, Il < 20 )0l (B

< 1

T 21— p?)(min{ Tmin{Po) 22 221)2

We define

such that we get
Umin(AKt) 2 H,

which concludes the proof.

Proof of Proposition [A.9
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Proof.
[wi — wiy4l
:HSVGC(QKt _QKt+1)||
:HQKf 7QKf+l||F
_H (PKt PKt+1)A AT(PKt - PKt+1)B HF
BT(PKt PKt+1)A BT(PKt_PKt+1)B
:HAT(PKr - PKt+1>A||F + HAT(PKf - PKt+1)B||F
+ ”BT(PKt - PKt+1)A||F + HBT(‘PKt - PKt+1)B||F
3
<dz (|| Al + |BID*[1 Px, — Pre,
<64 (|| Al| + [|BI)omn (Do) | Dic, | [ K[| R -
(KN IBIA = BE|| + Kl Bl + D[ Ki1 — K|
| Dq ||
— (H2)?
(KIIBII(JA]l + K[|B]| + 1) + 1) K1 — K|
=lp|| K41 — K|,

<6e1d? (| Al| + || BI)*o win(Do) 7

mm

KR

where

_ D, ||I|IR _ _
Iy i=6erd? (Al + 1B)?ot (Do) J2EL gy myay + &8I + 1) +

O min 1— (1+p)2 1). 61)

O

C PROOF OF AUXILIARY LEMMAS

The following lemmas are well known and have been established in several papers (Yang et al.,
2019; |[Fazel et al.,|2018). We include the proof here only for completeness.

Proof of Lemma 2.1}

Proof. Since we focus on the family of linear-Gaussian policies defined in (7), we have
J(K) =E g [e(a, u)]
=E(; [z Qr + u' Ru
=Bz e’ Qe + (—Kz + 0() " R(—Kz + 0()]
=E,piEenr [z (Q + KT RK)x —ox " KT RC
—0¢"RKzx + 0*CTR(]
=FEupr [z (Q + KT RK)x] + 0*Tr(R)
=Tr((Q + K" RK)Dg) + 0°Tr(R). (62)

Furthermore, for K € R¥*9 such that p(AB — K) < 1 and positive definite matrix S € R%d we
define the following two operators

Tk (S) =Y (A—BK)'S[(A— BK)"|T

t>0

T'i(S) =Y [(A- BK)"|"S(A— BK)". (63)

>0
Hence, I'(S) and T} (S) satisfy Lyapunov equations
Tk(S) =S+ (A— BK)'kx(S)(A—- BK)", (64)
I (S)=S+(A—-BK)'TL(S)(A - BK) (65)
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respectively. Therefore, for any positive definite matrices S; and Sa2, we get
Tr(SiTk (S2)) = Y Tr(S1(A — BK)'Sp[(A - BK)']")
>0

=Y " Tr([(A - BK)']"$1(A — BK)'S,)
t>0

= Tr(T  (51)S2).

Combining (T0), (53], (64) and (63)), we know that

Dk =Tk(D,), Px=Ti(Q+K'RK). (66)
Thus (62) implies

J(K) =Tr((Q + K" RK)Dg) + oTr(R)

Tr((Q + K " RK)T'k(D,)) 4+ oTr(R)
Tr(T 4 (Q + K "RK)D,) + o*Tr(R)
Tr(Px D,) + o*Tr(R).

It remains to establish the gradient of J(K'). Based on , we have

Vi J(K) =VTr((Q+ K"RK)C))|c=p, + Vi Tr(CDk)|c—q+ k7 RK

where we use C' to denote that we compute the gradient with respect to & and then substitute the
expression of C'. Hence we get

ViJ(K) =2RKDg + VTr(CoDr)|comor KT RE- (67)
Furthermore, we have
ViTr(CoDk)
=ViTr(CoTk(Dy))
=ViTr(CoDy + Co(A — BK)Ti(Dy)(A—BK)")
=ViTr(CoDy) + ViTr((A - BK)"Cy(A - BK)T'k(D,))
=—2B"Co(A— BK)T'k(Dy) + VKTr(CiT k(Do) |cy=(A— BI)T Co(A—BE)-

Then it reduces to compute V xTr(C1I' k(Do ))| ¢y —=(A— BK) T Co(A—BK)- Applying this iteration for
n times, we get

VKTI'(CODK)

— _9p7T ict(A — BK)I'g(D,)

=0
+ Vi Tr(Crl'k (Do)l 0, =[(A~ BK)"] T Co(A—BK)n - (63)
Meanwhile, by Lyapunov equation defined in (T1)), we have
> Ci =) [(A- BK)"|"(Q+ K" RK)(A - BK)'
=0 =0
—Px.

Since p(A — BK) < 1, we further get
lim Tr(C,I'x(Ds))
n— oo
< lim (@ + K RE)|p(A~ BK)*"Tr(Tx (D)
=0.
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Thus by letting n go to infinity in (68), we get
ViTr(CoDk) |CO:Q+KT RK
= —2B"Pg(A - BK)I'g(D,)
= —2B" Px(A - BK)Dg.
Hence, combining @), we have
ViJ(K)=2RKDyg — 2B Pgx(A — BK)Dg
=2[(R+ B"PxB)K — B' Px A] Dk,

which concludes our proof. O
Proof of Lemma

Proof. By definition, we have the state-value function as follows

Vo(z) : = ZEG[(C(fUt,Ut) —J(0))|zo = 7]

t=0
= ]Eu~ﬂ'9(-|m) [Q9 (I, ’U,)], (69)

Therefore, we have

Vic(2) =) Ele(ws, ur) — J(K)|zo = #,u = —Kay + (/]
t=0

=Y " E{[z) (Q+ K" RK)x)] + 0*Te(R) — J(K)}. (70)
t=0

Combining the linear dynamic system in (8]) and the form of , we see that Vi (x) is a quadratic
function, which can be denoted by

Vi (z) = z' Pgz + Ck,

where Pk is defined in (TI)) and C'x only depends on K. Moreover, by definition, we know that
Eynpy [V (2)] = 0, which implies

Eympy [ P+ Cx] = Tr(Px D) + Cx = 0.
Thus we have Cx = —Tr(Px D). Hence, the expression of Vi (z) is given by
Vi (z) = 2" Pxx — Tr(Pg D).
Therefore, the action-value function Q k (x, u) can be written as
Q(z,u) =c(z,u) — J(K) + E[Vk (2")|z, u

=c(x,u) — J(K) + (Az + Bu) " Px(Az + Bu) + Tr(Pg Dy) — Tr(Px D)

=2 " Q4 u' Ru+ (Az 4+ Bu)' Px(Ax + Bu) — 0*Tr(R + Pk BB") — Tr(Px X k).
Thus we finish the proof. O

Proof of Lemma [A.11}

Proof. By the definition of operator in (63)) and (66), we have
xTPK/x
="' T (Q+ K'"RK')x

=> 2"[(A- BK')]"(Q+ K'"RK")(A - BK')'x.
t>0
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Hereafter, we define (A — BK')'x = z} and u;, = —K’z}. Hence, we further have
z! Pgrx = Z ;' (Q+ K'"RK')z}
>0

= (2" Q) +u}" Ru}).

t>0
Therefore, we get
xTPK/x — mTPK:v

an / 1T / an / an / 1T /
= E [(z;' Qry +u'' Ruy) +x, Pxx; —x, Pxxy) — x| Pxx
t>0

= 31T Quf + T Ru) + il Py — T Pl

t>0
= Z[(m?@x; +u}" Ru}) + [(A — BK")z}])" Px (A — BK")z} — 2} P}
t>0
=> {«}"[Q+ (K' - K+ K)'R(K' - K + K)]a,
t>0

+2,'[A—~ BK — B(K' — K)" Px[A — BK — B(K' — K)|z, — 2} Pxx}}

=> {22/ (K' = K)"[(R+ B' PxB)K — B" Px Al
t>0
+ 2, (K'— K)T(R+ BT PgB)(K' — K)x}}

=> 2} (K' - K)"Exa, + 2" (K' = K)"(R+ B" PgB)(K' - K)x}].
t>0

Define
Agg(r) :=20"(K' —K)"Egz + 2" (K' = K)'(R+B"PxkB)(K' — K)z.  (71)
Then, from the expression of J(K) in (12a), we have
J(K') — J(K)
=E,n0,0,) [ (Px — Pk )]
=Euyn(0.0,) D Ak i (1)

t>0
=Euyon(0,0,) O 1221 (K' = K)" Exa} + 2" (K' = K)"(R+ BT PxB)(K' — K)a}]
t>0
=Tr(2Byynv(0.0,)[Y_ 21 2] (K’ — K) T Ex )+
t>0
Tr(Eupnvo.0,) [ 71 @) (K' — K)T(R+ B Pg B)(K' — K))
t>0

= —2Tr(Dg/(K — K')"Ex) + Tt(Dg (K — K')" (R + B Pk B)(K — K')).

where the last equation is due to the fact that

RSB D EACAR

t>0
:Em~N(0,Dg){Z(A — BK')'zz"[(A- BK')|"}
t>0
:FK/(D(,) = DK/.
Hence, we finish our proof. O
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Proof of Lemma

Proof. By definition of Ay g+ in , we have
Ak k()
=20 (K' = K)"Egxe 42" (K'— K)'(R+ B"PgB)(K' — K)z
=Tr(zz' [K' — K+ (R+ B"PxB) 'Ex]"-
(R+ B"PgB)[K' — K + (R+ B PxB)"'Fk))
—Tr(za" Ef-(R+ B' Pk B) ' Eg)
> — Tr(zz' Ef(R+ B' PxB) 'Ek),
where the equality is satisfied when K’ = K — (R + B Px B) ™! Ex. Therefore, we have
J(K) = J(K*) = =By on0,0,) D Ak (1)
t>0
< Tr(Dg-Ex(R+ B PxB) 'Ek)
< ||Dg+||Te(Ej(R+ B Pk B) "' Ek)
IDx-||(R+ BT PxB) ™| Te(Eg Ex)
1
Omin(R)

Thus we complete the proof of upper bound.

IN

IN

|Dg- || Tr(Ef Fr).

It remains to establish the lower bound. Since the equality is attained at K/ = K — (R +
BT PgB)~!Ex, we choose this K’ such that

J(K) = J(K*) = J(K) - J(K')

= —Eupon0.0,) > Ax i ()]
+>0

=Tr(Dy Ej-(R+ B' PxB) ' Ek)
> omin(Do)||R+ B Pk B|| ' Tr(E% Ex).
Overall, we have

Omin(Do)||R+ BT PgB|| ' Tr(Ej Ex) < J(K) — J(K*)

< ——  _||Dg+||Te(ELE
= O,min(R)H K || I'( K K)’

which concludes our proof. O

D EXPERIMENTAL DETAILS

Example D.1. Consider a two-dimensional system with

S

Example D.2. Consider a four-dimensional system with

02 01 1 0 03 0 07
L_[02 01 01 of ;|02 0 03
=10 0105 o' B=|1 1 o3
0 0 0 05 03 0.1 0.1
S
=102 01 1 o1| R=(01 1 05
0 0 01 1 L1 05 2]
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We compare our considered single-sample single-timescale AC with two other baseline algorithms
that have been analyzed in the state-of-the-art theoretical works: the zeroth-order method (Fazel
et al] 2018) (listed in Algorithm [2] on the next page) and the double loop AC (Yang et al., 2019)
(listed in Algorithm [3on the next page).

For the considered single-sample single-timescale AC, we set for both examples oy = & (1)?:; , B =
\9%, Ve = \/Ol%_t, o = 1,T = 10°. Note that multiplying small constants to these stepsizes does

not affect our theoretical results.

For the zeroth-order method proposed in [Fazel et al.| (2018), we set z = 5000, = 20,r = 0.1,
stepsize 7 = 0.01 and iteration number J = 1000 for the first numerical example; while in the
second example, we set z = 20000,/ = 50,7 = 0.1,n = 0.01,J = 1000. We choose different
parameters based on the trade-off between better performance and fewer sample complexity.

For the double loop AC proposed in|Yang et al.| (2019), we set for both examples a; = \%%,

0.2, = 0.05, inner-loop iteration number 7" = 500000 and outer-loop iteration number J = 100.
‘We note that the algorithm is fragile and sensitive to the practical choice of these parameters. More-
over, we found that it is difficult for the algorithm to converge without an accurate critic estimation in
the inner-loop. In our implementation, we have to set the inner-loop iteration number to 7" = 500000
to barely get the algorithm converge to the global optimum. This nevertheless demands a significant
amount of computation. Higher 7' iterations can yield more accurate critic estimation, and conse-
quently more stable convergence, but at a price of even longer running time. We run the outer-loop
for 100 times for each run of the algorithm. We run the whole algorithm 10 times independently to
get the results shown in Figure. With parallel computing implementation, it takes more than 2 weeks
on our desktop workstation (Intel Xeon(R) W-2225 CPU @ 4.10GHz x 8) to finish the computation.
In comparison, it takes about 0.5 hour to run the single-sample single-timescale AC and 5 hours for
the zeroth-order method.

g =

Algorithm 2 Zeroth-order Natural Policy Gradient

Input: stabilizing policy gain Ky such that p(A — BKj) < 1, number of trajectories z, roll-out
length [, perturbation amplitude r, stepsize n
while updating current policy do

Gradient Estimation:

fori=1,---,zdo
Sample zy from D
Simulate K; for [ steps starting from xz and observe yo, -+ ,y—1 and cg, - -+ , ¢1—1.
Draw U, uniformly over matrices such that ||U;||z = 1, and generate a policy Ky, =
K; +rU;.
Simulate K 1, for [ steps starting from z( and observe cp, - - -, ¢]_;.

Calculate empirical estimates:

-1 -1 -
T =S e Lic =S vl T ’
']Kj = Ct, ‘CKj = Yt » JKj~Ui = th.

t=0 =0 =0

end for
Return estimates:

—

s~ T8 — Tk, N
K;) ;Z Uis L, = D L,
i=1 i=1
Policy Update:
—— 1
Kj1 = K; =nVJ(K;) Lk, -
j=7J+ 1
end while
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Algorithm 3 Double-loop Natural Actor-Critic

Input: Initial policy 7, such that p(A — BKj) < 1, stepsize y for policy update.
while updating current policy do
Gradient Estimation:
Initialize the primal and dual variables by vy € Xg and wy € Xq, respectively.
Sample the initial state xo € R? from stationary distribution p ;- Take action ug ~ mx; (+|zo)
and obtain the reward ¢y and the next state x.
fori=1,2,--- ,Tdo
Take action u; according to policy 7k, observe the reward c; and the next state ;1.
Oy = Utl,l — o1+ [P(@p—1,up—1) — ¢(wt7ut)]—rvt271~
of = vt — aglwi )+ Pzt u1) Wi ).
v =0y — (@1, 1) — B, up)] - a1, u-n) Wiy
wi = (1= ap)wf +a(vi_y — cr-1).
w? = (1 — ap)w? + 0 dp(zy—1,u4-1).
Project vy and w; to vy € Xg and wy € Xq.
end for
Return estimates:

T T R
5= () aw})/(O ), © = smat(??).

Policy Update:
Kj+1 = Kj - 7](@22KJ‘ — 621).
j=Jj+1

end while
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