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Abstract

We investigate the existence of a statistical-
computational gap in multiple Gaussian
graph alignment. We first generalize a
previously established informational thresh-
old from Vassaux and Massoulié (2025) to
regimes where the number of observed graphs
p may also grow with the number of nodes
n: when p ≤ O(n/ log(n)), we recover the
results from Vassaux and Massoulié (2025),
and p ≥ Ω(n/ log(n)) corresponds to a regime
where the problem is as difficult as aligning
one single graph with some unknown "sig-
nal" graph. Moreover, when log p = ω(log n),
the informational thresholds for partial and
exact recovery no longer coincide, in con-
trast to the all-or-nothing phenomenon ob-
served when log p = O(log n). Then, we pro-
vide the first computational barrier in the
low-degree framework for (multiple) Gaus-
sian graph alignment. We prove that when
the correlation ρ is less than 1, up to loga-
rithmic terms, low degree non-trivial estima-
tion fails. Our results suggest that the task
of aligning p graphs in polynomial time is as
hard as the problem of aligning two graphs
in polynomial time, up to logarithmic fac-
tors. These results characterize the existence
of a statistical-computational gap and pro-
vide another example in which polynomial-
time algorithms cannot handle complex com-
binatorial bi-dimensional structures.
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1 INTRODUCTION

Graph alignment. Graph alignment (also referred
to as graph matching) is a fundamental statistical task
which consists in finding an underlying correspondence
between graphs, namely node relabelings which pre-
serve most of the edges. This problem has emerged
in the 2000’s across diverse application domains, in-
cluding network privacy (Narayanan and Shmatikov
(2009)), computational biology (Singh et al. (2008)),
computer vision (Conte et al. (2004)), and natural lan-
guage processing (Haghighi et al. (2005)). A com-
mon feature across these applications is that the data
naturally admits a graph-based representation: social
networks, protein–protein interaction networks, three-
dimensional images or meshes, and word or token em-
beddings.

Graph alignment has since been extensively investi-
gated within the statistics and computer science com-
munities, particularly in the two-graph setting, both
for correlated Gaussian graphs Ganassali et al. (2022);
Ganassali (2022); Wu et al. (2022); Ding and Li (2022)
and for correlated Erdős–Rényi graphs Fan et al.
(2020); Mao et al. (2021); Ganassali et al. (2024a);
Mao et al. (2023).

More recently, the problem of aligning multiple cor-
related graphs has attracted growing interest in the
literature (Vassaux and Massoulié (2025); Ameen and
Hajek (2025)).

Set-up. Multiple Gaussian graph alignment can be
formalized as follows. We observe p ≥ 2 undirected
weighted graphs G1, . . . , Gp on the set of edges E =(
[n]
2

)
. We suppose that there exists π⋆ =

(
π⋆1 , . . . , π

⋆
p

)
drawn uniformly on (Sn)p, where Sn stands for the set
of permutations of [n], such that the following holds.
Conditionally on π⋆, the edge weights (Gje)j∈[p],e∈E
have N (0, 1) marginal distribution, with covariance
matrix defined for all (j, e) ̸= (j′, e′) by

Cov(Gje, Gj′e′) = ρ1Π⋆
j (e)=Π⋆

j′ (e
′), (1)



where we write, for e = {u, u′},

Π⋆j (e) =
{
π⋆j (u), π

⋆
j (u

′)
}
,

and where ρ ∈ [0, 1] is the correlation parameter,
that is the correlation between the Gaussian signal on
aligned edges in (1). If ρ = 0, the graphs are inde-
pendent. If ρ = 1, the graphs are identical, up to
relabeling of the nodes.

Our goal is to recover the p-tuple of permutations π⋆ =(
π⋆1 , . . . , π

⋆
p

)
. Since the model is identifiable only up to

a global permutation of π⋆1 , . . . , π⋆p , we are interested
in controlling the proportion of misclassified points:

err(π, π⋆) := min
ψ∈Sn

1

np

n∑
u=1

p∑
j=1

1
{
ψ(πj(u)) ̸= π⋆j (u)

}
.

(2)

Alternatively, the weighted graphs G1, . . . , Gp can be
sampled as follows. First drawH0 a complete weighted
graph with independent N (0, 1) edges. Then, for all
j ∈ [p] and e ∈ E, set

Gje =
√
ρH0Π⋆

j (e)
+
√
1− ρZje, (3)

where H0Π⋆
j (e)

denotes the weight of edge Π⋆j (e) in the
graph H0, and where (Zje)e∈E , j ∈ [p] are i.i.d. copies
of H0.

We say that an estimator π̂ : RE×p → (Sn)p of π⋆
achieves:

• perfect recovery if err (π̂, π⋆) = 0 with high prob-
ability1 when n→ ∞,

• partial recovery if E [err(π̂, π⋆)] → 0 when n→ ∞,

• non-trivial recovery if E[err (π̂, π⋆)] does not con-
verge to 1 when n→ ∞.

Note that, since partial recovery does not require any
specific rate of convergence of E [err(π̂, π⋆)], it is a
weaker notion than exact recovery. Also note that
if π ∈ (Sn)p is taken uniformly at random, then
E[err (π, π⋆)] → 1 when n → ∞. This motivates the
’non-trivial recovery’ terminology.

Related work. The problem of aligning two Gaus-
sian graphs has been studied both for characterizing
the information-theoretic (IT) threshold of the prob-
lem (Ganassali (2022); Wu et al. (2022)) and for find-
ing polynomial-time algorithms able to recover the sin-
gle hidden permutation (π⋆1)

−1 ◦ π∗
2 (Ganassali et al.

(2022); Fan et al. (2020); Ding and Li (2022)). For
1an event E holds with high probability if P(E) → 1 when

n → ∞.

this problem, it is well known that the IT threshold
for non-trivial recovery is exactly

ρ =

√
4 log(n)

n
(4)

and that, above this threshold, perfect recovery of π⋆
is feasible via maximum likelihood estimation.

However, this maximum likelihood estimator is not
computable in polynomial time (see Pardalos et al.
(1993) and Makarychev et al. (2014)). The state-of-
the-art polynomial time procedure for aligning two
correlated Gaussian graphs, developed by Ding and
Li (2022) requires a non-vanishing correlation ρ. This
suggests the existence of a statistical-computational
gap for the problem of aligning two correlated Gaus-
sian graphs.

More recently, alignment of multiple correlated Gaus-
sian graphs has been studied by Vassaux and Mas-
soulié (2025) and Ameen and Hajek (2025). In a
regime where the number of graphs p is a fixed con-
stant and where n tends to infinity, Ameen and Hajek
(2025) studied the related detection problem, namely
distinguishing the null hypothesis under which the p
graphs are p independent Gaussian graphs, from the
alternative where they are correlated according to the
model (1). The authors derived a sufficient condition

ρ ≥

√
8 log(n)

(n− 1)p

for reliable detection, as well as a sufficient condition

ρ ≤

√(
4

p− 1
− ε

)
log(n)

n

for impossibility of detection.

Then, the IT threshold for non-trivial recovery is
proven by Vassaux and Massoulié (2025) to be exactly

ρ =

√
8 log(n)

np
,

and here again, above this threshold, perfect recov-
ery of π⋆ is possible with high probability. In this
regime with fixed p and n → ∞, an all-or-nothing
phenomenon occurs: either non-trivial recovery is im-
possible, or perfect recovery is achievable.

The case where the number of observed graphs p can
also grow with the number of nodes n remains open,
and raises the following question:

(Q1). When the number of observed graphs p
grows with the number of nodes n, what is the



information-theoretic threshold for perfect/exact
recovery, and does an all-or-nothing phenomenon
always occur?

Evidence for a statistical–computational gap for
Erdős-Rényi graph alignment when p = 2 has been es-
tablished by recent results (Ding et al. (2023); Ganas-
sali et al. (2024b); Li (2025)). However, to the
best of our knowledge, the existence of a statisti-
cal–computational gap for (multiple) Gaussian graph
alignment has not been studied. We formalize this in
the following question:

(Q2). Can we provide evidence for the exis-
tence of a statistical–computational gap for mul-
tiple Gaussian graph alignment?

The low-degree model of computation. In many
high dimensional statistical problems, such as sparse
PCA Hopkins et al. (2017), planted clique Barak et al.
(2019), clustering Lesieur et al. (2016); Even et al.
(2024, 2025b) or Gaussian graph alignment which
is the focus of this paper, state-of-the-art polyno-
mial time algorithms fail to reach the statistical per-
formance provably achievable by algorithms free of
computational constraints. These observations have
led the community to conjecture the existence of
statistical-computational gaps, that is gaps between
the best polynomial-time performance and the best
performance with no computational constraints, for
given problems. In light of this conjecture, a corner-
stone of research in high-dimensional statistics is to
determine rigorous lower bounds for specific classes of
algorithms.

In order to address average-case complexity, lower
bounds are obtained for different models of compu-
tation, through the S-o-S hierarchy (Hopkins et al.
(2017)), the overlap gap property Gamarnik (2021),
statistical query (Brennan and Bresler (2020)) and
low-degree polynomials (Schramm and Wein (2022);
Hopkins (2018); Wein (2025)).

In this paper, we will be interested in the low-degree
model of computation: we consider the class of al-
gorithms which can be written as multivariate poly-
nomials in the observation with degree D. The low-
degree model of computation has recently attracted
considerable attention due to its ability to provide
lower bounds matching state-of-the-art upper-bounds
for polynomial time algorithms in different models:
community detection (Hopkins et al. (2017); Sohn and
Wein (2025); Carpentier et al. (2025a,b)), clustering
(Even et al. (2024, 2025b)), and among others, Erdős-
Rényi graph matching (Ding et al. (2023); Li (2025)).
We refer to Wein (2025) for a recent survey. In this

framework, the failure for a given task of polynomials
of degree D = O

(
log(T )1+η

)
, where T is the dimen-

sion of the observation, is taken as an evidence for the
failure of all polynomial-time algorithms.

For estimation problems, the seminal work by
Schramm and Wein (2022) offers a starting point for
analyzing the performance of the best low-degree poly-
nomial of degree D. Our analysis heavily builds upon
their Theorem 2.2, which provides a formula for the
case of Gaussian additive models.

Our contribution. In this paper, we provide an-
swers to questions (Q1) and (Q2) previously defined.

For (Q1), we generalize the IT threshold ρ =
√

8 log(n)
np

Vassaux and Massoulié (2025) to regimes where p is
not necessarily constant. We characterize the infor-
mational thresholds for partial and perfect recovery,
which are respectively

ρ ≳
log(n)

n
∨

√
log(n)

np
,

and

ρ ≳
log(np)

n
∨

√
log(np)

np
,

where ≳ hides multiplicative constants. Moreover, be-
tween these two thresholds, we obtain an exponential
decay of the error in terms of n, p and ρ.

In particular, when log(p) = ω(log(n)), these two
thresholds differ significantly (by more than a mul-
tiplicative constant), and the all-or-nothing phe-
nomenon established in Vassaux and Massoulié (2025)
vanishes; there is now a different IT threshold for par-
tial and exact recovery.

For (Q2), we provide a computational threshold in the
low-degree (LD) framework. We prove that low-degree
polynomials fail at non-trivial recovery whenever

ρ ≤log 1,

where ≤log hides logarithmic factors.

Main message. These results suggest that, while
observing a large number p ≥ 2 of correlated Gaus-
sian graphs helps information-theoretically in estimat-
ing π⋆, the computational difficulty of the problem re-
mains equivalent up to logarithmic factors to the case
p = 2, that is to that of aligning two correlated Gaus-
sian graphs.

Moreover, if the low degree conjecture is true, perform-
ing polynomial time alignment of p Gaussian graphs
requires the correlation ρ to be at least of order

1
polylog(n,p) .
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log(n)
np
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Figure 1: Statistical-computational landscape of par-
tial recovery in multiple Gaussian graph alignment.
The grey region is not fully covered by our results,
since our lower bound involve logarithmic factors in n
and p.

Therefore, an optimal method up to some logarith-
mic factors is to perform pairwise alignment of the p
graphs using the algorithm of Ding and Li (2022). In
other words, there is no significant gain at a compu-
tational level in having access to multiple graphs. We
summarize our results in the phase diagram on Fig. 1.

Outline of the paper. We derive the maximum
likelihood estimator and provide upper and lower
information-theoretic bounds in Section 2, present the
computational lower bound in Section 3, and discuss
these results along with their connections to the lit-
erature in Section 4. All proofs are deferred to the
appendices, while the main text provides an interpre-
tation of the results.

Notations. Throughout this paper, we adopt the
following notations. We write f(n, p) ≲ g(n, p) if there
exists a positive constant c > 0 such that f(n, p) ≤
cg(n, p) for all n, p ≥ n0 for some constant n0 ≥ 1.
We write f(n, p) ≍ g(n, p) if both f(n, p) ≲ g(n, p)
and f(n, p) ≳ g(n, p). We write f(n, p) ≤log g(n, p)
if there exist polynomials P,Q independent of every-
thing else such that f(n, p) ≤ P (log(n),log(p))

Q(log(n),log(p))g(n, p) for
all n, p ≥ n0 for some constant n0 ≥ 1. For n ≥ 1,
We write [n] for the set {1, . . . , n}, Sn for the set of
permutations of [n], and N =

(
n
2

)
be the number of

edges per graph. E denotes the edge set
(
[n]
2

)
.

We denote by u, v, w, u′, v′, w′ ∈ [n] the nodes of a
graph, and by j, k, ℓ ∈ [p] the indices of graph copies.
The undirected edges of a graph Gj are denoted by
e, e′, f, f ′ ∈ E, and we writeGje to refer to a particular
edge e of graph Gj .

For each graph Gj , we consider node permutations
πj ∈ Sn, and their corresponding edge permutations
Πj ∈ SN , defined by

Πj(e) = {πj(u), πj(v)} ∈ E for e = {u, v} ∈ E.

It is important to note that Πj and πj are distinct
objects: the former acts on edges in E, while the latter
acts on nodes in [n].

We denote by P the joint law of (π⋆, G1, . . . , Gp)

and, for π ∈ (Sn)p, we denote by Pπ the law of
(π⋆, G1, . . . , Gp) conditionally on π⋆ = π. We write
E (resp. Eπ) for expectation over P (resp. Pπ).

2 INFORMATION BARRIERS FOR
EXACT AND PARTIAL
RECOVERY

In this section, we provide the IT thresholds for par-
tial and perfect recovery. In Section 2.1, we derive the
maximum likelihood estimator and introduce useful
objects for our analysis. We analyze its performance
in Section 2.2, in regimes where p is moderately small
(namely p ≲ ρ−1). In Section 2.3, we propose a dif-
ferent estimator for larger p along with different upper
bounds. In Section 2.4, we provide lower bounds which
match the previously obtained upper bounds, for par-
tial and perfect recovery. The combination of those
upper bounds and lower bounds fully characterize the
information barriers for exact and partial recovery.

2.1 Derivation of the maximum likelihood
estimator

In line with model (1), define

• G = (Gje)j∈[p],e∈E ∈ RpN×1, viewed as a column
vector.

• H ∈ RpN×1 the vector with p copies of H0, that
is, for all j ∈ [p], e ∈ E, Hje = He.

• Π⋆ ∈ RpN×pN the aggregated block matrix of the
edge permutations, that is, for all j, j′ ∈ [p], e, e′ ∈
E, Π⋆je,j′e′ = 1 {j = j′}1

{
Π⋆j (e) = e′

}
.

• G⋆ ∈ RpN×1 defined asG⋆ = Π⋆H. For all j ∈ [p],
e ∈ E, G⋆je = HΠ⋆

j (e)
.

• Z ∈ RpN×1 the vector of aggregated noise vari-
ables, Z = (Zje)j∈[p],e∈E ∼ N (0, IpN ).

A compact formulation of model (1) is given by

G =
√
ρΠ⋆H +

√
1− ρZ =

√
ρG⋆ +

√
1− ρZ . (5)

Under Pπ, G is a centered Gaussian vector with co-
variance matrix Σ(π) ∈ RpN×pN given by

Σ(π) = E[GGT ] = ρΠE[HHT ](Π)T + (1− ρ)E[ZZT ]
= Π[(ρJp + (1− ρ)Ip)⊗ IN ](Π)T ,

where ⊗ denotes the Kronecker product, using that
ΠΠT = IpN . Unsurprisingly, Σ(π) is invariant under



global permutation, just as the law of G. Note that
for 0 ≤ ρ < 1, Σ(π) is invertible with inverse

Σ−1(π) = Π[(ρJp + (1− ρ)Ip)
−1 ⊗ IN ]ΠT

= Π

[(
− ρ

(1− ρ)(1 + (p− 1)ρ)
Jp +

1

1− ρ
Ip

)
⊗ IN

]
ΠT

= − ρ

(1− ρ)(1 + (p− 1)ρ)
Π(Jp ⊗ IN )ΠT +

1

1− ρ
IpN .

(6)

Given the shape of the Gaussian likelihood and since
detΣ(π) does not depend on π, the maximum likeli-
hood estimator (MLE) for this problem is given by

π̂ ∈ argmin
π∈(Sn)p

GTΣ−1(π)G

= argmax
π∈(Sn)p

GTΠ(Jp ⊗ IN )ΠTG . (7)

For any π ∈ (Sn)p, define its normalized edge align-
ment matrix B(π) ∈ RpN×pN as

[B(π)]je,j′e′ =
1

p
1 {Πj(e) = Πj′(e

′)} . (8)

Define B := B((Sn)p). Note that π 7→ B(π) is a bijec-
tion from (Sn)p/ ≡ onto B, where π ≡ π′ in (Sn)p if
and only there exists ϕ ∈ Sn such that π′

j = ϕ ◦ πj for
all j ∈ [p].

Note also that any B ∈ B satisfies

BT = B,B2 = B,B1 = 1,Tr(B) = N .

and that in (6),

Π⋆(Jp ⊗ IN )(Π⋆)T = pB⋆, (9)

where B⋆ := B(π⋆). Finding the MLE in (7) is thus
equivalent to solving

B̂ = argmax
B∈B

⟨GGT , B⟩, (10)

and we find back the MLE π̂ taking any π̂ ∈ B−1(B̂).

2.2 Moderately small p: exact recovery via
the MLE

In order to prove an IT upper bound, we show that
the maximum likelihood estimator in its matrix ver-
sion (10) enables to recover B⋆, and thereby π⋆, with
the desired error guarantees. We are able to analyze
directly the MLE in the case where p ≲ ρ−1, and will
address the case p ≳ ρ−1 slightly differently in the next
section.
Theorem 2.1. There exists numerical constants
C, c1, c2 and n0 such that the following holds. When-
ever ρ ≥ c1

√
log(n)
np , p ≤ Cρ−1 and n ≥ n0, we have

P [err(π̂, π⋆) ̸= 0] ≤ exp
(
−c2npρ2

)
,

where π̂ is the MLE defined in (7).

The above Theorem is proved in Appendix A. We re-
mark that the probability in the right-hand side of
the inequality of Theorem 2.1 is upper-bounded by
n−c1c2 = o(1), hence the feasibility of exact (and par-
tial) recovery under these assumptions. In this regime,
we recover the threshold from Vassaux and Massoulié
(2025), up to some multiplicative numerical constant,
which we generalize to higher values of p.

Note also that under the assumptions of Theorem 2.1,
p ≲ ρ−1 ≲

√
np

log(n) , which gives p ≲ n
log(n) . We will

refer to this as the moderately small-p regime.

2.3 For larger p: partial recovery upper
bound

When p ≳ ρ−1, the approach relies on computing the
maximum likelihood estimator for the first p′ graphs,
with p′ ≍ ρ−1, and aligning the rest of the graphs pair-
wise with the aggregated signal on the first p′ graphs.

Namely, we build an estimator π̂ ∈ (Sn)p with the
following procedure.

1. Let p′ = Cρ−1, where C is determined by The-
orem 2.1, set (π̂1, . . . , π̂p′) to be the MLE of
(G1, . . . , Gp′) as defined in (7). Let Ĝ′ be the
graph defined by

Ĝ′
e =

1

p′

∑
j≤p′

G
j(Π̂j)

−1
(e)

;

2. For all j > p′, compute the remaining π̂j align-
ing Gj with Ĝ′ with the MLE estimator (7) on
(Ĝ′, Gj).

3. Return the estimator

π̂ = (π̂1, . . . , π̂p) . (11)

Theorem 2.1 suggests that, for ρ large enough,
(π̂1, . . . , π̂p′) will recover exactly (π⋆1 , . . . , π

⋆
p′) with

high probability and thus that Ĝ′ will be isomorphic
to the graph G′ defined by

G′
e =

1

p′

∑
j≤p′

G
j(Π⋆

j )
−1

(e)
.

Then, appealing again to Theorem 2.1, one can control
the probability of recovering π⋆j , for j > p′, by aligning
Gj with G̃′. We deduce the next theorem, proved in
Appendix B.



Theorem 2.2. Let C be the constant defined in The-
orem 2.1. There exists numerical constants c1, c2 and
n0 such that the following holds. Whenever ρ ≥

c1

(
log(n)
n ∨

√
log(n)
np

)
, p > Cρ−1 and n ≥ n0, we have

E [err(π̂, π⋆)] ≤ exp (−c2nρ) ,

where π̂ is defined in (11).

The exponential term in the right-hand side of the in-
equality of Theorem 2.2 is upper-bounded by n−c1c2 =
o(1), hence the feasibility of partial recovery under
these assumptions.

Combining Theorem 2.1 and Theorem 2.2, we deduce
that partial recovery is possible with high probability
whenever

ρ ≳

(
log(n)

n
∨

√
log(n)

np

)
.

When the correlation is even higher, namely when

ρ ≳
log(np)

n
∨

√
log(np)

np
(12)

by a large enough constant, observe that

• the probability of error P [err(π̂, π⋆) ̸= 0] in The-
orem 2.1 drops below 1/(np)2,

• the expectation E [err(π̂, π⋆)] in Theorem 2.2
drops below 1/(np)3, and by Markov’s inequality,

P [err(π̂, π⋆) ̸= 0] = P [err(π̂, π⋆) ≥ 1/(np)]

≤ 1/(np)2 .

Since the MLE is always Bayes-optimal for perfect
recovery, we deduce from the above that the MLE
achieves perfect recovery with high probability when
ρ is large enough2.

Corollary 2.3. There exists numerical constants
c1, c2 and n0 such that the following holds. Whenever

ρ ≥ c1

(
log(np)
n ∨

√
log(np)
np

)
and n ≥ n0, we have, with

probability at least 1− 1/(np)2,

err(π̂, π⋆) = 0 ,

where π̂ is the MLE defined in (7).
2Theorems 2.1 and 2.2 show that only ρ ≳ log(np)

n
∨√

log(n)
np

is needed for exact recovery. Our statement is

equivalent since log(np)
n

∨
√

log(n)
np

≍ log(np)
n

∨
√

log(np)
np

.

Remark 2.1 (On the exponential decay). Theo-
rems 2.1 and 2.2 show in particular that the error
E [err(π̂, π⋆)] exhibits an exponential decay with re-
spect to n

(
ρ ∧ pρ2

)
. Such exponential behavior is rem-

iniscent of what is observed in several other high-
dimensional inference problems, including clustering
(Ndaoud (2022); Giraud and Verzelen (2019); Even
et al. (2024)), multiple feature matching (Even et al.
(2025a)), and supervised classification (Giraud and
Verzelen (2019)).

2.4 Informational lower bounds

The next result, proved in Appendix C, provides an
information-theoretic lower bound for partial recovery.
Theorem 2.4. There exists numerical constants
n0, c, c

′ > 0 such that the following holds. If n ≥ n0

and ρ ≤ c

(
log(n)
n ∨

√
log(n)
np

)
, then

inf
π̂

E[err(π̂(G), π⋆)] ≥ c′,

where the infimum is taken over all measurable func-
tions π̂ : RE×p → (Sn)p. Thus, partial recovery is
impossible.

Theorems 2.1, 2.2 and 2.4 show that the estimator de-
fined in (11) is optimal up to some numerical constant
and that the IT threshold for partial recovery is

ρ ≳
log(n)

n
∨

√
log(n)

np
. (13)

Let us now give some intuition for why the IT lower
bound (13) takes this particular form. Consider a
genie-aided version of the problem in which we are
given π⋆2 = · · · = π⋆p = id and we seek to recover π⋆1 . A
sufficient statistic for estimating π⋆1 is (G1, G), where

Ge =
1

p− 1

p∑
j=2

Gje .

In these two graphs, the edge-weight variances are 1

and 1+(p−2)ρ
p−1 , respectively, while each correlated edge

pair has covariance ρ. Thus, the problem reduces to
aligning the two correlated Gaussian graphs G1 and
G, with effective edge correlation

ρ′ =

√
p− 1 ρ√

1 + (p− 2)ρ
≲

√
ρ ∨ √

p ρ . (14)

For p = 2, the previously known information-theoretic
threshold (4) implies that a necessary condition for
partial recovery of π⋆1 is

ρ′ ≳
√

logn
n ,



and combining this with (14) yields exactly (13).

In the regime where p ≲ n/ log(n), the threshold

for partial recovery reduces to ρ ≳
√

log(n)
np , which

matches, up to constants, the condition obtained
by Vassaux and Massoulié (2025) for fixed p. While
our result is not constant sharp, it naturally general-
izes the previous bounds to settings where p may also
be moderately large, that is for p ≲ n/ log(n).

When the number of graphs becomes large (p ≳
n/ log(n)), however, the threshold saturates at ρ ≳
log(n)
n and no longer decreases with p: the abundance

of observed graphs stops to help the statistician.

We also provide an information-theoretic lower bound
for perfect recovery in the next result.

Theorem 2.5. For all ε > 0, there exists con-
stants c, n0 depending only on ε, such that, if ρ ≤

c

(
log(np)
n ∨

√
log(np)
np

)
and n ≥ n0, then

inf
π̂

P[err(π̂, π⋆) ̸= 0] ≥ 1− ε ,

where the infimum is taken over all measurable func-
tions π̂ : RE×p → (Sn)p. Thus, perfect recovery is
impossible.

Taken together, Corollary 2.3 and Theorem 2.1 char-
acterize the IT threshold for perfect recovery, which
is

ρ ≳
log(np)

n
∨

√
log(np)

np
. (15)

In regimes where log(p) is much larger than log(n), we
observe a gap between the IT threshold for partial re-
covery (13) and perfect recovery (15). As mentioned
in the introduction, this contrasts with the regime
studied by Vassaux and Massoulié (2025) (constant
p), where an all-or-nothing phenomenon arises: either
non-trivial recovery is impossible, or perfect recovery
occurs with high probability.

3 LOW DEGREE LOWER BOUND

As discussed in the introduction, even when p = 2, the
performance of the best known polynomial-time algo-
rithm Ding and Li (2022) does not match the optimal
information-theoretic threshold (4). This suggests the
existence of a statistical-computational gap for (mul-
tiple) Gaussian graphs alignment. In this section, we
provide evidence of this statistical-computational gap
by establishing a low degree polynomial lower bound,
and we further characterize–up to logarithmic factors–
the computational barrier for general p.

As already pointed out by Even et al. (2025b), low-
degree polynomials are ill-suited to capture combi-
natorial constraints and therefore cannot be directly
employed to construct estimators of the permuta-
tions π⋆1 , . . . , π

⋆
p . Instead, we concentrate on the

task of estimating the node alignment matrix M⋆ ∈
R(n×p)×(n×p), defined as

M⋆
(u,j),(u′,j′) = 1

{
π⋆j (u) = π⋆j′(u

′)
}
.

The next proposition, slightly adapted from Proposi-
tion 2.1 of Even et al. (2025a), shows that computa-
tional hardness for estimating M⋆ for the L2 loss im-
plies computational hardness for estimating π⋆1 , . . . , π⋆p
for the err loss. We refer to Appendix F for a proof.
Proposition 3.1. Suppose that

MMSEpoly := inf
M̂ poly−time

1

p(p− 1)n2
E
[
∥M̂ −M⋆∥2F

]
=
1

n
(1− ε),

with 0 ≤ ε ≤ 1. Then, for all polynomial-time estima-
tor π̂ of π⋆, one has

E
[
(1− err(π̂, π⋆))

2
]
≤

√
ε .

Therefore, in order to provide evidence of a computa-
tional barrier for the problem of estimating M⋆ (and
hence π⋆), we provide a low-degree polynomial lower
bound for estimating M⋆. We consider the degree-
D minimum mean squared error (Schramm and Wein
(2022)) defined by

MMSE≤D := inf
M̂∈RD[G1:p]

1

p(p− 1)n2
E
[
∥M̂ −M⋆∥2F

]
,

(16)
where RD[G1:p] is the space of polynomials in the en-
tries of (G1, . . . , Gp) of degree at most D.

We observe that the trivial estimator, E [M⋆], has loss

1

p(p− 1)n2
E
[
∥E [M⋆]−M⋆∥2

]
=

1

n
− 1

n2
.

Our next result characterizes a regime on which no
low-degree polynomial performs significantly better
than this trivial estimator. We refer to Section E for
a proof of this theorem.
Theorem 3.2. Let D ≤ n− 2 and suppose

ζ :=
D3√ρ
1−√

ρ

√
1 +D/2

2(
1− D+1

n

)2 < 1 .

Then,

MMSE≤D ≥ 1

n
− 1

n2
− 2

(n− 1−D)
2 ζ

1 + ζ

1− ζ
.



In particular, taking D = O
(
log(np)1+η

)
for a small

η > 0, we have that, whenever ρ = o
(

1
log(np)7(1+η)

)
,

MMSE≤D =
1

n
− 1

n2
(1 + o(1)) .

Since the failure of O
(
log(np)1+η

)
-degree polyno-

mial estimators is taken as evidence of hardness for
polynomial-time algorithms, Theorem 3.2 suggests
that estimating M⋆ (and hence π⋆) is computation-
ally hard whenever

ρ ≤log 1 .

On the contrary, it is well known that as soon as ρ is
non-vanishing, alignment of two correlated Gaussian
graphs is possible in polynomial-time (Ding and Li
(2022)). Thus, when ρ is not vanishing, a naïve strat-
egy for aligning p correlated random graphs in polyno-
mial time would be two fix π⋆1 = id and to successively
align every other graph with G1 pairwise with the it-
erative algorithm developed by Ding and Li (2022).

Theorem 3.2 suggests that this naïve strategy is op-
timal up to logarithmic factors. In particular, Theo-
rem 3.2 highlights that the presence of multiple graphs
does not simplify the problem computationally, and, in
fact, enlarges the statistical–computational gap.

Theorem 1.1. from Ding and Li (2022) directly implies
the following.
Corollary 3.3. If ρ > ε with ε > 0 an independent
constant, then there exists a constant C = C(ε) > 0
and an algorithm with O

(
p× nC

)
-running time such

that E [err (π̂, π⋆)] → 0 when n→ ∞, that is, achieving
partial recovery.

High-level proof strategy of Theorem 3.2 In
Gaussian additive models, Theorem 2.2 of Schramm
and Wein (2022) provides a lower bound of the
MMSE≤D with respect to a sum squared joint cumu-
lants of the signal (see Proposition E.1 for a statement
of this formula with the notation of our model). We
refer to Novak (2014) for a backround on cumulants.
However, for general p, relying only on this formula is
not sufficient. Thus, we proceed in two steps:

1. We consider the case p = 2. In this case, it is
sufficient to appeal to Theorem 2.2 of Schramm
and Wein (2022) and to compute the cumulants
involved. We point out that for analyzing those
cumulants, we build upon the work of Even et al.
(2025b) which allows us to consider cumulants of
Bernoulli variables depending only on the random
permutations π⋆1 , π⋆2 .

2. We observe that the problem of aligning p corre-
lated graphs with correlation ρ is harder than the

problem of aligning two graphs with correlation√
ρ. Plugging the first step is then sufficient for

concluding the proof of the theorem for general p.

4 DISCUSSION

Comparison with n-dimensional feature match-
ing. The problem of multiple feature matching (Even
et al. (2025a)) is another statistical problem where
permutations are hidden in the data. Here, we ob-
serve p correlated matrices Y1, . . . , Yp ∈ Rn×n where
the rows of each matrix Yj is relabeled according to
some π⋆j . This model comes with a Gaussian mix-
ture flavor : we suppose that the rows of each ma-
trix are drawn independently, where row u of matrix
j is a Gaussian vector N

(
µπ⋆

j (u)
, In

)
of dimension n.

Assume that the row relabelings π⋆1 , . . . , π⋆p and the
centers µ1, . . . , µn are hidden. Even et al. (2025a)
characterizes the statistical-computational landscape
of this problem, generalizing the results from Collier
and Dalayan (2016) which studied only the case p = 2.

To clarify the comparison between the two prob-
lems, we assume that the centers µ1, . . . , µn are
taken with a gaussian prior. Then, Y1, . . . , Yp are
correlated (non-symmetric) Gaussian matrices with
Cov (Yjuv, Yj′u′v′) = ρ1

{
π⋆j (u) = π⋆j (u

′)
}
1 {v = v′},

for some parameter ρ > 0 depending on the variance
of the centers µ1, . . . , µn. Heuristically, the difference
between multiple feature matching and multiple gaus-
sian graph alignment is that in the first problem, only
one dimension (the rows of the matrices) is permuted,
whereas in the second problem, both coordinates are
permuted. One would therefore expect the second
problem to be more difficult.

Yet, at the information level, the thresholds for per-
fect recovery and partial recovery coincide, up to some
numerical constant (see Even et al. (2025b)). More-
over, we observe the same exponential decay of the er-
ror above the threshold for partial recovery. With no
computational constraints, both problems are equiv-
alently difficult, but the optimal estimator is the so-
lution to a combinatorial optimization problem over
all p-tuple of permutations (or p′-tuple of permutation
with p′ ≍ ρ−1 in the case of Gaussian matrix align-
ment), and is not computable in polynomial time for
p ≥ 3, and even for p = 2 in Gaussian graphs align-
ment.

However, Corollary 2.3 of Even et al. (2025a) shows
that there exists polynomial-time algorithms for mul-
tiple feature matching which exactly recover π⋆ as soon
as

ρ ≥log
1√
n
∧ 1

√
p
.



This suggests that the problem of multiple feature
matching is much easier that the problem of multi-
ple gaussian graph alignment where our computational
barrier gives the evidence that recovering π⋆ is com-
putationally tractable only when ρ ≥log 1.

Hence, the presence of a bi-dimensional structure
hardens the problem at a computational level. In our
problem, the permutation of both coordinates breaks
the low-rank structure of the signal and prevents any
spectral method from being informative. On the con-
trary, for large p, in the case of multiple feature match-
ing, the computational barrier coincides with a spec-
tral barrier known as the BBP transition Baik et al.
(2005), below which the spectrum of the Gram matrix
Y Y T no longer carries information about the signal.

Hardness for complex bi-dimensional struc-
tures. The computational intractability of estimat-
ing bi-dimensional structures in matrix problems has
also been observed in Even et al. (2025b), where the
authors compare the statistical–computational land-
scapes of high-dimensional clustering with related
problems exhibiting hidden bi-dimensional structure,
such as sparse clustering and bi-clustering. With-
out computational constraints, the full structure can
be exploited, whereas polynomial-time algorithms fail
to leverage the dependencies across both rows and
columns simultaneously.

This phenomenon also underlies the statisti-
cal–computational gaps in planted submatrix es-
timation (Schramm and Wein (2022)) and graphon
estimation (Luo and Gao (2023)).

Multiple Gaussian graph alignment thus provides an-
other instance of a problem in which a complex hidden
bi-dimensional structure gives rise to a wide statisti-
cal–computational gap.

Limitation: non-sharpness of the computa-
tional lower bound. Our low-degree lower bound
matches the state-of-the art polynomial-time algo-
rithm only up to some logarithmic factors. A recent
line of work succeeds in some problems to remove log-
arithmic factors in low-degree lower-bounds Sohn and
Wein (2025); Even et al. (2025b), but at the price of
a more subtle analysis. In Even et al. (2025b), the
analysis highly rely on the independencies of the la-
tent variables, which should not be expected to work
for our problem, due to the fact that the values of the
hidden permutations π⋆1 , . . . , π⋆p are weakly dependent.
We did not investigate the approach of Sohn and Wein
(2025).

However, to the best of our knowledge, in estima-
tion problems where the low-degree lower bound ex-

actly matches the performance of the best known
polynomial-time algorithm, the computational barrier
is characterized by a constant (e.g., the Kesten–Stigum
threshold for the SBM Sohn and Wein (2025), the
BBP transition for clustering Even et al. (2025b), etc.).
This leads to a sharp phase transition: the problem is
efficiently solvable above the threshold, and low-degree
hard below it.

In contrast, for the problem of multiple Gaussian
graph alignment, the state-of-the-art algorithm Ding
and Li (2022) can recover π⋆ in polynomial time as
soon as the correlation ρ is non-vanishing. Rather than
exhibiting a sharp phase transition, the upper bound
of Ding and Li (2022) reveals a continuum of hard-
ness: the number of iterations required, and hence the
time complexity, grows as ρ decreases. This suggests
that closing the remaining (polylogarithmic) gap be-
tween the state-of-the-art polynomial-time algorithm
and the low-degree lower bound is likely to be very
challenging.

Open questions. An intriguing direction is the
alignment of correlated Erdős-Rényi graphs. For p =
2, it is believed that the Otter constant characterizes
the computational threshold in terms of the correla-
tion parameter (Ding et al. (2023); Ganassali et al.
(2024b); Li (2025)). However, the situation for p ≥ 3
remains unclear. Does the Otter constant continue to
govern the computational barrier in this multi-graph
setting, or does a different phenomenon arise?
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Statistical-computational gap in multiple Gaussian graph alignment –
Supplementary Material

A Proof of Theorem 2.1

We will state and prove the following theorem, which will imply Theorem 2.1.
Theorem A.1. There exists numerical constants C, c1, c2, c3 > 0 and n0 such that the following holds for all
η ≥ 1. Whenever ρ ≥ c1

√
log(n)+log(η)

np , p ≤ C n
log(n)+log(η) and n ≥ n0, we have, with probability at least 1− c2

n2η ,

err(π̂, π⋆) = 0.

Let us first explain why Theorem A.1 implies Theorem 2.1. Suppose that Theorem A.1 is true, take ρ >

c1

√
log(n)
np and assume p ≤ C ′ρ−1 for some C ′ to be fixed later. Let η = exp

(
np
c21
ρ2 − log(n)

)
≥ 1, so that

ρ = c1

√
log(n)+log(η)

np . Since p ≤ C ′ρ−1 = C′

c1

√
np

log(n)+log(η) , we have p ≤ (C ′/c1)
2 n
log(n)+log(η) and thus, taking

C ′ = c1
√
C, Theorem A.1 implies

P [err(π̂, π⋆) ̸= 0] ≤ 1

n2η
≤ exp

(
−cnpρ2

)
,

for c = 1/c21.

Let us now move on to the proof of Theorem A.1. In this section, for u, u′ ∈ [n], e, e′ ∈ E, j, j′ ∈ [p] we will
use the notations (j, e) ∼ (j′, e′) (resp. (j, e) ̸∼ (j′, e′)) when Π⋆j (e) = Π⋆j′(e

′) (resp. Π⋆j (e) ̸= Π⋆j′(e
′)) and

(j, u) ∼ (j′, u′) (resp. (j, u) ̸∼ (j′, u′)) when π⋆j (u) = π⋆j′(u
′) (resp. π⋆j (u) ̸= π⋆j′(u

′)).

We recall that deriving the MLE is equivalent to solving

B̂ = argmax
B∈B

⟨GGT , B⟩, (17)

with B the set of all matrices B of the form B(π) as defined in (8), namely matrices B which can be written
Bje,j′e′ =

1
p1 {Πj(e) = Πj′(e)} for some π ∈ (Sn)p. After solving (17), the MLE can be found taking any π̂ such

that B̂ = B(π̂).

A.1 First definitions and useful lemmas

The main ideas for the proof of this informational upper bound are derived from Even et al. (2024). The key
distinction in our framework lies in the fact that, unlike in Even et al. (2024), we study a quadratic form involving
a vector G ∈ RN×p, rather than a quadratic form of a matrix. Consequently, the technical arguments required
to derive concentration inequalities for the various terms differ from those used in Even et al. (2024).

A first step is to control the error in π in terms of the error on the normalized edge alignment matrix B, which
looks at the permutation at the edge level. Another useful error is measured looking at the permutation at the
node level. For any π ∈ (Sn)p we introduce its normalized vertex alignment matrix A(π) ∈ Rpn×pn as

[A(π)]ju,j′u′ =
1

p
1πj(u)=πj′ (u

′) . (18)

Define A := A((Sn)p). Note that, similarly to B, π 7→ A(π) is a bijection from (Sn)p/ ≡ onto A, where ≡ is
defined in Section 2.1 after (8). Denote A⋆ := A(π⋆).

We start by stating a lemma that will be instrumental in the proofs to come.



Lemma A.1. For all B ∈ B,

pTr(B⋆ −B⋆B) =
∑

(j,e)̸∼(j′,e′)

Bje,j′e′ =
1

2
∥B⋆ −B⋆B∥1 .

∥B⋆ −B⋆B∥F ≤
√
∥B⋆ −B⋆B∥∞

√
∥B⋆ −B⋆B∥1 ≤

√
2/p
√
∥B⋆ −B⋆B∥1 .

For all A ∈ A,

pTr(A⋆ −A⋆A) =
∑

(j,u)̸∼(j′,u′)

Aju,j′u′ =
1

2
∥A⋆ −A⋆A∥1 .

Another useful fact is that errors in B are equivalent to errors in A for a common π ∈ (Sn)p.
Lemma A.2 (Equivalence of errors in A and B). We have for all π ∈ (Sn)p, denoting A = A(π) and B = B(π),

1

4n
∥B⋆ −B⋆B∥1 ≤ ∥A⋆ −A⋆A∥1 ≤ 1

(n− 1)
∥B⋆ −B⋆B∥1 .

Lemma A.3 (Errors in π,A and B). We have for all π ∈ (Sn)p, denoting A = A(π) and B = B(π),

err(π, π⋆) ≤ 2

np
× ∥A⋆ −A⋆A∥1 ≤ 2

n(n− 1)p
× ∥B⋆ −B⋆B∥1 .

Thanks to these results, all we have to do in order to prove Theorem 2.1 is to control ∥A⋆ − A⋆Â∥1 with high
probability, where Â = A(π̂) with π̂ the MLE defined in (10).

A.2 Control of ∥A⋆ −A⋆Â∥1

To do so, recall that by definition,
⟨GGT , B̂ −B⋆⟩ ≥ 0,

which gives after plugging (5):

ρ⟨G⋆(G⋆)T , B⋆ − B̂⟩ ≤
√
ρ(1− ρ)⟨G⋆ZT + Z(G⋆)T , B̂ −B⋆⟩+ (1− ρ)⟨ZZT , B̂ −B⋆⟩ . (19)

We will next refer to ⟨G⋆(G⋆)T , B⋆ − B̂⟩ as the signal term, ⟨G⋆ZT + Z(G⋆)T , B̂ − B⋆⟩ as the cross term, and
⟨ZZT , B̂ −B⋆⟩ as the quadratic term. We will control each of these terms separately, uniformly when B̂ runs in
B.

For concentration bounds involving quadratic forms of Gaussian vectors, an instrumental result is the Hanson-
Wright inequality. We refer to e.g. Giraud (2008) for a proof.

Lemma A.4 (Hanson-Wright inequality). Let d ≥ 1, X ∼ N (0, Id) and M a deterministic d× d matrix. Then,
for all x > 0,

P
(
|XTMX − Tr(M)| >

√
8∥M∥2Fx ∨ (8∥M∥opx)

)
≤ 2e−x .

Using Hanson-Wright inequality, we are able to derive the following uniform controls on the three terms in (19):

Proposition A.1. There exists numerical constants C, c1, c2, c3 > 0 and n0 ≥ 1 such that the following holds for
all η ≥ 1. Assume ρ ≥ c3

√
log(n)+log(η)

np , p ≤ C n
log(n)+log(η) and n ≥ n0. Then, with probability at least 1− c1

n2η ,
for all B ∈ B,

• (signal term) For some numerical constant c > 0,

⟨G⋆(G⋆)T , B⋆ −B⟩ ≥ ∥B⋆ −B⋆B̂∥1/4 ,



• (cross term)

|⟨G⋆ZT+Z(G⋆)T , B̂−B⋆⟩| ≤ c2

√
⟨G⋆(G⋆)T , B⋆ −B⟩

√
∥B⋆ −B⋆B∥1

n

(
log(n) + log(η) + log

(
np

∥A⋆ −A⋆A∥1

))
,

• (quadratic term) for A = A(π) where π is such that B = B(π),

|⟨ZZT , B−B⋆⟩| ≤ c2∥B⋆−B⋆B∥1

 log(n) + log(η) + log
(

np
∥A⋆−A⋆A∥1

)
n

+

√√√√ log(n) + log(η) + log
(

np
∥A⋆−A⋆A∥1

)
np

 .

A.3 Conclusion

In the following, we restrict ourselves to the event of probability at least 1 − c1/(n
2η) on which bounds of

Proposition A.1 hold. First, plugging the upper bounds on the cross and quadratic terms in Equation (19) to
A = Â defined previously and B = B̂ yields

ρ⟨G⋆(G⋆)T , B⋆ − B̂⟩ ≲√
ρ

√
⟨G⋆(G⋆)T , B̂ −B⋆⟩

√√√√∥B⋆ −B⋆B̂∥1
n

(
log(n) + log(η) + log

(
np

∥A⋆ −A⋆Â∥1

))

+ ∥B⋆ −B⋆B̂∥1

 log(n) + log(η) + log
(

np

∥A⋆−A⋆Â∥1

)
n

+

√√√√ log(n) + log(η) + log
(

np

∥A⋆−A⋆Â∥1

)
np

 .

Discussing on which of the two terms on the right-hand side is greater, this reduces to

ρ⟨G⋆(G⋆)T , B̂−B⋆⟩ ≲ ∥B⋆−B⋆B̂∥1

 log(n) + log(η) + log
(

np

∥A⋆−A⋆Â∥1

)
n

+

√√√√ log(n) + log(η) + log
(

np

∥A⋆−A⋆Â∥1

)
np

 .

If B̂ is such that ∥B⋆ − B⋆B̂∥1 = 0, then ∥A⋆ − A⋆Â∥1 = 0 and err(π̂, π⋆) = 0 by Lemma A.3, and there is
nothing to prove. If ∥B⋆ −B⋆B̂∥1 > 0, the lower bound on the signal term in Proposition A.1 entails

ρ ≲
log(n) + log(η) + log

(
np

∥A⋆−A⋆Â∥1

)
n

+

√√√√ log(n) + log(η) + log
(

np

∥A⋆−A⋆Â∥1

)
np

.

Under our assumptions, ρ ≥ c3

√
log(n)+log(η)

np and p ≤ C n
log(n)+log(η) , so log(n)+log(η)

n ≤
√
C
c3
ρ. Thus, if c3 is large

enough, the previous inequality yields

ρ ≲
log
(

np

∥A⋆−A⋆Â∥1

)
n

+

√√√√ log
(

np

∥A⋆−A⋆Â∥1

)
np

,

which leads to the existence of some numerical constants c′, c satisfying

∥A⋆ −A⋆Â∥ ≤ np exp
(
−c′n

(
ρ ∧ pρ2

))
≤ np exp

(
−cnpρ2

)
.

Using Lemma A.3, we deduce that
err(π̂, π⋆) ≤ 2 exp

(
−cnpρ2

)
.

When ρ ≥ c3

√
log(n)+log(η)

np with c3 large enough, the error drops strictly below 1
n2 ≤ 1

np , and thus equals 0. This
concludes the proof of Theorem A.1.



A.4 Proof of Proposition A.1

We now give the proof of Proposition A.1. We fix η ≥ 1, which may depend on n. Throughout this proof, for
brevity, we will denote

δB := ∥B⋆ −B⋆B∥1 .

Step 1: the signal term. We have

⟨G⋆(G⋆)T , B⋆ −B⟩ = (G⋆)T (B⋆ −B)G⋆,

and Var(G⋆) = pB⋆. By Hanson-Wright inequality (Lemma A.4), with probability 1− 2e−x,

⟨G⋆(G⋆)T , B⋆ −B⟩ ≥ pTr(B⋆(B⋆ −B))−
√
8p2∥B⋆(B⋆ −B)B⋆∥2Fx ∨ (8p∥B⋆(B⋆ −B)B⋆∥opx)

=
1

2
∥B⋆ −B⋆B∥1 −

√
8p2∥B⋆(B⋆ −B)B⋆∥2Fx ∨ (8p∥B⋆(B⋆ −B)B⋆∥opx),

where Lemma A.1 justifies the equality. The symmetry of B and B⋆ together with Lemma A.1 yields ∥B⋆(B⋆−
B)B⋆∥F = ∥B⋆(B⋆ − B)∥F ≤

√
2δB/p. Moreover, B and B⋆ are projections, thus ∥B⋆(B⋆ −B)B⋆∥op ≤ 2.

Besides, one always have ∥B⋆(B⋆ −B)B⋆∥op ≤ ∥B⋆(B⋆ −B)B⋆∥F . Thus,

⟨G⋆(G⋆)T , B⋆ −B⟩ ≥ δB/2−
(
(4
√
pδBx) ∨ (16p(1 ∧

√
δB/p)x)

)
.

Let, for all 1 ≤ t ≤ 2np,

Bt :=
{
B ∈ B, δB ∈

]
(t− 1)

n− 1

2
, t
n− 1

2

]}
. (20)

Now, our strategy to bound ⟨G⋆(G⋆)T , B − B⋆⟩ uniformly on Bt and then do a union bound on 1 ≤ t ≤ 2np.
For B ∈ Bt for a fixed t, we will apply the previous inequality for x = xt ≳ log 2 + log |Bt|+ log(n3p) + log(η) so
that 2|Bt|e−x ≤ 1

n3pη . Elementary combinatorial arguments enable us to bound |Bt|.
Lemma A.5 (Control of the size of At and Bt). Assume n ≥ 2. Let, for all 1 ≤ t ≤ 2np,

At :=

{
A ∈ A, ∥A⋆ −A⋆A∥1 ∈

[
t− 1

2
,
t

2

]}
.

For all 1 ≤ t ≤ 2np,

|At| ≤
(

np

t ∧ np

)
nt∧np and |Bt| ≤ t

(
16n2pe

t ∧ np

)t∧np
.

In turn,

log |Bt| ≲ t log n+ t log

(
16npe

t

)
.

According to Lemma A.5, for 1 ≤ t ≤ 2np, it is enough to take x = xt ≍ t log(n)+t log (2np/t)+log(n3p)+log(η),
where ≍ denotes equality up to multiplicative constant, to get that with probability at least 1 − 1

n3pη , for all
B ∈ Bt,

⟨G⋆(G⋆)T , B⋆ −B⟩ ≥δB
2

− (4
√
pδBxt) ∨ (16p

(
1 ∧

√
δB/p

)
xt))

≥δB
2

− c
(√

pδB (t log(n) + t log (2np/t) + log(n3p) + log(η))
)

− cp
(
t log(n) + t log (2np/t) + log(n3p) + log(η)

)
,

with c some numerical constant, where we used a ∨ (b ∧ c) ≤ a+ c in the second line. We have, keeping in mind
that t ≍ δB/n ≍ ∥A⋆ − A⋆A∥1 (by definition (20) and Lemma A.2) and that when B ̸= B⋆ (resp. A ̸= A⋆),
δB ≳ n (resp. ∥A⋆ −A⋆A∥1 ≳ 1);

• pt log(n) ≲ δB
n p log(n) ≤ δB/256, since we assumed p ≤ C n

log(n) taking C small enough;



• pt log (2np/t) ≲ δB
n p log(2np) ≤ δB/256, for the same reasons;

• p log(n3p) ≲ δB
n∥A⋆−A⋆A∥1

p log(n3p) ≤ δB/256, for the same reasons;

• p log(η) ≲ δB
n p log(η) ≤ δB/256, since we assumed p ≤ C n

log(η) , taking C small enough;

We deduce that, for some fixed 1 ≤ t ≤ 2np, under our assumptions on p and ρ, with probability at least 1− 1
n3pη ,

∀B ∈ Bt, ⟨G⋆(G⋆)T , B⋆ −B⟩ ≥ δB/4 .

We conclude the proof of the control of the signal term with an union bound on 1 ≤ t ≤ 2np.

Step 2: the cross term For B ∈ B, the cross term writes

⟨G⋆ZT + Z(G⋆)T , B̂ −B⋆⟩ =
∑

(j,e),(j′,e′)

(G⋆jeZj′e′ +G⋆j′e′Zje)(Bje,j′e′ −B⋆je,j′e′)

=
∑

(j,e),(j′,e′)

(G⋆je −G⋆j′e′)(Zj′e′ − Zje)(Bje,j′e′ −B⋆je,j′e′)

=
∑

(j,e),̸∼(j′,e′)

(G⋆je −G⋆j′e′)(Zj′e′ − Zje)Bje,j′e′ ,

where the second equality comes from the identity B1 = B⋆1 = 1, and the last equality comes from the fact
that G⋆je = G⋆j′e′ when (j, e) ∼ (j′, e′). Since the previous quantity can be split into two terms which are equal
in distribution, it is enough to control, for all B ∈ B,∑

(j,e)̸∼(j′,e′)

(G⋆je −G⋆j′e′)ZjeBje,j′e′ .

Again, we proceed by bounding this linear form uniformly for all B ∈ Bt, where Bt is defined in (20), and we
then apply a union bound over t ∈ [1, 2np]. Let us first fix t ∈ [1, 2np] and B ∈ Bt. Then, conditioning on the
signal G⋆,

∑
(j,e) ̸∼(j′,e′)(G

⋆
je −G⋆j′e′)ZjeBje,j′e′ is a centered Gaussian random variable with variance given by

∑
(j,e)

 ∑
(j′,e′ )̸∼(j,e)

(
G⋆je −G⋆j′e′

)
Bje,j′e′

2

=
∑
(j,e)

 ∑
(j′,e′)

(
G⋆je −G⋆j′e′

)
Bje,j′e′

2

≤
∑
(j,e)

∑
(j′,e′)

(
G⋆je −G⋆j′e′

)2
Bje,j′e′

=
∑
(j,e)

∑
(j′,e′)

(
G⋆je −G⋆j′e′

)2
(Bje,j′e′ −B⋆je,j′e′)

= −2
∑
(j,e)

∑
(j′,e′)

G⋆jeG
⋆
j′e′(Bje,j′e′ −B⋆je,j′e′) = 2⟨G⋆(G⋆)T , B⋆ −B⟩,

where the first inequality comes from Jensen’s inequality, since for all (j, e),
∑

(j′,e′)Bje,j′e′ = 1, third line
comes from the fact that G⋆je = G⋆j′e′ whenever B⋆je,j′e′ = 1, and the last line is a consequence of the identity
B1 = B⋆1 = 1.

Standard Gaussian concentration gives that, with probability at least 1− 2e−x,

∣∣∣∣∣∣
∑

(j,e)̸∼(j′,e′)

(G⋆je −G⋆j′e′)ZjeBje,j′e′

∣∣∣∣∣∣ ≲
√
⟨G⋆(G⋆)T , B⋆ −B⟩

√
x

Taking again x = xt ≍ t log(n) + t log (2np/t) + log(n3p) + log(η), we have, with probability at least 1 − 1
n3pη ,

for all B ∈ Bt,



|
∑

(j,e)̸∼(j′,e′)

(G⋆je −G⋆j′e′)ZjeBje,j′e′ | ≲
√
⟨G⋆(G⋆)T , B⋆ −B⟩

√
t log(n) + t log (2np/t) + log(n3p) + log(η)

≤
√
⟨G⋆(G⋆)T , B⋆ −B⟩

√
δB
n

(
log(n) + log(η) + log

(
np

∥A⋆ −A⋆A∥1

))
,

where the last inequality comes from the fact p ≤ C n
log(n) and that t ≍ δB/n ≍ ∥A⋆ −A⋆A∥1 (by definition (20)

and Lemma A.2). We conclude the proof of the control of the cross term with an union bound on 1 ≤ t ≤ 2np.

Step 3: the quadratic noise term.

We seek to control ⟨ZZT , B⋆ −B⟩ for B ∈ B. We shall suppose without loss of generality that π⋆ = id. To any
B ∈ B, we identify B = B(π) with π ∈ (Sn)p minimizing der(π) :=

∑
j∈[p]

∑
u∈[n] 1 {πj(u) ̸= u}. From Lemma

A.3, we know that der(π) = err(π, π⋆) ≲ 1
n∥B

⋆ −B⋆B∥1.

As previously, our strategy is to upper-bound the quadratic term uniformly on all Bt and then use the union
bound on 1 ≤ t ≤ 2np. First, we shall fix such a 1 ≤ t ≤ 2np and B ∈ Bt. Using Hanson-Wright Lemma (Lemma
A.4), gives that, with probability at least 1− 2e−x,

|⟨ZZT , B −B⋆⟩| ≲ ∥B −B⋆∥opx ∨ ∥B −B⋆∥F
√
x .

Bounds on ∥B −B⋆∥op and ∥B −B⋆∥F are given in the following Lemma.
Lemma A.6.

∥B −B∗∥F ≤
√
δB/p and ∥B −B⋆∥op ≤ 1 .

Thus, with probability at least 1− 2e−x, we have

|⟨ZZT , B −B⋆⟩| ≤ x ∨
√
xδB/p .

Doing an union bound, we get that, with probability at least 1− 2|Bt|e−x, uniformly over all B ∈ Bt,

|⟨ZZT , B −B⋆⟩| ≤ x ∨
√
xδB/p .

As before, we choose x = xt ≍ t log(n) + t log (2np/t) + log(n3p) + log(η) so that, with probability at least
1− 1

n3pη , for all B ∈ Bt, uniformly over all B ∈ Bt, we have

|⟨ZZT , B −B⋆⟩| ≲
(
t log(n) + t log (2np/t) + log(n3p) + log(η)

)
+

√
δB
p

(t log(n) + t log (2np/t) + log(n3p) + log(η)) .

We remark that, as in step 1, keeping in mind that t ≍ δB/n ≍ ∥A⋆−A⋆A∥1 (by definition (20) and Lemma A.2)
and that when B ̸= B⋆ (resp. A ̸= A⋆), δB ≳ n (resp. ∥A⋆ −A⋆A∥1 ≳ 1);

• t log(n) ≲ δB
n log(n);

• t log(2np/t) ≲ δB
n log( np

∥A⋆−A⋆A∥1
);

• log(n3p) ≲ t log(n) ≲ δB
n log(n), since we assumed p ≤ C n

log(n) ;

• log(η) ≲ δB
n log(η).

Finally, we end up with

|⟨ZZT , B−B⋆⟩| ≲ δB
n

(
log(n) + log(η) + log

(
np

∥A⋆ −A⋆A∥1

))
+δB

√
1

np

(
log(n) + log(η) + log

(
np

∥A⋆ −A⋆A∥1

))
.

We conclude the proof of the control of the quadratic noise term with an union bound on 1 ≤ t ≤ 2np.



A.5 Further proofs of Appendix A

A.5.1 Proof of Lemma A.1

For all B ∈ B, note that

(B⋆ −B⋆B)je,j′e′ =

{
1
p −

1
p

∑
(k,f):(k,f)∼(j,e)Bkf,j′e′ if (j, e) ∼ (j′, e′)

− 1
p

∑
(k,f):(k,f)∼(j,e)Bkf,j′e′ if (j, e) ̸∼ (j′, e′)

Thus,

pTr(B⋆ −B⋆B) = p
∑
(j,e)

1

p
− 1

p

∑
(k,f):(k,f)∼(j,e)

Bkf,je


= pN −

pN −
∑

(k,f):(k,f) ̸∼(j,e)

Bkf,j′e′


=

∑
(j,e) ̸∼(j′,e′)

Bje,j′e′ .

On the other hand,

∥B⋆ −B⋆B∥1 =
∑
(j,e)

 ∑
(j′,e′):(j′,e′)∼(j,e)

1

p
− 1

p

∑
(k,f):(k,f)∼(j,e)

Bkf,j′e′

+
∑

(j′,e′):(j′,e′ )̸∼(j,e)

1

p

∑
(k,f):(k,f)∼(j,e)

Bkf,j′e′


=

1

p

∑
(j,e)

∑
(k,f):(k,f)∼(j,e)

 ∑
(j′,e′):(j′,e′)∼(j,e)

(
1

p
−Bkf,j′e′

)
+

∑
(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′


=

1

p

∑
(j,e)

∑
(k,f):(k,f)∼(j,e)

1−
1−

∑
(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′

+
∑

(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′


=

2

p

∑
(j,e)

∑
(k,f):(k,f)∼(j,e)

∑
(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′

=
2

p

∑
(k,f)

∑
(j,e):(j,e)∼(k,f)

∑
(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′

= 2
∑
(k,f)

∑
(j′,e′):(j′,e′ )̸∼(j,e)

Bkf,j′e′ = 2
∑

(j,e)̸∼(j′,e′)

Bje,j′e′ .

Then, the last inequality comes from the fact that since B⋆ is stochastic,

∥B⋆ −B⋆B∥∞ = ∥B⋆(B⋆ −B)∥∞ ≤ ∥B⋆ −B∥∞ ≤ 2/p .

The proof works similarly for all A ∈ A.

A.5.2 Proof of Lemma A.2

Assume without loss of generality that π⋆j = id for all j ∈ [p]. By Lemma A.1,

∥B⋆ −B⋆B∥1 =
2

p

∑
e ̸=e′

∑
j ̸=j′

1 {Πj(e) = Πj′(e
′)}

and
∥A⋆ −A⋆A∥1 =

2

p

∑
u ̸=u′

∑
j ̸=j′

1 {πj(u) = πj′(u
′)} .



Let us fix j, u and j′, u′ such that u ̸= u′ and πj(u) = πj′(u
′). For all v /∈ {u, u′}, we have Πj ({u, v}) =

Πj′
({
u′, π−1

j′ ◦ πj(v)
})

, with {u, v} ̸=
{
u′, π−1

j′ ◦ πj(v)
}

. Thus, the number of edge pairs ((j, e), (j′, e′)) with
e ̸= e′, such that u is a node of e, u′ is a node of e′, and Πj(e) = Πj′(e

′), is |[n] \ {u, u′}| which is either n− 1 or
n. Moreover, each such pair ((j, e), (j′, e′)) can be obtained by at most four distinct choices of u, u′. We conclude
that

1

4n
∥B⋆ −B⋆B∥1 ≤ ∥A⋆ −A⋆A∥1 ≤ 1

(n− 1)
∥B⋆ −B⋆B∥1 .

A.5.3 Proof of Lemma A.3

In light of Lemma A.2, it is sufficient to prove the first inequality. This inequality is a direct consequence of
Lemma 9 of Even et al. (2024). Since our framework and our notation are differ from the one of Even et al.
(2024), let us nonetheless prove Lemma Lemma A.3. Let π = π1, . . . , πp. Our goal is to bound the proportion of
misclassified points

err(π, π⋆) := min
ψ∈Sn

1

np

n∑
u=1

p∑
j=1

1
{
ψ(πj(u)) ̸= π⋆j (u)

}
,

with respect to ∥A⋆ −A⋆A∥1. For that purpose, let us chose some relevant permutation ψ ∈ Sn such that

1

np

n∑
u=1

p∑
j=1

1
{
ψ(πj(u)) ̸= π⋆j (u)

}
≤ 2

np
× ∥A⋆ −A⋆A∥1 .

Let us suppose without loss of generality that π⋆ = id.

Lemma A.7. There exists a permutation ψ ∈ Sn satisfying; for all u ̸= v ∈ [n], | {j ∈ [p], ψ ◦ πj(u) = v} | ≤ p/2.

Let ψ ∈ Sn given by Lemma A.7. Without loss of generality, we suppose that ψ = id. By definition, we have

err(π, π⋆) ≤ 1

np

n∑
u=1

p∑
j=1

1 {πj(u) ̸= u} =
1

np

∑
u ̸=v

| {j ∈ [p], πj(u) = v} | .

Let us fix u ̸= v. By Lemma A.7, we have | {j ∈ [p], πj(u) = v} | ≤ p
2 . Hence, all elements (j, u) with πj(u) = v

satisfy
∑
j′ ̸=j

∑
v′ ̸=uAju,j′v′ ≥

1
2 . We arrive at

1

np

∑
u ̸=v

| {j ∈ [p], πj(u) = v} | = 1

np

∑
u̸=v

| {j ∈ [p], πj(u) = v} |

≤ 1

np

∑
u̸=v

2
∑

j∈[p],πj(u)=v

∑
v′ ̸=u

Aju,j′v′

≤ 2

np

∑
u̸=v′

∑
j ̸=j′

Aju,j′v′

≤ 2

np
∥A⋆ −A⋆A∥1 .

This concludes the proof of the lemma.

Proof of Lemma A.7. Let us construct ϕ = ψ−1. For u, v with | {j ∈ [p], πj(u) = v} | > p/2, let us take ϕ(v) =
πj(u). This is an bijection from all the elements v such that there exists u with | {j ∈ [p], πj(u) = v} | > p/2 to
a subset of [n]. This bijection can be extanded to a bijection ϕ : [n] → [n]. The choice ψ = ϕ−1 satisfies the
condition of the lemma.



A.5.4 Proof of Lemma A.5

Fix 1 ≤ t ≤ 2np, A ∈ At and π ∈ (Sn)p such that A = A(π). Without loss of generality, assume that ψ = id
reaches the minimum in the definition of err(π, π⋆).

Remark that since A ∈ At, thanks to Lemma A.3,

t

2
≥ ∥A⋆ −A⋆A∥1 ≥ np

2
err(π, π⋆) =

1

2
|
{
(j, u) ∈ [p]× [n], πj(u) ̸= π⋆j (u)

}
|,

thus, we have at most t pairs (j, u) such that πj(u) ̸= π⋆j (u). Since this number is also upper bounded by np, we
have at most t ∧ np such pairs. Choosing these pairs among the np choices, and choosing values πj(u) for each
of these (j, u) among n possibilities gives

|At| ≤
(

np

t ∧ np

)
nt∧np .

Then, by Lemma A.2, if B(π) is an element of Bt, then A(π) lies in some As with t/16 ≤ s ≤ t as soon as n ≥ 2.
This gives

|Bt| ≤
t∑

s=t/16

(
np

s ∧ np

)
ns∧np ≤

t∑
s=t/16

(
npe

s ∧ np

)s∧np
ns∧np ≤ t

(
16n2pe

t ∧ np

)t∧np
.

This gives in turn that

log |Bt| ≲ log t+ (t ∧ np) log
(
16n2pe

t ∧ np

)
≤ log(2np) + t log

(
16n2pe

t

)
+ t log (16ne)

≲ t log n+ t log

(
16npe

t

)
.

A.5.5 Proof of Lemma A.6

Since both B and B⋆ are projection matrices, we directly deduce ∥B − B⋆∥op ≤ 2. For controlling ∥B − B⋆∥F ,
we proceed by counting the number of non-zero entries of B−B⋆, combined with the fact that ∥B−B⋆∥∞ = 1

p .
Let e = {u, v}, e′ = {u′, v′} and j, j′. Denote

Cj :=
{
u ∈ [n], πj(u) ̸= π⋆j (u)

}
.

In order to have (B −B⋆)je,j′e′ ̸= 0, we need to have either:

1. e = e′ and either u ∈ Cj , v ∈ Cj , u′ ∈ Cj′ or v′ ∈ Cj′ . The number of such pairs (j, e), (j′, e′) is at most
2np

∑
j∈[p] |Cj | = 2n2p2 × err(π, π⋆) ≲ p∥B⋆ −B⋆B∥1;

2. e ̸= e′ but we must have {Πj(e) = Πj′(e
′)} and, a fortiori, either u ∈ Cj , v ∈ Cj , u′ ∈ Cj′ or v′ ∈ Cj′ . The

number of such pairs is at most 2np× err(π, π⋆) ≲ p∥B⋆ −B⋆B∥1.

We can conclude with ∥B −B⋆∥F ≲
√
δB/p.

B Proof of Theorem 2.2

Assume p ≥ Cρ−1 and ρ ≥ c1

(
log(n)
n ∨

√
log(n)
np

)
for some large enough numerical constant c1. Take p′ = Cρ−1,

where C is the constant given in Theorem 2.1. It is clear that, for this new p′,

ρ ≥ c1
log n

n
=⇒ ρ2 ≥ c1ρ

log(n)

n
= c1C

log(n)

np′
=⇒ ρ ≥

√
c1C

√
log(n)

p′n
.



We denote in the following G′ and Ĝ′ the graphs defined by

G′
e =

1

p′

∑
j≤p′

G
j(Π⋆

j )
−1

(e)
and Ĝ′

e =
1

p′

∑
j≤p′

G
j(Π̂j)

−1
(e)

.

Using Theorem 2.1, we deduce that the MLE applied to G1, . . . , Gp′ achieves perfect recovery with high proba-
bility.

Corollary B.1. Suppose ρ ≥ c

(
log(n)
n +

√
log(n)
np

)
with c large enough and n ≥ n0 with n0 some numerical

constant. Then,
P
(
err
(
(π̂j)j≤p′ ,

(
π⋆j
)
j≤p′

)
̸= 0
)
≤ exp (−c′nρ) ,

with c′ some numerical constant.

On the event of high probability of Corollary B.1, the graphs G′ and Ĝ′ are isomorphic. Thus, it is sufficient to
analyse the alignment of a given graph Gj , for j > p′, with the graph G′. We remark that the edge correlation
between two such graphs is equal to

ρ′ =

√
p′ − 1 ρ√

1 + (p′ − 2)ρ
≳

√
ρ ≥ c

√
log(n)

n
,

with c some numerical constant that can be taken arbitrary large. Hence, we can apply Theorem 2.1 for the
specific case p = 2.

Formally, we compute π̂j the unique element such that (π̂1, π̂j) is the MLE of (Ĝ′, Gj). Let π̂oracle
j the unique

element such that (π⋆1 , π̂
oracle
j ) is the MLE of (G′, Gj). Next corollary controls the error of π̂oracle

j .
Corollary B.2. There exists numerical constants c, c′, n0 such that the following holds for all j > p′ whenever

n ≥ n0 and ρ′ ≥ c
√

log(n)
n . The MLE applied to G′ and Gj satisifies

P
[
δH(π̂oracle

j , π⋆j ) ̸= 0
]
≤ exp (−c′nρ) ,

with δH the Hamming distance. We denote Ej the event in the LHS above.

If ρ ≥ c

(
log(n)
n +

√
log(n)
np

)
for some large enough numerical constant c, then Corollary B.2 and Corollary B.1

hold.

Then, let us restrict ourselves to the event A on which err
(
(π̂j)j≤p′ ,

(
π⋆j
)
j≤p′

)
= 0. This means that there

exists ψ ∈ Sn such that π̂j = ψ ◦π⋆j for all j ≤ p′. Then, for all j > p′, we have π̂j = ψ ◦ π̂oracle
j . We deduce from

this the upper-bound on event A

err(π̂, π⋆) ≤ 1
{
err
(
(π̂j)j∈[p′] ,

(
π⋆j
)
j∈[p′]

)
̸= 0
}
+

1

p

∑
j>p′

1 (Ej) .

Taking to the expectation, we deduce

E [err(π̂, π⋆)] ≤ P(A) + exp (−cnρ) ≤ exp (−c2nρ) ,

for some numerical constant c2 > 0. This concludes the proof of the theorem.

C Proof of Theorem 2.4

For an estimator π̂ = π̂1, . . . , π̂p, we recall the definition of err:

err(π̂, π⋆) = min
ψ∈Sn

1

np

n∑
u=1

p∑
j=1

1
{
ψ(π̂j(u)) ̸= π⋆j (u)

}
.

In order to lower-bound the optimal error erropt := inf π̂:RE×p→(Sn)
p E [err(π̂, π⋆)], we shall proceed in two steps;



• Step 1: we lower-bound erropt with respect to the optimal error of estimating π⋆p given all the other permu-
tations,

• Step 2: we lower-bound the optimal error of estimating π⋆p using Fano’s lemma, which requires to upper-
bound the Kullback–Leibler divergence between the joint law conditionally on π⋆p = id and the law condi-
tionally on π⋆p = π for any π ∈ Sn.

Step 1. Let us now lower-bound the erropt with respect to the optimal error of estimating π⋆p . For j ̸= j′ ∈ [p]
and a global estimator π̂, we define the error of π̂ between Gj and Gj′ as

errj,j′(π̂, π
⋆) := min

ψ∈Sn

1

2n

n∑
u=1

1
{
ψ(π̂j(u)) ̸= π⋆j (u)

}
+ 1

{
ψ(π̂j′(u)) ̸= π⋆j′(u)

}
.

We have, for any π̂ and a minimizer ψ in the definition of err(π̂, π⋆),

err(π̂, π⋆) =
1

np

n∑
u=1

p∑
j=1

1
{
ψ(π̂j(u)) ̸= π⋆j (u)

}
=

1

np(2p− 2)

∑
1≤j ̸=j′≤p

n∑
u=1

1
{
ψ(π̂j(u)) ̸= π⋆j (u)

}
+ 1

{
ψ(π̂j′(u)) ̸= π⋆j′(u)

}
≥ 1

p(p− 1)

∑
1≤j ̸=j′≤p

errj,j′ (π̂, π
⋆) ,

which leads to, taking to the expectation,

E [err(π̂, π⋆)] ≥ 1

p(p− 1)

∑
1≤j ̸=j′≤p

E [errj,j′ (π̂, π
⋆)] .

Step 2. Fix (j, j′) = (p− 1, p) by symmetry and let us find a lower bound for inf π̂:RE×p→(Sn)
p E [errp−1,p (π̂, π

⋆)].
Remark that errp−1,p (π̂, π

⋆) only depends on the two last permutations π̂p−1, π̂p so we will lower-bound

erroptp−1,p := inf
π̂p−1,π̂p∈Sn

E
[
err
(
(π̂p−1, π̂p) ,

(
π⋆p−1, π

⋆
p

))]
.

Let
(
π̂opt
p−1, π̂

opt
p

)
minimizing the above quantity. For π ∈ Sn, let Pπ := Pid,...,id,π the law of G1, . . . , Gp condition-

ally on π⋆1 = id, . . . , π⋆p−1 = id, π⋆p = π. We recall that we denote P the law of G1, . . . , Gp with π⋆1 , . . . , π
⋆
p taken

independently and uniformly on Sn. Consider the following procedure for recovering π under Pπ.

1. draw σ1, . . . , σp uniformly and independently over Sn,

2. relabel G1, . . . , Gp accordingly to σ1, . . . , σp, and denote the relabeled graphs G̃1, . . . , G̃p

3. compute
(
π̂opt
p−1, π̂

opt
p

)
(G̃1, . . . , G̃p);

4. Take π̂ =
(
π̂opt
p−1

)−1 ◦ σp−1 ◦ (σp)−1 ◦ π̂opt
p ∈ Sn as an estimator for π̂.

We remark that, under the law Pπ for G1, . . . , Gp, the permuted graphs G̃1, . . . , G̃p have joint law P. Thus,

Eπ
[
err
((
π̂opt
p−1, π̂

opt
p

) (
G̃1, . . . , G̃p

)
, (σp−1, σp ◦ π)

)]
= erroptp−1,p .

In the following, we denote δH(π, π′) := 1
n

∑n
u=1 1 {π(u) ̸= π′(u)} the Hamming distance between two permuta-

tions. We have

err
((
π̂opt
p−1, π̂

opt
p

)
, (σp−1, σp ◦ π)

)
=err

((
σ−1
p ◦ π̂opt

p−1, σ
opt
p−1 ◦ π̂opt

p

)
, (id, π)

)
=
1

2
min
ψ∈Sn

[
δH
(
ψ ◦ σ−1

p−1 ◦ π̂
opt
p−1, id

)
+ δH

(
ψ ◦ σ−1

p ◦ π̂opt
p , π

)]
.



Let us now fix ψ ∈ Sn. Then, using the triangular equality,

δH (π̂, π) =δH

((
π̂opt
p−1

)−1 ◦ σp−1 ◦ (σp)−1 ◦ π̂opt
p , π

)
≤δH

(
ψ ◦ σ−1

p ◦ π̂opt
p , π

)
+ δH

(
ψ ◦ σ−1

p ◦ π̂opt
p ,

(
π̂opt
p−1

)−1 ◦ σp−1 ◦ (σp)−1 ◦ π̂opt
p

)
=δH

(
ψ ◦ σ−1

p ◦ π̂opt
p , π

)
+ δH

(
ψ ◦ σ−1

p ◦ π̂opt
p

)
,

and, taking the infimum over all ψ ∈ Sn and taking to the expectation, we get

Eπ [δH (π̂, π)] ≤ 2erroptp−1,p ≤ 2erropt .

We conclude the proof of the theorem with the next lemma, whose proof is postponed to Section C.1.

Lemma C.1. Suppose n ≥ n0 with n0 some numerical constant. There exists numerical constants c, c′ such

that, when ρ ≤ c

(
log(n)
n ∨

√
log(n)
np

)
,

inf
π̂:RE×p→Sn

sup
π∈Sn

Eπ [δH(π̂, π)] ≥ c .

C.1 Proof of Lemma C.1

We recall that, under Pπ, we observe G1, . . . , Gp conditionally over π⋆j = id for j ∈ [p− 1] and over π⋆p = π. We
shall lower-bound

inf
π̂:RE×p→Sn

sup
π∈Sn

Eπ [δH(π̂, π)] .

To do so, we shall use an adaptation of Fano’s lemma, stated as Lemma C.2 (see e.g. Section 3.2.2 of Giraud
(2021) for a proof).

Lemma C.2. For any finite set A ⊆ Sn, we have the following inequality

inf
π̂

2

|A|
∑
π∈A

Eπ [δH(π̂, π)] ≥ ( min
π ̸=π′∈A

δH(π, π′))×

(
1−

1 + 1
|A|
∑
π∈AKL (Pπ,Pid)

log(|A|)

)
.

In the light of this lemma, we shall find a set of permutations which are all at great Hamming distance one
from the others, but such that KL (Pπ,Pid) remains small. Such a set is given Lemma 16 of Collier and Dalayan
(2016), which we state here.

Lemma C.3. For any interger n ≥ 4, there exists a set A ⊂ Sn such that

1. |A| ≥
(
n
24

)n/6 ;

2. For every π ̸= π′ ∈ A, δH(π, π′) ≥ 3/8.

It remains to compute the Kullback-Leibler divergence KL (Pπ,Pid) for any π ∈ A. We refer to Section C.1.1 for
a proof of the next lemma.

Lemma C.4. Let A be a subset of Sn satisfying conditions of Lemma C.3. For any π ∈ A,

KL (Pπ,Pid) ≤
n(n− 1)ρ2(p− 1)

(1− ρ)(1 + ρ(p− 1))
.

Combining Lemmas C.4, C.3 and C.2, we get, whenever n ≥ 4,

inf
π̂:RE×p→Sn

sup
π∈A

Eπ [δH (π̂, π)] ≥ 3

8

1−
1 + n(n−1)ρ2(p−1)

(1−ρ)(1+ρ(p−1))
n
6 log( n24 )

 .



First, assume ρ ≤ c
√

log(n)
np , for a small enough numerical constant c. Then,

inf
π̂:RE×p→Sn

sup
π∈A

Eπ [δH (π̂, π)] ≥ 3

8

(
1− 6 + 12n2ρ2p

n log(n/24)

)
≥ 3

16
,

provided the constant c is small enough and n large enough.

Second, assume ρ ≤ c log(n)n with c a small enough numerical constant. This gives

inf
π̂:RE×p→Sn

sup
π∈A

Eπ [δH (π̂, π)] ≥ 3

8

1−
6 + 12n2ρ2(p−1)

ρ(p−1)

n log(n/24)

 ≥ 3

8

(
1− 6 + 12n2ρ

n log(n/24)

)
≥ 3

16
,

provided n is large enough and c small enough. This concludes the proof of the lemma.

C.1.1 Proof of Lemma C.4

Let us fix π ∈ A and let us compute KL(Pπ,Pid) = Eπ
[
log
(
d Pπ

d Pid

)]
. We recall that the law Pπ (resp. Pid) can

be generated as follows.

1. draw (G⋆e)e∈E independently and N (0, 1);

2. Independently from (G⋆e)e∈E , draw (Zje)e∈E,j∈[p] i.i.d. N (0, 1);

3. For j ≤ p− 1, take Gje =
√
ρG⋆e +

√
1− ρZje;

4. For j = p, take Gpe =
√
ρG⋆Π(e) +

√
1− ρZpe (resp. Gpe =

√
ρG⋆e +

√
1− ρZpe), where Π(e) = {π(u), π(u′)}

for e = {u, u′}.

In order to compute KL(Pπ,Pid), we first compute the likelihood ratio d Pπ

d Pid
. We have, since the G⋆e’s are drawn

independently,

dPπ
dPid

=
∏
e∈E

EG⋆

[
exp

(
−1

2(1−ρ)

[∑p−1
j=1

(
Gje −

√
ρG⋆e

)2
+
(
GpΠ−1(e) −

√
ρG⋆e

)2])]
EG⋆

[
exp

(
−1

2(1−ρ)
∑p
j=1

(
Gje −

√
ρG⋆e

)2)]
=
∏
e∈E

EG⋆

[
exp

(
−p

2(1−ρ)
[
(
√
ρG⋆e)

2 − 2
√
ρG⋆eGΠ−1(e)

])]
EG⋆

[
exp

(
−p

2(1−ρ)
[
(
√
ρG⋆e)

2 − 2
√
ρG⋆eGe

])] ,

where we denote GΠ−1(e) =
1
p

(∑p−1
j=1 Gje +GpΠ−1(e)

)
and Ge = 1

p

∑p
j=1Gje. Let us compute the numerator of



the above equality. Recall that G⋆e ∼ N (0, 1), so that

EG⋆

[
exp

(
−p

2(1− ρ)

[
(
√
ρG⋆e)

2 − 2
√
ρG⋆eGΠ−1(e)

])]
=

1√
2π

∫
exp

(
−x2

2

)
exp

(
−p

2(1− ρ)

[
ρx2 − 2

√
ρxGΠ−1(e)

])
dx

=
1√
2π

∫
exp

(
−1

2

[(
1 +

ρp

1− ρ

)
x2 − 2p

√
ρGΠ−1(e)

1− ρ
x

])
dx

=
1√
2π

∫
exp

(
−(1 + ρ(p− 1))

2(1− ρ)

[
x2 − 2p

√
ρGΠ−1(e)

1 + ρ(p− 1)
x

])
dx

=
1√
2π

∫
exp

−(1 + ρ(p− 1))

2(1− ρ)

(x− p

√
ρGΠ−1(e)

1 + ρ(p− 1)

)2
 dx

× exp

(
(1 + ρ(p− 1))

2(1− ρ)

p2ρGΠ−1(e)
2

(1 + ρ(p− 1))
2

)
dx

=

√
1 + ρ(p− 1)

1− ρ
exp

(
p2ρGΠ−1(e)

2

2(1− ρ)(1 + ρ(p− 1))

)
,

and, similarly, we have

EG⋆

[
exp

(
−p

2(1− ρ)

[
(
√
ρG⋆e)

2 − 2
√
ρG⋆eGe

])]
=

√
1 + ρ(p− 1)

1− ρ
exp

(
p2ρGe

2

2(1− ρ)(1 + ρ(p− 1))

)
,

so, wrapping things up,

dPπ
dPid

=
∏
e∈E

exp

p2ρ
(
GΠ−1(e)

2 −Ge
2
)

2(1− ρ)(1 + ρ(p− 1))

 . (21)

Plugging this equality in the definition of the KL divergence leads to

KL (Pπ,Pid) =
p2ρ

2(1− ρ)(1 + ρ(p− 1))

∑
e∈E

Eπ
[
GΠ−1(e)

2 −Ge
2
]
. (22)

Fix e ∈ E. We have

Eπ
[
GΠ−1(e)

2
]
=

1

p2
Eπ


 ∑
j∈[p−1]

Gje +GpΠ−1(e)

2
 =

1

p2
(p+ ρp(p− 1)) ,

and on the other hand,

Eπ
[
Ge

2
]
≥ 1

p2
(p+ ρ(p− 1)(p− 2)) .

Hence,

KL (Pπ,Pid) ≤
n(n− 1)ρ2(p− 1)

(1− ρ)(1 + ρ(p− 1))
,

which concludes the proof of the lemma.

D Proof of Theorem 2.5

In this section, we seek to lower-bound

inf
π̂:RE×p→(Sn)

p
P [err(π̂, π⋆) ̸= 0] .

We will rely on Fano’s lemma to do so. For that purpose, we need to consider the law of G1, . . . , Gp conditionally
on π⋆. For any π ∈ (Sn)p, we now write Pπ the joint law of G1, . . . , Gp conditionally over π⋆ = π. We write P
the joint law of G1, . . . , Gp for π⋆ taken randomly.



Lemma D.1.
inf

π̂:RE×p→(Sn)
p
P [err(π̂, π⋆) ̸= 0] = inf

π̂:RE×p→(Sn)
p

sup
π∈(Sn)

p
Pπ [err(π̂, π⋆) ̸= 0]

Proof of Lemma D.1. Let π̂ : RE×p → (Sn)p. Let π ∈ (Sn)p and let σ = (σ1, . . . , σp) ∈ (Sn)p be i.i.d. uniformly
drawn independently from everything else. Define Hje := Gjσj(e). Then, for G = (G1, . . . , Gp) ∼ Pπ, we have
H := (H1, . . . ,Hp) ∼ P. Thus,

P [err(π̂(G), π⋆) ̸= 0] = Pπ [err (π̂ (H) , σ ◦ π) ̸= 0] = Pπ
[
err
(
σ−1 ◦ π̂ (H) , π

)
̸= 0
]
,

and this for all π ∈ (Sn)p which in turn implies

P [err(π̂, π⋆) ̸= 0] = sup
π∈(Sn)p

Pπ
[
err
(
σ−1 ◦ π̂ (H) , π

)
̸= 0
]
.

We conclude with the sought equality

inf
π̂:RE×p→(Sn)

p
P [err(π̂, π⋆) ̸= 0] = inf

π̂:RE×p→(Sn)
p

sup
π∈(Sn)

p
Pπ [err(π̂, π⋆) ̸= 0]

In the light of Lemma D.1, it is sufficient to lower-bound inf π̂:RE×p→(Sn)
p supπ∈(Sn)

p Pπ [err(π̂, π⋆) ̸= 0]. We shall
appeal to Fano’s Lemma that we recall here (see e.g p. 57 of Giraud (2021)).
Lemma D.2. Let (Ps)s∈[ℓ] a set of probability distributions on the same space Y. Let Q a probability distribution
on Y such that Ps ≪ Q for all s ∈ [ℓ]. Then,

min
Ĵ:Y→[ℓ]

1

ℓ

∑
s∈[ℓ]

Ps
[
Ĵ ̸= s

]
≥ 1−

1 + 1
ℓ

∑
s∈[ℓ] KL (Ps,Q)

log(ℓ)
.

Let us consider Q = Pid for applying Lemma D.2. Our goal is to find a large set of p-tuples of permutations
such that KL (Pπ,Pid) remains small. To do so, for j ∈ [p] and e = {u, u′} ∈ E, we define π(j,e) the p-tuple of
permutations by π(j,e)

j′ = id whenever j ̸= j′ and π(j,e)
j is the transposition swapping u and u′.

Lemma D.3. For all j ∈ [p] and e ∈ E, we have

KL (Pπ(j,e) ,Pid) =
(2n− 3) ρ2(p− 1)

(1− ρ) (1 + ρ(p− 1))
.

Combining together Lemma D.3 and Lemma D.2, we deduce that

min
Ĵ:RE×p→[p]×E

∑
j,e∈[p]×E

Pπ(j,e)

[
Ĵ ̸= (j, e)

]
≥ 1−

1 + (2n−3)ρ2(p−1)
(1−ρ)(1+ρ(p−1))

log(pn(n− 1)/2)
,

and thus,

inf
π̂:RE×p→(Sn)

p
sup

π∈(Sn)
p
Pπ [err(π̂, π⋆) ̸= 0] ≥ 1−

1 + (2n−3)ρ2(p−1)
(1−ρ)(1+ρ(p−1))

log(pn(n− 1)/2)
.

First, assume that ρ ≤ c
√

log(np)
np for a small enough numerical constant c > 0. Then,

inf
π̂:RE×p→(Sn)

p
sup

π∈(Sn)
p
Pπ [err(π̂, π⋆) ̸= 0] ≥ 1− 1 + 8nρ2p

log(pn(n− 1)/2)
≥ 1− ε,

provided c is small enough and n is large enough.

Second, assume that ρ ≤ c log(np)n . Then,

inf
π̂:RE×p→(Sn)

p
sup

π∈(Sn)
p
Pπ [err(π̂, π⋆) ̸= 0] ≥ 1− 1 + 8nρ

log(np(n− 1))
≥ 1− ε,

provided c is small enough and n is large enough. This concludes the proof of the theorem.



D.1 Proof of Lemma D.3

By symmetry, it is enough to prove the result for j = p and e = {1, 2}. We denote τ the transposition swapping
1 and 2. Starting back from (22), we have

KL (Pπ,Pid) =
p2ρ

2(1− ρ)(1 + ρ(p− 1))

∑
e∈E

Eπ
[
GΠ−1(e)

2 −Ge
2
]
,

where we recall that Ge = 1
p

∑
j∈[p]Gje and GΠ−1(e) = 1

p

(∑
j∈[p−1]Gje +Gpτ(e)

)
. In the above sum, all the

terms such that e∩ {u, u′} = ∅ make a null contribution. For the other terms – there are n(n−1)
2 − (n−2)(n−3)

2 =
2n− 3 such terms – we use

Eπ
[
GΠ−1(e)

2
]
=

1

p2
[p+ ρp(p− 1)] and Eπ

[
Ge

2
]
=

1

p2
(p+ ρ(p− 1)(p− 2)) .

We can conclude

KL (Pπ,Pid) =
(2n− 3) ρ2(p− 1)

(1− ρ) (1 + ρ(p− 1))
.

E Proof of Theorem 3.2

The minimization problem (16) defining MMSE≤D is separable, and since the random variables M⋆
(u,j),(u′,j′) are

exchangeable, the MMSE≤D can be reduced to

MMSE≤D := inf
f∈RD[G]

E
[
(f(G)− x)2

]
,

where x = 1 {π⋆1(1) = π⋆2(1)}. In order to lower-bound MMSE≤D, we proceed in two steps;

1. We consider the case where p = 2 and we use the technics of Schramm and Wein (2022) and Even et al.
(2025b);

2. We reduce the general problem of aligning p Gaussian graphs to the problem of aligning one graph with
some signal graph G⋆ and we use the lower bound obtained for two graphs.

Interestingly, the method of Schramm and Wein (2022) is not sufficient for directly considering the general case
with p Gaussian graphs. A technical analysis based directly on Schramm and Wein (2022), using the technics
from Even et al. (2025a) for the weak dependencies, would only get the sought result for p ≤ n. The reduction
step to the problem of two graphs has therefore two benefits; (i) simplifying the computations (ii) allowing us to
deal with the regime p ≥ n.

E.1 Case p = 2.

We recall that the graphs G1, G2 can be sampled from a signal graph G⋆ with (G⋆e)e∈E taken independently
and N (0, 1), and from noise graphs Z1, Z2 with also independent and N (0, 1) edges. With those graphs, we
construct Gje =

√
ρG⋆Π⋆

j (e)
+
√
1− ρZje.

For j ∈ {1, 2} and e ∈ E, we denote Yje =
√
ρ√

1−ρG
⋆
pΠ⋆(e) + Zje = 1√

1−ρGje. The set of estimators which are
polynomials of degree at most D of G1, G2 is equal to the set of polynomials of degree at most D of Y1, Y2.
Hence,

MMSE≤D = inf
g∈RD[Y1,Y2]

E
[
(g(Y1, Y2)− x)

2
]
.

The model considered is a particular instance of the Additive Gaussian Noise model considered in Schramm and
Wein (2022). Therefore, we can use Theorem 2.2 from Schramm and Wein (2022) that we transcript here with
our notation. Before that, let us introduce the notion of joint cumulants (see e.g Novak (2014) for more details).



Backround on cumulants. Given Y1, . . . , Yl random variables on the same probability space Y, we define
their joint cumulant as the quantity

cumul (Y1, . . . , Yl) :=
∑

G∈P([ℓ])

m(G)
∏
R∈G

E

∏
s∈[ℓ]

Ys

 ,
with P([ℓ]) the set of all partitions of [ℓ] and, for G ∈ P([ℓ]), m(G) = (−1)

|G|−1
(|G| − 1)!. The joint cumulants

of Y1, . . . , Yl can also be computed recursively with the formula

cumul (Y1, . . . , Yl) = E [Y1 . . . Yl]−
∑

A⊊[2,l]

cumul
(
Y1, (Ys)s∈A

)
E

 ∏
s∈[2,l]\A

Ys

 . (23)

Proposition E.1. Schramm and Wein (2022)

MMSE≤D ≥ E
[
x2
]
−

∑
α=(α1,α2)∈(NE)2

|α|≤D

(
ρ

1− ρ

)|α| κ2x,α
α!

,

where, for α = (α1, α2) ∈ (NE)2, α! =
∏
e∈E α1e!α2e!, |α| =

∑
e∈E α1e + α2e, and,

κx,α = cumul
(
x,G⋆α1

, G⋆α2

)
,

with Gαj
the multiset containing αje copies of Gje for all e ∈ E.

In the light of Proposition E.1, it is sufficient to upper-bound the cumulant κx,α for all α with |α| ≤ D in order
to lower-bound MMSE≤D. Such an upper-bound is provided by the next lemma, whose proof is postponed to
Section E.1. For α = (α1, α2) ∈ (NE)2 and j ∈ {1, 2}, we shall define

supp(αj) =
{
u ∈ [n], (αj)u: ̸= 0 or (αj):u ̸= 0

}
,

which is the number of nodes with positive degree when seeing αj as a multigraph with vertex set [n].

Lemma E.1. For all α = (α1, α2) ∈ (NE)2, we have

|κx,α| ≤ 1 {|α1| = |α2|} (|α|(1 + |α|/2))|α|/2
( √

2√
n− 1− |α|

)|{1}∪supp(α1)|+|{1}∪supp(α2)|

,

Note that when (α1, α2) ̸= (0, 0) with |α1| = |α2|, for j = 1, 2, we have, 2 ≤ | {1} ∪ supp(αj)| ≤ |α|+ 1.

Lemma E.2. Let d ∈ [D] and 2 ≤ m1,m2 ≤ d + 1. There are at most nm1+m2−2d2d elements α satisfying
|α| = d, |supp(α1) ∪ {1} | = m1 and |supp(α2) ∪ {1} | = m2.

Proof of Lemma E.2. There are at most nm1+m2−2 possibilities for choosing two sets S1 and S2 both containing 1
and of size m1 and m2. Let us then count the number of multi-graph α1 with d/2 edges and with supp(α1)∪{1} =
S1;

• if m1 ≤ d, we choose for each edge two extremities in S1. Since we have to choose d/2 edges, that makes at
most dd possibilities,

• if m1 = d+ 1, we choose for each edge two extremities in S1 \ {1}. Since we have to choose d/2 edges, that
also makes at most dd possibilities.

The same thing holds for the the number of multi-graph α2 with d/2 edges and with supp(α2) ∪ {1} = S2. In
total, we have at most d2d possibilities for choosing a multigraph α = (α1, α2), given supp(α1) ∪ {1} = S1 and
supp(α2) ∪ {1} = S2.



Combining Lemma E.1, Lemma E.2 and Proposition E.1, we get

∑
α=(α1,α2)∈(NE)2

|α|≤D

ρ

1− ρ

κ2x,α
α!

− 1

n2
≤

D∑
d=1

d+1∑
m1,m2=2

nm1+m2−2d2d
(

ρ

1− ρ
d (1 + d/2)

)d( √
2

n− 1− d

)m1+m2

≤ 1

n2

D∑
d=1

d+1∑
m1,m2=2

(
D3ρ

1− ρ

(
1 +

D

2

))d(
1

1− D+1
n

)2d+2

≤ 2

(n− 1−D)
2

D∑
d=1

d2

(
D3ρ

1− ρ
(1 +D/2)

2(
1− D+1

n

)2
)d

≤ 2

(n− 1−D)
2

D∑
d=1

d2ζd

≤ 2

(n− 1−D)
2 ζ

1 + ζ

1− ζ
,

whenever ζ := D3ρ
1−ρ (1 +D/2) 2

(1−D+1
n )

2 < 1.

E.2 General case p

In order to lower-bound MMSE≤D in the general case with p Gaussian Correlated Graphs with correlation
ρ, we shall reduce to the problem of aligning two correlateed Gaussian graphs with correlation √

ρ. Given
any polynomial f ∈ RD[G1, . . . , Gp], we construct a random polynomial g ∈ RD [G′

1, G
′
2], with G′

1, G
′
2 having

correlation √
ρ and being permuted with the same permutation π⋆1 , π⋆2 , and such that E

[
(f − x)

2
]
= E

[
(g − x)

2
]
.

Then, using the result for the case p = 2, we can prove a lower bound on E
[
(f − x)

2
]
. This being valid for all

polynomial of degree at most D, we deduce from this a lower bound on MMSE≤D.

Let f ∈ RD[G1, . . . , Gp] any polynomial and let us lower-bound E
[
(f(G)− x)

2
]
. We recall that we denote

π⋆1 , . . . , π
⋆
p the hidden partitions and that x = 1 {π⋆1(1) = π⋆2(1)}. Let us generate G′

1, G
′
2 two Gaussian graphs

with, for all e ∈ E, E [G′
1eG

′
2e′ ] =

√
ρ1 {Π⋆1(e) = Π⋆2(e

′)}. Then, sample K1, . . . ,Kp as follows;

1. Take K1 = G′
1;

2. Independently from all the rest, sample Z2, . . . , Zp independent gaussian graphs;

3. Take K2 =
√
ρG′

2 +
√
1− ρZ2;

4. For j ∈ [3, p], take Kje =
√
ρG′

2Π⋆
j (e)

+
√
1− ρZje.

We remark that (x,K1, . . . ,Kp) has the same joint law as (x,G1, . . . , Gp). Let g(G′
1, G

′
2) = f(K1, . . . ,Kp) a

random polynomial of degree at most D. Then, plugging the result from the case p = 2 with a correlation √
ρ

instead of ρ, we get that, whenever

ζ :=
D3√ρ
1−√

ρ
(1 +D/2)

2(
1− D+1

n

)2 < 1,

then,

E
[
(g (G′

1, G
′
2)− x)

2
]
≥ 1

n
− 1

n2
− 2

(n− 1−D)
2 ζ

1 + ζ

1− ζ
.

Thus, under the same condition on ζ,

E
[
(f (G1, . . . , Gp)− x)

2
]
= E

[
(f (K1, . . . ,Kp)− x)

2
]
= E

[
(g (G′

1, G
′
2)− x)

2
]
≥ 1

n
− 1

n2
− 2

(n− 1−D)
2 ζ

1 + ζ

1− ζ
.



This being valid for all polynomial f of degree at most D, we conclude the proof of the theorem.

E.3 Proof of Lemma E.1

Let us fix α = (α1, α2) and let us upper bound |κx,α|. The first ingredient is to apply Theorem 2.5 of Even
et al. (2025b) which we adapt here with the specific notation of our problem. We recall that, for any edge
e = {u, u′} ∈ E, we denote Π⋆1(e) = {π⋆1(u), π⋆1(u′)} (resp. Π⋆2(e) = {π⋆2(u), π⋆2(u′)}).
Proposition E.2. Even et al. (2025b) If |α1| ≠ |α2|, then κx,α = 0. If |α1| = |α2|, suppose that for all bijection
ψ : α1 → α2 (where we see α1 and α2 as multisets), we have

|cumul
(
x, (Π⋆1(e) = Π⋆2(ψ(e)))e∈α1

)
| ≤ Cα,

then,

|κx,α| ≤
(
|α|
2

)|α|/2

Cα .

In the light of Proposition E.2, we shall suppose that |α1| = |α2| and we shall fix ψ a bijection from the multiset
α1 to the multiset α2. Let us control

Cψ,α = cumul
(
x, (1 {Π⋆1(e) = Π⋆2(ψ(e))})e∈α1

)
.

We refer to Section E.4 for a proof of the next lemma.

Lemma E.3. For all α = (α1, α2) and all bijection ψ : α1 → α2, we have

|Cψ,α| ≤ (1 + |α|/2)|α|/2
( √

2√
n− 1− |α|

)|{1}∪supp(α1)|+|{1}∪supp(α2)|

.

Combing Lemma E.3 and Proposition E.2 , we arrive at

|κx,α| ≤ (|α|(1 + |α|/2))|α|/2
( √

2√
n− 1− |α|

)|{1}∪supp(α1)|+|{1}∪supp(α2)|

,

which concludes the proof of the lemma.

E.4 Proof of Lemma E.3

By symmetry of α1 and α2, it is sufficient to prove that, for all α = (α1, α2) and all bijection ψ : α1 → α2, we
have

|Cψ,α| ≤ (1 + |α1|)|α1|

( √
2

n− 1− |α|

)|{1}∪supp(α1)|

.

For β ⊆ α1, we write

Cψ,(β,ψ(β)) := cumul
(
x, (1 {Π⋆1(e) = Π⋆2(ψ(e))})e∈β

)
.

We shall proceed by induction over α1 and prove that, for all β ⊆ α1, we have

|Cψ,(β,ψ(β))| ≤ (1 + |β|)|β|
( √

2

n− 1− |α|

)|{1}∪supp(β)|

.

Initialization: Cx,0,0 = cumul(x) = E [x] = 1
n .



Induction step: Let ∅ ⊊ β ⊆ α1 and suppose that, for all γ ⊊ β, we have

|Cψ,(γ,ψ(γ))| ≤ (1 + |γ|)|γ|
( √

2

n− 1− 2|γ|

)|{1}∪supp(γ)|

,

and let us prove that this inequality holds for β. Using Equation (23), we express the cumulant Cψ,(β,ψ(β)) as a
function of some mixed moments and of the cumulants

(
Cψ,(γ,ψ(γ))

)
γ⊊β :

Cψ,(β,ψ(β)) =E

x∏
e∈β

1 {Π⋆1(e) = Π⋆2(ψ(e))}


−
∑
γ⊊β

Cψ,(γ,ψ(γ)) E

 ∏
e∈β\γ

1 {Π⋆1(e) = Π⋆2(ψ(e))}

 . (24)

In the light of Equation (24), it is sufficient to upper-bound the mixed moments of the random variables
x, (1 {Π⋆1(e) = Π⋆2(ψ(e))})e∈β .
Lemma E.4. For all γ ⊊ β;

1. |E
[
x
∏
e∈β 1 {Π⋆1(e) = Π⋆2(ψ(e))}

]
| ≤

( √
2

n−|{1}∪supp(β)|

)|{1}∪supp(β)|

2. |E
[∏

e∈β\γ 1 {Π⋆1(e) = Π⋆2(ψ(e))}
]
| ≤

( √
2

n−|supp(β\γ)|

)|supp(β\γ)|
.

Plugging Lemma E.4 in Equality (24), together with the induction hypothesis, leads to

|Cψ,(β,ψ(β)| ≤

( √
2

n− | {1} ∪ supp(β)|

)|{1}∪supp(β)|

+

+
∑
γ⊊β

(1 + |γ|)|γ|
( √

2

n− 1− 2|γ|

)|{1}∪supp(γ)|( √
2

n− |supp(β \ γ)|

)|supp(β\γ)|

≤

( √
2

n− 1− 2|β|

)|{1}∪supp(β)|
1 +

∑
γ⊊β

(1 + |γ|)|γ|


=

( √
2

n− 1− 2|β|

)|{1}∪supp(β)|
1 +

|β|−1∑
l=0

(
|β|
ℓ

)
(1 + l)

ℓ


=

( √
2

n− 1− 2|β|

)|{1}∪supp(β)|
1 +

|β|−1∑
l=0

(
|β|
ℓ

)
|β|l


≤

( √
2

n− 1− 2|β|

)|{1}∪supp(β)|
 |β|∑
l=0

(
|β|
ℓ

)
|β|l


=(1 + |β|)|β|
( √

2

n− 1− 2|β|

)|{1}∪supp(β)|

,

which concludes the induction and the proof of the lemma.

E.5 Proof of Lemma E.4

Let us prove the first point of the lemma. We recall supp(β) = {u ∈ [n], (β)u: ̸= 0 or (β):u ̸= 0} is the
set of nodes of positive degree when seeing β as a multigraph with vertex set [n]. We seek to control∣∣∣E [x∏e∈β 1 {Π⋆1(e) = Π⋆2(ψ(e))}

]∣∣∣.



Let us prove by induction that, for all β ⊆ α1,∣∣∣∣∣∣E
x∏

e∈β

1 {Π⋆1(e) = Π⋆2(ψ(e))}

∣∣∣∣∣∣ ≤
( √

2

n− | {1} ∪ supp(β)|

)|{1}∪supp(β)|

.

Initialization: E [x] = 1
n .

Induction Step: Let β ⊆ α1. Let us suppose that the result holds for all γ ⊊ β and let us prove that it still
holds for β. Let us fix e0 ∈ β and let us consider γ0 = β \ e0. Then,

E

x∏
e∈β

1 {Π⋆1(e) = Π⋆2(ψ(e))}

 =E

[
x
∏
e∈γ0

1 {Π⋆1(e) = Π⋆2(ψ(e))}

]

× P

[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣ x
∏
e∈γ0

1 {Π⋆1(e) = Π⋆2(ψ(e))} = 1

]
. (25)

Let us work conditionally on the event X :=
{
x
∏
e∈γ0 1 {Π

⋆
1(e) = Π⋆2(ψ(e))} = 1

}
(supposing it is of non-zero

probability) and let us upper-bound P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ]. We distinguish three cases, according to the
number of additional nodes brought by the edge e0 := {u0, u′0};

• If {u0, u′0} ⊂ {1} ∪ supp(γ0), then we have the trivial upper-bound

P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ] ≤ 1,

• If |{u0, u′0} \ {{1} ∪ supp(γ0)}| = 1, suppose by symmetry u0 /∈ {{1} ∪ supp(γ0)}. Conditionally on X , we
know that, almost surely, π⋆1(u0) /∈ {1} ∪ (∪e∈γ0ψ(e)) and π⋆1(u′0) ∈ {1} ∪ (∪e∈γ0ψ(e)). Hence, for having a
non-zero probability P

[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ], we need to have ψ(e0) = (v0, v
′
0) with v0 /∈ {1}∪(∪e∈γ0ψ(e))

and v′0 ∈ {1} ∪ (∪e∈γ0ψ(e)). In that case„

P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ] =P [π⋆1(u0) = v0|X ]

=
1

n− | {1} ∪ supp(γ0)|
.

• If |{u0, u′0} \ {1} ∪ supp(γ0)| = 2, then, for having P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ] ̸= 0, we need to have ψ(e0) =
{v0, v′0} with both v0, v′0 /∈ {1} ∪ (∪e∈γ0ψ(e)). In that case, conditionally on X ,

P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ] =P
[
π⋆1(u0) = v0 and π⋆1(u

′
0) = v′0

∣∣X ]
+ P

[
π⋆1(u0) = v′0 and π⋆1(u

′
0) = v0

∣∣X ]
=

2

(n− | {1} ∪ supp(γ0)|) (n− 1− | {1} ∪ supp(γ0)|)
.

For all those three cases, we have

P
[
Π⋆1(e0) = Π⋆2(ψ(e0))

∣∣X ] ≤ ( √
2

n− | {1} ∪ supp(β)|

)|supp(e0)\({1}∪supp(γ0))|

.

Plugging this in Equation (25) together with the induction hypothesis, we end up with

E

x∏
e∈β

1 {Π⋆1(e) = Π⋆2(ψ(e))}

 ≤

( √
2

n− | {1} ∪ supp(β)|

)|{1}∪supp(β)|

,

which concludes the induction and the proof of the first point of the lemma. For the second point of the lemma,
one could carry on the exact same proof, changing only the initialization step with E [1] = 1 for β empty.



F Proof of Proposition 3.1

The proof of this proposition is adapted from the proof of Proposition 2.1 of Even et al. (2025a). Given a p-tuple
of permutation π = π1, . . . , πp, we shall write Mπ the matrix defined by Mπ

(j,u),(j′,u′) = 1 {πj(u) = πj′(u
′)}. We

write M⋆ for π⋆. Then,

p(p− 1)n2MMSEpoly = E
[
∥M⋆∥2F

]
− 12poly = np2 − 12poly,

where we define

12poly = sup
M̂ poly−time
E[∥M̂∥2

F ]=1

E
[
⟨M⋆, M̂⟩F

]2
.

Supposing that MMSEpoly = 1
n (1− ε), with 0 ≤ ε ≤ 1, we deduce that 12poly = np+ p(p− 1)nε. In turn, we get,

for all π̂ polynomial time estimator,

E
[
∥M π̂ −M⋆∥2F

]
=E

[
∥M π̂∥2F

]
+ E

[
∥M⋆∥2F

]
− 2E

[
⟨M⋆,M π̂⟩F

]
≥2np2 − 2

√
np2corrpoly

≥2np2 − 2
√
np2
√
np+ p(p− 1)nε

≥2np2(1−
√
ε) .

Using Lemma H.2 from Even et al. (2025a), we know that, for all estimator π̂,

[1− err(π̂, π⋆)]
2 ≤ 1− ∥M π̂ −M⋆∥2F

2np2
,

which, in turn, implies

E
[
(1− err(π̂, π⋆))

2
]
≤

√
ε .

This concludes the proof of the proposition.


	INTRODUCTION
	INFORMATION BARRIERS FOR EXACT AND PARTIAL RECOVERY
	Derivation of the maximum likelihood estimator
	Moderately small p: exact recovery via the MLE
	For larger p: partial recovery upper bound
	Informational lower bounds

	LOW DEGREE LOWER BOUND
	DISCUSSION
	Proof of Theorem 2.1
	First definitions and useful lemmas
	Control of  A - A A"0362A1
	Conclusion
	Proof of prop:controlB
	Further proofs of prf:upperboundIT
	Proof of lem:useful
	Proof of Lemma A.2
	Proof of lem:errordelta
	Proof of lem:controlAtBt
	Proof of Lemma A.6


	Proof of Theorem 2.2
	Proof of Theorem 2.4
	Proof of Lemma C.1
	Proof of Lemma C.4


	Proof of Theorem 2.5
	Proof of Lemma D.3

	Proof of Theorem 3.2
	Case p=2.
	General case p
	Proof of Lemma E.1
	Proof of Lemma E.3
	Proof of Lemma E.4

	Proof of Proposition 3.1

