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Abstract

Sparse Autoencoders (SAEs) have emerged as a
powerful framework for machine learning inter-
pretability, enabling the unsupervised decompo-
sition of model representations into a dictionary
of abstract, human-interpretable concepts. How-
ever, we reveal a fundamental limitation: exist-
ing SAEs exhibit severe instability, as identical
models trained on similar datasets can produce
sharply different dictionaries, undermining their
reliability as an interpretability tool. To address
this issue, we draw inspiration from the Archety-
pal Analysis framework introduced by Cutler &
Breiman (1994) and present Archetypal SAEs (A-
SAE), wherein dictionary atoms are constrained
to the convex hull of data. This geometric an-
choring significantly enhances the stability of in-
ferred dictionaries, and their mildly relaxed vari-
ants RA-SAEs further match state-of-the-art re-
construction abilities. To rigorously assess dictio-
nary quality learned by SAEs, we introduce two
new benchmarks that test (i) plausibility, if dictio-
naries recover “true” classification directions and
(#7) identifiability, if dictionaries disentangle syn-
thetic concept mixtures. Across all evaluations,
RA-SAEs consistently yield more structured rep-
resentations while uncovering novel, semantically
meaningful concepts in large-scale vision models.
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Figure 1. A) Archetypal-SAE. Archetypal-SAEs constrain dictio-
nary atoms (decoder directions) to the data’s convex hull, improv-
ing stability. A relaxed variant (RA-SAE) allows mild relaxation,
matching standard SAEs in reconstruction while maintaining stabil-
ity. Both integrate with any SAE variant (e.g., TopK, JumpReLU).
B) Instability Problem. Standard SAEs produce inconsistent dic-
tionaries across runs, undermining interpretability. For example,
in classical SAEs, the second most important concept for “rabbit”
in one run has no counterpart in another run (cos = 0.58). In
contrast, Archetypal-SAEs maintain consistent concept correspon-
dences across runs, ensuring stability.
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1. Introduction by introducing two novel variants: Archetypal-SAB-(
o . SAE) and its relaxed counterpaR A-SAE). Building upon
Arti cial Neural Networks (ANNs) have revolutionized archetypal analysis (Cutler & Breiman, 1994), A-SAE con-

computt—:r Vli'on’ setting r;]ew benchmarks ahcrcz‘sbsl ak\’vl')dgt"rains each dictionary atom to reside within the convex hull
range of tasks. Despltg t, ese successes, € "Dlack-DOx; e training data, ensuring a more stable and consistent
nature of ANNSs poses signi cant challenges, particularly in

. o > set of basis elements across different training runs by virtue
domains requiring transparency, accountability, and adheg s geometrical constrainRA-SAE further extend this

ence to strict ethical and regula_tory standar_ds (T”pi‘?ChiO &ramework by incorporating a small relaxation term, allow-
D'Avella, 2020). Beyond compliance, there is a growing Cu-jn oy glight deviations from the convex hull to enhance
riosity within the scienti c community to better understand modeling exibility while maintaining stability. Overall,
these models' internal mechanisms, both to satisfy fundadur work makes the following contributions.

mental questions about their function, leverage insights for

debugging (Adebayo et al., 2020) and improvement, and 1. Instability in SAEs. We identify a critical limitation

even explore parallels with neuroscience (Goodwin et al.,  of current SAEs paradigms: two training runs on iden-
2022; Vilas et al., 2024). These motivations have spurred  tical data can yield concept dictionaries that are largely
the rapid growth of explainable arti cial intelligence (XAl), distinct, hence compromising their reliability as an
a eld dedicated to enhancing the interpretability of ANNS, interpretability protocol.

thereby bridging the gap between machine intelligence and 2. A-SAE: Archetypal anchoring to overcome insta-
human understanding (Doshi-Velez & Kim, 2017). bility. To address the challenge above, we take in-

spiration from Cutler & Breiman (1994)'s Archetypal
analysis of dictionary learning and propo&eSAE,
an SAE paradigm wherein the dictionary atoms (de-
coder directions) are forced to lie in the convex hull of
sample representations. As we show, this geometrical
anchoring yields substantial stability across training
runs. Moreover, we show a mild relaxation of this pro-
tocol, which we titleRA-SAE, uncovers meaningful
and interpretable concepts in large-scale vision models.
3. Rigorous evaluations with novel metrics and bench-
marks. We introduce novel metrics to evaluate the
quality of dictionaries learned using different SAE
paradigms, while proposing two new benchmarks for
testing SAEs' ability to recover classi cation direc-
tions and to disentangle synthetic image mixtures, in-
spired by identi ability theory (Locatello et al., 2019;
2020; Higgins et al., 2017). Our results provide sub-
stantial evidence that-SAEs nd more structured
and coherent concepts. Further, to enable reproduction,
we open-source our extensive codebase for large-scale
SAE training on modern vision models.

Among XAl approaches, concept-based methods (Kim et al.,
2018) have emerged as a powerful framework for uncov-
ering intelligible visual concepts embedded within the in-
tricate activation patterns of ANNs (Ghorbani et al., 2019;
Zhang et al., 2021; Fel et al., 2023b; Graziani et al., 2023;
Vielhaben et al., 2023). These methods excel in making the
internal representations of ANNs more comprehensible by
associating them with human-interpretable concepts. Re-
cently, concept extraction methods have been shown to be
instances of dictionary learning (Fel et al., 2023a), where
the goal is to map the activation space of an ANN into a
(higher-dimensional), sparse “concept space”. The result-
ing concept basis is often considered more interpretable.
For such representations to be effective, they must be as
sparse as possible while still enabling accurate reconstruc-
tion of the original activations from the learned basis using
a dictionary of atoms—also called prototypes. Historically,
dictionary learning methods have included technigues such
as Non-negative Matrix Factorization (NMF) (Lee & Se-
ung, 2001; Kowal et al., 2024a; Jourdan et al., 2023) and
K-Means (Gersho & Gray, 1991; Ghorbani et al., 2019),
while more recent approaches like Sparse Autoencoders
(SAEs) (Cunningham et al., 2023; Bricken et al., 2023; Ra2- Related Work

jamlanohar..an e;;al., |2024; Gﬁo etal, 20%5; Thasaratfh?§parse Coding & Dictionary Learning. Dictionary
etal., 2025; Poghet al., 2025) have emerged as a powerfu learning (Tei€ & Frossard, 2011; Rubinstein et al., 2010;

alternative. SAEs achieve a good balance between sparsiﬁad 2010: Mairal et al., 2014; Dumitrescu & Irofti, 2018)

and reconstruction quality, and their optimization frame—emergeol as a fundamental approach for uncovering latent

worl'<§ scale well to large datasets. Howeygr, Cqm_par_ed_tf’actors of a data-generating process in signal processing
traditional methods, SAEs suffer from a critical limitation: and machine learning, building upon early work in sparse

instability. As illustrated in Figure 1, training two identical coding (Olshausen & Field, 1996; 1997; Lee et al., 2006;
SAEs on the same data can yield signi cantly different dic--(| jiak & Endres. 2008 R,entzer,)eris e’t al 2023;’) Thé

Fionaries (g_?ncept bases), undermining their reliability ancgrimary objective of these methods is to ndsparserep-
Interpretability. resentation of input data (Hurley & Rickard, 2009; Eamaz
In this work, we address the instability of current SAEset al., 2022), such that each data sample can be accurately
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reconstructed using a linear combination of only a small subpretability (Kim et al., 2018) has gained traction. Its central
set of dictionary atoms. The eld gained momentum with objective is to pinpoint semantically meaningful directions—
compressed sensing theory (Donoho, 2006; @ared al., revealing not justvherethe model is looking, but alsehat
2006; Cands & Wakin, 2008; Lopes, 2013; Rencker et al., patterns or concepts it employs—and to link these systemat-
2019), which established theoretical foundations for sparseally to latent activations (Bau et al., 2017; Ghorbani et al.,
signal recovery. Early dictionary learning methods evolved?019; Zhang et al., 2021; Fel et al., 2023b; Graziani et al.,
from vector quantization and K-means clustering (Gersh®023; Vielhaben et al., 2023; Kowal et al., 2024a;b). In
& Gray, 1991; Lloyd, 1982), leading to more sophisticatedline with this perspective, Fel et al. (2023a) demonstrate
approaches like Non-negative Matrix Factorization (NMF)that popular concept-extraction methods : ACE (Ghorbani
and its variants (Lee & Seung, 1999; 2001; Gillis, 2020;et al., 2017), ICE (Zhang et al., 2021), CRAFT (Fel et al.,
Ding et al., 2008; Kersting et al., 2010; Thurau et al., 20092023b) and more recently SAEs (Cunningham et al., 2023;
Gillis & Kumar, 2015), Sparse PCA, (d'Aspremont et al., Bricken et al., 2023; Rajamanoharan et al., 2024; Gao et al.,
2004; Zou et al., 2006) and K-SVD (Aharon et al., 2006a;2025; Surkov et al., 2024; Gorton, 2024; Bhalla et al., 2024a)
Elad & Aharon, 2006). The eld further expanded rapidly all address essentially the same dictionary learning task, al-
(Wright et al., 2010; Chen et al., 2021; Tasissa et al., 2023peit subject to distinct constraints (see Eq. 1).

with online methods (Mairal et al., 2009; KaSIVlswanathanWithin this broader context, we note Sparse Autoencoders

etal., 2012; Lu et al., 2013) and structured sparsity (Jenatto : :
etal., 2010; Bach et al., 2012; Sun et al., 2014). Theoretical AEs) have emerged as a highy scalable special case of

.. : dictionary learning: unlike NMF, Sparse-PCA, or other op-
guarantees for dictionary learning emerged (Aharon et altlmization roblem. SAEs can be trained with the same
2006b; Spielman et al., 2012; Hillar & Sommer, 2015; Fu P '

etal., 2018: Barbier & Macris, 2022; Hu & Huang, 2023), algorithms and architectures used in modern deep learn-

alongside connections to deep learning (Baccouche et ajld pipelines, making _them especially W?”'SU'ted for large-
Stale concept extraction. However, motivated by more am-

ﬁglﬁaﬁrzl}e’?:t 22)’1%99#2;mplfilr‘?yeatlgle t ;8’259\1(3;el\t/I;hdé%Zd;BitiOUS use-cases of interpretability, e.g., to develop trans-
9 " ' N ' 2 barency and accountability (Anwar et al., 2024), recent

. . p
Parallel developments in archetypal analysis from Cutler &WOI’k has started to demonstrate limitations in existing SAE

B.re?man (1994). provided cqmplementary pers.pec'tives Oframeworks and propose improvements. Examples of such
dictionary learning by focusing on extreme points in a Seﬁimitations include learning of overly speci ¢ or sensitive

of observations (Dubins, 1962). features (Bricken et al., 2023; Chanin et al., 2024), chal-

Vision Explainability. Early work in the eld of Ex- lenges in compositionality (Wattenberg & \ﬁega;, 2024;
plainable Al primarily revolved around attribution meth- Clarke et al., 2024), and limited effects of latent interven-

ods, which highlight the input regions that most in uence a ions (Bhalla etal., 2024b; Menon etal., 2024). In this paper,
model's prediction (Simonyan et al., 2013; Zeiler & Fergus,We aim to bring to attention an underappreciated challenge

2014; Bach et al., 2015; Springenberg et al., 2014; Smilkoy" _SA_‘ES' t_raini_ng —ins_tability_—wherein_mere reruns of SAE
etal., 2017; Sundararajan et al., 2017; Selvaraju et al., 201§r;a|n|ng yield inconsistent interpretations (Figure 1).
Fong & Vedaldi, 2017; Fel et al., 2021; Novello et al., 2022;

Muzellec et al., 2024)—in other wordsherethe network 3. (In)Stability of SAEs

focuses its attention to produce its prediction. While valu- . . o .
able, attribution methods exhibit two core ||m|tat|0n9 ( We rst establish the Challenge of InStablllty in SAES' train-

they provide limited information about the semantic orgaiN9- To this end, we start by de ning notations and provid-
nization of learned representations (Hase & Bansal, 202079 background on the SAEs analyzed in this work, then
Hsieh et al., 2021; Nguyen et al., 2021: Colin et al., 2021pﬁer|ng a formal measure of instability in SAE training.

Kim et al., 2022; Sixt et al., 2020), and)(they can pro- Notation. Throughout this workjj jj» andjj jjr rep-

duce incorrect explanations (Adebayo et al., 2018; Ghorbanrlesem the » and Frobenius norms. respectively. We de-
etal., 2017; Slack et al., 2021; Sturmfels et al., 2020; Hsieh 2 A ! p Y.
ne [n] = f1;:::;ng, and consider a general represen-

et al., 2021; Hase et al., 2021). In other words, just becausg . : .
. tion learning framework where a deep learning model
the explanations make sense to humans, we cannot concluge. . .
: X A maps inputs from an input spa&eto a rep-

o i o ESETaton spack | R T reptesetaton s captr
y ongoing P as a set oh points arranged in a matrik 2 R" 9, with

evaluation metrics for explainability (Petsiuk et al., 2018; ,~ SR . _ M
Bhatt et al., 2020; Jacovi & Goldberg, 2020; Hedstret al., Ai denot_lng itsi-th row, wherdl 2 [n] andA; 2 R®. For
any matrixX , X 0 denotes that all elements ¥f are

2022; Fel et al., 2022; Hsieh et al., 2021; Boopathy et al'hon—negative, an@(n) is the setoh  n signed permu-

2020; Lin et al., 2019; Idrissi et al., 2021). tation matrices. Giver 2 R" 9. we de necone@) =
To overcome the constraints above, concept-based intdx j x = Av; v 2 R"; v 0g; andconv(A) = fx j

3
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Figure 2.SAEs are a promising direction for scalable concept extraction in visionComparison of reconstruction erroe (LoSS)

and sparsity across four large-scale vision models: ConvNext, DINO, SigLIP, and ViT. The gure compares the performance of various

dictionary learning methods, including classical approaches (Convex-NMF, Semi-NMF) and modern Sparse Autoencoders (Vanilla SAE,
Top-K SAE, JumpReLU SAE). Each SAE is trained up to 250 million tokens per epoch over 50 epochs, demonstrating the scalability of

SAEs and their ability to achieve superior trade-offs between reconstruction delity and sparsity compared to traditional methods.

x=Av;Vv2R"; v 0; 1Tv =1gasthe conicaland and nonnegative matrix factorization (Fel et al., 2023b) to
convex hulls, respectively, generated by the column& of modern sparse autoencoding techniques (SAEs) (Cunning-
ham et al., 2023; Bricken et al., 2023).

Concept Extraction as Dictionary Learning. Concept Despite similar for_mulations to SAEs, solving K-Means,
extraction can be naturally framed as a dictionary learnECA, or NMF typically does not rely on backpropaga-
ing problem, wherein a set of activations, represented tion and lacks inherent batch-learning capabilities. This
by the matrixA 2 R 9, is approximated using a struc- make SAEs particularly appealing for large-scale applica-
tured decomposition. The goal is to learDetionary tions. Additionally, optimization problems solved in mul-
D —also referred to as atoms (Serre, 2006), prototypes, diP!€ Steps, such as NMF, Semi-NMF, or K-Means, can be
a codebook (Tamkin et al., 2023)—such that activationénterprete_d as haylng a multi-layer nonlinear encoding .(akm
can be reconstructed as sparse linear combinations of thel@@ ~ With multiple layers). We note that the decoding
learned directions. The corresponding coef cients, knownProcess in these methods remains linear.

asCodesZ , Capture the latent structure of the aCtivationSTo compare these approacheS, we genera”y evaluate the
and enforce interpretability by promoting sparsity or non+rade-off between two metricsparsity measured as the
negativity. This leads to the general optimization framework: ; norm ofZ , and delity, measured as the reconstruc-
(z?;D?) =argmin jA zD Tjj2; tion error. As a _startlng point, we propose to s_tudy this
7D pareto frontier using state-of-the-art SAEs, including Jump-
ReLU (Rajamanoharan et al., 2024), TopK (Gao et al.,

8
8 Zi 21 e e, (ACE - K-Means) 2025), and a vanilla SAE with, regularization (Bricken

T — - .
st D'D =1 (ICE - PCA); et al., 2023), alongside classical sparse dictionary learning
3Z 0D O (CRAFT - NMF); methods. Since PCA is non-sparse, K-Means sparsity is
" Z=  (A)jiZiio K; (SAEs) xed, and NMF is applicable only to non-negative activa-

tions, we adopt modi ed versions of these methods that
are broadly applicable for concept extraction (Kowal et al.,
2024a; Parekh et al., 2024), such as Convex-NMF and Semi-
NMF. For SAEs, we use the following standard formulation:

Here,e; denotes thé-th canonical basis vectdrjs the iden-
tity matrix, and is a neural network parameterized by
(typically a single feedforward layer with bias). Notably, in
Sparse Autoencoder (SAE) literature, the dictionarys
often identi ed with the decoder weight matrix, denoted as (A)= (AW + D), 1)
WdEC' This Optimization framework uni es various classical whereA denotes a linear encoder |ayer anﬁ) is an ele-
methods for concept extraction, ranging from clustering-

based approaches (Ghorbani et al., 2019), orthogonal factor- ‘A single optimization step in a NMF is akin to a linear model
ization methods (Zhang et al., 2021; Graziani et al., 2021y°llowed by a ReLU (projection onto the positive orthant).

4
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mentwise non-linearity that depends on the speci ¢ SAE arArchetypeswhich are themselves de ned as convex com-
chitecture. For all SAESs, the resulting codes= (A) binations of data points. Concretely, the dictionary (the
0 holds. We employ a Silverman kernel (Silverman, 1984)collection of Archetypes) can be constructed by multiply-
for instantiating Jump-ReLU SAEs. For vanilla SAEs, aning the data by a row-stochastic matrix. Drawing on these
"1 regularization or¥ is applied until the desired sparsity is ideas, we propose a solution to the problem of instability
achieved. Top-K and Jump-ReLU SAEs directly control orin SAES' training: theArchetypal SAE (A-SAE), which
optimize an o constraint. acts as a plug-and-play parameterization of the dictionary—

Results in Figure 2 illustrate that the SAE methods discussed’” the decoder matrix—and can be seamlessly integrated

R o .~ “Into any existing SAE, e.g., TopK (Gao et al., 2025) or
above outperform optimization based dictionary learning .
. : . . “Jump-ReLU (Rajamanoharan et al., 2024).
methods in terms of reconstruction delity for xed sparsity
levels. While this positions SAEs as a compelling solu- ) 04 .
tion for concept extraction, as we show in the following, aFormulation.  Let A 2 R" ° represent the data matrix
signi cant drawback of current methods lies in their insta-(With n data points irR%), and " = fx 2 R" j X;

bility: minor changes to the dataset can lead to substantidl 17X = 1gdenote thgn 1)-dimensional simplex iiR".
variations in the learned dictionary. A matrix W 2 R¥ " is row-stochastidf each rowW;

Measuring Instability. To formally de ne a notion of belongs to ". De ne the set of row-stochastic matrices as

stability in SAES' training, we seek inspiration from the dic-
tionary learning literature and prior works (Spielman et al.,

2012), yielding the following metric for two dictionaries 5, archetypal dictionanp is then de ned as follows.
D 2R" 9andD®

kn o, TW 2R "jW  OW1, = 1,5 (3)

1 D = WA ; whereW 2 (4)
StabilityD ;D)= max =Tr(DT DY; (2
2P (n) N Hence, each row dD is a convex combination of the rows

where we assume that each atom lies on the wnitorm of A, ensuring that each archetype originates from the data.

ball, i.e.,jjDijj. =1 for alli 2 [n]. This metric essentially
measures the optimal average cosine similarity between theeometric Interpretation. In standard SAEs (and most
dictionaries after nding the best alignment via the Hungar-dictionary learning approaches), the diction@ryis freein
ian algorithng. the sense that each atddy 2 RY can be placed anywhere

. ) . in the ambient space. From a geometric perspective, this
we evaluate stability across various vision mod_els by a_lter'exibility allows the reconstructiongZD to span regions
ing only the random seed of the algorithm, while keeping, may exceed the convex hull of the dataWhile this

the dagasr?t unrc]hagged across 4 rubnsd 'g‘ S|m|IIgrlér02nd IS Othonstrained setting enables greater expressivity, it comes
served when the dataset s perturbed by as littlB%asr 4, signi cant drawbacks. Speci cally, small perturbations

100/? cggszldsfegt V‘fth pgorl ndlngzso(;el e};al" 2|02_3a';:Braun in the data or random initializations can lead to unstable so-
etal., , Paulo & Belrose, 2025). Results in Figure 3y ions resulting in dictionaries that differ drastically across
show that while SAEs outperform classical dictionary Iearn-training runs. Moreover, if the dictionary atorBs point

Ny T“?th"ds In terms of reconstruction _e_rrog-(oss), ey i directions unrelated to the data, probing these directions
exhibit lower stab|l|ty, with cosiné stap|l|ty values a,“?“”d may fail to activate any meaningful mechanisms within the
0:5 for TopK SAE trained on DinoV2 with over 250 million underlying model (Makelov et al., 2023). This highlights

tokens. Asa rst' appro?<|mat|qn, this implies that re-running 4o importance of ensuring that the dictionary aligns with
the same algorithm with a different seed can result in dicr

) : . _ real” directions inherent to the data.

tionaries where only half the concepts remain, while the

other half are new orthogonal concepts. By contrast, thén contrast to above, thArchetypaldictionary imposes
proposed Archetypal SAE, introduced below, achieves sta crucial geometric restriction: every dictionary atom is
bility comparable to classical dictionary learning methodsconstrained to lie within the convex hull &f, i.e., each

without compromising reconstruction delity. dictionary atomD; is a convex combination of samples'
representations. Thus, once multiplied by a nonnegative
4. Towards Archetypal SAEs Z , the reconstructiongD remain within theconic hull

In their seminal work, Cutler & Breiman (1994) proposed of A. This anchoring within the data manifold precludes
representing each data point as a convex combination ahe emergence of pathological or out-of-sample directions,
— Y yielding stability gains shown empirically in Figure 3 and

> - . . .
In practice, we use thinear _sumassignment function . . .
b g formalized in Proposition G.2. Concretely, we always have:

from scipy (Virtanen et al., 2020), which solves the linear sum
assignment problem by nding the optimal matching in a bipartite
graph using the Jonker-Volgenant algorithm. D 2 conv(A); ZD 2 cone@):
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Figure 3.Stability-Reconstruction tradeoff (optimal: top-left). We implement 5 dictionary learning methods on 4 models at 5 levels

of sparsity each, as well as our A-SAE method. We show that SAEs exhibit instability (minor perturbations in the dataset can lead to
signi cant changes in the learned dictionary), while traditional dictionary learning methods are more stable but worse at reconstructing the
data. Archetypal-SAEs (ours) help mitigate this issue. We measure stability based on Equation (2): the optimal average cosine similarity
between the dictionaries across 4 runs after nding the best alignment via the Hungarian algorithm. Archetypal-SAEs improve stability
without compromising reconstruction delity, performing better on the stability-reconstruction tradeoff than existing methods.

Moreover, one can restri@ to be formed from a subset
c Rd (rather than all oA ) without losing expressiv-
ity, providedC contains the extreme points Af (Dubins,
1962). Indeed, in that casene(C) = cone(A), ensuring
the same representational power (see Proposition G.1).

We must now ask the core question that makes SAEs excit-
ing: does an SAE with an Archetypal dictionary, as de ned
above, scale? Indeed, optimizing the matfk of size
k n, wheren is the number of points andis the num-
ber of concepts, is often infeasible in practice (e.g., when
the number of tokena > 10%). This limitation speaks
to the importance of the matri@ , which can either be a e N : )
extreme points is infeasible in practice; therefore, we introduce a

subset of or elements withitonv(A ), such as mixtures small relaxation parametér) that allows exploration beyond the

of points. Speci cally, accessing extreme points is NECeSeonvex hull ofC. The magnitude of this relaxation enables the

sary to achieve perfect reconstruction (Simon, 2011), bukchetypal SAE to achieve performance comparable to the uncon-

this is also intractable in practice for such high dimensionsstrained TopK SAE denoted as Baselitet) while maintaining
However, we propose to address this with a relaxation.  excellent stability (ight).

Figure 4.Impact of the Relaxation Parameter (). Enumerating

Scaling Archetypal-SAE. To maintain the desirable prop-

erties ofA-SAE while addressing scalability, we propose nd the best convex combination of points that reconstruct
using a reduced subset of poiiis withn®  n, chosenas data. To enable a controlled degree of exibility beyond
centroids ofA obtained via K-Means. We X and train COHV(C), we introduce a mild relaxation term 2 Rk d1
only W . We apply a ReLU activation and normalize eacha matrix of the same dimensions as the dictionary, with a
row of W at each step to ensure that 2 n . EXperi-  small norm constrainf jj3 . This leads to a relaxed
ments indicate that K-Means forms the most reliable methodormulation, which we call th&®elaxed Archetypal SAE

for distilling A into C (see Figure 11), compared to alter- (RA-SAE). Unlike standard A-SAESRRA-SAE learns both
natives such as isolation forests (Liu et al., 2008), convexhe convex combination weight¥ and the relaxation term
hull computation in reduced dimensions, or outlier detec- | while ensuring that deviations from the convex hull re-

tion methods (Scholkopf et al., 1999; Breunig et al., 2000)main minimal. Formally, we de ne the dictionary as:
(details in Appendix E). Hereafter, we USeSAE to refer
2

to this implementation where we directly optimi#é to D=WC+ ; st W2 y, andjj jj5
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Here, onlyW and are trainable parameters, as detailedovercomplete dictionaries with size= 5 the feature
in the pseudocode (Figure 5). This implementation ensuredimension (e.qg.768 5 for DINOv2 and2048 5 for
thatW remains row-stochastic and that the deviation termConvNeXt). Models were trained on the ImageNet dataset
stays within the prescribed norm constraint. As shown in( 1:28M images), resulting in oveB0M tokens per epoch
Figure 4, RA-SAE achieves reconstruction performance onfor ConvNeXt (/ 7 tokens/image) and ov@50M tokens
par with conventional Top-K SAEs while maintaining the per epoch for DINOv214 14 patches/image) across 50
stability bene ts of the archetypal constraint. epochs. Semi-NMF and Convex-NMF were trained using
gradient descent with accumulation andregularization
to control sparsity, while thR A-SAE was applied atop a
class ArchetypalDictionary(nn.Module): TopK SAE to maintain consistent sparsity. To compQte
def _init_( self , C, k, =1.0): we applied K-Means clustering to the entire dataset, reduc-
super(.__init_() ing it to 32,000 centroids, which achieved reconstruction

n®, d = C.shape )
il .register_t?uffer("(:", Q) error comparable to the unconstrained SAE. The data ma-

self .W = nn.Parameter(torch.eye(k, n %) trix A was element-wise standardized. All the SAEs were
self . = nn.Parameter(torch.zeros(k, d)) trained using th®©vercompletelibrary®.
self . =

def forward( self , 2): 5.1. Dictionary Learning Metrics

with torch.no_grad(): To improve SAEs, itis essential to deepen our understanding
W= toreh.relu( self W) f the solutions they yield. We thus evaluate both standard
W /= Wsunfdim=-1, keepdim=True) of the solutions they yield. \We thus evaluate both standar
*= torch.clamp( and novel sets of metrics that evaluate dictionary learning
self ./ .norm(dim=-1, keepdim=True), methods across four key dimension§:sparse reconstruc-
max1 tion, (i) consistencyi,iij) structure in the dictionary),

and {v) structure in the codeZ(), all reported in Tab. 1 (see
App. D for formal de nitions). Overall, we nd Archety-
pal SAEs achieve a strong balance between reconstruction
performance, consistency, and identi cation of structure.

)
D =W @elf .C +
return Z @ D

Figure 5.Pseudocode for Relaxed Archetypal SAE (RA-SAE).
This implementation ensures that dictionary atoms remain clos
to convex hull of the dataonv(C) while allowing controlled
deviations for better exibility.

i) Sparse ReconstructionPrior work (Bricken et al., 2023)
ommonly assesses the quality of the learned dictionary
to reconstruct the original data under sparsity constraints
via metrics such aR?, sparsity {o norm), and the effec-
tive usage of dictionary atoms (e.g., dead codes). We nd
5. Experiments that Archetypal SAEs perform on-par with existing SAEs
and outperform NMF methods in reconstruction, achieving
This section is organized into ve parts. We begin by de-higherR?2 scores for comparable sparsity levels.
scribing the experimental setup in detail. Then, we introduce, , o .
a novel set of theoretical metrics designed to better undef) Consistency.Excelling in reconstruction does not guar-
stand the differences between optimization-based dictionar9ntee _tha_t th? Iearn_ed solution aligns V_V't_h the underlym_g
learning methods, standard SAEs, and the proposed Archet9§‘ta distribution or is s_t_able across training runs. T(_) this
pal SAEs. Following this, we present a new benchmarkend: we measure stability, which assesses the consistency
inspired by identi ability theory, which serves to evaluate of Iear_ned Q|ct|onar|es across different |n|t|al|z§1t|ons or per-
the plausibility and uniqueness of the learned representirbations in the data, and the OOD score, which quanti es
tions. We then propose a second, more practical benchmanpw close the dictionary atomg are to real datq points, 1.€.,
to assess whether the models can retrieve “true” direction¥Nether leamned concepts remain grounded and interpretable.
or concepts effectively utilized by the models. Finally, we OUr ndings indicate that SAEs perform poorly in consis-

conclude with qualitative examples showcasing the concepti€NCY: showing both low stability (as evidenced in Figure 3)
discovered by SAEs, particularly when applied to the pj-and suboptimal OOD scores. In contrast, Archetypal SAEs

NOv2 model, providing insight into the interpretability and s'ig'ni cantly enhan(?e stability and OOD score Wi,thOUt sac-
utility of the learned representations. ri cing reconstruction performance. In Proposition G.4,

) we provide theoretical arguments showing that, under mild
Setup. We evaluate ve models: DINOv2 (Darcet et al., 555umptions, the OOD score of Archetypal SAEs is inher-

2023; Oquab et al., 2023), SigLip (Zhai et al., 2023),enly jower-bounded, ensuring that learned dictionary atoms
VT (Dosovitskiy et al., 2020), ConvNeXt (Liu et al., 2022), remain well-anchored within the data.

and ResNet50 (He et al., 2016), sourced fromttmenli- ~ ————— )
brary (Wightman et al., 2019). Unless speci ed, we trained https://github.com/Kempnerinstitute/overcomplete
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Metric Van. SAE  TopK SAE  Jump SAE SNMF CNMF RA-SAE
R2 (") 83.94 89.52 89.92 67.43 55.48 89.34
Dead CodesH) 0.00 0.00 0.00 0.064 0.031 0.02
Stability (*) 0.710 0.542 0.539 0.925 0.933 0.927
Max Cosine () 0.997 0.993 0.994 0.999 0.999 0.999
OOD Score#) 0.451 0.551 0.551 0.430 0.087 0.060
Stable Rank#) 86.8 141.6 128.0 5.38 6.65 5.89
Eff. Rank @) 363 372 371 186 289 310
Coherencet) 0.838 0.728 0.560 0.999 0.999 0.973
Connectivity () 0.000 0.002 0.003 0.243 0.138 0.159
Neg. Inter. ) 39.99 135.7 243 0.005 0.002 0.012

Table 1. Quantitative comparison of the dictionary learning methods on DINOv2,using a 90% sparse, overcomplete dictionary

with 2000 concepts. SAE methods achieve the highest reconstruction performance. C-NMF, S-NMF, and Archetypal methods excel in
consistency, ensuring stability across runs and that found concepts are close to real data (OOD). Additionally, these methods demonstrate
superior dictionary structure (Stable and Eff. Rank) and codes structure (Connectivity and Neg Inter.), indicating patterns in the inferred
concepts and structured sparsity.

Dict. size (k) 512 1k 2k ak 8k 16k 32k
iii ) Structure in the Dictionary (D ). This dimension ex-  ConvNext
amines whether the learned dlctlonary exhibits mear"ngful Baseline (TopK SAE) 0.1681 0.16860.1668 0.1671 0.1684 0.1692 0.1684
- A-SAE( =0) 02172 03046 0.35970.3887 0.3957 0.3984 0.3999
patterns. A well-structured dictionary may reveal meta- ra-saE( =0:01) 01973 02887 0.35810.3900 0.4007 0.4038 0.4045
; _ ; RA-SAE ( =0:1) 01270 0.1596 0.2106 0.2681 0.3280 0.3674 0.3845
concepts or decomposable higher-level abstractions. MEtSAEl 21100  oiive 01476 05124 08116 040ns 0ores 0 aeas
rics such as stable rank, effective rank, and coherence progoye
vide insights into the compactness and interpretability of the gaseiine (Topk SAE) 02295 02484 03055 03203 03301 03014 03125
dlct|0nary In partlcular' among solutions with Comparable A-SAE ( =0) 0.5920 0.5985 0.5992 0.6013 0.6029 0.6105 0.6133
. L RA-SAE ( =0:01) 05905 0.5985 0.5991 0.6013 0.6039 0.6106 0.6136
reconstruction performance, a more structured dictionaryra-sae( =o0:1) 05777 05932 0.6002 0.6039 0.6046 0.6067 0.6083
is preferable due to its potential for higher interpretability RASAE( =10 006151 06165 06173 06189 006200 06208 06213
and organization. Across runs, methods like CNMF, SNMF, "
. . . . . Baseline (TopK SAE) 0.1317 0.1589 0.1984 0.2265 0.2595 0.2807 0.2939
and Archetypal dictionary learning consistently yield dic- a-sag( = 0) 02079 02459 02820 0.3096 0.3361 03581 0.3721
tionaries with better Structure, re ecting their Capacity for RA-SAE ( =0:01) 0.2102 0.2490 0.2861 0.3132 0.3200 0.3642 0.3821
) . S RA-SAE ( =0:1) 02278 02747 0.31530.3410 0.3496 0.3912 0.4103
capturing higher-level patterns within the data. We also ra-sae( =1:0)  0.1497 02123 0293603624 04277 04786 0.5014
provide theoretical arguments in Proposition G.3, demon-

strating that the rank of Archetypal dictionaries is inherentlyTable 2.Plausibility Benchmark Results. The Plausibility Score

bounded by the rank of the data matrix. measures the alignment between the learned dictionary concepts
and the classi cation head's directionrRA-SAE achieves a sig-

iv) Structure in the Codes ¢ ). The structure in the en- ni cantly higher score compared to a TopK SAE (baseline). Best

coding space is equally important, as it determines hovecores are wrapped ifreen, and worst scores are wrapped-ul.

concepts are combined to reconstruct the data. Connectivity,

measured as thg norm ofZZ T, re ects the combinato-

rial diversity of the concepts. High connectivity enablesa,[BmDj and average the alignment scoRdausibility =
Cc

complex reconstructions, while low connectivity highlights s I .
. . i < = maxjhvi;Dji. Ascore of 1indicates perfect align-
structural sparsity and simpler patterns. Additionally, negas ! . S .
o . . ment, while a score of 0 implies that all concepts lie in the
tive interference (Neg. Inter.) quanti es the simultaneous L : L ; .
" . . classi er's null space, making probing ineffective. This
activation of con icting concepts, which can cancel each . . L :
L . metric could help us detect potential hallucinations if con-
other out. Archetypal SAEs and optimization-based dictio- . L L
X . epts diverge too much from true classi cation directions,
nary learning approaches reliably produce more structure

. . : and is broadly similar to Karvonen et al. (2024); Mayne
codes with reduced interference, enhancing the coherenc . . .

. . et al. (2024)'s evaluation of whether SAEs infer known
of their representations.

linear features in toy settings. Results are reported in Ta-

5.2. Plausibility Benchmark o ~ ble 2. We nd that classical SAEs, even with extremely
We evaluate SAEs' ability to recover true classi cation di- |arge dictionaries, achieve limited alignment with the clas-

rections by assessing whether the learned dictiolary  g; cation directions (inline with prior work). In contrast,

aligns with the classi ers nal layer weightévi;:::;veg,  RA-SAE signi cantly enhances this alignment, recovering a

wherec is the number of classes. Speci cally, for each gypstantial portion of the true classi cation directions. This

class vectowv;, we compute the most aligned dictionary gemonstrateRA-SAE's ef cacy in producing semantically
meaningful dictionaries.
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Figure 6.Soft Identi ability benchmark. This example uses the “gems” dataset, part of the 12 identi ability benchmarks we introduce.
The goal is to evaluate whether SAEs (or any dictionary learning method under study) can disentangle and recover each object from the
hidden ground truth generative process. By analyzing the model's ability to assign distinct codes to the underlying concepts, we test its
capacity to reconstruct and interpret the true structure of the data.

5.3. Soft Identi ability Benchmark z 2 R¥ represents thk concept values anygl 2 R® denotes
Recent work on disentangled representation learning oftethec class labels. We then de ne the accuracy for the class
evaluates whether an autoencoder trained to reconstruct sajnas: Accuracy = max zriz2x] Pzy)((z > ) =Yj).

ples from a data-generating process learns to represent its un-

derlying concepts (Locatello et al., 2019; 2020; Von Kugel-lmpact Statement

gen et al., 2021; Gresele et al., 2020; Khemakhem et aM/e identify a fundamental limitation of Sparse Autoen-
2020; Schott et al., 2021; Zimmermann et al., 2021; Menorcoders (SAEs): their instability undermines reliability as
et al., 2024). Identi ability theorems on the topic (Locatello interpretability tools. To address this, we introduce Archety-
et al., 2019; 2020) have however shown that unless the apal SAEs A-SAE), which constrain dictionary atoms to
toencoding architecture possesses the right inductive biaséise data's convex hull, and a relaxed varigRA(SAE) that

that match the generative process, there is no guarantgeeserves expressivity while enhancing stability. Our evalu-
concepts underlying the data will map onto the autoenations, grounded in identi ability theory, demonstrate that
coder's latents. Since these results do not make assumptiotisese constraints yield more consistent, semantically mean-
about the data modality, they remain valid for a standardngful, and better-structured dictionaries without sacri cing
SAE training setup, e.g., similar to our experiments abovereconstruction quality.

Then, an intriguing experiment involves evaluating whether.

. . Th ntributions n nly improve th ienti c rigor
when trained on representations of samples from a toy data- ese contributions not only improve the scienti ¢ rigo

generating process with prede ned conceptsSAE, or and reproducibility of SAE-based interpretability but also

: : .enable stable concept discovery at scale in large vision mod-
any other SAE architecture, develops latents capturing sa|8 P Y g

. . . els. Moreover, the method generalizes across modalities,
concepts—if it does, then that is strongly suggestive of the 9

. L ; . 29 ffering ar foundation for interpr le representation
SAE possessing the right inductive biases, i.e., it capture0 ering a robust foundation for interpretable representatio

the mechanism via which a model encodes concepts in itiearmng in language models and beyond.
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Appendix

Figure 7.Examples of 3 Concept Clusters in DinoV2Each cluster contains 4 example concept€omplex hand positions, ranging
from hands in pockets to hands on another persokbstract “under” concepts, linking animals and objects, such as birds, zebras, felines,
and airplanes, while focusing on lower regiongzine-grained animal facial features, including ears, eyebrows, and cheeks.
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