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Abstract

Distributed optimization is fundamental to large-scale machine learning and control applications.
Among existing methods, the alternating direction method of multipliers (ADMM) has gained pop-
ularity due to its strong convergence guarantees and suitability for decentralized computation. How-
ever, ADMM can suffer from slow convergence and high sensitivity to hyperparameter choices.
In this work, we show that distributed ADMM iterations can be naturally expressed within the
message-passing framework of graph neural networks (GNNs). Building on this connection, we
propose learning adaptive step sizes and communication weights through a GNN that predicts these
hyperparameters based on the current iterates. By unrolling ADMM for a fixed number of itera-
tions, we train the network end-to-end to minimize the solution distance after these iterations for a
given problem class, while preserving the algorithm’s convergence properties. Numerical experi-
ments demonstrate that our learned variant consistently improves convergence speed and solution
quality compared to standard ADMM, both within the trained computational budget and beyond.

1. Introduction

The emergence of large-scale interconnected networked systems has driven the need for efficient
distributed optimization algorithms across machine learning, control, and signal processing. In
these systems, each agent typically has access only to local information, yet must coordinate with
neighbors to solve a global optimization problem. The alternating direction method of multipliers
(ADMM) is well-suited for this task and has gained increased popularity due to its flexibility and
scalability (Boyd et al., 2011). A key feature of ADMM is that it can be implemented in a distributed
fashion: agents perform computations locally and in parallel, then communicate updates to their
neighbors and incorporate the received information into their local variables. While ADMM has a
well-established convergence theory (Eckstein and Bertsekas, 1990), its convergence speed is highly
sensitive to hyperparameter choices and can be slow in practice (Zhang et al., 2019).

A promising avenue for addressing these limitations lies in recent advances in machine learning.
In particular, the learning-to-optimize framework (Chen et al., 2022) aims to automate the design of
faster algorithms by using data-driven techniques that enhance the convergence of iterative methods
for a given problem class. Building on this idea, we adopt an unrolling scheme (Monga et al., 2021),
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Figure 1: Computation structure of iteration %k of the decentralized distributed ADMM algorithm
as two message-passing steps. The initial node features V* contain the previous ADMM iterates
(azf, yf, )\f ) for each node 7 and the non-zero edge features E describe the weighted pairwise con-
nections in the network which is fixed across iterations. After two message-passing steps — each
consisting of a message (msg), an aggregation (agg), and an update (upd) part — the new iterates
(25 yF L AEFLY of all nodes in the network are the output of the GNN.

where network parameters of our model are trained to minimize a loss function that reflects ADMM
performance after a fixed number of iterations. In distributed optimization problems, which con-
sist of an interconnected network of agents, graph neural networks (GNNs) (Battaglia et al., 2018;
Scarselli et al., 2008) are a natural choice to parameterize the learning method as they can operate
on graph-structured data that directly represents the underlying interconnected network.

In this paper, we show that classical decentralized and distributed ADMM iterations (Makhdoumi
and Ozdaglar, 2017) can be implemented as a graph network using the message-passing framework
(Battaglia et al., 2018) as we showcase in Figure 1 and further expand upon in Section 4.1. We
explicitly exploit this connection and utilize GNNSs to accelerate distributed ADMM.

In summary, our contributions in this paper are threefold: First, we show the one-to-one corre-
spondence between distributed ADMM iterations (Makhdoumi and Ozdaglar, 2017) and message-
passing networks (Gilmer et al., 2017), establishing an explicit algorithmic alignment (Velickovié
and Blundell, 2021) between ADMM and GNNs. Second, based on these insights, we develop and
evaluate different approaches for learning instance-specific hyperparameters, namely the communi-
cation matrix and local or global step sizes, to accelerate the distributed ADMM algorithm. These
approaches correspond to graph-, node-, and edge-level learning tasks. Finally, we propose a net-
work architecture and a loss function to train the graph neural network in an end-to-end fashion
by unrolling the ADMM iterations, ultimately resulting in an automated instance-specific hyper-
parameter tuning of ADMM. In numerical experiments, we demonstrate that our learning-based
approaches reduce the distance from the iterates to the minimizer compared to the baseline methods
and can improve the convergence of ADMM even beyond the unrolling steps used during training.

2. Related work

The goal of learning-to-optimize (L20) approaches is to accelerate the convergence of parame-
terized optimization problems using machine learning techniques (Amos, 2023; Chen et al., 2022).
We focus on accelerating the ADMM algorithm for distributed optimization problems; for a detailed
overview of the ADMM algorithm we refer to the survey by Boyd et al. (2011).

While L20 approaches can yield impressive results in practice (Andrychowicz et al., 2016),
they typically lack convergence guarantees and may fail to generalize, especially on unseen prob-
lem instances or when the underlying data distribution shifts (Amos, 2023). A popular approach
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to ensure convergence, which we adopt, is to learn the hyperparameters of an existing optimization
algorithm. Along those lines, Sambharya et al. (2024) learn to warm start fixed-point algorithms,
including ADMM, by unrolling the iterations and using automatic differentiation to compute the
gradient through the iterations. In a follow-up work, Sambharya and Stellato (2024) learn hyper-
parameters of fixed-point iterations. Similarly, Ichnowski et al. (2021) use reinforcement learning
to tune the hyperparameters of OSQP, an ADMM-based solver for convex quadratic programs.
These approaches have also been combined to solve quadratic programming problems with dis-
tributed ADMM (Saravanos et al., 2025). In contrast, we do not assume the presence of a central
communication node. Further, we make no assumptions beyond the convexity of the objective func-
tion. A similar unrolling technique for ADMM iterations was successfully applied by Sjélund and
Bankestad (2022) for nonnegative matrix factorization. Another approach by Noah and Shlezinger
(2024) learns the algorithm parameters directly through ADMM unrolling on a fixed set of agents.
We instead learn a network that predicts instance-specific hyperparameters of the optimization al-
gorithm. Biagioni et al. (2020) use a recurrent neural network to directly predict the solution to
ADMM which is used to warm-start the method.

Additionally, we propose a novel way to learn the communication matrix. The predicted weighted
Laplacian matrix can be seen as a form of learned preconditioning that stabilizes the iterates by im-
proving problem conditioning (Teixeira et al., 2015). Machine learning methods have previously
been applied successfully to learn preconditioners for linear systems (Hausner et al., 2024, 2025),
imaging problems (Fahy et al., 2024), and gradient descent (Gao et al., 2025).

GNNs have been used for other L20 purposes previously, as they can represent various opti-
mization problems, such as quadratic programs (Chen et al., 2025; Schmidtobreick et al., 2026), and
can simulate the iterations of existing solvers such as interior point methods. However, while GNNs
can, in principle, approximate the solution mapping by simulating the solver iterations, they provide
no convergence guarantees (Qian et al., 2024). GNNs have also recently been applied to general
distributed optimization. In contrast to approaches that start with a learned algorithm and add con-
straints inspired by theory (He et al., 2024), we formulate distributed ADMM as a GNN operating on
the communication network. Then, we parameterize the iterations with neural networks, allowing
the GNN to learn on the problem class, thereby replacing extensive manual hyperparameter tuning
with a data-driven procedure.

3. Background
3.1. Distributed optimization

A distributed optimization problem consists of a network of m interconnected agents, represented
by the nodes V = {1,2,...,m} of a connected graph G = (V, ). Anedge (i, j) € £ indicates that
agent 7 and j can communicate. The agents jointly aim to minimize the sum of local objective func-
tions f; where each f;: R™ — R U {+o0} is only known to agent 7 and the data parameterizing the
objective cannot be communicated. Limited communication between agents can arise, for instance,
due to limited networking capacity, as in edge networks (Dal Fabbro et al., 2023), or due to privacy
concerns (Chen and Wang, 2024). In such scenarios, we must solve the problem in a distributed
manner, which requires decoupling the objective minimization and adding a consensus constraint:

m
min Zfz(arz) St. T1=To="+--= Ty, €))
=1

T1,22,...T
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where each agent has its own local optimization variable z; € R™. The agents can reach consensus
by communicating their local solutions to their neighbors as defined by the graph G.

We assume that all f; are convex and that the objective (1) is a proper, closed function. While
there exist many different algorithms that solve this problem, we focus on distributed ADMM for
peer-to-peer networks, i.e., the agents communicate directly with each other. In other words, we
consider the decentralized setting, which is more general than having a central hub or intermediary.

3.2. ADMM

The alternating direction method of multipliers (ADMM) is an operator splitting technique that
solves convex optimization problems of the form

r;lizn f(z)+g(z) st Ax+ Bz=c, ()

where z € RP, z € R9, A € R"™*P, B € R"™*%, and ¢ € R". Originally proposed by Glowinski and
Marroco (1975) and Gabay and Mercier (1976), ADMM combines dual ascent, allowing parallel
updates, and the method of multipliers, which converges under mild assumptions (Boyd et al., 2011).

Distributed ADMM Following the approach proposed by Makhdoumi and Ozdaglar (2017) we
rewrite the distributed problem (1) to match the general ADMM formulation (2). In the rewritten
form, the variable x = [2;]!", corresponds to the stacked individual variables of the agents and
the function f(x) = >, fi(x;) is the global objective. Further, the consensus constraint in (1) is
enforced by the equivalent formulation (P ® I,)x = 0, where P is a m X m communication matrix
satisfying null(P) = span{1,,}. This is satisfied by the (weighted) Laplacian L of a graph.

To allow parallel computation within ADMM, one can introduce an auxiliary variable z and
define g as a convenient indicator function. Moreover, by exploiting the inherent symmetry of the
optimization variables, the edge-based auxiliary variables z;; can be replaced with corresponding
node-based variables y;, while the original dual variables are reparameterized as related variables \;.
This reparametrization reduces redundancy and leads to a more compact and efficient formulation.

ADMM iterations Each iteration of the distributed ADMM algorithm updates all variables x;,
yi, and \; for each agent . The updates can be executed in parallel and require only information
about the local objective and previous iterates of the agent’s neighbors in the graph denoted by
N(@i) = {j: (i,j) € &} € V.!' The local solution candidates z; is the solution to a regularized
version of the local subproblem of agent ¢ and is computed as the minimizer of

] «
$§+1 = argmin filz) + Z (()\?)T(Pjil'i) + E”‘Pji(xi — b))+ yf”%) ) 3)
‘ JEN(B)U{i}

where o > 0 is the global step size hyperparameter. After communicating the updated iterates
computed in (3) to all neighbors, the ADMM updates for y; and \; are given by:

1

A e B DR ST AL \E bt )
’ JEN (B)u{i}

Note that the variable y = [y;]!", is a weighted residual for consensus since the constraint (P &

I,)xz = 0 implies consensus on the components of ;. The full algorithm is given in Alg. 1.

'We do not allow for self-loops, so i ¢ N (i). Further, since G is undirected (i, j) = (j,i) € £.
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Convergence Under the assumptions on the objective function from Section 3.1, the ergodic av-
erage of the computed local solutions x; converges for every global step size o > 0 and any com-
munication matrix P with sublinear rate O(1/k) to the global solution. However, both the global
step size o and the communication matrix P, affect the convergence speed in practice, and optimal
choices appear to be instance-dependent (Makhdoumi and Ozdaglar, 2017). The convergence re-
sults can be extended to the case where there exists not one but a sequence of step sizes (Eckstein
and Bertsekas, 1990), or even node-level step sizes a; > 0 (Barber and Sidky, 2024). Moreover,
the solution to (3) does not need to be exact to ensure convergence (Eckstein and Bertsekas, 1990).

3.3. Graph neural networks

Graph neural networks (GNN5s) learn a feature representation for each node in a graph based on input
features and the underlying graph topology. In this paper, we focus on the framework of message-
passing neural networks (MPNNs) which update the node features of a graph by aggregating in-
formation from the neighboring nodes and edges (Gilmer et al., 2017). Given edge weights e;; for
(i,7) € € represented by the weighted adjacency F and initial node features v? foreachnode: € V,
the latent node features vi“ are iteratively updated in each message-passing step [ by computing

v!T! = update (vﬁ, aggregate({message(e;; - vj- 1j € N(z))})) . 3)

Here, the update and message functions can contain parameters that are learned during training,
which are denoted by #. We denote the node feature matrix in layer [ with V!, The aggregate
function is typically permutation invariant, as there is no ordering of the graph neighbors, and can
be implemented, for example, using the sum or mean function. This makes the overall architecture
permutation equivariant, so the ordering of the nodes does not affect the output of the network.

4. Method

Our key observation is that the distributed ADMM iterations introduced in Section 3.2 can be rewrit-
ten in the form of two message-passing steps of form (5). In Section 4.1, we explicitly establish the
connection between the ADMM iterations and GNNs. Further, we describe how the hyperparame-
ters of the iterations can be parameterized using neural networks. In Section 4.2, we then describe
how to train the parameters of this network using unrolled ADMM iterations.

4.1. Learning ADMM via message-passing networks

We start by deriving a one-to-one mapping from each distributed ADMM update step in (3) and (4)
to a corresponding message-passing step. Each step consists of a respective message, aggregate,
and update function. This correspondence is visualized in Figure 1.

Input representation The distributed optimization problem can be directly encoded as the input
to a GNN. The underlying graph structure is naturally given by the communication network G
from the problem formulation (1). The node features of the graph consist of the three ADMM
iterates (x;,y;, A;). Furthermore, the non-negative edge weights e;; > 0 of the graph represent
the weighted connectivity, that determine the strength of the connection between two nodes in the
graph. To obtain a valid communication matrix from the edge features, we construct the weighted
Laplacian P = D — E where D is a diagonal m x m matrix of the weighted degree for each node
Dji = > JEN() € and F is the symmetric matrix representation of the graph connectivity.
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Message-passing steps  We now reformulate the ADMM iteration in form of two message-passing
steps. Recall that in the MPNN framework in (5), the update function only has access to the
aggregation of the incoming messages and not the individual messages, as required in the
original ADMM update step (3). To define a valid update function, we rewrite (3) equivalently to

. - L WT o«
2f ! = arg min fi(z;) + (Pudf + A5, + a(Payf +75,)) = + 5 > " |1Pji(wi — f)|3. (6)
»
‘ JEN (i)u{i}

In the rewritten form, (X’Li, gﬁn) is the summation (agg) of all incoming messages to node ¢ that
we define by (Pjiké’? , Pﬂyf) Hence, in accordance with the MPNN framework, the refined update
function in equation (6) now only depends on the aggregated features and the node’s local informa-
tion that is encoded in the node features. For details of the derivation, we refer to Appendix E. The
updates for y and A in equation (4) can be carried out jointly within a second message-passing step,
and their translation is straightforward. It suffices to define the message between two adjacent
nodes as Pijx;”l and replace the respective part in (4) with the aggregate of these messages.
Together, this yields a two-step message-passing network that we visualize in Figure 1. Due
to the equivalence to the original iteration in (3) and (4), the network’s output coincides with the

updated iterates of a single distributed ADMM iteration.

Learned components The message-passing steps derived in the previous paragraph rigidly repro-
duce the decentralized distributed ADMM iterations, without any learnable parameters that could
improve performance. In the following, we present several ways to introduce learnable parameters
in the message-passing steps that still maintain convergence under assumptions stated in Section 3.1.
These approaches correspond to different levels of tasks for the GNN.

* Graph-level task: We learn a global step size by letting every node predict an «; based on the
local information and using the averaged o = % >, «; for each node. In the distributed setting,
this corresponds to introducing additional communication to reach consensus over the step size.

* Node-level task: Instead of choosing the same step size « for each node, we can learn an
individual local «; for each node. This avoids additional communication between the nodes since
the averaging step is omitted. However, each node is required to choose a; without knowledge
about the step sizes of the other nodes, making it conceptually more challenging.

* Edge-level task: For each edge in the network, we learn the positive edge weight e;; between
two connected agents. Based on the edge weights predicted before the first ADMM iteration, we
use the corresponding weighted Laplacian P as a fixed communication matrix for all steps.

For the first two tasks, the step size is predicted for each node individually using a neural network
that receives as input the corresponding node features (x;, y;, \;). Additionally, we append the ag-
gregated messages and the total number of nodes in the graph to the input. No further information
about the local objective f; is used as an input. We apply instance normalization before passing the
input through the network (Ulyanov et al., 2016). At the beginning of the algorithm, we can predict
and change the step size in every iteration, resulting in a separate MLP for every change. However,
to ensure asymptotic convergence, we fix the step size after a predefined number of L iterations.?
For the predicted edge weights, we use the local degree profile (Cai and Wang, 2018), describ-
ing the local connectivity of the graph, as an input to an MLP. The feature representations of the

%In practice, we often choose I = K.
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two nodes get stacked and passed through the network to predict a positive edge weight that pre-
conditions the ADMM iterations. To ensure invariance to the node order and symmetrize the edge
weight graph, we sum the predicted edge weights for each directed edge. To ensure the positivity of
the learned algorithm hyperparameters e;; and o, we use the softplus activation function.

4.2. Network training

In real-world applications, distributed optimization problems are solved repeatedly for similar com-
munication networks G and local objectives f;, providing potential for problem-class specific accel-
eration. We assume access to a dataset D consisting of problem instances that share an underlying
structure to train our model to improve the average performance across the dataset.

Unrolling We apply a technique called algorithm unrolling (Chen et al., 2022), where the network
is trained on a fixed number of iterations to maximize performance within this iteration budget. In
our case, we construct a GNN, consisting of K distributed ADMM iterations via the message-
passing scheme defined in the previous section. This requires 2K message-passing steps for the
GNN implementation. Depending on the chosen learnable components, several MLPs are incorpo-
rated into the GNN to influence the update functions. The parameters of all the neural networks
are denoted by 6. The final output contains the approximate solution to the optimization problem (1)
which now depends on these parameters. The model is then trained using standard gradient-based
learning methods that adjust the parameters 6 to minimize a suitable loss function.

Loss function The loss function is designed such that it evaluates the GNN output 2% = [zK]™
only after the final K unrolled iterations of ADMM. Thus, we do not consider the learned ADMM
performance after k£ < K steps, nor how the iterates behave in subsequent iterations after K.

To train our model, we utilize a dataset D, where each problem instance consists of a graph G
and the per-node local objective functions f;. Additionally, we have access to the true minimizer
x; that solves problem (1) for instance d € D that can be computed offline efficiently since the
problem is convex. Further, we precompute [a?flfi]?;l, the approximate solution obtained by running
the distributed ADMM iteration with default hyperparameters. This is used to normalize the loss
function in (7) and avoid over-weighting more involved instances in the training data. We train the
network to minimize the empirical risk on the training data by minimizing the loss function

E(H;D):yéyzn}b

= Md izlmax(]\igif:czﬂg,e)

s llg0) — 3l

(N

using stochastic gradient-based optimization and automatic differentiation. Here, m is the number
of agents in instance d € D, and ¢ is a small positive constant that prevents division by zero.

This loss function is regression-based as it relies on the true solution to the optimization prob-
lem (1) that can be computed apriori and is part of D (Amos, 2023). As such, the loss penalizes
deviations from z7; without explicitly enforcing the consensus constraint or minimizing the global
objective (1). However, consensus is implicitly learned since all agents are trained to reach the same
global solution. The denominator does not depend on the network parameters but is used to normal-
ize the loss function across problem instances. Moreover, the normalized loss allows a natural in-
terpretation of the network performance as it measures the network outcome relative to the baseline
method with fixed hyperparameters. Using an objective-based loss function instead of (7) requires
adding an explicit term for consensus among the agents and a careful design of the normalization.
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S. Experiments
5.1. Problem setting

We evaluate our method on two different use cases of distributed ADMM that are inspired by real-
world problems. More details about the problem generation can be found in Appendix B.

Network average consensus problem The first problem we consider is network consensus where
all agents have local information b; € R™ and the goal is to find the mean of all information across
the network (Zhang and Kwok, 2014). Despite its simplicity, this problem is a classic benchmark
that highlights important design choices in distributed optimization. The objective function for each
agent i in the network is f;(z;) = ||lz; — bi||%.

Distributed least-squares problem For the second use-case, we consider the distributed least-
squares problem frequently arising in machine learning (Yang et al., 2020). Each node has access
to only ¢ samples of the data given by B; € R“*" and corresponding labels b; € R€. The goal is to
collaboratively find the least-squares solution with local objective:® fi(x;) = || B;z; — b;||%.

5.2. Results

We train all our models for KX = 10 unrolling steps to minimize the loss function (7) and compare
the results with two baseline methods: (i) a version that uses the best performing « as a fixed global
step size, and (ii) an adaptive heuristic that adjusts «; dynamically. Additional details about the
model training and baseline selection can be found in Appendix C. In Table 1, we show the results of
different learned methods corresponding to individual learning components and a combined version
in terms of their ability to minimize the loss function (7) and achieve consensus among the iterates.

In the middle-left column, we show the key results obtained for K = 10 iterations, which is the
assumed computational budget used for the loss function in (7). We can see that all learned methods
outperform the baselines, achieving a lower error across all learned methods in both experimental
settings. This also holds for most methods in terms of consensus among the iterates, even though
the loss only influences this indirectly. Overall, the combined method where we learn both edge
weights and step sizes clearly performs best in both metrics.

Additional iterations In the leftmost column of Table 1, we compare the results for 5 steps. Gen-
erally, the gap between the baseline methods and the learned methods is not as big as for the training
objective. However, already after 5 iterations, the learned methods outperform the baselines in most
cases, even though the training only evaluates the performance after K = 10 steps.

In the middle-right column, we show the performance of the (learned) ADMM algorithm after
20 iterations. For the additional iterations, we fix the step size at & = 1 to guarantee convergence of
ADMM and apply the same learned weighted Laplacian matrix. Except for the global step size in
the consensus problem, we observe improvements compared to the baselines. Overall, the combined
method demonstrates the strongest improvements. Results for 100 iterations, which is far beyond the
training regime, are shown in the rightmost column. Apart from the combined method in the least-
squares case, which appears to focus more on reaching consensus, all learned methods improve the
baseline metrics. In summary, although our method is trained to perform well only after the trained
10 iterations, both earlier and later iterates still outperform the baseline methods in our experiments.

3In machine learning, the data is usually referred to as (x, %) pairs and the parameters of the model as 6. To be
consistent with the ADMM framework above, we use z € R™ as the regression parameters and (B;, b;) as the data.
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Table 1: Comparison of different methods of the ADMM algorithm after a fixed number of & steps.
Numbers reported are the average across the 100 test instances. The error measures the average
distance of the local solutions to the global minimizer avg (||z¥ — 2*||3) and the consensus gap
measures the degree to which the consensus constraint is violated as avg (||zF — z*(|), where z*
is the average solution at step k. We compare with a fixed baseline using the best constant step size
and an adaptive method which applies a dynamic selection of node-level step sizes. In the combined
version, we learn both individual step size parameters «; and the edge weights simultaneously.
Lower is better for all metrics. Best is bold, second best underlined.

k=5 k = 10 (train) k=20 k =100
Consensus Error Consensus Error Consensus Error Consensus Error Consensus
Fixed 18.54 11.02 8.99 6.48 2.26 2.02 0.144 0.144
Adaptive 19.02 12.45 8.86 6.98 2.13 1.94 0.140 0.139
Global « 18.74 17.21 4.19 3.65 3.46 3.37 0.104 0.104
Local 14.50 12.26 3.05 2.82 1.17 1.14 0.112 0.112
Weight e;; 17.98 10.96 7.39 5.47 1.52 1.40 0.036 0.036
Combined 13.39 8.05 1.96 1.76 0.76 0.65 0.001 0.001
Least-squares FError Consensus Error Consensus FError Consensus Error Consensus
Fixed 70.89 10.17 53.35 7.68 30.19 2.43 1.28 0.04
Adaptive 70.81 10.64 52.79 7.95 29.58 2.31 1.25 0.04
Global « 61.32 23.41 27.12 9.21 14.93 3.48 0.67 0.04
Local oy 56.80 14.66 23.79 7.37 12.96 1.84 0.62 0.03
Weight e;; 67.83 14.19 43.99 8.20 19.45 2.51 0.37 0.03
Combined 58.97 8.83 18.24 542 11.79 0.95 1.94 0.01

Function value In addition, we evaluate the results in terms of the objective function value, mea-
sured by the relative objective at iteration k, i.e., the difference in objective values ‘ f(zk)y — f (x*)}
normalized by the minimal value |f(z*)|. In Figure 2, the relative objective is plotted for 20 itera-
tions. We can clearly see that the performance benefit of the learned methods is largest after the 10
unrolling steps used in training. When additional iterations are executed, the model using a global
« shows a large initial increase in the objective, likely due to overfitting on the number of unrolling
iterations and freezing the step size. In the least-squares case, we also observe that the method using
the learned communication matrix leads to a higher objective value for most of the iterations, even
though the distance to the minimizer decreases. However, when combining the communication ma-
trix with the learned step size, the performance significantly improves, beyond simply adding the
two individual contributions of these hyperparameters. This shows that preconditioning still bene-
fits the ADMM convergence, especially in synergy with learned step sizes. More results comparing
wall-clock times and out-of-distribution generalization of the methods can be found in Appendix D.

6. Discussion & conclusion

We have shown how the distributed ADMM algorithm can be accelerated by expressing the updates
in form of message-passing steps that can be parametrized to learn the step size and communication
matrix. Several other approaches could further exploit this connection. In the following we highlight
some of these potential extensions and discuss limitations of our approach.
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Figure 2: Semi-log plots of the mean relative objective over all 100 test instances for 20 iterations.
The learned methods are only trained on the first 10 iterations as in previous results.

Limitations ADMM has robust guarantees but is known to suffer from slow convergence when
approaching the optimum. Since we intentionally stay within the ADMM framework, we cannot
expect to overcome this inherent weakness. We only train the network to perform well within a fixed
number of iterations K across all instances. This does not necessarily translate into improved per-
formance on every individual instance, or faster global convergence beyond the K iterations, which
is a general limitation of unrolling (Arisaka and Li, 2023). We observe this in our experiments,
where the combined method leads to a larger error than the baselines when increasing the itera-
tions significantly. However, practical applications typically have a computational budget, making
unrolling a useful technique for real-world problems.

Future work We only augment ADMM by learning to predict the hyperparameters. However, it
is also possible to replace some of the ADMM steps completely. For example, the update of the
x-variable requires solving a potentially time-consuming optimization problem (Li et al., 2023).
While it is tempting to replace this with the output of a neural network directly, ensuring conver-
gence for such inexact methods is significantly more challenging (Banert et al., 2024). Additionally,
the exchange of messages involving all iterates can be limited by the network bandwidth. ADMM
can be extended to only communicate compressed information without losing convergence (Chen
et al., 2026).

We focus on decentralized distributed ADMM (Makhdoumi and Ozdaglar, 2017) while many
other formulations of distributed ADMM exist that can leverage graph neural networks. In partic-
ular, distributed ADMM with a centralized communication hub can be mapped to message-passing
with a global node, opening up many more synergies between distributed optimization and GNNS.

Conclusion In this paper, we demonstrate an equivalence between distributed ADMM and message-
passing networks that, to our knowledge, has not been explicitly recognized before. Based on this
insight, we describe a learning-to-optimize approach that predicts instance-specific hyperparameters
for distributed ADMM. The model is trained by unrolling the algorithm and minimizing the normal-
ized distance between the true minimizer and the network output for a specific problem distribution.
These learning tasks can be naturally expressed as different graph learning tasks leveraging the
connection between ADMM and GNNs. In numerical experiments, we validate that the learned
algorithm outperforms the baseline methods and leads to faster convergence of ADMM.
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Appendix A. Glossary of Notation

Table 2: Summary of the notation used throughout the paper.

Symbol Description Comments
G=(V¢€) Graph with set of vertices V and edges £ V={1,2,....m}andE CV xV
N (i) Set of neighboring nodes of i By default we assume i ¢ N(4)
d; Degree of node ¢ Equal to [N ()|
D, D Degree matrix and weighted degree matrix
m Number of agents / nodes in the graph
n Dimension of the local optimization problem
fi Local objective function of node / agent ¢
b;, B; Local objective function information
T Local optimization variable of node / agent ¢
I, Identity matrix of size n
1, Vector of all ones of size n
V= [w], Node features in GNN
E = [e;] for (i,j) € £ Edge features in GNN Typically implemented as a sparse matrix
l Layer in GNN Twice as many GNN layers as ADMM steps
0 All learnable network parameters
D Dataset used for training
€ Small constant to avoid division by zero
o ADMM step size
L Weighted Laplacian matrix L=D-F
P Communication matrix
T, 2 ADMM primal variables Stacked and slack distributed variables
y ADMM distributed variable This is a reformulation of the z variable
A ADMM dual variable
r,s Primal and dual ADMM residuals
W, T Adaptive step size parameters
A B ADMM linear constraint matrices
k Iterations of the ADMM algorithm
K Total number of ADMM steps in the unrolling
L Number of steps to switch to fixed step size Often L = K

Appendix B. Problem details

Here, we describe in more detail how we generate the different problem classes used in the exper-
iments in Section 5 and describe how to generate ground-truth labels for them which are used for
the supervised training as well as provide details on how the subproblem in equation (3) is solved in
practice. Further, we provide the additional information to describe how the distribution of problems
is generated for each problem.

Across all problem domains, the underlying graph structure is based on the Erdés-Rényi random
graph model (Erdos and Rényi, 1959) with m = 8 nodes. The edge probability is fixed to p = 0.4 in
the experiments. We discard sampled graphs that are not connected. Moreover, the dimensionality
of the solution x* € R™ is fixed at n = 2 in all experiments.

For each problem class, we generate a total of 900 instances for training, 100 instances for
validation and 100 instances for testing purposes. All results in the main text are evaluated on the
testing instances which are not seen by the network during training.
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B.1. Network average consensus

For the network average consensus problem, each node or agent ¢ € {1,...,m} in the network has
a local objective function that minimizes the distance between the local optimization variable x; and
its local private data b;.

Problem generation This local objective function is parameterized for every agent by a vector
b; € R™. The vector is sampled independently from a n-dimensional normal distribution N (0, X)
with covariance matrix > = 1001,

Subproblem solution The solution to the subproblem (3) for this use-case is a special case of the
result presented for the distributed least-squares problem below with B; = I,,. Since the resulting
linear system for the problem that we derive in equation (9) is diagonal, the problem can be solved
more efficiently in practice requiring only O(n) steps and does not require expensive matrix inver-
sion techniques. Instead, we can take the reciprocal of the diagonal elements to obtain the inverse.
Note that these elements are always non-zero by the construction of the linear system, and thus the
inverse is well-defined.

Global solution For training, we assume access to the global solution z* for all problem instances.
We can efficiently generate these solutions by utilizing the underlying problem structure and the
direct access to all problem data. The minimizer is given by

r* = iZb )

In other words, the agents are collaborating to find the mean of their vectors b; without sharing the
actual data.

B.2. Distributed least squares problem

In the distributed least squares problem, the local objective function solves the least-squares problem
for the privately available data. In addition to the data vector b; from the network average consensus
problem, each agent also has a private feature transformation matrix B; € R"*™. The latter is used
to weight the linear regression coefficients of x; before comparing with b;.

Problem generation The local objective function is parametrized for every agent by the pair
(Bi, b;) € R™*™ x R™. Each entry of the matrix B; is sampled from a continuous uniform distribu-
tion /[0, 1] on the unit interval. In addition, we assume in our experiments that B; is of full rank to
obtain better convergence behavior of ADMM and ensure closed-form solutions. We enforce this
by discarding and resampling B; in case the magnitude of an eigenvalue is below 1/10. The data
vector b; is sampled as before.

Subproblem solution In the distributed least squares problem, the solution to the optimization
problem to update the xz-variable from (3) has a closed form solution and can be solved as the
solution to the following linear equation system:

ot = (2B B; + aMy;) 7 (2B b — Py — 2K, 4+ a(Myah — Payt —5%,)), ©)
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where M;; is a diagonal matrix defined by

My:=| > PiPi+PiPi| ol
JEN(3)
(10)
2
(T a T ren
JEN (i) JEN (i)
N——

weighted degree of ¢

since P;; = Dn’ =5 JENG) i is the weighted degree in the case where we choose the weighted
Laplacian as our communication matrix for the algorithm. Note that the (weighted) degree and the
sum of the weighted connections can be easily computed as a message in the MPNN.

We can observe in particular that the matrix here is positive definite since BiT B; is positive
(semi)-definite and M;; is a diagonal matrix with positive diagonal entries. Therefore, we can use
the iterative conjugate gradient method to compute the solution to the equation system which scales
computationally better than inverting or factorizing the matrix for large-scale problems.

Global solution The global minimizer is given by

m -1 m
T = (ZB{BJ <ZBini> . (11)

=1 =1

Note that the inverse exists since again BZ-T B; is positive definite for every ¢, due to the construction
of the training data, and hence is the sum described in the problem generation paragraph.

Appendix C. Implementation details

In the following, we discuss the details of the training scheme and the chosen hyperparameters and
tuning steps in order to ensure reproducibility of our presented results.

Framework We use the JAX framework (Bradbury et al., 2018) to implement the differentiable
distributed ADMM algorithm as a message-passing network. In particular, we are using the jraph
toolkit to implement the message-passing steps (Godwin et al., 2020) and integrate it with the f1ax
library to design neural network components using the novel 1inen API (Heek et al., 2024).

Optimization subproblem There is one obvious difficulty in making the GNN fully differen-
tiable. In each update of the node features x;, an optimization problem of the form (6) needs to be
solved, and the gradient of the network parameters 6 needs to be computed with respect to the so-
lution to this optimization problem. In the case of step size learning, all of o, the previous iterates,
and incoming messages depend on the parameters of the network through previous updates. To still
compute the gradient, we need to differentiate the solution to the optimization problem with respect
to the parameters of the network amg; i which can be decomposed via the chain rule agi fl . %.
Computing the first part can be achieved in closed form by the means of implicitldifferenti—
ation (Amos and Kolter, 2017). However, implicit differentiation can in practice be costly and
requires additional overhead. Instead, we solve the subproblem (6) approximately by unrolling
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an iterative solver* or use the closed-form solution to (6) if it exists. In both cases, we compute
its gradient using standard automatic differentiation techniques. Along the same lines, the partial
derivative of the optimization problem (3) with respect to the learned edge weights e;; is computed.
The remaining update steps can be differentiated using standard automatic differentiation tools pro-
vided by JAX (Bradbury et al., 2018).

Network architectures For the network components to predict the hyperparameters, within the
message-passing steps, we are using a 2-layer multi-perceptrons. The hidden layer has 32 neu-
rons and there is 1 output which gets passed through a softplus activation function to ensure
positivity. We use a ReLU non-linearity between the two layers.

* We use a single network for all iterations from k£ = 2 until K = 10. For the first step, we do
not use learning but use the default step size. Thus, there are a total of 9 learned steps in the
unrolling scheme. The input to the network is given by the stacked optimization variables of
the current iteration. Thus, the total number of trainable parameters is 3 753.

* The input for the edge weight prediction is given by the concatenated local degree profiles
of the adjacent nodes (Cai and Wang, 2018). Each of these consists of 5 features containing
statistics about the the neighborhood structure including the degree, maximum and minimum
neighboring degree, as well as the mean and variance. To ensure that the communication
matrix is symmetric, we sum up the edge predictions. Further, we use the same predicted
communication matrix for all iterations. Thus, the number of parameters in the model is 385.

* In the combined model, we use both the step size network and the edge weight network
together. Thus, the total number of parameters is 4 138.

Training hyperparameters For the training, we are using the Adam optimizer with a learning
rate of 10™* and global gradient clipping of with radius 1.0. We are training the model for 100
epochs using a batch size of 5 via gradient accumulation. Thus, during training a total of 18 000
parameter update steps are executed. To avoid division by zero, we include the hyperparameter €
into the loss function in (7). In the experiments, we set e = 107>,

ADMM hyperparameters If not learned or further specified, we apply the naive step size a = 1
and the Laplacian matrix £ of the graph as the communication matrix P in all algorithm steps. Like
the Laplacian, the degree d; of each node ¢ depends on the respective graph instance.

ADMM initialization In our experiments, we initialize all z; by 0 € R"™ and hence also all y;
by 0 € R™. While it is generally possible to use warm starting with the proposed framework, e.g.
through learning (Sambharya et al., 2024), additional algorithm steps are required in this case to
ensure that the consensus variables y; are appropriately initialized. For details, see lines 2-6 in
Algorithm 1.

Fixed baseline The fixed baseline method uses a constant, global « across all iterations, which
is chosen via grid search on the validation data. We allow « to be in the interval [0.001, 10] using
linear spacing for 100 different values.’ This is a form of black-box optimization. To choose the a

*Here, we unroll the iterative solver within each unrolled iteration of ADMM.
SWe choose the initial interval such that it covers the empirically observed learned step sizes across the unrolled
iterations.
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that performs best on average for all instances, we use the same objective as in training, defined in
equation (7). For both problem classes, we select the « in our grid that performs best in this metric
on the validation data after K = 10 iterations, and apply it on the test data in the reported results.
This leads to selecting o« = 1.112 for the consensus problem, and o = 1.011 for the least squares
problem. This approach is similar to the method proposed by Noah and Shlezinger (2024) in the
case where only one constant step size is learned, but it relies on black-box optimization rather than
gradient-based optimization to determine the parameters.

Adaptive baseline In the adaptive baseline, the local node-level step sizes «; gets adjusted dy-
namically based on the balance of primal and dual residuals (Boyd et al., 2011). Intuitively, if the
primal residual is too large, we increase « to shift the focus towards enforcing the consensus, while
if the dual residual is too large, we decrease the step size to allow for more flexibility in the local
node updates. We utilize the common heuristic introduced by He et al. (2000) to update the step
size in each step as:

Tak if [|7F )] > gl 5%,
o= Gtk || sF) > pllrFl, (12)
ok otherwise.

Here, 7 € R and p € R4 are parameters of the adaptive scheme. Typical default choices are
7 = 2and u = 10 (He et al., 2000). The primal and dual residual at iteration % are denoted by 7"
and s* respectively and defined as:

PEL Pijl"?ﬂ kL kL

ij i =Y

m
k41 k+1 k k+1 k
3j+ :QE {Pf] (a;j+ —a:j) + Py (yﬁ _yi):|
i=1

m
=« ( ZPEJ
i=1

The second formulation of the dual residual is readily available in our message-passing framework.
Note that the primal residual is an edge-based version of the newly introduced ¢* in the distributed
ADMM framework as defined in equation (4), measuring the constraint violation of the primal
problem. The dual residual is a measure of change in this auxiliary variable and the local solution
z;. In order to compute a node-based primal residual for predicting a node-based «; with the step

size heuristic, we use
Irilla = | > rEry = /divFyi = Vi |illa. (14)
JEN(9)

As for the fixed baseline, we choose the hyperparameters of the adaptive scheme using grid
search over the validation data, based on average performance after K = 10 iterations. For the
1 parameter, that controls how frequently the step size parameter is changed, we search over the
choices {1, 5, 10, 15, 20, 25, 30, 25, 30, 35, 40}. For the scaling parameter, that adjusts the step size
we pick values in the interval (1,2]. The grid search picks 20 different values from the interval
with logarithmic spacing. Thus, in total we evaluate 200 different combinations of parameters for
the tuning of the adaptive step size scheme. From this, we obtain the optimal values ;4 = 10 and

13)

k1 k R+l kY o k]l ok
(ijr _xj)+dj(?/j+ —yj)+y_;§ —?/a])
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7 = 1.32 for the consensus problem, and similarly = 10 and 7 = 1.36 for the least-squares
problem. In order to avoid numerical breakdowns, we reset the step size to the fixed value of a =1
after the first K = 10 iterations, as in the other methods.

Computational resources All reported experiments are executed on a single NVIDIA TITAN Xp
GPU with 12 GB of memory. Training a single epoch requires 10 minutes plus additional time for
the validation process. In total, the training of one model for 100 epochs requires around 20 hours.

Appendix D. Additional results

Here, we provide additional results to complement the empirical evaluation of our methods based on
the convergence time, the distribution of solving times, and the out-of-domain (OOD) performances.

D.1. ADMM convergence and solver time

In Table 3, we compare the different methods based on achieving a certain threshold in relative
objective value within a given computational budget of one second. For every instance on which
a certain method reaches the threshold within the budget, we measure the required number of it-
erations and wall-clock time. In the table, we report these values as averages across successful
instances per method. Further, we report the fraction of successfully solved instances within the
budget. Note that this leads to a dependent metric since the iterations and time are conditional on
solving. Thus, we need to evaluate the different methods based on their Pareto front instead of look-

Table 3: Timing and convergence comparison of the different methods until the relative objective
reaches a threshold . The total computational budget for each problem is 1 second. For each
solver we check how many instances achieve the desired accuracy within this budget and report
the resulting success rate (1" higher is better). For the successfully solved instances per method, we
measure the average number of iterations and required time in seconds (| lower is better). Best is
bold, second best underlined.

e =0.05 e=0.01 e =0.001
Consensus Iterations Time Success Iterations Time Success Iterations Time Success
Fixed 11.64 0.23 0.94 16.36 0.30 0.87 29.42 0.50 0.76
Adaptive 11.30 0.30 0.93 15.76 0.36 0.83 26.85 0.57 0.71
Global a 7.82 0.20 0.96 19.37 0.39 0.91 35.31 0.64 0.78
Local «; 5.61 0.16 0.96 12.72 0.28 0.89 26.88 0.51 0.80
Weight ¢;; 11.19 0.24 0.96 15.62 0.32 0.92 27.38 0.46 0.82
Combined 5.61 0.17 0.98 10.47 0.25 0.96 23.56 0.44 0.90
Least-squares Iterations Time Success Iterations Time Success Iterations Time Success
Fixed 9.61 0.30 0.85 14.72 0.44 0.60 21.23 0.62 0.26
Adaptive 9.20 0.32 0.85 13.29 0.44 0.59 20.23 0.62 0.26
Global « 5.31 0.22 0.94 11.30 0.36 0.76 18.47 0.58 0.34
Local o; 6.27 0.22 0.89 11.67 0.39 0.76 18.97 0.60 0.35
Weight e;; 10.88 0.33 0.86 15.68 0.47 0.63 19.54 0.56 0.39
Combined 5.41 0.21 0.94 10.13 0.34 0.83 17.90 0.53 0.41
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ing at the metrics individually. A method is on the Pareto front if no other method achieves both a
higher success rate and lower iteration/time performance at the same time.

Across both problem classes, all learned solvers are able to solve more instances within the com-
putational budget than the fixed and adaptive baseline. Moreover, for every threshold, there exist
multiple learned methods that are Pareto improvements to the two baselines, i.e. more instances are
solved while requiring fewer average iterations and solving them in faster average time. In partic-
ular, the combined method appears to be the strongest choice as it is always a Pareto improvement
over the baselines, solves the most instances, and is on the Pareto front for all thresholds and prob-
lems. Only for € = 0.05 there exists a learned method that requires marginally fewer iterations or
less time.

D.2. Distribution of solving times

In the previous results, we only report the mean performance across all problem instances to sum-
marize the performance in a single number. Here, we additionally show the distribution of the
performance across the 100 individual test instances. For each learned ADMM solver, we compare
the distribution of relative objectives after K = 10 iterations in Figure 3. Overall, we can see that
there is a large spread of relative objectives achieved after the iterations showing that the problems
are vastly different in difficulty.

One observation is that the learned ADMM method can lead to slightly worse performance for
individual instances for which the fixed baseline method works very well. This is due to the fact
that the training aims to improve the mean performance across all instances (Arisaka and Li, 2023).

Global a Local a; Weight e Combined

Consensus

Least squares

Figure 3: Pairwise comparison of the the distributions of normalized objective value across the test
set between the fixed baseline method (gray) and the learned methods (colored). The x-axis shows
the log-scaled normalized residual after 10 iterations.
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Table 4: Results for OOD generalization with increasing number of nodes in the distributed system
after K = 10 steps. For each size, we solve 20 problem instances and report the mean performance.
All models are trained using problem instances with m = 8 nodes. Best method is bold, second
best underlined.

m=16 m=32 m=64 m=128

Consensus Error Consensus Error Consensus Error Consensus Error Consensus

Fixed 22.92 21.26 18.04 17.24 16.90 16.51 20.07 19.88
Adaptive 25.01 24.00 21.37 20.89 20.56 20.36 24.58 24.48
Global 18.91 18.16 16.11 15.82 16.30 16.15 19.19 19.13
Local o 15.90 15.74 13.16 13.04 13.74 13.69 16.37 16.34
Weight e;;  19.63 17.90 17.99 17.29 16.21 15.88 19.76 19.59
Combined  12.93 12.47 10.91 10.58 11.65 11.54 13.95 13.90

D.3. Generalization behavior of learned methods

OOD generalization To examine the robustness and generalization ability of our learned meth-
ods, we evaluate their performance on larger graphs unseen during training, and compare the results
with the behavior of the two baselines. For the out-of-distribution samples, we slightly change the
data distribution by adjusting the edge weight parameter p in the random graph generation to keep
the approximate neighborhood structure fixed. Given the initial value for p = 0.4 the expected
number of neighbors in a graph with m = 8 nodes is 2.8. We adjust the edge probability for a
graph with m € {16, 32, 64,128} nodes to p = 2.8/(m — 1). Thus, the expected degree of each
node remains the same even when increasing the graph size. This is more realistic than scaling
the degree of the nodes as well, as in practical applications, the degree often represents a physical
communication limit, which does not increase when more neighbours are in the network.

The obtained results are shown in Table 4. Although the network is only trained on small graphs
with m = 8 nodes, we observe that all learned methods generalize well and outperform the baselines
even on the OOD data. The performance of all methods drops compared to the original data shown
in Table 1, but does not continue to worsen when increasing the graph size further.

Additional ADMM iterations In order to show the performance of our method when increasing
the number of iterations even further beyond the training regime, we showcase the performance for
100 iterations in Figure 4. Figure 2 showed the same results until 20 iterations are reached.

The results show that the learned methods continue to outperform the baselines, even far be-
yond the trained iterations. The only exception to this is the combined method in the least-squares
problem, which slows down after 50 iterations. Particularly noteworthy is the strong performance
of the method with learned communication matrix, as the learned matrix is used in all iterations
and not only in the trained ones. However, using the learned communication matrix together with
the learned step sizes performs best in the consensus example while achieving the worst in the least
squares problem.
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Figure 4: Semi-log plots of the mean relative objective over all 100 test instances in the two problem
classes for 100 iterations. Note that this is far beyond the trained unrolling of K = 10 iterations.

Appendix E. Algorithms
E.1. Decentralized, distributed ADMM

In the following, we state the decentralized, distributed ADMM algorithm (Algorithm 1) from
Makhdoumi and Ozdaglar (2017) adapted to our notation. As described in Section 3.2, each itera-
tion updates all three iterates (x;, y;, ;) and includes two communication steps to pass information
about the current iterates to the neighbors in G.

E.2. Message-passing formulation of distributed ADMM

When it comes to defining a message-passing network that performs one iteration of Algorithm
1, it is critical to reformulate the update steps in such a way that they only require knowledge of
the aggregation of incoming messages and not of all individual messages. We pointed this out in
Section 4.1 and defined respective message, aggregate, and update functions that respect
the MPNN framework. The two resulting message-passing steps are presented in Algorithm 2.2. To
highlight the one-to-one correspondence, we compare it with the equivalent Algorithm 2.1, which
is identical to a single iteration of the original distributed ADMM algorithm (see lines of 8-14 of
Algorithm 1).

Equivalence between updates. For completeness, we will briefly show the equivalence between
the original xz-update step from (3) and the rewritten step in (6) here. Details for the y and A update
are omitted since the equivalence follows immediately from the definition of the messages.

Equation (3) (or line 8 of Algorithm 1) includes a sum over features from neighboring nodes
that we need to revise. The first summand in this sum can be rewritten easily by the definition of
the aggregated messages \ ﬁl

T
2 (Aﬁ)T(Pjﬂi)Z(HMf)szﬂL( > Pﬁ%’?) i, (15)
JEN (1)U{i} JeN)
L
=L,
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Algorithm 1 Decentralized, distributed ADMM

Hyperparameters: « > 0, communication matrix P (= L here), d; degree of node ¢
Initialize 2¥ € R", \) =0 € R"fori=1,...,m,and k =0
Communicate z¥ to all neighbors j € N (i)
fori=1,...,mdo
Initialize y?

AN

end for
while stopping criterion is not reached do
for: =1,...,m in parallel do
Communicate yf and )\f to all neighbors j € N (4)
10: Update local solution candidate x:

A N

. o'
A —argmin | fiz)+ Y0 (DT (Fa) + SlIPai - aF) + y13)
o JEN (Ui}
11: Communicate 27 to all neighbors j € N (i)
12: Update local deviation-variable y:

1
k+1 __ kL
WS a g
JEN (i)u{i}
13: Update local dual-variable \:
AL = A + ay .

14: end for
15: k—k+1
16: end while

17: Return: 2% = [zF]7,

Note that Pj; must be included in the message since weighting is no longer possible once all )\g‘? are
aggregated. The second summand, the penalty term for consensus, splits into the following

Yo B - +yili= Y (HPji(a:i—xf)H%
JEN UL} JEN UL}

HIYFI3 + 2(Pyi(as — )Ty ). 6)

includes features from neighbors

Since the x-update optimizes the equation with respect to x;, we understand that the quadratic term
”3/;“”% is irrelevant for this update. The mixed term, which involves features from neighboring
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nodes, splits as follows

2. Y (Piilw — af) Tyl = 2(x; — 2" (PSyf + > P}Jyf) , (17)
JEN (i)u{i} JEN (i)
| —
=7k,
where ¥ fﬂ € R" is the desired message containing the y-features of all neighbors from node ¢. By
the same argument as above, we can leave the constant term involving :1:5€ out in the optimization.
Note that this rule can be modified further if the edge weights e;; are not fixed over the whole

algorithm and are not accessible for node . In this case, one must add (Pj;, PJQZ) to the message.

MLP Integration. For step size learning (both global and node-level), we can predict and use a
new step size in each iteration. To achieve this, we insert each MLP that predicts a new step size
into the first node update function of each iteration, before the = variable is updated. In Algorithm
2.2, this is exactly between lines 5 and 6 of the pseudocode. The predicted step size is then used
during an entire iteration.

Conversely, in the edge-level task, we predict the edge-weights e;; only once and keep them
fixed during the whole K = 10 unrolled iterations. The corresponding MLP is placed before the
first iteration of Algorithm 2.2.
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Algorithm 2.1 One iteration of decentralized, distributed ADMM

1: for i € V in parallel do

2:
3: Communicate y¥ and A to all neighbors j € N ()
4 Update local solution candidate x:
mf“ = arg min (fl(xz)
z
[}
£ X (O + Pulon - at) + 1518) )
JEN (HU{i}
5: E Communicate zf“ to all neighbors j € N (7)
6: ' Update local deviation-variable y:
| 1
i nyrl Tdr1 Z Pijz§+1'
: b NG
7: E Update local dual-variable \:
i AL A aght,
g endfor

Algorithm 2.2 One iteration of decentralized, distributed ADMM as 2-block GNN

1:| for (j,4) € & in parallel do
2 My = (PjiA;?aniy?) >message 1
3:| end for
4| for i € Vin parallel do
5: ()‘iiv gjﬁn) = Z(j,i)es mj; > aggregation 1
6: v; = <:cf+1,yf, Af) , where > update 1
. T _ TP
™! = arg min (fi(l"i) + (Padf2E; + a(Puyf +75:) =
5
@3 k
+3 % P hIB).
JEN (i)U{i}

7:| end for
8::’ for (j,¢) € £ in parallel do
9: mj; = Pz-jx;ﬁl >message 2
10:; end for
11:5 for ; € V in parallel do
12:} jit'l = Z(]’,i)eg M > aggregation 2
13:5 v, = (mf“,yf“,)\f“) , where > update 2

| 1

' E+1 _ —k+1 k+1

! Vi T a1 (l’% + Pz ) ;

| k1 _ \k k41

! N =N oy
14 end for
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