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Abstract

Recent advances in efficient sequence modeling
have introduced selective state-space layers, a
key component of the Mamba architecture, which
have demonstrated remarkable success in a wide
range of NLP and vision tasks. While Mamba’s
empirical performance has matched or surpassed
SoTA transformers on such diverse benchmarks,
the theoretical foundations underlying its power-
ful representational capabilities remain less ex-
plored. In this work, we investigate the expressiv-
ity of selective state-space layers using multivari-
ate polynomials, and prove that they surpass linear
transformers in expressiveness. Consequently, our
findings reveal that Mamba offers superior rep-
resentational power over linear attention-based
models for long sequences, while not sacrificing
their generalization. Our theoretical insights are
validated by a comprehensive set of empirical ex-
periments on various datasets.

1 INTRODUCTION

Sequence modeling has been the focus of many works in
recent years, with remarkable results enabling applications
such as ChatGPT. To date, these models are largely based on
the Transformer architecture (Vaswani et al., [2017)). While
transformers have proven extremely effective, they suffer
from several drawbacks compared to traditional recurrent
models, one of which is their computational complexity
which scales quadratically with the input sequence length.

In attempt to mitigate the computational inefficiency of
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sequence modeling of transformers, a line of work has at-
tempted to resurrect RNNs, [Gu et al.| (2021a)); Gupta et al.
(2022a); |Gu et al.| (2021b) have introduced a series of archi-
tectures called State Space Models (SSMs) which include
a linear recurrence that admits efficient computations and
special structure on the transition matrices.

While these architectures have demonstrated impressive per-
formance in long sequence modeling, their performance on
fundamental tasks such as language modeling fall short com-
pared to transformers, mostly due to intrinsic superiority
of transformers in modeling interactions between different
elements of the input sequence. Recent work (Gu and Dao),
2023)), has introduced Mamba, an SSM variant with Se-
lective SSMs (S6) as its core block. In an S6 layer, the
parameters are a function of the input, providing the SSM
with content awareness. The empirical success of Mamba is
undeniable, with applications spanning large-scale language
modeling (Zuo et al., 2024; [Lieber et al., |2024; Waleffe
et al.| 2024)), image (Liu et al.|[2024b), and video (Li et al.|
2025b) processing, medical imaging (Liu et al.| [2024a)),
tabular data analysis (Ahamed and Cheng,|2024), Reinforce-
ment Learning (Lv et al.,2024), point-cloud analysis (Liang
et al.l |2024), graph processing (Wang et al.| 2024), and
N-dimensional sequence modeling (Li et al., 2024)).

The success of Mamba models across various domains ig-
nites interest in their theoretical properties. Establishing
a comprehensive theoretical understanding is crucial, as
it enhances our knowledge of these layers, promotes their
adoption within the research community, and paves the
way for future architectural advancements. Additionally,
since S6 can be considered a variant of attention with linear
complexity (Ali et al., 2025 |Zimerman et al.), deeper the-
oretical insights could elucidate the relationships between
gated RNNs, transformers, and SSMs, thereby advancing
our knowledge of these interconnected architectures. Initial
efforts to establish a theoretical framework for the expres-
siveness of selective (and non-selective) SSM layers have
been undertaken by several researchers. Using Rough Path



On the Expressivity of Selective State-Space Layers: A Multivariate Polynomial Approach

Comparative Visualization of Expressivity

Mamba
(L + 2)-Degree

Attention
3-Degree

State-space
1-Degree

Figure 1: Expressivity via Polynomial Degree: Our char-
acterization of SSMs, S6 layers, and causal self-attention
via multivariate polynomials allows us to identify the ex-
pressiveness gap between these layers through maximal
polynomial degree.

Theory, (Cirone et al., |2024)) demonstrated that diagonal
selective SSMs, such as Mamba, possess less expressive
power than their non-diagonal counterparts. Additionally,
(Merrill et al.| |2024) investigated the expressiveness relation-
ships between SSM variants and transformers using the lens
of circuit complexity, revealing that both models share the
same expressive power (belonging to TC). Finally, (Jelassi
et al.,|2024) examined the copying ability of various SSM
variants compared to transformers. It concluded that from
both theoretical and empirical perspectives SSMs struggle
with this task. While these significant studies highlight the
limited expressive capabilities of Mamba models compared
to other architectures, our work introduces a different trend.
We demonstrate the superior expressive power of S6 lay-
ers, using a theoretical framework based on multivariate
polynomials.

In addition to exploring the expressiveness gap between
transformers and S6 layers, we develop norm-based length-
agnostic generalization bounds for S6 layers. Suggesting
that the added expressivity of the selective mechanism does
not hinder the generalization properties compared to tradi-
tional SSMs as studied in (Liu and L1, |2024)), and that while
polynomial expressivity increases with sequence length, it
does not impact generalization.

Our main contribution encompasses the following aspects:
(1) We present simplified polynomial variants of Mamba that
exhibit comparable performance on NLP and vision tasks,
promoting a simpler model that can serve as a foundation
for other theoretical contributions, as well as shed light on
the inner dynamics of Mamba and its critical components.
(ii) By establishing the connection between multivariate
polynomials and S6 layers, we theoretically prove that S6
layers are expressive as a linear self-attention with depth
that scales logarithmically with the sequence length; that
is, there are functions that can be modeled with a single S6

that would require a logarithmic number of linear attention
layers. More generally, we establish that a Mamba model
with only 4 layers is sufficient to represent the class of mul-
tivariate polynomials with bounded degree L. In contrast, a
linear attention-based model requires a logarithmic number
of layers in L to achieve the same representational capa-
bility. (iii) Through experiments on a synthetic dataset in
a controlled environment designed to isolate expressivity
issues, we empirically validate that our theory is reflected
in practice. (iv) Finally, although S6 has better polynomial
expressivity for long sequences, we show that this does not
come at the cost of limited generalization, by proving the
first length-agnostic generalization bound for S6 . This leads
us to conclude that S6 layer possesses superior theoretical
properties over linear attention for long-range tasks.

2 RELATED WORK

SSMs have gained a lot of traction due to their remarkable
performance and computational efficiency. Their theoreti-
cal properties have been the focus of many recent works;
Merrill et al.| (2024) compare the expressive capacity of
(non-selective) SSMs and transformers, concluding that both
architectures belong to the same complexity class (' C’O)ﬂ
Sarrof et al.| (2024)) conduct a more refined analysis and
show that transformers and SSMs occupy different portions
of TCP. Another work showed that a single-layer Trans-
former with N heads can simulate any state space model
with N channels (Zimerman and Wolf, 2023).

Cirone et al.|(2024)) show that the selective mechanism intro-
duced in Mamba results with more expressive architectures
compared to traditional (non-selective) SSMs. |Ali et al.
(2025) show that there are functions that S6 can implement
while transformers cannot.

In this work we compare the expressive power of S6 to
those of transformers. We show that under certain assump-
tions which we justify empirically, a constant number of
S6 layers are dense in the polynomial function space while
transformers and non-selective SSMs are far less expres-
sive. In addition to discussing expressivity, we also provide
the first norm-based generalization bound for S6. Relevant
related works are detailed in Appendix [C]

3 BACKGROUND

In this section we present the technical details required for
the theoretical analysis and provide relevant notations.

Notations Let X € RP*Z be an input sequence of length
L with dimension size D, denote the element in the i-th
channel and position j as X;;. We denote the entire channel
at a specific position j and the entire sequence at a specific

ITC° is the complexity class that can be decided by
polynomial-sized Boolean circuits.
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channel 7 as X, ; and X, respectively. For simplicity, we
denote a general single channel of X without channel index
by x := (21, %2, ,xr) such that x; € R.

Mamba Given these notations, a Mamba block, which is
built on top of the S6 layer, is specified as follows:

X = o(ConvlD(Linear(U)), Z = o(Linear(U)) (1)

Y =S6(X), Y = Linear(Y ® Z) )
Here, U is the input to the Mamba block, and X is the in-
put to the S6 layers, X, Z,Y,Y € RE*D_ the linear layers
operate independently for each sequence element, o repre-
sents SiL.U activation function, and ® denotes element-wise
multiplication with the gate branch in Eq. 2] (Right).

S6 An S6 layer is a recent variant of SSM. A standard
diagonal SSM is parameterized by a diagonal transition

matrix A € RY*N input and output matrices B,C €

RN*1 and a timescale A € R. An input scalar sequence
is mapped to an output scalar sequence y via the following
recurrent rule:

ht:Aht—l—Fth, yt:Cht,A:fA(A,A) 3)

B = fB(BvA)

where f4, fp are discretization functions, and the discrete
system matrices are A € RV*N and B € RNV*!. The recur-
rent rule in Eq.[3|can be computed efficiently in parallel on
modern hardware accelerators using work-efficient parallel
scans (Smith et al., |2022) or a simple scalar convolution
via FFTs (Gu et al.|[2021b). Note that Eq. E]is a map from
R% to RE, and to process D channels, multiple independent
instances are used.

Contrary to traditional SSMs, which utilize time-invariant
system matrices and process each channel independently,
S6 layers incorporate a data-dependent mechanism that is

parameterized by Sg, Sc € RV*P A € RP*N and Sh €
R*D to define the time-variant matrices as follows:

By = S X, Cy = Sc X, Ay = softplus(SaX«e)  (4)

At = eXp(AtA), Bt = AtBt (5)
The resulting time-variant recurrent rule is:

he = Achy 1 + BtCEt, yr = Cihy 6)

Our analysis focuses on the regime of *many-to-one’, which
deals with models that operate on sequences and produce a
single output after processing the entire input sequence.

4 THEORETICAL RESULTS

We begin by presenting our simplified model in Sec.
which forms the basis for our theory on the expressiv-
ity and generalization of S6 layers, discussed in Sec[4.2]
and Sec. [£.3] respectively. In the experiments section we
demonstrate that the simplified model used in our exposi-
tion achieves comparable results to those of the original S6
layers, encouraging further exploration of this variant.

4.1 Model Simplifications
The original S6 layer is parameterized by Sa, Sg, Sc and
A, and it is defined in Eqs. [dand [¢]

Our approach utilizes a simplified model with a single chan-
nel described below:

B; = Spx;, C; = Scxi, A = p1(Sami), (7

Ai = p2(AiA) ®)

where p; and p, represent polynomials that operate inde-
pendently per element, for instance, a second-degree Taylor

approximation for softplus and exponent accordingly. An
equivalent model would be:

C; = Sczi, Bi=Spzi, Ai=p2 (p1 <5;?%7) A> )

in which D is the width of the model, and —= is a constant
normalization factor. This model can be intérpreted as state-

space layer without discretization, with A being selective,
and p; and p, are stabilizers designed to control the values
of A, which must be positive. It is imperative to note that
standard SSMs without discretization are both effective and
simple (Gupta et al.,|2022b).

For simplicity, we define an additional polynomial p 4 (z) =
D2 (p1 (%) A) which is parameterized by A and ties p;
and py. Hence, we can denote A; = pa(Saz;).

Alternatively we can utilize the following simplified non-
polynomial model:

Bi = SBl‘i, Cl = S()Ii, (10)

A; = softplus(Saz;), A = exp(A;A) (11)

4.2 Expressivity

We identify an expressivity gap between S6 and attention
via multivariate polynomials. This gap is delineated through
Thm. [T and Thm. 2] The former establishes that atten-
tion models require O(log L) layers to represent L-degree
multivariate polynomials, whereas Mamba models can ex-
press such polynomials within a single layer. Furthermore,
Thm. 2] extends this finding by demonstrating that the ex-
pressiveness gap is not limited to anecdotal or edge-case
polynomials. Rather, it encompasses a broad spectrum of
polynomial functions.

Theorem 1. (informal) Consider a simplified S6 layer (see
Sec. and single Transformer layer, both with hidden
dimension N. For input sequences of length L > 3, a single
layer of simplified S6-based Mamba is logarithmically more
expressively efficient in depth compared to a single causal
linear self-attention layer with a single head and polynomial
activations instead of softmax.
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We consider this theorem relatively surprising, as transform-
ers are considered highly expressive models, in contrast
to state-space layers, which are traditionally constrained.
The proof follows from Lemma [I]and Lemma 2] which are
presented next.

Lemma 1. There exists a function f : RY' — R that can be
implemented by one channel of a simplified (see Sec.
S6 such that a single linear attention head would require at
least O(log L) layers to express f.

Lemma 2. Any function that can be expressed by a single
causal linear attention head can be expressed by a simplified
(see Sec. S6 layer.

For the complete details and proof of Lemma[2] we refer the
reader to Appendix [B]. As for Lemma[l} we present here a
proof sketch for a simplified version (see Lemmal[I]in the
appendix for the complete proof). In this simplified case, our
proof focuses exclusively on linear-attention. Additionally,
we consider models that process scalar sequences.

Proof of Lemmall| (without Softmax). Our  proof  re-
lies on the characterization of the hypothesis classes
that are realizable through S6 and self-attention via
multivariate polynomials. We start by presenting this
formulation for S6:

Single S6 Layer as Multivariate Polynomials One chan-
nel of the variant of the S6 layer we consider is described
in detail in Eq.[9] Since we are interested in identifying the
minimal polynomial degree required to characterize models
that employ Eq. [ we can assume that P, is linear. Thus,
we can incorporate the coefficients of P4 into Sa, namely,

= Saz;. Consequently, Eq@ can be unrolled as follows:

SCSBZSAt i I(Ht_mxk)xtxf (12)

=1

Hence, we can characterize the last output yy, as a multivari-
ate polynomial with at least . monomials, and a maximal

degree of at least L + 2. Denote c¢; = SCSBSi_j_l,

t

v = e () ame ey (13)

j=1

Attention as Multivariate Polynomials Given the param-
eters of the layers Wo, Wi, Wy, € R, the last element in
the output sequence can be computed by:

y= M@:W\/) (14)

Vi

t
Wo W Wy

Y = Q;‘/Z%It
k

t
> erita (15)
j=1

where ¢; = %. Hence, we can characterize the last
output element y, of a self-attention layer by a 3-degree

multivariate polynomial with L monomials.

N-Stacked Attention Layers as Multivariate Polynomi-
als In light of the characterization of one head of a self-
attention layer, we can now proceed to establish the char-
acterization of [V-stacked self-attention layers. Since the
composition of multivariate polynomials results in another
multivariate polynomial, where the maximal degree of the
resulting polynomial amounts to the product of the maxi-
mum degrees of the composed polynomials, we can prove
by induction that N-Stacked layers can be represented by a
polynomial with a maximal degree of 3.

Identify and Refine the Expressivity Gap  The descrip-
tion of one head of a self-attention layer and one channel
of an S6 via multivariate polynomials reveals the expres-
siveness gap in terms of the maximal degree, which is 3 for
self-attention and L + 2 for S6, as depicted in Fig. E} Thus,
our formulation presents a broad family of functions that can
be implemented by selective SSMs but cannot be realized by
a single self-attention head. Furthermore, when processing
a sequence of length L, it is clear that in order to express
a function realized by S6 using N-stacked self-attention
layers, O(log L) stacked layers are required. O

Single SSM as Multivariate Polynomials For complete-
ness, we formalized a single standard SSM (not S6) via
multivariate polynomials. Since SSMs can be represented
as a single non-circular convolution between the input x and
akernel K = (CB,CAB,...,CAL~1B),itis evident that
the last output element of the SSM can be expressed by a 1-
degree multivariate polynomial consisting of . monomials.

Sharpening the Expressivity Gap Thm [I] establishes
the existence of an expressivity gap. However, it remains
unclear how many polynomials are encompassed within this
gap, and whether they constitute a significant portion of the
function class or are merely anecdotal instances. To refine
our separation results , we now quantify the expressiveness
gap by analyzing the number of layers required to represent
the entire class of L-degree multivariate polynomials. As
established previously, attention-based models necessitate
O(log L) layers. In contrast, the following theorem demon-
strate that a Mamba model with just 4-stacked layers and
a sufficiently large number of channels can represent any
multivariate polynomial of arbitrary degree, thereby high-
lighting the significant expressiveness gap, which constitute
a significant portion of the class of L-degree polynomials.

Theorem 2. Given an input scalar sequence v € RY, a
model with four stacked simplified S6-based Mamba layers,
a sufficiently large number of channels, learnable positional
encoding (PE), sufficient padding and a linear encoder layer
at the first layer can express any multivariate polynomial
with bounded degree of x.
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A construction of the polynomial ijvia 3 Mamba blocks
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Figure 2: Visualization of 3-stacked Mamba layers expressing monomials of a univariate polynomial, as formulated in
Lemmal[3] To simplify the visualization, the Conv1D layer has been omitted.

For simplicity, we assume that the state size N = 1 and
the SiLU activations in Mamba are removed. We justify
these decisions as they only restrict our model. The proof is
presented in appendix [B] and it follows a technical construc-
tion that demonstrates how to express a general polynomial
using Mamba. The core argument is built on the following
lemma, which is also visualized in Fig.

Lemma 3. Given an input scalar sequence x € RY, for
any j, a model M with 3-Mamba layers, a sufficiently large
number of channels, learnable PE, and a linear encoder
in the first layer can express any monomial of a univariate
polynomial in x;. Specifically, for any constants ¢ € R
and P € R, there exists a configuration of M such that the
output of the k-th channel M (x), = c - xf fork > P+ 3.

For a detailed proof of Lemma 3] we refer the reader to the
appendix. Here, we provide an intuitive explanation of the
proof, which hinges on the following two key capability of
the Mamba architecture:

(i) Per-position selection: By utilizing Mamba’s auxil-
iary components, including the gating branch, linear layers,
and learnable PE, each Mamba layer can isolate a specific
channel k£ at a given position j. Notably, the output of
the first Mamba block can effectively filter out all unnec-
essary positions, producing a sequence mask with zeros at
every position except ¢ = j, which contains x; at position
7. This is done by setting the S6 to the identity function
(A =0,B =C = 1), ensuring z; is not modified. Ad-
ditionally, mask the other positions achieved by set the
parameters of a learnable PE at one of the channels to the
indicator function I_;, which is 1 only when focusing on
the j-th position, and ensuring this PE passed into the gate
branch through the linear layers.

(ii) Express powers by aggregate multiplications of dupli-
cated elements: Given an input x = (0,--- ,z;,0,---),

which can be obtained from the first layer, the second
Mamba block can duplicate the value of z; exactly P — 2
times. This duplication holds even if P > L, thanks to the
ZeroPad component. The duplication process is achieved
by setting the linear layers to identity mappings and uti-
lizing a degenerate single SSM channel where the system
matrices always equal A, B, C = 1. Therefore, if the k-th
channel receives an input sequence = (0,--- ,2;,0,---),
it will output z = (0,--- ,x;,--- , ;). Through the gating
mechanism, learnable PE (which can pass through skip-
connections to the subsequent layers), and biases in the
linear layer, the entire block can then produce a filtered
output z = (1,--- ,1,z;,--- ,x;,1,---, 1), ensuring that
there are exactly P — 2 copies of ;. Next, the S6 layer
in the third block can multiply the sequence elements in
z via the operation described in Eq.[I3] which include the
term I} _ j+1Ak- This term yields an output sequence with
P

j )
late z;©, we begin by generating all unwanted elements by
applying the same SSM to the sequence z, introducing an
additional zero at the initial occurrence of z; denoted by z’.
We then subtract the outputs from these two SSM channels
at the final linear layer of the block. This subtraction yields
a telescoping series SSM (z) — SSM (2'):

t ¢
ch (HZ;IJ-+1xk)xt2xj2 — Z Cj (HZ_:;+1xk)xt2xj2 (16)

j=1 j=2

the values (1,--- , 1, a:?, -« xs -+ ). To specifically iso-

that effectively eliminates any term except for ij .
Finally, it is crucial to highlight that incorporating auxiliary
components into the Transformer, such as learnable PE
and gating, does not mitigate the logarithmic increase in
depth required with L. This limitation arises because the
expressible degree within each block remains unchanged,
thereby leading to the observed asymptotic behavior.

4.3 Generalization

Our theoretical analysis in Sec. f.2]demonstrates the supe-
rior expressive power of S6 compared to linear attention,
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particularly in terms of multivariate polynomial degree and
long-range processing capabilities. Furthermore, Thm.
and Lemma|I]establishes that the hypothesis class associated
with Mamba models with just four layers is significantly
larger than that of transformers, even with greater depth.
While increased expressivity can often come at the cost
of generalization, in this section, we show that S6 layers
do not suffer from this trade-off. To do so, we provide a
generalization bound for simplified S6 layers, as defined in
Eq. which is a generalization of Eq. Our analysis
is based on a classifier f : RP*L — RC, parameterized
by (A, Sg,Sc,5A). The classifier f for a specific class
¢ € [C] denoted by f¢(X,1, ..., X«r) is computed as:

D L L
ZWc,d (SCX*L)TZ ( H Adk) SpXaiXa (A7)

d=1 i=1 \k=it1

where C is the number of classes, fldk = exp(ArAy) (Ag

is the dth row of A) as defined in Eq.[4|and W € RC*P
represents a linear projection from the output to the num-
ber of classes. We denote the parameters of a classifier by
w = (A, S, Sc,Sa, W) and the corresponding function
induced by a specific instance of w by f,,. The class of
functions taking on different parameter instances w, is de-
noted by F. As customary in the derivation of Rademacher
complexity based bounds (e.g. (Golowich et al.| 2018)),
our analysis takes into account the (different) norms of the
parameters, for which we denote:

pw(w) = [[Wl[r, pa(w) = [[Allmax, pp(w) = [Spll2,00,

pe(w) = 1ISE” 1, pa(w) = [ISall2,

L(w) = pw(w) - pa(w) - pp(w) - po(w) - pa(w) s
Equipped with these notations, we are now ready to state
our main generalization bound.
Theorem 3. Let P be a distribution over RP*L x [C]
and § > 0. Let S = {(X;),y())}jL1 be a dataset
of ii.d. samples selected from P, where each X ;) =
(X(j)rs- s X(j).r) € R Assume that Vj € [m] :
[|X(j)lImax < 1. Additionally, suppose ¥k € [L],d € [D] :

[|A g llmax < K < 1. Then, with probability at least 1 — &
over the selection of S, for any f,, € F,

m

ertp(fu) = 7 D Timas(f5 (X)) 7 > £ (X)) =

errp(fuw) —errd(fuw) < %(F(w) + ﬁ

m K
(1+ 210g(4LCD4N))W(K_1)2+

log(2/6) + 2log(D2N2T'(w) + 2)
3\/ 2m

D

I

(19)
where the maximum is taken over t € [D], k € [L].

See Appendix [5for the complete details and proof. A uni-
form convergence bound for a class F is an upper bound on
the generalization gap that uniformly holds for all f € F.
The more direct Rademacher complexity bound presented

in Lemmafd]is an example of a uniform convergence bound.
However, these bounds become ineffective when a func-
tion f € F exists that can perfectly fit any labeling of the
dataset. In such situations, uniform convergence bounds fail
to provide meaningful insights and are considered vacuous.

In contrast, the bound derived in Thm. [3]is also based on
Rademacher complexity, but it is not a uniform convergence
bound and hence it is not inherently vacuous. In the proof,
we partition the class F into subsets F,, where the parti-
tioning criterion p is based on the norm of the S6 matrices,
and apply our Rademacher bound (see Appendix [)) within
each subset. We then apply a union bound to combine these
results, obtaining a bound individualized for each f,, € F.

To understand our bound, we analyze its terms. First note
that from the standard assumption that the data is normal-
ized, we have,

max Y " (X(,,)* < vVm (20)

Regarding the term +/log(CDN L), even when choosing
exceptionally large values for D or L, such as 2'%°, the
impact on the bound remains minimal. The second term
in the bound (see Thm [3) is typically smaller than the
first term, as it scales with \/log(DNT (w))/m. There-

fore, we conclude that our generalization bound scales with
O (= D*T(w) - 552 ). This implies that the bound
is largely unaffected by the sequence length L, making it

applicable to various sequence lengths without being signif-

icantly impacted by them. Note that since K < 1, when K
is small, the term ﬁ approaches 1, further reducing its

impact on the bound. This implies that for very small K,
the generalization bound becomes even tighter.

S EXPERIMENTS

In this section, we extensively validate our theorems and as-
sumptions through empirical analysis. First, in Sec[5.1] we
demonstrate that our simplified variant of the Mamba layer
achieves performance comparable to the original Mamba
layer when incorporated into standard settings and deep
networks, thereby justifying the exploration of this variant.
Next, in Sec[5.2] we validate our theory on expressiveness
by showing that self-attention struggles to learn high-degree
multivariate polynomials, which S6 can model effectively.

5.1 Model Justification

Our theoretical study employs the simplified S6 variant
described in Eq.[9] We conduct experiments in both the NLP
and vision domains, evaluating this variant when integrated
into the Mamba backbone, with the goal of showing that it
performs similarly to the original S6 layer.



Edo Cohen-Karlik *, Itamar Zimerman *, Liane Galanti *, Ido Andrew Atad, Amir Globerson, Lior Wolf,

NLP In NLP, we trained variants of our simplified S6
layer within Mamba backbones on the Wikitext-103 dataset
using a self-supervised scheme for Next Token Prediction.
Our models feature 12 layers with a hidden dimension size
of 386 and were trained with a context length of 1024 tokens.
The final results are detailed in right panel of Tab.[T]and in
the right panel of Fig.[3] which illustrates the evolution of
test-perplexity across epochs. Evidently, our simplified S6
variant performs well in the NLP domain, with only a slight
reduction in perplexity with respect to the original model.
Specifically, the polynomial variant achieved a perplexity
score of 26.42, 0.69 points lower than its original baseline
score of 25.73. In contrast to the polynomial variant, the
other simplified variants that employ B; = B; achieve a
slightly lower perplexity compared to the baseline, high-
lighting the significance of this aspect in the architecture.

Vision Image classification experiments are conducted on
the ImageNet-100 benchmark. We built upon the Vision-
Mamba (ViM) architecture (Liu et al., [2024b), replacing
the S6 layers with our simplified variant while maintaining
the same training procedures and hyper-parameters. The
left panel of Tab. [I|presents the results: the simplified vari-
ant from Eq. [9] achieves a accuracy of 78.62%, which is
2.4% lower than the original model which achieve a score
of 81.02. For reference, we include the results of DeiT (Tou+
vron et al. 2021), which achieved a top-1 accuracy of
78.21% for the same model size (Baron et al.| [2024).

To identify which aspects of our simplification most sig-
nificantly impact performance, we compare two additional
variations. First, we use a polynomial S6 variant without
omitting the discretization. Second, we run a vanilla non-
polynomial model where be B; = B;. Our empirical analy-
sis reveals that the polynomial model performs remarkably
well, achieving an accuracy score of 80.28, just 0.74 points
below the original model and 0.92 points above the non-
polynomial simplified model. To provide a comprehensive
view, the training curves are presented in left panel of Fig.[3]
which also empirically analyzes several variants of the sim-
plified model compared to the baseline. The full set of
hyper-parameters can be found in the Appendix at Tab.

5.2 Learning Polynomials

In this section, we empirically validate our theoretical claims
concerning the expressiveness of S6 and self-attention layers
from Thms. [TJand 2} Since our analysis of the expressive-
ness gap between those layers relies on their characteriza-
tion via multivariate polynomials, we focus on learning such
functions over synthetic data. To isolate factors other than
expressiveness, we employ a control setup with small NNs,
comprising up to four layers with narrow widths (2 or 4
channels) and an additional output linear projection head.
For each architecture, we used the standard implementations:
(1) self-attention with softmax and positional encoding, and
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Figure 3: Model justifications & ablations: In the left
panel, we present the top-1 accuracy score for image classi-
fication via the ImageNet-100 benchmark, while the right
panel displays the perplexity score for language modeling
using the WikiText-103. The y-axis represents the model’s
score across different epochs. In both figures, the blue curve
represents the baseline, the yellow curve corresponds to
Eq[9] the green curve illustrates Eq[T0] and the red curve
depicts the polynomial variant using standard discretization.

(ii) the original S6 architecture (Gu and Daol [2023)) with and
without PE. The experiments examine the clean implementa-
tion of these components, without additional elements such
as Conv1D, activations, or FFNs. We conduct experiments
on two tasks: classification and regression.

Classification Our dataset consists of binary random se-
quences of length L = 20. The labels are uniformly dis-
tributed between O and L, determined using the “Count in
Row” function (Al et al.l [2025)), defined as follows:

Definition 1. The count in row problem: Given a binary
sequence x1,Ta,...xy € {0,1}L such that x; € {0,1},
the “count in row” function [ is defined to produce an out-
put sequence yi,Ys, . . .,yr, where each y; = f(x1,.., ;)
is determined based on the contiguous subsequence of Is to
which x; belongs. Formally:

Yi = 012]&%(1_ ({z —j+1] kl_[[:ck >0]=1}uU {0}) Q20
=j

where [z}, > 0] is the Iverson bracket, equaling 1 if xj, > 0
and 0 otherwise.

The top part in Tab. 2] presents the results. Remarkably, even
a single layer of selective SSMs, both with and without PE,
outperforms attention models with double the number of
layers and channels, all while utilizing significantly fewer
parameters, as suggested by Thm |T]

Regression We synthetically construct the dataset S =
{(xs,y:) }, by first randomly selecting a polynomial de-
noted by P. For each example in the dataset, we then generate
x values uniformly at random and compute the correspond-
ing labels using this P.

c¢i ~U([=2,2]), piy ~U([L]), z; ~U([0.1,2])  (22)
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Table 1: Ablations of our simplified S6 variants, with vision tasks on the left and NLP on the right. ’S’ for simplified
variants. Results for Transformer models are provided as a reference point.

Model Top-1 # Parameters Model PPL # Parameters
ViM (baseline) 81.02 6.2M Mamba (baseline) 25.73 30.1M
ViM (S., B; = By) 79.36 6.2M Mamba (S., B; = B;) 29.49 30.1IM
ViM (S., A; = pa(Sa(z:))) 80.28 6.2M Mamba (S., A; = pa(Sa(w:))) 26.42 30.1M
ViM (S., Eq. 78.62 6.2M Mamba (S., Eq. E]) 31.12 30.1M
Transformer (DeiT) 78.21 6.2M Transformer 28.31 31.4M

Table 2: Learning multivariate polynomials over syn-
thetic data. Classification results are presented on the left,
and regression results on the right. Best results for each
model depth are in bold.

Classification

Model # Layers Accuracy # Parameters
S6 w/ PE (D = 2) 1 83.1 35

S6 w/o PE (D = 2) 1 84.8 35

S6 w/ PE (D = 2) 2 93.4 63

S6 w/o PE (D = 2) 2 97.1 63
Self-Attention(D = 2) 1 32.9 29
Self-Attention(D = 2) 2 41.1 51
Self-Attention(D = 2) 4 44.8 95
Self-Attention(D = 4) 1 36.2 176
Self-Attention(D = 4) 2 44.2 244
Self-Attention(D = 4) 4 55.8 380

Regression

Model D MSE # Parameters
S6 w/ PE 4 12.67 101

S6 w/o PE 4 11.81 101

S6 w/ PE 6 12.45 157

S6 w/o PE 6 11.04 157

S6 w/ PE 8 12.17 377

S6 w/o PE 8 9.057 377
Self-Attention 4 19.22 81
Self-Attention 6 19.10 157
Self-Attention 8 19.048 257

3
y="P@) =) allj_z;" (23)
i=1

Our models consist of a single layer with either 4 or 8
channels, processing sequences of length L = 5. As demon-
strated in the bottom part of Tab. @ both S6 variants, with
and without PE, significantly outperform traditional self-
attention layers across both model sizes. For example, while
a self-attention model with 8 channels obtains an MSE score
of 19.05, all S6 variants achieve an MSE below 12.67. These
experiments demonstrate that at least in controlled environ-
ments with small models, S6 layers outperform traditional
self-attention layers in approximating polynomials where
the total multivariate degree exceeds the sequence length.

6 DISCUSSION

To understand the implications of our theory, we first explain
why analyzing Softmax-free attention is realistic. Then, we
discuss the consequences for standard attention models.

Transformers Without Softmax The softmax function
is primarily associated with optimization and stability, as
it normalizes attention scores to the [0, 1] range and pre-
vents numerical instabilities. However, transformer vari-
ants without softmax have proven effective in several do-
mains, including reducing latency (Hua et al.| [2022; Lu
et al., [2021; |Ramapuram et al.| [2024) and in applications
such as vision (Wortsman et al., [2023), NLP (Ma et al.,
2022), and other areas (Zimerman et al.,[2023). Addition-
ally, these models have recently become even more practical,
as researchers have successfully scaled linear attention far
beyond 7B parameters (Li et al., |2025a), enabling LLMs
to extend their context window to 4 million tokens while
matching the performance of GPT-40 and Claude-3.5 Son-
net. Several additional linear attention-based LLMs were
presented in (Shen et al., [2024; Qin et al.} [2023; Sun et al.,
2023). Since these models achieve near-SoTA, focusing on
a softmax-free attention model is well justified.

Transformers With Softmax While the softmax function
can theoretically be expressed as an infinite-degree poly-
nomial, we provide careful considerations. The softmax
function involves both exponentiation and proportional nor-
malization. The former can be well approximated using
low-degree polynomials (Zhang et al., [2024), while the lat-
ter primarily serves to normalize the scores. We refine our
assumption by analyzing transformers that apply exponenti-
ation to each attention score, assuming this can be approx-
imated by a polynomial of degree P. The resulting model
expresses higher-degree polynomials within each layer, but
it remains based on pairwise interactions via Key, Query,
and Values, leading to an maximal polynomial degree of
3P+1, independent of the sequence length L. This supports
the validity of our argument in more common regimes.

Interpretation and Intuition Our characterization of S6
layers through the lens of polynomials offers a novel per-
spective on the semantic capabilities of Mamba. Specifically,
we extend the concept of polynomial degree to quantify the
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number of tokens involved in each interaction within a layer
of an model. For instance, low-degree polynomials corre-
spond to interactions involving only a few tokens, while
high-degree polynomials represent dependencies spanning
many tokens. This analysis highlights the unique strength
of S6 layers in modeling continuous, multi-token interac-
tions, such as counting and recurrent operations. In contrast,
transformers, are naturally biased toward sparser and more
fragmented representations such as induction heads.

This perspective can also shed light on the remarkable
performance of hybrid models that combine modern
RNNs and attention by leveraging their complementary
strengths (Lieber et al., [2024; De et al., [2024). While a
formal characterization of their trade-offs is yet to be estab-
lished, our analysis suggests that S6 and attention capture
fundamentally distinct types of interactions, characterized
by the number of tokens involved in each interaction.

Extension to multi-dimensional inputs While our anal-
ysis is presented for a single channel, it extends directly
to inputs X € RP>*L. In Mamba, the multiplicative in-
teractions that give rise to high-degree polynomials occur
only along the sequence (time) axis, and not across chan-
nels. Although the parameters at each time step depend
on the full input vector X, this dependence is pointwise
in time and does not introduce multiplicative interactions
across channels. Consequently, the model realizes multi-
variate polynomials whose degree is governed by sequential
compositions along the sequence length L.

7 CONCLUSIONS

This study explores the expressivity of Mamba models. By
reducing the S6 layer to a polynomial form and composing
an associated theory, we have established a novel connection
between S6 layers and high-degree multivariate polynomi-
als. This connection enables us to identify the expressivity
gap between S6 layers and attention mechanisms compre-
hensively. We show that although the S6 layer has better
theoretical expressivity than linear attention for long se-
quences, this does not negatively impact generalization. We
provide a length-agnostic generalization bound to support
this result, allowing us to conclude that the S6 layer has
superior theoretical properties compared to linear attention
for long-range tasks.

Finally, an interesting direction for future work is to extend
our analysis to additional modern sequence models, such as
Gated DeltaNet (Yang et al.,|2024) and other gated or hybrid
architectures. It would also be valuable to further investigate
how faithfully the polynomial framework reflects the practi-
cal behavior of these models, and to what extent it captures
their effective inductive biases in real-world settings.

8 LIMITATIONS

In this paper, we provide a new perspective on the expressiv-
ity gap between S6 layers and self-attention, the core layers
of Mamba models and transformers. While our analysis
leverages multivariate polynomial degrees as measures of
expressiveness and offers insightful results, it does not for-
mally connect these measures to widely-used expressivity
metrics in the literature, such as Rademacher complexity or
VC dimension. Establishing such connections remains an
open challenge.

Additionally, our work focuses on a simplified architecture,
omitting several components of the original models. While
we empirically justify these simplifications and highlight
the opportunity to use simpler models by identifying the key
components responsible for the performance gap, analyz-
ing the full complexity of softmax-based Transformer and
Mamba architectures is an important direction for future
research.

Finally, although expressiveness is a critical property to ex-
plore, LLMs with billions of parameters involve additional
factors that influence their capacity and performance. These
include optimization challenges, gradient behavior, implicit
biases, and training stability. Addressing these aspects is
beyond the scope of this study, which is centered on a theo-
retical characterization of expressiveness. We believe these
topics represent promising avenues for future work.
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A Experimental Setup

All training experiments were performed on public datasets using a single A100 40GB GPU for a maximum of two days.
All experiments were conducted using PyTorch, and results are averaged over three seeds. All hyperparameters are detailed
in Tab. @ and Tab.

Table 3: Hyperparameters for image-classification via Vision Mamba variants

Parameter Value
Model-width 192
Number of layers 24
Number of patches 196
Batch-size 512
Optimizer AdamW
Momentum 51, B2 = 0.9,0.999
Base learning rate 5e — 4
Weight decay 0.1
Dropout 0
Training epochs 300
Learning rate schedule cosine decay
Warmup epochs 5
Warmup schedule linear
Degree of Taylor approx. (Eq. E]) 3

Table 4: Hyperparameters for language modeling via Mamba-based LMs

Parameter Value
Model-width 386
Number of layers 12
Context-length (training) 1024
Batch-size 32
Optimizer AdamW
Momentum 51, B2 = 0.9,0.999
Base learning rate 1.5e —3
Weight decay 0.01
Dropout 0
Training epochs 20
Learning rate schedule cosine decay
Warmup epochs 1
Warmup schedule linear
Degree of Taylor approx. (Eq. E]) 3

B Proofs

This section details our proofs.

B.1 Expressivity

Lemma 1. There exists a function f : RY — R that can be realized by one channel of S6 such that a single attention head
would require at least O(log(L)) layers to express this function.

Proof of Lemmal(l] ~ The proof begins by characterizing the functions that an S6 layer can implement as multivariate
polynomials with a maximal degree that scales linearly with the sequence length L. It then demonstrates that this property
does not hold for self-attention layers.

Single S6 Layer as Multivariate Polynomials Let f be a function implemented by a S6 layer with the parameters
A, SA, SB and Sc.
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Recall that we deal with the following polynomial variant of S6, which is defined as follows:
Ci=(ScX;)", Bi=S5pX;, A;=Pa(SaX;) (24)
H;, = AH; |+ B;X;, Y,=0CX; (25)
Since we are interested in identifying the minimal polynomial degree required to characterize S6 models, we can assume

that Py is linear, namely A; = Sx X; + A. By plugging the zero matrix into A we get:

Now we can write Eq.[24] by:

H; = SAX;H;_1+ B;X;, Yi=0CX; (26)

Now, assuming Sa, Sp and S¢ are sparse matrices such that they have zeros at all elements except a single column, namely,
the time-variant matrices are controlled only by the first channel of the sequence X. Hence, this channel can be defined by:

h; = Saxihi—1 + Bizy, i = Cix; 27

This exact recurrent rule is discussed in Eq. [9](Single S6 layer as multivariate polynomials), and it can be represented as a
multivariate polynomial with a maximum degree of L + 2. Hence, we can deduce that one element in the output of an S6
layer has a minimal maximum degree of L + 2 when processing sequences of length L.

Single Self-Attention Layer as Multivariate Polynomials Given an input matrix X, the self-attention mechanism
without softmax operates as follows. The input is projected into query ), key K, and value V matrices using parameter
matrices Wq, Wi, and Wy, respectively:

Q=XWqo, K=XWg, V=XWy.
The attention scores A are then computed as:
A=QK" = (XWq)(XWk)T.
The output matrix Y is calculated by:
Y = AV = (XWoWEXT)(XWy).

This formulation leads to the conclusion that each element in Y can be expressed as a multivariate polynomial with a
maximum degree of 3 in the elements of X, where the polynomial arises from trilinear interactions. Additionally, it is
important to note that in the case of causal attention, the mechanism is more constrained, and the maximum degree does not
exceed 3.

Now, as it is clear that each single attention layer can be represented by a multivariate polynomial with a maximum degree
of 3, we can generalize our characterization for N-stacked self-attention layers. Recall that the composition of multivariate
polynomials is also a multivariate polynomial. Moreover, the maximum degree of the resulting polynomial is the product of
the maximum degrees of the composed polynomials. Hence, we can argue that each element in the output of N-stacked
self-attention layers can be represented by multivariate polynomials with a maximum degree p < 3"V. Therefore, it is clear
that to represent a polynomial with a maximum degree of L + 2 by N-stacked self-attention layers, at least N € O(log L)
layers are required. O

Lemma 2. Any function that can be expressed by a single attention head can also be expressed by a single channel of S6.

Proof of Lemma[2] ~ Let f be a function implemented via a single attention head, which has the parameters Wy, Wy,
Wa.

Recall that we deal with the following polynomial variant of S6, which is defined as follows:
Ci=(ScX,)", Bi=SpXi Ai=Pa(SaXi) (28)

H; = AH; 1 + B X;, Yi=0CX; 29
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For simplicity, assume that we are dealing with a 1-degree polynomial P4 such that A; = SAX; + A.

By substituting the zero matrix for Sa and A = 1, and plugging Sc = Wy and Sp = Wk, we get:

C; = (WoX)', Bi=WkX;, A=A, (30)
By simply unrolling this equation:
H; = Z IO Ap) WK X; X ZWKX X, 3D
=1 Jj=1
Y = XTWoT Y Wik XiX; =Y X,TWo Wk X, X; (32)
j=1 j=1

By converting Eq.[32]into a matrix form:

Y =aX (33)
where & is defined by:
X TwWot W X, 0 e 0
XoTWoTWrkXe  XoTWT WX, - 0
: : 0
XTWotweXx,  XpTWotWeXe oo X TWoTWir Xy

Which is the exact formulation of causal self-attention (without softmax) using attention matrices denoted by ¢&. Furthermore,
to incorporate the value matrix Wy, an additional linear layer should be applied after step S6. These layers are indeed
present in the Mamba block. O

Theorem 2. Given an input scalar sequence x € R, a model with four stacked Mamba layers, a sufficiently large number
of channels, learnable PE, and a linear encoder at the first layer can express any multivariate polynomial of x.

Proof of Theorem[2] ~ We start with the following definition of our model. We begin by describing the hidden Mamba
layers, followed by the input and output layers:

Model Definition ~We define the model with d channels, ignoring its activations. We denoted the ¢-th Mamba block by
(see Eq.[2):

U™ = Linear,(S6' (Conv1D’ (Linear,* (U")) ® Linears’ (U?)) (34)
where sequences and sub-layers associated with the i-th layer are denoted by the super-index . Thus, the entire computation
of single layer can be described by

Ul = Mamba' (U;) (35)

The output linear layer projects the last token (which include d channels) into a single output, parameterized by a matrix
Weu € R¥¥1. The input layer includes the learnable positional encoding, represented by a matrix PE € RY*¢, and an
encoding layer parameterized by Encoding(r) = Wi,z + b + PE, where Wj,, b € R1*,

Proof by Construction Let P(z) be a multivariate polynomial with coefficients c;,--- ,cr and variables x =
(z1,x2,...,2,). Specifically, P(z) can be expressed as:

x) = ZCZ' -Pi(x), Vi:Pi(z)= Hleaiijjpi’f (36)



On the Expressivity of Selective State-Space Layers: A Multivariate Polynomial Approach

We assign the values of ¢y, - - - , e to Wy, such that:

. 37
0 otherwise.

Woli 1) = {

It remains to show that for any ¢, P;(x) can be expressed by the last (4th) Mamba block. From Lemma it is evident that
for any j, the univariate polynomial s; = a; ; x? 7 can be represented by the 3rd Mamba block. Thus, in the first linear
layer of the 3rd block (Linear?), these univariate polynomials can be merged, as follows:

Define the following two sequences with Lemma 3 and Linear?:

S/ = (O’ 7071a81752a"' 75L71)a
S” = (07 70707515527"' 75L51)7
which are injected into the last SSM (S6%).

When applying the same SSM with system matrices equal to 1 (4; = B; = C; = 1), and subtracting them, placing the
result in the i-th channel (which can be easily implemented by the last linear layer in the final Mamba block), yield:

L
Vi: U} =[] s = Pi(z), — WouU* = P(x) (38)
j=1

as required. O

Lemma 3. Given an input scalar sequence = € RY, for any j, a model M with 3-stacked Mamba layers, a sufficiently
large number of channels, learnable PE, and a linear encoder in the first layer can express any monomial of a univariate
polynomial in x ;. Specifically, for any constants ¢ € R and P € R, there exists a configuration of M such that the output of
the k-th channel M (z);, = ¢ - ¥ for k > P + j.

Proof of Lemma[3]  Given an input sequence © = (1, Z2, ..., x1) with d channels, we need to show that a model M

composed of three stacked Mamba layers can express any univariate polynomial xf for a particular j, where P are constant.

For simplicity, we assume that P << L. However, this assumption can be addressed by extending the sequence length
using the ZeroPad component.

Step 1: Position Selection (First Mamba Block)
The first block’s role is to isolate the desired position j in the input sequence (x;) at channel s. We achieve this as follows:
* Positional Encoding and Gating: We configure the learnable positional encoding at channel s (PE, ;) such that the

j-th position is highlighted, and the others positions are masked. Specifically, set the PE vector for the j-th position to
act as an indicator function:
1 ifi— i
PE[i,s]:{ e =7,

0 otherwise.

Please note that s > %, and the first half of the channels in the PE are set to zeros to ensure a clear separation between
the input values X and the positional encoding. Additionally, we set b = 0, and configure the first half of the entries
in W, to 1, while setting the remaining entries to zero. This configuration effectively duplicates the input sequence,
allowing for several manipulations without affecting the original signal.

 Linear Layers Configuration: The linear layers Linear% and Linear:l)) are configured to be identity mappings, i.e., they
do not alter the input sequence.

* S6 Module Configuration: Set the S6 parameters A = 0 and B = C = 1, effectively making it an identity operation.
This setup ensures that the output of this block isolates x; while setting all other positions to zero:

U?=(0,...,0,2;,0,...,0)



Edo Cohen-Karlik *, Itamar Zimerman *, Liane Galanti *, Ido Andrew Atad, Amir Globerson, Lior Wolf,

Step 2: Duplication of x; (Second Mamba Block)

The second block is responsible for duplicating the selected element x; to match the desired power P. Here’s how:

* Identity Mapping: We set Linear% and Linearg to identity mappings. Additionally, the gate branch on the channels
operating on the isolated x; is set to 1 at positions smaller than h and O for the rest, also functioning as an identity
mapping at positions ¢ < h, and masking positions for indexes i > j.

* 86 : The S6 module is configured to allow duplication. Specifically, by setting A = 1 and B, C = 1, the S6 can output
a sequence with multiple copies of x;:

U*=(0,...,0,25,2;,...,2;,0,...,0)

Here, x; appears P — 2 times, and the last x; positioned at index ¢ = h.

Step 3: Aggregate Multiplications to Powers (Third Mamba Block)

The third Mamba block is designed to aggregate the duplicated elements x; into the form J;f , utilizing the multiplicative
capabilities of the S6 module and the subtraction mechanism in the final linear layer.

* S6 Module Configuration: In this block, the S6 module is configured to perform the necessary multiplications that
aggregate the duplicated values of x;. This is achieved by setting the system input and output matrices to 1. Hence, the
output of the SSM when applied on U, at position h will result at:

P2

e JT2
E Cj x5
=1

Thus, we construct an additional sequence, similar to Us, denoted by U3, by introducing an additional zero at the initial
occurrence of x;. We then subtract the outputs from these two identical SSM channels at the final linear layer of the
block. This subtraction yields a telescoping series:

SSM(U) — SSM(U3) = 39)

M=

P2 P2
t—1 2, 2 t—1 2,2 _ j+2 j+2 _ . P
g cj (Hk:jﬂxk.)xt T — cj (Hk:jﬂxk.)xt ;= E cjx? T — E cjr;? T = (40)
=1 =2 =1 =2

yields

This construction shows that a model with three stacked Mamba layers and sufficient channels can indeed express any
univariate polynomial xf , thereby proving Lemma

O

B.2 Generalization

Let P be a distribution over RP*L x [C]. Let S = {(X(;),¥())}jL, be a dataset of ii.d. samples selected from
P. Our generalization bound is based on a uniform-convergence generalization bound provided in (Galanti et al.|
2024). The following lemma bounds the gap between the test error and the empirical margin error, represented as

errg(fu) = % Z;n:1 H[machéc’(fﬁ;(X(j))) +v 2 fg (X(j))]’

Lemma 4. Let P be a distribution over RP x [Cland F C {f": X — R®}. Let S = {(X},y;)}, be a dataset of i.i.d.
samples selected from P and X = {X; };”zl Then, with probability at least 1 — 0§ over the selection of S, for any f,, € F,

we have
< 2;/5 R (F) + 3 2812/9). 1)

errp(fu) —errd(fu) < 2m
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Lemma 5. Let o be a lj-Lipschitz, positive-homogeneous function and | = max;; l;. Let & ~ U[{£1}]. Then for any class
of vector-valued functions F C {f | f:R? — R} and any convex and monotonically increasing function g : R — [0, o0),

~oi(f D < 2E¢supg (l (z4) ) .
fer
Proof. We notice that since g(|z]) < g(2) + g(—2),
Ee bng(Z& oi(f D
<Egsupg (Z&; o f(%)))

+Essupg< D &oi(f )
j=1
= 2E; supg(ij o;i(f )

fer

E¢ supg <

where the last equality follows from the symmetry in the distribution of the £; random variables. By Equation 4.20
in (Ledoux and Talagrand, |1991) we have the following:

Ee Jsclell;g (Zia‘ ‘%‘(f(%‘)))
= E¢ sup g (lgﬁj : }%‘(f(%‘)))
< [E¢supg ( x]))

feF
f(%‘))

where the last equality follows from g being monotonically increasing. U

Ms

m

<E¢supg |l
feF

The model is denoted by:

B; = Spx;, C;=Scx;, A;=o0(Sax;), (42)
A; = exp(A;A), B; = B;

Where o is a 1-Lipschitz activation function. We consider a classifier f : RP*L — RC defined as follows. We have
parameters (A, Sp, S, SA) associated with the layer. The norms are defined as follows:

pa(w) = [[Allmax
= S )
pp(w) = Sg2, (43)
c(w) = |ScllF
a(w) = [ISall2
We denote the product of these norms as:
I'(w) = py(w) - pp(w) - po(w) - pa(w) (44)

Given these definitions, the classifier f for a specific class ¢ € [C] is computed as:

D L
fC(X*l, --~7X=«L) = ZWc,d (SC’X*L Z < H Adk) SBX*szz

d=1 =1 k=i+1
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Here, W € R€*P represents a linear projection from the output to the number of classes, and C is the number of classes.

We denote the parameters of the classifier by

w = (A,SB,Sc,SA,W

and the function induced by a specific instance of w is denoted by f,,. The class of functions taking on different parameter

instances w is denoted by F. Denote

p={pw,pa,pB,pc,pa}t

and let:

Fp=A{fw e F:T(w) < papppcpapw =T}

The following theorem provides a bound on the Rademacher complexity of the class F,.

Theorem 4. Let p =

X(,J) = (X(j)*l" ] X(])*L)
[|A 4] Imax < K < 1. Then,

1
RX(]:/)) < E

where the maximum is taken over t € [D], k € [L].

*T'(1 + v/2log(2LCD4N)) -

{pw,pa,pB,pc,pa}. Suppose we have m sample sequences X = {Xj}

maxz X(])tk (K —

j=1

m
j=1

K
1)2

(45)

where each

€ RP*L. Assume thatVj € [m] : || X(j)|lmax < 1. Additionally, suppose Vk € [L],d € [D] :

Proof. For aesthetic purposes, we define B as Sg and C as S¢. The Rademacher complexity of F, is given by:

m C
mR(F,) = E¢ [SUPZZ e LX) :|
— D7 i
=E¢ [supZng Z SCX(J) TZ
1e=1 d=1 =1
J - .
_]E§ [supzz&czwcd CX(J) L TZ
j=1c=1 i=1

(1
(1

H exp

=i+1

H exp

=i+1

a(SaX(), )Ad*)> SeX(j), X(m}

o(SaXy),,) Ad*)) BX<j>*iX(j>di}

Here, A, represents the d-th row of A, which has a size of /N. We think of A ,, as a diagonal matrix of size N x IV, where

its diagonal elements are the values in the dth row of A. Thus, A ,;, = diag(a, ...,

<k i+1

s

L
E¢ [supzz&czwcd CX4)..) Z
=1 c=1 i=1
= E¢ supZngcZchZ CX(J) L
L j=1c=1
= Eg supZijcZchZ CZ*X(J)*L
L 1c=1 =
r JC D m N
= R supz Wc,dech (CrXi).,)
L ¥ c=1d=1 Jj=1 =1

H exp

i=1

)

i=1

D>

(L
(L
(1

H eXp

k=i+1

H exp

k=i+1

H exp

k=1+1

This follows from expressing the model in a more explicit form. Next,

H exp

L
e 33 Wea 3603 (€x ) S
e=1d=1 i=1 =1 =1

L

N
= VDpwEe [sup IZEJcZ CX(y).,

Jj=1 =1

1=

)

(1

k=i+1

H exp

=i+1

a4y )- Hence,

a(SaX(),,) 'Ad*)> BX(juiX(j)di]

o(SaX(),,) “dl)) B Xy, X

o(SaX(),,)

o(SaX(),,) “dl)) BiuXy., Xt

o(SaXy),,) 'adl)> Bl*XumX(J)dl]

o(SaXy),,) adl)) B Xy, X ) ]

adl)) B X5y, XG)a;
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where the inequality follows from moving the norm of W to W, for maximizing the inner term and applying the Cauchy-
Schwartz inequality. Next,

N L
VDpwEe sup IZ&cZ (CuXiy) D ( IT exp(o(5aX), )'adl)> Bz*XumX(j)dJ]

wye,d T =1 i=1 \k=it1

D
VDpwEe [sup \ZEJPZ (ZCZSXWL) > < [1 exp(o(SaX(p,,) - aa ) <ZBls’X<j>su> X(jm']
we,d ST 1=1 \s=1 i=1 \k=it+1 s'=1
L
VDpwEs [Sup ‘chlsszcXm > ( [T exp(0(5aX().,) - aa ) (Z Bls’Xu)s/i) X(jm@

I R — =1 i=1 \k=it+1

< DpwpcEe | sup \Z&c <J>5LZ H exp (0(SaX(j),,) - aa) ZBZS’X@S,,- X5 gl
w,c,d,l,s i=1 k=i+1 s'=1

= DpwpcEe sup \Z By Z&cXmsL Z ( I exp (o(SaX). k)'adl)) X(j)s/,-X@')di@
w,C,d,1,8 s/=1 i=1 =i+1

where the first inequality follows from moving the norm of C' to C; for maximizing the inner term and applying the
Cauchy-Schwartz inequality.

= DpwpcEe [ oy |ZBZG 2510X<J>SLZ ( [T exp(e(5axi.,) 'adl)> X(”s'iX”)di]

w,e,d,l,s i=1 \k=itl

IA

L
D" pwpoppEe [ sup /|Z§ch(j>st ( I e (e(SaXi,,) '%z)) X<j>5,iX(j)di|]

w,c,d,l,s,s j=1 i—1 k=it1

= D"’ pwpcppe [ sup |Z§Jc et Z eXP( Z o(SaXyy,, ) adl) X(j)S/iX(j)di:|

w,c,d,l,s,s’ k—it1

L

L
D"’ pwpcps Y Ee [ sup ,\Zﬁchum' eXP( > o(SaX(.,)- adl) X o X as |]
j=1

=1 w,¢,dl,8,8 k=i41

IN

where the second to last inequality follows from ||z |2 < \/n||z| s for any 2 € R™. Jensen’s inequality gives the following
inequality:

L

m
E¢ |: sup ‘Zﬁjcx(j)sl,' exp < Z O(SAX(]')*k) : adl) X(j),;’iX(j)di |:|

w,c,d,l,s,s’ =1 k—it1

m L
1
< ylog(Eg [ sup exp()\i|Z£ch(j>sL- exp( Z o(SaXyy,, ) adl> X5 X 1)])

w,c,d,l,s,s’ j=1 k=i+1

(46)
L
B MY IR SEETRES  SETCEHI I ERWE NI
¢ c,d,l,s,s’ j=1 k=i+1
m L
< /\—log(CD N max E [supexp )\i|Z§ch(j)sL. exp( Z a(SaXy),,) .adl> Xy : XD ]) =0

c,d,l,s,s’

=1 k=i+1

For fixed A; > 0. The second inequality follows from the fact that sup, sup,, f (z,y) = sup,, , f(7,y). We observe

that the inner expectation sup depends only on w. Next we use Lemma [5| with 0;;(z) = exp(z)X ) LX ) X (s

on its domain and g;(X(;)) = Zi:i-H O’(SAX(j) k) - ay. The corresponding Lipschitz constants are l;; =
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maxzedom(gij)(exp(z)X(j)sLX(j)s,iX(j)di) and [; = max(l;;). Therefore:

L
Ee [SUPGXP (Ai IZQCX(]) L eXP( > a(SaX,,) 'adl> X(j)y,,X(f)diD}

Jj=1 k=i+1

=E¢ [sgpeXP <)\i ijc(mj(gi(X(”)))D]

j=1
< 2E¢ supexp( li

m L
D &e D o(SaXy),,)  aa

j=1 k=it1

ch Z o(SaX(.,

j=1 k=1i+1

47)
< 2E

m

i | Eeo(SaXjy.,,)

Sesn)

Z EieSaX (),
This follows from applying Lemma 5| with o which has a Lipschitz constant of 1, as assumed. Hence:

)

< 4E¢ [SI;PGXP (/\z'PAPA(L — )| ijCX(j)*k ||>}

=1
Zfﬂcxmm

Ai
ipali
A

< 2E¢ IPA

sup exp (

Sup exp
w

< 4E¢ |sup exp <)\sz
w

ZQCSAXQ) "

j=1

4E¢ [sup exp ()\sz

(48)
< 4E; [supexp ()\ \FpApA

)

i Zﬁjcxum
j=1

<4DL II;E?;XEE [exp ()\i\/ﬁpApA(L — )l

)

M; :=Dpapa(L —i)l; (49)

Denote:

As a next step, we would like to bound the above term using a function of the data that is not dependent on an expected
value of noise labels £. For this purpose we apply a technique that was introduced in the proof of Theorem 1 in (Golowich
et al.;2018). We apply this process separately for each ¢ € [L]. Let ¢ € [L]: We define a random variable Z:

Z = M;

Z gch(j)tk

j=1

m
Zj = X(]')tk —Z= MZ‘ Zgjczj‘

j=1

The random variable Z depends on the random variables ;.. Then, we have:

= 1 l0g Ee [exp(Xi2)]

= - logEe [exp(\Z + ME(Z) — \E(Z))

_ % log Ee [exp(\Z — ME(Z))] + Ee(Z2)



On the Expressivity of Selective State-Space Layers: A Multivariate Polynomial Approach

By Jensen’s inequality, we obtain a bound for E(| 327", &;cz]):

Ee(| D &ezil) = Ee(,| 1Y &iezil?) < «Es( D &ezl?) =
j=1 j=1 j=1

JEM > Gez?) =, | Ee( Z icyrezizy]) = \jz |22
j=1 j=1

J,i'=1

Namely E;(Z) < M;, /Z;”:l |zj]|2. Z is a deterministic function of the i.i.d. random variables &;. and satisfies the
following:

2(5107 ~--:€j07 ~--7€mC) - Z(glm ey _51'07 ~--:€m0) < 2|Zj|

This follows from the triangle inequality. This means that Z satisfies a bounded-difference condition, which, by the proof
of Theorem 6.2 in (Stéphane Boucheron, 2010), implies that Z is sub-Gaussian, with variance factor:

1 m m
- ZZ @Milzl)? = M2 |2
j=1 j=1

It follows that:

- logEe [exp(\Z — AEe(2)] <

AN T s MM )
i 2 o 2

Therefore:

)\%logEg [exp(MiZ — NiEe(2))] + Ee(2)

AiMiQ Zmz |Zj|2 m (50)
< ——— - + My, | Y |z
Jj=1

Analyzing Lipschitz constants [;;. Next, we analyze the Lipschitz constants [;;. For l;; =

maxzedom(mj)(exp(z)X(j)sLX(j)s,i (j)4;) and I; = max(l;;) is of the form g;(X(;)) = Zk i1 U(SA ) - agy (see
equation4g). Since
l; = maxl;; = max max (exp(z)Xs(JL)Xs(fi)Xéz))
J Jj  z€dom(o;j)

L
<max max exp < Z o(SaXgy,,) 'adl> 1< KE

Jj  z€dom(oj) kit

which is followed from our assumptions.

We get:

L L ) _ L+1 L
;zi(L —i) < ;(L —iyy = 1)12[( - 1)€K +2

We conclude that:
i (L DK"' —LK'"+ K = K
L00 (K —1)2 (K —1)2

Concluding the proof. By combining equation 6] equation #8|and equation [50} we have:

)

1 Mi(VDpapal(L —)l;)? X , m
g;log(zlLCD‘lN)Jrcd{rlas)gtk ( APa ; ) Z] i (])m) +(\/5PAPA(L71)Z~£) Z(X(j)m)Q

=1

1 4
< .
©< +-log (4LCD"N) + max

log (Eg [exp <)\ \FPAPA Zgch(J)tk
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L 2log(4LCD%N) . C . . . . o
We choose \; = \/ M maxe, ST, (X)) which minimizes the above term and obtain the following inequality:

1 Xi(VDpapa(L —i)li)* 30701 (X)) w
5l log (4LCD'N) + max SR (VDpapa(L = D), | D (X2

Jj=1
(14 v/21log(4LCDN))M; maxz (X))
(1+ 1/210g(4LCD*N))VDpapa (L —i)l; maxz Xy )?
j=1
< (14 /210g(4LCD*N))VDpapa maxi(X i )QL
S s = ek (K —1)2

We conclude that:

IN TIMh

”M“ ”M“

mR(Fp)

i K
2 4 . 2
< D’T'(1+ \/21og(4LCD*N)) Hfl»akX;:l(Xm”“) & 1)
O

Theorem 5. Let P be a distribution over RP*L x [C] and § > 0. Let S = {(X (), 90)) Y21 be a dataset of i.i.d. samples

selected from P. Assume that Vj € [m] : || X(j)||lmax < 1. Additionally, suppose Vk € [L],d € [D] : || Ay |lmax < K < 1.
Then, with probability at least 1 — § over the selection of S, for any f,, € F,

m

1

errp(fu) = — Zﬂ[lgfff(fi(X(j))) +y > £ (X))l
= eme () — e () < 222 (000) + D>

m K
210g(4LCDN)) Igix;(thk)Qm

N 3\/10g(2/5) + 2 logQ(n?QNQF(w) +2) ’

where the maximum is taken over t € [D], k € [L].

Proof. For aesthetic purposes, we define B as Sp and C' as Sc. We want to prove the bound for all f,, € F where:
F =
{fw:w=(A,B,C,S7,W),Vk € [L],d € [D] : || Agg||max < K < 1}
Let ¢t € N. Denote: .
S(t) = {fw € F,T(w) < 7o}
Correspondingly subdivide § as:

By Lemma |7_1| and Theorem || l with probability at least 1 — §(¢): for any function f,, € S(t), we have the following
inequality:

errp(fu) —errg(fuw) < & SR(S() +3 M.

2m

Using the union bound over all possible set S(t), we establish that the above probabilistic bound holds uniformly for all
functions f,, € S(t) with probability at least 1 — §. Hence, let f,, € F with weight vector w = (A, B, C, Sa, W). We
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choose the smallest (¢) such that, f,, € S(t). We have:

e () — e () < 227 R(5(0) + 3/ 2E2L 20D

2m

_ 2\/§ t 2 \/—4 m ) K \/log(g/(;) —|—210g(t+ 1)
= Sm D2N2 D (14 v210g(4LCDN)) r?f}gX;(X(j)tk) w1 TP o

D0+ D20+ VIORTIECTTN) - e 3 (X0, e P 2 L) )

IN

C Additional Related Work on Generalization

Explaining the performance of overparameterized deep neural networks (DNN5s) on test data remains a major challenge
in deep learning theory. Traditional tools like the PAC-learning framework and VC-dimension often provide vacuous
bounds when the number of parameters greatly exceeds the number of data points. To address this, many studies conduct
architecture-specific analyses. For instance, Allen et al. analyze the dynamics of stochastic gradient descent on RNNs with
ReLU activations, offering optimization and generalization guarantees (Allen-Zhu and L1, [2019). Other works have explored
the generalization of RNNs for unseen data and longer sequences under various assumptions (Cohen-Karlik et al.| [2022a;
Emami et al., 2021} |Cohen-Karlik et al., 2022b}; [Hardt et al., 2018)).

There are relatively few results that address modern architectures such as S6 layers. A recent contribution proposes a bound
for standard SSMs (Liu and L1l [2024), but it does not extend to Selective SSMs. To address this gap, we propose a new
bound specifically for Selective SSMs.
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