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Abstract

C F I (CFI) 
       -
     
    . H, CFI  
      -
     
   . I  ,
     C
P I (CPI)   
    . U
   ,   -
  double robustness  
     : 
       
,     
.

U   ,  
        -
 T S I (TSI). W 
 Sobol-CPI,   CPI/CFI,
     ,
    . F, 
     -I 
     
  .

1 Introduction

M       -
  ,     
     
       
. F ,      -
        ,  
      
        .

T    -  model trans-
parency  model complexity. I,  -

       ,
       -
    . H,  
       
   (M  ., 2021).

F  ,        model-
agnostic      
       -
. I  ,      
  - ,  
      .

T   -   
      perturbation  re-
moval  (C  ., 2021). B  
        .

I / ,  
P F I (PFI, M  .
(2021))  C P I
(CPI, C  . (2024)),    -
        j-
   .

T   -   L O
C O (LOCO),     
       -
    -   
(L  ., 2018; W  ., 2021).

LOCO     -   
        -
      (W  .,
2023). A ,     T S
I (TSI),     
S A (H  S, 1996). TSI
        
  ,    conditional .

D     PFI (H  .,
2021),        -
. T  C V I-
—  C F I
(CFI)  E  . (2024)— C M
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R (CMR),        -
  F  . (2019). H,  
    overlooked ;  G -
        
       (B
 ., 2025). O       
    CPI ( CMR) 
 ,     CFI .

T      -
  ( C  . (2024,); P-
  . (2025)). W      -
 ,     ,
      .

V       -
 —     
given  . E    ,
        -
   ,    -  .
T       -
 (C  ., 2018)   
(V  W, 2024).

P-      
   . I ,
B́  . (2022)    PFI  
  TSI. Y,    
 CPI    . I  ,  
    ,    ,
       TSI. W 
  Sobol-CPI,    
CPI,      
      .

I ,    :

•       -
    CPI  ,  
 CPI   C F I.

•  double robustness :     -
,         -
      . T
     CPI  -
 . B , LOCO  
      . I 
  , CPI   
,  LOCO   .

• Sobol-CPI,     TSI    -
 ,     
. W     
   (   ) 
 (-I  ) .

•      .

P       .

2 Framework

2.1 Setting

W  (xi, yi)i=1,,ntest,,ntest+ntrain
  

   ...  P0,   
      M,  X ∈ X ⊂
Rp  y ∈ Y ⊂ R. W     
    j ∈ 1,    , p. W 
 Xj  j-   X   X−j  
X   j-  . W  
   F    ∥ · ∥F . T 
     (A A).

S   K  (B 
C, 2015; C  ., 2018),    
      -
   ,     . H-
,        
  ,    
     (..  
). F  ,      
       
j- , Xj ,   , X−j ,  
  y  X−j . T   
       -
,        
   (X−j , Xj)     (X−j , y).
H,      
  P  . (2025).

W   m(X) := E[y  X] (. m−j(X
−j) :=

E[y  X−j ])      
y  X (. X−j),  m (. m−j)  -
   mn     
    . S,   
ν−j(X

−j) := E[Xj  X−j ]  ν−j  . W

  ℓ : Y × Y → R      
 m(X) ∈ Y ⊂ R     y ∈ Y .
T       
 . T      
 (MSE),      (R2, ,
 ,      ROC
,  W  . (2023))   
      .

Denition 2.1 (TSI). G (X, y) ∼ P0   
ℓ    T S I  j ∈ 1,    , p 

TSI(j, P0) := E

ℓ

m−j(X

−j), y


− E [ℓ(m(X), y)] 

W      (G) T
S I ,      
,      TSI (H
 S, 1996). I     
 j-    . I    
   G ANOVA (W  .,
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2021)       -
 (L  ., 2018; R  ., 2019; H
 ., 2021; B́  ., 2022; W  .,
2023). A      j- -
  ,       
      
  . B́  . (2022)  
      .

2.2 Related work

LOCO     -    TSI:

Denition 2.2 (LOCO). G j,   ℓ,  
m  y  X,   m−j  y  X−j 
   (Xi, yi)i=1,ntest

, LOCO   

j
LOCO =

1

ntest

ntest

i=1

ℓ

m−j(x

−j
i ), yi


− ℓ (m(xi), yi)) 

N  (K, 2023)  
  -     
,    - .
H, W  . (2021)  
       ,
 W  . (2023)    
    . T -
   . S   
     S 4.1.

A     LOCO    -
   , m−j ,    j.
T     ,   
      
 ,    S 3.2.

A   permutation-based   
        
   j-   :   -
  PFI    A B. E 
    M  . (2021)  
,     , 
    -   m
   (H  ., 2021). I  
  -I     -
 (C  ., 2024). M, B́  .
(2022)        
:     , 
    (TSI). T ,  -
   S ,  
  ,      -
 .

T   , S  . (2008) 
conditionally   j-   -
   . I  ,   
   Xj  ,   -
        . A

 ,        

 ,   x′(j)
i ,   -

     . M ,
C  . (2024) :

Denition 2.3 (CPI). G j,   ℓ,  
m  y  X     (Xi, yi)i=1,ntest

, CPI 
 

j
CPI =

1

ntest

ntest

i=1

ℓ

m(x′(j)

i ), yi


− ℓ (m(xi), yi) ,

  j-   conditionally .

F   ,   -
  j-     X−j  -
 ν−j(X

−j) = E[Xj  X−j ],    
    . T, x′(j)l =
xl   l ̸= j,  x′(j)j = ν−j(x

−j) + (xj −
ν−j(x

−j))perm,      

. W   X(j) ∼ P ⋆
j ∈ M  -

       ν−j , 
X ′(j) ∼ P ′

j     ν−j . W  
 (j)     .

CPI      ν−j  
,      -
      m−j . H-
,    S 2.1,   
 y  X   ,  Xj 
X−j     . F  , 
 LOCO,        ν−j .

T   CPI    X(j)   X(j) ∼
X, X(j)−j = X−j  X(j)j ⊥⊥ y  X−j . H,
C  . (2024)     
        -
;     S 3.1. F,
CPI       , 
 S 4       TSI.

F,  C  . (2024),  -I  -
     . H,
      ,   -
  ,     
LOCO,    . C,
         
 -I   (W  ., 2023;
D  ., 2024; V  W, 2024). I
S 4.3,    .

3 Theoretical properties of CPI/CFI

3.1 Validity of conditional sampling

W         
     CPI  C
 . (2024). N  (P  .,
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2021)   ,    
       .
O   -  -
 (S  ., 2020). S   
  CPI       
        
    ν−j ,    
  ,      
H  . (2021)  B  . (2025),  -
. L    i-    
 j-     
     k-  :

x
′(j),l
i,k =


xl
i  l ̸= j

ν−j(x
−j
i ) +


xj
k − ν−j(x

−j
k )


 l = j
(1)

F,        
 ,     -
   (3.7),    .

Assumption 3.1 (A ). F  j ∈
1,    , p,     ν−j   Xj =
ν−j(X

−j) + ϵj  ϵj ⊥⊥ X−j  E [ϵj ] = 0.

T ν−j      

E

Xj  X−j


= E


ν−j


X−j


+ ϵj  X−j


= ν−j


X−j




F , G    .

Lemma 3.2 (G  ). For a Gaus-
sian vector X, additive innovation (3.1) is satised.

W     ν−j   , ..

E

ν−j


X−j


− ν−j


X−j

2→ 0

F ,  R F   
  (S  . (2015)). I  ,
 ,  X  G,    
 . T   -, 
   L (T (1996)).

U   ,  2-W
     -
       0:

Proposition 3.3 (E  ).
Under additive innovation (3.1), if the regressor ν−j is
consistent, then x′(j) constructed as in (1), is sampled
from P ′

j , and W2(P
′
j , P

⋆
j ) → 0.

P 3.3    CPI   -
      -
. T, CPI    C F
I (H  . (2021)). I  , 
   CPI    . How-
ever, note that the double robustness result
from Theorem 3.6, as well as the use of Sobol-
CPI to estimate TSI, are completely general
and hold for any conditional sampler. Conse-
quently, these results apply to any CFI.

3.2 Double robustness

W          
   LOCO (m  m−j)  CPI (m
 ν−j). M ,  CPI,    

  X ′(j). I  ,   
double robustness    
 :     ,   -
        . T
  LOCO,     
 . T    
    CPI   -
 (C  . (2024,); P  . (2025)).

W     ,   
    ,   
     : CPI  
,  LOCO   .

W    m     -
  ,   .

Assumption 3.4 (F   -
). Xj ⊥⊥ y  X−j     m(X)   
  Xj .

T      
- — ,    
      
   . A   P 3.1
 R-L  . (2025),     ML
,       (3.7) .
F  ,    , 
      
 ,   .

W    ML     -
    :

Assumption 3.5 (A ). D 
gj(x, s)   x   j-  
 s ∈ R. F ϵ > 0, x ∈ X , s ∈ R  Xj ⊥⊥ y  X−j ,
  n0    n ≥ n0,

m̂n(x)− m̂n(gj(x, s)) ≤ ϵ .

T        ,
       GLM  
     0. I  
      L
(Z  Y, 2006). U   
R F,      
      (S-
  ., 2015, P 1). F  ,
   RKHS    -
    ,  
 . F G , -
      -
 (B  ., 2014). F,  
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   1-  SVM (Z  .,
2003)    (D  H, 2020). I
S D.2      
      ML .

I  ,       
 . S      
   ,    -
  X–y    -
 (E [Y  X]),     
      . T,
       
       
 ML     .

Theorem 3.6 (D ). Assume that
Xj ⊥⊥ y  X−j . Given a conditional sampler such

that X ′(j) L→ X(j), then for any bounded and contin-
uous loss ℓ and continuous m, CPI → 0 a.s. On the
other hand, given Assumption 3.5, for any conditional
sampler X ′(j) and continuous loss ℓ, CPI → 0 a.s.

T       T-
 2  K̈  . (2021)    
    . T 
      :  
 ,       -
   ,    -
     ML . F
 ,        
    .

Quadratic loss. I     ,  
         
, ,  ntrain . A   
,      :

Assumption 3.7 (A ). y = m(X)+ϵ 
ϵ ⊥⊥ X  E [ϵ] = 0.

W      CPI  P
3.8   LOCO  P 3.9.

Proposition 3.8. Assuming Xj ⊥⊥ y  X−j and ad-
ditive noise (3.7), we have
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I  ,      -
 :        -
 m  ν−j . S,     
   m   j- 
   (     
   ),   ν−j    ν−j , -

 X ′   X. T     .

Proposition 3.9. Under additive noise (3.7), we have

E

j
LOCO

Dtrain


= E


m−j(X

−j)− m−j(X
−j)
2

−(m(X)− m(X))2
Dtrain




T,          
. T       -
    . T     optimiza-
tion error,       .
I,        
      -
. D       -
,        -
  ,    , .. 
m1  m2  ,     
E

(m(X)− m1(X))2


= E


(m(X)− m2(X))2


.

T       estimation error. T
       
. F   ,   
       
 . S     ,
    ,  
    . F ,  
    ,   
       
        (O(1n)),
        CPI.

I , LOCO     -
  ,     
()      ()  
 . I , P 3.8 
 CPI        -
 X within the same optimized model.

Linear model. I     , 
   G  ,   
  CPI   LOCO.

Assumption 3.10 (L ). y = Xβ + ϵ 

ϵ
iid∼ N (0,σ2)  β ∈ Rp.

W   X  G. T,  
      :
Xj  X−j = x−j ∼ N (µj

cond,Σ
j
cond)  µj

cond :=

µj + Σj,−jΣ
−1
−j,−j(x−j − µ−j)  Σj

cond := Σj,j −
Σj,−jΣ

−1
−j,−jΣ−j,j . T, ν−j(X

−j) := E

Xj X−j



   .

A   L I.2, y  X−j     .
T, m, m−j ,  ν−j  . H,  
   LOCO    CPI.

Lemma 3.11. Assuming Xj ⊥⊥ y  X−j , linear model

(3.10), Gaussian covariates, and ν−j and β trained in

dierent samples, then E

CPI(j)


= O(1n2

train)
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W        -
     :  
         4, 
   ntrain. F,  LOCO:

Lemma 3.12. Assuming Xj ⊥⊥ y  X−j , linear model

(3.10) and Gaussian covariates then E

LOCO(j)


=

O(1ntrain)

T,       
     .

4 Sobol-CPI

W        TSI (2.1). A
  S 2.1,    y  X−j 
 ,    
. F,    S 3.2, -
       -
   LOCO. T,   
CPI-    TSI. T   
      , 

m−j(X
−j) = E


y  X−j


= E


E [y  X]  X−j



= E

m(X)  X−j


= E


m( X(j))  X−j


,

 X(j) ∼ X  X−j . W   -

 1ncal

ncal

i=1 m

x

′(j)
i


,  x

′(j)
i i=1,,ncal

      -
. T      CPI -
 ,    S 3.1. W 
      ν−j   ncal -
    .

T       . I,
   W  . (2023),  B
      .
F ,    0-1 ,  B
    IE[y|X]≥05. I  ,  
 ,   I

1ncal

ncal
i=1 m


x(j)
i


≥05

,

      m−j . T,
    S-CPI   TSI -
      -
   m−j :

Denition 4.1 (S-CPI). G   j,
ncal,   m  y  X    
(Xi, yi)i=1,ntest

, S-CPI   

j
SCPI =

1

ntest

ntest

i=1

ℓ


1

ncal

ncal

k=1

m(x
′(j)
i,k ), yi


− ℓ (m(xi), yi) ,

  j-   x
′(j)
i,k   -

,      x−j
i ( (1)).

W           -
        -
 SAGE   (SAGE, C  .
(2020)),        
      
     . R  
,        
 CPI      .
W   ,      -
   SAGE,      
 . F   ,   
-      -
    .

4.1 Asymptotic eciency

U    W  . (2023)
(  S E)    L
      
,      .

Theorem 4.2. Assuming additive innovation (3.1),
that m is Lipschitz and assumptions A1-A4 and B1-
B3 in Section E, j

SCPI is nonparametric ecient.

A  ,     
    W  . (2023)  
  ,       -
 . W     O(n−14)
   m  ν−j ,    
       -
 ML    .

4.2 Fixing ncal for the quadratic loss ℓ2

I ,          ncal.
D    -  variable selec-
tion  variable importance. I,   
S J.2,    ncal,     -
  CPI,     
    , 
      . T
     (A A1
 S E),    -  
     m,   . I 
,   ℓ2-,  ncal   :

Proposition 4.3 (B  SCPI). For ncal < ∞, un-
der additive noise (3.1) and consistency of m and ν−j ,
then

j
SCPI

ntrain,ntest→∞−−−−−−−−−−→

1 +

1

ncal


TSI(j, P0)

T        (1+1ncal)
−1:

Denition 4.4 (S-CPI(ncal)). G  
j,   ncal,   m  y  X   
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 (Xi, yi)i=1,ntest
, S-CPI(ncal)   

j
SCPI(ncal)

=
ncal

ncal + 1

1

ntest
∗

ntest

i=1





1

ncal

ncal

k=1

m(x
′(j)
i,k )− yi

2

− (m(xi)− yi)
2


 ,

  j-   x
′(j)
i,k   -

,      x−j
i ( (1)).

I ,   ncal = 1,    -
 CPI,    2. W   -
,       -
,      . M-
,     TSI,      -
 ( S J.2). T    T-
 2  H  . (2021),   
D  C V I -
,        
 .

4.3 Condence intervals

A   T 4.2,       -
     - . T 
  LOCO,      -
     -   
   ANOVA (W  .
(2021))       
  (W  . (2023)). W
    ,     
     . I-
,      0 < τ2j := E[2

j (z)] <
∞,  j      TSI(j, P0).
T,         -
 (W  . (2023)).

M,    A H,   
MSE    ,   -
   -    -
   . N, 
  ,    ,
  G  . T
  ,      
  —  
   . T     
   LOCO  S    
 (V  W (2024)).

S       
. W  . (2023)   
       
 ,   ,  -
       
     . T 
       -

     . H, 
     S 5, 
         
      ,
        .

O      -
        OP (

√
n) (D

 . (2024); V  W (2024)). V-
      C -
,        
(−∞, n + zαn + c

√
n],  n   

   c   . I , c 
       ,  
V  W (2024). W   
 .

U T 4.2,     
       -
  ( A G). F,  
L 3.11,    M -
      —  
 cnγ  γ < 2     c

√
n—

  A G. T  -
        
A J.4,      .

5 Experiments

T   ,     -
      . W
      . I 
,       TSI ( S-
 K). F 1  2    50  100 -
 . T     https:

//anonymous.4open.science/r/Sobol-CPI-D9CB.

W     (  ncal

)  LOCO-W— -  
W  . (2023)— LOCO-HD  V
 W (2024), ,     
,        
 . O      
    - 
(..,    ),    -
   , -I-- -
 . F      ncal -
   ( )
   ( ),   
S J.2.

Complex learners:     
     B́  . (2022): y =
X0X1IX2>0 +2X3X4IX2<0,  X ∼ N (µ,Σ), 
Σi,j = 06|i−j|, p = 50,  µ = 0. W   
L  ν−j   S-L   L  .
(2007)  R F, L, G
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B,  SVM  m  m−j . F -
 ,   -  (LOCO-W),
   G B. W  S-
CPI  ncal = 1  ncal = 100.

I F 1,         -
    m−j ,      -
 ν−j ,       -
       
 S-CPI   LOCO. F,   -
  (   X0), S-CPI
 LOCO-HD   ,  S-CPI
    -. F,
   (  X6), S-CPI  
. T,    S-CPI   
  . F,  
   S-CPI  ,  
ncal = 100,        
 .

F 1: Double robustness for complex learn-
ers:   : TSI     -
 (X0)     (X6); AUC  
-  ;    -
. S-CPI      TSI
,   ,   .

Inference:       
     025, X ∼
N (µ,Σ),  Σi,j = 06|i−j|, p = 100,  µ = 0.

A   S 4.3,     -
   ,      -
       .
I F 2,        
      
. O ,     -I
,  ,    (..,
    ),  -
  S J.4.

F, LOCO-W        -
     -I . W   S-
CPI       - .
F,      -
     . F,  -
I        005 
     -  

W  . (2023).

F 2: Statistical Inference on variable im-
portance      : AUC
   ,   - TSI
,   -I . S-CPI(1) -
    . U   -
,  -I   .

6 Conclusion

I  ,   C F I-
 (CFI). F,    
   ,    -
    . W   
    . T   
  CFI     -
,      . T
       
     : -
,       ,
         
  ,     -
     .

F   ,    CFI 
  S-CFI,      -
 . W    
        -
 LOCO ()  CFI (). F-
,        
 . O,     
      CFI.
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() S       
  . [Y]

() C     .
[Y]

() C    . [Y]

3. F       
,    :

() T , ,    
     (-
       
URL). [Y]

() A    (..,  , -
,    ). [Y]

() A       
    (..,   
     
 ). [Y]

() A     
. (..,   GPU,  , 
 ). [N A]

4. I      (.., , ,
)  /  ,  
 :

() C    I    -
 . [Y]

() T     ,  -
. [N A]

() N      -
    URL,  . [N A-
]

() I    
/. [N A]

() D     ,
..,     -
 . [N A]

5. I      
  ,    :

() T       -
  . [N A]

() D    ,
   I R B
(IRB)   . [N A-
]

() T      -
       -
 . [N A]



Appendix

A Notation Glossary

Symbol Description
X ∈ Rp I
Xj ∈ R j-  
X−j ∈ Rp−1 I   j-  
y ∈ R O
xi i- 

x
(j)
i i-    j- 

m(X) (. m−j(X
−j)) E [y  X] (. E


y  X−j


)

m (. m−j) E  m (.  m−j)
ν−j(X

−j) E

Xj  X−j



ν−j E  ν−j

P ⋆
j C   Xj  X−j

P ′
j E    Xj  X−j

X(j) R     P ⋆
j

X ′(j) R     P ′
j

x
′(j)
i i-   X ′(j)

x
′(j)
i,k i-       xk

ℓ L 
W2 2-W 
F G   
L→ C  
Dtrain T  
ntrain S   
ntest S   
ncal S   
O(Rn) B     Rn.

T  (j)        j      . A, 

   ;  , x
′(j),l
i,k   l-   x

′(j)
i,k .

B Permutation Feature Importance (PFI)

W   x
(j)
i         i- ,    j- ,

     ,       . T,    :

Denition B.1 (PFI). G   j,   ℓ,   m  y  X     (Xi, yi)i=1,ntest
,

PFI   

j
PFI =

1

ntest

ntest

i=1

ℓ

m(x

(j)
i ), yi


− ℓ (m(xi), yi) ,

  j-   .



Conditional Feature Importance revisited: Double Robustness, Eciency and Inference

C Conditional sampling proofs

C.1 Proof of Lemma 3.2

W      

Xj = E

Xj
X−j


+

Xj − E


Xj
X−j




W   ν−j(X
−j) := E


Xj
X−j


 ϵj := Xj−E


Xj
X−j


. F,      G 

E

Xj X−j


= µj +Σj,−jΣ

−1
−j,−j(X

−j −µ−j),          G
.

T,   ϵj  . F,      ,     G ,
         :

E

ν−j


X−j


− E


Xj
 

Xj − E

Xj
X−j



= E

E

ν−j


X−j


− E


Xj
 

Xj − E

Xj
X−j

X−j


= E

ν−j


X−j


− E


Xj


E

Xj − E


Xj
X−j

X−j


= 0

C.2 Proof of Proposition 3.3

Proof. I  ,    ,        Xi  Xk, 
    X  X ′. W    ,  T 3.1, P ⋆

j    
    (1). T,     ν−j ,     W 

. W     X ′ iid∼ X    X ′j − ν−j


X ′−j

 iid∼ ϵj .

A,    Xj 

X−j = x−j


= ϵj + ν−j(x

−j)
iid∼

X ′j − ν−j


X ′−j


+ ν−j(x

−j),    
 CPI  , ..       ν−j(x

−j)    ν−j

      

X ′j − ν−j


X ′−j


. T,  X(j) ∼ P ⋆

j ,    Xj iid∼ X(j)X−j .

W   X−j = X(j)−j . F,    X(j) ⊥⊥ y  X−j ,       , 

      C  . (2018), X(j)     y.

T          ,      2-W
    


Pθ∈Θ(µ,ν)


∥x− y∥2Pθ(, )

 1
2

,

 Θ(µ, ν)        µ  ν.

W   P ⋆
j      E


Xj
X−j


+

X ′j − E


X ′j X ′−j


   

   P ′
j := ν−j


X−j


+X ′j − ν−j


X ′−j


. N,      :

W2(P
⋆
j , P

′
j) =




Pθ∈Θ(P ⋆
j ,P ′

j)



R2p×R2p

(x− y)2Pθ(, )

 1
2

≤


R2p


E

Xj
X−j


+

X ′j − E


X ′jX ′−j


− ν−j


X−j



−

X ′j − ν−j


X ′−j

2
PX()PX′(′)

 1
2

=



R2(p−1)


ν−j


X−j


− ν−j


X ′−j



−ν−j


X−j


+ ν−j


X ′−j

2
PX−j (−j)PX′−j (′−j)

 1
2

≤

E

ν−j


X−j


− ν−j


X−j

2 1
2

+

E

ν−j


X ′−j


− ν−j


X ′−j

2 1
2



W        0      .
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D Proofs of the double robustness

D.1 Proof of Theorem 3.6

W   Xj ⊥⊥ y  X−j . W     X ′(j) ℓ→ X(j). W      
 ℓ    f ,

 CPI(j)
 =


1

ntest

ntest

i=1

ℓ

f(x′(j)

i ), yi


− ℓ (f(xi), yi)



≤


1

ntest

ntest

i=1

ℓ

f(x′(j)

i ), yi


− ℓ (f(xi), yi)− E


ℓ

f( X ′(j)), y


− ℓ (f(X), y)



+
E

ℓ

f( X ′(j)), y


− ℓ (f(X), y)

 

T     0    L  L N. T     0  
P ,      j ∈ H0, X

j ⊥⊥ y  X−j ,  ( X(j), y) ∼ (X, y). I


ℓ (f(X), y) ∼ ℓ

f( X(j)), y




O   ,     A 3.4       
   , ..  Xj ⊥⊥ y  X−j ,  m(X)     Xj . L
ϵ > 0. F,      ,      ϵ,   δ > 0  

ℓ(m̂(x̃′
i), yi)− ℓ(m̂(x̃i), yi) < ϵ

 m̂(x̃′
i)− m̂(x̃i) < δ.

S,     (3.5),   δ > 0,  j ∈ H0,   n0     n > n0,

m̂n(x̃
′
i)− m̂n(x̃i) < δ

T,   n > n0,


1

ntest


ℓ(m̂(x̃′

i), yi)− ℓ(m̂(x̃i), yi)

 ≤
1

ntest


ℓ(m̂(x̃′

i), yi)− ℓ(m̂(x̃i), yi) ≤ ϵ

A      ϵ > 0,    ̂CPI → 0 ..

D.2 On the asymptotic relevance

I  ,        (3.5). T   
            . T   -
      ( A 3.4  R-L  . (2025)), 
       j-   Xj ⊥⊥ Y  X−j . T   
   ,          ; ,   
  ,     n0    .

I ,          ,        
   j-      . H,     -
   P F I (PFI,  S B). T  PFI  
         R-L  . (2025),      
. I F 3,         ML ,   PFI   .
T          ,         
 .

T     

Y = X2
1 + ϵ, ϵ ∼ N (0, 02), X ∼ N (0,Σ),



Conditional Feature Importance revisited: Double Robustness, Eciency and Inference

             X2    
X1. I ,   Σ1,2 ∈ 0, 03, 06, 09. T    n = 1000,  ntrain = 800 
ntest = 200. A         scikit-learn (P  .
(2011)).

W        L  ,      
       . A   ,  PFI   , 
        . T       ,
 S V R (SVR)  k-N N (KNN)     
  .

F 3: Asymptotic relevance on standard ML models: P F I (PFI) 
      X1 ()  X2 ()      ,
 Y = X2

1 + ϵ, ϵ ∼ N (0, 02), X ∼ N (0,Σ),  Σ1,2 ∈ 0, 03, 06, 09. T    n = 1000,
 80%     20%  . T    100 .

D.3 Proof of Proposition 3.8

Proof. A       ,  T I.1       
m−j ∈ F−j   m(X) = m−j(X

−j).

T  TSI,    S 4.2,     CPI  2. W  
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(m( X)− m( X))2

Dtrain


+ E


(m( X)− m( X ′))2

Dtrain



+ 2E

(m( X)− m( X)))(m( X)− m( X ′))

Dtrain




T,   X iid∼ X,    E

(m( X)− m( X))2

Dtrain


= E


(m(X)− m(X))2

Dtrain


,   

        (2).

F,       

E

1

2
CPI(j, P0)

Dtrain



=
1

2
E


y − m( X ′)
2Dtrain


− E


(y − m(X))

2
Dtrain



= TSI(j, P0) +
1

2
E

m( X)− m( X ′)

2Dtrain



+ E


m( X)− m( X)))(m( X)− m( X ′)
Dtrain



=
1

2
E

m( X)− m( X ′)

2Dtrain


+ E


m( X)− m( X)))(m( X)− m( X ′)

Dtrain




D.4 Proof of Proposition 3.9

Proof.

E

LOCO(j)

Dtrain


= E


1

ntest

ntest

i=1


yi − m−j(X

−j
i )
2

− (yi − m(Xi))
2

Dtrain



= E

y − m−j(X

−j)
2 − (y − m(X))

2
Dtrain




O   ,   

E

y − m−j(X

−j)
2Dtrain


= σ2 + E


m(X)− m−j(X

−j)
2Dtrain


 T 3.7

= σ2 + E

m−j(X

−j)− m−j(X
−j)
2Dtrain



+ E

m(X)−m−j(X

−j)
2

, (3)
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    

E

(m−j(X

−j)− m−j(X
−j))(m(X)−m−j(X

−j))Dtrain



= E

(m−j(X

−j)− m−j(X
−j))E


(m(X)−m−j(X

−j))X−j ,Dtrain


Dtrain


= 0

W   E

m(X)−m−j(X

−j)
2

  TSI(j, P0). O   ,    

E

(y − m(X))

2
Dtrain


= σ2 + E


(m(X)− m(X))2

Dtrain


 (4)

C (3)  (4),   

E

LOCO(j)

Dtrain



= TSI(j, P0) + E

m−j(X

−j)− m−j(X
−j)
2Dtrain


− E


(m(X)− m(X))2

Dtrain




D.5 Proofs of double robustness in Gaussian linear setting

A X  G,      ,           
  : Xj X−j = x−j ∼ N (µj

cond,Σ
j
cond)  µj

cond := µj + Σj,−jΣ
−1
−j,−j(x−j − µ−j)  

Σj
cond := Σj,j −Σj,−jΣ

−1
−j,−jΣ−j,j . F ,    µ = 0. T, E


Xj X−j


= Σj,−jΣ

−1
−j,−jX−j ,

     . W      ν−j(X
−j) = X−jγ−j  γ−j ∈ Rp−1.

W    ∆β = β − β  β     y  X. S, ∆β′ = β′ − β′, 
β′     X−j  ∆γ−j = γ−j − γ−j .

W        LOCO      ,    
  CPI.

D.5.1 Linear decay of LOCO

W      . F,   T D.1,      
       m  m−j . T,  T 3.12,     
        .

Proposition D.1 (LM LOCO ). Under Theorem 3.10 with X Gaussian, we have that

E

LOCO(j, P0)

Dtrain


= TSI(j, P0) + ∆β′⊤Σ−j∆β′ − ∆β⊤Σ∆β

= TSI(j, P0) + ∥∆β′∥2Σ−j
− ∥∆β∥2Σ

Proof. F   

y − m(X) = Xβ + ϵ−X β = X∆β + ϵ ∼ N (0,σ2 + ∆β⊤Σ∆β)

S,  T I.2,   

y − m−j(X
−j) = X−j∆β′ + ϵ′ ∼ N (0,∆β′⊤Σ−j∆β′ + σ2 + Σcondβ

j2)

T,   

E

LOCO(j, P0)

Dtrain


= E


(y − m−j(X

−j))2
Dtrain


− E


(y − m(X))2

Dtrain



= V

y − m−j(X

−j)
Dtrain


− V (y − m(X)Dtrain)

= σ2 + βj2Σcond + ∆β′⊤Σ−j∆β′ − σ2 − ∆β⊤Σ∆β

= TSI(j, P0) + ∥∆β′∥2Σ−j
− ∥∆β∥2Σ,
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     TSI(j, P0) = βj2Σcond.

F   ,           (  
  W  . (2023)    -I ).

T,              - -
. I,       β ∼ N (0,σ2(X⊤

trXtr)
−1),    ∆β′ ∼ (σ2 +

β2
j Σcond)N (0, (X⊤

tr,−jXtr,−j)
−1)  ∆β ∼ N (0,σ2(X⊤

trXtr)
−1). T,   ,  

        - . T   
   ,        . I, Σ−12X⊤

trXtrΣ
−12  almost  

          ntrain. S  Σ
−12
−j X⊤

−jX−jΣ
−12
−j .

T,   

∥∆β′∥2Σ−j
− ∥∆β∥2Σ ≈


(σ2 + βj2Σcond)

2(p− 1)

OP (1ntrain)−


σ22(p)


OP (1ntrain),

 OP (1n)         n. W      
    . T  ,    T I.2,     
  . W        : L  . (2024)     
  ,      .

E      ,             
             . T,    
      CPI,     :  CPI,        
    βj .

U   ,    βj = 0.

W                 
:

Lemma D.2. Under the conditional null hypothesis, Assumption 3.10 and Gaussian covariates, we have that

E

LOCO(j, P0)


= TSI(j, P0) +O(1ntrain) = O(1ntrain)

T,   ,        ,        ntrain.

Proof. U P D.1,      E

∥∆β′∥2Σ−j


 ∥∆β∥2Σ. W    

      .

W    ∆βXtr ∼ N (0,σ2(X⊤
trXtr)

−1). W  

A := Σ12∆βσ2 ∼ N (0, (Σ−12X⊤
trXtrΣ

−12)−1)

W  

E

∥∆β∥2Σ


= σ4E


A⊤A


= σ4E


(A⊤A)


= σ4E


(AA⊤)


= σ4(E


AA⊤)

= σ4(E

E

AA⊤Xtr


) = σ4(E


(Σ−12X⊤

trXtrΣ
−12)−1


)

W   Xi
trΣ

−12 ∼ N (0, Ip). T, (Σ−12X⊤
trXtrΣ

−12)−1     I-W
 Id     ntrain    . T,    Id(ntrain − p − 1).
T,   

E

∥∆β∥2Σ


= σ4 1

ntrain − p− 1
(Ip) = σ4 p

ntrain − p− 1

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S  E

∥∆β′∥2Σ−j


,   

E

∥∆β′∥2Σ−j


= σ4 p− 1

ntrain − p− 2


T,   

E

∥∆β′∥2Σ−j


− E


∥∆β∥2Σ


= σ4 p− 1

ntrain − p− 2
− σ4 p

ntrain − p− 1

= σ4 −ntrain + 2p+ 1

(ntrain − p− 1)(ntrain − p− 2)
= O(1ntrain)

D.5.2 Quadratic decay of CPI

I  ,    CPI    ,       
  . F  ,      X(j).

I,        G ,         .

Proposition D.3 (LM CPI ). Under Assumption 3.10 with X Gaussian and j ∈ H0, we have that

E

1

2
CPI(j)

Dtrain


≈ TSI(j, P0) + β2

j ∆γ⊤
−jΣ−j∆γ−j (5)

= TSI(j, P0) + β2
j ∥∆γ−j∥2Σ−j

 (6)

W    ∥∆γ−j∥2Σ−j
            

ν−j . S    ,            . W 
 ,   ,       LOCO ,     
          βj . I ,       , 
        .

N,     ,    . C,    
     . S    ,      ,
  CPI         ,       
 LOCO      .

Proof. W     X  G, A 3.1  . T,  P 3.8 
 
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
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2
E
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m( X)− m( X ′)

2Dtrain


+ E


m( X)− m( X)))(m( X)− m( X ′)

Dtrain




W          :

E


m( X)− m( X)))(m( X)− m( X ′)
Dtrain


= E


(∆β⊤ X)(β⊤( X − X ′))

Dtrain



= ∆β⊤E

X(βj(ν−j(X

−j) + (X ′j − ν−j(X
′−j))− ν−j(X

−j)− (X ′j − ν−j(X
′−j))))

Dtrain



= βj∆β⊤E

X(ν−j(X

−j)− ν−j(X
−j))− (ν−j(X

′−j)− ν−j(X
′−j)))

Dtrain



= βj∆β⊤E

X(∆γ⊤

−jX
−j − ∆γ⊤

−jX
′−j)
Dtrain



= βj∆β⊤E

X(X−j −X ′−j)⊤

Dtrain


∆γ−j 
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T,            β   γ−j ,    .

M,  j ∈ H0,  βj → 0. T -   .

F       

E

m( X)− m( X ′)

2Dtrain



= β2E

ν−j(X

−j) + (X ′j − ν−j(X
′−j)))− ν−j(X

−j)− (X ′j − ν−j(X
′−j)))

2Dtrain



= β2E

ν−j(X

−j)− ν−j(X
−j)− (ν−j(X

′−j)− ν−j(X
′−j))

2Dtrain



= β2E


∆γ⊤
−jX

−j − ∆γ⊤
−jX

′−j
2Dtrain



= β2∆γ⊤
−jE


X−j −X ′−j

 
X−j −X ′−j

⊤Dtrain


∆γ−j

= 2β2
j ∥∆γ−j∥2Σ−j



Lemma D.4. Under the conditional null hypothesis, Assumption 3.10 and Gaussian covariates, assume ν−j

and β trained in dierent samples, we have that

E

CPI(j)


= O(1n2

train)

Proof. W   βj ∼ N (βj ,σ
2(Xtr

⊤Xtr)
−1
j )   ∆γ−j ∼ N (0, (σ2 +Σcond)(X

−j
tr

⊤
X−j

tr )−1). T-
,               
,                  
. T  ,              L 3.12 
(Σ12(X⊤

trXtr)
−1Σ12) ≈ pntrain.

E Assumptions and proof of Theorem 4.2

I         W  . (2023)     .
T  ,          .

D R := c(P1 − P2) : c ∈ [0,∞), P1, P2           
  M. I R,    ∥ · ∥∞        .
T G̂   P → EP [ℓ(f(X), y)]  P0    h ∈ R    V̇ (f, P0, h). L
     gn : (X, y) → V̇ (m,P0; δ(X,y) − P0)− V̇ (m,P0; δ(X,y) − P0),  δ(X,y)  
   (X, y). T     (A)   (B):

A1 (optimality)     C > 0  ,    m1, m2,    ∈ F  
∥mn −m∥F → 0, E [ℓ(mn(X), y)]− E [ℓ(m(X), y)]  ≤ C∥mn −m∥2F   n  .

A2 (dierentiability)     δ > 0      ϵ1, ϵ2,    ∈ R 
h, h1, h2,    ∈ R   ϵj → 0,  ∥hj − h∥ −∞ → 0,   


f∈F :∥f−m∥F<δ


EP0+ϵjhj

[ℓ(f(X), y)]− EP0
[ℓ(f(X), y)]

ϵj
− V̇ (f, P0;hj)

→ 0

A3 (continuity of optimization) ∥mP0+ϵh −m∥F = O(ϵ)   h ∈ R  mP0+ϵh     F 
f → EP0+ϵh[ℓ(f(X), y)].

A4 (continuity of derivative) f → V̇ (f, P0;h)    m   ∥ · ∥F   h ∈ R.
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B1 (minimum rate of convergence of m) ∥mn −m∥F = oP (n
−14).

B2 (weak consistency)

(gn(X, y))2dP0(X, y) = oP (1).

F,             ,      
- . T               .

W    W  . (2023)  A A1     optimality   
        ,           
      .

S,    W  . (2023),          -
        . T     
      j-            -
   . T,          
 . A,           m,   
     ,      ν−j :

B3 (minimum rate of convergence of ν−j) ∥νn,−j − ν−j∥F = oP (n
−14).

W                 LOCO
 W  . (2023),           m−j   
ν−j .

W          . T    
. T           
 ,         .

W  ,   —   (C  . (2018))—      
   . T              
       .

F      ,  W  . (2023).

F  ,               m. T 
    m   L . T        
   .

F,   A 3.1          .

Theorem E.1. Under Assumption 3.1, assuming that m is Lipschitz and assumptions A1-A4 and B1-B3,
SCPI(j) is nonparametric ecient.

Proof. S    W  . (2023),        
  . I,       

1

ntest

ntest

i=1

ℓ(m(xi), yi) → E [ℓ(m(X), y)] 

T    T 2  W  . (2023). T,       


1

ntest

ntest

i=1

ℓ


1

ncal

ncal

l=1

m(x(j)′

i,l ), yi


→ E


ℓ(m−j(X

−j), y)



T  ,      . F ,        
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   m−j ,     oP (n
−14). O 


1

ncal

ncal

l=1

m( X(j)′

l )−m−j(X
−j)

 ≤


1

ncal

ncal

l=1

m( X(j)′

l )− 1

ncal

ncal

l=1

m( X(j)′

l )



+


1

ncal

ncal

l=1

m( X(j)′

l )− 1

ncal

ncal

l=1

m( X(j)
l )



+


1

ncal

ncal

l=1

m( X(j)
l )−m−j(X

−j)

 

W               CLT,  ,
 A 3.1, X(j)    . F   ,   


1

ncal

ncal

l=1

m

X(j)′

l


− 1

ncal

ncal

l=1

m( X(j)
l )

 ≤ l∥m( X(j)′

l )−m( X(j)′

l )∥

T,             m. F,    , 
 m   L-L,   


1

ncal

ncal

l=1

m( X(j)′

l )− 1

ncal

ncal

l=1

m( X(j)
l )



≤ i∥m( X(j)′

l )−m( X(j)′

l )∥
≤ Li∥ X(j)′

l − X(j)′

l ∥
= Li∥ν−j(X

−j) + (Xi − ν−j(X
−j
i ))− ν−j(X

−j)− (Xi − ν−j(X
−j
i ))∥

≤ L

∥ν−j(X

−j)− ν−j(X
−j)∥ − i∥ν−j(X

−j
i )− ν−j(X

−j
i )∥




W    A B3.

F Fixing ncal: Proof of Proposition 4.3

Proof. T             ,  
,    L  L N. T,      

E




y − 1

ncal

ncal

i=1

m( X(j)
i )

2

− E


(y −m(X))2



= E




m(X)− 1

ncal

ncal
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m( X(j)
i )

2



=
1

n2
cal

E




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i=1

(m(X)−m( X(j)
i ))

2



=
1

n2
cal
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E

(m(X)−m( X(j)
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
+

2

n2
cal


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E

(m(X)−m( X(j)

i ))(m(X)−m( X(j)
k ))



=
1

ncal
E

(m(X)−m( X(j)

1 ))2

+

2

n2
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

i<k

E

(m(X)−m( X(j)

i ))(m(X)−m( X(j)
k ))




F   ,   

E [ (m(X)−m( X(j)
i ))(m(X)−m( X(j)

k ))


= E

m(X)(m(X)−m( X(j)

k ))

− E


m( X(j)

i )(m(X)−m( X(j)
k ))



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T   :

E

m( X(j)

i )(m(X)−m( X(j)
k ))


= E


E

m( X(j)

i )(m(X)−m( X(j)
k ))X−j



= E

E

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N          T S I:
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T  
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G Inference: type-I error and power

Type-I error: I , V  W (2024)       
    -I . I,        ,    ,
    V( ) = O(n−γ)  γ > 1. T,     -I  ,  
    ,  C ,   

PH0


 ≥ zαn + c

√
n

≤ V( )

(zαn + c
√
n)

2 → 0

Improving the corrective term in linear settings: W    M   

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PH0


 ≥ zαn + c

√
n

≤ E( )

(zαn + c
√
n)



F L 3.11  3.12,       ,         
           c

√
n  cn−γ ,  γ < 1  LOCO  γ < 2

 CPI.

Power: W      ,  T 4.2,    as−−→  > 0. I
,   

PH1


 ≥ zαn + c

√
n


→
n→∞

1

T,    consistent, ..      .

Standard deviation estimation: F n    ,     
          ,    .
S,                
 . A,    (          
    S H)        ,   

( SCPI) = 
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H MSE variance estimation with inuence functions

F T 4.2,           . I,   
 

τ2j := E

2
j (X, y)


,

 j      j ,    

j : (X, y) → V̇ (m−j , P0, δ(X,y) − P0)− V̇ (m,P0, δ(X,y) − P0)

H, V̇ (f, P0;h)    G̂   P → EP [ℓ(f(X), y)]    h ∈ R, 

R := c(P1 − P2) : c ∈ [0,∞), P1, P2 ∈ M

       M. T,          
-:

τ2j :=
1

n

n

i=1


V̇ (m−j , Pn; δ(X−j

i ,yi)
− Pn)− V̇ (m,Pn; δ(Xi,yi) − Pn)

2


I A A  W  . (2023),          
       V-. W  ,  , 
        -    . N,   ,
          MSE. I,   
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I Some lemmas used in the proofs

Lemma I.1 (C  ). Under Assumption 3.7, the j-th covariate is independent of the output
y conditionally on the rest of covariates if and only if there exists a measurable function m−j ∈ F−j such that
m(X) = m−j(X

−j).

Proof. F,    m(X) = m−j(X
−j),  ,  Y = m(X) + ϵ = m−j(X

−j) + ϵ.
T,   ϵ    X   m−j(X

−j)     X−j , 
y ⊥⊥ Xj X−j .

T    ,    

E

y2X−j


= E


(m(X) + ϵ)2X−j


= E


m(X)2X−j


+ σ2,

  ϵ      X. O   ,      
    ϵ      X 

E

y2X−j


= E


y(m(X) + ϵ)X−j



= E

yX−j


E

m(X)X−j


+ E


yϵX−j



= E

m(X)X−j

2
+ σ2

T,          E

m(X)2X−j


= E


m(X)X−j

2
. W 

 J            . T,
m(X)  σ(X−j)-           m−j  
m(X) = m−j(X

−j).

Lemma I.2 (LM  yX−j). Under Assumption 3.10 and Gaussian covariate, we have that y = X−jβ′ + ϵ′

with ϵ′ independent from X−j and ϵ′
iid∼ N (0,σ2 + Σcondβ

j2).

Proof. I,   

y = Xβ + ϵ

= X−jβ−j +Xjβj + ϵ

= X−jβ−j + (Xj − ν−j(X
−j) + ν−j(X

−j))βj + ϵ

= X−jβ−j + ν−j(X
−j) +


(Xj − ν−j(X

−j))βj + ϵ


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U  X  G    ν−j(X
−j) = X−jγ−j , ,    β′ = β−j +γ−j . F, 

  (Xj−ν−j(X
−j))    X−j   G   (Xj−ν−j(X

−j)) ∼ N (0,Σcond).
T,    ϵ′ = (Xj − ν−j(X

−j))βj + ϵ ∼ N (0,σ2 + (βj)2Σcond).

J Additional experiments

J.1 Double Robustness of Sobol-CPI and nonnull bias

I  ,     G . I  ,      
   m, m−j ,  ν−j   . W  y = Xβ + ϵ  β0 = 0, β1:p−1 ∼
N (0, 25Ip−1), ϵ ∼ N (0, 1),  X ∼ N (0,Σ)  Σi,j = 06|i−j|  p = 20,   Sobol−cpi(1),
Sobol−cpi(100)(..  ncal = 100)  LOCO      ntrain = 50   
ntest = 100000. O    F 4,          , 
  ,      . O  ,         m,
m−j ,  ν−j . C,   ,        ntrain = 50. T
    1000 .

F 4   CPI           ,
               W  . (2023).
H,       ncal,     CPI    . A,
     -     . C,   
     .

J.2 Eect of ncal

I ,            , T 4.2   
          n. N,    P 4.3,  ℓ = ℓ2, 
            . M,  ncal    1,   
    CPI,      ,        
 . I  ,  hyperparameter   -  variable selection  variable
importance. W   ncal,      ,      
  ; ,    ,     . I,  CPI 
            . T     
  (A A1  S E)   .

T   -        m,      f →
E[ℓ(f(X), y)]  F ,      

d

dϵ
E[ℓ(mϵ(X), y)]


ϵ=0

= 0,

    mϵ : −∞ < ϵ < ∞ ⊂ F . N,      CPI. I,   
       ;        
    . T,  -      .

T -         ,  ,  F 5. I
 F,                
 B́  . (2022): y = X0X1IX2>0 + 2X3X4IX2<0,  X ∼ N (µ,Σ),  Σi,j = ρ|i−j|, p = 50,
n = 10000  µ = 0. T x-  ρ,   y-    . T
   30 .

F   ,        . H,   
,       ncal  . T     F 7.

J.3 Correlation

I  , m  m−j  G B ,  ν−j   L . I  ,
X ∼ N (µ,Σ),  Σi,j = ρ|i−j|, p = 50  µ = 0. T x-   ρ.
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() Sm trinin smpl, null ovrit () Dirnt trinin smpl, null ovrit

() Sm trinin smpl, nonnull ovrit () Dirnt trinin smpl, nonnnull ovrit

F 4: Double robustness of the Sobol-CPI: T     LOCO, S-CPI(1),
 S-CPI(100). F ()  (),        CPI- ,   
    . I ()  (),         -   .
C ()  (),        .
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F 5: Calibration set size eect as a trade-o between Variable Importance and Variable Se-
lection: T S I     . T      
(X0),      -  (X6). W      ncal,  -
    -    ,   . H, 
  ,      ,     .

I F 6,              
  01,  n = 1000. O    AUC           .
T     30 . W    AUC   ,   LOCO 
        . A,  LOCO    
 .

F 6: Correlation Eect in a Polynomial Setting: F   , S-CPI 
    ,      ,    
 .

I F 7,       : y = X0X1IX2>0 + 2X3X4IX2<0,  n = 10000. O
 ,            ,    
   . T     T K.2. O  ,  
   AUC,           ,    
   . T     10 .

T           S-CPI     ncal  
,      LOCO . F   ,    S-CPI
     ncal,  LOCO    .
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I   ,          CPI- . T
       LOCO    ,      
CPI-       LOCO . T   CPI-   
 G B    ,    L .

F 7: Correlation eect in non-linear setting: S-CPI  LOCO    
             .

J.4 Inference

I  ,      -I        LOCO
 S-CPI,     ncal       .

A   A G,      : -   
     2 ,             
 .

W      (    ),        .
T     C  . (2024),     ; ,   
 ,      ,    . T      
 ,        ,  2     .

T    100       30   .

Linear setting: W        (ρ ∈ 03, 06, 08)    
     . H,          ρ,   
   ρ = 06.

I  , m, m−j ,  ν−j    ( T 3.2). M , y = Xβ + ϵ 
β    025   1  -, ϵ ∼ N (0, ∥Xβ∥2)   = 2,  X ∼ N (0,Σ)
 Σi,j = 06|i−j|  p = 100.
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F F 8,   ,              
  (  -      ), S-CPI
   —          - .

W    LOCO-W (W  ., 2023)        -I  .
C,  LOCO-W      ,     
   . F,    S-CPI(1)     , 
    .

F 8: General comparison of LOCO and Sobol-CPI in linear setting: F   ,  
 ,    AUC     ,      - , 
     ,         ,     ,
  -I . S-CPI   ,      -I     
.

I F 9  10,        -I   , . A 
,        . N,      -I
. A,    ( )      -I    
. A   S J.4,       -I .

W        S-CPI(1). W      ncal—
   -      —      
  .
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F,      ,            
         . B   ,     
  ,        .

F 9: Type-I error of Sobol-CPI and LOCO with dierent variance corrections in the Linear
Setting: T         S-CPI   ncal,  
   LOCO. T         -I .

Polynomial setting: W       (ρ ∈ 03, 06, 08)  
       . N,       ρ = 06   
    . I  ,        (
X ∼ N (0,Σ)  Σi,j = ρ|i−j|  p = 50 ),           
 . T          025.

I   , m  m−j  G B ,  ν−j   L. T,   ,
         - ,     - 
 F 11,      . H,      . A 
   ,     S-CPI    ,  
   AUC. A,          ,     
LOCO .

R  ,          ;     
F 12  13     . N,      S-CPI  
  ,         LOCO . M,   
            -I . T LOCO-W ,
 ,     -I  —      ,   



Angel Reyero Lobo, Pierre Neuvial, Bertrand Thirion

F 10: Power of Sobol-CPI and LOCO with dierent variance corrections in the Linear Setting:
T         S-CPI   ncal,    
 LOCO. S-CPI(1)     . A  ,      
 ,     .
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        . T       AUC:     
,          .

I F 12,  ,     ,         
 -I . H,               
 . T     ,           
 ( T 3.11),      M  ( S G)   -I 
,       .

A,     LOCO,      ,  -I   
   α = 005,        . F,  S-CPI,   
    -I ,      ,       .

I F 13,    S-CPI(1)     ,    
. A,   ,          
. T             .

K Explicit Total Sobol Index examples

example K.1 (LM  G ). G X ∼ N (µ,Σ)  y = βX + ϵ   

TSI(j, P0) = E

(m(X)−m−j(X

−j))2


= β2
jE

(Xj − E


Xj X−j
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)2

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= β2
j Σj

cond,

 Σj
cond := Σj,j − Σj,−jΣ

−1
−j,−jΣ−j,j .

example K.2 (N- ). I         -   B́
 . (2022)              -
. I,    y = αX0X1IX2>0 + βX3X4IX2<0,  X  p-  G 
 T     i, j-     ρ|i−j|. I  ,     
 TSI(j, P0)    X0  X1.

F,   
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T,    LOCO 
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T     Σ1,12. T  ,           ,
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
. T,   
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
X1

= 0. W        T , Σ1,1 = 1. T,
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 N      G , 
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F 11: General comparison of LOCO and Sobol-CPI in polynomial setting: F   , 
  ,    AUC     ,       ,  
      ,     ,   -I . A    
 S-CPI     ,        AUC   
       .
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F 12: Type-I error of Sobol-CPI and LOCO with dierent variance corrections in the Polyno-
mial Setting: T         S-CPI   ncal, 
    LOCO. T            -I .
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F 13: Power of Sobol-CPI and LOCO with dierent variance corrections in the Polynomial
Setting: T         S-CPI   ncal,  
   LOCO. S-CPI(1)     . A  ,   
    ,     .
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   Σ0,0−Σ0,−0Σ
−1
−0,−0Σ−0,0. W        T ,    

 Σ−0,0 = ρΣ−0,1 = ρΣ−0,−0(1,0,    ,0)
⊤. T,       

E

V(X0X−0)


= Σ0,0 − Σ0,−0Σ

−1
−0,−0Σ−0,0

= 1− ρΣ0,−0Σ
−1
−0,−0Σ−0,−0(1,0,    ,0)

⊤

= 1− ρΣ0,−0(1,0,    ,0)
⊤

= 1− ρ2

C  ,   ,   , TSI(0, P0) = (1 − ρ2)2 S,   
   TSI(1, P0) = ρ22(1− Σ1,−1Σ

−1
−1,−1Σ−1,1).


