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Abstract

The training dynamics of linear networks are well studied in two distinct setups:
the lazy regime and balanced/active regime, depending on the initialization and
width of the network. We provide a surprisingly simple unifying formula for the
evolution of the learned matrix that contains as special cases both lazy and balanced
regimes but also a mixed regime in between the two. In the mixed regime, a part
of the network is lazy while the other is balanced. More precisely the network is
lazy along singular values that are below a certain threshold and balanced along
those that are above the same threshold. At initialization, all singular values are
lazy, allowing for the network to align itself with the task, so that later in time,
when some of the singular value cross the threshold and become active they will
converge rapidly (convergence in the balanced regime is notoriously difficult in the
absence of alignment). The mixed regime is the ‘best of both worlds’: it converges
from any random initialization (in contrast to balanced dynamics which require
special initialization), and has a low rank bias (absent in the lazy dynamics). This
allows us to prove an almost complete phase diagram of training behavior as a
function of the variance at initialization and the width, for a MSE training task.

1 Introduction

Whether in linear networks or nonlinear ones, there has been a lot of interest in the distinction
between the lazy regime [27] and the active regime [16, 143} 15,152} [13] as the number of neurons
grows towards infinity. In the lazy regime the training dynamics become linear, so that they can
be easily described in terms of the Neural Tangent Kernel (NTK) [27, 9} 51} 136]], while the active
regime exhibits complex nonlinear dynamics. While our understanding of the active regime remains
much more limited, it appears to be characterized by the emergence of feature learning[22 |52]],
and of a form of sparsity [3, [L1 2| [1]] (the type of sparsity observed depends on the network type
[L14 190 250 24], but we will focus on fully-connected linear networks which exhibit a rank sparsity
in the learned linear map [7, 35 128} 47]]) which are both absent in the lazy regime .

Note that even though it is common to talk of the ‘the’ active regime, we do not know yet whether
there is only one or multiple active regimes. Indeed the term active regime is usually used to describe
any regime that differs from the lazy regime and exhibit some form of feature learning. Though we
do not have an complete understanding of where the lazy regimes ends and the active regime(s) start,
we know that the lazy regime requires extreme overparametrization (a large number of neurons in
comparison to the number of datapoints) [5,[20]], a ‘large’ initialization of the weights [[15]], a small
learning rate, and early stopping when using a cross-entropy loss or weight decay . Indeed, active
regimes have been observed by breaking either of these requirements: taking limits with mild or no
overparametrization [10], taking smaller or even vanishingly small initializations [35} 28]}, using large
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learning rates [33]] or SGD [42}47], or studying the late training dynamics with the cross-entropy
loss [30} [17]] or weight decay [34.[39, 29} 26]. Though each of these can lead to active regimes with
significantly different dynamics, they often lead to similar types of feature learning and sparsity.

In this paper, we study this transition in the context of linear networks and focus mainly on the effects
of the width w and the variance of the weights at initialization o2, and give a precise and almost
complete phase diagram, showing the transitions between lazy and active regimes. In this setting, we
will show that there typically is only ‘one’ active regime, which is the same (up to approximation) as
the already well-studied balanced regime [44, [7| [8].

But our result also paint a more subtle picture than the lazy/active dichotomy. We propose a more
granular approach, where at a certain time some part of the network can be in the lazy regime, while
others are in the active or balanced regime. More precisely the network is lazy along the singular
values of the matrix represented by the network that are smaller than 02w, and in the active regime
along the singular values larger than o2w.

1.1 Contributions

We consider the training dynamics of shallow linear networks Ag = W5 W and show that for large
enough width w (the inner dimension), and a iid NV(0, o) initialization of all weights, the dynamics
of Ag ) as aresult of training the parameters 6 = (Wy, W) with GD/GF on the loss £(0) = C(Ap)
for a general matrix cost C' with learning rate 7 is approximately given by the self-consistent dynamics

8,5149(0 -1/ AgAg + 0'411)2IVC(A9) — UVC(A(;)\/ AgAe + oc4w?1. (1)

These dynamics contain as special cases both the lazy dynamics
O Agry = —2n0*wVC(Ag)

when 02w > \q2(Ag) and the balanced dynamics

Aoy = —m\) Ae Ag VC(Ag) —nVC(Ap)y/ AG Ag

when o?w < Amin(Ag). But it also reveals the whole spectrum of mixed dynamics in between,
where some singular values of A, are below the o?w threshold and some are above it.

This suggests that the lazy/active transition is best understood at a more granular level, where at each
time ¢ every singular value of Ay can either be lazy or active/balanced. The mixed regime is the best

of both worlds: on one hand, since 4/ AgAeT + o%w?I is always positive definite, the network can

never get stuck at a saddle/local minimum as can happen in the balanced regime, on the other hand
there is a momentum effect where the dynamics along large singular values is much faster than along
the small ones, leading to an incremental learning behavior and a low-rank bias, which is absent in
lazy learning. By choosing the threshold 0w adequately, one can best take advantage of these two
phenomenon.

Finally, we focus on the task of recovering a low-rank d x d matrix A* from noisy observations
A* + E, training on the MSE error 3, |49 — (A* + E) ||2F in the limit as the dimension d, width
w and variance o? scale together with scaling laws w = d"» and 02 = d”-2. We describe the
training dynamics for almost all reasonable scalings ,,, 7,2 leading to a phase diagram with two
main regimes:

s Lazy (1 < 7,2 + 7,,) where all singular values remain below the threshold 0w throughout
training, and where the network fails to recover A* due to the absence of low-rank bias.

* Active (1 > 7,2 + 7,) where K = RankA* singular values pass the threshold and fit A*
before the other singular values have time to fit the noise F, leading to the recovery of A*.

There are two other degenerate regimes that we avoid: the underparametrized regime when w < d (or
Yw < 1) where the rank is constrained by the network architecture rather than the training dynamics,
and the noisy regime 2,2 + ¥, + 1 > 0 where the variance of the entries of Ag (g at initialization is
infinite.
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Figure 1: For both plots, we train either using gradient descent or the self-consistent dynamics from
equation (I, with the scaling 7,2 = —1.85, 7, = 2.25 which lies in the active regime. (Left panel):
We plot train and test error for both dynamics. We observe that the train/test error for gradient descent
is very close to the train/test error for the self-consistent dynamics. (Right panel): We plot with a
solid line the singular values of Ay(;) when running the self-consistent dynamics, and use a dashed
line for the singular values from running gradient descent. In this experiment, RankA* = 5. We use
different colors for the 5 largest singular values and the same color for the remaining singular values.
We can see how the 5 largest singular values ‘speed up’ as they cross the o%w threshold, allowing
them to converge earlier than the rest. The minimal test error is achieved in the short period where
the large singular values have converged but not the rest.

1.2 Previous Works

Linear networks have been used as a testing ground, a stepping stone on the way to understand
nonlinear networks. Linear networks and their training dynamics are in many ways much simpler
than nonlinear ones, but in spite of a long research history, our understanding remains limited.

The setting that is best understood is that of diagonal linear networks where the dynamics decouple
along the diagonal entries leading to an incremental learning behavior and a sparsity bias [44] 3, 45|
23, 141]], some of this analysis has been extended to include effects of initialization scale [48] and
SGD [42]]. While the same decoupling happens in general linear with diagonal initializations and
diagonal task, it remains an extremely strong assumption.

Some work has been done to prove similar incremental learning dynamics outside the diagonal case
[35 128} 131]] where the incremental aspect can be understood as the parameters going from saddle
to saddle. For shallow linear networks, the training dynamics with MSE can be explicitly solved
[21] but remain very complex so that one needs to assume some form of alignment to guarantee
convergence [14]. For deeper networks there exists explicit formulas in the mean-field limit where
the number of neurons grows to infinity [18]], these results can of course be applied to the special
case of shallow nets, our paper goes further by giving self-consistent dynamics for the full matrix,
revealing the lazy/active transition, and also extends the analysis to finite widths.

A very powerful tool in the analysis of a linear network is its training invariants, and the balancedness
condition which greatly simplifies the dynamics [6l [7]. Balanced networks exhibit a momentum
effect, where the training dynamics along a singular value s; have ‘speed’ proportional to s; itself (or
s; to some power), while this momentum effect seems to be key to understand the low-rank bias of
linear networks [8]], it also means that one needs to guarantee that the dynamics never approach zero,
which is one the main hurdle towards proving convergence in balanced networks. To solve this issue,
recent work has focused on initialization that slightly imbalanced [49, 37, 146 38} I50]. This suggests
that it is key to find the right balance between balancedness and imbalancedness to obtain both fast
convergence and low-rank bias.

In a concurrent work [32] a similar transition between lazy and active regimes is observed, and
the same mixed dynamics are derived for a specific initialization. In contrast, we prove that these
dynamics are approximately true with high probability for random Gaussian initializations, which is
the standard initialization scheme for neural networks.



1.3 Setup

We will study shallow linear networks (or matrix factorization) where a dgyy¢ X d;;, matrix Ag is
represented as the product of two matrices A9 = W5 W7, where the weight matrices W, and W5 are
respectively w X d;,, and dy,¢ X w dimensional, for some width w. The parameters 6 of the network
are the concatenation of the entries of both submatrices § = (W;, Ws).

The parameters @ are learned in the following manner: they are initialized as i.i.d. Gaussian A/(0, o'2),
and then optimized with gradient descent to minimize a loss £(#) = C(Ap). Though most of our
analysis works for general convex costs C' : R%ut*din _ R on matrices, we will in the second part
focus on the task of recovering a low-rank matrix A* from noisy observations A* 4+ F, by training a
linear network Ay on the MSE loss

L£(6) |Ag — (A" + B)||3.

1

The width w allows us to control the over parametrzation, indeed the set of matrices that can
be represented by a network of width w is the set M<,, of matrices of rank w or less. The
overparametrized regime is when w > min{d;,, do.: } because all matrices can be represented in this
case.

1.4 Lazy Dynamics
The evolution of the weight matrices during gradient descent with learning rate 7 is given by
Wi(t+1) = Wi(t) —nWy ()VC(Agqy)
W (t + 1) = Wa(t) = nVC(Agy)WH (1)
where we view the gradient VC (Ag(t)) of the cost C' as a d,,; X d;,, matrix, which for the MSE cost
equals VC'(Ag(y)) = 2d~2(Ag) — (A* + E)).

But we care more about the evolution of the complete matrix Ag(y) = Wa(t)W1(t) induced by the
evolution of W (), Wa(t), which can be approximated by

Ag(e1) = Aoy — W2 (W5 () VO (Agry) — nVC(Ag) )WY (Wi (t) + O(%).  (2)

Thus we see that if we can describe the matrices C; = WlT Wiand Cy = Wy W2T throughout training,
then we can describe the evolution of Ag(;).

When w is very large, we end up in the lazy regime where the parameters move enough up to a
time ¢ to change Ay ), but not enough to change C1, CZD allowing us to make the approximation
C;(t) ~ C;(0). Furthermore at initialization these matrices concentrate as w — oo around their
expectations E [C1] = 0%wly,, , E[Cs] = 0%wly,,,. The GD dynamics can then be approximated
by the much simpler dynamics:

A1) = Aoy — 2n0*wV C(Agqy),

out ®

which are equivalent to doing GD on the cost C directly with a learning rate of 2n02w.

One can then easily prove exponential convergence for any convex cost C following the convergence
analysis of traditional linear models. But we can see the absence of feature learning from the fact
that the covariance C of the ‘feature map’ W is (approximately) constant. More problematic in the
context of low-rank matrix recovery is the absence of low-rank bias, indeed one can easily solve the
dynamics to obtain

Ag(t) = (A* + E) + (1 — 4d*27702w)t(A9(0) — (A* + E)),
and since EAy ) = 0 we obtain

E [Agw) = (1 — (1 —4d"*no’w)") (A* + E).

'To be more precise the direction in parameter space that change C1, C2 are approximately orthogonal to
those that change Ag, and GD/GF only moves along the later direction.



The expected test error E HAg(t) — A* ||2 is therefore lower bounded by

[EAgsy — A%|)* = ||(1 — 4d2now)? A* + (1 — (1 — 4d~2po*w)") E||*
which never approaches zero.

In linear networks, there is no advantage to being in the lazy regime, as we simply recover a simple
linear model at an additional cost of more parameters and thus more compute. But we will see that a
short period of lazy regime at the beginning of training plays a crucial role in making sure that the
subsequent active regime starts from an ‘aligned’ state.

1.5 Balanced Dynamics

There has been much more focus on so-called balanced linear networks, which are networks that
satisfy the balanced condition W3 WIT = W2T W,. If the network is balanced at initialization, it
remains so throughout training, because, the difference W WlT — WQT W is an invariant of GF (and
an approximate invariant of GD with small enough learning rate).

First observe that the balanced condition implies the following shared eigendecomposition W, Wi =
WIW, = USUT. This implies the following shared SVD decompositions W, = U+/SUL,

Wy = Uyt V/SUT and Ag = U,,,;SUL . Furthermore, we have Cy = U;, SUL = \/ A} Ag and
Co = Ut SUL,, = 1/ Ag AT, which leads to self-consistent dynamics for Ag(ey:

Ae(tJrl) = Ag(t) — 74 /Ag(t)Ag(t)VC(Ag(t)) — HVC(A(;@)), / Ag(t)Ag(t) + O(772).

Now these dynamics are quite complex in general, and it remains difficult to prove convergence.
Indeed one can easily find initializations Ag () that will not converge, for example if Aggy = 0 then
GD will remain stuck there. A lot of work has been dedicated to finding conditions that guarantee the
convergence of the above dynamics [0, [14]], but these assumptions are often quite strong.

The simplest initialization that guarantees convergence (and the one that will be most relevant to our
analysis) is the positively aligned initialization. If at initialization Ay () and A* + E are ‘aligned’,
i.e. shares the same singular vectors Ag(g) = Uput SUL and A* + E = U,,;S*UL , then they will

remain aligned throughout training Ag) = UoutS (t)UL and the dynamics decouple along each
singular value

si(t+1) = sit) + 2n]si()| (s7 — si()) + O(°).
Since we always have s} > 0, then for small enough learning rates 7, we see that if s;(0) € (0, s7] it
will grow monotonically and converge to s;; if s;(0) > s} it will decrease monotonically to s}, and
if s;(0) < 0 it will increase and converge to 0. Thus one can guarantee convergence if we further
assume positive alignment s;(0) > 0.

The advantage is that there is a momentum effect in the form of the prefactor |s;(¢)|, which implies
that the dynamics along large singular values are faster than along small ones. As a result, if all
singular values are initialized with the same small value, then they will at first grow very slowly
until they reach a critical size where the momentum effect will make them converge very fast. The
singular values aligned with the top singular values of A* 4+ E will reach this threshold much faster,
and they will therefore converge to approximately their final value s; = s} at a time when the other
singular values are still basically zero. If we stop training at this time then the linear network will
have essentially learned only the top K singular values of A* + F, which is a good approximation
for A*, leading to a small test error (see [23]] for details).

But this analysis relies on the very strong assumption of positive alignment at initialization. If we
do not assume a positive alignment and assume that the s; are random (i.i.d. w.r.t. a symmetric
distribution), then each s; has probability 1/2 of starting with a negative alignment and getting stuck
at zero, which means that with high probability training will fail to recover A* and will recover only
a random subset of the singular values of A*. The presence of these attractive saddles shows the
complexity of the balanced dynamics.

A limitation of this approach is that it requires a quadratic cost and a very specific initialization,
and in the case of positive alignment, an initialization that requires knowledge of the (SVD of the)



true function A*. Nevertheless, the positively aligned and balanced dynamics seem to capture some
qualitative phenomenon that has been observed empirically outside of this restricted setting. This is
the phenomenon of incremental learning, where if the singular values are initialized as very small,
they first grow very slowly, but the multiplicative momentum will lead to come up one by one in a
very abrupt manner, and this leads to a low rank bias where the network first only fits the largest
singular value, then two largest, and so on. More generally, this can be interpreted as the network
performing a greedy low-rank algorithm [35]].

Our analysis will confirm the fact that positive alignment happens naturally as a result of a short
period of lazy training, allowing us to prove similar decoupling and incremental learning for a general
random initialization.

Remark. We can define the time dependent map ©(G;t) = Cy(t)G + GC4(t), so that the GD
dynamics can be rewritten as Ag(;41) = Ag) — nO(VC(Ag).t) + O(n?). The map © is none
other than the NTK for shallow linear networks, but it has also been called the preconditioning matrix
in previous work [7]. The lazy regime is then characterized by the NTK O being approximately equal
to the time-independent NTK ©%% (@) = 202wG, whereas the balanced regime is characterized by

the time-dependent ©*(G; 1) =  / Ag(1) AT G +G,/ Aa( 1 Aa(r), with the distinction that the time

dependence is only through Ag(t)

2 Mixed Lazy/Balanced Dynamics

Both lazy and balanced dynamics have the surprising but very useful property that the evolution of
the network matrix Ay is approximately self-consistent: the evolution of Ay can be expressed in
terms of itself. The lazy approximation becomes correct for a sufficiently large initialization, while
the balanced one is correct for a balanced initialization. However, for most initializations, neither of
these approximations are correct.

We fill this gap by providing a self-consistent evolution of Ay that applies for any initialization scale:

Ddogesn) = —n\[ Ao Al + 0w IVC(Ar) = nVC(A) \/Ag(t)Ag(t) ¥ otw?],

This approximation is formalized in the following theorem, denoting C’l \/ Ae ( t)Ag(t) + odw?]
and Cz \/Ag(t)Ao(t + otw?]

Theorem 1. For a linear net Ag = WoWy with width w, initialized with i.i.d. N'(0, 0?) weights and
trained with Gradient Flow, we have with high probability that for all time t,

" < min {O(a2w)7 @) <\/z ||Cl<t)||op> } .

Proof. (sketch) The quantity W W{ — W' Wy is invariant under GF (and approximately so under
GD) and it is approximately equal to o?w(P; — P,) for two orthogonal projections Py, P (at
initialization and for all subsequent times because of the invariance). We therefore have

WIWWE — Wiw,)?w, = o*w? Wi (P + P) Wy =~ o?w?Cy.

[SAORENC) (1) = Ca(1)

op

Thus the pairs C', Cy approximately satisty the following equations:
0~ C3 — AT AyCy — CLAY Ap — oM Cy 4+ AT Cr Ay
0~ C3 — AgAL Cy — CoAg ALY — o' w?Co + AgC1 A] .

The pair C’l, C, is a solution of the above, and one can show that C1, Cy must approach them and
not any of the other solutions. O

The takeaway from theorem [T]is the following.

1. In the lazy regime where ||C1 (t)]|op + [|C2(t)]lop < O(c?w), then ||Cy(t) — ol ®)lop <
Va/wl|Cr(t)llop << [|C1(#)lop-



2. In the active regime where ||C}()|lop/0%w > d° >> 1, then ||C1(t) — Ci(t)]lop <
O(0?w) << d=¢||C1()]]op-

It is true that the error does not vanish. However, for our purpose it suffices to show that ||C’1 —C1lop
is infinitely smaller than C; for all times, regardless of the magnitude of ||C4 (t)]|op-

We see how both the lazy and balanced dynamics appear as special cases depending on how large the
variance at initialization o is in comparison to the singular values of the matrix Ag(r):

* Lazy: When 02w >> Spaa(Ag()), then Cy ~ 2wl . and Cy ~ c2wly

the lazy dynamics.

* Balanced: When 0w < spin(Ag(t)), then Ch ~ /Ag(t)Ag(t) and Cy ~ | /Ae(t)AgT(t),

recovering the balanced dynamics.

ot ..» FECOVEring

But clearly there can be times when neither conditions are satisfied, when some singular values
of Ay are larger than the threshold o?w while others are smaller, in such cases we are in a

mixed regime, where the network is lazy along the small singular values of Ay (s; < o2w) and
active/balanced along the large ones (s; > ow).

At initialization, the singular values are of size o2v/wd. This implies that with overparametrization
(w > d), all singular values start in the lazy regime and follow the simple lazy dynamics, which may
(or may not) lead to some singular growing and crossing the 02w threshold, at which point they will
switch to balanced dynamics (after a short transition period when the singular value is around the
threshold s; =~ ow). Once a singular value is far past the threshold s; > 02w, training along this
singular value will be much faster than along the lazy singular values (this speed up can be seen in
Figure[T). This allows the newly active singular values to converge while the lazy singular values
remain almost constant. Once the active singular values have converged, the slow training of the
remaining lazy singular values continues until some of these singular values reaches the threshold, or
until GD converges.

This type of behavior is illustrated by the following formula, which describes the derivative in time of
the i-th singular value s; + of A, with singular vectors u; ¢, v; +:

~ T ~ 2 T
Sit+1 — Sip A Mty 1 OpAg(ryvie = —2me/ 87, + otw?u; VO (Ag(s))vi e,

where the prefactor 21, /s? , 4 o4w? describes the effective learning rate along the i-th singular
value, which depends on the i-th singular value s; ; itself.

This suggests that it is more natural to distinguish between the lazy and active regime at a much
more granular level: at every time ¢ a singular value can be either active or lazy (or very close to the
transition but this typically only happens for a very short time). In contrast, the traditional definition
of the lazy regime was defined for a whole network and over the whole training time. To avoid
confusion, we call this the pure lazy regime, where all singular values remain lazy throughout training.
This begs the question of whether a pure balanced regime also exists, but all singular values will
always be lazy for at least a short time period (assuming w > d), and as we will see this short lazy
period plays a crucial role in aligning the network so that the subsequent balanced regime can learn
successfully. A pure balanced regime can only be obtained in the underparametrized regime, or by
taking a balanced initialization instead of the traditional i.i.d. random initialization.

While this challenges the traditional lazy/active dichotomy, it also reinforces it, as it shows that there
is no fundamentally different third regime, only lazy, active, and some mix of the two. Theoremﬂ]
thus allows us to revisit previous descriptions of lazy and balanced dynamics and ‘glue them together’
to extend them to the general case. This simple strategy will allow to almost fully ‘fill in the phase
diagram’, i.e. describe the dynamics, convergence and generalization properties of DLNs for almost
all reasonable initialization scales o2 and widths w.

Remark. The transition of a singular value s; from lazy to active can be understood as a form of
alignment happening in the hidden layer: the two vectors Wyv; and W u; for u;, v; the left and right
singular vectors of s; are orthogonal in the lazy regime and become perpendicular in the balanced
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Figure 2: As a function of 7,2, 7,,, we run GD and plot different quantities. Our theoretical results
only apply to the top left region for ~,, > 1 and below the red line, although these plots suggest
that some results may extend to smaller v,,s. (Top left panel): We plot the smallest test error
2 | Apty — A*||% in the whole run. The active region (below the black line) has a small error
while the lazy region does not. (Top right panel): We plot the stable rank of Ay (defined as
Aoy 17/ 11 Ao(s II3,) at the time of minimal test error. In this experiment, we took Rank A* = 5. We
see that the active region has approximately the correct rank while the lazy region overestimates it.
(Bottom left panel): We plot the number of iterations until minimal test error, illustrating the trade-off

between test error and training time. (Bottom right panel): We compute In (d% | Aoty — Ag(t) ||2F>

where Ag(;) comes from GD and Ag(t) from the self-consistent dynamics. We observe that this
distance is not only small for the region where our theoretical results apply but also almost everywhere
outside this region.

regime. Indeed the normalized scalar product of these two vectors satisfies

U?WQlei o S; ~ S;
||W2Tul|| ”lel” \/’UJZTCﬂLz\/uZTCﬂLz \/822 + otw?

which is close to zero for lazy singular values s; < o?w and close to one for active ones s; > o2w.

2.1 Phase Diagram for MSE

To illustrate the power of Theorem T| we provide a phase diagram of the behavior of large shallow
networks on a MSE task, for almost all (reasonable) choices of width w and variance o2 scalings.

We want to recover a rank K and d x d-dimensional matrix A* with s;(A*) = da; for some
a; > az > --- > ay independent of the dimension d. We however only observe a noisy version
A* + E for some E such that [|E|,, < cod®. One could imagine E to have iid random Gaussian

entries (0, 1) in which case || £, < cov/d with high probability.



As the dimension d grows, the size of the network needs to scale too, as well as the initialization
variance, but it is unclear what is the optimal way to choose w and 2. We will therefore consider
general scalings w = d”» and 02 = d7-2. We will now describe the (7, 7,2 )-phase diagram which
features 4 regimes: underparametrized, infinite-noise, lazy and mixed/active.

We can identify a region of ‘reasonable’ pairs (7,2, V., ) by ruling out degenerate behavior. First,
the width w needs to be larger than the dimension d, since a network of width w can only represent
matrices of rank w or less, this means that we need v,, > 1. Another constraint comes from the
variance of Ay at initialization: the entries Ag(q) ;; at initialization have variance o*w. We want this
variance to go to zero as d grows which implies that we need 27,2 + 7, < 0.

Now within this reasonable region we observe two regimes, the pure lazy regime for 1 < v,2 + 4,
where the network simply fits A* + E thus failing to learn A* and the mixed regime for 1 > v,2 +,,
where the dynamics are lazy for a short amount of time until K singular values grow large enough to
switch to the balanced dynamics and fit the true matrix A*.

Theorem 2. For pairs 7y, Vo2 such that vy, > 1 and 27,2 + v, < 0, we have two regimes:

e Lazy (1 < 7,2 4+ Yw): with a learning rate n < U‘fw we have that for all time t,
1 2
& [0 — 4[|, > e

* Active (1 > 7,2 + 7y,): with a learning rate n < %{Z*) ~ d, and at time

1/ A 2 1,2A 1,2A
t:<+ max(1, )+max(, )>dlogd+n10(dloglogd),
n \ax c(ay,...,ax) 20K
for A =1 — 7,2 — 7, > 0, we have that
tw?log®d . log” d
octw 2og P ) 772og2 )
d d d

1 w112
L oo - 2] < OG0+

mink,j;ak;éaj ‘ak_aj |a§(

forc(a, ... ak) = P e

Note that all the terms inside the final O(...) term vanish: o*w — 0 because v,z + v < 0,
% + “27“’ — O since 1 > 7,2 + 7y, and 772105# — 0 since we assumed 7 < d.

This shows that the lazy regime only appears for very large widths 7,, > 2 (or at least the lazy regime
with finite variance at initialization). Indeed the choice ~,, = 2,v,2 = —1 is at the boundary of the
lazy regime with the smallest ,,. This could explain why it is rare to observe the lazy regime in
practice.

Our theoretical results applies to the overparametrized regime w >> d, but actually we only want to
fit A* which has a much smaller rank 7, and so we might only need w > r. Figure[2] top left panel,
confirms this, since we see a good generalization even for small widths w < d, and in particular
when w =~ RankA*. But to leverage this underparametrized regime, one would need to know the
rank of the true matrix A* in advance, which is typically not the case in practice. Nevertheless, the
interesting behavior we observe in the (mildly) underparametrized regime warrants further analysis,
and the fact that our self-consistent dynamics remain a good approximation in this regime (Figure 2}
bottom right panel), suggests that the analysis we present here could be extended to this regime too.

Finally, we observe a trade-off between generalization error and training time: on one hand the test
error has terms that scale negatively with 1 — 7,2 — y,,, which is the distance to the lazy/active
transition, on the other hand, the time it takes to reach the minimal loss point scales positively with
the same term. This can be seen from Figure 2] bottom left panel, which plots the number of steps
required to reach minimal test error, which increases as one goes further into the active regime.

Remark. In general when trying to fit a matrix B (instead of the special case B = A* + F), the
transition between lazy and mixed regime is when 0w =~ || B||,p. Thus the exact location of the
transition is task-dependent, so that the same variance o2 and width w can lead to NTK or mixed
regimes depending on the task. For example, let us assume that A* is full-rank instead of finite rank,
then we expect || A*||,p ~ v/d instead of || A*||,, ~ d, thus the transition would be at 3 = 7,2 + 7,
instead of 1 = ~,2 + ~y,,. This suggests that linear networks are able to adapt themselves to the task:



leveraging active dynamics when the true data is low-rank to get better generalization, or remaining
in the lazy dynamics in the absence of low-rank structure, to take advantage of the faster convergence.
Note also that in the absence of sparsity, the lazy regime can be attained with a smaller width (y,, > 1
inst.ead of 7y, > 2), since the choice v, = 1,7,2 = f% is already on the boundary of the lazy
regime.

3 Conclusion

We prove a surprisingly simple self-consistent dynamic for the evolution of the matrix represented by
a shallow linear network under gradient descent. This description not only unifies the already known
lazy and balanced dynamics, but reveals the existence of a spectrum of mixed dynamics where some
of the singular values are lazy while others are balanced.

Thanks to this description we are able to give an almost complete phase diagram of training dynamics
as a function of the scaling of the width and variance at initialization w.r.t. the dimension.

A natural question that comes out of these results is whether nonlinear network also feature similar
mixed regimes, and whether they could be the key to understand the convergence of general DNNs.
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The appendix is structured as follows.

* In section[A] we introduce the notation, and establish several results about how perturbing a
matrix would impact its singular vectors.

* In section|[C] we study the gradient flow dynamics of A, in the active regime and prove that
Ay will be approximately aligned with A* throughout the Saddle-to-Saddle regime.

* In section B} we prove theorem [I] for general cost.
* In section@ we study the gradient flow dynamics for Ay, in the lazy regime.

* In section [E| we show that Ay is also approximately aligned with A* throughout the
Saddle-to-Saddle regime, using results in section [C]and section [B] In subsection [E.3] we
summarize the approximate dynamics of Ay ) throughout training. In section we bound
the final test error.

* In section|[F] we bound the error from gradient descent and prove theorem [2]

* In section |G| we describe the experimental setup.

A Preliminaries

A.1 Convention and Notation

Constants. d is the dimension of the input and the output layer, K is the rank of matrix A*, and w is
the dimension of hidden layer. ¢ and C' will usually denote constants that are independent of d, and
depending on the context, the value of ¢ and C' might be different. If x is a scalar that depends on d
and y is a scalar, then x = O(y) means there exists a constant ¢ independent of d, such that for d
sufficiently large we have © < cy. If A is a matrix, then A = O(y) means there exists a constant ¢
independent of d such that for d sufficiently large, || Ao, < cy. O(y) can be either a matrix or a
scalar, and its meaning will be always clear from context.

Matrix. We use || - ||op; || - ||, ]| - || to denote the operator norm of a matrix, the Frobenius
norm of a matrix, and the L? norm for vectors. For every matrix A, we define maxA as the L>°
norm, max; ; |Aij |. We use I to denote identity matrix, the dimension of which is determined by
context. We shall assume that the signal singular values of A* are s7,...,s%.Vi=1,2,..., K, and
s; = a;d where a; > as > ... > ak are constants independent of d. By selecting proper basis in
the input and output space, we assume that A* = S*, where S* is the diagonal matrix consisting of
singular values of A*, ordered from largest to smallest. The p, ¢-th element of a matrix A is denoted
Apq. We reserve the notation A(4, j) for the 4, j-th block matrix of A, which we shall define below.

Submatrix. Assume thatng = 0,and a; = ... = an, > Any41 = ... Apy > ... = G, = GK,
and let n,,,41 = d. For a matrix U, we define the k, j-th sub-block U(k, j) of a matrix U as
Unyo_ i +1ins 1,1, 1 +1:m,;» With both sides included. Notice that U (k, j) = U(j, k)™ In this notation,
we can write the singular value decomposition of a matrix A as

A ) = Y Ui, k)S(k, )V (j, k) + Ui, m+ 1)S(m + 1,m + )V (m + 1, j).
k:signal

We call an index k (of sub-block) "signal", if ¥ < m. Index m + 1 is called "noise". Let S(k, k)*
be block matrix A*(ny : ngi1,ng @ ngy1). Then A* = diag(S(1,1)*,...,S5(m,m)*) and
S(k,k)* = sp, I is the k-th sub-block of A*. Each matrix has only finitely many sub-blocks.

Indexing Conventions. Entries of matrices will usually be indexed by p, ¢, r and sub-blocks of
matrices will usually be indexed by ¢, j, k, £. Usually k ranges from 1 to m, and j usually ranges

from 1 tom + 1.

Element-wise Product.We use ® to represent element-wise product of two matrix of the
same shape.

Important Assumptions. Throughout the paper, we shall always assume that
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1. v > 1(G.e., w>>d).
2. 27,2 + v < 0. (ie., otw << 1).

A.2 Matrix Inequalities

In the proof of main theorems, we will work extensively with inequalities of matrix norms and
inequalities that involves element-wise product. The element-wise product appears naturally in the
derivative of singular vectors of a matrix.

Lemma A.1. Assume that A, B and R are square matrices. Let Ry,qp = max; j|R;j|. Then
tr[A(R® B)] = tr[BRT @ A,

and

tr[A(R © B)]| < Ruay/tr(ATA)\/tr(BTB)
In particular, ifVp, q, Rpg > Ruin > 0, then
tr[AT(R® A)] > Ruuntr(AT A)

Proof. All are simple computations.

tr[AR® B] =Y ApyRypByy

p.q

tr[BRT © Al = BpgRpgAqgp

p,q

The two equations above prove the first claim.

tr[A(R © B)]| <y/tr(ATA)\/tr(R© B)TR ® B)

< Rupa/tr (AT A) [tr (BT B)

This completes the second claim.
tr[AT(RO A)] = A;iR;iAj
2%}
> Ruintr[AT A
This completes the third claim. O
Lemma A.2. 0,,:,(A)||B|lr < [|[AB|lr < 0maz(A)|B||F-

Proof. This is lemma B.3 of [54]. O

A.3 Perturbation of Singular Values and Singular Vectors

We will often use the following variant of the Davis-Kahan sin 6 theorem.

Theorem A.3 (DK-sinf Theorem). . Let X, Y € RPXP pe symmetric, with eigenvalues \1 >
zApandjq > . zj\p. Fix1<r<s<pleted=r—s+1landletV = (v,,...,vs) and
V= (Or, ..., 0s) have orthonormal columns satisfying Xvj; = Ajvj and ¥0; = 5\]»1)]». Letoy,...,04
be the singular values of VI V. Let o(V, V) be the diagonal matrix with cos ©(V, V)jj = o and

sin ©(V, V) be defined entry-wise. Then

' . 2min(Vd||S — op, || — E|7)
oW, V)|r < =
|| Sin ( ) )HF =~ ml.f’l(>\r71 _ )\’”AS _ )\erl)

Proof. This is theorem 2 in [S3]. O

15



The implication of the theorem is that if two matrices are sufficiently close, then their singular vectors
are also close to each other. In the case where = s and A, is of multiplicity 1, the theorem reduces
to saying that the sine value of the angle between v,. and ©,. is very small.

The term || sin ©(V, V)|| p is complicated to take derivative. In this paper we will use the following
characterization of alignment, which is easier to take derivatives.

Lemma Ad4. Let S bead x d diagonal matrix, and let s1,...,Sk, ..., Sq be its diagonal entries.
Assume that S = ... = 8p; > Spy41 = ... = Spny > ...5n,, =SK > SK+1 = ... = Sq. Then X
has m + 1 blocks in total. Assume that | X — X||,, = d*. Let X = USV'T, and define

w=4K - > (U (k,k)U(k, k) + V" (k, k)V (k, k) + 2U (k, k)V (k, k)").

k:signal

Then

. . . 2
12 = Xllop | ms1 [ 2min(VE (| X|lop + 1 X]lop), [ X[[F + [12]F) 2
<K + o 1X = XI5,
SK SK ming(s2, — snkﬂ)
Remark. 7o better understand x, consider the special case where each signal singular value is of
multiplicity 1. Since matrix X is "close" to diagonal matrix ¥, matrix U and matrix V should also
be close to identity along signal directions: |Ugg| = 1, |Vix| = 1, U Vi = L for 1 < k < K.
Quantity x captures how much |Ugg|, |Vik |, Uk Vir deviate from 1.

Proof. Let X = USVT. Then XTX = VS?VT is a symmetric matrix. Let V(:,k) =
(Ungy_1+1,- - - » Un,, ) be the singular vectors of X corresponding to Sy, _, 41, - - -, Sn,. There is some

freedom to choose V/, but for simplicity we pick V (:, k) = (€n,_,11,- - -, €n, ) Where e; is the i-th

coordinate vector. As a result, V(:, k)TV (:, k) = V(k, k). Apply DK-sin 0 theorem to V and V, we
see that

2min(y/np — k1 || XTX = 22|op, [ XTX — 22| £)

i 2 _ <2 2 <2
mln(snk,l Snk,l-i-l?snk Snk-‘rl)

|sin®(V(:, k), V(, k)||lp <

Let o, be the singular values of V(k,k), for 1 < p < nj — ni_1. Here we are using the notation
for sub-block of a big matrix. Then sin O(V (:, k), V(:, k)) is the diagonal matrix, whose diagonal
2
F

entries are given by /1 —o2. So |[sin ©O(V, V)|Z = 2,1 = 02) = trll = V(k,k)TV(k,k)].

Now observe that

IXTX = 22lop <UXlop + [IElop) X = Slop

IXTX = £2|lr <X 7 + IE12)1X = Ellop

‘We conclude that

3 2 <2 2 o2
mm(snkq Snp_1+11 5ny Snk+1)

A A 2
2mi —np—1 (|| X by X by R
TV (e, KTV (k. )] < ( min(y/7 = 11X llop + [Ellop), I X 17+ | ||F>|X_zop> .

Similar conclusion is true for U(k, k). Next we bound tr(I — U(k, k)V (k, k)T).

ng

ISk &) =Xk WIE= Y Caw — Xaw) < (i —ne-1)IE - X2,

q1,q2=nk—-1+1
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I£(k, k) — X (k, k)3 =[1E(k, k) — Z Uk, )80, 1)V (4, k)1

=||S(k, k) ZU k, )8 V(k, )T = Uk, k)S(k, k) (k, k)T ||%
Jj#k
>(|S(k, k) — Uk, k)S(k, k)V (k, k)T |3
— 1> Uk 5)SG NV (ke )T N7
J#k
— [|U (k, k) (S (k, k) = S(k, &)V (k, k)T 1%
>sp 1= Uk, )V (k, k)" ||
= MU ERDIFNSG NV k)12,
Jj#k
—IX - 2|12,
>sp 1= Uk, )V (k, k)" ||
— s2tr(I — Uk, k)TU (k, k))tr(I — V (k, k)TV (K, k))
—IX -2,

For every mp — mgp_1 X mp — ng—1 matrix M, we have tr(A) < Zp|)\p\ <

1
VI — Ng—1 (Z |)\p|2) N nk—1||M|| r. Using this inequality, we conclude that

X = Xllop

Sny

tr(I — Uk, )V (k, E)T) <(ng —ng_1)

~ ~ 2
s1 [ 2min(y/ne = ne—1 ([ Xllop + [[Zllop), [ Xllr + [X]r), ¢
+ I [lop

min(s2 | —s2 s2. —s2 1)

Sny, Ng—1 ng—1+12°ng Snk-‘rl

Summing on k, we conclude that

SK ming(s3, —s7, )

~ ~ ~ 2
I£ = Xllop , ms1 ( 2min(VE (X lop + [Ellp). 1X1lr + 1E11r) :
K 2 22 N X - 12,

In the case where d — oo, m is a constant, @ < 1, 57 = O(sk), Sk > ¢Sk+1, K is a constant,

[X = Zllop = o([X]lop), and ming(sy: — 2, ) > csk for some constant ¢, we have z <
1X = lop

O 1] op )

Lemma A.5. Let X = USV7”, and define

w=4K - > te(U"(k,k)U (k. k) + V" (k, k)V (k, k) + 2U (k, k)V (k, k)).

k:signal
Let Y be a d x d diagonal matrix whose diagonal entries are given by by, ..., bk, 0, ..., 0,where
by =...bp, >bpy1=...=by, > ... =by,, =br. Then

12 = UTSVllop < [Ellop((m +1)*Va + 2(m + 1)°2)
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Proof. First observe that ||X — UTSV||,, < Z:”f:ll 12(i,5) — UTSV (i, j)||op. If i # 7, then
2(7’3]) =0,
m—+1

IUTSV (s )llop =1 > UE DTS OV (L, 5)lop
/=1
m—+1

<br Y NUEDopllV(E: 5)llop
{=1

<bi(m+ 1)Vz.
If i = j, then (4,4) = by, I,
IUTEV (i,4) = bu, Llop <1, U (i, )TV (0,4) = b Lllop + b1 D U (E3)llopllV (£,8) lop
e#i
<bi(m+ D)z + by (m+ 1)z.

Therefore
12 = UTSV]|op < IZ]lop((m +1)*VE + 2(m + 1)%).
O

This bound is not optimal in m, but throughout the paper, m is of constant order and it is fine to miss
a constant factor when estimating error.

B Proof of Theorem /1

B.1 Weak bound

We prove the following weak bound.
Proposition B.1. For every € > 0 and every t < T, we have with high probability,

[WEW) — VAT A+ o4w? ||op < (1 +¢)o?w 3)

Analogous results holds for W.

Our main tool is the following lemma.

Lemma B.2. For every cost C and every time t, we have

Wy Wa(t) = WiW (t) = Wy (0)W2(0) — W1 (0)W](0) )

Proof. Let L = ||A* — AJ|? be the loss function. Then
oW, =2Wivce
D Wy = 2VCWT

We see that
KWW = 2WEVCWT + W VCT Wy = 0,(W3 Wa)

O

Next, we show that at initialization, W1 W{ and W W, are approximately orthogonal projections,
up to a factor. Stating precisely, we have the following lemma.

Lemma B.3. There exists two projections P; and Ps : RY — R"Y such that the following are true.

1. The image of Py and P; are orthogonal to each other;
2. With high probability,

W2 (0) — o*wPi|op = O(0®Vwdlog d) o)
W3 W5(0) — o*wPyop = O Vwdlog d) (6)
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Proof of Lemma[B.3]. : At initialization, the rank of wis w with probability 1. Therefore W1 W7 has
w — d eigenvalues that are 0, and the w non-zero eigenvalues equals the eigenvalues of d x d matrix
Wiw;.

W{W1(0) is a (scaled) Wishart ensemble, whose limiting distribution is given by the Marchenko-
Pastur law. The Marchenko-Pastur law, as stated in [4]], proves the following. Let X be an M x N
matrix with complex-valued independent entries X;,, such that

1. E[X,,] =0

2
2. B[ X;|"] = \/JiliN;

3. forevery p € N, there exists a constant C, such that

E[|vanixi,

T<e,

Here, M satisfies
log M
0<C = log N

for some constant C' independent of M and N. Let ¢ = %, which may or may not depend on V.
Then the eigenvalues of N x N matrix X *X has the same asymptotics as

<(C<oo

polar) = YO NI =D gy 4 (1 ) s(aw)
where 1
Vi =+ N )

In our situation, W7 is a w X d matrix with independent and identically distributed Gaussian entries
whose variance is 02. Let M = w, N = d and therefore W W;(0) has the same distribution as

o?v/wdX*X. Notice that for this choice of M and N, the asymptotic distribution eigenvalues
of X*X is pu (dx). Notice that p« is supported on interval [ Ty L—2 /T4 )L 4 2},
from which we conclude that in the limit, all eigenvalues of W{ W7 (0) is approximately 1/ %.

By Theorem 2.10 of [4], we have eigenvalue rigidity results for X*X. Let X} be the k-th
largest eigenvalue for X*X. Vk € {1,2,...,w}, we have

[N = el < d5 ®
with high probability. Here ~,, is defined through
° k
| potan = ©)
Tk

Let \; be the k-th largest eigenvalue of W{ 1W;(0). By the relationship between W{ W, (0) and
X*X, we know A\, has the same law as 02\/wd)\§€. Then for every k,

e — \/ZD (10)

< O(c*Vwd) (11)

with high probability. We conclude that the first w eigenvalues of Wi W7 (0) is at most O (a2 wd)-
away from 1 and all other eigenvalues are 0. Therefore there exists a projection P; such that

WA WE(0) = c?wP||op = O(0?Vwd) (12)

|Ak = o?w| < o*Vwd (|)\;C — | +

Similarly, there exists a projection P, such that

WL Wy (0) — o%wPs||op = O(0*Vwd) (13)
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Notice that P, is not exactly orthogonal to P, and it remains to find a projection P that is orthogonal

to P; and is close to W5 W5(0). Assume that the column vectors of Wy (0) are uy, ..., uq € R* and
column vectors of Wi (0) are vy,...,vq € RY. Fork = 1,2,...,d, we define vector v}, as
’U;C = UV — Pﬂ)k. (14)
We claim that P vy, is very small. By law of large numbers, ||vg|| < o+/w log d with high probability.
1Prowll <ll——W1 W7 (0) I+ 00/ Lo ) (15)
v — v —|lv
10kl Sl =5 Wil k v
- O(oVd
—%H(ul,vk)ul+...+<uw,vk>uw|| + O(oVdlogd) (16)

Notice that (u;, vg)u;, V3 is a family of independent and identically distributed random vectors. For
each of these random vectors, all entries have zero mean. The variance of any one of the entries is
given by

E [(ui, ve)*(uj, e0)?] = O(c®w) (17)
We conclude that for each ¢ we have, by CLT,

1 {ug,vp)(ur,ee) + ..o + (U, Vi) (Ui, €2)  (d)
i 9D, N(o,1 18
o3w?z Vd (0,1) (1%

In particular,

P{max, Z [(ui, vk ) (ug, ee)| > 10002V dw? log d} Sw}P’{Z |{(ug, vg) (ug, e1)| > 1000V dw? log d}
i=1 i=1
<2wP{N(0,1) > 100log d}
SO(dff)O)

Therefore with high probability, maxe Y77, |(ug, vi) (uk, ee)| < 10003 Vdw? log d. This implies
that with high probability,

[ (w1, ve)ug + - + (e, V)t || < Vo Vdw? logd (19)
| Prog|| < oVdlogd (20)
Now let W4 be the matrix with column vector v}, .. ., v/, and let P, be the projection to the column

space of W3 . By construction |[Wy — Wjlop < O(ov/dlogd) , so [|[WI Wy — Wi Wilep <
O(0%Vwdlog d). Since the nonzero eigenvalues of W Wy is at most O(o?v/wd) from 1, we know
that the nonzero singular values of WQ’TWQ’ is also at most O(o2v/wd) from 1. We conclude that
| Py — WEWs|lop < O(0?Vwdlogd). O
Proof of Proposition|B.1] : We have

WIWIWIW(t) = WEWS WaWy + W (WAW (8) — W Wa(t)) W

= ATA+ W (WA (0) = Wy Wa(0)) W,
From lemma[B.3| we see that as positive semi-definite matrix, for every constant ¢ > 0,
0 < W (0) < (1+¢e)o?wl 1)

with high probability. Therefore

—(1 4 &)a2wWIW, < WI(PL(0) — Py(0))Wy < (1 +¢)a?wWlWy. (22)

By moving terms around and corollary, we have

a4w2
(WIW)? = (14 e)awW Wy + (14 ¢)? I (23)
2
<atat W e (24)
T 2 T 204w2
<Wi W)+ (A 4+e)Wi Wi+ (1+e¢) 1 I (25)
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Theorem V.1.9 of [12] states that the square-root function is operator monotone, which implies that if
A > Bthen VA > V/B. Taking square-root, we have

ow

o2w otw
wiw, — (1+e)—-Id< \/ATA+(1+5) T <wf W1+(1+e)T (26)

O

B.2 Strong Bound

The weak bound does not provide useful information if ||W{ W1 ||,, << o?w. For this reason we

prove strong bound, which provide useful information if | W{ W1 ||, << o?w'*H for some constant
00 > 0. Recall that the evolution of weight matrix in gradient descent is given by the following.

d
%Wl( ) =Wy VC @27
%Wx ) =nVewY (28)

The goal of this section is to prove that

WIW, ~ VAT A + o4w?Il (29)
For simplicity of notations, we shall assume that C; = WlT Wi, Cy = WQWQT s C’l =
VAT A + o*w?I and Cy = VAAT + o*w?I. Tt is easy of see that C; and C5 are invertible.

Our main result for this section is the following proposition.
Proposition B.4. For every cost C we have

|[WIW, — VAT A + 04?1 ||op < min{O(ow) (w/ |wik W1||Op> (30)

Proof of Lemma|B.4]. : We start from the equations:

Wi (WS Wy = WaW)? — o*w?T| Wy = CF — ATAC, — C1AT A — o*w?Cy + AT Co A
Wo [(WiWo — WiWT )2 — o*w?I| W] = C3 — AATCy — C2AAT — o*w?Cy + AC1 AT

Our goal is to show that Cp,Cy are close to the solution C, = VATA ¥ c*w?l , Cy =
VAAT + o4w?] with

0=CF —ATAC, — CLATA — oGy + ATC,A

0=C3 — AATCy — CLAAT — 6*w?Cy + ACL AT

Apriori, the cubic equation for C; and C5 might have multiple solutions. We give an intuitive

argument explaining why Cy and (s are the correct solutions. By selecting a proper basis, we assume

A = diag(ay,...,aq) is diagonal. Assume that (W5 Wy — Wi W2 = o2wl. Also assume that C;

and C5 both commute with A. In this case the equations for C; and C5 reduces to cubic equation for

scalars. Let A1, ..., \g be the nvalues of C. Solving the equations for scalars, we have \; = 0
B.)

or £1/a? 4+ o*w?. By lemma|B.2/and lemma we have
WAWL (t) — Wi Wa(t) = WiW{ (0) — W5 W (0) = o®wPy — o®wPs + o(0?w).
Since W, W is positive semi-definite, all its eigenvalues are non-negative, and thus
WiWE () > (0*w + o(o?w)) P;.
Since the top w eigenvalues of W W is the same as the top w eigenvalues of W; W1, we conclude
that A; > o?w(1 + o(1)). This forces \; = \/a? + otw?.

Since C1, Cs are not assumed to be aligned with A, we cannot reduce the matrix cubic equations

into scalar cubic equations. The high level idea for proving dC; := C; — C; is small is the inverse
function theorem.
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1. Step 1: show that LHS of the equations are small.

2. Step 2: reduce the RHS of the equations to a linear function of dC; and dC'. The system of
equations is thus reduced to

small\| (= x\ (v]dCy
small ) = \x x ) \ul'dCy) "
The * matrix is now the "Jacobian" matrix, and u;, v; are left and right singular vectors of A.

3. Step 3: prove that the "Jacobian" matrix (I I) is strictly positive definite, thus proving

that v} dC; and u] dC5 have small magnitude for all i.

For gradient flow, W Wy — W W/ is preserved and there exists projections P; and P» such that
WIEW, — WiWT = o?w(Py — P1) + O(0%vwd). Therefore for every unit vector v we have

[T W [(WEWo = WiWT)? — oI Wi || < ||C|opotd2w?.
Substracting the second pair of equations from the first pair and denoting dC; = C; — C, we obtain:
d o a
[C1]opO(ctw? 4/ E) =} — 03— AT AdC, — dCLAT A — o*w?dCy + ATdC, A (31)

d A
[ Cal|opO(atw?y/ E) =03 - C3 — AATACy — dCo AAT — o*w?dCy + AdC1AT.  (32)

Now since
C3 — €% = C%dCy + C1dCLCy + dC, CF,

we substitute the above relation to equation [31]and obtain

[d . R
|C1 [|opO (o w? E) = (012 — ATA) dCy + C1dC1Cy +dCy (CF — ATA) —dCy + ATdC> A
(33)
= C1dC1Cy + dCy (CF — AT A) + ATdC, A, (34)

and similarly for equation [32] For any singular value s; of A, with left and right singular vectors
u;, v;, we multiply equation|34]to the left by v7, and divide both sides by o-w, to obtain an equation
for v}'dCy. Similarly, we obtain an equation for u? dCsy: for v} dCy and ul dCy:

2 T T 54 T
IC1lopO(0*Viwd) = w7 dCy (\/(J ) 10+ (-4 A)> + () uldcaa
1Cs]opO(0*Vwd) = ul dCs; \/( 5 ) F10+ (C —AAT) +( S )dec AT

op i i P 2 o2 ) Vi A4

Notice that 012 —ATA = WlT(W1W1T — WgWQ)W]_ = 0'211)W1T(P1 — Pg)Wl + HCl ||O(0’2\/ wd)
In the two equations above, by replacing C7 — AT A with o?wW{ (P, — P,)W;, we are making

an error of at most ||C1 ||op||dC1 ||OpO(\/%). From weak bound we know that ||dC1 ||, < O(0?w).

Therefore the error we made by making the approximation on the right hand side can be absorbed
into left hand side.

To show that ||[v] dC1 || and ||uf dCs|| are small, it suffices to show that the (diy, +dout) X (din +dout)
block matrix

(s
o2

)10 + W (P — P)Wy (22) A

2w

(535) AT mcz WPy — PYWE
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is strictly positive definite. This matrix can be further simplified to

(WIT o) V(=) + 1+ P — Py (5-)1 <W1 0T>
0 W, ()1 V) 1+ -p 0 Wi

The inner matrix can then be rewritten as RRT where R is defined as

\/\/ 97 +1+1P1+\/\/ 97 —|—1—1P2
\/\/ ;»w 1—1P1+\/\/ (%) y141P,

.The "Jacobian" matrix is then QR(QR)T. As described in the strategy,

W 0

0 Ws
we need to show that the singular values are strictly positive. The smallest nonzero singular value of
QR(QR)T is the same as the smallest nonzero singular value of (QR)TQR. We expand (QR)TQR
as follows.

Let Q =

(QR)"QR

= ( (ij)2 Y14 1) PWIWT P, + (

) PWIWTP,

. . 2
+< i )P2W1W1TP1+< ( i ) +1_1> PW WY Py
gcw gc“w
. 2
+< (aiw) +1+1> P, W2P2+< )P1W2 WPy
Si T Si 2 T
+(2 )P2W2W2P1+ (2 ) +1-1| PWIW,P,
w gcw

g
V(= )2+1+1 Py + Py)o?
ow (P 2)ow

+20y/ (U‘Zw)z r1- (Jslw))(PlWQ WaPy + BaWWE Py)

* (aiu) (WAWE + WIW, — a?wPy, — o?wPy) + O(c*Vwd)
S; 2 S; )
- (m"’ 1- (Ugw)> (P + Pr)o“w
S; 2 S; - .
* Q(W_ (sz))(lez WoPy + LW W] Py)
54
T (Uzw) (WAWT + WEWa) + O(0*Vwd).

where we used the fact that

WlWlT:P1+P1W2TW2P1+P1W1W1TP2+P2W1W1TP1+P2W1W1TP2.

The (din + dout)-th eigenvalue of the above is lower bounded by o2wy/ (UZ—lw)2 +1+ c%w —

o?w (-5=) > o%w. We conclude that

[d
1dC1lop + ldCallop < O/ ) Crllop,
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Compared to lemma lemmagives atighter bound on ||C; —C4 |op when [|C1 [|op < 02w \/g.

As suggested by an anonymous referee, it is possible to obtain the same approximated dynamics
of Ag(;) by imposing a non-homogeneous balance condition (in a different setup). Assume that

WAWT — WIW, = 20%wI. Then
C’12 +20%wC, — ATA = 0;
O3 — 20%wCy — AAT = 0.

Therefore C; = —o?w + VATA + c4w? and Cy = o?w + VAAT + o4w?. Substituting into
Gradient Flow equation, we have

dA
P —n(VAAT + 0*w?VC + VOV AT A + c*w?).

The advantage of the setup is that it significantly simplifies the proof. The The limitation of the setup
is that Wy W — WI'W, # o*w?I if the initial variance of entries of W; and W5 are comparable.
In this case, W1 W{ — W4 Wy will have w positive singular values and w negative singular values,
and the absolute value of positive and negative singular values are comparable. In the setup of our
problem, the variance of entries of W; and W5 equal.

C Gradient Flow Dynamics of A; in Active Regime

C.1 Saddle to Saddle Regime

Let A; have the following dynamics:

d2%At — (A7 — A\ JAT A + 0P + | A AT + o*uRT(A" — A),
The goal of this section is to prove that the singular vectors of A; is well-aligned with the singular
vectors of A*, throughout the Saddle-to-Saddle regime. In the rest of the section, we will assume the
dependence of A; on ¢ and use A to represent A;. If at initialization, A; commutes with A*, then
throughout the training, A, will always commute with A*. In this section, we use a delicate stability
argument to show that if A; almost commute with A* at the beginning of the Saddle to Saddle regime,
then it will continue to be almost commutative with A* throughout the training process.

Definition C.1. Define P; be the family of d x d matrices A that satisfies the following conditions.

o s > Co3uw, Sk+1 < C'o?w and <c< %for some d-independent constants c, C

and C'.

SK+1
SK

* Ifay > apy1, then sy, — spy1 > csy for some d-independent constant c.

SK+1 3
SK S Z

and sg > co®w. Let v > 0 be constant. Define Py(C,v) be the family of w X w matrices A

satisfying the following conditions.

Define PJ to be the family of w x w matrix A such that s — spy1 > §5k if agq1 < ag,
2

* (alignment of signals). Let A = USV™. Define
z=4K - > (U (k,k)U(k, k) + VT (k, k)V (k, k) + 2U (k, k)V (k, k)).
k:signal
Py(C, ) is the family of matrix A such that v < Cd™".
Theorem C.2. Assume that

dA
P?— =

dt

(A" — AV AT A + oc*w?l + / AAT + c*w?I(A* — A)

A(O) e PN PQ(C4,’7)
Let T = O(dlogd). ThenVt € [0,T), we have Ay € Py N Po(C,min(1,7)).
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Proof. A simple result of the induction lemma|[C.3] lemma[C.4] lemma|[C.6|and lemma|[C.7} O

We will use the following induction lemma to show that the singular vectors of A; are roughly aligned
with A*.

Lemma C.3. Assume that P; and P be families of increasing sets, and let P{ D Py. Assume that we
have a family of matrices Ay, 0 <t < T for some fixed number T. T does not depend on the family
of matrices. Assume that Ay € Py N P,. Let A[tl)tﬂ = {A4; : t; <t < t2}. Assume the following
are true.

1. If Ay, € Pi then there exists a constant € > 0 independent of Ay such that Ajg 4. C P;.
2. Lett) < to. IfA[Oytﬂ C P| and A[07t1] € P, then A[O,tz] C P
3. Lett) < to. IfA[O)t?] C P, and A[O,tl] € P then A[O,tz] C Py.

Then Ay € Prand Ay € P, VO <t <T.

Proof. Since Ay satisfies Py, use condition 1 we have Ay o) C P{. Using condition 2, we know that
Afo,e) C P2 . By condition 3 we know that A[o,e] C Pp and by condition 2, Ajg o) C P%. Iterate the
argument. O

Lemma C.4. If A, € Py, then there exists T = o2v/dwd ™" such that Apyr C PL

Proof. Let 0 < s < 7. Using the approximation in time [¢, s + ¢] we have

2% 1o (UTAVVE + rtw? 4 VS s PUT AV — 25V 4 ohe?)

dt

Forj=1,2,... . K+1,

ds;

2
ddt

< Cd(s; + o*w)

for some constant C' independent of w and A;. The conclusion follows from Gronwall.

Lemma C.5. Assume that

dA _
dt

& (A* — A+ E)WATA + 02wl + /AAT + oc*w?I(A* — A + E).

Then for signal k,

dZ%“‘[UT(’fa kU (k, k)] = tr[U" (k, k) > U(k, 5)D(j, k)]
7k
Here for j # k,
D(j,k) = R(k,j) ©® C(j,k) — R(j, k) © C(k,j)"

with C = UT(A* + E)V, Ryy = 22525 for 1 < pg < w, p # q and R(k,j) =

527

Ry ingir nyn; .o being the k, j-th block oflj%. ’
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Proof. Use SVD dervative.

% =U (F ® [UT‘Z‘VS + SVTdZTUD (35)
—U (F © [(UT(A* Y E)W — S)VS? + otw?S + /52 + olw(UT(A + E)'V — 5)5])
(36)
+U (Fo [VsT+auS(vT(4" + E)TU - 8) + S(VT (A" + B)TU - 8)V/5? + ohu?])
(37
U (F © [UT(A* + EYWA/S? 1 otw?S + /5% + otuw2UT (A" + E)VSD (38)

YU (F © [\/52 T odw2SVT(A* + BYTU + SVT(A* + B)TU/S? + 04w2D (39)

Let D = F© [U T%VS + SVT%U } Since F' is anti-symmetric and the term in square

bracket is symmetric, we know D is anti-symmetric. Then LfT[t] = UD. Let S = /52 + o2,
C=UT(A*+ E)V. Asaresult, V1 < p,q < w,

du, 1 - - - -
qu - Z UWW ((8¢8¢ + $r5q)Crq + (Sr8r + 878k)Chrygl

rir#£q r

Let R, = 528p¥5p%0 if p o4 g and Ry, = 0. Then

2 _ g2
SP Sq

dU . ) . . )
k)= D Uk.5) (R(k,j) © C(j. k) = R(G. k) © C (k. 5)")
J:i#k
D(j,k) = R(k,j) © C(j.k) — R(j, k) ® C(k,j)".
As aresult, for ng < p,q < ng41,
1d
**tT[UT(ka k)U(k, k)] = Z Upq Z UprDrq

2 dt
D,q€ [Nk, ME41)

= Z UpqUprDrq + Z Upq Z UprDrq

D,q,TE [Nk, Nky1) D,q€ Mk, MEk41) ré&[nK,mkt1)
- Z Upg Z UprDrq
D,qE€[NK,NEy1) ré&[ng,mrs1)
=tr[U" (k,k) Y U(k, ) D(j, k)]
ik
O
Lemma C.6. If Ay, ;,) C Pyand Ay, € Py(Cy, ), then
gdx
d U < —cdz 4+ O(Vdx),
where Ve = infte[thb] min( (8275;)(§§jz;)(5k+§j), (S’“*s]’)(jﬁfji)(g’“ﬁ”). In particular, A[thtz] C
k) kT 5;

Py(C,min(7, 1)) for some constant C. If v < 1 then we can take C = C4.

Proof. Use previous lemma. Let

w=4K - > (U (k,K)U(k, k) + V" (k, )V (k, k) + 2U (k, k)V (k, k)").

k:signal
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x measures the alignment of singular vectors of A with singular vectors of A*. From UU”T = I we
have
> Uk OUk, 0" =
¢

and for every j # k,
Uk, Uk, /)T < T —U(k,k)U(k, k)" < O(x)

In particular, |U(k, j)|lop < O(y/x). We first estimate C. Forall j = 1,2,..., w, aj # ak,

U AV (G, k) =UT (G, 5)S" (G, )V G k) + U (3, k)S* (k, )V (R k) + > U (5,0 S;V (¢, k)
0+£5.k
=U"(5,5)S* (3, 5)V (3, k) + Uk, )7 S* (k, )V (k, k)
+ O(dx)

(UTEV)(G, k) =Y U G, ) EG, L)V (e, k) + Y UL (G, 0) E(ly, k)V (k, k)
ZQ;ék‘ Zl;éj

+UTGAHEG RV (kK + Y UTG6)E(, )V (6, k)
bi#] LaFk

=0(Vdyz) + O(Vd) + O(Vdz)
=0(Vd)

D(j, k) =R(k,j) © C(j,k) — R(j,k) © C(k, )"
=R(k,j) © (U(5,7)"S*(4,))V (j, k) + R(k, j) © U(k, 5)" S* (k, K)V (k, k)
— R(j, k) © (V (K, j)S* (k, K)U (k, k) + V(43,5)7S* (3, )U (4, k)
+ O(dz + Vd)

By UU” = I we know that Y, U(j,£)U" (¢, k) = 0. Therefore

UG, DUk, §)" + UG, k)U(k, k)T + O(x) =0

U(j, k) = —O(x) — U4, 5)U (k, j) U (k, k).

Similarly we have for V,

U(5,9)"8*(5.5)V (5. k) + Uk, )" S" (k, k)V (k, k)
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d
dQ%tr [U(k,k)"U(k, k)]

=2tr U(k,k;)TZU(k,j)D(J k)

—2Ztr (k. k) TU k,3) (R(k, ) © (UG, )8 (G, )V (5 k) + Uk, 5)"S* (k, )V (. K)))]
- ZZtr (ks K)TU (K, ) (RG, K) © (V5. 0)TV (G RV (k K)TS™ (R, U (K, K)) |
+ ZZtr (k K)TU (K, ) (R(G. k) © (V5. )T (. DU (G, )U (k. ) U (k. K)))]

+O(dx2 +Vdz)

> =23 (87, ) R(E,5) + 8" (kKRG K or (U, 5)TU (k, )y tr(V G BTV (. )

J

+2 Z S*(k, k)tr[U (k, k) U (k, ))R(k, §) ® (U (k, j)TU (k, k))]
#2357 )er(U (ks k) U (R, )R, R) © (U (ks )T U (k. )]
+O(dz?) + O(Vdx)

We know that
(5™ (k, k)R(k,j) + 5 (4, 7)R(j, k) — [S*(4, ) R(k, j) + S*(k, k) R(j, k)|

. (sk = 87) (s + 85) (8K + 55) (Sk—sy)($k+5j)(5k+§j)
=min( 5 5 , 3 )
Sk—S] Sk—sj

>cd

for some positive constant ¢ independent of w. We conclude that

dQ%tr[U(k, k)TU (k, k)] > cdz + O(dz?) + O(Vdx).

The same trick applies to V. We similarly have

dQ%tr[V(k, E)TV (k, k)] > edx + O(dz?) + O(Vdx).

It remains to show that 4 ¢r[V (k, k)7 U (k, k)] bounded below.

dQ%tr[U(k,k)TV(k,k)] = tr[U(k,k)T%(k,k)] + tr[V (k, k)Til(t](k k)]
d d d
tr[V (k, k)T Uk, k)] =tr[U (k, k>T Uk, k)] +tr((V(k, k)" —=U (kak)T)aU (k, k)]

>r{U (k. k)Td UGk, K)] — IV (k) = Uk, B | UGk, )l e

>0(dz?) + cdx + O(dz?) + O(Vdz)
>cdx + O(dz?) + O(Vdz)

Similarly,

tr[U(k, k)T%V(l@ k)] > cda + O(da?) + O(Vdx).
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This proves that
d 3
d2di; < —cdr + O(dz?) + O(Vda). (40)

Observe that if x > d~1*¢ for some € > 0, then d“ < —5dx and therefore  decrease exponentially.

On the other hand, if z < d~'7¢ for some £ > 0, then ‘flf > O(V/dx) and therefore = might increase.

We therefore conclude that Ap, ;,; C Po(C, min(v,1)). O
Lemma C.7. Assume that Ajgy,) C P2(Cy,y) and Ajg ) C P1. Then Ajgy,) C Pr.

Proof. By assumption we know that to = O(dlog d).
ds

=10 (UT(A* + E)V\/82 4+ chw? 4+ v/S2? + c*w2UT (A* + E)V — 25v/S5% + a4w2)

d
dz% =2 (O(\/E) +0(d' ™) — 3K+1> \/ Sk 41 + otw?

1
sk i1(t2) — sr1(t)] < O(c*w(d™2 +d ") logd) << o*w
It remains to verify the gap between different families. Let T be the first time when || Ao, = 2575
and assume that ¢ < T'. Assume that a; > a;, then there exists some constant € such that

ds
& dt’“ (si(l—¢) — sp)sk

d .
P2 < (55(1+2) = 5,)(s; + 0%w)

An application of Gronwall inequality on s, and s; implies that there exists some constant § > 0 that

depends only on a;, ay, such that 22 (g < O(d~?). Next we deal with the case when t, > T. One

important observation is that the mf{t >T:s1(t) > W} — T = O(d), as a simple result of

Gronwall. Moreover, s2(T 4+ O(d)) < %sj(. This implies that s; — s > cs; for some constant c.
Repeat this argument for all remaining signal singular values completes the proof. O

C.2 First NTK Regime

At initialization, the singular values of A are of order o2v/wd by using Mechenko-Pastur law on
AT A, which is infinitely smaller than ow. As a result, there is a very short period when the dynamics
is very close to NTK. This section is again a delicate stability argument to show that at the end of the
first NTK regime, A; is almost commutative with A*.

Lemma C.8. Let t; be the first when the first singular value of A hits c®wd~ 5 for d = T2—. Then
Ay, € Py(C,min(3, %)) for some constant C.

Proof. We approximate the dynamics with NTK dynamics. Assume that

dB

d2
dt

=2(A* + E - B)o*w
with B(0) = A(0). Then
2% =2(B — A)d?w(A* + E — A)

+ (VAT A + o4w? — o%w) + (VAAT + g4w? — o?w)(A* + E — A).

A simple application of Gronwall inequality implies that

L o?w ‘ 02w7251( ) *
O R

A2, . ¢
<3 4 *7
o2w ld2?
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We first check Ps. Clearly, ¢; is of order d'~%. Then we have

140, = S0P wA]lop <247 A, lop + |5 0*wE o + O Viwd)
=(0(d*)+0(d" ) +0(d™ %)) A, [lop
By lemmawe have 2 < C'd~™"(3:3) for some constant C. O
Lemma C.9. Let to = cd, where ¢ is a constant to be chosen. Then
Ay, €PN PQ(C’,min(%)Z; L %)).
Moreover, there exists constants by = ... by, > by 41 = ... =byp, > ... =b,, = bk, such that
for a d x d diagonal matrix ¥ whose diagonal entries are given by by, ..., bx,0,...,0, we have

HAt2 - E||op < O(O’zw)df’"i”(wu’g_l,%)_

Proof. Attime ta, | B(t2)|lop = 2a1co?w(1 + o(1)). From previous lemma we know that

|| t”op * t

— <
|4 = Bllop(t) < 355 2.

Let t = to we see that ||| A(t2)]lop — | B(t2)|lop] < [|A — Bllop(te) < 2|‘A’2H°palc Therefore as
long as c is sufficiently small, we can guarantee that ||A — Bl|,,(t) < mm1<"<1’6é2’; 1=ax) | Bl[op(t).

This guarantees that the singular values of A grows linearly in [tq, t5], that s — sgy1 > csy if
ay, > ag+1 for some constant ¢, that s < %s x and that A, € P;. It remains to check that 4,,

satisfies Po(C, 7“’2_1 ). We are ready to use similar techniques as in 1emma All computation are
similar, and the only difference is that |R(k, j)| = O(";—K“’) We have

2 2 2

LU e, 1)U, )] > ¢z + O(de? T0) + O(Vdz )
dt SK SK SK

d 2
< o = (—cdm—l—dx%—i—vd:v)

dt ak (02wwt + o2wd~2)
Therefore Ay, 1,1 C P>(C,min(22=, 1)). Let v = min(22~", ). From lemmawe see that if
g, +1 < p1,p2 < ng, then |sp, — $p,| < O(d77)sk. Moreover the dynamics of sp,,¢ = 1,2 are

both given by
ds,,
2 4Sp; 1-
d di =2(0(Vd) + O(d* ") + axd — sp,)1 /52, + w2,

d|sp, — $p, | _
% <0(d 1)|3p1 = Spo|

|59 = Spa(t2) < O()]sp, — 5, |(t1) = *wO(d ™7~ 757).

Let b,,, = s;. By lemma[A.3] there exists a d x d diagonal matrix ¥, whose diagonal entries are given
byby=...=by, >...=by, >...=bg,suchthat | Ay, — ¥||,p < O(c?w)d"3. O

’Yw 1

D  The Gradient Flow Dynamics of Ay in Lazy Regime

In this section, we use a stability argument to show that if 02w is infinitely larger than d, then the
algorithm cannot converge.

Proposition D.1. With high probability, for all time t, || Agy) — A*||% > smin(||A*||%, | E||%).

Proof. In gradient flow dynamics, ||Ag) — A* — E||r is decreasing with time and therefore for
all time ¢, [|Ag(y)[l7 < 9([A*[[ + [ ElIF). In particular, [[Agllop < 9([A*[[F + [ E]F). By
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assumption, ||Cy — C1op < O(\/g) IClop = O(d\/g), and the dynamics of Ag(;) can be written
as
dA
d2T"t(” =2(A*+E - A)d’w+ (A*+ F — A)O(d\/%) + O(d\/g)(A* +E— A)

Assume that B(0) = Ay and

B
2 2(A* + E — B)o*w.
dt
Then
1 ,d . w
5@ 2 Ao = Bl = = 207w Ay = B +tr((A = B)" (A" + E = A)0(dy | =)

+tr((A— B)TO(d\/g)(A* + E - A))

d
< = 20%wl|Ag(ry — Bl + | Agr) — BllrO(d?y o)
This implies that for all time,

d d
Aoty — Bllr < dO(——1/—)-

2wV w

The dynamics of B is linear, and we have
B; = (A* +E>(1 _ e—QUz’U)t/dz) +Boe_202wt/d2.
HBt*A*”%‘ _ H67202t/d2A*+(1767202wt/d2)E+B()67202wt/d2||%7 > 0.99”67202t/d2A*+(1767202wt/d2)E”%
Let P be the projection to the image of A*. Then with high probability,
2 2 2 2 2 2

HBt 7A*||%; :||672U wt/d A* + (1 76720 wt/d )E+306720’ wt/d ||§7

20.99||67202t/d214* + (1 _ 67202wt/d2)E||2F

=0.99||e 207wt/ g* 4 (1 — 20 WY PR||2 4 0.99]|(1 — 27 YT — P)E||%

1 . N
> min([| A" (%, | BII7)

Since || Ag() — B3 = o(d?), we have

140ty = A"lI7 > gmin((|A"|[7, | EII7)

E The Gradient Flow Dynamics of Ay in Active Regime

In section [C] we proved stability for gradient flow dynamics for A;. In this section, we prove similar
stability statements for Ay ), using the approximation results from section@ We also summarize the
behavior of Ay in section

E.1 Saddle-to-Saddle Regime
The goal of this section is to show that at the end of the first NTK regime, the singular vectors of Ag ;)

are roughly aligned with A*. Moreover, the alignment remains to be good throughout the mixed
regime. The following generalization of lemma[C.6]and lemma C.7) will be useful.
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Lemma E.1. Assume that A, C Prand Ay, € Py(Cy,7). Let s}, ..., s be the first K singular
values of A’. Assume that the dynamics of A’ is the following.

/
2 (4 B A)WATA T o+ JAAT + o (A" + E — A)

dt
+O(d s ) (A + E— A) + (A" + E — A)O(d *sh)

Here, O(d=*s) is a matrix whose operator norm is bounded by O(d~*s}.). Then Ay, 1, C
Py(Cy,min(,1,2X)).

Proof. Let A’ = USV™T. Computing the SVD derivative for A’, we have

dQ% =U (F@ [UTA*V\/S2 + odw2S + \/52 +U4w2UTA*VS:|)

YU (F ® [\/52 Folw2SVT AU + VT A*USV/S? + U4w2D
+U(F o [O(skd M) (UTA*VS + SVTA*U — 25%)])

Assume that a;, # ay. Notice that
F(O(spd™MUTA*V ) e = O(d* =)
Using the same technique as[C.6] we have

1 2 d T
5 & 2 trlU(k, B) Uk, )]

>cdz + O(dz?) + O(Vdx)
+tr[U(k, k)" Uk, §)(F© [O(sgd ) (UTA* VS + SVTAU - 25%)])]
Jj#k
>cdx + O(dz?) + O(d ™ Vz) + O(Vdz)

Similar conclusion also holds for tr[U (k, k)T V (k, k)] and tr[V (k, k)T V (k, k)]. We conclude that
d
d?di; < —cdz + O(dz?) + O(d' V) + O(Vdx),
and Afh,tz] - PQ(C4,min(7,1,2)\)). O

Lemma E.2. Assume that A[thtz] C Py(Cy,v)and Ay, € Py. Let sy, . .., s be the first K singular

values of A’. Assume that the dynamics of A’ is the following.
dA’

d*— = (A*—ANVWATA + g T4/ A AT + ghw?(A*— A)+0(d " sh ) (A*— A)+(A*— A)O(d sy

Here, O(d~"s') is a matrix whose operator norm is bounded by O(d~*s’). Then Ay, ,,) C Py.

Proof. Proceeding as in lemmal[C.7} we have
ds _ _
deftp = 2(0(Vd) + O(d* ™) + apd — sp)(y/52 + o4w? + O(d*)sx)
if p is a signal, and

d
dQ% = 2(0(Vd) + O(d") = sx11)(y/ 5% 41 + otw? + O(d7)sx).

Now the conclusion follows from Gronwall. O

Theorem E.3. Assume that Agy C Py N Po(C,7y). Then Ay C P10 Po(C,7') for some
constant 7'
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Proof. We use induction lemma|[C.3]to prove the theorem. For the first requirement, notice that for
every:=1,2,...,w,

ds;
=
dt

< 4] A3,

2 /wd .

If Ag(yy € P1,then Ay 4. C Pl for T = CW. Here c is some small constant that depends
op

only on Py. This proves the first requirement. For the second requirement, we observe that Ay

satisfies the dynamics described in lemma E.1 at each stage, as long as ||} — C1||op < O(sxd™>
for some A > 0. It suffices to show that there exists some positive A independent of w such that

|Cy — Cillop < O(d™*sk) in [0,T]. Let Ty be the first time when || Al|,p, = o?w. In [0,73], all
singular values are of the same order. Therefore

1C1 = Cillop < O ||01||\/ O(sed™™57).

[T1,Ts], we have

Now let T be the first time when s; = o2wd™

Jw—1

. d
1C1 = Chllop < O(IIClll\/;) <O(sgd™ 1)

Therefore we can pick A = %¢. During [T1, T3], we have s (0) > cow for some constant ¢, and

Moreover, since deditl < (2a1 — s1)(s1 + o?w), we have Ty, — T > clo% for some c. Therefore
we have sy (Ty) > o?wd~" for some constant v > 0. Now in [Ty, 7], we have weak bound

[C1 = Cllop < O(c®w). We can therefore pick A\ = v for [Ty, T). The third requirement is verified
in lemmalE.2l O

E.2 First NTK Regime

Asin Ay, we need to show that at the end of the NTK regime, Ag(;) must be in Py and . Based on
what we already have for A,, this conclusion follows from Gronwall.
Lemma E.4. Assume that Ay = Ag(. Let T{ be the first time when || A¢||op + || Ag(t) | op reaches
o?w. Then

| A7y = Agry llop < O(0*Vwd).

In particular, Ag(r;y € Pr N Py(C, min('y“’g_l, 1)

Proof. From dynamics of A; we see that 7] < < for some constant c. The dynamics of A; is the
following.

dA . "
Pt (A - AWAT A, + 02wl +\JAAT + 0w I(A" — 4y).
The dynamics of Ag(;) can be written as follows.
dApy 4w \
d27 =(A* — Ag(t))\/Ag(t)Ag(t) + otw?l + \/Ae(t)Ag(t) + 04’LU21(A — Ag(t))

+O0(0*Vwd) (A" = Agpy) + (A" = Ag(r))O(0” Vwd)
Observe that
148y Aoty — AT Allop <[1AG(e) (Aacry — Adllop + | (Aary — A0) T Aellop
<o w||A9(t) — Al op-
This implies that we have the following inequality on positive definite matrices.

AT Ay — o w|| Agsy — Adllop] < AQT(t)A(,(t) < AT Ay + 00| Agry — Abllopl
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Assume that A, = USVT, then

I \/Ag(t)Ag(t) + otw2] — AT A + ohw2I|),,

<l otw?l + AT Ay + 0wl Agry) — Atllop] — \/04w21 + AL AL — o%wl| Ag(r) — AtllopT llop

=/ w2 + %w|| Agiry — Ayl|opl + S — \/a4w2I — o%w|| Aoy — AllopT + 5%[lop

=max; <\/a4w2 + 57 + o2wl|Agy — Atllop — \/0'4U)2 + 57 — 0wl Ag(r) — At||op>
§3|‘A0(t) - At”op
We can control the difference between A; and Ag(y).
d
dQ%HAt — Ag(nyllop < O(d)||Ar — Ayl + O(d)O(0*Vwd)
Gronwall inequality implies that
Az — Agerpllop <O(0*Vwd)

We check that Ag(qy) satisfies the P1. Since | A7y — Agiryllop < O(0?Vwd), || Agiryllop > $0%w.
Let 0j(A7;) and 0(Ag(7;)) be the j-th singular value of A7y and Agry). If a; # ax, j, k < K,
then |0 (Ar;) — ok (Aqy)| > co®w, and therefore

|05 (Ao(ry)) — ok(Agrn))| = cow + O(0?*Vwd).
The noise is clearly of order O(c?>v/wd). This completes the verification of P;. By lemma

Jw —1

| Aocrr) — 2llop < o2wO(o2w)d~"n(*5— 1), By Lemmawe are done.

O

E.3 Summary of Approximate Dynamics of Ay, at Each Stage

In previous sections we have proved that Ay, satisfies P, and P,(C,~) for some v > 0. The P,

and P»(C, ) property actually implies that the dynamics of Ag(;) is such that each group of singular
values evolve independently. We state the approximate dynamics for each stage of the dynamics, and
show that the alignment will be improved, if the alignment is not already good enough.

¢ Initialization. At initialization, Ag(o) is a random matrix. The mean of each entry is 0 and
the variance of each entry is o2,/w. The gap between singular values is infinitely smaller
than the magnitude of singular values, and the singular vectors are not aligned with A*.

« Initialization to || Ag(;)||op = o?w. Let T} be the first time when || Ag(4) [|op reaches o?w.
[0, T1] corresponds the very short NTK regime for the signals, and the dynamics of Ag(y) is
approximately linear. The evolution of signal singular values are roughly linear (i.e., bounded
above and below by linear functions), and at 77, we have Ag(1,) € Py (C, min(”’“’Tfl7 i))
Since the singular values grows roughly linearly, 77 = O(d).

1

* [ Aoy llop = 0w to [|[Ags) llop = 02w (%) *. Let T3 be the first time when || A [|lop =

1
o2w (%) 1. [T1, T3] is the early stage of saddle-to-saddle dynamics. The dynamics of s; is

given by
ds;
205 _ 50 oV )62 4 g2
d o = 2(a;d(1 + o(1)) — s;)1/s7 + o4w?(1 + o(1)).

NG

. 1 _
By theorem 1, we have ||Cy — Ct|lop < 02w (%) *. Letd 0™ = o?w (%) *, we have
= va—l_ By lemma 4,1, the dynamics of x satisfies
d w=
deit” < —cdz + O(dz?) + O(Vad = ™) + O(Vdz)

with z(Ty) = 7"”2_1. We conclude that

Jw =1

2(Ty) < O(d~ ™%

).
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o Aoty llop = 0w (%) to sx(Agn)) = 3axd. Let T3 be the first time sk (Ag)) =
%aKd. At time T5, we have sx > o2wd? for some § > 0 that dependsonly on ay,...,ax.

Then we have R
ICy = Cillop < O(sxcd™),
d .
d2ditc < —cdz + O(dz?) + O(v/zd %) + O(Vdx).
We conclude that z(T3) = O(d~2%). The dynamics of s, is given by

ds;
2 %91 . —20\\ _ o. 2 4,2 —26
d 7 =2(a;d(1 +0(d™°)) — s;)1/ 87 + ctw?(1 4+ O(d™*%)).

ds;
si(a;d —s;) < d2d—st < 2(a;d + Cd' =2 — 53)(s; + o?w).
The bounds on Cf;; implies that
dlog wcd 1= o2 — Y
Ty T = 280w 4 o) = — 7 " glog d + O(d).
aK aK

Final Stage. Let t > T5. Since sz = O(d), we have

C—C <0 o*w — O(spdlortrw—1y.
[C1 = Cillop < O(sk 7 ) = O(skd™ );

dQ% < —cdz + O(dz?) + O(Vzd'=>T7) + O(Vdz).

Recall that the constant c in term —cdx must satisfy
(8% —87)(sk +85) (8, +85) (56— 85)(s), + 87)(8k + 55)

c < gmlnk,j:ak#aj( s2 _ g2 ’ $2 — g2 )
kTS5 kT

As a result, we can take
i . a2
MiNg j:a;#a; lax — a;lag

Maxy, jiay #a; |0 — a?|

c=c(ay,...,ax) =

Let ¢’ be a large constant such that if + > ¢/(d~! + d2(762+%_1)), then % <

—clavenar)d ) [t Ty be the first time when z < ¢/(d~! + d2(e2t7w=1) after

2
Ts. Then Ty — T < —%log(d_l + d?(e2 7w =1) 4+ O(d). Moreover, for
dz

every t > Ty, x cannot b(e larger than ¢/(d~' + d?(-2+t7w~1)) because S < 0if
z = (d~' + d?0e2tw 1) After T}, the dynamics of each singular value is given
by

dSi
dt

Let T} be the first time after Ty when |s; — a;d| < O(d~! + d?Oo2+7w=1)) log d. Then

d2

=2((1 4+ O(d™ + d?2 T2 =D))a;d — 5;)s;(1 + O(d? o2 Trw=D)Y)

max(—1,2(v,2 + Y —
QaK

1
Ty — Ty < — ))dlogd—I—O(dloglogd).

We conclude that at time

— 1 — Yoz — Yo N 2max(1,2(—yo2 — Y + 1)) n max(1, 2(=Yo2 = yw + 1)) dlogd
aK C(a1,~--,aK) QClK
+ O(dloglogd)
we have

1’(T*) < O(dmax(71,2(762+7w71))>,
A@(T*) S PQ(C, max{l, 2(1 — Vo2 — ’yw)},

and
|s:(T*) — a;d| < O(d™ + d?O2F7w =D logd
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E.4 Analysis of Testing Error

In section we proved that Ag(;) is almost aligned with A* throughout the training. With the

alignment in hand, we are ready to give a time to stop training and the testing error at the end of

training.

Theorem E.S. Assume that Ag(;) follows the gradient flow dynamics. At time

T — 1 — g2 — Yo n 2max(1,2(—Yg2 — Y + 1)) n max(1,2(—yo2 — Y + 1))
o ax clay, ..., ax) 205

the testing error

| Agire) — A*||% < O(0*wd?) + O(ow? log? d) + O(d?) + O(c*wd)

> dlog d+0O(dloglogd),

Proof. Let Pk be the projection to the largest K singular values. Then
Aoy = A*|[% < 1P Aoy — A”II% + (1 = Pr) Ao 7

Let s1,...,54 be the singular values of Ag(y. Then ||(I — Px)Agw |7 = Y s KA1 s2. The
derivative of s1, ..., sq reads -
ds

= =Ie (UT(A* + E)V\/82 4 ctw? 4+ v/S? + c*wUT (A* + E)V — 25v/8% + 04w2>
+I0 (UM(A* + BE)VO(c?w:) + O(c®w1)UT (A* + E)V — 250(c%w1))

If p> K + 1, then s, < C’o*w for some constant C’, and

dt

dsp

d2
dt

< |(UTA*V)pp + (UTEV),,|O(cw).

d i} §
an Z 812) = Z Sp Z UgpVapA* (qq) + (UTA*V),, | O(0”w)
P

p>K+1 q<K

SZSP Z|qu\|%p|0(d)—|—0(\/&) O(o*w)

g<K

<> (Zsi) <Zqu|2> max,|V,,|O(c?wd) + (Z}g) O(c*wd)

g<K \ p P
< (Z sg> (O(d* 7o*w) + O(c*wd))

‘We conclude that

d
dQ%H(I — Px) Aol r < O(c*wd),
which implies that
logd
(I = Px)Apsllr < VdO(o*Vwd) + O(c*wd O;gi ) = O(o®/wd + o*wlog d)

(I = Pr)Agy |3 < O(0*wd? + o*w? log® d)
Next we estimate || Px Ag() — A*||%. Notice that || P Agy — A*[|7 = 32, ; [ PrcAgy (i, 5) —
A*(i,5)||%. If i # j, then A*(i,5) = 0, and

| Prc Agiy (i ) |7 < Z U (i, )% 1S (R, )V (. k)T (|5
k:signal, k#1
+UGNSG DI+ VG R IF
<O(zd?)

36



Ifi =j =m+ 1, we also have A*(m + 1,m + 1) = 0, and
1Pk gy (m + Lm + D[ < Y O@)|U(m+ LE)E +|V(m+1,k)|7 < O(d*x)
k:signal
Now assume that ¢ = j are both signals. Then
1Pic Aoy (i 3) = A* (6 )T <NU G 9)(S (i) = S*(10)VT (i) | + Od) UGV (i) = 1]
<O(d™" + a2t =) log d + O(d*/x)

Since there are only finitely many blocks in total, we conclude that at time 7™,
HAQ(T*) — A*H% < 0(0_4wd2 +0_4w2 10g2d+ dQO(dmaX(*%7('Y<,2+Vw*1)))) + O(d*l + d2(702+7’”’71))10gd

|Ag(re) — A*|% < O(0*wd?) + O(o*w? log? d) + O(d?) + O(o?wd) 1)

O

F Gradient Descent Dynamics and Proof of Theorem 2|

In this section we prove that gradient descent dynamics of Ay is well-approximated by gradient
flow dynamics of Ag(y).

F.1 Gradient Descent vs Gradient Flow

To study the dynamics of A; under gradient flow, we show that if the learning rate is small enough,
then the gradient flow dynamics will be close to the gradient descent dynamics.

Lemma F.1. Assume that A is a matrix (not necessarily square matrix). F is a function: R4m 4 —
RY™ A The norm || - || satisfies || AB|| < || A||||B|| for all A and B. In particular, operator norm
and Frobenius norm satisfies this property. Assume that sup 4 ||F(A)|| < Cy and |VF|| < C4 for
some constant. Consider gradient flow dynamics and gradient descent dynamics.

Gradient Flow: % = F(Ay)

Aa((k+1)n) — Aa(kn)
n

Gradient Descent:

= F(Aq(kn))

Assume that A;(0) = Aq(0). Then

1
f— Aqll(kn) < nC1)" " —1)znCo
[Af = Agll(kn) < ((1+nCy)** 1)5nC

Proof. Notice that we have

Ap((k+ 1)) — Ag(kn) = / " F(Ap(kn + 0)dt

(A = Aa)((k +1)n) — ((Af — Aa)(kn)) = /0?7 F(Ap(kn +1t)) — F(Aa(kn))dt

/0 " F(Ag(hn + 1)) — F(Aq(kn))dt = / " F(Ay(kn + 1) — F(A;(kn))dt

+n(F(Ag(kn)) — F(Aa(kn)))
Let G(t) = fg F(Af(kn+ s))ds. Then

[P+ ) = P )t =Gln) = 6(0) 06 ) = 5766

1 ,d
:§n2$|t:£F(Af(k’7 +1))
1 ,0F d
=37 M(Af(kﬁ + f))a\tzﬁAf(kW +1)

:%n2g—i(Af(/€77 + ) F (A (kn + )
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I [ Fs o +0) = At < 3P CoC
0

nll(F(Ay(kn)) — F(Aa(km)|| < nllVE|[[Af(kn) — Aa(kn)|| < nCi[|Ag(kn) — Aa(kn)||
We conclude that

[A((k+1)n) = Aa((k + D)n)|| <(T+nC)[|As(kn) — Aa(kn)|| + %1720001

Ay — Aall((k +1)n) + 7700 <A +nC)([|Ay — Aall(kn) + 7700)
<(1+nCy)* 57700

1
47 = Ad(hn) < (140 = 1) 2nC

To apply the lemma above we need to prove that || Ag(4)[|% < O(d?) throughout the training.
Lemma F.2. For both lazy and active regime, we always have ||Ag |7 < 10(||A*||% + ||E[|F)
throughout the training.

Proof. The gradient descent dynamics of Ag(;) is given by

Ag(e1) — Aoy =nd (A" + E — Ag(y)C1 + Co(A* + E — Ag(y)).

tr((A* + E — Ag1)) (A" + E — Agri1)) — (A" + E — Agr)) T (A" + E — Apyy))
=—2tr((A* + E — Agt)))" (Ao+1) — Aaw))) + [l Aoe+1) — Aoyl
< —2md ?tr((A" + E — Ag))" (Cr + Co)(A* + E — Agyy)) + n°O(d?||CHI2,)

From theorem 2, we know that C + 02 > Lo?wl. Therefore tr((A* +E — Ag)) T (Cr+ Ca) (A* +
E—Agn)) 2 |[A*+E— A t)|| 30 w > cd?o?w for some constant c. Therefore for the lazy
regime, we always have | A+ E — Ag( | E(t+1) < [|A*+E — Aoy | F:(2) if 5| A*| 5+ E[|F) <
% < 7(l1A*|1% + | E||F), which implies that || Ag()||3 < 10(||A* |3 + || E||7,) for all time.
For the active regime, we have

|A* + B — A |t +1) = |A" + B = Agey | £(8) < n*O(1).

Since the training has at most O( ~) steps, we see that V¢, [|A* + E — Ay |12 < 2(| A*[% +
1BI13) + OGT*) < 10(|A4* % + | E]2). =

Proof of main theorem. We first consider the active regime. It suffices to consider the error from
considering gradient descent, rather than gradient flow. To apply lemma[F1] it is more convenient
to consider the dynamics for W7 and Wa. By lemma G.2, |W{f W1||% + [WaW{ |2 < O(d?) and
[Willop + |Wallop < O(V/d). The gradient flow dynamics of [W;, W] is given by

<l

dt
Let F([Wy1, WY]) = d2[WL'(A* — WaWy), Wy (A* — WoW;)T]. Then sup, |F(Wy, W) ||F <
O(d~2). Computing the differential of F', we obtain that

dE([Wy, W) = d=2[ — dWI(A* — WoWy) + WL (—dWaWy — WadWy),
— AWy (A* = WoW)T + Wy (—=dW Wy — W dWs)]

Wi, W = d 2 (W (A* — WoWy), W (A* — W) T).

and therefore ||V F| r (d_l). In the active regime, the total number of training steps is
n~1O(dlogd) By lemma
flow descent * -1 _1yy Qdlogd) 1
Wi — Wi [P(T7) < O(nd™2)((1 +10(d™"))" 7 = 1) = O(nd" 2 logd)
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and the same holds true for W5. We conclude that

low low escen escen
(Wt — wglescentyyflescent||
escen escen 1
(WS o + W™ |0)O(nd ™2 log d)
=0(nlogd)
145" — Ageeeent |5 < O log? d).

In the lazy regime, from strong bound we have

WEW, =1 +0(/ g))\/a‘lwgl + AT A.

Therefore [Willop, < O(oyv/w), sup, |[F((Wi, Wi )lr < d2(|[Willop + [[Wallop)O(d) =
O(d"'o/w). Similarly, [|VF||p < d20(|A* = WaWilp + [Wall[Willr) = d~20(cw).
By lemma , at time M’

7JJ

100d2 log d 10042 log d

Wt —pescent| (<2008 < O(nd Lo /@) (1470(d2o%w)) 5t 1) = Ond " o/wlog d)

g

‘We conclude that
||W2flowW1flow o Wéiescentwldescent”F
(W op + W | 0p) O(nd ™' or/wlog d)
=0(nd~to*wlogd).
||W2flowW1flow _ W2descentW1descent”F S O(n2d—20_2w 10g2 d)
Recall that in lemma D.1 we proved that
1AS " = Bill = o(d?),

0(t)

and at time 100%, | B;— A* — E||% < d~°°, which implies that || Agesee™ — A* — E||2. < o(d?).

Before this time, we have || B, — A*||3. > imin(||A*[|%, || E||%). After this time, we have

tT((A* +E— Agft‘;iel?t)T(A* +FE— Ag(etsielstt) _ (A* +E— Adfs)cent) (A* +FE— Adt(ets)cent))
= —2tr((A* + E — Ageyem)) T (AGEESS" — AGey ™)) + 14§D — Agey ™[I
< —2nd*tr((A* + FE — Agftsce”t) (C1+Cy)(A"+ FE— Agff)‘e"f))

+n tr((A* + E — Ay T (100w ) (A" + E — Ageye™))

— (2020 — 0nP* )| A° + B - Al
Therefore ||A* + E — Agff)ce”tﬂ 2 is decreasing and therefore |Adeseent — A*||2 >
tmin(||A*[|%, | E||%) for all time.

O

G Experimental setup

We now describe the experimental setup for the experiments shown in Figures[I|and[2} For all the
experiments, we used the losses

1 . 1
Lunin(6) = =5 [[4p — (A + B3 Lew(d) = =

where E has i.i.d. N(0,1) entries, A* = K~Y/25"% w07 with u;,v; ~ N(0,1ds) Gaussian
vectors in R?. This means that RankA* = K. The factor K~ 72 ensures that ||A*||p = ©(d).

|4g — A"
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We then either run the self-consistent dynamics (equatlon (1) or gradient descent (equatlon @).
Following Theorem L we take a learning rate = cuw? fory,2+v2 > 1,and n = AT A* I otherwise,
where c is usually 50 but can be taken to be 2 or 5 for faster convergence at the cost of more unstable
training.

For the experiments in Figure [T} we took d = 500 and K = 5. For the experiments in Figure
[2l we took d = 200 and K = 5. For making the contour plot, we took a grid with 35 points for
Y2 € [—3.0,0.0] and 35 points for ~y,, € [0, 2.8]. For each of the 352 pair of values for (V,2,Vw),

we ran gradient descent (and for the lower right plot the self-consistent dynamics too) until the train
error converged. For all the runs, we took the same realizations of A* and F.

All the experiments were implemented in PyTorch [40]. Experiments took 12 hours of compute,
using two GeForce RTX 2080 Ti (11GB memory) and two TITAN V (12GB memory).

NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The contribution section accurately describes our contributions, and all
theorems/propositions are proven in the main or the appendix.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss limitations of our results and approach after we state them.
Guidelines:
* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.
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* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used
by reviewers as grounds for rejection, a worse outcome might be that reviewers
discover limitations that aren’t acknowledged in the paper. The authors should use
their best judgment and recognize that individual actions in favor of transparency play
an important role in developing norms that preserve the integrity of the community.
Reviewers will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: All assumptions are stated in the Theorem statements.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the
main experimental results of the paper to the extent that it affects the main claims and/or
conclusions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The experimental setup is described in the Appendix.
Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all
submissions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?

Answer:

Justification: We use synthetic data, with a description of how to build this synthetic data.
The experiments are only there for visualization purposes, we see no particular need to
publish it.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to understand
the results?

Answer: [Yes]
Justification: Most details are given in the experimental setup section in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
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Answer:

Justification: The numerical experiments are mostly there as a visualization of the theoretical
results, our main goal is therefore clarity, which would be hurt by putting error bars
everywhere.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars,
confidence intervals, or statistical significance tests, at least for the experiments that
support the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed to
reproduce the experiments?

Answer: [Yes]
Justification: In the experimental setup section of the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We have read the Code of Ethics and see no issue.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
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10.

11.

12.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is theoretical in nature, so it has no direct societal impact that can
be meaningfully discussed.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Not relevant to our paper.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: We only use our own synthetic data.
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13.

14.

15.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Not relevant to this paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

45


paperswithcode.com/datasets

Justification: Not relevant to this paper.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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