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Abstract001

On-policy distillation (OPD), which sam-002
ples trajectories from the student model and003
supervises them with a teacher at the token004
level, avoids relying solely on verifiable ter-005
minal rewards and can yield better general-006
ization than off-policy distillation. However,007
OPD requires expensive on-the-fly sampling008
of the student policy during training, which009
substantially increases training cost, espe-010
cially for long responses. Our initial anal-011
ysis shows that, during OPD, training sig-012
nals are often concentrated in the prefix of013
each output, and that even a short teacher-014
generated prefix can significantly help the015
student produce the correct answer. Moti-016
vated by these observations, we propose a017
simple yet effective modification of OPD:018
we apply the distillation objective only to019
prefixes of student-generated outputs and020
terminate each sampling early during dis-021
tillation. Experiments on a suite of AI-for-022
Math benchmarks show that on-policy pre-023
fix distillation achieves performance close024
to full OPD while reducing training cost by025
one to two orders of magnitude. 1026

1 Introduction027

As large language models (LLMs) continue to028

scale in size, model compression (Buciluǎ et al.,029

2006) becomes increasingly important for de-030

ploying LLMs to real-world applications where031

resources are often limited. Knowledge distil-032

lation (Hinton et al., 2015) is a widely-used033

technique in machine learning for compressing034

a large teacher model into a smaller student035

model while retaining the teacher’s capabilities.036

In the context of LLMs, distillation is typ-037

ically performed via supervised fine-tuning038

(SFT), where the teacher first generates a fixed039

set of off-policy token trajectories and the stu-040

dent is trained to imitate these outputs through041

1Our code is available in the attachment.

next-token prediction (Kim and Rush, 2016; 042

Radford et al.; Wei et al., 2022; Ouyang et al., 043

2022). Despite its broad adoption, this ap- 044

proach has a notable limitation, known as the 045

exposure bias problem, where the training is 046

exclusively using the teacher-generated data, 047

therefore the student rarely learns from its own 048

induced states which leads to error cumulation 049

during test time (Lin et al., 2020). Such mis- 050

match could degrade generalization (Chu et al., 051

2025), cause catastrophic forgetting (Luo et al., 052

2025b; Kalajdzievski, 2024), and increase hal- 053

lucination rates (Gekhman et al., 2024; Kalai 054

et al., 2025). 055

On-policy learning (Williams, 1992), a 056

paradigm long studied in reinforcement learn- 057

ing (RL), has recently gained attraction for 058

training and aligning LLMs due to its strong 059

generalization capabilities. However, these al- 060

gorithms often require full rollouts of the cur- 061

rent policy to obtain verifiable rewards (Lam- 062

bert et al., 2024). When model outputs are 063

long, such as in tasks involving deep, multi- 064

step reasoning, this training process becomes 065

prohibitively expensive. 066

On-policy distillation (OPD) (Lin et al., 067

2020; Gu et al., 2024; Ko et al., 2024; Agar- 068

wal et al., 2024; Lu and Lab, 2025) addresses 069

key limitations of both issues from SFT and 070

RL by minimizing the divergence between poli- 071

cies of student-generated outputs (SGO) and 072

a teacher at token level. While OPD often 073

exceeds the performance of SFT with lower 074

training costs, each update is still expensive: 075

Rather than reusing trajectories from a static 076

off-policy dataset, to preserve the on-policy 077

property, OPD requires generating fresh roll- 078

outs on the fly to maintain the on-policy prop- 079

erty, and in reasoning-heavy tasks, these solu- 080

tion trajectories can span tens of thousands of 081

tokens. 082
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Figure 1: On-policy prefix distillation backpropa-
gates gradients only through the first few tokens of
each student rollout and the sampling stops early
during training. During test time, the student con-
tinues to generate until the final answer.

One natural idea is that, since OPD receives083

token-level feedbacks, we do not need to wait084

until the end of each rollout. This insight raises085

our central research question: Can we pre-086

serve the benefits of on-policy distillation087

while only supervising the prefix of each088

student trajectory, thereby reducing the089

training cost?090

To answer this question, we first need to091

validate the following two assumptions: (1)092

prefixes of on-policy rollouts should be criti-093

cal during OPD, i.e. they should receive more094

training signals from OPD than the rest of095

the trajectory, and (2) once the prefix is well096

aligned, the student model should be able to097

complete the remainder of the reasoning and fi-098

nal answer without additional supervision. Our099

experimental analysis in Section 2 provides em-100

pirical evidences supporting these assumptions.101

We then conduct more extensive experiments102

across multiple math-reasoning benchmarks.103

The results demonstrate that on-policy pre-104

fix distillation can effectively improve the stu-105

dent’s performance after only a handful of gra-106

dient updates, while reducing the training-time107

compute by one to two orders of magnitude.108

2 Preliminary Study109

In this section, we first describe the learning110

objective of on-policy distillation. Then, we111

provide experimental analysis to validate the112

idea of on-policy prefix distillation.113

2.1 On-policy Distillation 114

On-policy distillation generalizes classical off
-policy knowledge distillation that at each iter-
ation the student policy πs gathers data and is
updated to maximize the similarity to a fixed
teacher πT using Kullback–Leibler divergence:

min
πs

{
KL(πs ‖πT )

}
.

We choose to use the reverse KL divergence 115

because it encourages the student to assign high 116

probability to teacher-preferred actions, reduc- 117

ing opportunities for reward hacking, which 118

often happens when using forward KL. Its 119

mode-seeking nature also reduces the risk of 120

spreading the student policy over many sub- 121

optimal options(Gu et al., 2024; He and Lab, 122

2025) 2. In addition, though previous work 123

(Agarwal et al., 2024) also allows using a mix- 124

ture of forward and reverse KL, it shows that 125

for arithmetic reasoning, such Jensen shannon 126

divergence could lead to less optimal perfor- 127

mances. 128

To avoid storing the complete logits over 129

the whole vocabulary for each token in the 130

trajectory, we adopt the following unbiased 131

estimation via sampling: 132

KL(πs ‖πT ) = Ex∼πs

[
log πs(xt+1 | x1, . . . , xt) 133

− log πT (xt+1 | x1, . . . , xt)
]

(1)
134

Because the expectation is taken over the 135

student’s own state distribution, OPD avoids 136

the distributional mismatch that plagues off- 137

policy imitation and yields gradients aligned 138

with the deployment policy. 139

Optionally, a student can also leverage off- 140

policy training data, receive rewards from en- 141

vironment or use entropy loss / KL regulariza- 142

tion to its old policy for robustness and specific 143

downstream needs. However, in this work we 144

do not explore these losses for simplicity and 145

focus on the on-policy distillation component. 146

Note that, to correct the off-policy issue due 147

to floating-point non-associativity (He and Lab, 148

2We use AI4Math benchmarks in this work for evalu-
ation, and often a math problem can be solved by more
than one solution path. For example, in Appendix E,
we show that AIME-2024 has approximately 5.4 unique
solutions per question.
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2025), we follow Lu and Lab (2025) 3 and adopt149

importance sampling during policy gradient.150

Next, let’s motivate the prefix distillation by151

answering the following questions.152

2.2 Does Prefix Receive More Training153

Signals?154

To understand where the learning signal origi-155

nates from, we measure the token-level average156

reverse-KL loss from Eq. 1 over tokens grouped157

into each positional bin along the trajectory158

during on-policy distillation training.159

We use Qwen3-1.7B-Base and Qwen3-8B-160

Base (Yang et al., 2025) as the student models,161

and Qwen3-8B as the teacher model. Figure 2162

shows the distribution of the average magni-163

tude of reverse-KL loss at 10-th, 20-th and164

30-th steps of full on-policy distillation train-165

ing on the OpenThoughts3 (Guha et al., 2025)166

dataset. Each point in the curve corresponds167

to a positional bin covering 256 tokens, with a168

maximum output length of 16,384 tokens. Dur-169

ing training, batch size 512 and learning rate170

5e-5 are used, following Lu and Lab (2025).171

The distribution plot reveals that training172

signal is concentrated in the earlier generated173

tokens, and this effect is consistent across var-174

ious training steps and model sizes. We con-175

jecture that this pattern reflects the student176

model being weaker at high-level planning cap-177

tured early in the trajectory than at executing178

later steps of a plan.179

2.3 Can a Student Model Complete a180

Truncated Response from the181

Teacher without Training?182

Another question is whether a student that183

receives supervision only at the beginning of184

its responses can subsequently finish the solu-185

tion correctly. To probe this, we conduct a186

teacher-prefix study: we let the teacher LLM187

(Qwen3-8B) generate full solutions, feed the188

first L tokens (L ∈ {2048, 4096, 6144, 8192})189

to un-trained students, and ask them to con-190

tinue the reasoning unaided. This experiment191

is purely probing the model’s ability to “fill in192

the tail”.193

3For more details, please refer to https:
//tinker-docs.thinkingmachines.ai/losses#
policy-gradient-importance_sampling. We also
following this implementation and sum the token-level
losses over the sequence length.

Figure 3 reports mean accuracy at 16 sam- 194

ples on AIME-24. During this experiment, 195

we also ensure that teacher’s final answer is 196

not likely in the prefix by enforcing Lp ← 197

min{Lp, Lr − 512} where Lp is the length of 198

teacher’s prefix and Lr is the length of teacher’s 199

full response for the current input. Note that 200

the teacher’s average output length on AIME- 201

24 is 15k and maximum output length for this 202

experiment is set to 32k. 203

Firstly, the plot shows that teacher’s reason- 204

ing prefix does improve students’ performances, 205

suggesting that the early guidance from the 206

teacher can effectively help students to infer 207

the remaining steps even without further train- 208

ing. In addition, the curve also shows that the 209

performance jumps sharply given the first few 210

thousands teacher tokens and the increase slows 211

down thereafter. This again verifies that the 212

prefix is crucial during the reasoning process. 213

We further provide a case study from AIME-24 214

to illustrate the effect of the teacher-solution 215

prefix in Appendix A. 216

3 Methodogy 217

Figure 1 shows the main idea of prefix distil- 218

lation. In this work, we enforce prefix-only 219

training by limiting the maximum generated 220

response length during training to Ltrain
p ∈ 221

{256, 512, 1024, 2048}. No additional modifi- 222

cation to the loss or sampling procedure is 223

required; we simply early-stop the on-policy 224

generation once the budget is reached, back- 225

propagate through the truncated trajectory for 226

gradient updates, then proceed to the next 227

batch. The on-policy property is preserved. 228

At evaluation time we remove the cap4, en- 229

suring that final task performance is not artifi- 230

cially constrained. This design choice keeps the 231

implementation minimal, yet yields significant 232

savings of computation during training. 233

Special Tokens. Though memory friendly, 234

we observe that it is challenging for the sample- 235

based KL estimation in Eq. 1 to learn from gen- 236

erating special tokens. When such supervision 237

is provided from the teacher, the student keeps 238

attempting to switch to a different token which 239

leads to generating unreadable content. To 240

avoid falling into such scenario, in our training, 241

4In the rest of the experiments, we allow up to
Ltest

p =16384 tokens

3

https://tinker-docs.thinkingmachines.ai/losses#policy-gradient-importance_sampling
https://tinker-docs.thinkingmachines.ai/losses#policy-gradient-importance_sampling
https://tinker-docs.thinkingmachines.ai/losses#policy-gradient-importance_sampling


Figure 2: Distribution of reverse-KL loss along the output position during full on-policy distillation over
OpenThoughts3. Top: Student model is Qwen3-1.7B-Base. Bottom: Student model is Qwen3-8B-Base.

Figure 3: Mean Acc.@16 on AIME-24 when an un-
trained student (Qwen3-8B-Base and Qwen3-1.7B-
Base) continues from varying lengths of a teacher
(Qwen3-8B)-generated prefix.

<think> is enforced at the end of the input242

prompt, to align with the teacher’s behavior.243

Prefix Scheduling. Although short prefixes244

reduce cost, later tokens in the student’s roll-245

out can still carry valuable supervision when246

scored under the teacher. To progressively ex-247

pose the student to longer-horizon feedback, we248

explore a simple linear schedule that increases249

the training prefix length after each gradient250

update: Ltrain
p ← Ltrain

p + ∆L. In our experi-251

ments, Ltrain
p starts with 1 and ∆L = 256.252

4 Experiments253

4.1 Setup254

We randomly sample questions from255

OpenThoughts3 (Guha et al., 2025)256

for training, use Qwen3-1.7B-Base / Qwen3-257

8B-Base as the student, and Qwen3-8B as the258

teacher.259

Hyperparameters. Following hyper-260

parameters from Lu and Lab (2025), For SFT,261

we use batch size 128, learning rate 1× 10−4;262

For OPD and our prefix variants, we use batch263

size 512, learning rate 5 × 10−5. For more264

details on the effect of different learning rates,265

please refer to Appendix C. We implement266

training with the Verl framework (Sheng 267

et al., 2024), and optimise using AdamW. All 268

OPD experiments are run for 60 training steps, 269

capped by a 7-day budget of 8xA100 GPUs for 270

the full OPD training using Qwen3-8B-Base. 271

We use in total 30.7k questions for OPD 272

training, and 192k data for SFT to reach a 273

comparable FLOPS.7 274

Benchmarks. Evaluation is performed on 275

MATH500 (Hendrycks et al.), AIME-24, 276

AIME-25 as in-domain testing, GPQA (Rein 277

et al., 2024) and a random sample of 500 ques- 278

tions from MMLU-Pro (Wang et al., 2024) as 279

out-of-domain testing. During evaluation, tem- 280

perature is 1.0 and maximum response length 281

is 16 384. 282

Metrics. For MATH500, GPQA and MMLU- 283

Pro, we report mean accuracy among 4 samples. 284

For AIME24 and AIME25 we calculate mean 285

accuracy over 16 samples to reduce the vari- 286

ance. We use AIME24 as development set and 287

choose the best checkpoint for each baseline to 288

report Accuracy. More details can be find in 289

Appendix D. To compare computational cost 290

during training, we estimate the GPU FLOPs 291

including forward sampling, log prob computa- 292

tion from teacher and student, backward passes, 293

and gradient updates accordingly. For more 294

details, please refer to Appendix B. We also re- 295

port GPU hours to take into account I/O, CPU 296

and other computation cost during training. 297

Baselines. We compare the base model, off- 298

policy SFT, OPD with full rollout of maxi- 299

mum 16,384 tokens during training, and prefix 300

OPD. We select two checkpoints as our base- 301

lines, student after 10-th gradient descent of 302

full OPD, and student with 300 steps of SFT. 303

7OPD uses significantly higher FLOPS per prompt
than SFT because it requires multiple response
sampling during training and needs to calculate
log πT (xt+1 | x1, . . . , xt).
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In-Domain Out-domain Training cost
MATH500 AIME-24 AIME-25 GPQA MMLU-Pro FLOPS Hours5

Qwen3-1.7B-Base 20.1 0.2 0.0 11.2 9.1 No post training
Limited budget

OPD (full, 10 steps) 43.4 5.4 3.5 18.3 30.7 8.2× e18 12.2
SFT (300 steps) 60.5 4.6 6.9 20.2 28.5 1.3× e19 3.7
OPD (prefix 256) 50.0 4.8 6.3 1.0 1.5 9.4× e17 2.4
OPD (prefix 512) 47.6 4.2 6.0 1.1 1.0 1.4× e18 2.8
OPD (prefix 1024) 54.5 8.1 9.0 1.1 1.9 2.5× e18 3.4
OPD (prefix 2048) 58.3 7.3 5.8 4.5 12.0 4.7× e18 5.0

Sufficient budget “Upperbounds”
OPD (full) 67.3 10.0 11.5 24.6 41.3 5.7× e19 68.6
SFT (1500 steps) 70.8 8.8 14.4 19.8 29.6 6.6× e19 18.3
OPD (prefix scheduling) 68.1 10.6 11.5 23.6 39.4 2.4× e19 30.8

Table 1: Mean accuracies and costs with Qwen3-1.7B-Base as the student.

In-Domain Out-domain Training cost
MATH500 AIME-24 AIME-25 GPQA MMLU-Pro FLOPS Hours6

Qwen3-8B-Base 39.0 5.2 2.1 17.6 26.5 No post training
Limited budget

OPD (full, 10 steps) 77.6 23.3 24.2 47.5 62.7 2.7× e19 23.3
SFT (300 steps) 88.3 31.9 25.4 38.5 52.6 4.4× e19 11.3
OPD (prefix 256) 82.0 30.8 26.3 35.5 58.9 3.4× e18 3.2
OPD (prefix 512) 84.7 33.5 26.7 35.7 60.3 5.2× e18 4.8
OPD (prefix 1024) 84.1 36.5 28.3 37.1 60.5 8.9× e18 5.6
OPD (prefix 2048) 87.1 39.2 31.3 40.0 61.3 1.7× e19 9.8

Sufficient budget “Upperbounds”
OPD (full) 87.4 44.2 33.5 48.8 66.5 1.8× e20 148.3
SFT (1500 steps) 91.3 41.7 34.6 42.2 55.4 2.2× e20 56.7
OPD (prefix scheduling) 86.9 44.0 33.5 48.3 66.1 7.5× e19 53.0

Table 2: Mean accuracies and costs with Qwen3-8B-Base as the student.

These two baselines are chosen because they304

use similar order of magnitude of training cost,305

while slightly higher, in comparison to results306

from prefix OPD. Then, we also put the re-307

sults with 60 steps of full OPD and 1500 steps308

of SFT as “upperbounds” and compare them309

with our prefix scheduling variant.310

4.2 Main Results311

Table 1 and 2 present our main results. All312

experiments are zero-shot. The best and second313

best results within each column are highlighted314

with bold and underline accordingly, excluding315

“upperbounds”.316

First, let’s look at baselines. We observe317

that, given a sufficient training budget, full318

OPD shows better out-of-domain performance,319

and similar or slightly worse in-domain perfor-320

mance than SFT, indicating that OPD indeed321

generalizes better than SFT.322

In-domain. From in-domain results, OPD323

with prefix 1024 / 2048 out-perform baselines324

with limited budgets in AIME-24 and AIME-25325

with half the FLOPS. And they approach the 326

performances of upperbounds with less than 327

10% the FLOPS. On MATH500, OPD with 328

prefix out-perform OPD (full, 10 steps), while 329

perform only slightly worse than SFT (300 330

steps). These results indicate that prefix OPD 331

can effectively reduce the training cost while 332

maintaining a competitive performance. 333

Out-of-domain. Out-of-domain results di- 334

verge when different model sizes are used. 335

When the student is Qwen3-8B-Base, prefix 336

OPD out-performs the base model, and gradu- 337

ally approach full OPD’s out-domain accuracy 338

when increasing the prefix length. While, when 339

the student is Qwen3-1.7B-Base, prefix OPD 340

harms the performance, leading to lower accu- 341

racies than the student before training. This 342

indicates that the prefix knowledge can general- 343

ize to out-of-domain when the student has suf- 344

ficient parameters, but cannot be generalized 345

to out-of-domain scenario when the student is 346

overly compact. 347

Scheduling. Our linear prefix scheduling 348
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strategy provides benefits of both prefix distil-349

lation and full trajectory distillation. Across350

all settings, scheduled prefix OPD matches the351

upperbound performance of full OPD while352

using less than half of the FLOPS. We also353

provide a response example in Appendix A.354

These results suggest that allocating compute355

progressively to longer prefixes is effective and356

it is worth exploring more adaptive schedulers357

(e.g., curriculum based on validation perfor-358

mance or KL/entropy signals) in the future359

work.360

4.3 Ablation Study361

Prefix distillation can be interpreted as an ex-362

treme form of reward shaping in which token-363

level advantages outside the first Ltrain posi-364

tions of rollouts are multiplied by zero. The365

premise is that not every token contributes366

equally to downstream accuracy. We conduct367

an ablation study to compare the usefulness368

of different position in the rollout during on-369

policy distillation. In particular, we apply a370

sliding window of same length to the rollouts371

and only pass through policy gradents within372

the window. The windows we applied are [1024,373

2047], [2048, 3071], [3072, 4095] and 1024 to-374

kens on the tail. Results in Table 3 show that375

the prefix window leads to the best results dur-376

ing training, which suggests that “earlier is377

more important” is an effective heuristic.378

Method Step 10 Step 20 Step 30
OPD (full) 23.3 40.8 40.0
OPD on prefix 1024 26.3 32.5 34.8
OPD on [1024, 2048) 14.0 16.0 16.0
OPD on [2048, 3072) 18.8 16.9 15.8
OPD on [3072, 4096) 9.4 19.2 22.5
OPD on tail 1024 17.9 23.8 23.8

Table 3: Ablation of masking strategies with Qwen3-
8B-Base as student and Qwen3-8B as the teacher.
We report Mean Acc.@16 on AIME-24.

5 Discussion379

5.1 Cost and Performance Trade-off380

In this section, we would like to discuss the381

trade-off between the training cost and vali-382

dation accuracy given different prefix lengths.383

Figure 4 shows the trade-off dynamics during384

training on AIME-24.385

Finding 1: Given a limited computing386

budget, distillation with a shorter prefix387

Figure 4: Comparison of training compute vs Mean
Acc.@16 on AIME-24. Top: Student is Qwen3-
1.7B-Base. Bottom: Student is Qwen3-8B-Base.

can enable significant performance gain. 388

When the budget is sufficient, a longer 389

prefix eventually performs better via pre- 390

fix scheduling. If we compare performances 391

on the left sides (10 and 20-th steps) of each 392

curve, we can see that shorter prefix can often 393

enable significant accuracy gain in comparison 394

to a longer prefix. For instance, from the bot- 395

tom figure, it shows that 10 steps of OPD on 396

256 prefix tokens is able to increase the student 397

model’s accuracy from 5% to 23.5% with only 398

5.7 × e17 FLOPS. In comparison, Off policy 399

SFT requires 1.5× e19 to reach a 22.5% accu- 400

racy 8, and full OPD requires 2.7× e19 FLOPS 401

to reach a similar performance. 402

In contrast, if we compare accuracies of right 403

sides (50 and 60-th steps) of each curve, we 404

8For SFT, we didn’t take into account the cost of
generating the off-policy training data. In the real
scenario, if we take this overhead into account, the cost
could be significantly higher.
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often see that a longer prefix can lead to higher405

accuracies 9. This suggests that when given406

sufficient budgets for training, a longer prefix is407

preferred for better performances. And prefix408

scheduling is highly recommended rather than409

a full distillation from the beginning of training410

to save training cost.411

5.2 How Prefix Learning Affect the412

Tail?413

To investigate the affect of prefix-only learning414

after the prefix length, we plot a token level415

loss distribution with OPD with prefix=1024416

on Qwen3-8B-Base on Openthoughts3.417

Finding 2: Prefix on-policy distillation418

can reduce the loss on the tokens outside419

of prefix. Fig 5 shows the distribution over420

different position of rollout at step 10, 20 and421

30. It shows that with more prefix OPD train-422

ing, token losses outside the prefix (position423

1024) also decrease (shown as the down arrows).424

The decrease is most significant when close to425

the prefix, and fades away on the tail. This is426

not surprising as the knowledge learned at the427

prefix may also be leveraged during the rest428

of the output through the model’s parameters.429

We can draw a similar conclusion by comparing430

results between Fig 3 and Table 2. The student431

that learns from the 2048 prefix out-performs432

the student that directly uses teacher’s prefix433

without training (39.2 vs 27.3 on AIME-24).434

Finding 3: Learning the prefix benefits435

the tail for a student model with suffi-436

cient parameters, but can hurt the tail437

given a small model size. Interestingly, from438

Fig 5, for a compact model like Qwen3-1.7B-439

Base, the loss is increased on the tail during440

training (shown as the up arrow in the figure).441

It indicates that a small model size could lead442

to the prefix “competing“ the loss with the443

tail rather than “sharing” the benefit during444

on-policy distillation.445

5.3 Off-policy Prefix Distillation446

In this section, we would like to explore whether447

prefix distillation can also be applied to an off-448

policy setting where the student learns from the449

prefix of a teacher’s sampled outputs. Figure 6450

shows some preliminary results. We implement451

9Exceptions are often due to variances during train-
ing.

Figure 5: Distribution of reverse-KL loss along the
output position during On-policy prefix distillation
with prefix=1024. Top: Student model is Qwen3-
1.7B-Base. Bottom: Student model is Qwen3-8B-
Base.

off-policy prefix distillation by setting the max- 452

imum context length of SFT to 2048, and eval- 453

uate the results on AIME-24 and MATH500. 454

We also plot results from OPD with prefix 2048 455

into the same diagram for easier comparison. 456

Finding 4: Prefix distillation is partic- 457

ularly effective in the on-policy setting, 458

but does not transfer well to off-policy 459

SFT. From the result, prefix SFT with large 460

learning rate quickly harms the student model’s 461

performance, while a smaller learning rate only 462

slows down the performance decrease. When 463

further looking into sampled outputs of stu- 464

dent model with prefix SFT, we found that 465

the beginning of outputs are readable and log- 466

ically sounding, while the tail often contains 467

self-repeating and even unreadable tokens. It 468

indicates that off-policy prefix distillation con- 469

ditions the student on teacher prefixes that the 470

student would not reliably reach on its own. 471

Such distribution mismatch makes it challeng- 472

ing for the student to continue generating be- 473

yond the prefix. This analysis suggests that the 474

combination of prefix learning and on-policy 475

distillation is a rather unique intersection. 476

6 Related Work 477

On-policy Distillation. On-policy learning 478

is a long-standing paradigm in reinforcement 479

learning (Williams, 1992; Rummery and Niran- 480
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Figure 6: Performances of off-policy prefix distil-
lation. The student is Qwen3-8B-Base; Off-policy
prefix signals are sampled from Openthoughts3.
Top: AIME-24 Bottom: MATH500

jan, 1994), in which the data used for learning481

are collected by the same policy that is being482

optimized. This alignment between data col-483

lection and the learned policy reduces distribu-484

tional mismatch between training and deploy-485

ment, often leading to more robust behavior.486

Recent work on on-policy distillation (Lin et al.,487

2020; Gu et al., 2024; Ko et al., 2024; Agarwal488

et al., 2024; Lu and Lab, 2025; Ko et al., 2025)489

adapt this idea to a distillation setting: the490

student samples its own responses, then a di-491

vergence loss aligns its token-level policy with492

that of a fixed teacher. Because expectations493

are taken under the student’s state distribution,494

OPD mitigates the distributional shift issues495

that affect off-policy imitation and can yield496

better generalization more effectively.497

Nevertheless, existing OPD methods typi-498

cally require generating full, often long rollouts499

at each step, which is prohibitively expensive500

for reasoning-heavy tasks. Our approach pre- 501

serves the on-policy nature of OPD while dras- 502

tically reducing training cost by supervising 503

only short prefixes of each on-policy trajectory. 504

Token selection during LLM training. 505

Several work shows that not all tokens in the 506

reasoning traces are equally useful during LLM 507

training. Rho 1 (Lin et al., 2024) use a reference 508

model trained on clean corpus to help select 509

high quality tokens during the LLM pretraining 510

stage. Entropy-based token selection has also 511

been shown to achieve similar or even better 512

performance than full policy gradient (Wang 513

et al., 2025). SelecTKD (Huang et al., 2025) 514

adopts more sophisticated token selection cri- 515

teria to reduce noisy signals from teacher via 516

top-k token verification and non-greedy spec-k 517

verification. AdaKD (Xie et al., 2025) further 518

considers the real-time learning difficulty of 519

each token for the student and let the stu- 520

dent focus on the most valuable token during 521

training. A closely related work by Ji et al. 522

(2025) points out that early segments of chain- 523

of-thought contain critical signals and later 524

tokens can become increasingly noisy or redun- 525

dant. While our task is different, we share a 526

similar instinct: our distillation is focused on 527

the informative early tokens, yielding substan- 528

tial compute savings while retaining most of 529

the benefits of full OPD on long rationales. 530

Reducing the length of LLM reasoning 531

during inference. Our work aims to reduce 532

the training cost by only learn from reasoning 533

prefixes. Many recent work focus on reduc- 534

ing the reasoning length during inference by 535

shortening the CoTs of training data Feng et al. 536

(2024); Chen et al. (2025); Luo et al. (2025a). 537

A combination of these approaches and our 538

prefix distillation is an interesting future work. 539

7 Conclusion 540

We introduced on-policy prefix distillation, a 541

simple modification of on-policy distillation 542

that truncates student rollouts and applies the 543

token level advantages only to the prefix of 544

each sample. Experiments on AI4Math bench- 545

marks demonstrate that our approach attains 546

substantial gains over the base model and re- 547

mains competitive with full on-policy distilla- 548

tion, while significantly reducing training cost. 549
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8 Limitations550

We evaluate our approach exclusively on rea-551

soning tasks assuming the output contains long552

chain-of-thought reasoning. It remains un-553

known whether prefix distillation can be more554

generally adopted in other long-form genera-555

tion scenarios such as summarization, story556

generation, etc. Moreover, prefix-only train-557

ing presumes that the base model can already558

follow instructions and produce valid output559

formats; for weaker students, an initial warm-560

up phase of SFT or full OPD may still be561

necessary. Finally, like standard OPD, our562

method requires teacher and student to share563

a same vocabulary so that token-level losses564

are well-defined.565

Risks Since gradients are applied only to the566

early portion of each student rollout, prefix-567

only learning may preferentially transfer the568

teacher’s initial reasoning style while under-569

training behaviors that typically emerge later570

in a response (e.g. safety refusals, calibration,571

or self-correction). As a result, the student may572

appear well-aligned in its opening tokens but573

deviate in longer completions. For applications574

where late-stage safety or calibration is impor-575

tant, we recommend prefix scheduling (progres-576

sively increasing the trained prefix length so577

later tokens are also supervised by the teacher578

by the end of training) and explicit end-to-end579

evaluation on safety/calibration benchmarks580

before deployment.581

AI Assistant within This Work We used582

ChatGPT 5.2 to assist with grammar checking,583

language refinement, and drafting code for plot-584

ting figures/diagrams. ChatGPT was not used585

to generate experimental results, perform data586

analysis, or introduce new technical claims. All587

reported numbers and statements were verified588

by the authors against the underlying experi-589

ments and sources.590
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A Teacher-prefix example: full787

details788

Example. To illustrate the effect of the789

teacher-solution prefix, consider the following790

olympiad-style problem from AIME-2024:791

Let x, y, z be positive792

real numbers that satisfy793

log2

(
x
yz

)
= 1

2 , log2
( y
xz

)
=794

1
3 , log2

(
z
xy

)
= 1

4 . Then the value795

of
∣∣log2(x4y3z2)∣∣ is m

n , where m796

and n are relatively prime positive797

integers. Find m+ n.798

A straightforward solution is obtained by799

setting a = log2 x, b = log2 y, c = log2 z and800

rewriting the system as a−b−c = 1
2 , b−a−801

c = 1
3 , c− a− b = 1

4 . Solving these linear802

equations gives a = − 7
24 , b = −3

8 , c = − 5
12 ,803

hence log2(x
4y3z2) = 4a + 3b + 2c = −25

8 , so804 ∣∣log2(x4y3z2)∣∣ = 25
8 and the correct answer is805

m+ n = 33.806

We now compare two prompts to the same807

student model on this problem.808

Base model. When we present the problem809

directly, the Qwen3-8B-Base student model810

quickly drifts into an internally inconsistent811

derivation. For example, it first rewrites812

the logarithmic equations incorrectly as x =813

21/4yz, y = 21/5xz, z = 21/6xy, which al-814

ready disagrees with the original exponents815
1
2 ,

1
3 ,

1
4 . It then performs a series of algebraic816

manipulations on these wrong equations and817

ultimately concludes
∣∣log2(x4y3z2)∣∣ = 3

2 , hence818

m + n = 5, which is incorrect. At no point819

does the model notice that it has altered the820

problem or that the intermediate equalities are821

incompatible.822

Base model with teacher-solution prefix.823

If we prepend a Qwen3-8B teacher’s solution824

prefix containing 128 tokens (e.g., “Okay, so I825

need to solve this system of logarithmic equa-826

tions. Let me recall that logb a = c means827

bc = a...”), the same student model now pro-828

ceeds much more systematically. It correctly829

converts log2

(
x
yz

)
= 1

2 =⇒ x
yz = 21/2,830

and analogously for y and z, avoids the earlier831

exponent mistakes, and (after some algebra)832

arrives at the correct value
∣∣log2(x4y3z2)∣∣ =833

25
8 , m+ n = 33.834

Student after prefix distillation. After on- 835

policy prefix distillation, the student no longer 836

requires an explicit teacher-solution prefix to 837

benefit from the same reasoning pattern. When 838

prompted with the original question alone, it 839

immediately applies the key transformation 840

log2

(
x
yz

)
= log2 x− log2 y − log2 z, introduces 841

a = log2 x, b = log2 y, c = log2 z, and solves 842

the resulting 3 × 3 linear system via simple 843

eliminations. It then computes 4a+ 3b+ 2c to 844

obtain log2(x
4y3z2) = −25

8 , takes the absolute 845

value, and returns m + n = 33. This indi- 846

cates that the distilled student has internalized 847

the teacher prefix’s problem-solving template 848

and can reproduce it reliably without external 849

scaffolding. 850

This example highlights that the teacher pre- 851

fix does not merely change the style of the so- 852

lution; it can qualitatively change the outcome 853

from a confident but incorrect derivation to 854

a correct one on the very same problem. For 855

the complete question and outputs from both 856

modes, please refer to following details. 857

Question 858
<|im_start|>user
Let $x,y$ and $z$ be positive real numbers that satisfy the

following system of equations:↪→
\[\log_2\left({x \over yz}\right) = {1 \over 2}\]\[\log_2\left({y

\over xz}\right) = {1 \over 3}\]\[\log_2\left({z \over
xy}\right) = {1 \over 4}\]

↪→
↪→
Then the value of $\left|\log_2(x^4y^3z^2)\right|$ is $\tfrac{m}{n}$

where $m$ and $n$ are relatively prime positive integers. Find
$m+n$.<|im_end|>

↪→
↪→
<|im_start|>assistant

Qwen3-8B-Base Response (Incorrect) 859
[ImpactedPrompt]From the given log equations, we can express $x,y$

and $z$ in terms of each other:↪→
$x = 2^{1/4}yz$,
$y = 2^{1/5}xz$,
$z = 2^{1/6}xy$.
Substituting the expressions for $x$ and $z$ into the second

equation, we get:↪→
$y = 2^{1/5} \left(2^{1/4}yz\right)x$,
which simplifies to:
$y = 2^{5/20} yzx$.
Cancelling $y$ on both sides, we get:
$1 = 2^{5/20} zx$.
Substituting the expression for $x$ into this equation, we get:
$1 = 2^{5/20}\left(2^{3/4}yz\right)z$,
which simplifies to:
$1 = 2^{3/5} yz$.
Substituting the expression for $y$ into this equation, we get:
$1 = 2^{3/5} \left(2^{1/5}xz\right)z$,
which simplifies to:
$1 = 2^{2/3} xz$.
Again, substituting the expression for $x$ into this equation, we

get:↪→
$1 = 2^{2/3}\left(2^{1/6}xy\right)z$,
which simplifies to:
$1 = 2^{1/5} xy$.
Using the original equation $x = 2^{1/4}yz$, we can write:
$yz = 2^{3/5}$.
Similarly, using $y = 2^{1/5}xz$, we can write:
$xz = 2^{9/10}$,
and using $z = 2^{1/6}xy$, we can write:
$xy = 2^{6/10}$.
Multiplying these three equations together, we get:
$(xyz)^2 = 2^{18/10} = 2^{9/5}$.
Taking the square root of both sides, we get:
$xyz = 2^{9/10}$.
Finally, we want to find the value of

$\left|\log_2(x^4y^3z^2)\right|$. Since $x,y$ and $z$ are
positive, we know that $\log_2(x^4y^3z^2)$ is positive, so we
can write:

↪→
↪→
↪→
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$\log_2(x^4y^3z^2) = 4\log_2(x) + 3\log_2(y) + 2\log_2(z)$.
Substituting the expressions for $x,y$ and $z$, we get:
$\log_2(x^4y^3z^2) = 4\log_2\left(2^{1/4}yz\right) +

3\log_2\left(2^{1/5}xz\right) + 2\log_2\left(2^{1/6}xy\right)$.↪→
Using the logarithm property $\log_b(a^c) = c\log_b(a)$, this

expression simplifies to:↪→
$4\left(\log_2(2^{1/4}) + \log_2(y) + \log_2(z)\right) +

3\left(\log_2(2^{1/5}) + \log_2(x) + \log_2(z)\right) +
2\left(\log_2(2^{1/6}) + \log_2(x) + \log_2(y)\right)$,

↪→
↪→
which simplifies to:
$\frac{4}{4}\log_2(yz) + \frac{3}{5}\log_2(xz) +

\frac{2}{6}\log_2(xy)$.↪→
Substituting the expressions for $yz,xz$ and $xy$, this becomes:
$\frac{9}{5} + \frac{9}{10} + \frac{6}{10}$.
Combining the fractions, we get:
$\frac{3}{2}$.
Therefore, the value of $\left|\log_2(x^4y^3z^2)\right|$ is

$\frac{3}{2}$.↪→

Therefore, the final answer is $3 + 2 = \boxed{5}$.[/ImpactedPrompt]

Prompt with Teacher Prefix (128860

tokens)861

<|im_start|>user
Let $x,y$ and $z$ be positive real numbers that satisfy the

following system of equations:↪→
\[\log_2\left({x \over yz}\right) = {1 \over 2}\]\[\log_2\left({y

\over xz}\right) = {1 \over 3}\]\[\log_2\left({z \over
xy}\right) = {1 \over 4}\]

↪→
↪→
Then the value of $\left|\log_2(x^4y^3z^2)\right|$ is $\tfrac{m}{n}$

where $m$ and $n$ are relatively prime positive integers. Find
$m+n$.<|im_end|>

↪→
↪→
<|im_start|>assistant
<think>
Okay, so I need to solve this system of logarithmic equations and

find the value of |log�(x�y³z²)|. Let me start by writing down
the given equations:

↪→
↪→

1. log�(x/(yz)) = 1/2
2. log�(y/(xz)) = 1/3
3. log�(z/(xy)) = 1/4

Hmm, logarithms can sometimes be tricky, but maybe I can convert
them into exponential form to make it easier. Let me recall that
log_b(a) = c means that b^c = a. So applying that

↪→
↪→

Qwen3-8B-Base Response with Teacher862

Prefix (Correct)863

to each equation:

1. 2^(1/2) = x/(yz)
2. 2^(1/3) = y/(xz)
3. 2^(1/4) = z/(xy)

Okay, now I have three equations with variables x, y, and z. Maybe I
can express everything in terms of one variable. Let's see:↪→

From equation 1:
√2 = x/(yz)
So, x = yz * √2

From equation 2:
2^(1/3) = y/(xz)
So, y = xz * 2^(1/3)

From equation 3:
2^(1/4) = z/(xy)
So, z = xy * 2^(1/4)

Now, I have expressions for x, y, and z in terms of the other
variables. Maybe I can substitute one into another. Let's try
substituting x from equation 1 into equation 2:

↪→
↪→

y = (yz * √2) * z * 2^(1/3)
Wait, that seems a bit messy. Maybe there's a better way. Let's see:

I have:
x = yz * √2
y = xz * 2^(1/3)
z = xy * 2^(1/4)

Perhaps I can multiply all three equations together. Let's try:

x * y * z = (yz * √2) * (xz * 2^(1/3)) * (xy * 2^(1/4))

Simplify the right side:
= yz * √2 * xz * 2^(1/3) * xy * 2^(1/4)
= x²y²z² * √2 * 2^(1/3) * 2^(1/4)

Now, x * y * z = x²y²z² * √2 * 2^(1/3) * 2^(1/4)

Wait, that seems off. Let's double-check:

Actually, when I multiplied the right side, I should have:

(yz * √2) * (xz * 2^(1/3)) * (xy * 2^(1/4)) = yz * √2 * xz * 2^(1/3)
* xy * 2^(1/4)↪→

But x, y, z are on both sides, so perhaps I can cancel them out.
Let's see:↪→

Divide both sides by x * y * z:

1 = √2 * 2^(1/3) * 2^(1/4)

Now, let's simplify the right side:

√2 = 2^(1/2)

So, 2^(1/2) * 2^(1/3) * 2^(1/4) = 2^((1/2) + (1/3) + (1/4))

Find a common denominator for the exponents: 2, 3, and 4 have a
least common multiple of 12.↪→

So, (1/2) = 6/12, (1/3) = 4/12, (1/4) = 3/12

Therefore, (1/2) + (1/3) + (1/4) = 6/12 + 4/12 + 3/12 = 13/12

So, 2^((1/2) + (1/3) + (1/4)) = 2^(13/12)

Thus, we have:

1 = 2^(13/12)

But 2^(13/12) is not equal to 1. This suggests that there might be
an error in my calculations.↪→

Let me revisit the multiplication step. Maybe I made a mistake
there.↪→

Original multiplied equation:
x * y * z = (yz * √2) * (xz * 2^(1/3)) * (xy * 2^(1/4))

Let's simplify the right side correctly:

(yz * √2) * (xz * 2^(1/3)) * (xy * 2^(1/4)) = yz * √2 * xz * 2^(1/3)
* xy * 2^(1/4)↪→

Now, group like terms:

= (y * z * x * z * x * y) * (√2 * 2^(1/3) * 2^(1/4))
= (x²y²z²) * (2^(1/2) * 2^(1/3) * 2^(1/4))

Now, divide both sides by x * y * z:

1 = (x²y²z²) / (x * y * z) * (2^(1/2) * 2^(1/3) * 2^(1/4))
= x * y * z * (2^(1/2) * 2^(1/3) * 2^(1/4))

So, 1 = x * y * z * 2^(13/12)

Now, recall that x * y * z = (x * y * z) * 2^(13/12)

This implies:

(x * y * z) * 2^(13/12) = 1

So, x * y * z = 1 / 2^(13/12)

Now, let's go back to the original expressions:

x = yz * √2
y = xz * 2^(1/3)
z = xy * 2^(1/4)

Let's express everything in terms of z.

From x = yz * √2, we can express y as:

y = x / (z * √2)

From y = xz * 2^(1/3), substitute y:

x / (z * √2) = xz * 2^(1/3)

Multiply both sides by z * √2:

x = xz² * 2^(1/3) * √2

Divide both sides by x (since x � 0):

1 = z² * 2^(1/3) * √2

So, z² = 1 / (2^(1/3) * √2)

Now, recall that x * y * z = 1 / 2^(13/12)

We have z in terms of x and y, but it's getting complicated. Maybe
there's a better approach.↪→

Let me consider the original equations again:

1. log�(x/(yz)) = 1/2 � x/(yz) = 2^(1/2) � x = yz * 2^(1/2)
2. log�(y/(xz)) = 1/3 � y/(xz) = 2^(1/3) � y = xz * 2^(1/3)
3. log�(z/(xy)) = 1/4 � z/(xy) = 2^(1/4) � z = xy * 2^(1/4)

Let's multiply all three equations:

(x = yz * 2^(1/2)) * (y = xz * 2^(1/3)) * (z = xy * 2^(1/4))

Simplify the right side:
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yz * 2^(1/2) * xz * 2^(1/3) * xy * 2^(1/4) = x²y²z² * 2^((1/2) +
(1/3) + (1/4))↪→

So, x * y * z = x²y²z² * 2^(13/12)

Divide both sides by x * y * z:

1 = x * y * z * 2^(13/12)

Thus, x * y * z = 1 / 2^(13/12)

Now, let's find x * y * z in another way. From the first equation:

x = yz * √2

Multiply both sides by yz:

x * yz = yz * √2 * yz � x * yz = y²z² * √2 � x = y²z² * √2 / yz � x =
yz * √2↪→

Wait, that brings us back to the original equation. Maybe I should
use the expressions differently.↪→

Let me try to express x, y, z in terms of one variable. Let's assume
z = k, where k is a positive real number.↪→

Then, from the third equation:

z = xy * 2^(1/4) � k = xy * 2^(1/4) � xy = k / 2^(1/4)

From the second equation:

y = xz * 2^(1/3) � y = xk * 2^(1/3)

Now, substitute y into the expression for xy:

x * (xk * 2^(1/3)) = k / 2^(1/4) � x²k * 2^(1/3) = k / 2^(1/4)

Divide both sides by k (since k � 0):

x² * 2^(1/3) = 1 / 2^(1/4)

Multiply both sides by 2^(1/4):

x² * 2^(1/3) * 2^(1/4) = 1 � x² * 2^((1/3) + (1/4)) = 1

(1/3) + (1/4) = 4/12 + 3/12 = 7/12

So, x² * 2^(7/12) = 1 � x² = 1 / 2^(7/12) � x = 1 / 2^(7/24)

Now, find y using y = xk * 2^(1/3):

y = (1 / 2^(7/24)) * k * 2^(1/3) = k * 2^((1/3) - (7/24)) = k *
2^((8/24) - (7/24)) = k * 2^(1/24)↪→

Now, find x * y * z:

x * y * z = (1 / 2^(7/24)) * (k * 2^(1/24)) * k = k² * 2^((1/24) -
(7/24)) = k² * 2^(-6/24) = k² * 2^(-1/4)↪→

But earlier, we found that x * y * z = 1 / 2^(13/12)

So, k² * 2^(-1/4) = 1 / 2^(13/12)

Divide both sides by 2^(-1/4):

k² = 1 / (2^(13/12) * 2^(-1/4)) = 1 / 2^((13/12) - (1/4)) = 1 /
2^((13/12) - (3/12)) = 1 / 2^(10/12) = 1 / 2^(5/6)↪→

Thus, k² = 1 / 2^(5/6) � k = 1 / 2^(5/12)

Now, recall that z = k = 1 / 2^(5/12)

We can find x and y as well:

x = 1 / 2^(7/24)

y = k * 2^(1/24) = (1 / 2^(5/12)) * 2^(1/24) = 2^((1/24) - (5/12)) =
2^((1/24) - (10/24)) = 2^(-9/24) = 2^(-3/8)↪→

Now, we need to find |log�(x�y³z²)|

First, compute x�y³z²:

x� = (1 / 2^(7/24))^4 = 1 / 2^(28/24) = 1 / 2^(7/6)

y³ = (2^(-3/8))^3 = 2^(-9/8)

z² = (1 / 2^(5/12))^2 = 1 / 2^(10/12) = 1 / 2^(5/6)

So, x�y³z² = (1 / 2^(7/6)) * 2^(-9/8) * (1 / 2^(5/6)) = 1 / (2^(7/6)
* 2^(5/6) * 2^(9/8)) = 1 / (2^((7/6) + (5/6) + (9/8)))↪→

Find a common denominator for the exponents: 6 and 8 have a least
common multiple of 24.↪→

So, (7/6) = 28/24, (5/6) = 20/24, (9/8) = 27/24

Thus, (7/6) + (5/6) + (9/8) = (28/24) + (20/24) + (27/24) = 75/24

So, x�y³z² = 1 / 2^(75/24)

Now, compute |log�(x�y³z²)|:

|log�(1 / 2^(75/24))| = | - (75/24) | = 75/24

Simplify 75/24:

Divide numerator and denominator by 3: 25/8

So, |log�(x�y³z²)| = 25/8

Thus, m = 25, n = 8, and m + n = 33

\boxed{33}

Qwen3-8B-Base after Prefix On-policy 864

Distillation (Correct) with the Original 865

Question 866
Okay, so I need to solve this system of logarithmic equations and

find the value of |log�(x�y³z²)|. The problem gives me three
equations involving logs with base 2 of ratios of x, y, and z.
Let me write them down again to make sure I have them right:

↪→
↪→
↪→

1. log�(x/(yz)) = 1/2
2. log�(y/(xz)) = 1/3
3. log�(z/(xy)) = 1/4

And then I need to find |log�(x�y³z²)|, which simplifies to |4 log�x +
3 log�y + 2 log�z|. But maybe there's a better way to approach
this. Let me think.

↪→
↪→

First, I remember that log_b(a/c) is equal to log_b(a) - log_b(c).
Maybe I can rewrite each equation using that property. Let me
try that.

↪→
↪→

Starting with the first equation:

log�(x/(yz)) = log�x - log�(yz) = log�x - log�y - log�z = 1/2.

Similarly for the second equation:

log�(y/(xz)) = log�y - log�(xz) = log�y - log�x - log�z = 1/3.

Third equation:

log�(z/(xy)) = log�z - log�(xy) = log�z - log�x - log�y = 1/4.

So now I have three equations:

1. log�x - log�y - log�z = 1/2
2. -log�x + log�y - log�z = 1/3
3. -log�x - log�y + log�z = 1/4

Hmm, this looks like a system of linear equations in terms of log�x,
log�y, and log�z. Let me denote them as variables for simplicity.
Let me let:

↪→
↪→

a = log�x,

b = log�y,

c = log�z.

Then the equations become:

1. a - b - c = 1/2

2. -a + b - c = 1/3

3. -a - b + c = 1/4

So now I have three equations with three variables. Let me write
them again:↪→

Equation 1: a - b - c = 1/2

Equation 2: -a + b - c = 1/3

Equation 3: -a - b + c = 1/4

I need to solve for a, b, c. Let me try to solve this system step by
step.↪→

First, maybe I can add equations together to eliminate variables.
Let me see.↪→

Let me try adding equations 1 and 2:

Equation 1 + Equation 2:

(a - b - c) + (-a + b - c) = 1/2 + 1/3

Simplify left side: a - a - b + b - c - c = -2c

Right side: 1/2 + 1/3 = 3/6 + 2/6 = 5/6

So -2c = 5/6 => c = -5/12.

Okay, so c = -5/12.
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Now let me use equation 1 and equation 3 to find another variable.

Wait, equation 1: a - b - c = 1/2

Equation 3: -a - b + c = 1/4

Let me add equations 1 and 3:

(a - b - c) + (-a - b + c) = 1/2 + 1/4

Left side simplifies: a - a - b - b - c + c = -2b

Right side: 1/2 + 1/4 = 3/4

So -2b = 3/4 => b = -3/8.

So b = -3/8.

Now, since we have c and b, we can plug them back into one of the
equations to solve for a.↪→

Let me use equation 1:

a - b - c = 1/2

So a - (-3/8) - (-5/12) = 1/2

Calculate:

a + 3/8 + 5/12 = 1/2

Convert to common denominators. Let me find the least common
denominator for 8, 12, and 1. Which is 24.↪→

So:

a + (9/24) + (10/24) = 12/24

So a + 19/24 = 12/24

Thus, a = 12/24 - 19/24 = -7/24.

So a = -7/24.

So now we have:

a = log�x = -7/24

b = log�y = -3/8

c = log�z = -5/12

Now, we need to compute |log�(x�y³z²)|. Let me express that in terms
of a, b, c.↪→

log�(x�y³z²) = 4 log�x + 3 log�y + 2 log�z = 4a + 3b + 2c.

So let me compute that:

4a + 3b + 2c = 4*(-7/24) + 3*(-3/8) + 2*(-5/12)

Let me compute each term step by step.

First term: 4*(-7/24) = (-28)/24 = -7/6

Second term: 3*(-3/8) = -9/8

Third term: 2*(-5/12) = -10/12 = -5/6

Now adding them together: -7/6 - 9/8 - 5/6.

Let me convert all terms to sixteenths to add them. Wait, maybe
better to find common denominator.↪→

The denominators are 6, 8, 6. The least common denominator is 24.

Convert each term:

-7/6 = -28/24

-9/8 = -27/24

-5/6 = -20/24

So total is: -28/24 -27/24 -20/24 = (-28 -27 -20)/24 = (-75)/24.

Simplify -75/24. Divide numerator and denominator by 3: -25/8.

Therefore, log�(x�y³z²) = -25/8.

But the problem asks for |log�(x�y³z²)|, which is | -25/8 | = 25/8.
Therefore, m/n is 25/8, and m + n is 25 + 8 = 33.↪→

Wait, but let me check my calculations again because sometimes I
make arithmetic errors.↪→

First, let me check the values of a, b, c again.

From earlier:

c = -5/12. b = -3/8. a = -7/24. Let me check if they satisfy
equation 2 and equation 3.↪→

Let me check equation 2: -a + b - c = 1/3.

Plug in a = -7/24, b = -3/8, c = -5/12.

Compute -a = 7/24, b = -3/8, -c = 5/12.

So sum: 7/24 - 3/8 + 5/12.

Convert all to 24 denominator:

7/24 - 9/24 + 10/24 = (7 - 9 + 10)/24 = 8/24 = 1/3. Correct!

Equation 3: -a - b + c = 1/4.

Plug in:

-a = 7/24, -b = 3/8, c = -5/12.

So sum: 7/24 + 3/8 - 5/12.

Convert to 24 denominator:

7/24 + 9/24 - 10/24 = (7 + 9 - 10)/24 = 6/24 = 1/4. Correct!

Okay, so the values of a, b, c are correct.

Now, compute 4a + 3b + 2c:

4*(-7/24) + 3*(-3/8) + 2*(-5/12) = -28/24 - 9/8 - 5/6.

Convert all to 24 denominator:

-28/24 - 27/24 - 20/24 = (-28 - 27 - 20)/24 = -75/24. Simplify:
divide numerator and denominator by 3: -25/8. So log�(x�y³z²) =
-25/8. Then absolute value is 25/8. So m/n is 25/8, which is
already in simplest terms since 25 and 8 are coprime. Therefore,
m + n = 25 + 8 = 33.

↪→
↪→
↪→
↪→

But let me check again the calculation steps.

First, 4a: 4*(-7/24) = -7/6. Correct.

Then 3b: 3*(-3/8) = -9/8. Correct.

Then 2c: 2*(-5/12) = -10/12 = -5/6. Correct.

Adding them:

-7/6 - 9/8 - 5/6.

Convert to eighths? Let me convert each term:

-7/6 is -28/24, -9/8 is -27/24, -5/6 is -20/24. Adding gives -75/24.

Yes, which is -25/8. So 25/8. So absolute value is 25/8.

So the answer is 25/8, m + n is 33. Wait, but let me check if I did
the problem correctly. Wait, the problem says to compute the
absolute value. So the value is negative, but the absolute value
is positive.

↪→
↪→
↪→

But maybe I made a mistake in the sign? Wait, let's check the
original problem.↪→

The question is |log�(x�y³z²)|. So if log�(x�y³z²) is negative, then
the absolute value is positive. So 25/8.↪→

Alternatively, maybe my calculation of the coefficients is wrong.
Let me check again:↪→

The expression to compute is log�(x�y³z²). Which is log�x� + log�y³ +
log�z² = 4 log�x + 3 log�y + 2 log�z. Yes, that is correct.↪→

So 4a + 3b + 2c is -25/8, so absolute value is 25/8.

Wait, but let me check if there's a miscalculation in the addition
of fractions.↪→

Let me do it again step by step:

First term: 4a = 4*(-7/24) = -28/24. Simplify to -7/6.

Second term: 3b = 3*(-3/8) = -9/8.

Third term: 2c = 2*(-5/12) = -10/12 = -5/6.

So sum is (-7/6) + (-9/8) + (-5/6).

Combine the first and third terms:

(-7/6 -5/6) = -12/6 = -2. Then add -9/8.

So -2 - 9/8 = -16/8 - 9/8 = -25/8. Correct.

Therefore, that is correct. So the absolute value is 25/8.

Therefore, the answer is 25/8, so m=25, n=8, m + n = 33.

But let me check if the problem says positive real numbers. Since x,
y, z are positive, all the logs are defined. So that's okay.↪→

Alternatively, maybe there's a mistake in my equations setup. Let me
check the original equations again.↪→
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Original equations:

1. log�(x/(yz)) = 1/2

Which is log�x - log�y - log�z = 1/2. Correct.

Similarly for others. So equations are correct.

Therefore, the answer should be 25/8.

Wait, but the problem says "the value of |log�(x�y³z²)| is m/n". So
my conclusion is that m/n is 25/8, so m + n is 33. But let me
check once more with another approach. Maybe I can compute x, y,
z directly?

↪→
↪→
↪→

Wait, but that might take longer. Let me try.

Let me express x, y, z in terms of exponents. Let me recall that if
log�x = a, then x = 2^a, similarly for y and z. So:↪→

x = 2^{-7/24}, y = 2^{-3/8}, z = 2^{-5/12}

Then x�y³z² = 2^{4a + 3b + 2c}

But we already found that 4a + 3b + 2c = -25/8. Therefore,
log�(x�y³z²) = -25/8, so absolute value is 25/8.↪→

Therefore, the answer is 25/8.

Alternatively, maybe I can compute x�y³z²? Let me check:

x� = (2^{-7/24})� = 2^{-28/24} = 2^{-7/6}

y³ = (2^{-3/8})³ = 2^{-9/8}

z² = (2^{-5/12})² = 2^{-10/12} = 2^{-5/6}

Multiply them together:

2^{-7/6} * 2^{-9/8} * 2^{-5/6} = 2^{-7/6 -9/8 -5/6}

Compute the exponents:

Convert to common denominator 24:

-7/6 = -28/24

-9/8 = -27/24

-5/6 = -20/24

Total exponent: -28 -27 -20 = -75/24 = -25/8. So log�(x�y³z²) =
-25/8. Therefore, absolute value is 25/8.↪→

Therefore, I think my answer is correct. So 25 + 8 = 33. Therefore,
the answer is 33.↪→

Wait, but let me check once more for possible errors in the
equations. Let me verify equations with the values of a, b, c.↪→

Equation 1: a - b - c = -7/24 - (-3/8) - (-5/12) = -7/24 + 3/8 +
5/12.↪→

Convert to 24 denominator:

-7/24 + 9/24 + 10/24 = (-7 + 9 + 10)/24 = 12/24 = 1/2. Correct.

Equation 2: -a + b - c = 7/24 - 3/8 - (-5/12) = 7/24 - 3/8 + 5/12.

Convert:

7/24 - 9/24 + 10/24 = (7 - 9 + 10)/24 = 8/24 = 1/3. Correct.

Equation 3: -a - b + c = 7/24 + 3/8 -5/12 = 7/24 + 9/24 - 10/24 = (7
+ 9 - 10)/24 = 6/24 = 1/4. Correct.↪→

Therefore, equations are satisfied. Therefore, the calculations are
correct.↪→

Therefore, the answer is 25/8, so m + n is 33.

**Final Answer**
\boxed{33}

B FLOP Calculation Details867

We refer to Verl (Sheng et al., 2024) im-868

plementation for Qwen3 models to calculate869

training flop given a text sequence, which in-870

cludes forward, backward and gradient updates.871
10. Then we did an approximation of 1/3872

10We did a modification to remove delta time
deviding in order to calculate the cumulative

Figure 7: The effect of learning rate on AIME-24
during the training of on-policy prefix distillation
on OpenThoughts3. The student is Qwen3-8B-Base
and the teacher is Qwen3-8B.

of the above training flop for on-policy roll- 873

out sampling and log prob calculation for the 874

teacher and the student. In total, let x be 875

the training flop for the student and y for 876

the teacher, the flop for each rollout during 877

on-policy distillation training approximately 878

equals to 1/3 · x + 1/3 · x + 1/3 · y + x which 879

represent as flop of rollout generation, student 880

log prob, teacher log prob and training. 881

C Effect of Learning Rate 882

We did learning rate sweep for prefix OPD. 883

As shown in Figure 7, the performances dif- 884

fer significantly with different learning rates. 885

In consistent with Lu and Lab (2025), 5e-5 886

turns out to be the optimal learning rate with 887

batchsize 512 in our experiment setting. 888

Prior work reports that small learning rates 889

can mitigate catastrophic forgetting in SFT 890

and lead to better generalize on out-of-domain 891

data (Pareja et al., 2024; Lin et al., 2025). To 892

further evaluate the generalization ability on 893

out-of-domain benchmarks, we control the in- 894

domain performance by selecting checkpoints 895

from different learning rates where accuracies 896

on AIME-24 are similar. In our experiments, 897

we select checkpoints from 10-th step where 898

learning rates are 5e-5 and 2e-5, the checkpoint 899

from 50-th step where the learning rate is 5e- 900

6. 11 901

Finding 5: Learning rate does not affect 902

significantly on generalization capability 903

for prefix on-policy distillation. Results 904

flop https://github.com/volcengine/verl/blob/
c936ec7d5cebcc1d40f50296d28699696fbad6f5/verl/
utils/flops_counter.py#L131

11We did not compare with learning rate 2e-4 as the
learning rate is too large and dramatically hurt the
model’s performance.
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are shown in Table 4. We did not observe out-905

of-domain performance decrease when using a906

large learning rate, e.g. 5e-5, in comparison to907

a smaller learning rate of 2e-5 or 5e-6. We leave908

extensive analysis on a grid search of learning909

rate, learning rate scheduling, step size, batch910

size and prefix length as a future work.911

AIME-24 MMLU-Pro GPQA
(control)

step 0 5.2% 26.5% 17.6%
lr=5e-5, step 10 26.3% 55.0% 27.9%
lr=2e-5, step 10 25.0% 49.3% 26.6%
lr=5e-6, step 50 25.2% 47.8% 26.6%

Table 4: Effect of learning rate on generalization
capability. We report validation performance after
60 steps of OPD (Prefix=1024) on OpenThoughts3,
using Qwen3-8B-Base as the student and Qwen3-
8B as the teacher.

D Early Stop with Dev912

Following tables contain the detailed informa-913

tion of which checkpoints we used for testing.914

We use AIME-24 as the development set and915

then test on the rest of the benchmarks.916

Prefix length Checkpoint for testing
256 Step 20
512 Step 60
1024 Step 60
2048 Step 40
Prefix scheduling Step 60
Full Step 50

Table 5: Checkpoints for testing with Qwen3-1.7B-
Base as the student.

Prefix length Checkpoint for testing
256 Step 60
512 Step 50
1024 Step 40
2048 Step 60
Prefix scheduling Step 60
Full Step 60

Table 6: Checkpoints for testing with Qwen3-8B-
Base as the student.

E Number of Solutions for917

AIME-2024918

Problem ID Number of Solutions
1 2
2 6
3 5
4 2
5 7
6 7
7 12
8 5
9 2
10 8
11 2
12 3
13 4
14 10
15 6
Average 5.4

Table 7: Number of solutions for each
question in AIME-2024 from AoPS fo-
rum https://artofproblemsolving.com/
wiki/index.php?title=2024_AIME_I
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