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Abstract

In reinforcement learning, we typically refer to unsupervised pre-training when
we aim to pre-train a policy without a priori access to the task specification, i.e.,
rewards, to be later employed for efficient learning of downstream tasks. In single-
agent settings, the problem has been extensively studied and mostly understood. A
popular approach, called task-agnostic exploration, casts the unsupervised objective
as maximizing the entropy of the state distribution induced by the agent’s policy,
from which principles and methods follow. In contrast, little is known about it in
multi-agent settings, which are ubiquitous in the real world. What are the pros
and cons of alternative problem formulations in this setting? How hard is the
problem in theory, how can we solve it in practice? In this paper, we address these
questions by first characterizing those alternative formulations and highlighting
how the problem, even when tractable in theory, is non-trivial in practice. Then, we
present a scalable, decentralized, trust-region policy search algorithm to address
the problem in practical settings. Finally, we provide numerical validations to
both corroborate the theoretical findings and pave the way for unsupervised multi-
agent reinforcement learning via task-agnostic exploration in challenging domains,
showing that optimizing for a specific objective, namely mixture entropy, provides
an excellent trade-off between tractability and performances.

1 Introduction

Multi-Agent Reinforcement Learning [MARL, 2] recently showed promising results in learning
complex behaviors, such as coordination and teamwork [35], strategic planning in the presence of
imperfect knowledge [33]], and trading [[11]. Just like in single-agent RL, however, most of the efforts
are focused on tabula rasa learning, that is, without exploiting any prior knowledge gathered from
offline data and/or policy pre-training. Despite its generality, learning tabula rasa hinders MARL
from addressing real-world situations, where training from scratch is slow, expensive, and arguably
unnecessary [1]]. In this regard, some progress has been made on techniques specific to the multi-agent
setting, ranging from ad hoc teamwork [23] to zero-shot coordination [9], but our understanding of
what can be done instead of learning tabula rasa is still limited.

In single-agent RL, unsupervised pre-training frameworks [[13]] have emerged as a viable solution: a
policy is pre-trained without a priori access to the task specification, i.e., rewards, to be later employed
for efficient learning of downstream tasks. Among others, state-entropy maximization [} [14] was
shown to be a useful tool for policy pre-training [8} 25]] and data collection for offline learning [44]].
In this setting, the unsupervised objective is casted as maximizing the entropy of the state distribution
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induced by the agent’s policy. Recently, the potential of entropy objectives in MARL was empirically
corroborated by a plethora of works [19,150, 142, 41] investigating entropic reward-shaping techniques
to boost exploration in downstream tasks. Yet, to the best of our knowledge, we are still lacking a
principled understanding of how task-agnostic exploration works in multi-agent settings, and how
it can be used as an unsupervised pre-training fashion. Let us think of an illustrative example that
highlights the central question of this work: multiple autonomous robots deployed in a factory for
a production task. The robots’ main goal is to perform many tasks over a large set of products,
with objectives such as optimizing for costs or energy or throughput might be changing over time
depending on the market’s condition. Arguably, trying to learn each possible task from scratch is
inefficient and unnecessary. On the other hand, one could think to first learn to cover the possible states
of the system, to learn its dynamics, and then fine-tune over a specific task. Yet, if everyone is focused
on their own exploration, any incentive to collaborate with each other may disappear, especially when
coordinating comes at a cost. Similarly, covering the entire space might be unreasonable in most
real-world cases. Clearly, a third option is needed.

Research Questions and Paper Structure. Throughout this paper, we will address the following
questions: (Q1) Can we formulate in a principled way unsupervised pre-training via task-agnostic
exploration in MARL as well? (Section [3);(Q2) How are different formulations related? Do crucial
theoretical differences emerge? (Section[)); (Q3) Can we explicitly pre-train a policy for task-
agnostic exploration in practical multi-agent scenarios? (Section[3); (Q4) Do crucial differences
emerge in practice? Does this have an impact on downstream tasks learning? (Section [6).

2 Preliminaries

In this section, we introduce the most relevant background and the basic notation.

Notation. We denote [N] := {1,2,..., N} for a constant N < oo. We denote a set with a calli-
graphic letter A and its size as |.A|. For a (finite) set A = {1,2,...,4,...}, we denote —i = A/{i}
the set of all its elements but i. AT := xI_; A is the T-fold Cartesian product of A. The simplex
on Ais Ay = {pe[0,1]M| Y p(a) = 1} and A denotes the set of conditional distributions
p: A— Ap. Let X, X' random variables on the set of outcomes X and corresponding probability
measures px, px’, we denote the Shannon entropy of X as H(X) = — >} _. px(x)log(px(z))
and the Kullback-Leibler (KL) divergence as Dk, (px||px’) = X.,cr Px (2)log(px (z)/px/()).
We denote x = (X7, ..., Xr) arandom vector of size T" and x[¢] its entry at position ¢ € [T'].

Interaction Protocol. As a model for interaction, we consider finite-horizon Markov Games [MGs,
16]) without rewards. A MG M = (N, S, A, P, u, T) is composed of a set of agents N, a set
S = Xea)Si of states, and a set of (joint) actions A = X ;e[ar].A;, which we let discrete and finite
with size |S|, | A| respectively. At the start of an episode, the initial state s; of M is drawn from an
initial state distribution ;1 € As. Upon observing s, each agent takes action a € A;, the system
transitions to sy ~ P(+|s1, a;) according to the transition model P € AZ,, 4~ The process is repeated
until s7 is reached and st is generated, being T < oo the horizon of an episode. Each agent acts
according to a policy, that can be either Markovian, i.e. 7t e AZ', or Non-Markovian over, i.e.
e Aé: wat] | Also, we will denote as decentralized-information policies the ones conditioned on
either S; or S! x A! for agent 4, and centralized-information ones the ones conditioned over the full
state or state-actions sequences. It follows that the joint action is taken according to the joint policy
Aé O = (71'1)7;6['/\[].

Induced Distributions. Now, let us denote as S and S; the random variables corresponding to the
joint state and ¢-th agent state respectively. Then the former is distributed as d™ € Ag, where d" (s) =
+ 2uter) Pr(se = s|m, p), the latter is distributed as d € As,, where d (s;) = x Dter) Prisei =
s;|m, p). Furthermore, let us denote with s, a the random vectors corresponding to sequences of
(joint) states, and actions of length 7', which are supported in ST, AT respectively. We define p” €
Agr ar, where p(s,a) = [ [,c(y) Pr(se = s[t], a; = a[t]). Finally, we denote the empirical state

distribution induced by K € N trajectories {sy } e[ as dx () = 25 kel 2terr) L(sk[t] = ).

Convex MDPs and Task-Agnostic Exploration. In the MDP setting (JA/| = 1), the problem of
task-agnostic exploration, together with others as imitation-learning, diverse skill discovery and

'In general, we will denote the set of valid per-agent policies with TI® and the set of joint policies with II.



inverse RL, is a special case of convex RL [8, 48l 45]]. In such framework, the general task is defined
via an F-bounded concaveE] utility function F : As — (—o0, F], with F' < oo, that is a function
of the state distribution d™. This allows for a generalization of the standard RL objective, which
is a linear product between a reward vector and the state(-action) distribution [34]. Usually, some
regularity assumptions are enforced on the function F. In the following, we align with the most
common Lipschitz assumption, explicitly described in Appendix [B| More recently, [26] noticed that
in many practical scenarios only a finite number of K € N* episodes/trials can be drawn while
interacting with the environment, and in such cases one should focus on dx rather than d”™. As a
result, they contrast the infinite-trials objective defined as (o, () := F(d™) with a finite-trials one,
namely (g (7) := Eq,~pr F(dk), noticing that convex MDPs (cMDPs) are characterized by the
fact that (x () < (g (), differently from standard (linear) MDPs for which equality holds. In
single-agent convex RL, task-agnostic exploration is defined as solving a cMDP equipped with an
entropy functional [8]], namely F(d™) := H(d™).

3 Problem Formulation

This section addresses the first of the research questions:

(Q1) Can we formulate in a principled way unsupervised pre-training
via task-agnostic exploration in MARL as well?

In fact, when a reward function is not available, the core of the problem resides in finding a well-
behaved problem formulation coherent with the task. [[7] recently introduced a convex generalization
of MGs called convex Markov Games (cMGs), namely a tuple Mz := (N, S, A, P, F, u, T), that
consists in a MG equipped with (non-linear) functions of the stationary joint state distribution F(d™).
We expand over this definition, by noticing that task-agnostic exploration can be casted as solving a
c¢MG equipped with an entropy functional, namely F(-) := H(-). Yet, important new questions arise:
Over which distributions should agents compute the entropy? How much information should they
have access to? Can we define objectives accounting for a finite number of trials? Different answers
depict different objectives.

Joint Objectives. The first and most straightforward way to formulate the problem is to define it as
in the MDP setting, with the joint state distribution simply taking the place of the single-agent state
distribution. In this case, we define infinite-trials and finite-trials Joint objectives, respectively

max  {¢o(m) i= F(d)} max  {¢k(m)i= B Flk)} )
m=(m' €l e v m=(ml€ll’) e [N K~DP

In task-agnostic exploration tasks, an optimal (joint) policy will try to cover the joint state space

uniformly, either in expectation or over a finite number of trials respectively. In this, the joint

formulation is rather intuitive as it describes the most general case of multi-agent exploration.

Moreover, as each agent sees a difference in performance explicitly linked to others, this objective

should be able to foster coordinated exploration. As we shall see, this comes at a price.

Disjoint Objectives. One might look for formulations that fully embrace the multi-agent setting, such
as defining a set of functions supported on per-agent state distributions rather than joint distributions.
This intuition leads to infinite-trials and finite-trials Disjoint objectives:

{Triel'[icw( ’ ) ( ‘ ) i€[N] nieHiCK( ’ ) dreop™ ( ’z) ie[N] @

K pK
According to these objectives, each agent will try to maximize her own marginal state entropy
separately, neglecting the effect of her actions over others performances. In other words, we expect
this objective to hinder the potential coordinated exploration, where one has to take as step down as

so allow a better performance overall.

Mixture Objectives. At last, we introduce a problem formulation that will later prove capable of
uniquely taking advantage of the structure of the problem. First, we introduce the following:

Assumption 3.1 (Uniformity). The agents have the same state space S; = S; = S, V(i,5) € N xN. .

’In practice, the function can be either convex, concave, or even non-convex. The term is used to distinguish
the objective from the standard (linear) RL objective. We will assume F is concave if not mentioned otherwise.

30ne should notice that even in cMGs where this is not (even partially) the case, the assumption can be
enforced by padding together the per-agent states.



Under this assumption, we will drop the agent subscript when referring to the per-agent states
and use S instead Interestingly, this assumption allows us to define a particular distribution:
d™(§) := i NI 2ie(n) 47 (8) € Ag. We refer to this distribution as mixture distribution, given that
it is defined as a uniform mixture of the per-agent marginal distributions. Intuitively, it describes

the average probability over all the agents to be in a common state 5 € S, in contrast with the joint
distribution that describes the probability for them to be in a joint state s, or the marginals that
describes the probability of each one of them separately.

Similarly to what happens for the Joint distribution, one can define the empirical distribution induced

by K episodes as d (5) = INI 2ie(n] dr.i(8) and dr = Ejpp [dK] The mixture distribution

allows for the definition of the Mixture objectives, in their 1nﬁn1te and finite trials formulations
respectively:

max {G(m) = F(d7)] mas  {lc(mi= E_Fldp)} 3

m=(miell?) era m=(mtell?)je[n dg~p}

When this kind of objectives is employed in task—agnostic exploration, the entropy of the mixture
distribution decomposes as H(d™) = W\ ey H(d7) + ﬁ 2ie[N] l.)%(e(dfﬂd”).and one re-
markable scenario arises: Agents follow pollcles poss1bly inducing lower disjoint entropies, but their
induced marginal distributions are maximally different. Thus, the average entropy remains low, but
the overall mixture entropy is high due to diversity (i.e., high values of the KL divergences). This

scenario has been referred to in [12]] as the clustering scenario and, in the following, we will provide
additional evidences why this scenario is particularly relevant.

4 A Formal Characterization of Multi-Agent task-agnostic exploration
In the previous section, we provided a principled problem formulation of multi-agent task-agnostic
exploration through an array of different objectives. Here, we address the second research question:
(Q2) How are different formulations related? Do crucial theoretical differences emerge?
First of all, we show that all the entropy infinite-trials objectives can be linked through the following:
Lemma 4.1 (Entropy Mismatch). For every cMG My, for a fixed (joint) policy © = (7%);enr the
inﬁnite—trials objectives are ordered according to:
H(d"
WV |

INI 2 H(dT) < H(d") <i21[1Ag]H(df)+10g(W|) < H(d") + log(|NV])

The full derivation of these bounds is reported in Appendix [B] This set of bounds characterizes the
performances over infinite-trials objective for the same policy as a function of the number of agents.
In particular, disjoint objectives generally provide poor approximations of the joint objective, while
the mixture objective is guaranteed to be a rather good lower bound to the joint entropy as well, since
its over-estimation scales logarithmically with the number of agents.

It is still an open question how hard it is to actually optimize for these objectives. Here, we provide a
rather positive answer, here stated informally and extensively discussed in Appendix [B.T}

Fact 4.1 ((Informal) Sufficiency of Independent Policy Gradient). Under proper assumptions,
for every cMG Mz, independent Policy Gradient over infinite trials non- disjoint objectives (see

Egs. (I),(@)) via centralized-information policies of the form m = (7 € A )1e [A] converges fast.

This result suggests that PG should be generally enough for the infinite-trials optimization. However,
cMDP theory has outlined that optimizing for infinite-trials objectives might actually lead to extremely
poor performance as soon as the policies are deployed over just a handful of trials, i.e. in almost any
practical scenario [[29]. We show that this property transfers to cMGs, with interesting additional
takeouts:

Theorem 4.2 (Finite-Trials Mismatch in cMGs). For every cMG M x equipped with a L-Lipschitz
function F, let K € Nt be a number of evaluation episodes/trials, and let § € (0, 1] be a confidence
level, then for any (joint) policy = = (7' € II');e[n it holds that the mismatches err(m) :=

[Cre () = G ()], erv () = |G () — (o ()], e () 2= [Cie () = Coo ()| are bounded as:

2|S|log(2T/6)

2|S|log(27/6)
I e

2|S| log(27/6)
’ VK

< LT
err(m) I

rri(m) < LT 7r(m) < LT



In general, this set of bounds confirms that for any given policy, infinite and finite trials performances
might be extremely different, and thus optimizing the infinite-trials objective might lead to unpre-
dictable performance at deployment, whenever this is done over a handful of trials. This property
is inherently linked to the convex nature of cMGs, and compared to cMDPs [29], in multi-agent
settings the result portraits a more nuanced scene: (i) The mismatch still scales with the cardinality of
the support of the state distribution, yet, for joint objectives, this quantity scales very poorly in the
number of agentsE] Thus, even though optimizing infinite-trials joint objectives might be rather easy
in theory as Fact[4.1|suggests, it might result in poor performances in practice. On the other hand,
the quantity is independent of the number of agents for disjoint and mixture objectives. (ii) Looking
at mixture objectives, the mismatch scales sub-linearly with the number of agents . In some sense,
the number of agents has the same role as the number of trials: The more the agents the less the
deployment mismatch, and at the limit, with A" — o0, the mismatch vanishes completelyE]

5 An Algorithm for Multi-Agent task-agnostic exploration in Practice

As stated before, a core drive of this work is addressing practical scenarios, where only a handful
of trials can be drawn while interacting with the environment. Yet, Th.[4.2]implies that optimizing
for infinite-trials objectives, as with PG updates in Fact .| might result in poor performance at
deployment. As a result, here we address the third research question, that is:

(Q3) Can we explicitly pre-train a policy for task-agnostic exploration
in practical multi-agent scenarios?

Remarkably, it is possible to directly optimize the single-trial objective in multi-agent cases with
decentralized algorithms: We introduce Trust Region Pure Exploration (TRPE), the first decentralized
algorithm that explicitly addresses single-trial objectives in cMGs, with task-agnostic exploration as
a special case. TRPE takes inspiration from trust-region based methods as TRPO [36].

Definition 5.1 (Surrogate Function over a Single Trial). For every cMG M r equipped with a L-
Lipschitz function F, let dy be a general single-trial distribution dq = {dy, dy ;,d1}, then for any
per-agent deviation over policies 7 = (r%,77%), @ = (7%, 7Y), it is possible to define a per-agent
Surrogate Function £*(7 /) of the form L'(7/7) = Eq, <pr p;/ﬂ}'(dl), where p' is the per-agent
importance-weight coefficient pL r = Pt /pT = [ Lierr %

From this definition, it follows that
the trust-region algorithmic blueprint
of [36] can be directly applied to single-
trial formulations, with a parametric
space of stochastic differentiable poli-

: _ (i . pi 2

(callgscf(lgqeach agent © = {m, : 0" € 3: for epoch = 1,2, ... until convergence do
< RA}. 4:  Collect N trajectories with mg = (75, )ie[ar]

In practice, KL-divergence is employed 5. foragent¢ = 1,2,... concurrently do
6

7

8

9

Algorithm: Trust Region Pure Exploration (TRPE)

1: Input: exploration horizon T, trajectories IV,
trust-region threshold d, learning rate 7
: Initialize 8 = (Qz)ie[_/\[]

for greater scalability provided a trust- Set datasets D* = {(s},,a;,), (7’ }ne[N]
region threshold , we address the fol- h=0,0 =06

lowing optimization problem for each while Dy, (7
agent:

i )
o Weé) < ddo

Compute L£(0% /67) viaTS.

gleigiﬁ (9 /9 ) s.t. DKL(WQ”I- 7T9i) <d 10: 02+1 _ 92 + nvelzﬁz(@z/ga)
where we simplified the notation by let- L5 h < h +1

. i (i i il i —q 12: end while

ting £°(0°/0") := L' (75, my": /7). 13 6 —

The main idea then follows from 14:  end for

noticing that the surrogate function in 15: end for . ,
Def.[5.1] consists of an Importance Sam- 16: Output: joint policy mo = (7y: )ie[n]

pling (IS) estimator [30], and it is then
possible to optimize it in a fully decentralized and off-policy manner [22, 24]. More specifi-
cally, given a pre-specified objective of interest (; € {({°,(}, (1}, agents sample N trajectories

“Indeed, in the case of product state-spaces S = X ie[a]Si the cardinality scales exponentially with the
number of agents |N/].
>In this scenario, all the bounds of Lemmalinking different objectives become vacuous.
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Figure 1: Single-trial Joint and Mixture Entropy induced by different objective optimization along a
T = 50 horizon. (Right) State Distributions of two agents induced by different learned policies. We
report the average and 95% confidence interval over 4 runs.

{(Sn,an)}ne[n following a (joint) policy with parameters 6y = (6}, 6y %). They then compute the
values of the objective for each trajectory, building separate datasets D' = {(s},,a,), (] }ne[n]
and using it to compute the Monte-Carlo approximation of the Surrogate Function, namely
LHOL0) = % et P57l Pbas = Dliepry mhy (@[5 141) /g (2 11153 [7]), and ¢
is the plug-in estimator of the entropy based on the empirical measure d; [31]]. Finally, at each off-
policy iteration h, each agent updates its parameter via gradient ascent 0, , ; < 6, + nVe: L (63 /6¢)
until the trust-region boundary is reached, i.e., when it holds D, (W%i |mi;) > 6. The pseudo-code
of TRPE is reported in Algorithm [T} We remark that even though TRPE is applied to task-agnostic
exploration, the algorithmic blueprint does not explicitly require the function F to be the entropy
function and thus it is of independent interest. The interested reader can found some comments of its
potential limitations in Appendix

6 Empirical Corroboration

In this section, we address the last research question, that is:

(Q4) Do crucial differences emerge in practice? Does this have
an impact on downstream tasks learning?

by providing empirical corroboration of the findings discussed so far. Especially, we aim to answer
the following questions: (Q4.1) Is Algorithm T]actually capable of optimizing finite-trials objectives?
(Q4.2) Do different objectives enforce different behaviors, as expected from Section [3]? (Q4.3) Does
the clustering behavior of mixture objectives play a crucial role? If yes, when and why?

Experimental Domains. The experiments were performed with the aim to illustrate essential features
of task-agnostic exploration suggested by the theoretical analysis, and for this reason the domains
were selected for being challenging while keeping high interpretability. The first is a notoriously
difficult multi-agent exploration task called secret room [MPE, ZOJEI referred to as Env. (i). In such
task, two agents are required to reach a target while navigating over two rooms divided by a door.
In order to keep the door open, at least one agent have to remain on a switch. Two switches are
located at the corners of the two rooms. The hardness of the task then comes from the need of
coordinated exploration, where one agent allows for the exploration of the other. The second is a
simpler exploration task yet over a high dimensional state-space, namely a 2-agent instantiation of
Reacher [MaMulJoCo, 32]], referred to as Env. (ii). Each agent corresponds to one joint and equipped
with decentralized-information policies. In order to allow for the use of plug-in estimator of the
entropy [31]], each state dimension was discretized over 10 bins.

task-agnostic exploration. As common for the unsupervised RL framework [8} 13} 18, 25]], Al-
gorithm [T| was first tested in her ability to optimize for task-agnostic exploration objectives, thus
in environments without rewards. In Figure [, we report the results for a short, and thus more
challenging, exploration horizon (7" = 50) over Env. (i), as it is far more interpretable. Other
experiments with longer horizons or over Env. (ii) can be found in Appendix|C| Interestingly, at this
challenging exploration regime, when looking at the joint entropy in Figure[Ia] joint and disjoint
objectives perform rather well compared to mixture ones in terms of induced joint entropy, while
they fail to address mixture entropy explicitly, as seen in Figure[Tb] On the other hand mixture-based

5We highlight that all previous efforts in this task employed centralized-information policies. On the other
hand, we are interested on the role of the entropic feedback in fostering coordination rather than full-state
conditioning, thus we employed decentralized-information policies.
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Figure 2: Effect of pre-training in sparse-reward settings. (Left) Policies initialized with either
Uniform or TRPE pre-trained policies. (Right) Policies initialized with either Zero-Mean or TRPE
pre-trained policies. We report the average and 95% c.i. over 4 runs over worst-case goals.

objectives result in optimizing both mixture and joint entropy effectively, as one would expect by
the bounds in Th.[d.1] By looking at the actual state visitation induced by the trained policies, the
difference between the objectives is apparent. While optimizing joint objectives, agents exploit the
high-dimensionality of the joint space to induce highly entropic distributions even without exploring
the space uniformly via coordination (Fig.[Id); the same outcome happens in disjoint objectives, with
which agents focus on over-optimizing over a restricted space loosing any incentive for coordinated
exploration (Fig. [Te). On the other hand, mixture objectives enforce a clustering behavior (Fig.
and result in a better efficient exploration.

Policy Pre-Training via Task-Agnostic Exploration. More interestingly, we tested the effect of
pre-training policies via task-agnostic exploration as a way to alleviate the well-known hardness
of sparse-reward settings. In order to do so, we employed a multi-agent counterpart of the TRPO
algorithm [36] with different pre-trained policies. First, we investigated the effect on the learning
curve in the hard-exploration task of Env. (i) under long horizons (7" = 150), with a worst-case goal
set on the opposite corner of the closed room. Pre-training via mixture objectives still lead to a faster
learning compared to initializing the policy with a uniform distribution. On the other hand, joint
objective pre-training did not lead to substantial improvements over standard initializations. More
interestingly, when extremely short horizons were taken into account (17" = 50) the difference became
appalling, as shown in Fig.[2a} pre-training via mixture-based objectives leaded to faster learning
and higher performances, while pre-training via disjoint objectives turned out to be even harmful
(Fig. E] Finally, we tested the zero-shot capabilities of policy pre-training on the simpler but high
dimensional exploration task of Env. (ii), where the goal was sampled randomly between worst-case
positions at the boundaries of the region reachable by the arm. As shown in Fig.[3p] both joint and
mixture were able to guarantee zero-shot performances via pre-training compatible with MA-TRPO
after learning over 2e4 samples, while disjoint objectives were not. On the other hand, pre-training
with joint objectives showed an extremely high-variance, leading to worst-case performances not
better than the ones of random initialization. Mixture objectives on the other hand showed higher
stability in guaranteeing compelling zero-shot performance.

Takeaways. Overall, all of the experimental questions were answered: (Q4.1) Algorithm|[I]is indeed
able to optimize for finite-trial objectives; (Q4.2) Mixture objectives enforce coordination, essential
when high efficiency is required, while joint or disjoint objectives may fail to lead to relevant solutions
because of under or over optimization; (Q4.3) The efficient coordination through mixture objectives
enforces the ability of pre-training via task-agnostic exploration to lead to faster and better
training and even zero-shot generalization.

7 Conclusions and Perspectives

In this paper, we introduce a principled framework for unsupervised pre-training in MARL via
task-agnostic exploration. First, we show formalize it via several different objectives, linked through
performance bounds. Moreover, we theoretically characterize how the problem, even when tractable
in theory, is non-trivial in practice. Then, we design a practical algorithm and we use it in a set of
experiments to confirm the expected superiority of mixture objectives in practice, due to their ability
to enforce efficient exploration over short horizons. Future works can build over our results in many
directions, for instance by developing scalable algorithms for continuous domains.

"This is probably due to pre-training almost deterministic policies, as shown in Fig. E]in Appendix
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A Related Works

Below, we summarize the most relevant work investigating related concepts.

Entropic Functionals in MARL. A large plethora of works on both swarm robotics [21} 4] and
multi-agent intrinsic motivation [among others, [10} 142} |50} 149, 411 [39]] investigated the effects of
employing entropic-like functions to boost exploration and performances in down-stream tasks.
Importantly, these works are of empirical nature, and they do not investigate the theoretical properties
of cMGs or multi-agent task-agnostic exploration, nor they propose algorithms able to pre-train
p011c1es without access to extrinsic rewardsﬂ Finally, while a similar notion of cMGs was proposed
in [7]], their contributions are focused on the existence of equilibria and performances of centralized
algorithms over infinite-trials objectives.

task-agnostic exploration and Policy Optimization. Entropy maximization in MDPs was first
introduced in [8]] and then investigated extensively in various works [e.g., 24} 25| 27, 28 [18} [17, 137,
43) 138,147,146, 5]]. Finally, we considered an IS policy gradient estimator inspired by the work of [22],
yet with other forms of IS estimators, such as non-parametric k-NN estimators proposed in [25].

B Proofs of the Main Theoretical Results

In this Section, we report the full proofing steps of the Theorems and Lemmas in the main paper. In
general, thought this paper, we make the following assumption for the objective function F:

Assumption B.1 (Lipschitz). A function F : A — R is Lipschitz-continuous for some constant
L < o, or L-Lipschitz for short, if it holds | F(z) — F(y)| < L|z — y||1, V(z,y) € A2

Here follow the proofs of the main results.

Lemma 4.1 (Entropy Mismatch). For every cMG My, for a fixed (joint) policy m = (7);enr the
infinite-trials objectives are ordered according to:

M<L H(d™) < H(d™) < H(d]) + log(|N d™) + log(|NV
v \Wlie%] (dT) < H( )\E[m] (di) +log(IN]) < H(d™) + log(|N])

Proof. The bounds follow directly from simple yet fundamental relationships between entropies of
joint, marginal and mixture distributions which can be found in [31}[12]], in particular:

1 (2) = 1
L b M) < H(d™) < — > H(d7) + log(IN
7 < g 2 HD @) < iy 3 HE +los(W)

(©

< sup H(dT) + log(|N]) < H(d™) + log(JNV])
i€[N]

where step (a) and (b) use the fact that d” (s) := | NI 2ie[n 47 (8) is a uniform mixture over the

dr
agents, whose distribution over the weights has entropy log(|N ), so as we can apply the bounds
from [12]. Step (c) uses the fact that H(d") = >,c(n H(d7|dZ;), then taking the supremum

as first i it follows that sup,c(p H(df) = H(d™) — Z]e[./\/] H(d}|dZ;,df) < H(d") due to

non-negativity of entropy. O

Theorem 4.2 (Finite-Trials Mismatch in cMGs). For every cMG M x equipped with a L-Lipschitz
function F, let K € Nt be a number of evaluation episodes/trials, and let § € (0, 1] be a confidence

level, then for any (joint) policy 1 = (7' € Hi)ie[/\/], it holds that the mismatches err(mw) =
ICr () = Con ()], erri(m) i= |Ch () — (& ()|, eFr(7) := | () — (oo ()| are bounded as:

2|S| log(27/9)

2|S|log(2T'/6)
K ?

2|S|log(21/5)
" ee s

err(m) < LT NIK

rri(m) < LT rr(m) < LT

8The interested reader can refer to [23] [18] for an extensive investigation of the fundamental differences
between intrinsic motivation and task-agnostic exploration.
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Proof. For the general proof structure, we adapt the steps of [26] for cMDPs to the different objectives
possible in cMGs. Let us start by considering joint objectives, then:

[Cx(m) = o] = |, B [Fldi)] = F@| <, B [1Fldie) = F@)]
<, E [Llde—d"l1<L, E _[ldx—d"],]

(b)

<L E [max ldr,e — dfl] ,
dr~p% | te[T]

where in step (a) we apply the Lipschitz assumption on F to write and in step (b) we apply a

maximization over the episode’s step by noting that dc = 7 Yy dir and d™ = 1 3,y 7.

We then apply bounds in high probability

Pr(max ldice —df, > €) < Pr(LEJndK,t AR

©
< ZPT<HdK,t —di|, = 6)
t

<7 Pr( s —dfl, > ),

with € > 0 and in step (c) we applied a union bound. We then consider standard concentration
inequalities for empirical distributions [40] so to obtain the final bound

2I5110g(2/8") ) <5

- )

PT( ldx,t — d?H1 =

By setting ¢’ = §/T', and then plugging the empirical concentration inequality, we have that with
probability at least 1 — ¢

|Cxe () — Coo()| < LT w

which concludes the proof for joint objectives.

The proof for disjoint objectives follows the same rational by bounding each per-agent term separately
and after noticing that due to Assumption [3.1} the resulting bounds get simplified in the overall
averaging. As for mixture objectives, the only core difference is after step (b), where dx takes
the place of dx and d™ of d™. The remaining steps follow the same logic, out of noticing that the
empirical distribution with respect to d~ is taken with respect | V| K samples in total. Both the two
bounds then take into account that the support of the empirical distributions have size |5 | and not

|S].

B.1 Policy Gradient in cMGs with Infinite-Trials Formulations.

In this Section, we analyze policy search for the infinite-trials joint problem (, of Eq. (I, via
projected gradient ascent over parametrized policies, providing in Th. [B.6| the formal counterpart of
Fact4.T]in the Main paper. As a side note, all of the following results hold for the (infinite-trials)
mixture objective (,, of Eq. (3). We will consider the class of parametrized policies with parameters
6; € ©; c R?, with the joint policy then defined as 74,0 € © = X ie[A]©i- Additionally, we will
focus on the computational complexity only, by assuming access to the exact gradient. The study of
statistical complexity surpasses the scope of the current work. We define the (independent) Policy
Gradient Ascent (PGA) update as:

1
it = a‘regIgaxcw(ﬂek’)+<v9i<00(ﬂ-9k)’9i_95>_%”0i_9£€“2 = e {0 + 1V, (o(mge)} (5)
€0

where ITg, {-} denotes Euclidean projection onto ©;, and equivalence holds by the convexity of ©;.
The classes of policies that allow for this condition to be true will be discussed shortly.
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In general the overall proof is built of three main steps, shared with the theory of Potential Markov
Games [15]: (i) prove the existence of well behaved stationary points; (ii) prove that performing
independent policy gradient is equivalent to perform joint policy gradient; (iii) prove that the (joint)
PGA update converges to the stationary points via single-agent like analysis. In order to derive the
subsequent convergence proof, we will make the following assumptions:

Assumption B.1. Define the quantity A(6) := d™, then:

(i). A(+) forms a bijection between © and \(©), where © and A\(O) are closed and convex.

(ii). The Jacobian matrix VgA(6) is Lipschitz continuous in ©.

(iii). Denote g(-) := A71(-) as the inverse mapping of A(-). Then there exists £y > 0 s.t. [g(\) —
g(N\)| < Lg| N — N|| for some norm | - || and for all A, \' € A\(©).

Assumption B.2. There exists L > 0 such that the gradient V(. (7g) is L-Lipschitz.

Assumption B.3. The agents have access to a gradient oracle O(-) that returns Vg, (s (mp) for any
deployed joint policy 7g.

On the Validity of Assumption This set of assumptions enforces the objective (, (7g) to
be well-behaved with respect to 6 even if non-convex in general, and will allow for a rather strong
result. Yet, the assumptions are known to be true for directly parametrized policies over the whole
support of the distribution d™ [48]], and as a result they implicitly require agents to employ policies
conditioned over the full state-space S. Fortunately enough, they also guarantee © to be convex.

Lemma B.4 ((i) Global optimality of stationary policies [48]). Suppose Assumption[B.1|holds, and
F is a concave, and continuous function defined in an open neighborhood containing \(©). Let 0*
be a first-order stationary point of problem (I)), i.e.,

Ju* € H(FoN(0*), st (W 0—60*><0 for VOeO. (6)
Then 0% is a globally optimal solution of problem ().

This result characterizes the optimality of stationary points for Eq. (I). Furthermore, we know
from [15]] that stationary points of the objective are Nash Equilibria.

Lemma B.5 ((ii) Projection Operator [15]). Let 6 := (61, ..., Opr) be the parameter profile for all
agents and use the update of Eq. (3) over a non-disjoint infinite-trials objective. Then, it holds that

H@{ek + T]VGC@O(T‘—O’V)} = (H@i{e;f + HVQij(ﬂ'ek)})iE[N]

This result will only be used for the sake of the convergence analysis, since it allows to analyze
independent updates as joint updates over a single objective. The following Theorem is the formal
counterpart of Fact[4.T]and it is a direct adaptation to the multi-agent case of the single-agent proof
by [48]], by exploiting the previous result.

Theorem B.6 ((iii) Convergence rate of independent PGA to stationary points (Formal Fact{d.1)). Let
Assumptions and hold. Denote Dy :=maxy yexo) |A— || as defined in Assumption|B. I{iii).
Then the independent policy gradient update ) with n = 1/L satisfies for all k with respect to a
stationary (joint) policy mgs the following

ALEZD?
k+1

Cw(ﬂe*)_Coo(ﬂ'é)k) <

Proof. First, the Lipschitz continuity in Assumption [B.2]indicates that

G A0))  Co(AE) (Voo (A0)),0 0] < Z10 — 04 2.

Consequently, for any 6 € © we have the ascent property:
. : . L
Co(A(0) = Co(AO) + (Tl (A(0F)), 0 = 0%) = S0 = 077 = Co (MO)) — LIO = 0%]%. (D)
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The optimality condition in the policy update rule () coupled with the result of Lemma[B.3]allows us
to follow the same rational as [48]]. We will report their proof structure after this step for completeness.

Co(AO")) = o (A(O")) + Vol (A(O")), 0771 — 0%) — g\\ﬁk“ — 0%

= miax o (MO)) + (Var (A(0)),0 — 0% — 20— 0P

(a)
2 max Go(A(0)) — L6 — 0¥
2 max {GoM0)) = L0 — 0417 : 00 = g(0X0") + (1= 0B} ®)

where step (a) follows from (7)) and step (b) uses the convexity of A(©). Then, by the concavity of
(s and the fact that the composition A o g = id due to Assumption [B.I{i), we have that:

(o (MBa)) = o (@A(%) + (1 = a)A(6%)) = alo(A(6%)) + (1 — a)Cu(A(6)).
Moreover, due to Assumption [B.I{iii) we have that:

16 = 6"17 = lg(@A(@®) + (1 — )A(6¥)) — g(A(6"))[ ©
< QPG|AE%) = A@0)[
< o?02D3.

From which we get
Co(A(0%)) = G (AB"T)
< o, {Co(M07)) = Co(M(0a)) + Llfa — 0[* : 6o = g(aX(6¥) + (1 — a)A(6%))}

a€l0,1

< min (1-a)(Go(A(0%)) - Co(A(0"))) + @* LD, . (10)

We define A(mp) := A\(0), then oy, = CW(A(”Z%;@?(A(”IC)) > 0, which is the minimizer of the RHS
07X\

of (]E[) as long as it satisfies o, < 1. Now, we claim the following: If o > 1 then a1 < 1.

Further, if ay, < 1 then a1 < . The two claims together mean that (ay ), is decreasing and all

ay, are in [0, 1) except perhaps «p.

To prove the first of the two claims, assume vy, > 1. This implies that o (A(7*)) — (oo (A(TF)) =
2L¢2D3. Hence, choosing a = 1 in (T0), we get

Co(A(0%)) = ¢ (A7) < LEGD3
which implies that 41 < 1/2 < 1. To prove the second claim, we plug «y, into (I0) to get

®\) _ k
o087 = G004 < (1= AT EEN ) (¢, (00%) - a8

which shows that a1 < ay as required.

Now, by our preceding discussion, for k = 1,2, ... the previous recursion holds. Using the definition
of o, we rewrite this in the equivalent form

Qusi  (jo ). 0
2 ~

2 27
By rearranging the preceding expressions and algebraic manipulations, we obtain
2 1 2 1 2
= = = —+t——% = —+1L
agpr - (I-%)-F a 1-% "

For simplicity assume that oy < 1 also holds. Then, a—zk > O%O + k, and consequenlty

(A\(0) = Go(A(8°) _ 4LEBD3
Co(M0%)) = G (A(8%)) < < (g ((A(e)>l<)))—cC ((A(G(O)))) < lf: -
L+ e e k

A similar analysis holds when a > 1. Combining these two gives that (o (A\(7*)) — (oo (A(7F)) <

2 12
4L,fj_]13* no matter the value of «g, which proves the result. O
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B.2 The Use of Markovian and Non-Markovian Policies in cMGs with Finite-Trials
Formulations.

The following result describes how in cMGs, as for cMDPs, Non-Markovian policies are the right
policy class to employ to guarantee well-behaved results.

Lemma B.1 (Sufficiency of Disjoint Non-Markvoian Policies). For every cMG M there exist a joint

policy ™ = (%) ienr, with T € Aé; being a deterministic Non-Markovian policy, that is a Nash
Equilibrium for non-Disjoint single-trial objectives, for K = 1.

Proof. The proof builds over a straight reduction. We build from the original MG M a temporally
extended Markov Game M = (N, S, AP, u,T). A state § is defined for each history that can be
induced, i.e., S € S «— seS8T. We keep the other objects equivalent, where for the extended
transition model we solely consider the last state in the history to define the conditional probability to
the next history. We introduce a common reward function across all the agents r : S — R such that
r(8) = H(d(s)) for joint objectives and 7(5) = (1/N) X;c1ar H (di(5;)) for mixture objectives, for
all the histories of length T and 0 otherwise. We now know that according to [Theorem 3.1, [15]] there
exists a deterministic Markovian policy 7* = (7%);cpr, 7 € Ag‘i that is a Nash Equilibrium for M.
Since § corresponds to the set of histories of the original game, 7* maps to a non-Markovian policy
in it. Finally, it is straightforward to notice that the NE of 7* for M implies the NE of 7* for the
original cMG M. O

The previous result implicitly asks for policies conditioned over the joint state space, as happened for
infinite-trials objectives as well. Interestingly, finite-trials objectives allow for a further characteriza-
tion of how an optimal Markovian policy would behave when conditioned on the per-agent states
only:

Lemma B.7 (Behavior of Optimal Markovian Decentralized Policies). Let myy = (7, € Aé; )ie[A]

an optimal deterministic non-Markovian centralized policy and Ty = (7 € Aél )ie[A] the optimal

Markovian centralized policy, namely Ty = arg MAX, _ (rie AA ) iepny C1(m). For a fixed sequence

s € St ending in state s = (s;,5_;), the variance of the event of the optimal Markovian decentralized
policy my = (miy € AZ )iepn taking a* = my(-|se) = 7u(-|s,t) in s; at step t is given by

Var [B(mu(a*|si,t))] = VarNM [E [B(rwm(a*s® s))]]
+ Var [E[B(’ITM(CL |siys—i,1)]]-
s®(-,s—i)~p M
where s®s € S is any sequence of length t such that the final state is s, i.e., s®s := (s;_1 € S'™1)Ds,
and B(z) is a Bernoulli with parameter .

Unsurprisingly, this Lemma shows that whenever the optimal Non-Markovian strategy for requires to
adapt its decision in a joint state s according to the history that led to it, an optimal Markovian policy
for the same objective must necessarily be a stochastic policy, additionally, whenever the optimal
Markovian policy conditioned over per-agent states only will need to be stochastic whenever the
optimal Markovian strategy conditioned on the full states randomizes its decision based on the joint
state s.

Proof. Let us consider the random variable A; ~ P; denoting the event “the agent ¢ takes action
a;" € A;”. Through the law of total variance [3]], we can write the variance of A given s € S and
t>=0as

Var [Als, t] = E[A%s,t] —E[A]s, t] =E [E[A2|s,t, s]] f]’gl[E[A|s,t,s]]2

S

Var [Als, t,s| + E[Als, ¢ 5]2] —E [W [A\s,t,s]]z

A
5|

= [Var Als,t,s ] +E[ [Als,t,s 2] []E[A\S,t,s]]Q
5|

Var A|5 ] +Var[IE[A|s,t,s]]. (11)
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Now let the conditioning event s be distributed as s ~ p;™, so that the condition s, t, s becomes
s@® s where s@® s = (sg, ag, 81, - - -, 5t = §) € S, and let the variable A be distributed according to
‘P that maximizes the objective given the conditioning. Hence, we have that the variable A on the left
hand side of (TT)) is distributed as a Bernoulli B(7m(a*|s,t)), and the variable A on the right hand
side of (12) is distributed as a Bernoulli B(mnm(a*|s @ s)). Thus, we obtain

Var [B(7m(a*|s,t))] = s@sE”NM [ Var [B(mwm(a*[s@s))]] +S®§fa1§7 [E [B(mam(a*[s@s))]].

~p; NM
12)
We know from Lemma B.1|that the policy 7y is deterministic, so that Var [B(mxm(a*[s@®s))| = 0
for every s @ s. We then repeat the same steps in order to compare the two different Markovian
policies:

Var [A|5i,t] =E [Var [A|sz-, s_i,t]] + Var []E [A\si, s_i,t]].
Repeating the same considerations as before we get that we can use (I2)) to get:

Var [B(mw(a*|si,t))] = B [Var [B(Fu(a*|si, 51, 1))] +E[B(7’rM(a*|si,s_i,t))]]

= Var_ [E[B(mm(a*[s®s))]] + Var [E [B(7m(a*|si, s—i,1))]]

s®s~p; M SO(-,5-¢)~ppM

O

C Details on the Empirical Corroboration.

All the experiments were performed over an Apple M2 chip (8-core CPU, 8-core GPU, 16-core
Neural Engine) with 8 GB unified memory with a maximum time of execution of 24 hours.

Environments. The main empirical proof of concept was based on two environments. First, Env.
(i), the so called secret room environment by [19]. In this environment, two agents operate within
two rooms of a 10 x 10 discrete grid. There is one switch in each room, one in position (1, 9) (corner
of first room), another in position (9, 1) (corner of second room). The rooms are separated by a
door and agents start in the same room deterministically at positions (1,1) and (2, 2) respectively.
The door will open only when one of the switches is occupied, which means that the (Manhattan)
distance between one of the agents and the switch is less than 1.5. The full state vector contains x, y
locations of the two agents and binary variables to indicate if doors are open but per-agent policies are
conditioned on their respective states only and the state of the door. For Sparse-Rewards Tasks, the
goal was set to be deterministically at the worst case, namely (9, 9) and to provide a positive reward
to both the agents of 100 when reached, which means again that the (Manhattan) distance between
one of the agents and the switch is less than 1.5, a reward of 0 otherwise. The second environment,
Env. (ii), was the MaMuJoCo reacher environment [32]]. In this environment, two agents operate
the two linked joints and each space dimension is discretized over 10 bins. Per-agent policies were
conditioned on their respective joint angles only. For Sparse-Rewards Tasks, the goal was set to be
randomly at the worst case, namely on position (£0.21, £0.21) on the boundary of the reachable
area. Reaching the goal mean to have a tip position (not observable by the agents and not discretized)
at a distance less that 0.05 and provides a positive reward to both the agents of 1 when reached, a
reward of 0 otherwise.

Class of Policies. In Env. (i), the policy was parametrized by a dense (64, 64) Neural Network
that takes as input the per-agent state features and outputs an action vector probabilities through a
last soft-max layer. In Env. (ii), the policy was represented by a Gaussian distribution with diagonal
covariance matrix. It takes as input the environment state features and outputs an action vector. The
mean is state-dependent and is the downstream output of a a dense (64, 64) Neural Network. The
standard deviation is state-independent, represented by a separated trainable vector and initialized to
—0.5. The weights are initialized via Xavier Initialization.

Trust Region Pure Exploration (TRPE).  As outlined in the pseudocode of Algorithm[T] in each
epoch a dataset of IV trajectories is gathered for a given exploration horizon 7', leading to the reported
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number of samples. Throughout the experiment the number of epochs e were set equal to e = 10k,
the number of trajectories N = 10, the KL threshold § = 6, the maximum number of off-policy
iterations set to nofrier = 20, the learning rate was set to 7 = 1075 and the number of seeds set equal
to 4 due to the inherent low stochasticity of the environment.

Limitations of TRPE  The main limitations of the proposed methods are two. First, the Monte-
Carlo estimation of single-trial objectives might be sample-inefficient in high-dimensional tasks.
However, more efficient estimators of single-trial objectives remain an open question in single-agent
convex RL as well, as the convex nature of the problem hinders the applicability of Bellman operators.
Secondly, the plug-in estimator of the entropy is applicable to discrete spaces only, but designing
scalable estimators of the entropy in continuous domains is usually a contribution per se [23].

Multi-Agent TRPO (MA-TRPO). We follow the same notation in [6]. Agents have independent
critics (64, 64) Dense networks and in each epoch a dataset of NV trajectories is gathered for a given
exploration horizon T for each agent, leading to the reported number of samples. Throughout the
experiment the number of epochs e were set equal to e = 100, the number of trajectories building the
batch size N = 20, the KL threshold § = 10~*, the maximum number of off-policy iterations set to
Noftiter = 20, the discount was set to v = 0.99.

The Repository is made available at the following Repository.
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Figure 3: Full Visualization of Reported Experiments. Experiments with longer horizons highlight
how the easier the task, the less crucial the distinction between the objectives is.
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Figure 4: Policiy Entropy Insights for TRPO Pretraining in Env (i) and Env (ii). Lower Entropic
Policies with Disjoint Objectives might justify the difference in pre-training performance even
if the performances in training are similar.

18



	Introduction
	Preliminaries
	Problem Formulation
	A Formal Characterization of Multi-Agent task-agnostic exploration
	An Algorithm for Multi-Agent task-agnostic exploration in Practice
	Empirical Corroboration
	Conclusions and Perspectives
	Related Works
	Proofs of the Main Theoretical Results
	Policy Gradient in cMGs with Infinite-Trials Formulations.
	The Use of Markovian and Non-Markovian Policies in cMGs with Finite-Trials Formulations.

	Details on the Empirical Corroboration.

