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Abstract

Symmetries are abundant in the loss functions of neural networks, and under-
standing their impact on optimization algorithms is crucial for deep learning. We
investigate the learning dynamics of Stochastic Gradient Descent (SGD) through
the lens of exponential symmetries, a broad subclass of continuous symmetries in
loss functions. Our analysis reveals that when gradient noise is imbalanced, SGD
inherently drives model parameters toward a noise-balanced state, leading to the
emergence of unique and attractive fixed points along degenerate directions. We
prove that every parameter θ connects without barriers to a unique noise-balanced
fixed point θ∗. This finding offers a unified perspective on how symmetry and gra-
dient noise influence SGD. The theory provides novel insights into deep learning
phenomena such as progressive sharpening/flattening and warmup, demonstrating
that noise balancing is a key mechanism underlying these effects.

1 Introduction
Stochastic gradient descent (SGD) and its variants have become the cornerstone algorithms used in
deep learning. In the continuous-time limit, the algorithm can be written as [17, 11, 19, 28, 7]:

dθt = −∇L(θt)dt +
√
2σ2Σ(θt)dWt, (1)

where Σ(θ) is the covariance matrix of gradient noise (Section 2) with the prefactor σ2 = η/(2S)
modeling the impact of a finite learning rate η and batch size S; Wt denotes the Brownian motion.
When σ = 0, Eq. (1) corresponds to gradient descent (GD)1. However, SGD and GD can exhibit
significantly different behaviors, often converging to solutions with different levels of performance
[27, 31, 33, 20, 36]. Notably, even when σ2 ≪ 1, where we expect a close resemblance between
SGD and GD over finite time [17], their long-time behaviors can still differ substantially [23]. These
observations indicate that gradient noise can systematically bias the dynamics, and revealing its
underlying mechanism is thus crucial for understanding the disparities between SGD and GD.

Contribution. In this paper, we study the how of SGD noise biases training through the lens of
symmetry. Our key contributions are summarized as follows. We show that

1. when symmetry exists in the loss function, the dynamics of SGD can be precisely characterized
and is different from GD along the degenerate direction;
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1“Gradient descent” and “gradient flow” are used interchangeably as we work in the continuous-time limit.



2. the treatment of common symmetries, including the rescaling and scaling symmetry in deep
learning, can be unified in a single theoretical framework that we call the exponential symmetry;

3. for any θ, every exponential symmetry implies the existence of a unique and attractive fixed point
along the degenerate direction for SGD;

4. symmetry and balancing of noise can serve as novel mechanisms for important deep learning
phenomena such as progressive sharpening/flattening and warmup.

2 Preliminaries
Setup and Notations. Let ℓ ∶ Ω × Z ↦ R denote the per-sample loss, with Ω and Z denoting
the parameter and sample space, respectively. Here, z ∈ Z includes both the input and label and
accordingly. We use Ez = E to denote the expectation over a given training set. Therefore, L(θ) =
Ez[ℓ(θ, z)] is the empirical risk function. The covariance of gradient noise is given by

Σ(θ) = Ez[∇ℓ(θ, z)∇ℓ(θ, z)⊺] − ∇L(θ)∇L(θ)⊺.
Additionally, we use Σv(θ) ∶= Ez[∇vℓ(θ, z)∇vℓ(θ, z)⊺] − ∇vL(θ)∇vL(θ)⊺ to denote the covari-
ance of gradient noise impacting on the subset of parameters v. Denote by (θt)t≥0 the trajectory of
SGD or GD. For any h ∶ Ω ↦ R, we write ht = h(θt) and ḣ(θt) = d

dt
h(θt) for brevity. When the

context is clear, we also use ℓ(θ) to denote ℓ(θ, z).

Symmetry. The per-sample loss ℓ(⋅, ⋅) is said to possess the Q-symmetry if

ℓ(θ, z) = ℓ(Qρ(θ), z),∀ρ ∈ R, (2)

where (Qρ)ρ∈R is a set of continuous transformation parameterized by ρ ∈ R. Without loss of
generality, we assume Q0 = id. The most common symmetries exist within the model f , namely
fθ is invariant under certain transformations of θ. However, our formalism is slightly more general
in the sense that it is also possible for the model to be variant while the per-sample loss remains
unchanged, which appears in self-supervised learning [37], for example.

3 Continuous Symmetry Creates Noise Equilibria
Taking the derivative with respect to ρ at ρ = 0 in Eq. (2), we have

0 = ∇θℓ(θ, z) ⋅ J(θ), (3)

where J(θ) = dQρ(θ)

dρ
∣ρ=0. Denote by C be the antiderivative of J , that is, ∇C(θ) = J(θ). Then,

taking the expectation over z in (3) gives the following conservation law for GD solutions (θt)t≥0:

Ċ(θt) = 0. (4)

Essentially, this is a consequence of Noether’s theorem [22], and C will be called a “Noether charge”
in analogy to theoretical physics. The conservation law (4) implies that the GD trajectory is con-
strained on the manifold {θ ∶ C(θ) = C(θ0)}. We refer to Ref. [16] for a study of this type of
conservation law under the Bregman Lagrangian [14].

3.1 Noether Flow in Degenerate Directions

In this paper, we are interested in how C(θt) changes, if it changes at all, under SGD. By Ito’s
lemma, we have the following Noether flow (namely, the flow of the Noether charge):

Ċ(θt) = σ2Tr [Σ(θt)∇2C(θt)] , (5)

where ∇2C denotes the Hessian matrix of C. The derivation is deferred to Appendix A. By def-
inition, Σ(θt) is always positive semidefinite (PSD). Thus, we immediately have: if ∇2C is PSD
throughout training, C(θt) is a monotonically increasing function of time. Conversely, if ∇2

θC is
negative semidefinite (NPD), C(θt) is a monotonically decreasing function of time.

The existence of symmetry implies that (with suitable conditions of smoothness) any solution θ
resides within a connected, loss-invariant manifold, defined as Mθ ∶= {Qρ(θ) ∶ ρ ∈ R}. We
term directions within this manifold as “degenerate directions” since movement along them does
not change the loss value. Notably, the biased flow (5) suggests that SGD noise can drive SGD to
explore within this manifold along these degenerate directions since the value of C(θ) for θ ∈ Mθ

can vary.
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3.2 Exponential symmetries

Now, let us focus on a family of symmetries that is common in deep learning. Since the correspond-
ing conserved quantities are quadratic functions of the model parameters, we will refer to this class
of symmetries as exponential symmetries.
Definition 3.1. (Qρ)ρ is said to be a exponential symmetry if J(θ) ∶= d

dρ
Qρ(θ)∣ρ=0 = Aθ for a

symmetric matrix A.

This implies when ρ≪ 1, Qρ = id+ ρA+ o(ρ). In the sequel, we also use the words “A-symmetry”
and “Q-symmetry” interchangeably since all properties of Qρ we need can be derived from A. This
definition applies to the following symmetries that are common in deep learning:

• Rescaling symmetry: Qρ(a, b) = (a(ρ+1), b/(ρ+1)), which appears in linear and ReLU networks
[6, 35]. In this symmetry, A = diag(Ia,−Ib), where I is the identity matrix with dimensions
matching that of a and b.

• Scaling symmetry: Qρθ = (ρ + 1)θ, which exists whenever part of the model normalized using
techniques like batch normalization [12], layer normalization [2], or weight normalization [25].
In this case, A = I .

• Double rotation symmetry: This symmetry appears when parts of the model involve a matrix
factorization problem, where for an arbitrary invertible matrix B ℓ = ℓ(UW ) = ℓ(UBB−1W ).

It is possible for only a subset of parameters to have a given symmetry. Mathematically, this cor-
responds to the case when A is low-rank. It is also common for ℓ to have multiple exponential
symmetries at once, often for different (but not necessarily disjoint) subsets of parameters. For
example, a ReLU network has a different rescaling symmetry for every hidden neuron.

It is obvious that under this Q symmetry, the Noether charge has a simple quadratic form:
C(θ) = θ⊺Aθ. (6)

Moreover, the interplay between this symmetry and weight decay can be explicitly characterized in
our framework. To this end, we need the following definition.
Definition 3.2. For any γ ∈ R, we say ℓγ(θ, x) ∶= ℓ(θ, x) + γ∥θ∥2 has the Q symmetry as long as
ℓ(θ, x) has the Q symmetry.

For the SGD dynamics that minimizes Lγ(θ) = Ex[ℓγ(θ, x)], it follows from (5) that

Ċ(θt) = −4γC(θt) + σ2Tr[Σ(θt)A] =∶ G(θt). (7)
Thus, a positive γ always causes ∣C(θt)∣ to decay, and the influence of symmetry is determined by
the spectrum of A. Denote by A = ∑j µjnjn

⊺
j the eigendecomposition of A. Then,

Tr[Σ(θt)A] = ∑
i∶µi>0

µin
⊺
iΣ(θt)ni + ∑

j∶µj<0

µjn
⊺
jΣ(θt)nj .

This gives a very clear interpretation of the interplay between SGD noise and the exponential sym-
metry: the noise along the positive directions of A causes C(θt) to grow, while the noise along the
negative directions causes C(θt) to decay. In other words, the noise-induced dynamics of C(θt) is
determined by the competition between the noise along the positive- and negative-eigenvalue direc-
tions of A.

Time Scales. The above analysis implies that the dynamics of SGD can be decomposed into two
parts: the dynamics that directly reduce loss, and the dynamics along the degenerate direction of the
loss, which is governed by Eq (5). These two dynamics have essentially independent time scales.
The first part is independent of the σ2 in expectation, whereas the time scale of the dynamics in the
degenerate directions depends linearly on σ2.

The first time scale term is due to the dynamics of empirical risk minimization. The second time scale
tequi is the time scale for Eq. (5) to reach equilibrium, which is irrelevant to direct risk minimization.
When the parameters are properly tuned, term is of order 1, whereas tequi is proportional to σ2 =
η/(2S). Therefore, when σ2 is large, the parameters will stay close to the equilibrium point early in
the training, and one can expect that Ċ(θt) is approximately zero after tequi. In line with Ref. [18],
this can be called the fast-equilibrium phase of learning. Likewise, when σ2 ≪ 1, the approach to
equilibrium will be slower than the actual time scale of risk minimization, and the dynamics in the
degenerate direction only take off when the model has reached a local minimum. This can be called
the slow-equilibrium phase of learning.
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3.3 Noise Equilibrium and Fixed Point Theorem

It is important and practically relevant to study the stationary points of dynamics in Eq. (7). For-
mally, the stationary point is reached when −γC(θ)+ηTr[Σ(θ)A] = 0. Because we make essentially
no assumption about ℓ(θ) and Σ(θ), one might feel that it is impossible to guarantee the existence of
a fixed point. Remarkably, we prove below that a fixed point exists and is unique for every connected
degenerate manifold.

To start, consider the exponential maps generated by A:

eλAθ ∶= lim
ρ→0
(I + ρA + o(ρ))λ/ρθ,

which applies the symmetry transformation to θ for λ/ρ times. Then, it follows that if we apply Qρ

transformation to θ infinitely many times and for a perturbatively small ρ,

ℓ(θ) = ℓ (eλAθ) . (8)
Thus, the exponential symmetry implies the symmetry with respect to an exponential map, a fun-
damental element of Lie groups [9]. Note that exponential-map symmetry is also an exponential
symmetry by definition. For the exponential map, the degenerate direction is clear: for any λ, θ
connects to eλAθ without any loss function barrier. Therefore, the degenerate direction for any ex-
ponential symmetry is unbounded. Now, we prove the following fixed point theorem, which shows
that for every exponential symmetry and every θ, there is one and only one corresponding fixed point
in the degenerate direction.
Theorem 3.3. Let the per-sample loss satisfy the A exponential symmetry and θλ ∶= exp[λA]θ.
Then, for any θ and any γ ≥ 0,2

(1) G(θλ) (Eq. (7)) and −C(θλ) are monotonically decreasing functions of λ;
(2) there exists a λ∗ ∈ R ∪ {±∞} such that G(θλ∗) = 0;
(3) in addition, if G(θλ) ≠ 0, λ∗ is unique and G(θλ) is strictly monotonic;
(4) in addition to (3), if Σ(θ) is differentiable, λ∗(θ) is a differentiable function of θ.

Part (1), together with Part (2), implies that the unique stationary point is essentially attractive. This
is because Ċ decreases with λ while C increases with it. Let C∗ = C(θλ∗). Thus, C(θ) − C∗
always have the opposite sign of λ∗, while d

dt
C(θ) will have the same sign. Conceptually, this

means that C will always move to reduce its distance to C∗. Assuming that C∗ is a constant in
time (or close to a constant, which is often the case at the end of training), Part (1) implies that
d
dt
(C(θ) −C∗) ∝ −sgn(C(θ) −C∗), signaling a convergence to C(θ) = C∗. In other words, SGD

will move to restore the balance if it is perturbed away from λ∗ = 0. If the matrix ΣA is well-
behaved, one can indeed establish the convergence to the fixed point in the relative distance even if
C∗ is mildly divergent due to diffusion. Because this part is strongly technical and our focus is on
the fixed points, we leave the formal statement and its discussion to Appendix A.3.
Theorem 3.4. (Informal) Let C∗ follow a drifted Brownian motion and ΣA satisfy two well-behaved
conditions. Then, either C −C∗ → 0 in L2 or (C −C∗)2/(C∗)2 → 0 in probability.

Parts (2) and (3) show that a unique fixed point exists. We note that it is more common than not
for the conditions of uniqueness to hold because there is generally no reason for Tr[Σ(θ)A] or
Tr[θθ⊺A] to vanish simultaneously, except in some very restrictive subspaces. One major (perhaps
the only) reason for the first trace to vanish is when the model is located at an interpolation mini-
mum. However, interpolation minima are irrelevant for modern large-scale problems such as large
language models because the amount of available text for training far exceeds the size of the largest
models. Even when the interpolation minimum exists, the unique fixed point should still exist when
the training is not complete. Part (4) means that the fixed points of the dynamics is well-behaved. If
the parameter θ has a small fluctuation around a given location, C will also have a small fluctuation
around the fixed point solution. This justifies approximating C by a constant value when θ changes
slowly and with small fluctuation.
Fixed point as a Noise Equilibrium. Let θ∗ be a fixed point of (7). It must satisfy

C(θ∗) = σ2

4γ
Tr [Σ(θ∗)A] . (9)

2While our main result is stated in terms of the continuous-time dynamics, we note that a qualitatively
similar result can be proved for the discrete-time SGD. See Section E.
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Figure 1: The convergence of matrix factorization to the noise equilibria is robust against different hyperpa-
rameter settings. The task is an autoencoding task where y = x ∈ R100. The distribution of x is controlled
by a parameter ϕx: x1∶50 ∼ N(0, ϕx), x51∶100 ∼ N(0,2 − ϕx). This directly controls the overall covariance
of x. The output noise covariance is set to be identity. Unless it is the independent variable, η, S and d are
set to be 0.1, 100 and 2000, respectively. Left: using different learning rates. Mid: different data dimension:
dx = dy = d. Right: different batch size S.

Figure 2: A two-layer linear network after training. Here, the problem setting is the same as Figure 1. The
theoretical prediction is computed from Theorem 4.1. Left balance of the norm is only achieved when ϕx = 1,
namely, when the data has an isotropic covariance. We also test SGD with a small weight decay (10−4), which
is sufficiently small that the solution we obtained for SGD without SGD still holds approximately. In contrast,
training with GD + GD always converges to a norm-balanced solution. Right: the sharpness of the converged
model trained with SGD. We see that for some data distributions, SGD converges to a sharper solution, whereas
it converges to flatter solutions for other data distributions. This flattening and sharpening effect are both due
to the noise-balance effect of SGD. Here, we find that the systematic error between experiment and theory is
due to the use of a finite learning rate and decreases as we decrease η.

Hence, a large weight decay leads to a small ∣C(θ∗)∣, whereas a large gradient noise leads to a large
∣C(θ∗)∣. When there is no weight decay, we get a different equilibrium condition: Tr[Σ(θ∗)A] = 0,
which can be finite only when A contains both positive and negative eigenvalues. This equilibrium
condition is equivalent to

∑
i∶µi>0

µin
⊺
iΣ(θ∗)ni = − ∑

j∶µj<0

µjn
⊺
jΣ(θ∗)nj . (10)

Namely, the overall gradient fluctuation in the two different subspaces specified by the symmetry A
must balance. We will see that the main implication of this result is that the gradient noise between
different layers of a deep neural network should be balanced at the end of training. Conceptually,
Theorem 3.3 suggests the existence of a special type of fixed point for SGD, which the following
definition formalizes.
Definition 3.5. θ is a noise equilibrium for a nonconstant function C(θ) if Ċ(θ) = 0 under SGD.

4 Application: Balance, Alignment, and Stability of Matrix Factorization
As an exactly solvable example, let us consider a two-layer linear network (this can also be seen as
a variant of standard matrix factorizations):

ℓγ = ∥UWx − y∥2 + γ(∥U∥2F + ∥W ∥2F ). (11)

where x ∈ Rdx is the input data, and y = y′ + ϵ ∈ Rdy is a noisy version of the label. The ground
truth mapping is linear and realizable: y′ = U∗W ∗x. The second moments of the input and noise
are denoted as Σx = E[xx⊺] and Σϵ = E[ϵϵ⊺], respectively. Note that this problem is essentially
identical to a matrix factorization problem, which is not only a theoretical model of neural networks
but also an important algorithm frequently in use for recommender systems [32]. The following
theorem gives the fixed point of Noether flow.

Theorem 4.1. Let r = UWx − y be the prediction residual. For all symmetric B, ĊB = 0 if

WΓWW ⊺ = U⊺ΓUU, (12)
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where ΓW = E[∥r∥2xx⊺] + 2γI , ΓU = E[∥x∥2rr⊺] + 2γI .

The equilibrium condition takes a more suggestive form when the model is at the global minimum,
where U∗W ∗x − y = ϵ. When ϵ and x are independent and γ = 0, we have:

W Σ̄xW
⊺ = U⊺Σ̄ϵU (13)

Here, the bar over the matrices indicates that they have been normalized by their traces: Σ̄ =
Σ/Tr[Σ]. The matrices ΓW and ΓU simplifies because at the global minimum, ri = ϵi and so
E[∥x∥2rr⊺] = Tr[Σx]Σϵ and E[∥r∥2xx⊺] = Tr[Σϵ]Σx. See Figure 1 for the convergence of SGD
to this solution under different settings. The theory can also be leveraged to find the exact solution
of a deep linear network, which we discuss in Appendix C.

Noise Driven Progressive Sharpening and Flattening. This result implies a previously unknown
mechanism of progressive sharpening and flattening, where, during training, the stability of the
algorithm steadily improves (during flattening) or deteriorates (during sharpening) [31, 13, 5]. To
see this, we first derive a metric of sharpness for this model.
Proposition 4.2. For the per-sample loss (11), let S(θ) ∶= Tr[∇2L(θ)]. Then, S(θ) =
dy∥WΣ

1/2
x ∥2F + ∥U∥2FTr[Σx].

Figure 3: Dynamics of the stability condi-
tion S during the training of a rank-1 ma-
trix factorization problem. The solid lines
show the training of SGD with Kaiming init.
When the learning rate (η = 0.008) is too
large, SGD diverges (orange line). However,
when one starts training at a small learning
rate (0.001) and increases η to 0.008 after
5000 iterations, the training remains stable.
This is because SGD training improves the
stability condition during training, which is
in agreement with the theory. In contrast, the
stability condition of GD and that of SGD
with a Xavier init increases only slightly.
Also, note that both Xavier and Kaiming
init. under SGD converges to the same sta-
bility condition because the equilibrium is
unique.

The trace of the Hessian is a good metric of the local sta-
bility of the GD and SGD algorithm because the trace up-
per bounds the largest Hessian eigenvalue. The theory di-
rectly implies that SGD training can both make the model
move towards sharper solutions and flatter solutions – an
effect that is completely dependent on the data and ini-
tialization. This challenges the common belief that SGD
seeks a flatter minimum during training. See Figure 2.

Let us analyze the simplest case of an autoencoding task,
where the model is at the global minimum. Here, Σx ∝
Idx , Σϵ ∝ Idy . For a random Gaussian initialization with
variance σ2

W and σ2
U , the trace at initialization is, in ex-

pectation, Sinit = dydTr[Σx](σ2
W + σ2

U). At the end of
the training, the model is close to the global minimum
and satisfies Proposition 4.2. Here, the rank of U and
W matters and is upper bounded by min(d, dx), and at
the global minimum, U and W are full-rank (equal to
min(d, dx)), and all the singular values are 1. Thus,

{Sinit = dxd(σ2
U + σ2

W )Tr[Σx],
Send = 2min(d, dx)Tr[Σx].

(14)

The change in the sharpness during training thus depends
crucially on the initialization scheme. For Xavier init,
σ2
U = (dy+d)−1 and σ2

W = (d+dx)−1, and so Sinit ≈ Send

(but Sinit is slightly smaller). Thus, for the Xavier init.,
the sharpness of loss experiences a small sharpening dur-
ing training. For Kaiming init., σ2

U = 1 and σ2
W = d−1x .

Therefore, it always holds that Sinit ≥ Send, and so the stability improves as the training pro-
ceeds. The only case when the Kaiming init. does not experience progressive flattening is when
d = dx = dy , which agrees with the common observation that training is easier if the widths of the
model are balanced [10]. In previous works, the progressive sharpening happens when the model is
trained with GD [5]; our theory suggests an alternative mechanism for it.

A practical technique that the theory explains is using warmup to stabilize training in the early
stage. This technique was first proposed in Ref. [8] for training CNNs, where it was observed that
the training is divergent if we start the training at a fixed large learning rate ηmax. However, this
divergent behavior disappears if we perform a warmup training, where the learning rate is increased
gradually from a minimal value to ηmax. Later, the same technique is found to be crucially useful
for training large language models [24]. Our theory shows that the gradient noise can drive Kaiming
init. to a stabler status where a larger learning can be applied. See Figure 3.
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A Proofs

A.1 Ito’s Lemma and Derivation of Eq. (5)

Let a vector Xt follow the following stochastic process:

dXt = µt dt +Gt dWt (15)

for a matrix Gt. Then, the dynamics of any function of Xt can be written as (Ito’s Lemma)

df(Xt) = (∇⊺Xfµt +
1

2
Tr[G⊺t∇2f(Xt)Gt])dt +∇f(Xt)⊺Gt dWt. (16)

Applying this result to quantity C(θ) under the SGD dynamics, we obtain that

dC = (∇⊺C∇L + σ2

2
Tr[Σ(θ)∇2C])dt +∇⊺C

√
σ2Σ(θ)dWt, (17)

where we have used µt = ∇L, Gt =
√
σ2Σ(θ). By Eq. (3), we have that

∇⊺C∇L = E[∇⊺C∇ℓ] = 0, (18)

and
∇⊺CΣ = E[∇⊺C∇ℓ∇⊺ℓ] −E[∇⊺C∇ℓ]E[∇⊺ℓ] = 0. (19)

Because Σ(θ) and
√
Σ(θ) share eigenvectors, we have that

∇⊺C
√
σ2Σ(θ) = 0. (20)

Therefore, we have derived:

dC = σ2

2
Tr[Σ(θ)∇2C]dt. (21)

A.2 Proof of Theorem 3.3

We first prove a lemma that links the gradient covariance at θ to the gradient covariance at θλ.
Lemma A.1.

Tr[Σ(θλ)A] = Tr[e−2λAΣ(θ)A]. (22)

Proof. By the definition of the quadrative symmetry, we have that for an arbitrary λ,

ℓ(θ) = ℓ(eλAθ). (23)

Taking the derivative of both sides, we obtain that

∇θℓ(θ) = eλA∇θλℓ(θλ), (24)

The standard result of Lie groups shows that eλA is full-rank and symmetric, and its inverse is e−λA.
Therefore, we have

e−λA∇θℓ(θ) = ∇θλℓ(θλ). (25)

Now, we apply this relation to the trace of interest. By definition,

Σ(θλ) = E[∇θλℓ(θλ)∇⊺θλℓ(θλ)] (26)

= e−λAΣ(θ)e−λA. (27)

Because eλA is a function of A, it commutes with A. Therefore,

Tr[Σ(θλ)A] = Tr[e−λAΣ(θ)e−λAA] (28)

= Tr[e−2λAΣ(θ)A]. (29)

Now, we are ready to prove the main theorem.
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Proof. First of all, it is easy to see that C(θλ) is a monotonically increasing function of λ. By
definition,

C(θλ) = θT eλAAeλAθ (30)

= θT (Z+ +Z−)θ, (31)

where we have decomposed the matrix eλAAeλA = Z+ +Z− into two symmetric matrices such that
Z+ only contains nonnegative eigenvalues, and Z− only contains nonpositive eigevalues. Because
eλA commute with A, they share the eigenvectors. Using elementary Lie algebra shows that the
eigenvalues of Z+ are a+eλa+ and that of Z− are a−eλa− , where a+ ≥ 0 and a0 ≤ 0. This implies that
θTZ+θ and θTZ−θ are monotonically increasing functions of λ.

Now, by Lemma A.1, we have

Tr[Σ(θλ)A] = Tr[e−2λAΣ(θ)A]. (32)

Similarly, the regularization term is

γθ⊺λAθλ = γTr[θ⊺θAe2λA]. (33)

Now, by assumption, if G(θλ) ≠ 0, we have either Tr[Σ(θ)A] ≠ 0 or Tr[θθ⊺A] ≠ 0.

If Tr[Σ(θ)A] = θ⊺Aθ = 0, we have already proved item (2) of the theorem. Therefore, let us
consider the case when either (or both) Tr[Σ(θ)A] ≠ 0 or θ⊺Aθ ≠ 0
Without loss of generality, we assume γ ≥ 0, and the case of γ < 0 follows an analogous proof. In
such a case, we can write the trace in terms of the eigenvectors ni of A:

−γθ⊺λAθλ + ηTr[Σ(θλ)A] = η ∑
µi>0

e−2λ∣µi∣∣µi∣σ2
i + γ ∑

µi<0

e−2λ∣µi∣∣µi∣θ̃2i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

I1(λ)

−
⎛
⎝
η ∑
µi<0

e2λ∣µi∣∣µi∣σ2
i + γ ∑

µi>0

e2λ∣µi∣∣µi∣θ̃2i
⎞
⎠

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
I2(λ)

=∶ I(λ),

where µi is the i-th eigenvalue of A, θ̃i = (n⊺i θi)2, σ2
i = n⊺iΣ(θ)ni ≥ 0 is the norm of the projection

of Σ in this direction.

By definition, I1 is either a zero function or strictly monotonically increasing function with
I1(−∞) = +∞, I1(+∞) = 0 Likewise, I2 is either a zero function or a strictly monotonically increas-
ing function with I2(−∞) = 0, I2(+∞) = +∞. By the assumption Tr(Σ(θ)A) ≠ 0 or Tr(θθ⊺A) ≠ 0,
we have that at least one of I1 and I2 must be a strictly monotonic function.

• If I1 or I2 is zero, we can take λ to be either +∞ or −∞ to satisfy the condition.

• If both I1 and I2 are nonzero, then I = I1−I2 is a strictly monotonically decreasing function
with I(−∞) = +∞ and I(+∞) = −∞. Therefore, there must exist only a unique λ∗ ∈ R
such that I(λ∗) = 0.

For the proof of (4), we denote the multi-variable function J(θ;λ) ∶= G(θλ). Given that Σ(θ) is
differentiable, ∂J

∂θ
exists.

It is easy to see that ∂J
∂λ

is continuous. Moreover, for any θ and λ = λ∗(θ),

− ∂J

2∂λ
= η ∑

µi>0

e−2λ∣µi∣∣µi∣2σ2
i + γ ∑

µi<0

e−2λ∣µi∣∣µi∣2θ̃2i + η ∑
µi<0

e2λ∣µi∣∣µi∣2σ2
i + γ ∑

µi>0

e2λ∣µi∣∣µi∣2θ̃2i ≠ 0.

Consequently, according to the Implicit Function Theorem, the function λ∗(θ) is differentiable.

Additionally, ∂λ
∂θ
= −

∂J
∂θ
∂J
∂λ

.
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A.3 Convergence

First of all, notice an important property, which follows from Theorem 3.3: λ∗ = 0 if and only if
C −C∗ = 0.
Lemma A.2. For all θ(t),

Ċ(θ)
λ∗(θ) ≥ {

2σ2Tr[Σ(θ∗)A2
+] if λ∗ > 0;

2σ2Tr[Σ(θ∗)A2
−] if λ∗ < 0.

(34)

Proof. As in the main text, let θ∗ denote θλ∗ , C = C(θ) and C∗ = C(θ∗). Thus,
dC

dt
= σ2Tr[Σ(θ)A] (35)

= σ2Tr[Σ(θ∗)e2λ
∗AA], (36)

where the second equality follows from Lemma A.1. One can decompose A as a sum of two sym-
metric matrices

A = QΣ+Q
⊺

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
∶=A+

+QΣ−Q
⊺

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
∶=A−

, (37)

where Q is an orthogonal matrix, Σ+ (Σ−) is diagonal and contains only non-negative (non-positive)
entries. Note that by the definition of λ∗, we have Tr[Σ(θ∗)A] = 0 and, thus,

Tr[Σ(θ∗)A+] = −Tr[Σ(θ∗)A−]. (38)

Thus,

Tr[Σ(θ)A] = Tr[Σ(θ∗)e2λ
∗AA] (39)

= Tr[Σ(θ∗)(e2λ
∗A − I)A] (40)

= Tr[Σ(θ∗)(e2λ
∗A+ − I)A+] +Tr[Σ(θ∗)(e2λ

∗A− − I)A−]. (41)

Using the inequality I +A ≤ eA (namely, that eA − I −A is PSD), we obtain a lower bound

Tr[Σ(θ)A] ≥ 2λ∗Tr[Σ(θ∗)A2
+] −Tr[Σ(θ∗)(I − e2λ

∗A−)A−] (42)

If λ∗ > 0, Tr[Σ(θ∗)(e2λ∗A− − I)A−] < 0,

Tr[Σ(θ)A] ≥ 2λ∗Tr[Σ(θ∗)A2
+]. (43)

Likewise, there is an upper bound, which simplifies to the following form if λ∗ < 0:

Tr[Σ(θ)A] ≤ 2λ∗Tr[Σ(θ∗)A2
−]. (44)

This finishes the proof.

Lemma A.3. For any θ,

−C −C
∗

λ∗
≤ {2(θ

∗)⊺A2
+θ
∗ if λ∗ > 0;

2(θ∗)⊺A2
−θ
∗ if λ∗ < 0.

(45)

Proof. The proof is conceptually similar to the previous one. By definition, we have

C −C∗ = (θ∗)⊺e−2λ
∗AAθ∗ − (θ∗)⊺Aθ∗ (46)

= (θ∗)⊺A(e−2λ
∗A − I)θ∗ (47)

= (θ∗)⊺A+(e−2λ
∗A+ − I)θ∗ + (θ∗)⊺A−(e−2λ

∗A− − I)θ∗. (48)

By the inequality I +A ≤ eA, we have an upper bound

C −C∗ ≥ −2λ∗(θ∗)⊺A2
+θ
∗ + (θ∗)⊺A−(e−2λ

∗A− − I)θ∗. (49)

If λ∗ > 0, (θ∗)⊺A−(e−2λ
∗A− − I)θ∗ ≥ 0,

C −C∗ ≥ −2λ∗(θ∗)⊺A2
+θ
∗. (50)

Likewise, if λ∗ < 0, one can prove a lower bound:

C −C∗ ≤ −2λ∗(θ∗)⊺A2
−θ
∗. (51)
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Combining the above two lemmas, one can prove the following corollary.

Corollary A.4.

Ċ

C −C∗ ≤
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−σ2 Tr[Σ(θ∗)A2
+]

(θ∗)⊺A2+θ∗
, if C −C∗ < 0;

−σ2 Tr[Σ(θ∗)A2
−]

(θ∗)⊺A2−θ∗
, if C −C∗ > 0.

(52)

Now, one can prove that as long as C∗ is not moving too fast, C converges to C∗ in mean square.

Lemma A.5. Let the dynamics of C∗ be a drifted Brownian motion: dC∗ = µdt + sdW , where
W is a Brownian motion with variance s2. If there exists c0 > 0 such that Tr[Σ(θ∗)A2

+]
(θ∗)⊺A2+θ∗

≥ c0 and
Tr[Σ(θ∗)A2

−]
(θ∗)⊺A2−θ∗

> c0,

E(C −C∗)2 ≤ 2µ2 + s2
2σ4c20

= O(1). (53)

Proof. By assumption,
Ċ

C −C∗ ≤ −σ
2c0. (54)

Let us first focus on the case when C −C∗ > 0. By the definition of C∗ and Ito’s lemma,

d(C −C∗) ≤ −σ2c0(C −C∗)dt − µdt − sdW. (55)

Let Z = eσ2c0t(C −C∗), we obtain that

dZ = eσ
2c0td(C −C∗) + σ2c0e

σ2c0t(C −C∗)dt (56)

≤ −µeσ
2c0tdt − seσ

2c0tdW. (57)

Its solution is given by

Z ≤ −µe
σ2c0t

σ2c0
− s∫ eσ

2c0tdW. (58)

Alternatively, if C −C∗ < 0, we let Z = eσ2c0t(C∗ −C), and obtain

Z ≤ µeσ
2c0t

σ2c0
+ s∫ eσ

2c0tdW. (59)

Thus,

E[Z2] ≤ µ2e2σ
2c0t

σ4c20
+ s2 ∫ e2σ

2c0tdt (60)

= µ2e2σ
2c0t

σ4c20
+ s2e2σ

2c0t

2σ2c0
. (61)

where we have used Ito’s isometry in the first line. By construction,

E[(C −C∗)2] ≤ 2µ2 + s2
2σ4c20

. (62)

The proof is complete.

Let →p denote convergence in probability. One can now prove the following theorem, the conver-
gence of the relative distance to zero in probability.

Theorem A.6. Let the assumptions be the same as Lemma. (A.5). Then, if s = µ = 0, E[(C −
C∗)2] → 0. Otherwise,

(C −C∗)2
(C∗)2 →p 0. (63)
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Proof. By Lemma A.5 and Markov’s inequality:

Pr(∣C(t) −C∗(t)∣ > t1/4) → 0. (64)

Now, consider the distribution of (C∗)2. Because C∗ is a Gaussian variable with mean µt and
variance s2t, we have that

Pr(∣C∗∣ >
√
t) → 1. (65)

Now,

Pr(∣C(t) −C∗(t)∣/∣C∗∣ > t−1/4) ≥ Pr(∣C(t) −C∗(t)∣ > t1/4&∣C∗∣ <
√
t) (66)

≥max (0,Pr(∣C(t) −C∗(t)∣ > t1/4) +Pr(∣C∗∣ <
√
t) − 1) (67)

→ 0, (68)

where we have used the Frechet inequality in the second line. This finishes the proof.

A.4 Proofs of Proposition 4.2

Proof. The loss function is

ℓ = ∥UWx − y∥2 + γ(∥U∥2F + ∥W ∥2F ).

Let us adopt the following notation: U = (ũ1,⋯, ũdy)⊺ ∈ Rdy×d, W = (w̃1,⋯, w̃dx) ∈ Rd×dx , where
ũi, w̃i ∈ Rd. θ = vec(U,W ) = (ũ⊺1,⋯, ũ⊺dy

, w̃⊺1 ,⋯, w̃⊺dx
)⊺ ∈ R(dx+dy)d.

Due to

∇ũiℓ =Wx(ũ⊺iWx − yi) + 2γũi, ∀i ∈ [dy];

∇w̃j ℓ =
dy

∑
i=1

ũixj (ũ⊺iWx − yi) + 2γw̃j , ∀j ∈ [dx];

the diagonal blocks of the Hessian ∇2
θθℓ have the following form:

∇2
ũi,ũi

ℓ =Wxx⊺W ⊺ + 2γI, ∀i ∈ [dy];

∇2
w̃j ,w̃j

ℓ = x2
j

dy

∑
i=1

ũiũ
⊺
i + 2γI, ∀j ∈ [dx].

The trace of the Hessian is a good metric of the local stability of the GD and SGD algorithm because
the trace upper bounds the largest Hessian eigenvalue. For this loss function, the trace of the Hessian
of the empirical risk is

S(U,W ) ∶= Tr[∇2
θθℓ − 2γI]

=
dy

∑
i=1

Tr[Wxx⊺W ⊺] +
dx

∑
j=1

Tr[x2
j

dy

∑
i=1

ũiũ
⊺
i ]

=dyTr[WΣxW
⊺] + ∥U∥2FTr[Σx] = dy∥WΣ1/2

x ∥2F + ∥U∥2FTr[Σx],

where Σx = xx⊺.

B Proof of Theorem 4.1

Proof. First, we split U and W like U = (u1,⋯, ud) ∈ Rdy×d and W = (w⊺1 ,⋯,w⊺d)⊺ ∈ Rd×dx . The
quantity under consideration is CB = Tr[UBU⊺] −Tr[W ⊺BW ] for an arbitrary symmetric matrix
B. What will be relevant to us is the type of B that is indexed by two indices k and l such that

⎧⎪⎪⎨⎪⎪⎩

B
(k,l)
ij = B(k,l)ji = 1 if i = k and j = l or i = l and j = k;

B
(k,l)
ij = 0 otherwise.

(69)
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Specifically, for k, l ∈ [d], we select B(k,l)i,j = δi,kδj,l + δi,lδj,k in CB . With this choice, for an
arbitrary pair of k and l,

CB(k,l) = u⊺kul −w⊺kwl.

and
W ⊺B(k,l)W = wkw

⊺
l +wlw

⊺
k, (70)

UB(k,l)U⊺ = uku
⊺
l + ulu

⊺
k. (71)

Therefore,

E
dy

∑
i=1

Tr [Σ(ũi)B(k)] = E
dy

∑
i=1

(ũ⊺iWx − yi)2Tr [Wxx⊺W ⊺B(k)] (72)

= E [∥r∥2Tr[Wxx⊺W ⊺B(k,l)]] (73)

= Tr [E[∥r∥2xx⊺]W ⊺B(k)W ] (74)

= Tr[Σ′W (wkw
⊺
l +wlw

⊺
k)] (75)

= 2w⊺kΣ′wwl (76)

where we have defined ri = ũ⊺iWx − yi and Σ′W = E[∥r∥2xx⊺].
Likewise, we have that

E
dx

∑
j=1

Tr [Σ(w̃j)B(k)] = E
dx

∑
j=1

x2
jTr

⎡⎢⎢⎢⎢⎣

⎛
⎝

dy

∑
i=1

ũi(ũ⊺iWx − yi)
⎞
⎠
⎛
⎝

dy

∑
i=1

(ũ⊺iWx − yi)ũ⊺i
⎞
⎠
B(k)
⎤⎥⎥⎥⎥⎦

= Tr [E[∥x∥2U⊺rr⊺UB(k,l)]]
= Tr[Σ′UUB(k,l)U⊺]
= 2u⊺kΣ′uul.

where we have defined Σ′u = E[∥x∥2rr⊺]. Therefore, we have found that for arbitrary pair of k and
l

ĊB(k,l) = −2γ(u⊺kul −w⊺kwl) + 2η(w⊺kΣ′wwl − u⊺kΣ′uul). (77)

The fixed point of this dynamics is:

w⊺kΣwwl = u⊺kΣuul. (78)

where Σw = ηΣ′w + γI and ΣU = ηΣ′u + γI . Because this holds for arbitrary k and l, the equation
can be written in a matrix form:

WΣwW
⊺ = U⊺ΣuU. (79)

Let V = UW . To show that a solution exists for an arbitrary V . Let W ′ =W
√
Σw and U ′ =

√
ΣuU ,

which implies that

U ′W ′ =
√
ΣuV

√
Σw ∶= V ′, (80)

and
W ′(W ′)⊺ = (U ′)⊺U ′. (81)

Namely, U ′ and (W ′)⊺ must have the same right singular vectors and singular values. This gives us
the following solution. Let V ′ = LSR be the singular value decomposition of V ′, where L and R
are orthogonal matrices an S is a positive diagonal matrix. Then, for an arbitrary orthogonal matrix
F , the following choice of U ′ and W ′ satisfies the two conditions:

{U
′ = L

√
SF ;

W ′ = F ⊺
√
SR.

(82)

This finishes the proof.

14



C Noise-Balanced Solution of Deep Linear Networks

Here, we apply our result to derive the exact solution of an arbitrarily deep and wide deep linear
network, which has been under extensive study due to its connection in loss landscape to deep
neural networks [3, 4, 15, 21, 34, 30]. Deep linear networks have also been a major model for
understanding the implicit bias of GD [1]. The per-sample loss for a deep linear network can be
written as:

ℓ(θ) = ∥WD...W1x − y∥2, (83)
where Wi is an arbitrary dimensional matrix for all i. The global minimum is realizable: y = V x+ϵ,
for i.i.d. noises ϵ. Because there is a double rotation symmetry between every two neighboring
matrices, the Noether charge can be defined with respect to every such pair of matrices. Let Bi be a
symmetric matrix; we define the charges to be CBi = WT

i BiWi. The noise equilibrium solution is
given by the following theorem.
Theorem C.1. Let WD...W1 = V . Let V ′ =

√
ΣϵV
√
Σx such that V ′ = LS′R is its SVD and

d = rank(V ′). Then, for all i and all Bi, a noise equilibrium for CBi at the global minimum is
√
ΣϵWD = LΣDU⊺D−1, Wi = UiΣiU

⊺
i−1, W1

√
Σx = U1Σ1R, (84)

for i = 2,⋯,D − 1. Ui are arbitrary matrices satisfying UT
i Ui = Id×d, and Σi are diagonal matrices

such that

Σ1 = ΣD = (
d

TrS′
)
(D−2)/2D√

S′, Σi = (
TrS′

d
)
1/D

Id×d. (85)

This solution has quite a few striking features. Surprisingly, the norms of all intermediate layers are
balanced:

Tr[Σ2
1] = Tr[Σ2

i ] = (TrS′)2/Dd1−2/D. (86)

All intermediate layers are thus rescaled orthogonal matrices aligned with the neighboring matrices
and the only two matrices that process information are the first and the last layer. This explains a
puzzling experimental result first observed in Ref. [26], where the authors showed that the neural
networks find similar solutions when the model is initialized with the standard init., where there
is no alignment at the start, and with the aligned init. Thus, the balance and alignment between
different layers in the neural networks can be attributed to the rescaling symmetry between each pair
of matrices.

D Proof of Theorem C.1

We first prove the following theorem, which applies to an arbitrary parameter that are not necessarily
local minima of of the loss.
Theorem D.1. Let r =WD⋯W1x − y, ξi+1 ∶=WD⋯Wi+2 and hi ∶=Wi−1⋯W1. For all layer i, the
equilibrium is achieved at

W ⊺
i+1ξ

⊺
i+1C

i
0ξi+1Wi+1 =WihiC

i
1h
⊺
iW

⊺
i , (87)

where Ci
0 = E[∥hix∥2rr⊺],Ci

1 ∶= E[∥ξ⊺i+1r∥2xx⊺]. Or equivalently,

ξ⊺i C
i
0ξi = hi+1C

i
1h
⊺
i+1. (88)

Proof. By Proposition ??,

d

dt
Ci

B = σ2 (ETr [ ∂ℓ

∂Wi+1
B ( ∂ℓ

∂Wi+1
)
⊺

] −ETr [( ∂ℓ

∂Wi
)
⊺

B
∂ℓ

∂Wi
]) . (89)

The derivatives are
∂ℓ

∂Wi+1
= ξ⊺i+1r(Wihix)⊺, (90)

∂ℓ

∂Wi
= ξ⊺i+1W ⊺

i+1r(hix)⊺. (91)
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Therefore, the two terms on R.H.S of Eq. (89) are given by

ETr [ ∂ℓ

∂Wi+1
B ( ∂ℓ

∂Wi+1
)
⊺

] = ETr[ξ⊺i+1r(Wihix)⊺B(Wihix)r⊺ξi+1],

= E∥ξ⊺i+1r∥2Tr[hixx
⊺h⊺iW

⊺
i BWi] (92)

ETr [( ∂ℓ

∂Wi
)
⊺

B
∂ℓ

∂Wi
] = Tr[W ⊺

i+1ξ
⊺
i+1r(hix)⊺B(hix)r⊺ξi+1Wi+1]

= E[∥hix∥2Tr[W ⊺
i+1ξ

⊺
i+1rr

⊺ξi+1Wi+1B]]. (93)

Because the matrix B is arbitrary, we can let Bi,j = δi,kδj,l + δi,lδj,k. Then, the two terms become

ETr [ ∂ℓ

∂Wi+1
B ( ∂ℓ

∂Wi+1
)
⊺

] = 2E[∥ξ⊺i+1r∥2w̃⊺i,khixx
⊺h⊺i w̃i,l], (94)

ETr [( ∂ℓ

∂Wi
)
⊺

B
∂ℓ

∂Wi
] = 2E[∥hix∥2w̃⊺i+1,kξ⊺i+1rr⊺ξi+1w̃i+1,l]. (95)

Here, we define the vectors Wi = (w̃⊺i,1,⋯, w̃⊺i,d)⊺ and Wi+1 = (w̃i+1,1,⋯, w̃i+1,d). Because Eq.
(94) and (95) hold for arbitrary k, l, we have

ETr [ ∂ℓ

∂Wi+1
B ( ∂ℓ

∂Wi+1
)
⊺

] = 2WihiE[∥ξ⊺i+1r∥2xx⊺]h⊺iW ⊺
i , (96)

ETr [( ∂ℓ

∂Wi
)
⊺

B
∂ℓ

∂Wi
] = 2W ⊺

i+1ξ
⊺
i+1E[∥hix∥2rr⊺]ξi+1Wi+1. (97)

For Eq. (89) to be 0, we must have

WihiE[∥ξ⊺i+1r∥2xx⊺]h⊺iW ⊺
i =W ⊺

i+1ξ
⊺
i+1E[∥hix∥2rr⊺]ξi+1Wi+1, (98)

which is Eq. (87). The proof is complete.

We are now ready to prove Theorem C.1.

Proof. It suffices to specialize Theorem D.1 to the global minimum. At the global minimum, we
can define

r =W ∗
D⋯W ∗

1 x − y = ϵ. (99)

Then, Eq. (87) can be written as

W ⊺
i+1

W ⊺
i+2⋯W ⊺

DΣϵWD⋯Wi+2

Tr[W ⊺
i+2⋯W ⊺

DΣϵWD⋯Wi+2]
Wi+1 =Wi

Wi−1⋯W1ΣxW
⊺
1⋯W ⊺

i−1

Tr[Wi−1⋯W1ΣxW
⊺
1⋯W ⊺

i−1]
W ⊺

i . (100)

To solve Eq. (100), we substitute WD and W1 with W ′
1 = W1

√
Σx and W ′

D =
√
ΣϵWD, which

transform Eq. (100) into

W ⊺
i+1

W ⊺
i+2⋯W ′⊺

DW ′
D⋯Wi+2

Tr[W ⊺
i+2⋯W ′⊺

DW ′
D⋯Wi+2]

Wi+1 =Wi
Wi−1⋯W ′

1W
′⊺
1 ⋯W ⊺

i−1

Tr[Wi−1⋯W ′
1W

′⊺
1 ⋯W ⊺

i−1]
W ⊺

i . (101)

The global minimum condition can be written as

W ′
DWD−1⋯W2W

′
1 =
√
ΣϵV
√
Σx ∶= V ′. (102)

Then, we can decompose the matrices W ′
1,⋯,W ′

D as

W ′
D = LΣDU⊺D−1, Wi = UiΣiU

⊺
i−1(i ≠ 1,D), W ′

1 = U1Σ1R, (103)

where ΣD,⋯,Σ1 ∈ Rd×d, L ∈ Rdy×d, Ui ∈ Rdi×d, R ∈ Rd×dx with d ∶= rank(V ′) and arbitrary di.
The matrices Ui satisfy U⊺i Ui = Id×d. By substituting the decomposition into Eq. (101), we have

Σi+1⋯ΣDΣD⋯Σi+1

Tr[Σi+2⋯ΣDΣD⋯Σi+2]
= Σi⋯Σ1Σ1⋯Σi

Tr[Σi−1⋯Σ1Σ1⋯Σi−1]
. (104)

16



Since these diagonal matrices commute with each other, we can see Σi = cId×d. Then we move on
to fix the parameter c. By taking i = 1 and i =D − 1 in Eq. (104), we obtain

Σ2
2⋯Σ2

D

Tr[Σ2
3 . . .Σ

2
D]
= c2 Σ2

D

Tr[Σ2
D]
= Σ2

1

d
, (105)

Σ2
D

d
= Σ2

1⋯Σ2
D−1

Tr[Σ2
1 . . .Σ

2
D−1]

= c2 Σ2
1

Tr[Σ2
1]
, (106)

where d represents the dimension of the learning space. By taking trace to both sides of Eqs. (105)
and (106), we can see Tr[Σ2

1] = Tr[Σ2
D] and hence, Σ1 = ΣD. The parameter c is given by

c =
√

Tr[Σ2
1]

d
. (107)

With the SVD decomposition V ′ = LS′R, we have

Σ2
1c

D−2 = S′. (108)
Therefore, the solutions for c and Σ1 are

c = (TrS
′

d
)
1/D

, Σ1 =
√
S′

c(D−2)/2
= ( d

TrS′
)
(D−2)/2D√

S′. (109)

The scaling of the diagonal matrices are shown as

Tr[Σ2
1] = d1−2/D(TrS′)2/D, Tr[Σ2

i ] = (TrS′)2/Dd1−2/D = Tr[Σ2
1]. (110)

The proof is complete.

E Discrete-Time SGD

In fact, our results hold in a similar form for discrete-time SGD. Let us focus on the exponential
symmetries with the symmetric matrix A.

The following equation holds with probability 1:
0 = ∇θℓ(θ, z) ⋅Aθ. (111)

For discrete-time SGD, it is notationally simpler and without loss of generality to regard ℓ(θ) as the
minibatch-averaged loss, which is the notation we adopt here. This is because if a symmetry holds
for every per-sample loss, then it must also hold for every empirical average of these per-sample
losses.

The dynamics of SGD gives
∆θt = −η∇θℓ(θt, z). (112)

This means that
∆θt ⋅ J(θ) = 0. (113)

Therefore, we have that
∆Ct = 2∆θ⊺tAθt +∆θ⊺tA∆θt (114)

=∆θ⊺tA∆θt. (115)
Therefore,

∆Ct = η2Tr[Σ̃d(θ)A], (116)
where Σ̃d(θ) = θtθ

⊺
t is by definition PSD. Already, note the similarity between Eq. (116) and its

continuous-time version. The qualitative discussions carry over: if A is PSD, Ct increases mono-
tonically.

Now, while the first-order terms in η also vanish in the r.h.s, the problem is that the r.h.s. becomes
stochastic because Σd(θt) is different for every time step. However, one can still analyze the ex-
pected flow and show that the expected flow (over the sampling of minibatches) is zero at a unique
point in a way similar to the continuous-time limit of the problem. Therefore, we define

Gd(θt) = Ez[∆Ct], (117)

Σd(θt) = Ez[Σ̃d]. (118)
We can now prove the following theorem.
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Theorem E.1. (Discrete-time fixed point theorem of SGD.) Let the per-sample loss satisfy the A
exponential symmetry and θλ ∶= exp[λA]θ. Then, for any θ and any γ ∈ R,

(1) Gd(θλ) is a monotonically decreasing function of λ;
(2) there exists a λ∗ ∈ R ∪ {±∞} such that Gd(θλ) = 0;
(3) in addition, if Tr[Σd(θ)A] ≠ 0 or Tr[θθ⊺A] ≠ 0, λ∗ is unique and Gd(θλ) is strictly

monotonic;
(4) in addition to (3), if Σd(θ) is differentiable, λ∗(θ) is a differentiable function of θ.

Proof. Similarly, let us establish the relationship between ∇ℓ(θ) and ∇ℓ(exp(λA)). By the defini-
tion of the exponential symmetry, we have that for an arbitrary λ,

ℓ(θ) = ℓ(eλAθ). (119)

Taking the derivative of both sides, we obtain that

∇θℓ(θ) = eλA∇θλℓ(θλ), (120)

The standard result of Lie groups shows that eλA is full-rank and symmetric, and its inverse is e−λA.
Therefore, we have

e−λA∇θℓ(θ) = ∇θλℓ(θλ). (121)

Now, we apply this relation to the trace of interest. By definition,

Σd(θλ) = E[∇θλℓ(θλ)∇⊺θλℓ(θλ)] (122)

= e−λAΣd(θ)e−λA. (123)

Because eλA is a function of A, it commutes with A. Therefore,

Tr[Σd(θλ)A] = Tr[e−λAΣd(θ)e−λAA] (124)

= Tr[e−2λAΣd(θ)A]. (125)

Similarly, the regularization term is

γθ⊺λAθλ = γTr[θ⊺θAe2λA] (126)

Now, if Tr[Σd(θ)A] = θ⊺Aθ = 0, we have already proved item (2) of the theorem. Therefore, let us
consider the case when either (or both) Tr[Σd(θ)A] ≠ 0 or θ⊺Aθ ≠ 0
Without loss of generality, we assume γ ≥ 0, and the case of γ < 0 follows an analogous proof. In
such a case, we can write the trace in terms of the eigenvectors ni of A:

−γθ⊺λAθλ + ηTr[Σd(θλ)A] = η ∑
µi>0

e−2λ∣µi∣∣µi∣σ2
i + γ ∑

µi<0

e−2λ∣µi∣∣µi∣θ̃2i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

I1(λ)

−
⎛
⎝
η ∑
µi<0

e2λ∣µi∣∣µi∣σ2
i + γ ∑

µi>0

e2λ∣µi∣∣µi∣θ̃2i
⎞
⎠

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
I2(λ)

=∶ I(λ),

where µi is the i-th eigenvalue of A, θ̃i = (n⊺i θi)2, σ2
i = n⊺iΣd(θ)ni ≥ 0 is the norm of the projection

of Σd in this direction.

By definition, I1 is either a zero function or strictly monotonically increasing function with
I1(−∞) = +∞, I1(+∞) = 0 Likewise, I2 is either a zero function or a strictly monotonically
increasing function with I2(−∞) = 0, I2(+∞) = +∞. By the assumption Tr(Σd(θ)A) ≠ 0 or
Tr(θθ⊺A) ≠ 0, we have that at least one of I1 and I2 must be a strictly monotonic function.

• If I1 or I2 is zero, we can take λ to be either +∞ or −∞ to satisfy the condition.

• If both I1 and I2 are nonzero, then I = I1−I2 is a strictly monotonically decreasing function
with I(−∞) = +∞ and I(+∞) = −∞. Therefore, there must exist only a unique λ∗ ∈ R
such that I(λ∗) = 0.

The proof of (4) follows from the Implicit Function Theorem, as in the continuous-time case.
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The final question is this: what does it mean for θ to reach a point where Gd(θ) = 0? An educated
guess can be made: the fluctuation in C does not vanish, but the flow takes C towards this vanishing
flow point – something like a Brownian motion trapped in a local potential well [29]. However, it is
difficult to say more without specific knowledge of the systems.
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