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Abstract

In this paper, we propose SubLoRA, a rank determination
method for Low-Rank Adaptation (LoRA) based on submod-
ular function maximization. In contrast to prior approaches,
such as AdaLoRA, that rely on first-order (linearized) approx-
imations of the loss function, SubLoRA utilizes second-order
information to capture the potentially complex loss landscape
by incorporating the Hessian matrix. We show that the lin-
earization becomes inaccurate and ill-conditioned when the
LoRA parameters have been well optimized, motivating the
need for a more reliable and nuanced second-order formula-
tion. To this end, we reformulate the rank determination prob-
lem as a combinatorial optimization problem with a quadratic
objective. However, solving this problem exactly is NP-hard
in general. To overcome the computational challenge, we
introduce a submodular function maximization framework
and devise a greedy algorithm with approximation guaran-
tees. We derive a sufficient and necessary condition under
which the rank-determination objective becomes submodu-
lar, and construct a closed-form projection of the Hessian
matrix that satisfies this condition while maintaining com-
putational efficiency. Our method combines solid theoretical
foundations, second-order accuracy, and practical computa-
tional efficiency. We further extend SubLoRA to a joint op-
timization setting, alternating between LoRA parameter up-
dates and rank determination under a rank budget constraint.
Extensive experiments on fine-tuning physics-informed neu-
ral networks (PINNs) for solving partial differential equations
(PDEs) demonstrate the effectiveness of our approach. Re-
sults show that SubLoRA outperforms existing methods in
both rank determination and joint training performance.

Introduction
Low-rank adaptation (LoRA) (Hu et al. 2022) has demon-
strated promising performance as an efficient fine-tuning
technique across a wide range of domains, including large
language models (Zhang et al. 2024; Liu et al. 2024;
Valipour et al. 2023; Ding et al. 2023), vision models (Chen
et al. 2022; Liang et al. 2025; Jia et al. 2022; Zhang, Zhou,
and Liu 2024), and physics-informed neural networks (Ma-
jumdar et al. 2023; Wang et al. 2025). Rather than updating
all model parameters during fine-tuning, LoRA introduces
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a parameter-efficient strategy by applying low-rank decom-
position to selected weight matrices. A broader review of re-
cent developments in LoRA, including algorithmic enhance-
ments, theoretical analyses, and various applications, can be
found in Zeng and Lee (2024); Jang, Lee, and Ryu (2024);
Wang et al. (2024); Hayou, Ghosh, and Yu (2024); Han et al.
(2024); Mao et al. (2025); Dettmers et al. (2023); Schmirler,
Heinzinger, and Rost (2024); Kim, Kim, and Ryu (2025).

However, rank determination in LoRA remains an under-
explored but critical aspect of its effectiveness. Despite its
importance, relatively few works have addressed this prob-
lem in depth. Most existing methods rely on singular value
decomposition (SVD) to factorize parameter updates, moti-
vated by the fundamental relationship between singular val-
ues and matrix rank. A computationally efficient method
considers the importance of each singular value through loss
sensitivity analysis. AdaLoRA (Zhang et al. 2023), for in-
stance, linearizes the loss function with respect to the singu-
lar values of the parameter updates. The first-order approxi-
mation provides a sensitivity measure that guides adaptive
pruning by identifying which components of the singular
values contribute significantly to the loss.

Our work builds upon the direction of AdaLoRA by deter-
mining the rank allocation for each LoRA layer based on the
importance of the singular values in the parameter updates.
However, we observe that first-order linearization suffers
from poor approximation accuracy, particularly when the
LoRA fine-tuning reaches a stationary point. Motivated by
this limitation, we propose to adopt a second-order expan-
sion of the objective by incorporating Hessian information,
enabling a more accurate approximation that captures the
curvature of the loss landscape. Although the second-order
formulation offers a better geometric understanding of the
objective, it introduces an NP-hard optimization challenge,
unlike the linearized formulation, which admits closed-form
solutions. To address this, we draw inspiration from the the-
oretical guarantees of the greedy algorithm in submodular
function maximization. We introduce a Hessian projection
that transforms the original set-valued quadratic objective
into a submodular function. We prove that this projection is
well-defined, admits a closed-form solution, and is compu-
tationally efficient. As a result, the projected second-order
objective becomes submodular, allowing us to apply greedy
algorithms to obtain provably near-optimal solutions. We ap-



ply the proposed technique to LoRA fine-tuning in physics-
informed neural networks (PINNs) under rank budget con-
straints, where the loss landscape is especially complex and
curvature information is valuable.

Preliminaries
Notation
In this paper, we use bold lowercase letters (e.g., x) to de-
note vectors and bold uppercase letters (e.g., A) to represent
matrices. Scalars are represented using regular (non-bold)
lowercase letters (e.g., a). The operator diag(·) constructs
a square diagonal matrix from a given vector. Specifically,
for a ∈ Rn, we define A = diag(a) ∈ Rn×n such that
Ai,i = ai and Ai,j = 0 for i ̸= j. We denote the set
{1, 2, · · · , n} by [n]. Calligraphic letters (e.g., S) are used
to denote sets, and |S| denotes the cardinality (i.e., the num-
ber of elements) of set S. For a given vector a ∈ Rn and a
set S ⊆ [n], we define [a]S ∈ R|S| as the subvector of a
that contains only the entries indexed by S. Similarly, for a
matrix A ∈ Rn×n, we define [A]S ∈ R|S|×|S| as the prin-
cipal submatrix of A formed by retaining only the rows and
columns indexed by S. For a matrix B ∈ Rm×n, We define
(B)S ∈ Rm×|S| as the column submatrix of B, constructed
by selecting the columns indexed by S.

Submodular Function
We consider a set-valued function f : 2Ω → R, where 2Ω

denotes the power set of the finite ground set Ω. The func-
tion f is said to be submodular if it satisfies the following
diminishing returns property:

Definition 1 (See (Krause and Golovin 2014; Fujishige 2005))
A set-valued function f : 2Ω → R is submodular if for any
sets X , Y ⊆ Ω with X ⊆ Y and every element x ∈ Ω \ Y ,
the following holds:

f(X ∪ {x})− f(X ) ≥ f(Y ∪ {x})− f(Y).

Equivalently, submodularity can be characterized by the fol-
lowing inequality:

f(X ) + f(Y) ≥ f(X ∪ Y) + f(X ∩ Y),

for any X ,Y ⊆ Ω.

Submodular functions play a crucial role in combinatorial
optimization, as convex and concave functions do in contin-
uous optimization.

Definition 2 A set-valued function f is monotone if for all
X ⊆ Y ⊆ Ω, we have f(X ) ≤ f(Y).

Low Rank Adaptation
In transfer learning, the model parameters Wft are fine-tuned
based on pre-trained weights Wpt as follows:

Wft = Wpt +∆W ,

where Wpt,Wft,∆W ∈ Rn2×n1 . Standard fine-tuning up-
dates the entire parameter matrix Wpt by ∆W , providing
full flexibility but at the cost of significant computational
and memory overhead. LoRA (Hu et al. 2022) addresses

this inefficiency by imposing a low-rank structure on the up-
date matrix ∆W , reducing both parameter count and com-
putational cost. Specifically, LoRA parameterizes the update
∆W by the Burer–Monteiro factorization:

∆W = BA,

where A ∈ Rr×n1 and B ∈ Rn2×r, and r ≪ min{n1, n2}.
Instead of optimizing the full matrix ∆W , LoRA focuses
on training the smaller matrices A and B, thereby reducing
the number of parameters and computational complexity.

Rank Determination of LoRA
For LoRA-based fine-tuning of a multi-layer neural net-
work ϕ (·; Θ), the model parameters are denoted as Θ :=
{W1,W2, · · · ,WL}, where each layer ℓ follows the update
rule:

Wft,ℓ = Wpt,ℓ +BℓAℓ,

where Wft,ℓ ∈ Rnℓ+1×nℓ denotes the fine-tuned parame-
ters, Wpt,ℓ ∈ Rnℓ+1×nℓ the pre-trained parameters, Aℓ ∈
Rrℓ×nℓ , and Bℓ ∈ Rnℓ+1×rℓ the LoRA components. Here,
nℓ represents the width of the ℓ-th layer, and rℓ is the
assigned LoRA rank. Given a global rank budget b (i.e.,∑L

ℓ=1 rℓ ≤ b)), a key challenge is deciding how to allocate
the individual ranks rℓ across layers.

An alternative to the Burer–Monteiro factorization for
rank determination in LoRA is to consider the singular value
decomposition (SVD) of the parameter updates. Specifi-
cally, the update ∆W is factorized by

Wft,ℓ = Wpt,ℓ +UℓΣℓVℓ, (1)

where Uℓ ∈ Rnℓ+1×rℓ , Vℓ ∈ Rrℓ×nℓ , and Σℓ :=
diag(σℓ) ∈ Rrℓ×rℓ is a diagonal matrix with σℓ ∈ Rrℓ . In
this formulation, rank determination reduces to identifying
which entries of σℓ are effectively zero, as they correspond
to components that do not contribute to the rank.

Zhang et al. (2023) regards σℓ as a deterministic pa-
rameter and performs pruning based on the dynamics of
the loss function after fine-tuning. For notational simplic-
ity, we denote the pre-trained model parameters as Θpt :=
{Wpt,1, · · · ,Wpt,L}, and the fine-tuned model parameters
as Θft := {Wft,1, · · · ,Wft,L} obtained by Equation (1). The
corresponding LoRA components are denoted by ΘLoRA :=
{Uℓ,Vℓ,σℓ}ℓ∈[L]. For convenience, we define the opera-
tor ⊕ such that the fine-tuned parameters can be written as
Θft := Θpt ⊕ ΘLoRA in accordance with the decomposition
in Equation (1). LoRA fine-tuning aims to minimize the fol-
lowing objective function:

Lft (ΘLoRA) =
1

N

N∑
i=1

Loss (ϕ (xi; Θpt ⊕ΘLoRA) ;yi) ,

(2)
where Loss(·; ·) represents the loss function used to compare
predictions and ground-truth labels, and {xi,yi}Ni=1 denotes
the training dataset. The trainable parameters in this setting
are those within ΘLoRA. Under this setup, the rank determi-
nation problem seeks to prune the diagonal entries of Σℓ

(equivalently, the entries of σℓ), such that the total number



of nonzero singular values across all layers remains within a
given budget b, while maintaining competitive model perfor-
mance. The key challenge lies in determining both (i) how to
allocate the rank budget across layers and (ii) which compo-
nents of σℓ should be retained. To formalize this, we define:

L
(
{Sℓ}ℓ∈[L]

)
:= Lft

(
[ΘLoRA]{Sℓ}ℓ∈[L]

)
,

where Sℓ ⊆ [rℓ] is the set of indices of the re-
tained entries at the ℓ-th layer, and [ΘLoRA]{Sℓ}ℓ∈[L]

:=

{(Uℓ)Sℓ
, (Vℓ)Sℓ

, [σℓ]Sℓ
}ℓ∈[L]. The goal is to solve the fol-

lowing combinatorial optimization problem with cardinality
constraints:

min
{Sℓ}ℓ∈[L]

L
(
{Sℓ}ℓ∈[L]

)
, s.t.

L∑
ℓ=1

|Sℓ| ≤ b, (3)

where b denotes the total rank budget for the whole model.
Discarding an entry of σℓ is equivalent to setting its corre-
sponding singular value to zero. Therefore, the optimization
seeks to prune singular values that contribute the least to per-
formance, such that the loss increase is minimized. However,
Equation (3) is a combinatorial optimization problem over∑L

ℓ=1 rℓ binary decision variables. Solving such a problem
exactly is NP-hard and computationally intractable in gen-
eral.

For analytical insight, we decompose the pruning proce-
dure as:

L
(
{Sℓ}ℓ∈[L]

)
− Lft (ΘLoRA) + Lft (ΘLoRA) . (4)

where the first two terms reflect the change in loss due to
pruning, and the third term is the loss of the unpruned fine-
tuned model. Note that Lft (ΘLoRA) is a fixed quantity after
the fine-tuning stage. Previous work has adopted a first-order
(linear) relaxation of the loss difference L

(
{Sℓ}ℓ∈[L]

)
−

Lft (ΘLoRA), resulting in the following approximation:

L
(
{Sℓ}ℓ∈[L]

)
− Lft (ΘLoRA)

= Lft

(
[ΘLoRA]{Sℓ}ℓ∈[L]

)
− Lft (ΘLoRA)

≈
L∑

ℓ=1

〈
∇σℓ
Lft (ΘLoRA) , [σℓ]Sℓ

− σℓ

〉
=

L∑
ℓ=1

〈
[∇σℓ

Lft (ΘLoRA)]S−
ℓ
,− [σℓ]S−

ℓ

〉
,

where S−ℓ := [rℓ] \ Sℓ denotes the complement of the
selected indices. This leads to the following surrogate
cardinality-constrained combinatorial optimization prob-
lem:

min
{Sℓ}ℓ∈[L]

L∑
ℓ=1

〈
[∇σℓ

Lft (ΘLoRA)]S−
ℓ
,− [σℓ]S−

ℓ

〉
,

s.t.
L∑

ℓ=1

|Sℓ| ≤ b.

(5)

Zhang et al. (2023) proposed AdaLoRA, which prunes sin-
gular values based on their estimated sensitivities. Their

method builds upon the linear relaxation in Equation (5),
with the additional use of elementwise absolute values in
the objective to prioritize components with large magnitude
impact.

The Proposed Method
Motivation
The first-order expansion of the loss function used in Equa-
tion (5) may not be a reliable or effective approximation for
rank determination. Here, we elaborate on its limitations in
detail. The rank determination typically involves two stages.
In the first stage, we fine-tune the model using LoRA with
overestimated ranks based on limited prior knowledge. In
the second stage, we prune some less important singular val-
ues to fit within a total rank budget. Our focus is specifically
on the second stage that selects singular values whose re-
moval has less significant impact on performance. Suppose
that the LoRA fine-tuning has been sufficiently optimized
and the resulting parameters have reached a stationary point
ΘLoRA of the objective in Equation (2). In this case, we have

∇σℓ
Lft (ΘLoRA) = 0,

which implies that the first-order expansion in Equation (5)
evaluates to zero. Consequently, the linearized objective pro-
vides no meaningful signal for pruning, making the opti-
mization problem ill-posed.

To further illustrate this issue, let us consider a simple toy
example: Lft(σ1, σ2) = (σ1 − σ2 + 1)2. Also consider the
point (σ1, σ2) = (1, 2.1) which is close to the stationary
point (1, 2). In this case, it would be more appropriate to
prune σ1, as Lft(0, 2.1) = 1.12 and Lft(1, 0) = 4. How-
ever, the gradient at (σ1, σ2) = (1, 2.1) is ∇σL(σ1, σ2) =
(−0.2, 0.2), which would mislead the linear relaxation in
Equation (5) into pruning σ2. Now consider a slight pertur-
bation of the original point (σ1, σ2) = (1, 2.1) to (σ1, σ2) =
(1.1, 2), where the gradient becomes positive for σ1, and
the linear relaxation would correctly prune σ1. This demon-
strates that small variations near stationary points can dras-
tically alter the decision of which singular value to prune,
despite the fact that the underlying model behavior is es-
sentially unchanged. This sensitivity arises because the lin-
earization overemphasizes singular values that deviate more
from optimality, rather than those that contribute most mean-
ingfully to the loss.

Hessian-Guided Rank Determination
To address the limitations of the first-order approxima-
tion discussed earlier, we propose adopting a second-order
(quadratic) expansion of the loss function. This approach
provides a more accurate approximation of the objective
and avoids the degeneracy that arises when the fine-tuning
step reaches near-stationarity. Let σ ∈ R

∑L
ℓ=1 rℓ denote the

concatenation of all singular value vectors σℓ across layers
ℓ ∈ [L]. We define S ⊆

[∑L
ℓ=1 rℓ

]
as the set of indices

corresponding to the singular values σ of the whole model
we choose to retain. Recall that the rank-pruned objective



difference can be approximated using a second-order Taylor
expansion:

L
(
{Sℓ}ℓ∈[L]

)
− Lft (ΘLoRA)

= Lft

(
[ΘLoRA]{Sℓ}ℓ∈[L]

)
− Lft (ΘLoRA)

≈ ⟨∇σLft (ΘLoRA) , [σ]S − σ⟩

+
1

2
([σ]S − σ)

⊤∇2
σLft (ΘLoRA) ([σ]S − σ)

= ⟨[∇σLft (ΘLoRA)]S− ,− [σ]S−⟩

+
1

2
[σ]

⊤
S−

[
∇2

σLft (ΘLoRA)
]
S− [σ]S− ,

where ∇2
σLft (ΘLoRA) is the Hessian matrix of the fine-

tuning objective function with respect to singular values σ

and S− :=
[∑L

ℓ=1 rℓ

]
\ S represents the complement of

S. Then, we reformulate the approximation of Equation (3)
into the following combinatorial problem with quadratic ob-
jective:

min
S⊆[

∑L
ℓ=1 rℓ]

⟨[∇σLft (ΘLoRA)]S− ,− [σ]S−⟩

+
1

2
[σ]

⊤
S−

[
∇2

σLft (ΘLoRA)
]
S− [σ]S− ,

s.t. |S| ≤ b.

(6)

Beyond interpreting Equation (6) as a second-order Taylor
expansion of the nonlinear objective function, it can also
be understood from a geometric perspective. When the fine-
tuned parameters are at or near a local minimum, the gra-
dient vanishes ∇σLft = 0, and the Hessian matrix ∇2

σLft
is positive semi-definite. Under this condition, Equation (6)
simplifies to the problem of minimizing the quadratic form
∥σ∥2∇2

σLft
:= σ⊤∇2

σLftσ, which represents the magnitude
of σ measured in the norm induced by the Hessian.

However, the quadratic formulation in Equation (6), while
more intuitively convincing and theoretically sound, re-
mains NP-hard due to its combinatorial and non-separable
structure. A natural relaxation is to consider only the di-
agonal elements of the Hessian matrix (i.e., considering
D := diag

(
∇2

σLft (ΘLoRA)
)
), rather than the full second-

order structure.
While the diagonal relaxation makes the problem in Equa-

tion (6) tractable, it comes at the cost of discarding much
of the Hessian information. This simplification may lead to
suboptimal decisions and performance degradation for rank
determination. It raises a natural question: can we strike a
better balance between retaining second-order information
and ensuring computational tractability? We address this
challenge by proposing an intermediate relaxation, one that
preserves more of the Hessian structure than the diagonal
approximation, while still allowing for efficient optimiza-
tion. To achieve this, we reformulate the objective as a sub-
modular function maximization problem, enabling the use
of greedy algorithms with provable theoretical approxima-
tion guarantees.

Algorithm 1: Greedy Algorithm

1: Initialize S ← ∅
2: for i = 1 to b do
3: Select e ∈ [r] \ S that maximizes the marginal gain:

e = arg max
j∈[r]\S

f(S ∪ {j})− f(S)

4: Update the solution: S ← S ∪ {e}
5: end for
6: return S

Submodular Function Maximization
Motivated by the well-developed theoretical properties of
submodular functions, we propose to adopt the greedy al-
gorithm as an efficient solver for approximately solving
Equation (6). The following theorem summarizes the clas-
sical theoretical guarantees for greedy algorithms applied to
cardinality-constrained submodular maximization.

Theorem 1 (See Krause and Golovin (2014); Fujishige (2005))
Let f : 2[r] → R be a non-negative objective function. Con-
sider the following cardinality-constrained combinatorial
optimization problem:

max
S⊆[r]

f(S),

s.t. |S| ≤ b,

If f is submodular and monotone, then the solution S# ob-
tained from the greedy algorithm (Algorithm 1) satisfies:

f(S#) ≥ (1− 1/e) · f(S∗),

where S∗ denotes an optimal solution.

The above results imply that the greedy algorithm,
which is computationally practical, achieves a (1 − 1/e)-
approximation ratio to the optimal solution when the objec-
tive function is submodular and monotone. The submodular-
ity property imposes useful structure and regularity on the
objective function, ensuring that the solutions obtained from
greedy algorithms are provably close to optimal in terms of
objective value.

The following theorem provides a key condition under
which a set-valued quadratic function is submodular, thus
enabling the use of greedy algorithms with approximation
guarantees.

Theorem 2 Let c ∈ Rr, x ∈ Rr, and H ∈ Sr be given
vectors and a symmetric matrix, respectively. Consider the
set-valued function:

f(S) = [c]
⊤
S− [x]S− +

1

2
[x]

⊤
S− [H]S− [x]S− ,

where S ⊆ [r] and S− = [r] \ S. Then f is submodular if
and only if

Hi,jxixj ≤ 0,

for any i, j ∈ [r] and i ̸= j.



To clearly present our method, we begin by rewriting
Equation (6) as the following maximization problem:

max
S⊆[

∑L
ℓ=1 rℓ]

⟨[∇σLft (ΘLoRA)]S− , [σ]S−⟩

− 1

2
[σ]

⊤
S−

[
∇2

σLft (ΘLoRA)
]
S− [σ]S− ,

s.t. |S| ≤ b,

(7)

According to Theorem 2, the objective function is submod-
ular if

[
∇2

σLft (ΘLoRA)
]
i,j
· σiσj ≥ 0, for all i ̸= j.

To balance between tractability of solving Equation (7)
and the fidelity of Hessian information, we propose modify-
ing the Hessian to preserve as much curvature information
as possible while still ensuring submodularity. Specifically,
we solve the following projection problem:

min
G∈S

∑L
ℓ=1

rℓ

∥∥G−∇2
σLft (ΘLoRA)

∥∥2
F
,

s.t. Gi,j · σiσj ≥ 0, for i, j ∈

[
L∑

ℓ=1

rℓ

]
and i ̸= j.

(8)

This projection preserves as much of the original Hessian
as possible under the Frobenius norm, while enforcing the
structural condition required for submodularity. Since all
Gi,j terms are separable in both the objective and the con-
straint of Equation (8), we can derive a closed-form solution
for the projection:

Gi,j =


[
∇2

σLft (ΘLoRA)
]
i,j

,

if
[
∇2

σLft (ΘLoRA)
]
i,j
· σiσj ≥ 0 and i ̸= j,

0, if
[
∇2

σLft (ΘLoRA)
]
i,j
· σiσj < 0 and i ̸= j,[

∇2
σLft (ΘLoRA)

]
i,i

, if i = j.

(9)
This projection is computationally efficient due to its closed-
form nature. To convert Equation (7) into a submodular
function maximization problem, we apply this projection to
the Hessian matrix, resulting in a modified matrix denoted
by G. We then solve the following cardinality-constrained
submodular function maximization problem:

max
S⊆[

∑L
ℓ=1 rℓ]

⟨[∇σLft (ΘLoRA)]S− , [σ]S−⟩

− 1

2
[σ]

⊤
S− [G]S− [σ]S− ,

s.t. |S| ≤ b,

(10)

by greedy algorithms. Although solving Equation (10) ex-
actly remains NP-hard, the greedy algorithm provides a
tractable approximation with a known 1 − 1/e guarantee.
This trade-off reflects our goal of striking a balance between
two competing aspects: preserving second-order informa-
tion from the Hessian and ensuring the problem remains
solvable with provable guarantees.

The complete algorithm of the proposed SubLoRA for
LoRA rank determination is summarized in Algorithm 2.
Stage 1 involves standard LoRA fine-tuning, where we apply
(stochastic) gradient descent to minimize the loss function in

Algorithm 2: SubLoRA

1: Stage 1 (LoRA fine-tuning): Obtain LoRA parameters
ΘLoRA by minimizing Equation (2)

2: Stage 2 (Problem formulation): Calculate the gra-
dient vector ∇σLft (ΘLoRA) and Hessian matrix
∇2

σLft (ΘLoRA) with respect to singular values σ.
3: Project the Hessian and obtain G as in Equation (9)
4: Formulate the submodular function maximization prob-

lem as in Equation (10)
5: Stage 3 (Solvers): Apply greedy algorithm (Algo-

rithm 1) to obtain the set of singular values to be kept

Equation (2), providing an approximate solution. This step
follows classical LoRA training procedures and is not the
primary focus of this work. Stages 2 and 3 constitute the
core contribution of this paper. In Stage 2, we approximate
the objective in Equation (4) using a second-order Taylor
expansion, as formulated in Equation (6). To balance the
trade-off between computational tractability and fidelity to
the curvature of the loss landscape, we project the Hessian
matrix according to the constraint in Equation (8), using the
closed-form solution in Equation (9). This projection en-
sures that the resulting quadratic objective in Equation (10)
is submodular. In Stage 3, we solve the resulting cardinality-
constrained submodular function maximization problem us-
ing either the greedy or randomized greedy algorithm. The
final output is a selected subset of singular values to retain,
while the remaining LoRA components are discarded ac-
cordingly.

In submodular function maximization, it is well known
that without the monotonicity condition, the greedy al-
gorithm (Algorithm 1) may be trapped in suboptimal or
ill-conditioned points, potentially leading to poor perfor-
mance (Krause and Golovin 2014; Fujishige 2005). The fol-
lowing lemma provides a sufficient condition under which
the objective function is monotone.

Lemma 1 Suppose the LoRA fine-tuning stage (Stage 1 of
Algorithm 2) minimizes the loss in Equation (2) to a point
satisfying the second-order necessary optimality conditions.
Then, the objective function in Equation (10) is monotone.

Note that the above lemma requires that the LoRA fine-
tuning step satisfies second-order necessary optimality con-
ditions. Recent theoretical results (Ge et al. 2015; Ge, Lee,
and Ma 2016) suggest that many widely adopted optimiz-
ers, such as Adam and SGD, converge to points satisfying
second-order optimality conditions with high probability un-
der mild assumptions. As a result, the objective in Equa-
tion (10) tends to exhibit approximate monotonicity in prac-
tice after a sufficient number of iterations in the fine-tuning
stage.

Alternating Training and Rank Determination
The previous sections focus on a training-free, post-hoc
method for LoRA rank determination, where the LoRA
components are fixed and the effective rank is reduced by
pruning unimportant singular values. Here, we extend our



Algorithm 3: Alternating SubLoRA

1: for t = 0, 1, · · · , T do
2: Stage 1 (Parameter update): Run several steps of

optimization algorithms for LoRA parameters ΘLoRA.
3: Stage 2 (Problem formulation): Calculate the

gradient vector ∇σLft (ΘLoRA) and Hessian matrix
∇2

σLft (ΘLoRA) with respect to singular values σ.
4: Project the Hessian and obtain G as in Equation (9)
5: Formulate the submodular function maximization

problem as in Equation (10)
6: Stage 3 (Solvers): Apply the greedy algorithm (Al-

gorithm 1) to obtain the set of singular values to be re-
tained

7: end for

method to a more integrated setting, where LoRA fine-
tuning and rank determination are performed simultane-
ously. The full procedure is described in Algorithm 3.

The exact computation of the Hessian matrix is often a
major concern in deep neural networks due to the large
number of trainable parameters. However, in the context of
SubLoRA, this challenge is significantly mitigated. In con-
trast to traditional second-order optimization methods such
as Newton’s method, which require computing the Hessian
with respect to all model parameters, SubLoRA computes
the Hessian∇2

σLft(ΘLoRA) only with respect to the singular
values σ. This dramatically reduces the computational and
memory requirements.

Experiments
Training-Free Rank Determination
We evaluate the training-free rank determination introduced
in Algorithm 2 for solving a class of PDEs with varying
physical parameters. For a given PDE, we first pre-train the
neural network (MLPs) and obtain network parameters Θpt.
We then fine-tune the network by LoRA (with uniform pre-
defined ranks across all layers) on a new PDE with another
physical parameter and obtain ΘLoRA. The total LoRA rank
is intentionally set much higher than the desired budget. We
then apply the proposed rank determination method (e.g.,
SubLoRA) to remove less informative components, produc-
ing budget-constrained model parameters Θ̂ft by reallocat-
ing rank across layers. To evaluate the quality of the rank
determination, we compute the relative error (rel) between
the predicted solution ϕ(x; Θ) and the ground truth solution
u(x) on a test dataset {(xi,u(xi))}Nt

i=1, defined as√√√√∑Nt

i=1 ∥ϕ(xi; Θ)− u(xi)∥22∑Nt

i=1 ∥u(xi)∥22
.

In the experiments, we compare four different methods
of LoRA rank determination. The first is the linearized ob-
jective function method in Equation (5), denoted as “Lin-
earLoRA”. The second method, named “DiagLoRA”, uti-
lizes the diagonal second-order approximation. The third
method “SubLoRA” corresponds to the proposed approach

that formulates the rank selection problem as a submodular
maximization using the projected Hessian in Equation (10),
solved by either greedy or randomized greedy algorithms.
To evaluate the effectiveness of the Hessian projection step
in Equation (8), we also include a fourth method, termed
“HessLoRA”, which uses the exact (unprojected) Hessian
from Equation (7) and applies the greedy algorithm for opti-
mization. All experiments are conducted using a four-layer
MLP architecture with three hidden layers. Each hidden
layer consists of 1000 neurons and is fine-tuned with LoRA
using a fixed pre-defined rank of 50 per layer, resulting in a
total initial LoRA rank of 100. We vary the total rank bud-
get in the experiments, and each method determines its own
layer-wise rank allocation under the given constraint.

Allen–Cahn Equations We consider a class of Allen–
Cahn equations with varying physical parameters λ ∈ R2:

∂u(t,x;λ)

∂t
−∆u(t,x;λ)− u(t,x;λ)3 + u(t,x;λ)

= g(t,x;λ), (t,x) ∈ [0, 1]× Ω,

u(t,x;λ) = h1(t,x;λ), (t,x) ∈ [0, 1]× ∂Ω,

u(0,x;λ) = h2(x;λ), x ∈ Ω,
(11)

where the temporal and spatial domains are defined as [0, 1]
and Ω = {x ∈ R2 : ∥x∥2 ≤ 1}, respectively. Simi-
larly, the exact solution u(x;λ) with the parameter λ is
defined as u(x;λ) = e−t sin

(
πλ1

2 (1− ∥x∥2)
2.5

)
+ λ2 ·

e−t sin
(
π
2 (1− ∥x∥2)

)
.

We visualize the experimental results in Figure 1. Simi-
lar trends to those observed in the elliptic equation experi-
ments are evident here, further validating the effectiveness
of incorporating second-order information compared to us-
ing only first-order approximations. Notably, in these exam-
ples, SubLoRA-G slightly outperforms HessLoRA-G. This
highlights the advantage of transforming the objective into a
submodular function by the Hessian projection defined in
Equation (8). It is important to note that a general (non-
submodular) quadratic objective is not guaranteed to per-
form well under the greedy algorithm, where the perfor-
mance can degrade significantly in certain cases. However,
by projecting the Hessian to enforce the submodularity, as
done in Equation (8), we ensure that applying the greedy al-
gorithm becomes theoretically sound and practically robust.
Therefore, the use of Hessian projection followed by greedy
algorithm, as implemented in Algorithm 2, is a reasonable
and effective strategy for rank determination.

Alternating Training with Rank Determination
We also evaluate the alternating algorithm for LoRA fine-
tuning and rank determination, as described in Algorithm 3,
on a class of PDEs with varying physical parameters. The
Allen-Cahn equations are considered. We begin by pre-
training neural networks (MLPs) to obtain the pre-trained
parameters Θpt. Then, we apply Algorithm 3 to alternate be-
tween LoRA parameter updates and rank determination. In
all experiments, we use a four-layer MLP (three hidden lay-
ers) as the base architecture for PINN training. During each
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Figure 1: Performance comparison of different rank determination methods on Allen–Cahn equations under varying LoRA rank
budgets and physical parameters.

outer-loop iteration, Stage 1 of Algorithm 3 performs LoRA
parameter updates using the Adam optimizer for 100 epochs.
In Stages 2 and 3, rank determination methods are applied
to prune less informative singular values, ensuring that the
number of non-zero singular values remains within the rank
budget. This alternating procedure is repeated for T = 5
iterations.

To illustrate the training dynamics, we visualize the op-
timization trajectories of Algorithm 3 in Figure 2, compar-
ing the alternating LinearLoRA (first-order) and the alter-
nating SubLoRA (second-order) methods. In the figure, cir-
cular markers represent the outputs of Stage 1 (parameter
updates), while cross markers indicate the results after rank
determination in Stages 2 and 3. The visualization shows
that the proposed SubLoRA method facilitates more accu-
rate rank determination, which in turn guides Stage 1 to pro-
gressively converge to parameter configurations that better
align with the rank budget. This interaction leads to stable
convergence of the alternating process. In contrast, the first-
order method of LinearLoRA fails to decide LoRA ranks
effectively, often discarding important components, thereby
disrupting learning and preventing convergence to a mean-
ingful low-rank structure.

Conclusion
In this paper, we introduce SubLoRA, a rank determination
method for LoRA based on submodular function maximiza-
tion. We formulate the rank determination problem as a com-
binatorial optimization problem with a set-valued quadratic
objective derived from the second-order Taylor expansion
of the fine-tuning loss. To address the computational chal-
lenges of optimizing this objective, we design a Hessian pro-
jection that transforms the objective into a submodular func-
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Figure 2: Training trajectories of Algorithm 3 using (first-
order) LinearLoRA and (second-order) SubLoRA-G as rank
determination methods on Allen–Cahn equations with λ =
(1, 1). The SubLoRA-G method leads to more reliable rank
determination, which effectively guides the alternating op-
timization to convergence. In contrast, the LinearLoRA
method tends to discard critical components, resulting in di-
vergence of the training process.

tion. The transformation enables the use of efficient greedy
algorithms with theoretical approximation guarantees, mak-
ing the method both computationally tractable and effective.
To further enhance LoRA fine-tuning with rank determina-
tion, we propose an alternating algorithm that iteratively up-
dates LoRA parameters and performs rank determination.
We apply SubLoRA to LoRA fine-tuning and rank determi-
nation of PINNs for solving a class of PDEs due to their
inherent smoothness. Experimental results demonstrate that
our method consistently outperforms first-order and diago-
nal second-order baselines. The use of Hessian information
and the submodular projection leads to better capturing of
the loss landscape and more effective rank allocation under
budget constraints.
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