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ABSTRACT

Optimal transport (OT) provides a principled framework for mapping between
probability distributions. Despite extensive progress in the field, OT remains
computationally demanding, and the resulting transport plans are often difficult
to interpret. Here, we propose Optimal Mixture Transport (OMT), an efficient
algorithm that leverages mixture modeling and entropic regularization to yield
interpretable transport plans. We show that transport between mixtures, in par-
ticular mixtures of Gaussians which are universal approximators in L?, can be
formulated as a biconvex optimization problem with a unique minimizer. This for-
mulation not only reduces computational cost, but also provides component-level
correspondences, offering insights into complex distributions. We demonstrate the
practicality and effectiveness of OMT across a diverse collection of synthetic bench-
marks and real-world datasets, including large-scale single-cell RNA sequencing
measurements.

1 INTRODUCTION

Optimal Transport (OT) offers a powerful mathematical framework for comparing probability distri-
butions and finding optimal mappings between them (Santambrogiol [2015)). Its versatility has led to
advances in diverse fields, including domain adaptation (Grave et al.,|2019; Struckmeier et al., 2023}
Chuang et al,|2023; [Fernandes Montesuma et al.,|2025)), data integration and alignment (Demetci
et al., |2022), and predicting cell fates (Tong et al., [2020; [Bunne et al., |2023; |2024). At its core,
OT seeks to find the most cost-effective way to transform one probability distribution into another,
subject to constraints on the total mass being transported (Peyré et al.|[2019; |Villani et al., [2008).

A major challenge in OT has been its high computational cost. |Cuturi (2013)) introduced an entropy
regularization term to the OT objective to obtain a strictly convex problem (EOT) and an elegant
solution known as the Sinkhorn algorithm. However, even with EOT, sample-to-sample transportation
remains limited by the curse of dimensionality and can be slow on large datasets (Genevay et al.,
2018). To mitigate this, mini-batch strategies (MB-OT) have been developed to approximate the
transport plan by operating on subsets of the data (Genevay et al., 2018} [Fatras et al., 202 1bja)). While
computationally cheaper, these methods often yield suboptimal transport plans, as cost estimation
from subsets can be inaccurate and satisfying the mass preservation constraint of balanced OT
becomes difficult.

To improve transport accuracy over batches, one prominent class of methods approximates the OT
path by non-parametric interpolation within the Wasserstein space. These techniques range from
deterministic approaches, such as Progressive Optimal Transport (PrRocOT) (Kassraie et al.,[2024)), to
stochastic methods based on gradient flows and Schrodinger bridges (Albergo & Vanden-Eijnden,
2023; |Albergo et al [2024). Stochastic methods, often employing neural networks such as those
based on gradient flows (Daniels et al., 2021)) or Schrodinger bridges (Gushchin et al.| |2023bza)), also
typically necessitate inner iterations to achieve accurate transport maps. Such methods construct
a sequence of intermediate distributions to bridge the source and target, often requiring numerous
intermediate steps, significant memory overhead, and many inner iterations to converge to an accurate
solution. Furthermore, simpler displacement strategies, like the McCann interpolation (McCann),
1997) used in ProcOT, do not always produce interpretable intermediate distributions. While
regularization techniques, can improve the robustness of the transport map approximation (Buzun
et al.,[2024b), their performance is sensitive to the regularization parameters.
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In contrast to non-parametric and relaxation-based approaches, an effective strategy for large-scale
problems is to adopt a parametric model of the data, thereby simplifying the task. Following this
direction, we propose Optimal Mixture Transport (OMT), an efficient and scalable framework for
computing EOT between mixture models. While EOT is generally intractable for most parametric
families, a closed-form solution exists for transport between two Gaussian distributions in both
balanced and unbalanced settings (Janati et al.,|2020). Building on this result, we tailor the framework
to the Gaussian family, focusing on Gaussian Mixture Models (GMMs). This specialization is
powerful as GMMs are universal function approximators capable of representing any sufficiently
smooth density with arbitrary precision (Goodfellow et al.| 2016). Our formulation recasts the
transport problem as a uniquely solvable biconvex optimization, yielding a computationally efficient
and theoretically grounded alternative for large-scale transport tasks. Furthermore, we observe
that one limitation of many learned coupling transport maps or dual functions is their pronounced
directional bias (source — target), which leads to performance degradation when inverted. In contrast,
we show that OMT maps remain robust regardless of transport direction.

Our main contributions are summarized as follows:

* We propose a parametric EOT framework, called OMT, which operates by transporting
sub-populations rather than individual samples.

* We show that the OMT formulation is strictly biconvex and, when solved as part of a global
optimization algorithm, this subproblem converges to a unique solution in a single step.

* Building on closed-form results for entropic Gaussian transport, we propose a formulation
of OMT within Gaussian distributions, as a flexible and expressive parametric family.

* Through experiments on synthetic and real-world datasets, we demonstrate that OMT
consistently matches or surpasses the performance of state-of-the-art OT solvers, while
requiring substantially less computation and memory.

2 BACKGROUND

Optimal transport: For X',)) C R?, probability measures g, i1 € P(R¥) andc: X x Y — R,
a cost function associated with transporting a unit of mass from a point in X to a point in ), the
minimum total cost of transport can be obtained as

inf / e(x,T(x)) duo(x), (1
THpo=p1 J x

where T}po = p11 denotes the pushforward of 1o by T', defined as p11(A) = po(T~1(A4)), VA C Y,
ensuring mass conservation. Problem (1)) is known as the Monge problem (Peyré et al., | 2019) which
seeks amap T : R? — R? referred to as the transport map between s and ;. The Monge
formulation is often problematic because the optimization is over a non-convex set of maps, and a
deterministic map 7" may not exist. To bypass this, Kantorovich presented a relaxed formulation,
which seeks a distribution 7 € R? x R referred to as “coupling” of o and j1, as

inf / c(x,y) dr(x,y), 2
X XY

m€[ (1o m1)
where [[(uo, p1) :={mr € P(X x V)| Py : ™ — po, Py : ™ — p1 }.

When X = Y and ¢(x,y) = d(x,y)?, p > 1, where d is a distance on X, the Kantorovich problem
is equivalent to the Wasserstein p-distance between probability measures, W, (10, 11). Specifically,
for ¢(x,y) = ||x — y||3, the Kantorovich problem yields the squared Wasserstein-2 distance:

W2 (o 1) = _inf / I — yli2 dr(x, y)- 3)
m€l[l(rom1) Jxxy

According to the Brenier Theorem (Santambrogio} 2015), in (3)), if po and uq are absolutely continu-
ous with respect to the Lebesgue measure, there exists a unique optimal solution that can be expressed
as = (Iq X T™*)8uo, where I stands for the identity map, and T* is the unique minimizer of ().
Moreover, the unique optimal transport 7'(x) = V¢(x), where ¢ is a convex function.
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Entropic optimal transport: Entropic optimal transport introduces an entropic regularization term
to (3)), transforming the problem into a strictly convex optimization that can be efficiently solved using
algorithms like the Sinkhorn-Knopp method (Cuturi, 2013} Janati et al.,|2020). For a regularization
parameter € > 0, the entropic optimal transport cost is defined as:

de(po, 1) = inf {/ Ix — yl||2 dr(x,y) — 25H(7r)} . ()
m€ll(po,p1) (Jxxy
In addition to convexity, entropy regularization encourages parsimonious, smoother maps, rather than
concentrating mass in a one-to-one mapping [Jaynes| (1957)).
dP
Considering D, (P||Q) = [ dP <log a0 1) +dQ, minimizing the objective in (@) is equivalent

to minimizing

min / Ix —yll3 dr(x,y) + 26 D1 (7| o @ p1)-
m€[T(rom1) Jaxy

Transport between Gaussian measures: When both mass measures are Gaussian distributions, i.e.,
wo = N(mg, 2¢) and 1 = N(mjy, 1), @) is simplified as

W3 (N (mg, %o), N (my, 1)) = [mg — my |3 + tr{3 + 1 — 2T'}, (5)

1
2

1 1
where I' = (E@ Y1 23) (Bhatia et al., |2019; Janati et al., [2020). Furthermore, the optimal transport

map 7% : R — R? that pushes jio forward to j; admits a closed-form as follows.

T* (X) = A(X — Il’lo) +my, (6)
1 1 1 1 1 1 1
where A = S5 '#%, = %, ° (2321 Zg) “ ¥y = %, °I'S; 2, corresponding to the geometric
mean of the precision and covariance matrices at source and target points, respectively.

Gaussian mixture models: Gaussian mixture models (GMMs) are widely used for density estimation
due to several key advantages: (i) As a linear combination of Gaussian distributions, GMMs allow
for analytical tractability and have favorable asymptotic properties. (ii)) GMMs are universal approx-
imators for continuous density functions: any smooth density can be approximated with arbitrary
accuracy by a mixture of Gaussians with enough number of components (Titterington et al., [1985;
Scott, 2015} Zeevi & Meir, [1997). (iii) Many real-world datasets are naturally organized into clusters
with unimodal distributions, making GMM:s particularly effective for modeling such structures. These
motivate our exploration of the optimal transport problem for Gaussian mixtures.

Using GMMs for density approximation involves approximating density functions by a convex
combination of “basis” densities (Zeevi & Meir, [1997). Consider the set of square-integrable density
functions in R%, denoted as 7 = {f | f € L*(R?), f >0, [p. f(x)dx = 1}. We define the set of
GMM densities with K components, G, as:

K K
gK—{f?{|f?(()_zaz¢(hu7azl)7 ai>07 Zai_l}y (7)
1=1 =1

where 6 = {a;, p;, ¥;} £ | represents the collection of parameters for the K components. G C F
and the universal approximation property implies that for any f € F. ,Klim ir(}f D(f, ff() = 0, where
—00

D denotes a distance (Titterington et al., |1985; Zeevi & Meir, [1997).

3 RELATED WORK

To address the limitations of Sinkhorn-based methods, researchers turned to deep learning, giving rise
to Neural Optimal Transport (Neural OT) (Makkuva et al., [2020; [Korotin et al., 2023), which uses
neural networks to learn a continuous mapping between distributions, while enforcing theoretical
constraints (Genevay et al.|[2018; Buzun et al., 2024b). Another direction directly learns the transport
map via neural networks, transforming samples from a source to a target distribution. This approach
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is widely used in domain adaptation and generative modeling, where models such as normalizing
flows learn invertible maps from simple to complex distributions. A prominent example of neural
OT connects diffusion models with the theory of Schrodinger Bridges|De Bortoli et al.[(2021);
let al.| (2023)); |Gushchin et al.| (2024bga), a classic stochastic transport problem. This establishes a
learning framework for diffusion models equivalent to solving a Schrodinger Bridge problem, which
can be viewed as a form of neural EOT (Gushchin et al., [2024b). Broadly, stochastic and neural
OT methods typically require extensive training with many samples, making the process slower and
computationally expensive.

Alongside neural methods, several non-neural OT solvers address scalability through iterative, mini-
batch frameworks or low-rank factorizations. PRocOT (Kassraie et al.,[2024) constructs the transport
map sequentially. While this approach can be parallelized using libraries like OTT-Jax (Cuturi et al}
2022), it remains memory-intensive. Low-rank OT (LOT) methods (Scetbon et al.} 2021} |Scetbon &|
Cuturil 2022}, [Halmos et al.| 2024} 2025)) improve efficiency by factorizing the coupling matrix into
low-rank matrices. HiRef (Halmos et al.l 2025)) uses a hierarchical refinement strategy, applying LOT
across multi-scale partitions to achieve state-of-the-art performance among LOT solvers. However, it
is restricted to learning bijective Monge maps and cannot model transport couplings that involve mass
splitting or merging, a critical feature for many real-world applications. Moreover, HiRef cannot
guarantee a unique solution when the cost matrix is not r-Monge separable (Halmos et al.,2025).

Parametric OT simplifies the transport problem by assuming data distributions belong to a parametric
family, which often yields computationally more efficient solutions. A prominent example involves
Gaussian distributions, for which both Ws (g, 11) and its entropically regularized version (Eq. E)
admit closed-form solutions |[Kassraie et al.| (2024). Building on this, the parametric formulation
has been extended to the more general case of Gaussian Mixture Models (GMMs). This body of
work approximates (bounds) the Wasserstein distance between Gaussian components, proposed as
the aggregated Wasserstein distance (Chen et all, 2019) or GW, (Delon & Desolneux}, 2020), by
considering the transport between their individual components, to reduce complexity by depending on
the number of mixture components instead of data points and offer a scalable solution for high-density
data. However, most existing studies are limited to simpler applications, such as simple 2D tasks and
color transfer. A recent extension leverages GV, for unsupervised domain adaptation, facilitating
label transfer from a source domain to a target domain (Fernandes Montesuma et al.| 2025). A
key challenge in using GW, lies in optimizing the component weights, which reduces the task to a
discrete OT problem, a computationally challenging paradigm that may lack a unique solution (see

Appendix [B-4).

Here, we extend parametric OT to the entropic mixture transport setting. We show that this formulation
is strictly biconvex and guarantees uniqueness for both the transport plan over mixing weights and
the individual component distributions. Moreover, building on [Kassraie et al.| (2024)), we focus on
over-parameterized GMM, a regime in which a global convergence of Expectation-Maximization can

be established (Xu et al.,|2024), supporting practical viability across different tasks.

4 TRANSPORT PROBLEM FOR MIXTURE MODELS

Let v € Mg (R?) denote a mixture model in R¢ with K components:

K
v =3 au, ®
i=0
where 1; are probability measures and ), a; = 1, oy > 0, Vi.

Definition 1 (Mixture transport coupling). Given two measures vy € My, (R?) and vy € Mg, (R?),
we define the mixture transport coupling as follows:

e o= agmin [ xeylRdeeey), ©
m€[1(vo,v1)NMk (R2?) J X XY
where [[(vo,v1) = {r € P(X xY) | Py :m = vo(x), Py :m = 11(y)} and K < KoK;.

Therefore, the transport policy belongs to the mixture model family and can be expressed as

K
d7T(X7 y) = Zwidpi(xa Y), where VZ; pi € P(Rd)
i=1

4
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Note that the trivial choice of dp; = ... = dpk, w1 = ... = wxg = 1/K makes the solver in ()
equal to W (g, 1) in (B). We next constrain that marginals of the components of the transport
coupling are the same as the components of the source and target functions:

Do) = min s | Ix =yl diisx.3),

i.j AxY
s.t. 1T0=0ay, Q1=
Vi, Z/ dpi;(%,y) = po,» V7, Z/ dpij(x,y) = p;, (10)
— Jy - X
J %
where Q = [w;;] denotes the matrix of mixture weights. With this constraint, D (v, v1) >

W (v, v1) and equality is achieved in the K — oo limit when the source and target functions are
over-parametrized by a dense mixture model family (e.g., GMM (Goodfellow et al., 2016)). The
problem in (TI0) is similar to minimizing the aggregated Wasserstein distance, which was proposed for
comparing hidden Markov models with Gaussian state conditional distributions (Chen et al., 2019).

4.1 REGULARIZED MIXTURE TRANSPORT

A common approach to ensure the uniqueness of solutions in optimal transport problems is to
introduce an entropy regularization term, which makes the objective function strictly convex and
improves the numerical stability of optimization. In the context of mixture transport optimization in
(10), we adopt a similar approach by incorporating a weighted average entropy term as a regularizer.

Definition 2 (Optimal Mixture Transport). We introduce two forms of regularization into the mixture
transport problem Q): (i) a component-wise regularizer, and (ii) a mixing-matrix regularizer, con-
trolled respectively by parameters 1,c5 > 0. The resulting problem is formulated as the following
optimization:

K
Doyr = min Zwij [/ 1% = yli3 dpij(x,y) - 51H(pij):| —e2H(Q) .
wij,dpij 0g XXy

for Q= [wijlkoxr, € SEY, P = [pijliyx i, where p;j € H(Mo,;,ﬂl_j) (1D

Minimizing the objective in (1)) is equivalent to minimizing Le, ., (2, P), defined as follows.

K
L@ P) = Y | [ x5l dns(x )+ 21Dl © )] + 2D (@l 0 )
i,j X

(12)
Remark 1. The problem in Eq.|l1\is a generalization of entropic optimal transport in the sense that
Eq.[I1|collapses to entropic optimal transport when Ko = K1 = 1.
Therefore, we consider an optimization problem of the form

I&i}} Ley e, (2, P)

s.t. 10 = o, QTl = Oy, / de(Xay) = Ho;>» / dng(XaY) = H1j, (]3)
Y X

where 2 € S~ and P € PE(Xx x ).

Eq. .1 no longer defines a convex program. However, as we show now in Lemmal[I] the objective is
biconvex. Moreover, while biconvex problems don’t have unique solutions generally, Eq. 4.1 has a
unique minimizer that can be obtained efficiently (Theorem[I]and Corollary [I|below).

Lemma 1. Foranyey,e3 >0, Le, , (2, P) is strictly biconvex. (Proof in Appendix [A))
Floudas & Visweswaran| (1990) proposed the Global Optimization Algorithm (GOP) to solve

constrained biconvex problems. It decomposes the optimization into disjoint blocks similar to the
Alternate Convex Search(ACS) method and exploits the convex substructure of the problem by a



Under review as a conference paper at ICLR 2026

Figure 1: Transporting samples
from a normal distribution to vari-
ous target distributions with en-
tropic OMT. Top: target point
cloud distributions. Bottom: dis-
tributions generated by OMT af-

g ter training with 10,000 sam-
o ples. MMD between the target

and OMT-generated samples ex-
MMD  0.009% 0.003% 0.014% 0.041% 0.020% 0.008%

pressed as a percentage.

primal-relaxed dual approach (Gorski et al.,|2007). The GOP algorithm is guaranteed to terminate
after a finite number of steps for an e-global optimum solution, for any ¢ > 0 (Theorem 4.11,
Corollary 4.12, Ref. (Gorski et al.l 2007)). As mentioned above, the uniqueness of this global
optimum is not guaranteed in the general case. However, by exploiting the structure of Eq.[d.1] we
show that its solution is unique and obtained in a single iteration:

Theorem 1. For the optimization problem defined in (&), the GOP algorithm converges to a unique
solution in a single iteration. (Proof in Appendix [A)

4.2 REGULARIZED MIXTURE TRANSPORT FOR GMMSs

If the probability measures vy € G, (R?) and v, € G, (R?) are defined as mixtures of Gaussian
distributions, by using the results from the optimal mixture transport framework introduced in
Section[d.T] we can compute an optimal transport plan between the two GMMs. Notably, the resulting
optimal mixture transport between two GMMs can also be shown to be a GMM itself, thereby
preserving the Gaussian structure in the transported distribution.

Corollary 1. Let vy € Gk, (R?) and v; € G, (RY) be two Gaussian mixture models (GMMs) in
R? with Ko and K, components, respectively. Then, the optimal mixture transport map between vy
and vy is itself a Gaussian mixture model with K components, where K < Ky K.

Stability of the transport plan with respect to perturbations of the source or target distributions
is an appealing property (Divol et al.l 2025). While such theoretical guarantees do not typically
exist for Neural OTs, they are an important feature of multiple non-Neural OT formulations (D1vol
et al.| 20255 Kassraie et al.| [2024). We first introduce a notion of stability under source perturbation
(Appendix[A.I). Then, we demonstrate the stability of OMT maps within compact sets (Theorem 2)).

Theorem 2 (Stability of OMT under perturbation). (Informal version) Bounded changes to the source
distribution within a compact set results in bounded changes to the OMT map. (Full derivations and

proof in Appendix[A:T.2)
5 EXPERIMENTS

Synthetic datasets. We conduct two sets of simulation experiments. The first set focuses on synthetic
2D tasks with multiple target distributions, designed to demonstrate the capability of the proposed
optimal mixture transport strategy. As shown in Figure [T, OMT successfully recovers the target
shapes across all cases. In these tasks, the source data is sampled from a normal distribution. The
second set of experiments evaluates our method on the W2-Benchmark tasks (Korotin et al.,[2021)),
which are widely adopted in recent studies on both neural and non-neural OT. We compare the
proposed OMT method against state-of-the-art approaches: EXNOT (Buzun et al.,[20244a)), an entropic
Neural-OT solver, ENOT (Gushchin et al., [2024b)), a diffusion-based Neural-OT, ProcOT (Kassraie
et al., 2024), amortized W2-OT (Amos, 2022), GMM-OT (Delon & Desolneux, [2020), and the
classical entropic OT (EOT) solver. Figure 2] presents the comparative performance of OMT across
three evaluation metrics: Sinkhorn divergence (D, ), mean squared error (MSE), and runtime. In all
experiments, OMT was trained with Ky = 3, K; = 15, €1 2 = 0.01. For dimensions d > 64, we
impose a diagonal structure on the covariance matrix instead of using the full covariance. Appendix [B]
reports the transport cost (7¢) and total memory usage for each method. As shown in Figures 2]and
|Z] (Appendix), OMT outperforms EOT, W2-OT, GMM-OT, ENOT and in most cases, PRoGgOT. It
also outperforms ExNOT at higher latent dimensions. Note that methods like PRocOT and EOT are
sample-based solvers, whereas OMT, similar to neural OT, solves the continuous transport problem
at the distribution level. Despite this difference, OMT still performs reasonably well on sample-to-
sample metrics such as MSE. Considering all metrics along with transport costs, OMT achieves
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Figure 2: Comparison of OMT against baseline methods on the Wasserstein-2 benchmark tasks in [Korotin et al.
(2021). The reported plots are averaged over both forward and backward directions. All results are evaluated
on the test set with 10, 000 samples and averaged across five random initializations. MSE captures fidelity in
sample-to-sample transportation whereas D, is more suitable for transportation between distributions. The
runtime is measured on allocated nodes of a cluster, each equipped with one NVIDIA A100 GPU, 4 Intel Xeon
Gold 6330N CPU cores, and 128 GB of RAM. The reported time corresponds to the optimization of the transport
plan, and the metric calculations are excluded.
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Figure 3: Stability of OT solvers under noise in the W2 benchmark task. The performance of OMT together
with baseline methods is evaluated under two types of perturbations applied to the source data. The two left
panels illustrate the effect of additive Gaussian noise with increasing standard deviations, while the two right
panels show the effect of dropout noise. Reported values indicate performance changes relative to the noise-free
case, evaluated on the test set with 10,000 samples and averaged over five random initializations.

strong overall performance while using substantially less resources, as reflected by shorter runtimes
and smaller memory usage.

To investigate the stability of OMT under noise, we conduct an ablation study: noise is added to the
source data during training, while the original clean data is used for evaluation. We consider two
types of perturbations: white noise, controlled by o and dropout noise with probability p. Figure[3]
demonstrates that OMT produces the most robust OT plans under both noise models, considering the
relative change in MSE in response to input perturbations. Overall, OMT consistently delivers strong
performance across metrics, often matching or exceeding existing baselines, highlighting both the
robustness and competitiveness of our approach. Additional details are provided in Appendix[B.2]

Table 1: Average D. | values for forward and backward OMT maps compared to PROGOT, GMM-OT, EOT on
the human scRNA-seq dataset (Srivatsan et al.,[2020). The results are reported as mean+std. dev. (dpca = 16,
5 random seeds). Additional results for other dimensions and computational costs are in Appendix El

Belinostat Dacinostat Givinostat Quisinostat Hesperadin
EOT 174+0.01 1844+0.01 1754+0.01 17.6+0.03 17.5+0.01
ProcOT 8.43+0.01 8.84+£0.03 882+£0.04 9.52£0.01 8.06=£0.01
GMM-OT 7.994+0.02 889£0.17 889+£0.06 875+0.23 8.00=£0.03
OMT 791+006 812+0.04 875+£014 8.72+0.10 8.00£0.03
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Single-cell Data. OT has emerged as a powerful tool in computational biology, with applications
such as aligning cell populations across conditions and inferring their trajectories over time (Tong
et al., |2020; |Bunne et al.| [2023; 2024)). Here, we focus on two single-cell modalities, (i) single-
cell RNA sequencing (scRNA-seq) and (ii) single-cell transcriptomic profiling with multiplexed
error-robust fluorescence in situ hybridization (MERFISH). scRNA-seq generates high-dimensional
molecular profiles by measuring the expression of thousands of genes at single-cell resolution,
whereas MERFISH provides spatially resolved transcriptomic profiles, capturing the organization of
cells within tissue. We consider three sScRNA-seq datasets: one human dataset, sci-Plex (Srivatsan
et al.,|2020), and two 10x Genomics mouse brain datasets, one collected during development (Gao
et al.| |2025) and the other during aging (Jin et al., [2025). Additionally, we include the Vizgen
MERFISH Mouse Brain Receptor Map dataset. The sci-Plex data serves as a common benchmark
for assessing OT performance on real-world biological data (Cuturi et al.,[2023; Janati et al., [2020).
Consistent with previous work, our analysis focuses on a subset of this dataset comprising three cell
lines (A549, K562, and MCF7) exposed to five different cancer treatments for 24 hours. Following
the preprocessing steps recommended in Cuturi et al.|(2023)), the final dataset contains 77, 920 cells
and 34, 636 genes. Similarly, for the transport analysis, we perform dimensionality reduction using
PCA, retaining the same number of PCs as in [Kassraie et al.| (2024])). Table |I| summarizes the results
for OMT against EOT and ProGOT, which is the top-performing baseline. The results indicate that our
OMT model outperforms PRocOT across all treatment conditions. For this comparison, PRocOT is
configured with the recommended scheduling parameters from its original publication, with K = 4.

We note that, here, the data subset for each task is relatively small (~ 10* cells). While this scale is
computationally feasible for sample-based approaches like PRoGOT, it does not represent the large-
scale datasets in modern single-cell studies. We next extend our study to a larger single-cell dataset.
To benchmark our OMT approach against the HiRef algorithm, we analyze MERFISH data from the
Vizgen mouse brain dataset. We select the same two slices studied in [Halmos et al.|(2025)), containing
85,958 and 84, 172 cells, respectively. The alignment is formulated as a transport problem using only
the spatial coordinates of the cells. Using the computed transport map, we impute gene expression in
aligned cells based on the source slice data (Figures [} [T1] [T2). Table2]benchmarks OMT against
mini-batch (MB; batch size 1024), low-rank OTs, and GMM-OT. We evaluate performance across
5 marker genes based on cosine similarity and transport cost. The former measures the agreement
between imputed gene expression at the transported locations and the ground-truth expression of
spatially adjacent cells in the target slice. OMT consistently outperforms all baselines in both metrics.
See Appendices [C.4]and [C.3]for additional details and assessments.

For further validation, we extend our analysis beyond small-scale data, we apply OMT to larger
scRNA-seq datasets from the mouse brain, encompassing the entire lifespan from development to
aging. For brain development, we use data from the visual cortex spanning a wide period from
embryonic days to postnatal days (E11.5-P28) (Gao et al.,2025). For aging, we consider data from
Jin et al.| (2025)) collected from 108 mice, span six brain regions at two timepoints: adult (P53-69)
and aged (P540-553). Our analysis focuses on the cellular dynamics of the oligodendrocyte lineage,
including oligodendrocyte precursor cells (OPCs) and mature oligodendrocytes (Oligos). These
glial cells, which are responsible for myelinating axons to facilitate neural communication, exhibit
significant heterogeneity in their lifespan and function, making them a suitable candidate for studying
time-dependent cellular transitions (Marques et al., 2016; Jin et al., [2025)).

Table 2: Comparison of OMT against mini-batch, low-rank OT, and GMM-OT solvers on MERFISH mouse
brain data. Cosine similarity (1) and spatial Euclidean costs (|.) are reported. Cosine similarity measures the
agreement between imputed and original expression profiles in the target slice for the genes used in [Halmos
et al.|(2025) for evaluation, while the transport map is optimized only with respect to spatial coordinates. Both
GMM-OT and OMT utilize 1000 components to fit the source and target distributions.

Slei7a7 (1)  Grm4(1) Oligl (1) Gadl (1) PeglO (1) Cost(])

MB (1024) 0.73 0.76 0.69 0.47 0.56 384.25
LOT 0.32 0.23 0.30 0.17 0.07 3722.32
FRLC 0.22 0.21 0.19 0.10 0.10 415.07
HiRef 0.81 0.80 0.75 0.49 0.60 330.33
GMM-OT 0.89 0.90 0.90 0.73 0.73 107.20
OMT 0.90 0.93 0.90 0.78 0.75 101.69
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Figure 4: Cellular alignment across MER-
Predicted Sic17a7 . FISH mouse brain data using OMT on
i spatial coordinates. From left to right,
the expression profiles of the marker gene
Slc17a7 are illustrated in the source, target,
and transported spatially distributed cells
within the brain tissue.

Slc17a7 (Source) Slc17a7 (Target)

gety T

After preprocessing (Appendix [C), the data includes 32, 998 cells and 9, 900 highly variable genes
(HVGs) from the developmental data, alongside 253, 468 cells and 9, 359 HVGs from the ageing
dataset. We utilized a VAE model to learn a compressed representation of the cells. The OMT
model was then trained on these low-dimensional embeddings (d, = 10). OMT is applied across
11 consecutive time pairs between E11.5 and P28 for the developmental data, and between adult
and aged time points for ageing data. Figure [5]summarizes the analysis of the mouse datasets. The
UMAP plots show that the cell population transported by the model, whether forward or backward in
time, closely mirrors the empirical cell distribution at the target timepoints. This demonstrates the
model’s ability to learn the global distribution across cell subclasses. The right panels of the figure
illustrate the clear developmental and aging trajectories revealed by our OMT model. The transport
map reveals the known developmental pathway, beginning with neuroepithelial cells (NECs) that
mature into radial glia (RG). These cells subsequently differentiate into glioblasts (Gliob), which are
the common progenitors for both the astrocyte (Astro) and the OPC-Oligo lineages. This temporal
progression is visually represented by a color gradient, transitioning from yellow (E11.5) to dark red
(P28). Focusing on the OPC-Oligo lineage, the rightmost column provides a detailed view of this
population during development (top) and aging (bottom). It highlights the specific cellular maturation
sequence from oligodendrocyte precursor cells (OPCs) to committed oligodendrocyte precursors
(COPs), newly formed oligodendrocytes (NFOLs), myelin-forming oligodendrocytes (MFOLSs), and
finally, mature oligodendrocytes (MOLs). See Appendix [C.4]for additional evaluation in gene space.

Image Datasets. To further demonstrate the applicability of the the proposed OMT framework
beyond tabular data, we apply it to an unpaired image-to-image translation task using two benchmark
datasets: MNIST (LeCun, [1998) and CIFAR-10 (Krizhevsky et al., 2009). In MNIST, the task
involves translating images of one digit into another (e.g., learning transport maps suchas 7" : 1 — 7).
Similarly, in CIFAR-10, the goal is to translate images from one semantic class (e.g., airplane)
into another (e.g., bird). Although OMT can in principle be applied directly to raw image data,
the resulting mappings are not semantically meaningful and fail to capture class-level translations.

UMAP colored by subclass Original vs transported data Cluster-level developmental path OPC-Oligo cellular path

©oRe o (xy)
. Asto
+ Glioblast
* NEC
Oligo
opc

Thvalx) M/m
fwdlX. __Astro foL.2
* Towaly)

UMAP colored by subclass Original vs. transferred data Aged OPC-Oligo OPC-Oligo ageing path

i

MOL-4

« opc
. cop

T
*  MFOL alX)

* Towalx)

opc Lt oPC3

]
F|OL \ MOL-1
Ao ke

Figure 5: OPC-Oligo trajectories across the mouse lifespan. Top row: developmental dataset from the mouse
visual cortex. From left to right: (1) UMAP projection showing distinct neural cell subclasses. (2) The alignment
between the original measured data and the transferred data using OMT. (3) The inferred global developmental
trajectory at the cluster level, tracing paths from early progenitors like neuroepithelial cells (NEC) and radial
glia (RG). (4) The specific cellular pathway detailing the differentiation from OPC to oligodendrocytes. Bottom
row: mouse aging dataset. From left to right: (1) UMAP projection of cell subtypes within the oligodendrocyte
lineage. (2) The alignment of original and transferred data distributions. (3) The network graph illustrating the
stages of the myelination cycle in aged mice. (4) The inferred aging pathway.
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Figure 6: Performance of
OMT for unpaired image-
to-image translation on the
MNIST and CIFAR-10 datasets.
For each dataset, the top row
shows original samples from
the source distribution, = ~ v,
and the bottom row shows the
corresponding transported im-
ages T 1.

To enable this, we first train an autoencoder on the entire dataset, covering all classes, to obtain
compact and semantically meaningful low-dimensional embeddings. Within this latent space, the
OMT is then applied to learn optimal transport maps across different classes.  Figures [6] and
[T7)illustrate representative examples of these class-to-class translations for test images in MNIST
and CIFAR-10, respectively. Quantitative evaluation of the generated translations is reported in
Table [3| using the widely adopted Fréchet Inception Distance (FID). These experiments highlight
that, OMT can be effectively extended to image-based applications as well. For context and to
benchmark our performance against established OT based approaches, we also report the FID scores
for WGAN (Arjovsky et al., [2017) and WGAN-GP (Gulrajani et al.,|2017). The results show that
OMT performs in a similar range to WGAN on CIFAR-10, while outperforming both WGAN and
WGAN-GP on the MNIST dataset. See Appendix [D|for further implementation details, including the
autoencoder architectures used for dimensionality reduction and the hyperparameters for OMT.

Table 3: FID (J,) values for unpaired image transla-

MNIST CIFAR-10 tion on the MNIST (grayscale) and CIFAR-10 (color)

WGAN 6.7+ 04 55.2 datasets. Reported values for WGAN and WGAN-GP
WGAN-GP 7.44+0.3 39.4 are taken from previous studies (Choi et al.l 2023}
OMT 1.24+0.1 56.1+1.5 Rout et al., 2022} |Qian et al.| 2021). Results for OMT

are computed over 10 random initializations.

To demonstrate the applicability of OMT to large-scale, high-dimensional data, we perform an
alignment task on ImageNet (Deng et al., 2009), following |Halmos et al.| (2025). We use 2048-d
embeddings from a pretrained ResNet-50 (He et al.}2016) and construct source and target subsets via
random sampling. OMT outperforms both MB and LOT solvers that can be optimized in this setting,
achieving the lowest Euclidean distance between aligned images (Table[d). OMT is trained with 1000
components for each of the source and target. See Appendix [D|for implementation details.

- Table 4: Cost values for the ImageNet align-
Method  MB (1024) FRLC HiRef OMT ment task (Deng et al.| [2009). LOT was not

Cost () 19.58 24.12 18.97 14.30  evaluated due to memory limitations (Halmos
et al.,2025).

6 CONCLUSION

In this work, we introduced OMT, a new family of EOT solvers that enhance performance by
moving beyond sample-to-sample transportation toward subpopulation-level transportation, lever-
aging mixture-model representations and the closed-form structure of Gaussian families. OMT
achieves computational efficiency through a strictly biconvex formulation which, when embedded
in a global optimization framework, ensures that each subproblem converges in a single step to
a unique solution, thereby providing a stable and reliable estimator of the OT plan. Empirically,
we showed OMT matches or exceeds the performance of state-of-the-art non-neural OT solvers,
while remaining competitive with neural approaches, but with substantially lower computational and
memory requirements. One promising direction for future work is to extend OMT to the unbalanced
OT setting, particularly for mixtures with unequal component masses, which is highly relevant in
applications such as single-cell RNA-seq. The current OMT learns static transport plans between
pairs of time points. In future work, it could be extended to learn dynamic transport maps between
Gaussians, building on the approach of |Bunne et al.| (2023). A current limitation, however, lies in
applying OMT to high-resolution image generation tasks, where straightforward extensions are not
yet practical. Another interesting avenue would be to explore a neural extension of OMT, enabling
scalable applications in such high-dimensional domains.
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APPENDIX

A PROOFS

Lemma 1. Foranyey,e5 > 0, L., -,(82, P) is strictly biconvex.

Proof. A function f : X x Y — R is called biconvex if, for fixed x € X, the function f(x,y)
is convex in y, and for fixed y € ), it is convex in x. According to Theorem 3.1 |Gorski et al.
(2007), f(z,y) is biconvex if and only if for all (z1,y1), (z1,y2), (T2, y1), (T2,y2) € X x Y and all
A, 7 € [0, 1], the following inequality holds:

f@x,yr) SATf(zr,y1) + (1= )7 f(22,91) + AL = 7) f(21,92) + (1 = A) (1 = 7) f(22,92),
where (2, y.) = (Ax1 + (1 — N)zg, 7y1 + (1 — 7)y2).

Then, for given w;;, = A@;; + (1 — \)@;; and dp;;. = ’Td})ij +(1- T)d??ij, the following inequality
must hold.

Loy ca(Q0, Pr) < M Lay o (Q P)+(1=N)TLe, o) (Q, P)+N1—T)Le, ey (Q, P)+(1=N)(1=7) Lo, o, (&, P)

(14)
K 5 ~
Loea@,Pr) = D (s + (1= N)3y) [ /. eyl (v ey) + - T>dpij<x,y>)] +

K
e2Dg (M| ao @ 1) + Z (A@ij + (1 = N)@ij) 1D (pij |10, @ )
@]

= ATZ&U-/||x—y||§d}>,;j(x,y)+(1—A)TZ%/||x—y||§d})ij(x,y)+
i, ,J

A B
A1-7)Sa / % — yl3dpy; (%, 3) + (1= N)(1 = 1) Gy / I — ylBdps; (%, y) +
) 1,

c D
€1 Z (A@ij + (1 = N)@ij) Drcr(pij_|Ipo, @ pa,) +e2 D (oo ® o). (15)
& E F

ALey ey (U P) + (1= N7Leyca (U P) + M1 =)Ly s (0 P) + (1= N1 = 7)Ley oy (&, P) =

AT @i / Ix = yl3dps;(x.y) +e1 Y Aaij (Dicr(Bij. |l po, @ pa,)) +

1, %,J
A
e2TADk (R o ® ) + (1= N7 Y &y / % — yll3dp;; (x,5) +
i,J
B
€1 Z(l = N@ij (TDrr(Bij_|Ipo, @ pa;)) + e27(1 — AN Dk (Q]eg ® ) +

.3

A=) S @y / I — yl2dps; (x, y)+
ij

C
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e1 Y A&y (1= 7)Drr(Bij, llio, ® pa,)) +e2(1 = T)ADkL(Q ot @ 1) +

,J

(1=N(1-7) Z%/HX ylI3dp,; (x.y) ) e D (1= Ny (1= 7)Der (Bigllo, @ ) +

2, 1,

D
e2(1 = 7)(1 = N)Dgr(Q)ao @ o),

= A+B+C+D+e | ADk1(Q o ® a) + (1 — NDi Qo @ o) | +
G

e1> | (A@ij + (1= M&y)) | 7D (Bijllpo, @ pa,) + (1= 7) Drcr (Bl o, © pa,) |- (16)

H

For any fixed ¢, Dxr(p||q) is strictly convex in p. Consequently, we have £ < H and F' < G,
which together imply that inequality (T4) holds. O

Theorem 1. For the optimization problem defined in (.1)), the GOP algorithm converges to a unique

solution in a single iteration.

Proof. Consider the biconvex optimization problem defined as follows:
min{Le,., (2, P), (Q,P) € A}.

Let’s begin by selecting an arbitrary initial point Zy = (o, Py) € A and set the iteration index s = 0.
Without loss of generality, we assume that w?; > 0, for all i, j. We then solve the following convex
optimization problem with respect to P, keeping €2 fixed.

mmeu U 1% = yl3 dpij(x,¥) + €1 Drcr.(pij | o, @ ;)
><

s.t. / dP(XaY) = Mo, / dP(X7y) =M (]7)
Yy X

Since the objective function in is convex in P for any fixed (2 and Slater’s condition is satis-
fied [Floudas & Visweswaran| (1993)), strong duality holds. Accordingly, problem (A) admits the
following strong dual formulation:

ety | [ Ty )+ 1D o))~ ay
i,
Zw% |:/ 901] (/ dpz] X y) d/loz ) / 1/)1] (/X dpij(xay) - dMlj (Y)>:|
v (19)

Here, ¢;;,;; > 0 are the Lagrange multipliers associated with the marginal constraints.
Denoting the inner minimization problem in by mgn f(P,®,T), we seek the optimal policy that

minimizes the loss in (I8). To do so, we compute the functional derivative of the loss with respect to
dpij(x,y).

daf 0 ( 2 dpi;(x,y)
— = w; | |lx—yl3+e1log —————— — i (x) —¥i;(y) | (20)
dpij(x7y) 7 || ”2 dﬂO( )d;U’IJ( ) J( ) ./( )
Since the objective is strictly convex in P, it admits a unique solution that is independent of 2.
" i (%) + i (y) — Ix—yli3
dpjj(x.y) = exp (9” i xy J(Eyl) ” y||2>duoq, ()dp, (). @
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Substituting dp;; in (T8), the dual form can be written as:

w2t | [ w00 60— [ osin ) —er ([ i,y =1)] @

]
To determine the optimal Lagrange multipliers that maximize the dual objective, we differentiate the
loss function in (22)), denoted as g(®, ¥, P*) with respect to each multiplier as follows.

dg  _ o R @i (%) + i (y) — Ix — yl3 .
s = b (o0 = [ e : s, (<) () 23)

Assuming that, for all ¢, j, the measures 11, and 1, have finite second-order moments, the pair
(ij, ¥ij;) is optimal if and only if the following conditions are satisfied.

J

J L R I P P gRE-HC BRI R L
Yy X

€1 €1
(25)
which is equivalent to the following expressions for the optimal multipliers:
i(y) = lIx—yll3
pij(x) = —e1 10,?;/ exp (wj(y) H y||2)d,U/1j(Y)7 (26)
y 1
2
Pij\(X) — XY
Vij(y) = —a log/ exp ( i) E'J ”2>duoi (x). 27)
x

As observed, the optimal Lagrange multipliers are also independent of €. Therefore, the unique
optimal solution of remains the same for any fixed Q,, implying

VS, £5162(QS7P*> S £6152(QS7P)7

VS 7é Sla 55152 (QS7P*> £6152(QS'7P*)7

Vs # 8, Loey(Q,P*) = Loc,(Q,Py), iff Py = P* (28)

Proceeding to the next step, we set s = 1, which gives P, = P*. For a given €2 > 0, we solve the
following strictly convex optimization problem with respect to 2, keeping P fixed.

min > w; [ / Ix — ylI3 dpi; (x,y) + e1 Dicr (b} o, ®m,.>} + 2D ( Qv ® )
— X XY
2y

(29)
st 1Q=ap, Q1= (30)
This formulation, similar to equation (A}, admits the following dual form:

maxmin »  w;; [ / I — I3 dpk;(x,y) + 1 Dicr (0|0, ®ulj>] + 2D (o @ 1) —
AT Q i XXV

€1y

Z /\i Zwij — — ZT]‘ <Z Wiy — Oélj> . (32)
% J J i

The inner minimization in (31, denoted f’(£2, A, 7), admits a unique solution for the optimal weights.
These weights can be derived by computing the functional derivative of the objective with respect to
w;j, yielding:

df’ . ) o,
o / Ix = yll5 dpi;(x,y) + e1 Dk (Pl o, © ;) +e2log —2— — A; — 7433)
Wij XxY @0; 1,
Ly
A+ T — ﬁp%,
wi = exp| —— |ag, a1, (34)
ij o il

17
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To obtain the optimal Lagrangian multipliers that maximize the loss in (3I), denoted
max g (A, 7,Q%), we compute the partial derivatives of g’ with respect to each multiplier.
,T

da' Xi+T75 — Lpx
A? = Zexp (j%)aoiozlj (35)
dg, )\ + T] Epij
T—j = ay, — Zexp (2 o, o1 (36)

Solving these yields the optimal multlphers as:

T — Lp*
A = —eslog > exp (Jgi%)aljv = —5210gZeXP ( ot )aoi (37

, 2
J
Since the optimal weight in (34) minimizes L, ., (€2, P1) umquely for the fixed choice P, = P*, it
follows that:
‘Cslsg(Q*vPl) < lesg(QOapl) < Eslsz(QmPO) (38)
Now, lets update the optimization by setting 2; = 2%, and advancing to step s = 2. According to
(28)), the next update satisfies:
Lo e, (1, P%) = m}inﬁsl62 (Q1, P). 39)
Since we find that P, = P; = P* and consequently, Q5 = £, = Q*, the stopping criterion of the
overall alternating optimization procedure is met after just a single iteration. O

Corollary 1. Let vy € G, (R?) and v1 € G, (R?) be two Gaussian mixture models (GMMs) in
R? with Ko and K components, respectively. Then, the optimal mixture transport map between 1
and v is itself a Gaussian mixture model with K components, where K < KyKj.

Proof. According to Theorem [I] the optimal mixture transport policy between each pair
wh(x), i) (y), is independent of the weight variable and is given by:

dpfj(x,y) = exp (SOU(X) + le(Y) — ||X B y||2>d/.1/0i (X)d/-//lj (y)’

€1
where ¢;; and 1);; are Lagrange multipliers defined by::
- _ — v2
SDU (X) — —& log/ exp (ww (y> HX y||2>du1] (y)’
y f1
i (X)) — [|X — 2
Vij(y) = —a log/ exp (90 i) E'J y”2>duoi(><)~
x

For i (x) = N (x|m,,, ;) and 1] (y) = N(y|lm;, ,%; ), it was shown in Janati et al.| (2020)
that ¢;; and 1);; admit closed-form solutions in the form of quadratic functions as follows ( Proposi-
tion 1 in Janati et al.[(2020)).

pi(x) = —(x—m) Uy(x—my), Uy=5, (5 +al) L
1
iy) = —(y—my) Vij(y —m;), Vi = (2 +511d) Sie — Lo (40)
where £ = 7 T5%, % = Ty and I = (51,5, 57+ lfd)%

Accordingly, the closed-form unique solution for dp;; can be obtained as:

. 2 i
P y) =N (M | Lrﬁ] , i ) (D)

Txx
Therefore, the optimal mixture transport policy is itself a GMM, given by:

T
S ¥
& x| [m] [Si.
y)= Zwijpij (x,y) = Zwij/\/ ([y} | [mz’j ; [szx Z%“])- (42)
,] 2,7

tyy
xy lyy

18
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A.1 STABILITY OF OMT MAPS

This section aims to establish stability bounds for transport maps in OMT framework under variations
of the source measure. To achieve this, we proceed in two steps. First, in Section[A.T.1} we show
that when all measures have bounded support, the OMT map satisfies locally Lipschitz stability (see
Lemmal[2)). Next, in Section[A-1.2] we introduce another notion of tilt stability (entropic stability)
in Definition[3} Corollary 2]establishes that OMT map is tilt-stable. Combining these two stability
results allows us to prove Theorem [2]

Transport map in OMT. By the definition of the OMT problem in (TT)), the corresponding transport
map satisfies

T2 (x) = / Yo (¥1%),

where dmour(X,¥) € Gk, ki, (Rd).The conditional distribution can be expressed as

dmomr (X Y)

drowr (y[x) = m

Zwijdpij (Xv y) Zwudpz dng (Y|x)

Zwrk/ dprk(x7yl) Zw'rk/ dprk X y)
r.k y’

wij [, dpij(x,y)
Z ’ ’ dpz] Y|X Zwm dpzj Y|X) (43)
2] Zwrk/ dprkXy)

@ij (%)
where Z @;;(x) = 1. Accordingly, the conditional distribution is also a GMM. Consequently, the

transpor’t map can be decomposed as
Tour™ (%) = Y _i5(x) / yepi;(y[x) = wa JT'0 710 (x), (44)

where T'*io ~Hi1 (x) denotes the entropic map transporting the i-th Gaussian component of vq to the
j-th Gaussian component of ;. For notational simplicity, in what follows we denote 759 " (x) :=

Tomt (X), with
TOMT ZUJU

A.1.1 LOCAL LIPSCHITZ STABILITY OF Ty (X)

Definition 3 (Local Lipschitzness). The local robustness, also known as local Lipschitzness

2021) at a point (x.), requires that
Vo,a' € S, |[f(z) — f(&')]| < Lllz — 2/,

where 3¢ >0, S:={z € R?| ||z — z.|| < c}.

Definition 4 (Doubly truncated GMM). Let v € G (R?) be an K-component GMM defined as
K
= Z i (X)

19



Under review as a conference paper at ICLR 2026

We define the truncation set S, as the closed (bounded) ball of radius ¢ € R™ centered at the global
mean, m as follows.

Se = {x~wo(x) | [x —m[3 < m=> am,}. (45)
i
Accordingly, each truncated component is given by
i (x)

pi(x,¢) =< K
0 otherwise

ifxr e s,

where k; = f_cp du;(x), is the normalization constant. Consequently, the truncated mixture measure

becomes
—,ul abui(x) ifx e S,
v(x,c) = ; Z . (46)

0 otherwise

Lemma 2. Let moyr(-|X), be a conditional OMT coupling between two dtGMM, i.e., vo(X,c) €
Gr,(RY),v1 € Gk, (RY). Then, for all x € S, the conditional OMT coupling is locally Lipschitz
with Lipschitz constant:

Ly, =272

Proof. First we need to compute the Jacobian of Tyr. The Jacobian of the transport map can be
obtained as

VTomr(x Zw” X)VT;;(x) 4 Ti;(x) VI @ (x), (47)
where

wijf dpij(x,y)
Zwrk/ dprk X y)

For notational convenience, define dp;; (y|x) = pi; (y|x)dy, duo, (x) = po, (x)dx, and dpy, (y) =
pu, (y)dy-

Following the derivation in Section[#.2} we obtain

‘mjvnmo:/ymmwwm,smmm:v 48)

%xw+¢wg>xym)mxwmxwr

(o) — e — w2
pij(x) = —€1 log/yexp (%J(y) E”X Y|2>Mlj(Y)dY~

1

Pij(X,y) = exp (

This implies
Pij (X y)
Pij(¥|X) = 7—F— 7 (49)
J( | ) f p” X,y )dy
exp (%21( )>/10¢ (x) exp ("/’ij (y);1||X*Y|\2>M1j (y)
(v —=|lx—v'||2
exp (%3( ))MO ( )fy/ exp (d’u(y )EIH y ”2)/141]- (y’)dy’
—llx—vI||2
exp (wu () El\l sz)mj (¥) 0

.. N—llx—v’ 2
fy/ exp ('l/)w (v )El‘ y HQ)ILLlj (y/)dy/

20
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. _ _ 2 o2
1ngij(y‘x) = log <exp <¢z] (y) EHX }’”2)‘”1 ) log (/ exp <wz] ”X y ||2>‘u1j (y')dy')
1 v €1

_ (%J‘(Y) - ||XY§) +log pa, (y) — log (/ exp <¢z‘j(y’) - ny/”%>lt11(y/)dy/)
€1 v €1 ‘

37 — [|X — 2 _
_ (¢J(y) Ey y2) +10g/t1_7.(y)+5 1S0ij(x) (51)
Differentiating with respect to x,
Vzlogpij(ylx) = 2 M x—y) T + 571V<pij(x). (52)

Next, using the definition of ¢;;(x),
fy(X*Y)T exp (wu(y) EIH )’H2)‘u1j (y)dy

fy/ exp (dlij(y )lex—y Hz)ulj (y/)dy/

V%j (X) =2

) e (%ﬂ-‘/llz)ulj (y)dy
=92x 72/}’ i (y")—|Ix—y'|12 Ndy'
y fy, exp ('—)Nlj (y )dy

€1

=" =2 [ ¥y ylx)dy (53)
y
=2(x — Tj;(x))" (54)
Substituting Eq.[53]into Eq.[52]yields
Ve logpij(yx) = —2e7H(x —y)" + 2671 (x — Ti(x)) "
=2e7 My — Tij(x)" (55)
Applying the logarithmic derivative formula
Vapij(y|x) = Vi log pij (y[x)ps; (y]x),
= 2¢7 My — T3 (%)) pij (y|x).
Hence, the Jacobian of T;; can be defined as
V. Tij(x) = /yvxpij(}’\x)dy
=25t [ 3y = Ty 60) mis 510y
=2 /yy pij(y|x)dy — /ypw (%) T (x )dy>

<
=2! </yy pij (y[x)dy — Ti; (x)T}5 (x )dy>
(e

=2e7" (Epyiyio (Y57 ] — Ep v [}’]) =2¢7'Covy () (YIX =x)  (56)
Ifx,y ~ pij(x,y) = N(m;, Z-j) (see Eq.[41), then

T
Ti5(x) = By (ypo [y = my, + 5 7 (x — my, ) (57)
VT (x) = 267! (zjyy - zjfz;}(zj;) (58)

Now, we focus on the derivative of the mixture weights w;; in Eq. @ Recall that

Wij f pij X y)dy

Zwrk/ prk X,y )dy

wij(x) =

21
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Following the derivation in Section[#.2} the optimality conditions yield

i =L,
w;j = exp (W)ao aq; 59)
where
Epij = Epij [%‘J( )l +Ep” ww // QPw "‘d’u( ))Pw (x,y)dxdy

and the corresponding dual potentials are given by

p— —EQIOgZeXp (Tjgp”>alj, = —EglogZeXp ( Epi )ozo,i. (60)

- 2
J

Expanding the component distributions p;; in exponential form and substituting the optimality
conditions from Eq. we obtain

i o, (X)exp (%J(X)> /yexp <¢z‘j(}’) —€||X - Y||§>M1j (y)dy

€1 1

wij(x) =

N _ <12 '
Zex (/\ +Tk2 E”""‘)Ozo,‘mkuor(x)eXp (%-k()d)/ exp <¢rk(}’) EHX YQ)mj(y/)dy/
yl

€1 1

Having exponential terms cancel out, yielding the simplified expression.

@ij(x) = “iato Bexp (@)e){p <_Lp;JI(X)>
Zexp( - ). XD e (T oD (21200 o (2220,

€1

wijpo, (X)

e S e

€2

_)\’r
exXp ?

- Z Q,. [, (X) Yo (X)

Differentiating @;; (x) with respect to x gives

wijo, (X)  wijpo, (X)

Wij _ wij(x)
vo(x) 0: (%) vo(x)

For vy € Gk, (R?), each component density can be written as

Vo, (x) = po, (x)Vgi(x),

V(;)ij (X) =

Vip(x).

where
gi(x) = f%(x —m;, )TE (x—m). (61)
Taking the gradient gives
Vgi(x) = =% (x m; )
Vi, (x) = —Mov( )Z;}((X —m;,)
Vo(x) Zao po, Sk (x —my,,). (62)
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Substituting Eq.[62]into the derivative expression implies

~ ~ _ W
V@i (x) = =@ (x)5; 1 (x — my,) ” Z ao, fio, (%)X, (x —my,),

> ao, po, (X)ZZ}x (X -m,,)

= ‘Dij (X) r o (X) — E;}( (X — mix) . (63)

By substituting the expressions in Eqs. 56} [57} and [63]into Eq.[#7} we can obtain

Vo (x 2251 @i (x)Covp,; (y 1) (VX = x)+

T

Z Qp,. l’[’or rxx( me)
(117,] (X)Epz‘j (y]x) [y] VO(X) - ZZ_X}( (X — mix) ,
- wa 261 COVPu(le) (Y|X - X)
T
Z ao MO Txx( - me)
@i (3x)my; (VX = x) [ — -3 (x—my)

vo(x)

For simplicity, let’s define Cov;jIx = Covy,  (ylx)(Y]X = x) and m;j|x :=m,;;(Y|X = x). Then,
the gradient can be compactly expressed as

ij ar rx - -
) = Y25 e o+ L (P 2o m

Since Qp,. = Wrk, WE Ccan then have,
i
k

o, po, (X) 1 Wrkfo, (X) o1
——y (x—m, ) = ————¥Y (x—m,,
2T reel e = 2 (T B )

= Zwrk 2 (x—m,,)
Using the definition of g(x) and its derivative in Eq. and we define
Z Wri(x)Vgr(x Z Org(x (x —m,,)
We define the average conditional covariance across mixture components as
- i ~ T
Covy|x i= Zw,] COVyJ‘x Zwij(x)(zjyy IR Y (64)
Similarly, the average conditional mean is given by

My |y i= ZWij( y‘x Zw” (mjy + X5 Sl (x— mix)>
,J
= @i(x)m,, — ZWH )2 Vgi(x)
i,J
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Substituting these definitions, we obtain

T
VTowr(x) = 267 'Covy e + Y i (x)my ZwrkZ (x-m,,)— % (x—m;)
i,J
1~ ~ T
=2¢7 Covy|x + Z(Uij(x) y‘x (Vgl( ) — Vg(x))
i,J
_ T __\T
= 257 Covy e + 3 @5 (%) (my, = 357 Vi) (Vo) - Ve(x))
,J
-1~ ~ 1 T\ r
=2y Covy|x + Zwij(x)mjy (Vgl-(x) g(x ) + Zw” )55 Vgl-(x) (Vg(x) — Vgi(x)>
5,
(65)
Taking norms on both sides yields
_ S T
9 Town ()| = 1257 Covype + 3 @15 (<), (Vi) — V) +Zwu )25 Vai(x) (V&0 - Vai(x) |

.3

S T
— 1300 (225 Covt o+, (Voilo) ~ TaG0) 455 Varl) (T - Vi) ) |
.3
Applying the triangle inequality, we obtain

I T o) < 32 50 ) (225 0wl + i, (a0 = T0) 1+ 155 Vst (Vs - T 1)

(66)

Since the last two matrices inside the summation are rank 1 matrices, their operator norms can be
decomposed multiplicatively as follows.

9 Tonr () < S 35 x) (265 CovS l + 1, | 1V9:0) — Bl + 125 Va0l 1991() ~ Ve )

= > @i (0) (267 1Covg -+ (e, 1+ 125 Vsl ) (1199:00) ~ Vel ))

(67)
Imposing the truncation constraint on x by bounded set .5, the norm values are bounded as
[ —my, || < ¢+ [jm —my, |
IVgi ()|l < 137 lI(c + [mo — my, ) (68)
Gi(e) == c+ [mp —m,,| (69)
T

125 Vel < 1155 2L Gile)

IVe(x)|| < Zwrk @14 (70)

Given the bounds in Egs. [68] [69] and[70] the norm of the Jacobian of the OMT map in Eq.[67) admits
the following upper bound.

IV Tour (91 < 3200257 (ICoV I+l | IS 1 0) + my, | 98 ) +

ZWU ) (I SIS+ Gelss S IVE6I)

Ixx

=Zwij<x> (2e7covy Il + (Il |+ G125 =220 (IV+ G IS22 )
0]
(71)
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The local Lipschitz constant can thus be defined as

Lyy := sup [[VTowr (x)] 72)
XESe

For each supremum term, let
kg = argmax {27 [Covil, | + (llmy, ||+ (@125 S21) (IVEGI)+ 6@ IL41)}

u = argmax{G() I8 )

Accordingly, the Lipschitz constant admits the closed-form upper bound

T L T _
Ly = 26712y, = 258 Sl 50+ (hmg, |+ G152 02 1) (@IS + GOISLI)
(73)
O

A.1.2 TILT STABILITY OF 1oyt

We now introduce a notion of stability for optimal transport mappings under small perturbations
of the underlying measure. Intuitively, stability describes how sensitively the transport structure or
barycenter of a measure responds when the measure is perturbed in a particular direction. One way to
formalize it is through tilt stability (also known as entropic stability), which connects the change in
the expectation of a measure to its relative entropy under exponential tilting.

Definition 5 (Tilt stability (Entropic stability), (Chen & Eldan|(2022); Bauerschmidt et al.| (2024)). Let
1 be a probability measure on X C R, with finite second moment and a function f : R? x RT — R
and o > 0, we say that p is a-entropically stable with respect to f if

f (Brulx], Eux]) < aDxr(Typllp), Vv eR? (74)

where Ty i denotes the exponential tilt of a the probability measure p through vector v € R? such
that

v,X)

o
dTop(x) = ( )du(X)-

[ ev2du(z

Lemma 3 (Lemma 40 [Chen & Eldan| (2022)). Let v be a probability measure on R™ with finite
second moment and A be positive-definite matrix. Suppose that for every v € R% one has

[Cov(Tuv)llop < @

Then v is tilt-stable with constant o € R™ with respect to the function f(z,y) = 3||x — y||3.

Corollary 2. Let moyur(-|X), be a conditional OMT coupling between two probability measures
vo(x,¢0) € Gry(RY), 11 (y,c1) € Gi, (RY) forall x € Sey = {x ~ 1p(x) | [x —m||3 < &, m =
1/ Ko Z a;m;, }. Then, for all v € RY the conditional OMT coupling is tilt-stable with constant

CVO ‘= sup {||COV7TOMT(Y|X - X)”}

X€Se,

Proof. Our derivation follows the same proof for Lemma 2.2 and Corollary 2.3 in (2025).
According to the definition of Eq.[A3]and Eq.[51} we have

d7ToMT Y|X ZWU dpz] Y|X)

~Sautsien (Bt “ I v1EY 4,

€1

_ Zw” x) exp <<X,)’> - 9517;:(3 — i (Y))dmj )
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where 3;;(x) := 1/2(||z]|> — ¢i;(x)) and ¥;;(y) := 1/2(||yl|> — 1:;(3)), which are also known as
Brenier potentials.

Er..pole wa ) exp —22i () /exp<<x,y>+1/zgl<v,y>—wmy)) g ()

€1 1/261
_ ZWH ) exp Ziilj (x) /exp ((x + 1/251%2’1) - %j(ﬂ)du” )

Pij (x+1/2e1v)
€xp 1/2¢,

- szg X) exp (@j(x * 1/12;21;) — Pij (X))

= szg EIU 7V) = Egl (X7 V), Vv € Rd.

Based on the Definition[5] the tilted coupling measure

1/251

wa ay (V) <<x +1/261v.y) — §i(x) — i(y) ) G ()

dTy TI'OMT(Y|X Z wz] ( Xt 1/261‘/’ y> — i (X) — wij <y) ) d,Ulj (Y)

(x v 1/2¢4

61”

- wa hey, (%, V) exp <<X +1/2e1v,y) — @iy (x +1/2e1v) — iij(y))clmj )

ll(x v) 1/2¢,
—= Zwu fl” * )dp”( Ix +1/2¢1v) (75)
he, (x,V)
= Z@u %, v)dpi; (y|x +1/261v) . (76)
4]

According to Deﬁmtlonl since the probablllty measure of any x ¢ S, is zero, the operator norm of
the conditional covariance of tilted measure in Eq.[76]is also bounded as follows.

HCOV,]_VWOMT(Y|X =X + ]‘/261V)HOP S Sug{HCOVﬂ'oMT(Y|X = Z)”} )
ZES,

where according to Lemma 3] supremum of the conditional covariance is the tilt stability constant,
C',- Using the law of total covariance, the conditional covariance of Ty (y|x) can be written as:

T
Covy,, (Y]X = x) Zwm (COV . +my‘xmyj‘x> mym,, (77)

where the overall conditional mean is

=]

ylx = z :w” y\x
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To bound the total conditional covariance, we first take the norm on both sides and use the triangle
inequality. This gives

€OV (YVIX = x)]| = | Zwu ) (Covi +mmP ) — mmym?, |
< wa COVy|xH + wa ;\x y\x” + Hmylx”
< wa ||C0Vy\xH + ZWU len_wx”2 + ||ﬂ1y\x||2
< wa ) (ICovgll + 2m 1)

<wa ) (1Cov 4+ 2l 2 + 2125 S (x — )

Taking the supremum over x € S’CO, we define an upper bound on the total conditional covariance:

sup [ Cov,, (VIX =)l = sup {3100 (ICovgll +2my, 12 + 2155 272 (x = m )11 ) }
x€ESe X€ES5cq 1,5

= ry, — S5 AT+ 2l |2+ 26 ()55 T2 (78)
where

Lr —afgmaX{IICOV I+ 2l 12 + 26 (co) 125 B2 13-

ylx

Then, based on Eq. [78] the tilt stability constant, which is defined as the supremum of the norm of the
conditional covariance, can be expressed as
T T
Cuy = [IZnyy = B30 T B0+ 2l 1 + 26 (c) 127 2 - (79)

O

Tyy

Lemma 4 (Lemma 3.21, Bauerschmidt et al.[(2024)). Let v be a probability measure on R® with
finite second moment. Suppose for every x € RY, v is tilt-stable with constant o.. Then for any
probability measure p on R with finite second moment,

Iy [x] = By [x][|* < 20Dk (p]v) -

Corollary 3. Let T55: " (x) denote the OMT map between the probability measures vo(X, co) €
Gr,(RY) and v1(y,c1) € Gk, (RY), for all x € S,,. Then, for any probability measure p(z, cy) €
G, (RY), with support z € S,,, the following bound holds:

]Em)m(xvz)[HTC/))v\:;Ul(z) Tcl)/&T_Wl( )”] <8y CV0W2 Vo, p +2\/ Cpo My,

where

M,, = bup{ > @i(x)0e(2)| DY (y) — DZ ()1}

i,3,r.k
and Dy and Dy, are Mahalanobis distances, defined as follows.

1 _ . .
D} =(y - mjy)T(§Ejyly +e Wiy —my,), Vi€ [0, K],V € [0, K]

Vi = (25 +ald) 5

Ixx Id .
Proof. Given moyr(y|x) = Zw” x)dp;; (y|x) and Tomr(y|2z) = Zw”“ )dprr(y|z), we have

D r(momr (y|2) [ Tomr (1)) < Zzwm x)wrk(2) DL (pri(y12) Ipij (v %)) (80)
J Tk
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exp ( (z,y) *9511;52’1/’”“ ) ) i, (y)dy
o (B

= /25;1 (<z =X, y) + i (x) — Gri(2) + i (y) — ﬁrk(y))dprk(Y\Z) + / (log 11, (y) — log 111, (y)) dpri(y|2)

Dicr (e (312) 1935 (¥ %)) = / log dpri(y]2)

=257 (2= X Tou(2) + 6500 — () + [ (2705 (y) o, (3) = 251 0aly) + log s, () dpra(y12)
81)

Similarly, the reverse direction of the KL divergence calculation can be expressed as

D1 (pij (¥ %) pre(yl2)) = 2e7 ((x — 2, Tij(x)) + Gri(2) — 5 (x)) +

/ (26717]1%()’) —log 11, (y) — 26~ "4y (y) + log 1, (Y)) dpi;(y|x)
(82)

IfVj € [1, K], 1, (y) = N(y|m;,,%;, ), it was shown inJanati et al.[(2020) that @;; and 1;;
admit closed-form solutions in the form of quadratic functions as discussed in Eq. Using the
closed-form for potential functions and the portability measures, we have

Gi;(y) == 51_1%3'(}’) + log 11, (y)
1

=er (v —my) Vi (y —my,)) — 5 ((y —my, )% " (y —my,) + log (27r)d|2jyy|)

1 _ 1
=—(y- mjy)T(§Ejy1y +e WVi)(y —my,) - 3 log (2m)/|5,, | (83)
Gri(y) =7 Wri(y) +log i, (y)
1 _ 1
= =y — 1, )" (55, + 7 Van)(y — ) — 5 log (2m) [ B, | (84)

Using definitions of G, G, in Egs.[83]and [84] we have
261 "y (y) — 267 i (y) + log pa, (y) — log i, (y) = &1 i (y) — €1 "t (y) + log pua, (y) — log s, (y)
= Gij(y) — Gri(y)

1 - 1 |Ek | 1 _
= (v = my, )" (585, Fe V) (y — my,) + 5 log B o=y = my) (G, e Vi)(y - my)

v |
= D% (y) — Di( ;
- rk y 1] y)+a’]k

where D7, (y) and D7;(y) denote the Mahalanobis distance. Adding the two KL divergence terms in
Eq.[8T]and [82] we obtain

D (pri(y12)lpij (¥1x)) + Drcr (pij (y %) lpri (y|2)) =267 ' (x — 2, Ty;(x) — Tri(2))+
By v [Pk (y) = D3(¥) + aji] = By, (y1m [D2(¥) — Di;(y) + aji]

= 2€I1<X -z Tij (X) - Trk(z» + Ep,;j(y\x) [ng(y) - Dz'Qj (Y)] - Eprk(y\z) [D?k(}’) - DZQJ(Y)]
< 2€I1<X - ZvTij(X) - Trk(z» + ‘Epij(y|x) [Da%k(Y) - D’?j(y)] - IE:pm(y|z) [ka(Y) - D?g(}’)”
< 2e7 ! (x — 2, T5(x) — Tyu(2)) + / |D2.(y) — D3 (9)] [pij (v 1%) = pri(y]2)|d(y)

(85)
Applying Pinsker’s inequality, we have

/Ika(Y) — D3 i (y1%) — prx(¥12)|d(y) < Mijricr/2Dscr (dpis (v1%)lldpr(y12) (86)

where M. = sup {|D2.(y) — ij (y)|}. Using the upper bound in Eq. in Eq. we have

YESe;

D1, (pis (y1x) [Pk (y|2)) < 2671 (x — 2,T(x) — Tr(2)) + Mijrn \/QDKL(dPij (y|%)lldpr(y|z))
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B D 0is 610 i (v12) < 267 [ [ (= 2,250 = Ty a)) o, 2) +

Mgty [y 2D (i (715) [y (y]2)

< 267 By () [ T35 (%) — Tk (2) ] Wa (o, p)+

MijrklEdm”(x,z)[\/QDKL(dpij(Y|X)||dprk(Y\Z))} (87)
which can be expressed as follows (see Section [A.T.3]for the full derivation).
B ey [Drc 1. (03 (¥ 1) [Prk (912))] < 2M 7 + 427 By e, [ T3 (%) = Toi(2) [[] Wa (v, p)

(88)
Moreover,
/ / Dicr, (Tour (312) [Towr (¥15) ) donr (5,2) < S 15 ()0t (¥) B . [Dicr (i (715 e (y12))]
i,5,r,k
(89)

From the tilt-stability condition applied to each component pair, we further obtain

; s [ Tor (2) = T3 () |* < Dicr (pron(y12) 1pis (y %))

§CM§E7TWT(x,z) (1T (2) = Tij () 1%] < Erppr .2 [Pz (pi (v1%) 121 (v12))]
20,1” (Ergus e [T (2) = T ()1)” < B0 [Pt (03 (7 ) [pre(12))] (90)

where C,,. = sup {HCovyIZH} as defined in Eq. (
z€S,
Usmg the upper bound in Eq. [88]in Eq.[00} we have

ZCH,J (B 1Tt (2) = T (0)[1)* < 2M2 5 + 47 By ) [ T35 (%) — T (2) ] W0, p)
On

This can be simplified as follow (see Section[A.1.3|for the full derivation).

EWOMT(Xaz)[HTTk(Z) - E](X)H] S 8€;10Mijw2(yo7p) + 2 OMLJMZJT]C (92)
Aggregating over all component combinations, we obtain
S @400k (DB (e [T (2) = Ty ()] £ 3 Gy (0 (2) (87 Walv,9) + 24/ Coa, Mo
,5,m:k i,5,m,k
Since C,,, ;< Cy,. it follows that
Z (:)ij (X)@rk(Z)EWUMT(x,z)[HTrk(Z) - T’ij (X)H } < 851_ICUOW2 Vo, + 2 \V/ l/o Z wzy wrk Mijrk

.3,k 3,7,k

M,
(93)

Using the triangle inequality, we can relate the expected difference between the overall transport
maps:

EWOMT(xyz) [HT(/)JI\?FVI( ) Tg&?yl( )”] = Tr(]MT X Z) || Z wZ] er; (Cz-‘l] (X) - T'rk (z))H]

i,5,m,k

< Erpr (2| Z @i (x)@rk (2) || T35 (x) — Trw(2)[] (94)

i,k
Combining the upper and lower bounds from Eq.[93]and Eq.[94] we obtain the desired inequality:
Erors () (| Tonr™ (2) — Toir™ (%) |I] < 81! CoyWa(vo, p) + 24/Crg My, -
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Theorem 2 (Stablhty of OMT under perturbation). Consider the restriction of vo(x, ¢), v\ (x/,¢) €
Gr,(RY) tox,x' € S.. The following stability bound holds:

EVO [HT(I;&?W (X) (;/181?”1( )” < (857101/[) + LV{))WQ(V07 Vé) + 2\/ Ou{,Ml/n

where Tyo7 " denotes the OMT map from vg to v1.

Proof. Let (£, P") denote the transport weights and the set of Gaussian couplings associated with
the OMT between vy and v, where vy(x), 1()(x’) are doubly truncated GMM, and v/, denotes the
perturbed counterpart of v, for all x,x’ € S, where S, € R™ is the truncation set.

For brevity, we define T¢07"" = Tyo,. We begin by quantifying the average norm of deviation
between the two optimal transport maps:

[ 18560 = T () = [ [ 173500 = T ) (. x)
< [ 115600 = T8 xx)
[ [ 120 = T3 ).
According to Lemma@ TOVI{,}T is L, -Lipschitz for all x € S (see Eq. , which follows that

[ 1760 = T e x) < Ly [ [ = ar' . x0)
S L,,OWQ(V(), Z/O) .
Using the results of corollary 3} we have

B [T () = Toa ()] < 8671 Cy Walvo, ) + 24/ Cu Mo,

Finally, combining the bounds derived above, we obtain

/ HTOVISIT 0MT< HdVO< ( 5_101/6 + Lu(’))W2(V07 V(/)) + 2\/ Cl/éMVl

A.1.3 ADDITIONAL DERIVATIONS

U= By (x,2) [DKL(pij(.Y\X)IIpm( 2))]
a = 267 By () [ T35 (%) = Trr (2)][] Wa (w0, p)
b:= Mijrka
where u, a,b > 0.

The function f(x) = \/u is concave. By Jensen’s inequality, we have E[y/(.)] < \/E(.) . Then,
Eq.[87]can be written as

u<a+bv2u (95)

Letting v? = u, we obtain the quadratic equation v? — (\/ib)v — a = 0. Using the quadratic formula
and noting that v > 0, the valid solution is

_ V2b+ V202 +4da
- 5 :

To preserve the inequity in Eq.[93] we have

- V2b + V22 + 4a

0<
SV B
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where

u<b®+a+b\Vb2+2a.
b/ b2 +2a < b? +a,

To simplify the upper bound, we consider a looser as follows.

u < 2(b* + a)

Since

which is equivalent to

]Eﬂ'mﬂ(x,z) [DKL(plj(y‘X)||ka3(y|z))] S 2]\/‘[7,2‘]7“]{ + 4€I1EW0\1T(X,Z)[‘|Tij(X) - TT]‘»(Z)H] WQ(U07 p) :

Now, let’s define
u=Erp o (x,2) |7k (2) — Tij ()]

b= de] " Wa (v, p)

— o2
c:=2M;,
1
|
a:=5Cu,;

where u, a, b, d > 0. Then the Eq.[91]can be expressed as
au® < bu+c
Since u is non-negative, the negative root is not a valid solution, so the upper bound is:
- b+ Vb% + dac
Uy —.
- 2a
Since /= +y < \/x 4 /Y, alooser upper bound for « can be written as
20+ 24/
u < 20+ 2yac =a b+ Vale
2a
Finally,

ET(OMT(xyz) [”Trk (Z) - Eﬂ (X) ||] S 861_10/1.,;.7 WQ(V07 p) + 2 C/I,U' ]V[’ij7’k7 .

B W2-BENCHMARK TASK

B.1 EXPERIMENT

For the continuous Wasserstein-2 benchmark task, we adapted the experimental setup from the
publicly available repository of [Korotin et al.| (2021). We evaluated all models across a range of
dimensions (d) with corresponding training sample sizes (n). For each configuration, performance
was assessed on a separate test set of 10,000 samples. To ensure statistical robustness, every
experiment was repeated five times with different random initializations. These same settings were
also used for the ablation study on the impact of noise.

The specific dimension and sample size pairs were as follows:

* for d € {2,4} with n = 10, 000,

* for d € {8,16, 32} with n = 20,000,

* for d € {8,16,32} with n = 20,000,

* for d € {8,16, 32,64} with n = 20, 000,
for d € {128,256} with n = 50, 000.
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B.2 ABLATION STUDY

To evaluate the stability of OMT solvers, compared to top OT solvers in the benchmark task (Figure[2)),
we conducted an ablation study examining the sensitivity of transport maps to input perturbations.
OT solvers were first optimized on noisy samples and then evaluated on the original, unperturbed test
set. Noise was added to the source distribution samples during training, while the evaluation used the
original test set (N = 10, 000 samples).

Here, the source samples were subjected to two distinct forms of stochastic perturbation:

* Additive Gaussian (White) Noise: We added noise sampled from N (0, o21) to the source
input, varying the standard deviation o € {0.1,0.25,0.5,1.0}.

 Dropout Noise: To simulate missing data, a common issue in single-cell genomics data (e.g.,
gene dropout), we applied a random drop-out operation where input features were zeroed
out with a probability p € {0.05,0.1,0.25,0.5}.

The performance variations shown in Figure [3] were quantified as the relative percentage difference in
MSE and Sinkhorn Divergence (D.) compared to the noise-free baseline.

B.3 TRAINING CONFIGURATIONS

We compared our OMT solver against several state-of-the-art baselines. We implemented EOT,
ExNOT, and ProGOT using their official versions in the OTT-JAX toolbox (Cuturi et al., [2022),
following the recommended settings from the tutorials.

* EOT: The entropy regularization was set to € = 0.1, with a maximum of 10° iterations.

* W2-OT: We used the recommended 3-layer MLP architectures for dual potentials and
employed regression-based amortization with L-BFGS fine-tuning, training for a maximum
of 10° iterations (Table 4 in|Amos|(2022)).

* ProGOT: We used the recommended schedulers with K = 4 steps.

* ExNOT: We employed the recommended network architecture, using a 5-layer MLP for
each potential function, with 128 nodes per hidden layer, and trained for a maximum of 10°
iterations.

* ENOT: We employed the original code released by the authors for this benchmark, using the
same configuration as reported.

* OMT (proposed): We set the number of source components to K = 5 and target components
to K = 15. Gaussian mixture models (GMMs) were fitted to the source and target data
using Python’s scikit-learn, employing a full covariance structure for d < 64. The model
was trained for a maximum of 10° iterations with € = 0.01 for both entropy regularizers.

* GMM-OT: We used a training process similar to that of OMT, except that we set ¢ = 0 and
employed Wasserstein minimization to optimize the mixing-component matrix (£2).

Table 5: Transportation costs for different OT solvers.

Method Transportation Cost

K
OMT (GMM-OT) > wj; / lIx — yliz dpy; (x,y)
id XY

EXNOT (W2-0T) [ f*(e)dn () + /_y g (y)di(y)
ENOT /XHX—T*(X)Hgduo(x)

ProcOT (EOT) / x — yl3 dr* (x,¥)
X XY
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Figure 7: Comparison of OT solvers on forward and backward paths in Wasserstein-2 benchmark tasks
(2021). Results are computed on the test set with 10,000 samples and averaged over five random
initializations. Transport cost T is defined in Table[5] Among the evaluated methods, PROGOT exhibits the
highest computational cost among OT solvers.

B.4 OMT vs. GMM-OT

OMT and GMM-OT (GWj,) (Delon & Desolneux, [2020) both operate on pairs of GMMs, but they
fundamentally differ in their optimization landscapes and solution guarantees. GMM-OT fits a GMM
to the coupling function to minimize the Wasserstein distance. This formulation is non-convex and
may lack a unique solution, meaning multiple distinct transport plans can yield identical costs, thereby
hampering interpretability. In contrast, OMT utilizes a dual-entropic regularization scheme, applying
regularization to both the component transport p;; and the mixing weights matrix €2. This formulation
offers significant computational and theoretical advantages:

* Closed-form and faster updates: The regularization on component transportation allows for
analytical closed-form solutions for p;;; (Eq.@ and the transport potentials (;; (Eq.@) and
;5 (Eq. . This simplifies the optimization, reducing the problem to optimizing only the
mixing parameters, which can be solved efficiently using convex solvers including Sinkhorn
algorithm.

* Uniqueness and Smoothness: The entropic term makes the objective strictly biconvex
(Lemma [T). Consequently, the solution is unique (Theorem [I) and differentiable with
respect to the inputs.

* Gradient Stability: Regularization discourages degenerate or overly peaky transport plans,
preventing overfitting to empirical distributions with limited samples. This ensures stable
gradients with respect to the cost and input distributions.

To empirically validate the stability offered by this regularization, we evaluate the relative changes to
the transport plan under input perturbation using the Ws-benchmark task. We used the same source
and target training samples (X¢yqin, Yirain) and identical GMMs (same number of components and
parameters) for both methods. For each solver, we then optimize to obtain a baseline coupling map 2.
Following the ablation study in we perturb the input data by adding Gaussian noise N'(0, 021)
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t0 X¢rqin, With o € {0.1,0.25,0.5, 1.0}, and re-optimize the transport plans (). Here, we quantify
the robustness of the methods using two metrics: (i) the percentage change in Transport Cost (1)
(Table E[), and (ii) the relative Transport Map Deviation (TMD), defined as:
12— Q||

1€ 7

Figure 8] shows that OMT exhibits smaller changes in the transport plan than GMM-OT, highlighting
the benefit of regularization in the mixture transportation problem.

TMD :=

== oMt
50 GMMOT

AT (%)
AT, (%)

d

01 02 05 1
o

Dir_ha:h@

01 025 05 1

Figure 8: Comparing OMT and GMM-OT maps under input perturbation. We evaluate robustness on W2-
benchmark tasks (d = 2) across varying noise levels o € {0.1,0.25,0.5, 1.0} and increasing mixture complex-
ities (K5, Kt). To ensure a direct comparison of the optimization objectives, identical training samples and
fitted GMMs were used for both methods in each setting. The bar charts report two stability metrics: changes of
transport cost (A7) and the relative transport map deviation (TMD). Error bars represent the standard deviation
across 10 random initializations. OMT maps consistently demonstrate lower sensitivity to noise compared to
GMM-OT, validating the stability benefits of the biconvex formulation.

C SINGLE-CELL DATA ANALYSIS

C.1 DATA AVAILABILITY

* sci-Plex3 data can be downloaded from NCBI GEO (#GSE139944).

e MERFISH Mouse Brain Receptor data is available on the Vizgen web-
site  (https://info.vizgen.com/mouse-brain-map). Map data release
(https://info.vizgen.com/mouse-brain-map)

e Mouse developmental data is available through Neuroscience Multi-omic Data
Archive (NeMO), (RRID:SCR-016152). The 10x scRNA-seq dataset is available at
https://assets.nemoarchive.org/dat-Ooyried.

* Mouse ageing scRNA-seq is also available through NeMO, https://nemoarchive.org/, and
can be accessed at https://assets.nemoarchive.org/dat-61kfys3.

C.2 PREPROCESSING

For human scRNA-seq data, sci-Plex, we followed the same processing steps recommended in [Cuturi]
(2023). Genes which appear in less than 20cells, and cells with less that 20 gene expressed are
excluded. Then we normalized gene expression, by first normalized to counts per million (CPM) and
then transformed using the formula log (C PM + 1). Then we whiten the data and apply PCA.

For the mouse scRNA-seq datasets, we preprocessed the raw count matrix. First, we performed library
size normalization by converting counts to counts per million (CPM), followed by log-transformation.
For feature selection, we chose a subset of highly variable genes combined with a list of known
marker genes from the mouse brain atlas.

C.3 OMT TRAINING

For each dataset, we first performed dimensionality reduction and then trained the OMT model on the
resulting low-dimensional embeddings. The specific hyperparameters were tailored to each dataset.
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sci-Plex Dataset. As previously described, we used PCA for dimensionality reduction. On the
resulting PCA embeddings, we trained the OMT model with the number of source components set to
K = 3 and target components to K; = 5. The entropy regularization parameter for both (2, P) was
set to 0.01.

MERFISH Mouse Brain Data. For the Vizgen MERFISH brain data, similar to/Halmos et al.|(2025)),
we only focused on transporting cell spatial coordinates from the source slice to the target one in
2-dimensional space (x,y). We first fit GMM:s to the source and target cells’ location independently.
Using the resulting components, we minimized the OMT loss to transport cells across slices. Figure|[TT]
shows the impact of number of GMM components on transport accuracy. Due to the dense distribution
of cells, using a small number of components results in a poor alignment between the transported
cells and the ground truth. Conversely, increasing the number of components, i.e., Ky = K; = 1000,
provides significantly better alignment between the transported cells and the target.

Mouse scRNA-seq Data. For the mouse scRNA-seq data, we first trained a variational autoencoder
(VAE) to learn a compressed cellular representation in a latent space of dimension d, = 10. We then
trained the OMT model on these VAE embeddings. The number of components was set within a
range of 5 to 25, with the specific value chosen based on the biological context; we typically used
approximately twice the number of known cell types present at the analyzed timepoints.

C.4 ADDITIONAL RESULTS

Table 6: Average D, | values for transport maps across different neural OT methods (W2-OT, ENOT,
ExNOT) versus non-neural methods (EOT, ProgOT, GMM-OT) and the proposed OMT method
on the sciPlex dataset for two treatments (Srivatsan et al.} 2020).Results are reported as mean and
standard deviation over 2 random seeds.

Belinostat Dacinostat
Method d=16 d=64 d=256 d=16 d=64 d=256
W2-OT 839+0.01 166.9+10.6 113.9+115.2 826+0.01 4564+1.10 833.44+60.2
ENOT 3.6 1.6 40.28 £11.3 53.5£53.6 3.15£2.15 10.34+9.28 45.24+35.2
ExNOT 3.52+1.50 45.6+1.10 101 £22.5 3.05£1.82 21.54+£204 305450.2
EOT 1744+0.01 65.6 +0.03 255.9 £ 0.07 18.44+0.01 66.9+0.03 256.2+0.12
ProcOT 8.42+0.01 47.9+0.06 245.7 + 0.65 8.83+£0.03 46.6+0.13 239.14+0.36
GMM-OT 7.88+0.06 48.1+0.09 242.9 £+ 0.30 8.154+0.03 46.0£0.36 232.94+1.13
OMT 7.87+£0.05 47.540.23 237.1 £0.72 8.10£0.02 4594+0.06 229.74+1.33
Belinostat Dacinostat Givinostat Quisinostat Hesperadin
201 5 omr 250 1
200 ProgOT 200 4 200 200 200 4
150 4 150 - 150 4 150 A 150 4
fa)
100 4 100 1 100 100 4 100 4
504 50 _/ 50 4 _A 50 ,' 501 //f\
0-r - - 0+ T T 0+g T T 01+ T T 0y T T
16 64 256 16 64 256 16 64 256 16 64 256 16 64 256
dpca dpca dpca dpca dpca

Figure 9: Average D, | values for the forward and backward OMT mappings compared to PROGOT sci-Plex
dataset (Srivatsan et al.,2020). The results reported as the mean over 5 randomly initialized runs, with standard
deviations.

35



Under review as a conference paper at ICLR 2026

5 100 Belinostat Dacinostat Givinostat Quisinostat Hesperadin
% = oMT
:— =3 ProgOT
I
= 107!
ﬂ)
Q
[
E
S 1072
c
=3
< 16 64 256 16 64 256 16 64 256 16 64 256 16 64 256
dpca dpca dpca dpca dpca

Figure 10: Comparison of the average runtime per iteration for OMT and ProgOT on the sci-Plex dataset
as a function of latent space dimensionality dpc 4. The sharp decrease in OMT’s runtime at d = 256 arises
from switching from a full covariance approximation to a diagonal structure. Results are shown as the mean +
standard deviation over 5 randomly initialized runs.

D IMAGE DATASETS

D.1 TRANSLATION TASK

Similar to our approach with scRNA-seq data, our method for image datasets in translation tasks
involves a two-step process. We first train a deep neural network to learn a low-dimensional
representation of the images, and then train the OMT model on these resulting embeddings. For the
MNIST dataset, we employed a convolutional VAE featuring a dual-decoder design, where each
decoder reconstructs images for the source and target domains, respectively. The latent dimension for
this network was set to d, = 10. The full architecture is detailed in Table[7]

For the CIFAR-10 dataset, we utilized the DoubleRessNet architecture, described in Table E[, with
a latent space dimension of d, = 32. For all experiments on these datasets, the subsequent OMT
model was trained using 10 components for both the source and target measure and € = 0.01. We
found the number of components choice to be robust, as preliminary experiments with other values
did not yield significant changes in the final results.

D.2 ALIGNMENT TASK

For the sake of comparability, we follow the experimental setting provided in|Halmos et al.| (2025)),
without using any dimensionality reduction. We selected ImageNet data with 1,281,166 images
(resized to 224 x 224) from the ImageNet ILSVRC datasetDeng et al| (2009). The alignment was
performed on high-dimensional embeddings obtained using a pretrained ResNet-50
(accessible through PyTorch). The dataset was randomly split into two sets of 640, 500 images for
the source and target. We then optimized OMT with 1,000 components on each domain to learn
the alignment function between source and target images. Since the mixture transport function is
optimized in a high-dimensional embedding space, and learning full covariance is challenging, we
used a diagonal covariance structure for all components.
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Figure 11: Impact of number of Gaussian components on OMT performance. The source (red) and target (blue)
cell distributions are approximated using Gaussian mixtures with increasing numbers of source (/) and target
(K+) components. The rows show the progression of fitting accuracy as the number of components increases
from K, = 5 (top) to Ks = 1000 (bottom). (Left) Source cells (red dots) and (Center) target cells (blue dots)
overlaid with their respective Gaussian components. (Right) The resulting transported samples (yellow dots).
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0.0

Figure 12: Spatial gene expression imputation using OMT with K, = 1000, K; = 1000. Rows show
expression maps for five distinct genes: Sicl7a7, Gadl, Grm4, Oligl, and Pegl0. From left to right, the
plots illustrate the source distribution, the target ground truth, and the predicted expression after transport,
demonstrating how well the transported expression (right) aligns with the ground-truth target (middle). Here, the
cosine similarity exceeds 0.75, with a total displacement cost of 107.69.
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Figure 13: OMT performance on the mouse visual cortex developmental dataset. The data comprises 32, 998
cells and 9,900 HVGs [2025)). (Left) UMAP visualization of cell distribution colored by develop-
mental time point, from £11.5 to P28. (Middle) UMAP overlay showing the alignment between measurement,
(z,y) (black dots) and predicted cells from forward, Tf.q(x) (pink dots) and backward, Ty.q(y) (olive dots)
transport. (Right) Violin plots of the transportation error (L2 norm) across all genes and cells for both directions.
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Figure 14: Distributional alignment of log-CPM expression values for a subset of marker genes in non-neuronal
cells across developmental time. Each subfigure shows distributions of the ground-truth expression (solid line)
and the OMT-transported values (dashed line), for both the forward (Left) and backward (Right) directions.
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Figure 15: OMT performance on the mouse aging dataset. The dataset comprises 253, 468 cells and 9, 359
HVGs sampled from six brain regions [2025)). (Left) UMAP embedding of cell distributions at two
time points, adult and aged. (Middle) UMAP overlay showing the alignment between collected cells, (z,y)
(black dots), and cells predicted by the forward, Ttvq (pink dots), and backward, Ti,wq (olive dots), OMT maps.
(Right) Violin plots of the transportation error (L2 norm) across all genes and cells for both directions.
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Figure 16: Distributional alignment of log-CPM expression values for a subset of marker genes in non-neuronal
cells in the mouse ageing dataset. Each subpanel shows distributions of the ground-truth expression (solid line)
and the OMT-transported values (dashed line), for both the forward (Left) and backward (Right) directions.
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Table 7: Architecture of the VAE for MNIST.

Layer Configuration Details Activation
Encoder
Input Layer 2 x (Batch, 1, N, N) Image -
Dropout -
Conv2d (x2) 1 — 16 channels, kernel=(5,5), stride=2 ReLLU
Norm2d 16 features -
Conv2d 16 — 32 channels, kernel=(3,3), stride=2 ReL.U
Norm2d 32 features -
Conv2d 32 — 32 channels, kernel=(3,3), stride=2 ReLU
Norm2d 32 features -
Flatten Reshapes feature map to (Batch, 128) -
Linear 128 — 100 units RelLU
Decoders

Linear d, — 100 units RelLU
Linear 100 — 128 units RelLU
Unflatten Reshapes to (Batch, 32, 2, 2) -
ConvTranspose2d 32 — 32 channels, kernel=(3,3), stride=2 ReLU
Norm2d 32 features -
ConvTranspose2d 32 — 16 channels, kernel=(5,5), stride=2 ReLU
Norm2d 16 features -
ConvTranspose2d 16 — 1 channel, kernel=(5,5), stride=2 RelLU
Norm2d 1 feature -
ConvTranspose2d 1 — 1 channel, kernel=(4,4) ReLU

b
~

|

‘t - =
Figure 17: Additional results for unpaired image-to-image translation on the MNIST and CIFAR-10 datasets.
For each dataset, the top row shows samples from the target distribution  ~ v, while the bottom row shows
the corresponding transported images Toiir “°, generated by OMT in the backward direction.
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Table 8: Architecture of the DoubleRessNet for CIFAR-10.

Layer Configuration Details Activation
Shared Encoder
Input Layer 2 x (Batch, 3, H, W) -
Conv2d 3 — 32 channels, kernel=9, stride=1 RelLU
Norm2d 32 features -
Conv2d 32 — 64 channels, kernel=3, stride=2 RelLU
Norm2d 64 features -
Conv2d 64 — 128 channels, kernel=3, stride=2 RelLU
Norm2d 128 features -
Residual Block 4 stacked blocks (128 channels) ReLLU
Flatten Reshapes to (Batch, H x 64) -
Linear H x 64 — H x 16 units ReLU
Normld H x 16 features -
Latent Space
Linear H x 16 — H x 4 units Tanh
Decoders
Linear H x 4 — H x 16 units -
Normld H x 16 features -
Linear H x 16 — H x 64 units RelLU
Normld H x 64 features -
Unflatten Reshapes to (Batch, H, 8, 8) -
Upsample, Conv2d H — 64 channels, kernel=3, upsample=2 ReLU
Norm2d 64 features -
Upsample, Conv2d 64 — 32 channels, kernel=3, upsample=2 ReLU
Norm2d 32 features -
Upsample, Conv2d 32 — 3 channels, kernel=9, stride=1 Linear
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