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Abstract

Temporal-difference (TD) learning is widely regarded as one of the most popular algorithms
in reinforcement learning (RL). Despite its widespread use, it has only been recently that
researchers have begun to actively study its finite time behavior, including the finite time
bound on mean squared error and sample complexity. On the empirical side, experience
replay has been a key ingredient in the success of deep RL algorithms, but its theoretical
effects on RL have yet to be fully understood. In this paper, we present a simple decomposi-
tion of the Markovian noise terms and provide finite-time error bounds for tabular on-policy
TD-learning with experience replay. Specifically, under the Markovian observation model,
we demonstrate that for both the averaged iterate and final iterate cases, the error term
induced by a constant step-size can be effectively controlled by the size of the replay buffer
and the mini-batch sampled from the experience replay buffer.

1 Introduction

The pioneering Deep Q-network (DQN) (Mnih et al.,|[2015)) has demonstrated the vast potential of reinforce-
ment learning (RL) algorithms, having achieved human-level performances in numerous Atari games (Belle-
mare et al.,|2013)). Such successes have fueled extensive research efforts in the development of RL algorithms,
e.g., Sewak| (2019)); Mnih et al. (2016); [Schulman et al.| (2015); Badia et al.| (2020]) to name just a few. Beyond
video games, RL has showcased notable performances in various fields, including robotics (Singh et al., |2020;
Saleh et al., 2022) and finance (Liu et al.l 2020 Shahbazi & Byun| [2021)).

On the other hand, temporal-difference (TD) learning (Sutton, [1988) is considered one of the most funda-
mental and well-known reinforcement learning (RL) algorithms. Its objective is to learn the value function,
which represents the expected sum of discounted rewards following a particular policy. While asymptotic
convergence of TD-learning (Jaakkola et al., 1993 |Bertsekas & Tsitsiklis, [1996) has been extensively studied
and is now well-understood, such asymptotic analysis cannot measure how efficiently the estimation pro-
gresses towards a solution. Recently, the convergence rate of TD-learning has gained much attention and
has been actively investigated (Lee & Kiml |2022; Bhandari et al., 2018; |Chen et al.| |2020; [Srikant & Ying},
2019; Dalal et al.l [2018; Hu & Syed, |2019)). These studies aim to understand the efficiency of the estimation
process, and provide theoretical guarantees on the rate of convergence.

First appeared in |Lin| (1992)), experience replay memory can be viewed as a first-in-first-out queue and is
one of the principal pillars of DQN (Mnih et al., |2015). Learning through uniformly random samplings from
the experience replay memory, the strategy is known to reduce correlations among experience samplings,
and improve the efficiency of the learning. Despite its empirical successes (Mnih et al |2015; |Fedus et al.|
2020; \Wang et al., [2016; [Zhang & Sutton, 2017; |[Hong et al.| |2022; |[Kumar & Nagaraj, [2022), theoretical
side of the experience replay memory techniques remains largely an open yet challenging question. Only
recently, Di-Castro et al. (2022; 2021) studied asymptotic convergence of actor-critic algorithm (Konda &
Tsitsiklis, |1999) with experience replay memory. To the authors’ knowledge, its non-asymptotic analysis has
not been thoroughly investigated in sense of TD-learning so far.

The aim of this paper is to investigate the impact of experience replay memory on standard TD-learning (Sut-
ton, [1988), with the goal of shedding light on the question at hand. Our primary theoretical contribution
is the derivation of the convergence rate of tabular on-policy TD-learning with experience replay memory



Under review as submission to TMLR

under Markovian observation models. This analysis reveals connections between the sizes of the mini-batch
and experience replay memory, and the convergence rate. Specifically, we show that the error term, resulting
from correlations among the samples from the Markovian observation models, can be effectively controlled
by the sizes of the mini-batch and experience replay memory, for both the averaged iterate and final iterate
cases. We expect that our findings can provide further insights into the use of experience replay memory in
RL algorithms.

Lastly, although our analysis only considers the fundamental TD-learning case, our presented arguments can
be extended to more general scenarios, such as TD-learning with linear function approximation (Srikant &

Ying, 2019; Bhandari et al., |2018)), standard Q-learning (Watkins & Dayan, 1992), periodic Q-learning (Lee
& He, [2019), and DQN (Mnih et al [2015).

1.1 Related works

Experience replay. We begin by providing an overview of the existing theoretical results on experience
replay. The recent work by Nagaraj et al.| (2020) leverages the experience replay memory to address the least-
squares problem under the Gaussian auto-regressive model. However, there are several notable differences
between their approach and the proposed TD-learning with experience replay memory:

1. The approach in Nagaraj et al. (2020) assumes i.i.d. Gaussian noises, whereas the proposed TD-
learning with experience replay memory covers Markovian and specific non-Gaussian noises.

2. The overall algorithmic structures are significantly different. The approach in [Nagaraj et al.| (2020)
deals with an offline learning problem, while the proposed TD-learning framework is an online
learning approach.

3. When operating the experience replay buffer, they maintain a sufficiently large gap between the
separate samples inside the buffer to ensure the samples are almost identical and independently
distributed.

4. The approach by Nagaraj et al.| (2020]) uses an inner loop to iterate over the samples in the buffer,
whereas the proposed framework updates the weights using mini-batch style updates, which is widely
used in practice.

[Kowshik et al.| (2021) presented an algorithm that employs the reverse experience memory approach pro-
posed in [Rotinov| (2019)); [Whelan et al.| (2022) to tackle linear system identification problems. This algorithm
guarantees non-asymptotic convergence, and the reverse experience replay technique involves
using transitions in reverse order, rather than uniformly and randomly, without introducing any stochas-
ticity, which distinguishes it from the original experience replay method introduced in |[Mnih et al.| (2015]).
[Kowshik et al.| (2021) assumes auto-regressive model with i.i.d. noise. Following the spirit of Nagaraj et al.
(2020), Kowshik et al.|(2021)) also maintains a gap between separate samples to enforce independence between
the samples.

Using the super-martingale structure of the reverse experience replay memory, [Agarwal et al.| (2021)) derives
sample complexity of Q-learning, which also maintains a gap between samples. Moreover, the works,
let al.| (2021) and |Agarwal et al. (2021 both exploit full samples from each experience replay memory rather
than applying uniformly sampled mini-batch to maintain the reverse order property.

[Lazic et al.| (2021)) presented a regret bound analysis for regularized policy iteration with a replay buffer in
the context of averaged reward Markov decision processes (MDPs). The authors assume that an accurate
estimate of the action-value function is available, which is obtained via Monte Carlo methods
, as opposed to the TD-learning algorithm . The use of experience replay
memory is modified from Mnih et al.|(2015). One approach suggested in |Lazic et al|(2021]) involves storing
all data from each phase, with a limit on the size of the replay buffer. When the buffer size exceeds the
limit, a subset of the data is eliminated uniformly at random.

(2020) established a non-asymptotic convergence of fitted Q-learning (Ernst et al., [2005), which
assumes i.i.d. sampling of transitions from a fixed distribution. This assumption is stronger compared to

the Markovian observation models used with the replay buffer.
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A closely related approach to our work is presented in |Di-Castro et al.|(2022), which establishes the asymp-
totic convergence of the actor-critic algorithm (Konda & Tsitsiklis, 1999)) using a mini-batch that is uniformly
and randomly sampled from the replay buffer. The proof relies on treating the replay buffer and mini-batch
indices as random variables, which together form an irreducible and aperiodic Markov chain. Following
the O.D.E. approach outlined in [Borkar & Meyn| (2000) and the natural actor-critic algorithm described
in Bhatnagar et al. (2009), Di-Castro et al.| (2022)) establishs the convergence of the actor-critic algorithm
using the replay buffer. While [Di-Castro et al.| (2022)) demonstrates a decrease in auto-correlation and co-
variance among samples in the experience replay, their proof of asymptotic convergence does not explicitly
address the impact of these factors on the convergence behavior. However, the study provides important
insights into the convergence properties of actor-critic algorithms using the replay buffer and highlights the
potential benefits of using mini-batches to improve the convergence rate.

Non-asymptotic analysis of TD-learning We highlight several recent studies on finite time behavior of
TD-learning (Lee & Kiml |2022} Bhandari et al.| [2018; |[Chen et al.l [2020; [Srikant & Ying) 2019; Dalal et al.,
2018} [Hu & Syed, [2019). Under i.i.d. observation model and linear function approximation setting, Dalal
et al,| (2018) derived O (k%) bound on the mean squared error with diminishing step-size where

1
E+1)°
o € (0,1) and k is the number of iterations. Under i.i.d. observation model and tabular set(up, )from the
discrete-time stochastic linear system perspective, [Lee & Kim| (2022)) provided geometric convergence rate
with constant error at the order of O(a) of TD-learning for both averaged iterate and final iterate using
constant step-size «. Bhandari et al.| (2018) provided convergence rate of TD-learning with linear function
approximation under the Markovian noise following the spirit of convex optimization literature
2009). With the help of Moreau envelope (Parikh et al.,2014)),|Chen et al.| (2020) derived convergence
rate of TD-learning with respect to an arbitrary norm. Mainly based on Lyapunov approach
for continuous time O.D.E. counterpart of TD-learning, |Srikant & Ying| (2019)) derived a finite time bound
on the mean squared error of TD-learning under Markovian noise with linear function approximation.

In contrast to the existing studies that have focused on the finite time behavior of TD-learning (Lee & Kim),
[2022; Bhandari et al., 2018; |Chen et al., 2020; Srikant & Ying, 2019; Dalal et al., 2018; Hu & Syed, 2019),
our work investigates the finite time behavior of TD-learning with experience replay, which has not been
thoroughly studied to date. Specifically, we demonstrate that the use of experience replay can be an effective
means of reducing the constant error term that arises from employing a constant step-size. Our findings
may provide valuable insights into the effectiveness of experience replay in RL, shedding new light on the
benefits of this widely-used technique. Further research in this area could yield important research topics,
with implications for the development of more efficient and effective reinforcement learning algorithms.

2 Preliminaries
2.1 Markov chain

In this section, basic concepts of Markov chain are briefly introduced. To begin with, the so-called total
variation distance defines distance between two probability measures as follows.

Definition 2.1 (Total variation distance (Levin & Peres| [2017))). The total variation distance between two
probability distributions, pu1 and ps, on S is given by

drv (p1, p2) = sup |1 (A) — p2(A)|.
ACS

Let us consider a Markov chain with the set of states S := {1,2,...,|S|} and the state transition probability
P. For instance, a state s € S transits to the next state s’ with probability P(s, s’). A stationary distribution
of the Markov chain is defined as a distribution y € RIS on S such that p" P = uT where P € RISIXISI jg
the transition matrix of Markov chain, i.e., [P];; = P(i,j) for i,j € S.

Let {Sk}x>0 be a trajectory of a Markov chain. Then, an irreducible and aperiodic Markov chain is known
to admit a unique stationary distribution g such that the total variation distance between the stationary
distribution and the current state distribution decreases exponentially (Levin & Peres| [2017) as follows:

supdr(PISk = | 5 = ol ) <
se
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for some p € (0,1) and some positive m € R. Moreover, the mixing time (Levin & Peres), 2017) of a Markov
chain is defined as

tMX(¢) := min {k} € Zy :supdry(P[Sk = | So =s],u) < e}
seS

) for simplicity.

for any € € R,. Throughout the paper, we will use t™* to denote ™ (%

2.2 Markov decision process

A Markov decision process is described by the tuple (S, A,~,P,r), where S := {1,2,...,|S|} is the set of
states, A := {1,2,...,|A|} is the set of actions, v € (0,1) is the discount factor, r : S x A x § — R is the
reward function, and P : § x A x § — [0,1] is the state transition probability, i.e., P(s,a,s’) means the
probability of the next state s’ € S when taking action a € A at the current state s € S. For example, at
state s € S at time k, if an agent selects an action ag, then the state transits to the next state spy; with
probability P(sk, ak, Sk+1), and incurs the reward r(sg, ag, Sk+1), where the reward generated by the action
at time k, r(sg, ak, Sk+1), will be denoted by 741 := r(sg, ak, Sk+1). In this paper, we adopt the standard
assumption on the boundedness of the reward function.

Assumption 2.2. There exists some positive Ryax € R such that |r(s,a,s")| < Rmax for all (s,a,s’) €

SxAxS.

Let us consider a Markov decision process with the policy, 7 : & x A — [0,1]. Then, the corresponding
state trajectory, {Sk }r>0, is a Markov chain induced by the policy 7, and the corresponding state transition
probability is given by P™ : SxS — [0,1],i.e., P™(s,5") := > ,c 4 P(s,a,5")m(a | s) for 5,s" € S. Throughout
the paper, we assume that the induced Markov chain with transition kernel P7 is irreducible and aperiodic
so that it admits a unique stationary distribution denoted by g _, and satisfies the exponential convergence
property

sungV(IP’[Sk =] So=s|,u%_) <mupf, k>0.
s€

for some positive m; € R and p; € (0,1).
Let (Sk, Sk+1) € O be a tuple of states at time step k and its next state Si11 ~ P™(Sk,-), which will be
frequently used in this paper to analyze TD-learning, and O denotes the realizable set of tuples consisting

of state and the next state, i.e., for (z,y) € S x S, we have (z,y) € O if and ounly if P™(z,y) > 0. Then,
the tuple forms another induced Markov chain. The transition probability of the induced Markov chain

{(Sk, Sk+1)}r>0 is
P[Sk+2, Skt1 | Skt1,Sk] = P[Skt2 | Sk+1],

which follows from the Markov property. The next lemma states that the Markov chain {(Sk, Sk+1)}x>0 is
also irreducible and aperiodic provided that {Sj }x>0 is irreducible and aperiodic.

Lemma 2.3. If {Si}r>0 is an irreducible and aperiodic Markov chain, then so is {(Sk, Sk+1) tk>0-

The proof is in Appendix Section Now, let us denote u3 o as the stationary distribution of the
Markov chain {(S, Sk+1)}x>0, which satisfies the relation between p5_ and WS s

Y wla|$)P(s,a,8 )G (s) =P (s, 85 _(s) = uG_ s (5,9)- (1)
acA

Then, from Lemma we have

sup  drv (P[(SkaSkJrl) =1 (S0, 51) = (s, SI)LMEM,S;O) < maph
(s,8")ESXS

for some positive ms € R and p2 € (0,1). Similar to the original Markov chain, the mixing time can be
defined for this new Markov chain. Throughout this paper, we adopt the notations, #{"* and t3'*, to denote
the mixing time of the Markov chain {Sk}xr>0 and the mixing time of {(Sk, Sk+1)}k>0, respectively. For
simplicity of the notation, we will denote 7™ := max{t}ix, tgix},
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2.3 Temporal difference learning

To begin with, several matrix notations are introduced. Let us define

ws., (1) E[r(s,a,s")[s = 1]
T (2 E Ns =2
b 1S, (2) | CRISIXIST pr _ [T(S’a’is )|s =2] c RIS,
T ))) Elr(s,a,s')|s = |S]]

where R™ defined above is a vector of expected rewards when action is taken under 7. From Assumption
one can readily prove that R™ is bounded as well.

Lemma 2.4. We have || R ||co < Rmax-

Moreover, in this paper, P™ € RISIXIS| denotes the transition matrix under the policy 7, i.e., [P™]i; = P7(i,7)
for i,j € S, where [P7];; denotes the element in the i-th column and j-th row. The minimum probability in
the stationary state distribution is denoted by pf;, := minses u§_(s).

Proposed in [Sutton| (1988), TD-learning aims to estimate the value function V7(s) :=
Yoo oE [’ykrk | So =s, ﬂ , § € § through the following stochastic recursion:

Vk+1 =Vi. + Oé(S(Ok, Vk) (2)

for k > 0, where a € (0,1) is a constant step-size, O := (Sk, "k+1, Sk+1) , and § is called the TD-error
defined as

5(Ok, Vi) i= es, 7k +vesel, Vi — esel, Vi, (3)

3 Main results

3.1 TD-learning with experience replay

In this subsection, we introduce the proposed TD-learning method, which employs the original experience
replay memory technique from Mnih et al.| (2015) with no significant modifications. Experience replay
memory, commonly referred to as the replay buffer, is a first-in-first-out (FIFO) queue that facilitates the
adoption of mini-batch techniques in machine learning for online learning scenarios. Specifically, the replay
buffer stores the state-action-reward transitions in a FIFO manner, serving as the training set. At each
step, a mini-batch is uniformly sampled from the replay buffer and utilized to update the learning parameter
Vi, k > 0. This approach presents dual advantages. Firstly, it enables the application of the batch update
scheme, thereby reducing variance and accelerating learning. Secondly, through uniform sampling, it may
reduce correlations among different samples in the Markovian observation models and consequently reduce
extra biases in the value estimation. Despite its empirical benefits, theoretical investigations on the effects
of the replay buffer have been limited.

In this paper, we employ the notation B and M to represent the replay buffer and mini-batch, respectively,
at time step k. They are formally defined as follows:

M7 :={0%,0%5...,0%}, BF :={0n_n11,06-N12---,01},
where the replay buffer’s size is N, the mini-batch’s size is L, and OF,1 < i < L stands for the i-th sample
of the mini-batch M. The overall scheme is depicted in Figure E

For each time step k > 0, the agent selects an action aj following the target policy 7, and observes next
state sg+1. The oldest sample (sg—n,ax—n,Sk—n+1) is dropped from the replay buffer BY ,, and the new
sample (s, ak, Sk+1) is added to the replay buffer, which becomes BJ.

Next, a mini-batch of size L, M[, is sampled uniformly from the replay buffer B at time step k, and the
k + 1-th iterate of TD-learning is updated via

1
Vi1 = Vi + 0y Z (es)(r +ves Vi — el Vi), (4)
|M£‘ (s,rys")EMTT
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which is a batch update version of the standard TD-learning. Note that when |B| = [M]| =1forall k > 0,
the update in matches that of the standard TD-learning in . In this paper, we consider a constant
step-size a € (0,1), and the Markovian observation model, which means that transition samples are obtained
from a single trajectory of the underlying Markov decision process.

Agent

1
Vi(sy) < Vi(sp) + S ST V) - V(s)
Tk i
(s,r,8")EM]

Replay buffer B

M ~U(Bf)

ag

Mini-batch M

(Sky Tk4+1, 5k+1)
Sk Sk+1
] Delay }‘—

Sk+1,Tk4+1

Environment [«

Figure 1: Diagram of TD-learning using experience replay

Algorithm 1 TD-learning with replay buffer

1: Initialize Vo € RIS! such that |[Vo|eo < ijjyx

2: Collect N samples : B_; :={O_n,0_N41,...,0_1}.

3: for k <T do

4: Select action ay, ~ 7(+|sk).

5 Observe sg+1 ~ P(:|sk, ar) and recieve reward 741 := r(sk, Gk, Sk+1)-

6: Update replay buffer : B]l <= B \ {(Sx—~,sTk—N+1, Sk—N+1)} U {(Sk, "ht1, Skt1) }-
7 Uniformly sample M ~ B].
8

9

: Update Vi1 = Vi + akw Z(Sms,)eM; (es)(r +vel Vi — el Vi).
: end for

To proceed with our analysis, we should establish the boundedness of the iterate resulting from the up-
date in 1) assuming that [|[Vo|leo < If%i;‘ and that «g € (0,1). This assumption is crucial to our main
developments, and thus requires rigorous proof.

Lemma 3.1. Under the recursion in , Vi remains bounded : ||Vi||oo < %"i;‘.
The proof is given in Appendix Section

3.2 Analysis framework

In the previous subsection, the algorithm underlying our analysis was introduced. In this subsection, we
provide the preliminary frameworks for our main analysis. Specifically, we analyze TD-learning based par-
tially on the linear dynamical system viewpoint, as presented in the recent work by |Lee & Kim/ (2022). In
particular, using the Bellman equation (Bertsekas & Tsitsiklis, [1996)), D™V™ = vD™P™V7™ + DT™R™, we can
express the TD-learning update as follows:

Vk+1 - VT = A(Vk 7Vﬂ)+aw(M]?,Vk), (5)
where

A:=1-—aD" +ayD"P™ (6)
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is the system matrix, and
1
w(MT, V) = ] > (e)(r+yelVi — el Vi) = D"R™ + D" P"V;, — D™V, (7)
k
(s,r,s')E]VIIz_'

is the noise, which is the difference between the empirical mean of the TD-error via samples in mini-batch
and the expected TD-error with respect to the stationary distribution ujg_.

Some useful properties of the system matrix A (boundedness of A, and related Lyapunov theory (Chenl
1984)) are introduced in the next lemma, which play central roles in establishing the convergence rate.

Lemma 3.2 (Properties of matrix A (Lee & Kim)| 2022)). 1) |Alloo £ 1= a(l —7)ul,, holds.

2) There exists a positive definite matriz M > 0 such that
ATMA - M= -1, (8)
25|
where HM||2 S m.

For completeness of presentation, we provide the proof in Appendix Section To proceed, let us define
the empirical distributions for i,j € S,

> UHs=i} > H(s8) =(0,4)}

N (s,r,s")EBT ™ (s,r,8")EB]

B BF . .
pg (i) == Mgt (4,5) = ,
5 |Bi | 55 |Bi|

which denote the empirical distributions of the state s and the tuple (s, s") in the replay buffer Bf, respec-
tively. Moreover, for an event A, the notation 1{A} denotes an indicator function that returns one if the
event A occurs and otherwise zero.

Moreover, let us introduce the following matrix notations for i,j € S:

Y Hss)=(0)}

- B;’Cr . . .. - (S’T"S/)GB: : (s >
DB, = | Hs (1) if i=J PP}, = S o it [B7(i)] > 1 7
0 otherwise (s,m5))EBT

0 otherwise

which define the empirical distribution of the state in the replay buffer and Bf(s) := {(§,7,§') € B} : § =
s} C B™. With above definitions, we can readily verify the relation [DZk PBi];; = u?’g, (i,7) for i,5 € S.

Likewise, let us define the empirical estimation of the expected return calculated from the samples of the
replay buffer as follows for i € S

Z 1{s=i}r

(s,r,s’)eB;
[RPE); = ST i{s=4)
(s.r,s/)EB;;

0 otherwise

it [BE() > 1

3.3 Bounds on noise

Our aim in this subsection is to bound the first and second moment of ||w(M], Vy)||, where w(M], V4) is
defined in , which will play important role in deriving the convergence rate. For simplicity, let us further
define the functions, Ay : RISl — RISl and A, : RISI — RISI as follows:

Ay(V) = DBERBE 4 yDBE pBRY — DBy, (9)
Ar(V)=D"R" +~D"P"V — D"V. (10)
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Note that the functions, Ay and A, can be viewed as expected TD-errors, respectively, in terms of the
distribution of the replay buffer and the stationary distribution of the Markov chain with transition kernel
PT™. Moreover, note that A (V™) = 0.

Based on the notations introduced, the noise term, w(M],V4), can be decomposed into the two parts

[ M7 |
w(M, Vi) = \M’T| Z 6(0 = Ak (Vi) — (Ax (Vi) — Ar(Vi)), (11)

where

1. \Mil,:'l ZLI\:/IE | §5(0Ok Vi) — Ak(Vi): the difference between the empirically expected TD-error with
respect to the distribution of mini-batch and empirically expected TD-error with respect to the
replay buffer.

2. Ap(Vi) — Ag(Vg): the difference between the expected TD-error with respect to the stationary
distribution and the empirically expected TD-error with respect to the distribution of replay buffer.

The high level idea for bounding the first and second moment of ||w(M], Vy)||, is summarized below.

[P

Ve ZL]\Z/IE | §(OF, Vi) — Ak(V4), the error between the empirical distribution of the mini-batch and
k
the empirical distribution of the replay buffer, can be bounded by Bernstein inequality (Tropp et al.,
2015) because the mini-batch samples are independently sampled from the replay buffer with the
uniform distribution.

2. A (Vi) — Ar(V%), the error between the stationary distribution and distribution of replay buffer,
can be bounded using the property of irreducible and aperiodic Markov chain (Levin & Peres| [2017)).

Next, we introduce several lemmas to derive a bound on the the first moment of |[w(M], V4)ll,, which can

be bounded at the order of O (M)

To bound A, (Vi) — Ak (Vk), we introduce the coupled process {Sk}k> ~, which starts from the stationary
distribution of the Markov chain with transition kernel P, i.e., S_n ~ ws, - Let B7r be the corresponding
replay buffer of such a Markov chain. We will first derive the expected error bounds in terms of the coupled
process {Sk}kZ— ~N, and the desired result will be obtained using the total variation distance between the
distribution of Sj, and Sj. The detailed proof is given in Appendix Section

Now, combining with the bound on ; M,r ZlM" 5(0OF Vi) — Ak(Vi), which follows from concentration in-
equalities, we obtain the following result:

Lemma 3.3. For k >0, E[||w(M], Vi)||2] can be bounded as follows:

. 41/|S|Rmax 2log(2|S
E[lw(MF, Vi)lls] < 21 o () [2108RSD g6
11— |Mk|

|Bﬂ—| +16‘S|dTV(MS ?lu’Sk N)) .

The detailed proof is given in Appendix Section [A-7] Using similar arguments to bound the first moment of
|lw(M], Vi.)|l5, we can bound the second moment, which is given in the following lemma.

Lemma 3.4 (Second moment of [w(M],Vi)|,). Let us consider the noise term, w(My, Vi), is defined
in (7). For k>0, the second moment of |[|w(My, Vi)||2 is bounded as follows:

4[S|(Rmax + 1) (120(10g(2|3|) i

B o, v lg] < e B aSIAR T + IS 5,
k

The proof is deferred to Appendix Section [A-§| for compactness of the presentation.
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3.4 Averaged iterate convergence

In the previous subsection, we derived a bound on the noise term. Based on it, in this subsection, we analyze
the convergence of the averaged iterate of TD-learning with experience replay. In the next theorem, we
present the main result for the convergence rate on the average iterate.

Theorem 3.5 (Convergence rate on average iterate of TD-learning). Suppose N > 7™,

1) For T >0, the following inequality holds:

T-1
1 1 2[S| 32|S|*R2 /8log(2|S])
= E _yUT|2 < E _ T2 max
T ];:0: [”Vk Vv HQ] _Ta(l _ '7) [||‘/0 Vv ||2] + (1 ) Mmin L

EV®: Concentration error in the first moment

32|S[2R2,,, T 6dt
+ ] e <8|2|A| ) (12)

E3Y8: Markovian noise in the first moment
A (R +1)? (120<log2<|8>>2>
(1 = 7)3uhin L
EZY8: Concentration error in the second moment
a4|S|2(RmaX +1)2 (4|5 |A|27 32t*1ni><> .
(1 = 7)3uhin T

avg . .
E4Vg: Markovian noise in the second moment

2) For T > 0, the following inequality holds:

| I
72 Ve VT
k=0 2

o ASL e ¢32|8|2Rmax Slog(215])
VT a(l-7) (1 =7)%ufin L

32|S 2Rmax mix 64tm1x
T . <2|S| /o >

. Wus% e+ 1)? 120(log(2]S]))2

(1 —7)3uin L
4|S\2(Rmax+1)2 Fmix 394mix
4S|4 A2 —— L.
+\/a (1 =) tmin SEAP -+ 7

The proof is given in Appendix Section

Several comments can be made about the results obtained in Theorem The term arises because
E[(Vi, — V™) TAT Mw(M],V})] is not zero in comparison to the i.i.d. sampling update in . This is due
to the Markovian noise and correlation between Vj, and the samples in the replay buffer. As discussed in
Section the bound on the term E[(V; — V™) T AT Mw(M[, V})] can be decomposed into two parts: the
concentration error corresponding to the mini-batch uniformly sampled from the replay buffer, denoted as
E78, and the Markovian noise term, denoted as E5'®. The first part, E{'®, can be controlled by the size of

the mini-batch and can be decreased at the order of O (ﬁ), as shown in Lemma On the other hand,
the Markovian noise term, F5"%, can be controlled by the size of the replay buffer, and can be decreased

at the order of O (ﬁ . The terms, E3"® and E3'®, arise from the second moment of E[||w(Mj, Vi)|[3].
These terms are non-zero in both i.i.d. sampling and Markovian noise cases under the standard TD-learning
update 1.) However the errors can be controlled by the size of the mini-batch and replay buffer, as shown

in Lemma 3.4, Specifically, E5"® and Ej}"® can be decreased at the order of O (1) and O (+), respectively.
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Table 1: Comparitive analysis on results of root mean squared error of averaged iterate convergence using
constant step-size.

. Observation . Initial
Method Experience replay model Step-size | Feature distribution
| Ours v Markovian a € (0,1) | Tabular Arbitrary
Bhandari et al. . 1 . .
(2018) X Markovian W Linear Stationary
Lee & Kim .. .
2022) X iid. a € (0,1) | Tabular Arbitrary
Lakshmi-
narayanan & X iid. Universal | Linear Arbitrary
| | Szepesvari| (2018)

The paper (Bhandari et al.l [2018]) adopted the assumption that the initial state distribution is already the
stationary distribution for simplicity of the proof. Moreover, [Lakshminarayanan & Szepesvari (2018) derives
a convergence rate of O(%) for general linear stochastic approximation problems. In [Lakshminarayanan
& Szepesvari| (2018), the universal step-size means that the step-size is dependent on the general linear

stochastic approximation problems.

3.5 Comparative analysis

Table [T] presents a comprehensive comparison of the finite-time analysis of TD-learning. In the context of on-
policy linear function approximation, and under the assumption of starting from the stationary distribution,
the work presented in |Bhandari et al.| (2018) derives the following convergence rate of % for the averaged

iterate of TD-learning with a constant step-size, where T € N represents the final time of the iterate:

1 & log T
— Vie—=VT <O .
T kzzo (\/2(1 - 'V)‘”’u;mﬁ)

Notably, our result does not impose any condition on the step-size a € (0, 1), indicating that the use of
experience replay memory can ease the strict requirements for selecting a constant step-size. Moreover, we
can achieve fast convergence rate while maintaining small constant error by controlling the size of mini-batch
and replay buffer instead of controlling the step-size. The result in |Lee & Kim)| (2022)) also holds for general
step-size condition, but to obtain smaller bias, it requires small step-size yielding slower convergence rate.

E

2

Under i.i.d. observation model and linear function approximation, Theorem 1 in |[Lakshminarayanan &

Szepesvari (2018) provides O (ﬁ) convergence rate for the root mean squared error using a specific step-

size depending on the model parameters, which cannot be known beforehand in TD-learning.

3.6 Final iterate convergence

In the preceding subsection, we presented a finite-time analysis of the averaged iterate. In this subsection,
we extend our analysis to investigate the convergence of the final iterate in TD-learning with a replay buffer,
following a similar approach to the one used in the previous section. Instead of using Lyapunov arguments,
we utilize the recursive formulas and the fact that ||A4||oc < 1 as given in Lemma In contrast to the
averaged iterate analysis, we assume that the initial distribution corresponds to the stationary distribution
of the Markov chain, a common assumption in the literature (Bhandari et al.l [2018; Nagaraj et al., |2020;
Jain et al., [2021). By employing this assumption, we are able to derive the convergence rate of the final
iterate.

Theorem 3.6. Suppose S_y ~ ug_.
1) For any k > 0, we have

E[IVi - V73]

10
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<[Vo = VTIBISI(1 — a1 = y)pn)+2
64|5|2R2 8log(2|S)) 64/5)% |A|R

max

/Trnix
max 1

Ehr‘11 Concentration error in the first moment E?r‘al: Markovian noise in the first moment
a4\8|( max + 1)% 120(log 2|S])? N a16|8|5|A|2(RmaX + 1)2 pmix
(1 = 7)°Hihin L (1 = 7)°Hinin N
Efinal. Concentration error in the second moment — ES": Markovian noise in the second moment

2) For any k > 0, we have

E Vi = VTllo] <VISHIVo = VTlly (1= a(l = 7)pf)

SSRmaX 81 28
+(1 151 1\/\/ 05(2|S)) 12|83 \AM/ (14)
- N“mln 2

2|S\2( max+1)\/120(1og(2|5|) i
+ Vo - A4S AR,
(1 =72 (ufin)® L N

The proof is given in Appendix Section [A.10] In a manner similar to the case of the averaged iterate,
the term arises due to the non-zero value of E[(Vy, — V™) T AT Mw(M[, V)] as compared to the i.i.d.
sampling update with . This non-zero value is caused by Markovian noise and correlation between
Vi and the samples in the replay buffer. As explained in Section the bound on the term E[(V} —
VM TAT Mw(MF, V)] can be decomposed into two parts: Ef"! which is the concentration error of uniform
random sampling, and E§"#! which is the Markovian noise term. As can be seen from Lemma Efinal

can be controlled by the size of mini-batch, where it can be decreased at the order of O (ﬁ) Moreover,

the Markovian noise Ff"#lcan be controlled by the replay buffer size, which can be decreased at the order
1

3.7 Comparative analysis

The overall comparative analysis is given in Table [2| Under the Markovian assumption and on-policy linear
function approximation, |[Bhandari et al. (2018)) provided a final iterate convergence under the constant
step-size a smaller than m, which is

—a(1=)ur 9 + 12tmix(q))
E V — VT( < a(l ’Y)MminT VTK' _ V (— )
Ve =Vl < (e JIVT Vol o (S

Error from constant step-size

Although the constant step-size is a commonly used approach, it introduces constant error terms. However,
the use of experience replay can reduce these errors. Specifically, as stated in the second statement of
Theorem the term

iterate case, since we do not impose any condition on the step-size, we can achieve fast convergence rate

while maintaining small constant error by controlling the size of mini-batch and replay buffer instead of
controlling the step-size.

) decreases at the order of O (L% + Nll) Furthermore, as in the averaged
4 4

The approach in|Lee & Kim|(2022)) provided a final iterate convergence of tabular TD-learning with a constant
step-size and i.i.d. observation models, where the constant step-size induces constant errors proportional to

O(Va).

The approach in [Srikant & Ying] (2019) provided a mean squared bound of TD-learning with linear function
approximation and Markovian observation models, which is given by

E [||VT — V’T||§] <0 <(1 — acl)TfT + czcw) ;

11
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Table 2: Comparitive analysis on results of root mean squared error of final iterate convergence using constant

step-size
Method Exg;?:;ce Obfg;‘éﬂion Step-size Feature | Constant error term
- Ours v Markovian a € (0,1) Tabular O (L%{ 4 %)
T x| o | o | e | o(voww)
7Le(e2§5221§im X ii.d. a€(0,1) Tabular O(Va)
Y?rilgk?;(glgg) X Markovian delg)/leon(ile;nt Linear O(Va)
D?;aoll‘;t) al. X pid. er(lg)‘:’l)a € | Lincar | O(&), 0 €(0,1)

Model dependent step size implies that the step size depends on model parameters, e.g., maximum eignevalue
of matrix A, discount factor 7, mixing time.

where c¢1, co are model dependent parameters, and 7 is the mixing time such that

|vD"P™ — D™ — (E [ved €sppr — e;esk])HQ <4, Vk>T,
|D™R™ —E[e] R"]||, <6, Vk>r.

However, the choice of the step-size depends on the mixing time and the model parameters.

Under the ii.d. assumption and using linear function approximation, |[Dalal et al| (2018) derived
O (%) , € (0,1) bounds on the mean squared error bound, which is worse than O (%) convergence
rate. Since we used constant step-size, the result is not directly comparable.

4 Conclusion

In this work, we have undertaken an analysis of the behavior of TD-learning utilizing experience replay
memory under a Markovian observation model, which has thus far been unexplored despite the prevalence
of experience replay memory in reinforcement learning algorithms. By leveraging a simple matrix concen-
tration inequality and the geometric mixing property of irreducible and aperiodic Markov chains, we have

demonstrated that the expected root mean squared error of the averaged iterate of TD-learning can be

reduced at the order of O (L% + N%) under the constant step-size. Similarly, for the final iterate case, we
4 4

have established that the root mean squared error can be effectively reduced at the order of O (% + %)

Potential avenues for future research include extending the proposed analysis frameworks to off{:golic;/v ;nd
linear function approximation settings, as well as investigating the applicability of these results to Q-learning.
Overall, this work highlights the importance of analyzing the behavior of experience replay in reinforcement
learning algorithms in a systematic and rigorous manner. By doing so, we can gain deeper insights into the
underlying mechanisms of the impact of experience replay, and based on them, develop more efficient and

effective RL techniques.
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A Appendix

A.1 Notations

Throughout the paper, the following notations will be adopted: R: set of real numbers; R™: set of all n-
dimensional vectors; R™*™: set of all n x m real matrices; Z,: set of all non-negative integers; R : set of
non-negative real numbers; R, : set of non-negative real numbers; for matrix A € R™*™, [A];;, 1 < i <
n,1 < j < m denotes i-th row and j-th column element of A; e; € R™ for 1 < s < n : s-th basis vector of
RIS! space, i.e., only the s-th element of e, is one and other elements are zero; ||A||o for A € R"*™ denotes
the infininty norm |[Alle := maxi<i<n Yo [[Ali5] ; |S|: cardinality of a finite set S; O(-) denotes the big
O notation.

A.2 Technical Lemmas

Lemma A.1. [Concentration bound for i.i.d. matriz random variables (Tropp et al.| (2015),Corollary 6.2.1)]
Let X € R4*9 where dy and dy are some positive integers. Moreover, assume that the sequence of random
matrices {X}7_, are i.i.d. samples from a distribution such that E[X;] = X and || Xg|l2 < Xmax for all
1<k<n. Let o = ||[E[Xx X} ]||2. Then, we get

1 n
P||— ZX]C - X|| > t] < (d1 + dg) exp (—nt2/(a + 2Xmaxt/3)) R
" k=1 2
and
E 1 ZXk x| | < 20 log(dy + da) n 2L log(dy + dg)'
n = ) n 3n

With the above result, a bound on the second moment E [H% Sorey Xi — XH;} can be obtained as follows.
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Corollary A.2. Let X € R*"*%  Assume that the sequence of random matrices {Xw}}_, areii.d. samples
from a distribution such that E[Xy] = X and || Xk||2 < Xmax for all 1 < k < n. Letting ||E[ XX, ]||2 < o,
the corresponding second moment can be bounded as follows:

2

1 n
n k=1 2
20 16X2.. 32X2 8 X max
<7 log(dy + do) + — + 5.5 (log(dy + do))* + 5.5 log(dy + do) + T

Proof. The proof is completed by the inequalities

2

1 n
gkz::lxk—x

o0 1”
-/ P[
0 "=

> Xp-X
< /OOo min {(dl + dy) exp(—nt /(o + 2XmaxVt/3)), 1} dt

>\/Tt1 dt

2

< /DO min {1, (d; + da) exp(—nt/(20))} dt + /00O min {1, (dy + da) eXp(—Sn\/i/(éleax))} dt

2 16X2 >
<— log(di + d2) + £ + ——5 (log(d1 + d2))? + /wx2 (dy + da) exp(—3nVt/ (4 X max ) )dt
In 10X e (log(d1 +d2))?
20 16X2,. 5 e
<— log(dy + d2) + — + ——5>(log(dy + da))” + 2(dy + d2)uexp(—3nu/(4 X max))du
9 4X max 10g(d1+d2)
3n
20 16X2 32X2 8 X max
<— log(dy + d2) + £ + T?“(log(th +dg))? + Ttgax log(dy + dz2) + 3

(15)

where the first equality follows from the inequality, E[Y] = fooo P[Y > t] dt for non-negative random variable
Y, which can be found in Exercise 2.14 in |Casella & Berger| (2021)).

Moreover, the first inequality follows from applying Lemma[A]] and the last inequality follows from applying
change of variables v/t = = and integration by parts. O

Lemma A.3 (Variance of empirical distribution, Paulin| (2015)), Proposition 3.21). Let {Si}}_, be a Markov
chain following transition kernel P™ with the state space S and starting from its stationary distribution ug_,
i.e., So ~ p%_. The empirical distribution is defined as p°(s) := > p_, 1{Sk = s}/n, s € S. Then,

1) YsesE[(E_(s) — 1™ (5))?] < IS5

2) E [doy(ug_, p™) <] <|S] tm]x

tm\x

Lemma A.4 (Bound on total variation distance, Chapter 4.5 and Exercise 4.2 in Levin & Peres| (2017))).
Let {Si}7_, be a Markov chain following transition kernel P™ with the state space S. Denote its stationary
distribution pg_ - and mizing time as tMX, Then, the following holds:

1) For a non-negative integer I, we have supcg dpy (P[Spymix | So = ], u5_) <27

2) supges drv(P[Sk | So = s], u5_) is non-increasing in terms of k.
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A.3 Proof of Lemma 2.3

Before the main proof, the formal definition of irreducible and aperiodic Markov chain is reviewed first.

Definition A.5 (Irreducible and aperiodic Markov chain (Levin & Peres| 2017)). A Markov chain is called
irreducible if for any two states x,y € X, e, P*e, > 0 for some k > 0. Let T(x) := {k > 1| e) P*e, > 0}
be the set of time instances such that the probability of returning back to the initial state x is positive. The
period of state x is the greatest common divisor of T (x). A Markov chain is said to be aperiodic if all states
have period one.

The proof of Lemma [2.3]is given below.

Proof. First of all, we prove that the extended Markov chain is irreducible. By hypothesis, the Markov chain,
(Sk)5y, with transition kernel P™ is irreducible. Then, one can prove that starting from any (Sk, Sk41) =
(z,y) € O, there exists a positive probability that any (Sk+7, Sk+147) = (w, 2) € O can be reached for some
T > 0. This is because by hypothesis, P[Sx+r = w | So = ] > 0 for some T > 0, and since (w,z2) € O
is a realizable pair, (SktT, Sk+147) = (w,2) € O is visited with a positive probability. This proves the
irreducibility.

Next, we prove the aperiodicity. By hypothesis, the Markov chain, (S;)72,, is aperiodic. To prove that
the induced Markov chain (Sk, Sk+1)52, is aperiodic by contradiction, let us suppose that (S, Sk4+1)72, is
periodic with some period 7" > 1. Then, it implies that for any realizable pair (z,y) € O and m € Z,
PlSmr = 2, Smr+1 =y | So = 2,51 = y| = P[Snr = 2,111 =y | S1 = y] = PSurt1 =y | Smr =
2|P[Spmr = 2 | S1 = y] > 0. Since (z,y) € O is realizable, P[S,,7+1 = y | Spur = x| > 0, and hence, P[S,,,1 =
x| S1 = y] > 0 holds. Moreover, P(Sp,r =z | So =z) > P[Spr =2 | S1 =y|P[S1 =y | So = 2] > 0.

Next, by the definition of periodic Markov chain in Deﬁnition we have P[Sy, 14 = @, Smr1it1 =y | So =
2,51 =y] = PlSmrii = T, Smryiv1 =y | S1=y] =0for 1 <i<T —1. Since P[Syr+i = &, Smrtit1 =Y |
S1 =yl = PlSmrtit1 =Y | Smryi = @/P[Smri =2 | S1 =y] =0, and P[S;,ryit1 =Y | Smri = 2] >0
(because (z,y) € O), it follows that P[S,,7+; = x | S1 = y] = 0. Considering P[S,,r+; =z | S1 = y] =
S PSpmr+i = | Smr = 2|P[Smr = 2z | S1 = y], we should have P[S,,r+; = « | S;ur = z] = 0 because
z€S

PSmr =2 | S1 = y] > 0. Hence for m € Z,1 < i < T — 1 we have P[S;,74; = x| So = 2] = 0 and
P[Syr = x| So = x] > 0 i.e., the Markov chain, (Sk)72, is periodic, which is a contradiction. Therefore,
(Sks Sk+1)37 is aperiodic. This concludes the proof.

O

A.4 Proof of Lemma 3.1
Proof. The proof proceeds by induction. Suppose ||Vi||oo < %ﬁ;‘ holds for k£ > 0. Rewriting 1] we have

1 1
Vipr = [ 1+ am Z (’Vese;r/ - ese:) Vi + QW Z €sT.
k (s,r,8")EMT k (s,m,8")EM]

We can prove that for s € S, if (s,r,s') ¢ M, then e] Vj41 is identical to e] Vi. If (s,r,s') € M for some
s € 8, then the update of e/ Vj 41 can be expressed as follows:

1 1
e;rVkJrl = e;r I + QW E (’Yese;r/ - ese;r) Vk + OCW E €T
k (s,r,s")EM] k (s,r,s")EM]

Consider a subset of the mini-batch M] such that the first element of the tuple is s, i.e., M (s) := {(5,7,5) €
M :§=s} C MJ. Then, we can bound e, Vj 41 as follows:
‘ ™

M
led Vi1 < led | T+a ﬂ]{

Z (vesez - esez) Vi| + o

1
MTI'
| k | (s,m,8")EM] ()

17
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-
1 [ M (s)]

< I+ QO (’}/6563—/ - 6563—) €s ||Vk||oo + akiﬂRmax

| M| 2 | M|

(s,m,8")EM] () .

M (s MT (s
( | | ('7 - 1)) ||VkHoo + ameax
Ria

IA

IM | M|

S 7

where the first inequality follows from the application of the triangle inequality and the assumption that
the reward is bounded, as given in Assumption The second inequality is due to the Cauchy-Schwartz
inequality, and the last inequality comes from the induction hypothesis. This completes the proof. O

A.5 Proof of Lemma
Proof. First of all, to prove the first statement, ||A||s is bounded as

S|
_ _ ™ .. s ™). _ : _ _ s
4]l = max (1= alD7s +ay[D ];[P Jij | = min(1 = a(l = 7)u"(s)).
where the last equality is obtained by expanding A according to the definition @ from the fact that P™ is
a stochastic matrix, i.e., the row sum of the matrix equals one.

Next, for the second statement, one can readily prove that M := Y7 (A*)T(A4)* is a solution of (8) by
simply plugging it into M in . It remains to prove that M is bounded. In particular, ||M]||2 is bounded
as
2 2 4
[1M]l2 < 115 + 1Al + [1All; +
4

< 1+SIIAl% + [SHIANIS, +

<1+ S| = a1l = P)pfm) (1 + (1= a(l = Npugm)? + (1= a(l = 7)phm) " +
S|
<1+ —,
a(l =) uiin

where the first inequality follows from applying triangle inequality and the fact that ||AT||2 = ||A||2. The
second inequality is due to the relation ||A||2 < 1/|S||| 4]/, and the third inequality comes from Lemma
O

A.6 Auxiliary lemmas to prove Lemma [3.3]

Let u?’g and u?’%, be the empirical distributions of the state s and the consecutive state pair (s,s’) in the

™
k

replay buffer, Bg, respectively, which are defined in the same manner as M? and ug’g,, respectively.

Lemma A.6. For k > 0, we have the following bounds:

pmix
2] § V ‘S| ‘57;:'7

1) El||[p™ - DBE

mix
t2

2) E|||p7P — DB PBE Loy
_ EA

=1s

tmix
IB"\'

3) E[||p7R™ — DBT RET

| < 1512 1| Runa
2

Proof. First of all, the expected value of D™ — DBE can be bounded as follows:

E[|p" - D% | <E|, /3 (15 (5) - u?’:(S))j < Vsl g:
s€S k
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which proves the first statement. In the above inequalities, the first inequality follows from the fact that
||A]l2 < ||A||F, where A € RISIXISI and || - || stands for Frobenius norm. The last inequality follows from
Jensen’s inequality and Lemma in Appendix.

The second statement can be proved using the following similar arguments:

ténix
|Bf|’

U

L i 2
T pT B pBJ
IEJ{HD P — DPE pBi fg,(s7s’)> <|S|

|<E > (1Es (55 —n
(5,5')ESXS

2

where the first inequality follows from the fact that ||Al|s < ||A||r, where A € RISI¥ISI and ||-||r, the second
inequality is due to Lemma in Appendix, and follows from applying Jensen’s inequality.

For the third statement, we can bound E [HD”R” — DBIRBR

} in a similar sense as follows:
2

E [HD”R” _ DBERBE

E
2

Z <E [r(S,A,8) | S =s,7] :uTsr’OC (s) — M?g(s)[RB’:]s)Z]

seS

2
Bﬂ'
<IS[| A RmaxE | | > <Z HE o (s,8') — pg’s, (s,s'>>

seS \s'eS

tmix
ARy |2,
| BE |

where the second inequality applies the inequality (3> _qarbe) < (O p—o ak)(>p—o br) for ax, by € R, k >0,
and the relation between p3 and pg g in , and

5
2

<Is

N
Z 1{Slvalasl+1 = (57(1’8/)} N _
I=k—N+1 By By
T . () = (5, 1).

l=k—N+l1

Moreover, the last inequality follows the same logic as that used for bounding E {HD”P’T — DBipBt

;

This completes the proof.

Lemma A.7. For k > 0, we have

¢mix

1) E[[[D7 = D] < VISl iy + ddrv (5045, y):
9 B(|Drpr - DPLPI|,] < i8Iy iy + 4vISTdrv (5. 145,
3) E[||D7R™ — DPRPT|,] < |SI% 1A Ruvax | Thzy + 2v/18T Rnaxdr (1E_ s 15, _,)-

Proof. Let {Si}x>_n be the stationary Markov chain defined in Section The expected value of || D™ —
DPB% || can be bounded using irreducible and aperiodic property of the Markov chain as follows:

J=x e[l -om

S
seES

oo

Q’Ska = s} P[Sk—n = 9]

2’§k_N = 5} ]P’[S'k._N = s
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\Sk_N = 5| (PISk-v = 5]~ PISy v = 5])

+YE [HD” Lk
seS 2

ED”—DBE} G PG, =
[H L2 IPISk-n = 5]~ PlSiow = ]
SES
|S‘ ‘Bﬂ'| +4dTV(:U’S’OC7/1'Sk_N)'
k

In the above inequalities, the first equality follows from the law of total expectation, and the second equality
is due to the fact that P[Sk—N-ﬁ-l, Sk—N+27 ey Sk | Sk—N] = P[Sk—N-f—l, Sk—N+27 ey Sk | Sk—N] because the
transition probabilities of both Markov chains are identical. Next, the first inequality follows from the fact
that || D™||2 and ||DP* |5 are both smaller than one, and the last equality follows from the definition of the

total variation distance in (2.1}, and applying Lemma

In the second statement, the expected value of HD”P7r — DBr pBi H2 can be bounded using the same argu-
ment as in the first statement. In particular, we have

)

-SE [HD”P’T _ DB pBf

E [HD”P’T _ DBIpBE

ngk_N = s} IP[Sk_N = 9]

+SE [HD”P” _ DB pBI Q‘Sk - s} (P[Sk_n = 5] — P[Si_n = 5])
seS

IIllX

The same logic holds for E [HD’TRTr — DBk RBk ||2] In particular, it follows from

A

-3 E [HD”R” — DBIRBR
seS

E [HD“R” _ DBLRBR

Q)Sk_N = s} ]P’[S’k_N = 9]

+Y E [HD”R” — DBERBR
seS

2‘Sk,N = 5| (PISk-v = 5] = PISyn = 5])

t2

<812 |A| Rinax B

+2/|S|Rmaxdrv (13,5 135, )
This completes the proof. O

A.7 Proof of Lemma 3.3
Proof. First of all, the triangle inequality applied to the noise term in leads to

| M7 |

EflJw(Mg, Vi)||2] =E — Ak (Vi) + A (Vi) — Ar (Vi)

L 2
|M |

= Ap(Ve)|| | +E[[A:(Ve) = Ar(Vi)ll] - (16)

L 2

The first term in is the difference of the empirically expected TD-errors in terms of replay buffer and
mini-batch, which is bounded as

M| 2\/|3| - H

> (el = D)

E — E (@) —Ap(Vi)|| | =
|M | & 1- M| NeMT
(s,r,s )EMk

2 2
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1 Bf pBT
+E WA Z v(esed — DBE PBi)
(s,s")EM] 9
1 x _pgr
+E o > (esr—DPERPE)| |, (17)
(s,r,s")EM] 9

where the inequality is obtained simply by expanding the terms in @D and (3)) and applying triangle inequality,
together with the boundedness of Vj, and reward function in Assumption and Lemma respectively.
As the next step, we will upper bound the above terms using Bernstein inequality (Tropp et all 2015). In

particular, note that for (s,7,s’) € MF, s can be thought as a uniform sample from DPx. Hence, using the
matrix concentration inequality in Lemma [A7]]in Appendix, one gets

1 x log(2
IE p- Z (ese;r — DBk) S M?
IMEL S |Mi|
(s,m,8")EM] 9
which is obtained by letting 0 = 1 and Xax = 1 in Lemma in the Appendix because ||E[ese,]||s < 1
and |lese] |2 < 1.

Moreover, noting that ||E[ese]]|l2 < E[|lesel||2] < 1, and ||ese/,||2 < 1, we get the following bound on the
second term:

1 2log(2
E ] Z v(esel — DR PBR) < 2y cijgw(TJSD.
(s,rys")EMT 9 k
In a similar sense, the third term can be bounded as
1 x _pn 21og(2|S])
E||om (esr — DPRRPE)|| | < 2Rmaxy | —
| M| 2 (e i | M|

(s,r,s")EM] 9

which uses the inequalities, ||Elesr]||la < Rmax and |[E[r?esel]lls < R2 Collecting the above three

— max-*
inequalities yields the upper bound on (17)), which is

M|
4\/ |S‘Rmax 810g(2|8|)
E 0(0 — ALV < . 18

MZ #(Vi) - M (18)

2

Now, we turn our attention to he second term, E[[|[Ax (Vi) — Ag(Vi)ll,], in (L6), which is the difference
between the expected TD-error with respect to the stationary distribution and the replay buffer distribution.
Plugging the definitions in @ and into yields

EfllAr(Vi) = Ar(Vi)ll,]

< 2V1IS B, (o -

+ |[ppm — Do pEE
2

)} +E [HD”R” _ DBERBR

A

B e 2
24/ |S| Rimax
§1|_7 <3|S| |A| |B’T| +16|S|dTV(N5 G, N)) (19)

where the first inequality is due to the boundedness of Vj, in Lemma 3.1} and the last inequality follows from
Lemma Collecting the terms in and 7 we obtain the desired result.

O
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A.8 Proof of Lemma (Bound on second moment of the noise term)
Proof. Expanding the noise term in we get

L 2

%25(05; Vi) = Ak(Vi)

=1

Elllw(MF; Vi)l <2 | E +E [[8:(V) - Acil] | (20)

2

where the inequality follows from the fact that ||a+b||? < 2||al|* +2|[b||? for a,b € R™. In what follows, each
terms in the above inequality will be bounded. First of all, the term E [H 5(0’“ Vi) — Ap (Vi) H ]
in is bounded as

r 2

L
E Z — Ap(Vk)

2

1 x -
=E |||— Z (esr—DBkRB’~“)—|—(ese;r —DBk)(Vk)+fy(e el, DBkPBk)V
(s,r,8")EM],

2
2 2

™ 1
— DBF) +E 7 Z v(esel — DR PBr)

srs/)GMk (s,7,8")€Mj,

2 2

2
1 ”
+ 3E Z Z) (esr — DB RBE)
2

2
_Isla+ Rmax) 480

o 2
< T raga Cos(2lS)*

where the first equality is obtained by expanding the TD-error term in and expected TD-error in terms
of replay buffer in @ The first inequality follows from the fact that ||a + b+ c||> < 3(||al|*> + [|b]|* + ||c]|?)
for a,b,c € R", and from the fact that the iterate Vj is bounded in . We use concentration inequality

in Corollary to bound the last inequality. To bound E {H Z(S rs)E My (esel — DPBK)

2
” we let 0 =1
2

and Xpax = 1 in Corollary- A.2| since ||Elese]]||l2 <1 and |lese] ||z < 1. Moreover, we can bound remaining
terms in similar sense, which yields the last 1nequahty

To proceed further, Lemma [A.8 is needed, which is provided after this proof. Applying Lemma the
term E [||A7T(Vk) - Ak(Vk)Hg is bounded as

E [ Ax (V) - A(Vi) 3]

™ T ™ ™ ks 2
2

3|S|R2 ( o max { ¢} ¢pix}
< (IS AP —— 2 4 8[Sldrv (k. 1T, ) ) -
(1—7) | B} | So 1 PBko
where the inequality follows from applying the bound on Vi in Lemma and collecting the terms in
Lemma This completes the proof. O

The following two lemmas have been used in the proof above, and they are formally introduced in the sequel.

Lemma A.8. For k > 0, we have

1) E[|D™ — DPF3] < |S|f=y + 8drv (w15, )
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9) E[|[D"P" — DPE PR3] < S ) + 2ASldav (k5 15, ),

3) E [|DR™ — DBIRPE 3] < |SPIAP R iy + 2SI Raunrv (1 15, ,)-

max ‘B}ﬂ

Proof. Let {Sy}x>_n be the stationary Markov chain defined in Section Then, for the first statement,
we get the following bounds:

E[||D" ~ D3} = 3 E[|ID7 - DPF | S = 5] PlSin =]
seS
=Y E[||ID" — DB | Sj_n = s|P[S_n = 5]
SES
+ Y E[|ID™ — DPF[3 | Sk n = s|(P[Sk—n = 8] — P[Sk_n = 3])
SES
tmix

<IS| 7y + 8drv (5., 5, )
k

where the first equality is due to the law of total expectation, and the fact that P[Sk—_n41, Sk—N+2, .-+, Sk |
Sk—n] and P[Sk_N+1,§k_N+2, oo, Sk | Sk_N] are identical. Moreover, the second equality follows from
simple algebraic decomposition, and the inequality is due to the fact that ||A — B||3 < 2(||A]|3 + || B]|3) for
A, B € RISIXISI and applies Lemma and the definition of total variation distance in Definition Note
that Lemma will be given after the proof.

For the second statement, it follows that

E|[|D7P" — DPPE|[3] =S E|||[D7PT — DB PEA|[} | Sy oy = 5| B[Sy = 3]
s€S

T 7 2
<E [HD”PW _ DB P } 2SIy (K )
2 hd -
tmix . .
S|$|22~7ﬂ. + 2|S|dTV(USOO7ﬂSk,N)7
|BE|

where the first inequality is due to the fact that ||P™||3 < |S], ||PBITCr |3 < |S| since P™ and PBT are stochastic
matrix, i.e., the row sum equals one. This concludes the proof of the second statement.

Next, similar arguments hold for E [HD’TR7r — DBx RBx H;] as follows:

E {HD”R“ _ DBIRBL

2
2

2 T ST
} Y E U’D”R” _ DBIRBT
2 seS

<E [HD”R” _ DBIRBT

Sk—N = S} P[Sk_N = S}

2
|+ 2SR e 5, )

mix

3 T by
§|S|5|A|2R12nax |é“‘ + 2‘S|R12naxdTV(MS,X, ) :U/Sk_N)'
k

This completes the proof. O

Lemma A.9. For k > 0, we have

=112 mix
T _ BT < -
1 E[HD b 2} < 1817y

mix
t2

IBf 1’

2) E [HD”P” _ DBIpBI

2
} <SP
2
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3) E [HD”R” — DBIRBE

2 tmix
:| < ‘S|5‘A|2R2 2
2

max ‘B;ﬂ .

Proof. The first statement is proved via the following inequalities:

=12 = 2 tmix
]EHD’T—DBk]< E{(”s—?ks)]<81~.
[ J = 2E | (a0 - @) | < isin
s€S
Here, the first inequality follows from the matrix norm inequality || - ||z < || - ||F, where || - ||F stands for

Frobenius norm, and the second inequality applies Lemma The proof of the second statement follows
similar lines. In particular, letting Mgké' stand for stationary distribution of {(Sy, Sk41)}x>_n, one gets

2 tmix

™ Bf,
[« ¥ mfums o -] <ispE
(s,r,8")€O k

E [HD”P” _ DBI pBE

2

where the first inequality follows from the relation between spectral norm and Frobenius norm, and the
second inequality applies Lemma [A-3]

For the third statement, one can bound E [HD“R” — DBIRBR

2
] with the same logic as in the proof of
2

Lemma B3] as follows:

L2 - _ N2
E [HD”R” ~ DPIRPI ] =E | > (E[r(S,A,8) | 8 = 5,7 u_(s) — ug" ()R], ]
2
SES
. - BW 2
<ISPIAPRLE |S 3 (4G s (5:5) = ngig,(s.5) ]
sES s'eS
tmix
<ISPIAP Ryax 2
|1 BE|
This completes the proof. O

A.9 Proof of Theorem
Proof. We prove the first statement. Using , [[Viesr — V7|3, can be expanded as follows:

(Vi1 = V73,
=(Vie = V) TATMAWV;, = V™) 4+ 20(Vie = V) TAT Mw(MT, Vi) + o2||w(MF, Vi3,
=[|[Vk = VI3 = 1IVe = VI3 + 2a(Vi, = V) TAT Mw (M, Vi) + o[ |[w(MF, Vi)l 3s,

where the first equality follows from , and the last equality uses the Lyapunov equation in . Taking
expectation yields

E[[| Vi1 — V™3]
=E[||Vi, — V™[] = Ell[IVie = V™||2] + 20E[(Vi = V™) T AT Mw(My, Vii)] + o*E[lw(MT, Vi3]
8/S]2 Rimax

<E{IVi = V3] ~ BV = V7] + 7=t

Efl|w(My , Vi)|l2]

2a(S]|
(1 _W)Mglin
<E [|[Vi = V7I[3;] — E[l[Vs = VT3]

32|S|*R? 8log(2|S]) 3 | mix
max 1 d T T
+ (1 _’7)3,“&1;1 I +2|S|2|"4| N + 6|‘S| TV(:uSocvp’Sk,N)
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A[S|* (Rumax +1)* (120(log(2]S]))* o T
@ (1 —)3pur.. 17 + 4S8 AP —— Jr8|5|dTV(Ms HS_n) )

where the first inequality follows from Cauchy-Schwartz inequality, and the boundedness of V}, in Lemma
The last inequality comes from bounding the first and second moment of ||w(M], Vi)||, by Lemma 3.3 and

Lemma respectively.
Summing the last inequality from k¥ = 0 to k =T — 1 and dividing both sides by T', one gets

LS B - v < LE[Vo - VIl

Tk:
(T )
+;m (:Z: 16[S|drv(ns 1, _ N))
a“'ff““;‘z’;;:* (= f's'” A

To bound the sum of total variation terms in the above inequality, the following relation can be used:

T-1 LT /4] L) _
v (oo mg ) SH™ Y dev(UE g, ) SH > 2T s,
k=0 k=0 k=0

where the first inequality follows from non-increasing property of total variation of irreducible and aperiodic
Markov chain in Lemma [A4] in Appendix. Moreover, the second inequality follows from the first item in
Lemma [A74] in Appendix. Combining the last two inequalities leads to

1 T-1
= ST E(IVe - VIR
k=0

1 25| 2
<Ta g Elve -V

32|S|°R log(8|S mix 322|SI?R 2¢mix
| | I‘ﬂdX Og( ‘ |) + 2‘S| |A| T | | I‘l'ldX 1

(1 - 7) u’min L (1 ) Mmin T

4 2 s 120(1 2 mix 12 2 tmix

o |S| ( + ) ( 0( Og( ‘SD) +4|8|4|A|2T ) T+ 8|S| max )

(1 =7)1fin L N =i T

This completes the proof of first statement. The second statement can be directly obtained from applying
Jensen’s inequality.

O

A.10 Proof of Theorem

Proof. First of all, we prove the first statement. The term ||Vi4; — V™ ||§ is expanded according to the update
in as follows:

Virr = V73
=V = V7|7 + 20(Vie = V) ATw(ME, Vi) + o [[w(MFT, Vi) |13
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k
=(Vo = V) TATF AR (Vo = V™) + 3 2a(V; = V) TAT (AT AR (M, Vi) (21)
=0
k
—‘rOéQZ’LU \Y AT)k i gk—i (Mf,V;), (22)
=0

where the second equality follows from the fact that for 0 < ¢ < k — 1, the ¢-th expansion results to weighted
inner product of A(Vy—;—1 —V7™) and w(M]_,_,, Vk—i—1) and weighted squared norm of w(M]_, ;,Vi—i—1)
which are and , respectively.

Next, applying Cauchy—Schwartz inequality to yields

Vier = V75
k . .
<|[Vo = VTIBISIIA® ] lo + 2a18] D 11V = V[l [ A Moo [|A* oo oo (M]7; Vi) |2
=0
k .
+a® Y ||| lw (M7 V)13
=0
k .
<|[Vo = VTIBISIIAIRE ™ + 21| Y [IVi = VT2l AN (M3 Vi) |2
=0

k
+ o VIS Y AN (M5 Vi) I3,
=0

where the first inequality follows from the matrix norm inequality || A||2 < 1/|S]||Al|, and the last inequality
is due to sub-multiplicativity of the matrix norm. After taking expectation, we get

T2
E[|[Visr — V3]
<IIVo = VIS AR
64|S|2R2

81og(2IS]) . vz, o [T\ o= ok
max 5 A 1+1
o (\/ SR st T ;H [E:

AS) (Rupa + 1)? (12o<1og<2|8|> .
Lo’V 2B s AP T ) S g
T M \B Z
<o = VFIRISIAL = a1 — y)pfan)

64|S12R2,.. [ [8log(2|S))
4 oS e ([ JIOBASI) (130 T

(]‘ ’Y) /u‘min

4‘S|(Rmax+1) (120(10g(2|8|) 2 mix )

o + 4|S]*|A ,

0 - o AT G

where the first inequality follows from Lemma and the fact that drv(ug_,u%, ) is zero for all
k > 0 because the initial state distribution is identical to the stationary distribution. Moreover, the second
inequality comes from the bound on ||A[|s in Lemma This proves the first statement. Finally, applying

Jensen’s inequality to the first item which is the bound on E [||V;~C —-VT ||§} , leads to the second statement. [
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