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Abstract001

Collaborative decoding between large and002
small language models (LLMs/SLMs) is a key003
strategy to overcome LLM limitations in train-004
ing and inference efficiency. While methods005
like speculative decoding and proxy tuning006
exist, a unifying understanding of these ap-007
proaches is needed. Inspired by dual-process008
theory, we introduce FS-GEN, a framework009
defining LLMs as “System 2” (deliberate) and010
SLMs as “System 1” (intuitive). FS-GEN pro-011
vides a unified lens to analyze collaborative012
decoding, revealing that minimal System 2 in-013
tervention (< 20% of tokens in the generated014
completions) is often sufficient. We uncover015
a parameter-ratio scaling law governing this016
interaction and demonstrate that the effective-017
ness of collaboration hinges on the uncertainty018
of System 1’s next-token predictions. This019
uncertainty-centric view offers novel insights020
into optimizing collaborative decoding and de-021
veloping more efficient and reliable language022
generation systems.023

1 Introduction024

In recent years, the landscape of artificial intelli-025

gence has been dramatically reshaped by the devel-026

opment of Large Language Models (LLMs) like027

GPT-4 (Achiam et al., 2023), Gemini (Team et al.,028

2023), Llama (Touvron et al., 2023a,b; AI@Meta,029

2024), and Qwen (Bai et al., 2023). These models030

have emerged as versatile tools, enhancing software031

development (Qian et al., 2023; Yang et al., 2024),032

and accelerating scientific discovery (AI4Science033

and Quantum, 2023; Qi et al., 2023) in different034

domains (Boiko et al., 2023; Romera-Paredes et al.,035

2024). Despite their advancements, these models036

face significant challenges that affect their practi-037

cal application. Key issues include managing in-038

ference time with constraints such as low-latency039

requirements (Miao et al., 2023; Zhou et al., 2024),040

and addressing concerns related to hallucinations041

in generated content (Huang et al., 2023). Fur- 042

thermore, the training of these models entails con- 043

siderable resource consumption (Hu et al., 2021; 044

Hoffmann et al., 2022; Ding et al., 2023), particu- 045

larly during fine-tuning and in achieving domain 046

specialization (Bommasani et al., 2021). 047

A novel trend in mitigating these challenges in- 048

volves the collaborative decoding of large and small 049

models. This approach leverages the strengths of 050

both model sizes to improve efficiency and effec- 051

tiveness across various downstream applications. 052

In these methods, the next token during generation 053

depends on both LLMs and SLMs, whose logits 054

are combined to form the final predictions. For 055

instance, speculative decoding (Leviathan et al., 056

2023; Kim et al., 2024; Sun et al., 2024; Xia et al., 057

2024) allows small models to swiftly generate ini- 058

tial drafts, which are then refined by large mod- 059

els, significantly cutting down on inference time. 060

Similarly, in contrastive decoding (Li et al., 2022; 061

O’Brien and Lewis, 2023; Sennrich et al., 2023), 062

small models contribute amateur tokens as nega- 063

tive signals to enhance the decoding. Proxy tun- 064

ing (Mitchell et al., 2023; Liu et al., 2024a) aims 065

to reduce training costs by applying the delta logits 066

from proxy small models to the base large models, 067

rather than directly tuning the large models. This 068

method significantly reduces training costs. 069

However, while the use of large and small mod- 070

els in tandem is increasingly common, the research 071

community lacks a unified framework to analyze 072

and understand the dynamics of their collaboration. 073

This gap in knowledge motivates our current study, 074

which seeks to formalize the collaboration between 075

these models from the perspective of Systems 1 076

and System 2—a framework typically applied to 077

modeling human cognitive processes (Kahneman, 078

2011). As shown in Figure 1, within the human 079

brain, System 1 operates quickly and intuitively, 080

automatically addressing everyday problems such 081

as pattern recognition. Conversely, System 2 func- 082
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Figure 1: In the fast-and-slow generation framework, we conceptualize small language models as System 1 and a
mixed-scale compound system of large and small language models as System 2. This compound system incorporates
various collaborative decoding methods, such as speculative decoding, contrastive decoding, and proxy tuning. In
this paper, we investigate the optimal conditions and contexts for applying System 1 and System 2 at the token-level
decoding stage.

tions in a slower, more deliberate manner, tackling083

complex issues that require long-term planning.084

The integration of System 1 and System 2 in daily085

human activities achieves maximum efficiency and086

demonstrates robust intelligence. Notably, System087

1 handles approximately 95% of everyday tasks,088

while System 2 is responsible for the remaining089

5% (Daniel, 2017). The fast and slow thinking090

paradigm has been applied in various LLM appli-091

cations (Hagendorff et al., 2023; Lin et al., 2024;092

Qi et al., 2024), which focus on improving the abil-093

ities of System 2 and the inference efficiency of094

LLMs. This paradigm provides a human-like mech-095

anism for model optimization toward advanced ar-096

tificial intelligence. Similarly, large and small mod-097

els exhibit the natural characteristics of slow and098

fast processing. Previous works (Kim et al., 2024)099

on speculative decoding indicate that only a small100

percentage of generations require intervention by101

LLMs, while SLMs can independently complete102

most of the remainder.103

However, many unknowns persist in these col-104

laborations within this broader paradigm, including105

questions about when and where System 2 should106

be utilized. To the best of our knowledge, no previ-107

ous work has attempted to unify the collaborative108

decoding methods of SLMs and LLMs from this109

perspectives. In this paper, we explore the funda-110

mental questions of model collaboration under the111

fast and slow generation framework: 1) What is the112

essential difference between Systems 2 and 1 from 113

the perspective of decoding? 2) Why does System 114

1 under-perform compared to System 2? 3) How 115

can we improve effiency of the large and small com- 116

pound system? In this paper, we focus exclusively 117

on the high-efficiency features of System 1 and 118

System 2 based on language models, deferring an 119

exploration of their in-depth reasoning capabilities 120

to future work. 121

To investigate these problems, we focus on an- 122

alyzing the frequency and position characteristics 123

of collaboration between large and small models, 124

employing both qualitative and quantitative meth- 125

ods. Our research examines theoretical limits to 126

collaboration frequency and employs scaling laws 127

to predict how often different model combinations 128

might collaborate based on the disparity in their 129

parameters. Additionally, we explore the position 130

tendencies of these collaborations, particularly in 131

terms of where in the generation process they are 132

most effective and how they correlate with the in- 133

herent uncertainty of small models. Our prelimi- 134

nary findings are summarized as follows: 135

(1) A comparison between the collaboration dy- 136

namics in large and small models and human dual- 137

system processes reveals a shift from the expected 138

95:5 fast and slow ratio to an 80-20 distribution 139

(§ 5.1.1). This finding also suggests a strong corre- 140

lation between the frequency of interventions and 141

the size differences in parameters between models 142
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(§ 5.1.2), in accordance with scaling laws.143

(2) Collaborative interactions among models are144

most critical at the beginning of the generation145

process, underscoring the adage that “Well begun is146

half done.” (§ 5.2.1) The uncertainty levels in next147

token prediction of smaller models play a pivotal148

role, serving as a reliable indicator of collaboration149

necessity (§ 5.2.2).150

2 Related Work151

Speculative decoding (Leviathan et al., 2023; Kim152

et al., 2024; Sun et al., 2024) speeds up LLM in-153

ference by coupling a cheap drafter (SLM) with154

a costly verifier (LLM). Current efforts focus on155

(i) more capable drafters to boost the fraction of156

tokens that pass verification (Xia et al., 2023; Liu157

et al., 2024b), and (ii) lighter (lossless or approx-158

imate) verification for both greedy and sampling159

regimes (Stern et al., 2018; Xia et al., 2023; Fu160

et al., 2023b). While most approaches fix the draft161

length, recent work adapts it dynamically (Mamou162

et al., 2024; Shen et al., 2024). Contrastive de-163

coding (Li et al., 2022) blends logits from an ex-164

pert and an amateur to reduce hallucinations and165

improve reasoning (O’Brien and Lewis, 2023; Sen-166

nrich et al., 2023). Contrasting models with/with-167

out context further lowers factual errors (Jin et al.,168

2024). Research mainly refines fusion rules; how169

much collaboration is truly required remains open.170

Emulator (Mitchell et al., 2023) and proxy tun-171

ing (Liu et al., 2024a) add a third model: an SLM172

fine-tuned to imitate a large chat model via ∆ log-173

its. Other work orchestrates multiple LLMs for174

domain generalisation (Shen et al., 2024) or cloud-175

device cooperation with privacy guarantees (Zhang176

et al., 2024). Scaling laws for parameters, data177

and rewards (Kaplan et al., 2020; Hoffmann et al.,178

2022; Gao et al., 2022) explain why certain abili-179

ties emerge only in large models (Wei et al., 2022).180

Recent analyses attribute the seeming discontinuity181

to discrete evaluation metrics; continuous token-182

level scores reveal smoother trends (Schaeffer et al.,183

2024; Hu et al., 2024). We revisit these size-related184

gaps through the lens of collaborative decoding and185

token uncertainty.186

Despite rapid progress, a systematic empirical187

account of why and when collaboration helps is188

missing. Our study fills this gap, quantifying abil-189

ity differences between LLMs and SLMs and trans-190

lating the findings into higher decoding efficiency191

and quality.192

3 Preliminary 193

3.1 Text Generation 194

Text generation, also referred to as decod- 195

ing (Welleck et al., 2024), is the process whereby a 196

language model M selects the next token in a se- 197

quence based on the context. Mathematically, this 198

involves estimating the conditional probability of 199

a token given its preceding sequence. For a given 200

source context with N tokens and a target response 201

with T tokens, noted as X = (x1, x2, · · · , xN ) 202

and Y = (y1, y2, · · · , yT ), the probability of the 203

response sequence is expressed as: 204

P (Y |X) =
T∏
i=1

p(yi|X, y1, y2, · · · , yi−1) 205

During the decoding phase, at each step i, the 206

model M computes the probability distribution 207

p(yi|X, y1, y2, · · · , yi−1) over the entire vocabu- 208

lary, based on the input sequence provided so far. 209

The selection of the next token yi is then based on 210

this distribution, typically employing methods such 211

as greedy search (Parsing, 2009), beam search (Vi- 212

jayakumar et al., 2016; Freitag and Al-Onaizan, 213

2017), or various sampling strategies (Fan et al., 214

2018). 215

3.2 Definition of FS-GEN Methods 216

We generalize text decoding to collaborative decod- 217

ing between a large model Ml and a small model 218

Ms. Both receive the same prompt Xl = Xs. As 219

shown in Fig. 1, they output logits pl and ps. We 220

denote reference logits by pf and categorize to- 221

ken sequences into three sets: fused (or “golden”) 222

outputs Og, LLM outputs Ol, and SLM outputs 223

Os. Unless stated otherwise, pf and Og arise from 224

collaboration rather than ground-truth labels. 225

Speculative decoding. SLM proposals are ver- 226

ified by the LLM, giving pf = pl and Og = Ol. 227

This is the canonical, trust-based form of collabo- 228

ration. 229

Contrastive decoding (O’Brien and Lewis, 230

2023). Discrepancies are corrected with pf = 231

pl + β(pl − ps); the fused result Og typically sur- 232

passes both Ol and Os. 233

Proxy tuning. A tuned SLM (p′s) imitates the 234

LLM while saving compute. Let pf = pl + (p′s − 235

ps); the fused output Og approaches LLM quality 236

by adding the delta between chat-tuned and base 237

SLM logits. 238

As shown in Table 1, in speculative decoding, 239

SLMs serve as the base models for fast generation, 240
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Table 1: Motivation, roles of SLMs and LLMs in different collaborative decoding methods.

Method Speculative Decoding Contrastive Decoding Proxy Tuning

Motivation Inference efficiency Factuality and Reasoning Training efficiency

Role of SLMs Drafter
(generates candidate tokens)

Amateur
(generates suboptimal tokens)

Domain expert
(provides delta logits)

Role of LLMs Verifier of draft tokens Expert generator Base logits provider

System 1 SLMs SLMs SLMs

System 2 LLMs LLMs + SLMs LLMs + SLMs (FT/Base)

Collaborations Generation-verification Logits fusion Logits fusion

while LLMs manage the more deliberate and slow241

aspects, providing interventions to the fast process.242

In contrast, there is difference in contrastive de-243

coding and proxy tuning, with SLMs introducing244

interventions into the LLM generation process. In245

addition to above methods, further exploration of246

other FS-GEN methods is displayed in supplemen-247

tary materials.248

3.3 Definition of Collaboration Frequency249

As shown in Figure 1 and as discussed previously,250

not all steps in the fast system’s generation require251

collaborations or interventions from the slow sys-252

tem. We denote the number of collaborations in253

FS-GEN methods as Nl and total length of gener-254

ated content as Ntotal. We defined collaboration255

frequency as CoF = Nl
Ntotal

, which is typically256

set to 1 in contrastive decoding and proxy tuning.257

We can establish a lower bound of collaboration258

frequency, denoted as CoFlower, which has been259

preliminarily proven in prior research (Kim et al.,260

2024) and is further discussed in § 5.1.1. The term261

“lower bound” denotes the minimal collaboration262

rate required for the text produced by SLMs (Sys-263

tem 1) to exactly match the output generated solely264

by SLMs and LLMs (System 2). We provide a265

running example for computing CoFlower in sup-266

plementary materials for better understanding.267

4 Empirical Study268

4.1 Experiment Setup269

Models. Our selection of language models pri-270

marily includes the Qwen (Bai et al., 2023) se-271

ries and Pythia series (Biderman et al., 2023), and272

OpenELM series (Mehta et al., 2024) which fea-273

ture the broadest range of model parameters. The274

Qwen series spans from 0.5B to 72B, while the275

Pythia series covers from 70M to 12B. For the276

FS-GEN methods, model combinations are strate-277

gically grouped based on size to facilitate collab- 278

orative decoding, such as pairing 0.5B with 14B, 279

and 7B with 72B. To validate and observe the orig- 280

inal behavior of models, we utilize the base models 281

in addition to implementing proxy tuning, which 282

involves combining base and chat models. For the 283

Pythia series, we fine-tuned the base models using 284

the deita-10k-v0 dataset (Liu et al., 2023). 285

Datasets. To explore the common features of 286

collaborative decoding across various tasks, our 287

experiments utilize datasets tailored to distinct do- 288

mains: MMLU-STEM (Hendrycks et al., 2021) for 289

general knowledge, GSM8k (Cobbe et al., 2021) 290

for math, and MBPP (Austin et al., 2021) for cod- 291

ing. Analysis is primarily conducted on the test 292

sets to mitigate the risk of training data leakage; 293

however, we also perform statistical analyses on 294

the training data for threshold setting. 295

Our experiments are conducted exclusively us- 296

ing greedy decoding, which effectively captures 297

the fundamental uncertainty associated with tokens 298

in both large and small models (Wang and Zhou, 299

2024). Drawing on previous studies involving spec- 300

ulative and contrastive decoding, greedy search 301

could potentially be adapted to sampling decoding 302

through temperature rescaling. (Leviathan et al., 303

2023; Chen et al., 2023, 2024). Additional imple- 304

mentation details are provided in supplementary 305

materials. 306

4.2 Experiment Design 307

Our empirical study investigates two key aspects of 308

collaboration in FS-GEN: frequency and position. 309

Collaboration frequency evaluates the minimum 310

necessary interactions between large and small lan- 311

guage models, enabling predictions of interaction 312

frequency across different model scales. Collabo- 313

ration position identifies specific interaction points, 314

predicting when collaboration is needed. For col- 315

laboration frequency, we first analyze lower bound 316
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of frequency across various model scales and tasks317

to identify trends (§ 5.1.1). Next, we examine a318

scaling law in FS-GEN that links models scale319

ratios with optimal interaction frequency for pre-320

diction (§ 5.1.2). For collaboration position, we ini-321

tially study mismatch points relative to generated322

content length (§ 5.2.1), followed by an analysis323

based on token uncertainty (§ 5.2.2).324

5 Experimental Results325

5.1 Exploring Collaboration Frequency326

5.1.1 What is the Lower Bound of the Number327

of Collaborations in FS-GEN Methods?328

Finding 1: 20% Collaborations (2:8 Law)

The lower bound of collaboration frequency
between models of different scales averages
less than 20% on various tasks and methods,
reflecting the 2:8 law (the Pareto Principle).

329

As illustrated in Figure 2 and 3, the collabora-330

tion frequency varies with the difference between331

the task and model combination. Notably, for the332

specific SLMs, the frequency of collaboration in-333

creases as the size of LLMs increases, while mod-334

els of similar sizes exhibit lower frequencies. When335

the parameters of the models are more closely336

aligned, the CoF lower is reduced, generally not ex-337

ceeding 20% across various tasks. This observation338

suggests that the parameter gap between models339

does not conform to traditional scaling laws, where340

task performance is typically emergent (Wei et al.,341

2022). It also indicates that scaling laws may be342

influenced by the continuity of metrics (Schaeffer343

et al., 2024), which are affected by token uncer-344

tainty. The primary distinction between large and345

small models lies in the selection of essential to-346

kens. Small models can be significantly enhanced347

by a few key tokens from larger models, particu-348

larly those that are difficult for them to select. This349

phenomenon is evident not only in oracle decoding,350

a form of speculative reasoning, but also in other351

collaborative decoding methods such as contrastive352

and proxy decoding.353

5.1.2 What is the Relationship Between354

Models’ Ratios and Lower Bounds?355

Finding 2: Parameters Scale Ratio Law

The frequency of collaboration between a
large and a small model during token gener-
ation is inversely proportional to the ratio of
their parameters raised to a specific power.

356

Inspired by previous works on the “Scaling 357

Law” (Kaplan et al., 2020; Ruan et al., 2024; Be- 358

siroglu et al., 2024; Hu et al., 2024), we aim to de- 359

velop a scaling law relating the models’ parameter 360

ratios to the lower bound of collaboration frequency 361

(CoF lower). Let number of parameters of Ml and 362

Ms are denoted as Nl and Ns respectively. Intu- 363

itively, the CoF lower is inversely proportional to 364

the scale ratio R = Nl
Ns

. The relationship between 365

the variables can be expressed by the equation: 366

CoF lower = γ ·R−α + β (1) 367

where γ is a negative constant that determines the 368

sensitivity of the CoF lower to the scale ratio, α is 369

the scaling exponent, β is a fitting parameter. As 370

the scale ratio R increases, the collaboration fre- 371

quency also increases. This is because the distance 372

between the output distributions of the larger model 373

and the smaller model increases (as “Scaling Law” 374

works), necessitating a higher proportion of collab- 375

oration CoF lower from the smaller model. Figure 4 376

shows the fitting curves for different R across var- 377

ious FS-GEN methods; the corresponding results 378

for the different evaluation tasks are available in 379

the appendix. The results indicate that the lower 380

bound of collaboration frequency is related to the 381

scale ratio between LLMs and SLMs, as well as 382

the specific tasks and methods involved. 383

We find that the fitting line is significantly in- 384

fluenced by the models’ performance, with better- 385

fitting accuracy observed in models with higher 386

performance. Additionally, we provide the fitting 387

line for the Pythia series in the appendix, which is 388

challenging to fit due to its weaker performance. 389

5.2 Exploring Collaboration Position 390

5.2.1 Which Part of the Generation Most 391

Requires Collaboration or Intervention? 392
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Figure 2: Collaboration frequency between models across various tasks (Qwen Series).
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Figure 3: Collaboration frequency between models across various tasks (Pythia Series).

Finding 3: “Well begun is half done”

As the adage suggests, collaborations are
most necessary at the beginning of the gener-
ation process, especially in reasoning tasks
such as mathematics and coding.

393

As discussed, interventions from LLMs are nec-394

essary only at mismatch positions in generations395

between SLMs and LLMs. As depicted in Fig-396

ure 5 and figures in appendix, we quantify these397

positions using a mismatch rate for all positions,398

analyzed with a 10% split where deeper colors indi-399

cate higher percentages and lighter colors represent400

lower percentages. Our initial analysis of mismatch401

positions across the entire generated content cor-402

roborates the importance of the generation’s start.403

Prior research on reasoning tasks demonstrates that404

the pass rate for smaller models can be significantly405

improved by substituting the initial steps with those406

generated by larger models (Jain et al., 2024; Wang407

and Zhou, 2024). This phenomenon is similarly ob-408

served during the collaborative decoding between409

large and small models. The findings reinforce the410

adage that a good start is crucial, largely due to the411

presence of more reliably conditioned tokens from412

larger language models. This effect is particularly 413

pronounced in GSM8k and MBPP tasks, illustrat- 414

ing that steps are more critical in reasoning tasks 415

than in common knowledge tasks. Additionally, 416

this finding could also support privacy protection 417

in cloud-device collaborations, as highlighted in 418

recent work (Zhang et al., 2024). 419

5.2.2 Which Position in Fast Generation Most 420

Requires Collaboration/Intervention? 421

Finding 4: Lost in Uncertain Tokens

Tokens exhibiting high uncertainty within
the fast system are likely to require collabo-
ration or intervention from the slow system.

422

Beyond a macro analysis of whole-length posi- 423

tion discrepancies, we also delve into the mismatch 424

token logits and internal uncertainty within the vo- 425

cabulary. Next token prediction (Radford et al., 426

2018, 2019; Brown et al., 2020; Achiam et al., 427

2023), a cornerstone of the “Scaling Law”, fur- 428

ther highlights differences between large and small 429

models. As depicted in Figure 6, this illustration 430

shows that only a few tokens during the generation 431

of a problem in the GSM8k task by small models 432
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Figure 5: Percentage of mismatch positions relative to length for model combinations across various datasets (Qwen
Series, Oracle).

require guidance from larger models, which are433

identified as red tokens.434

Compared to large models, small models often435

struggle with uncertain tokens, which leads to in-436

correct responses. These tokens exhibit a similar437

distribution, characterized by high uncertainty at438

each step, with particularly low confidence in the439

top token, which helps identify crucial collabora-440

tion points. These findings have become fundamen-441

tal principles for routing draft models in previous442

works (Kim et al., 2024; Du et al., 2024) on specula-443

tive decoding. We also observe their occurrence in444

various FS-GEN methods (i.e., contrastive decod-445

ing and proxy tuning), as detailed in supplementary446

materials. To further investigate the uncertainty of447

token logits, we conduct a visual analysis of the448

top-k token logits at each generative step, noting449

whether they match. The resulting correlation plots450

are displayed in supplementary materials. There is451

a high correlation between the mismatch positions452

and token uncertainty, particularly when more con-453

text tokens are considered. Additional cases and454

implementation details are provided in supplemen-455

tary materials.456

6 Discussion457

Difference in Various Tasks and Models. While458

subtle differences in results may arise from vari-459

ations in tasks and model capabilities, these dif- 460

ferences do not impact our primary findings. The 461

results are primarily influenced by two factors: data 462

size and model performance: 1) Data Size. Due 463

to computational constraints, we sampled approx- 464

imately 500 data points for each task. This lim- 465

ited sampling may introduce fluctuations in the 466

observed curves. 2) Model Performance. Param- 467

eter ratio scaling laws are strongly influenced by 468

model performance. While Qwen series models 469

exhibit consistent performance, Pythia models un- 470

derperform due to insufficient pretraining, which 471

affects the collaboration dynamics between large 472

and small models. 473

Cost-aware Collaboration Optimization. In 474

our experiments, we illustrate the lower bound of 475

collaboration frequency; however, achieving this 476

in practice is not fully feasible. We can optimize 477

the collaboration frequency by examining token 478

uncertainty, employing heuristic rules (Kim et al., 479

2024) that prove challenging to scale automatically 480

across various scenarios. As shown in the right of 481

Figure 7, we perform token-level routing based on 482

threshold of the top-1 token logits from SLMs for 483

proxy tuning, demonstrating promising efficiency- 484

quality trade-offs for practical optimization. We 485

use logits as features for routing, while other re- 486

lated metrics, such as entropy and perplexity-based 487

7



Question: Colby works for a manufacturing company in the packaging division. He gets paid $0.20 for every
package he completes. If he completes 10 less than 50 packages per hour, how much money, in dollars, does
he earn in a typical eight-hour workday? Let’s think step by step
SLM Results(Wrong): Colby works 50 - 10 = 40 packages per hour.\n He completes 10 less than 50 packages
per hour, so he completes 40 - 10 = 30 packages per hour.\n He earns $0.20 for every package he completes, so
he earns 30 * $0.20 = $6.\n In a typical eight-hour workday, he earns $6 * 8 = $48.\n The answer is 48
Collaborative Decoding Results(Correct):
Col by completes 5 0 - 1 0 = 4 0 packages per hour .\n In an eight -hour work day , he
completes 4 0 * 8 = 3 2 0 packages .\n He earns 3 2 0 * $ 0 . 2 0 = $ 6 4 per day .\n The
answer is 6 4 . <|im_end |>

Col by  completes  5 0  -  1 0  =  

4 0  packages  per  hour
.

In  an  eight -hour  work day

,  he  completes  4 0  *  8  =  3

2 0  packages
.

He  earns  3 2 0  *  $

0 . 2 0  =  $ 6 4  per  day
.

The

 answer  is  6 4 . <|im_end|>

Figure 6: Visualization of token uncertainty in SLMs and LLMs. Red signifies mismatch tokens, while Blue
indicates match tokens; darker shades represent higher confidence, where only with interventions from LLMs on
red tokens can SLMs provide the correct answers.
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Figure 7: Top: 3D visualization of feature distribution for mismatch/uncertain-token logits (1 & 5 tokens). Bottom:
Routing with Top-1 token logits of SLM for Proxy Tuning (Qwen Series).

logits, can be also explored. More analyses are488

provided in the Appendix. In conclusion, few stud-489

ies consider these optimization of inference costs.490

Future research could explore strategies to balance491

inference costs and performance within a defined492

budget (Shen et al., 2024).493

More Model Series and Architecture. In494

this paper, we exclusively conduct experiments on495

Qwen-series and Pythia-series models, which uti-496

lize transformer-based architecture. While further497

analysis could extend to different model series such498

as Llama and Yi (AI et al., 2024) models, the pa-499

rameter scales of these models are not as extensive500

as those of the Qwen models. Additionally, recent501

state space models (SSM) (Gu et al., 2022) like502

Mamba (Gu and Dao, 2024; Dao and Gu, 2024)503

and hybrid architectures combining SSM and at-504

tention mechanisms, such as Jamba (Lieber et al., 505

2024), are garnering researcher interest. Specula- 506

tive decoding, when applied to multimodal mod- 507

els (Gagrani et al., 2024), allows for the expansion 508

of FS-GEN methods across various multimodal 509

applications (Zhu et al., 2023; Team, 2024) Our 510

findings can be further verified on these models. 511

7 Conclusion 512

In conclusion, we analyze collaborative decoding 513

through a fast–slow generation paradigm. Across 514

speculative decoding, contrastive decoding, and 515

emulator fine-tuning, we show that effective col- 516

laboration typically requires limited slow-model 517

intervention, and is largely determined by the fast 518

model’s uncertainty in next-token prediction. 519

8



Limitations520

Our experiments are limited to Transformer-series521

models, which use a transformer-based architecture.522

Extending the analysis to other model series like523

Llama, or recent state space models (SSM) such as524

Mamba and hybrid architectures like Jamba could525

provide further insights. However, they are still526

limited in terms of the wide range of parameters.527

Additionally, while we present the lower bound of528

collaboration frequency, achieving this in practice529

is challenging due to the difficulty in automatically530

scaling heuristic rules for different scenarios. Our531

tasks were focused on chat, math, coding, and gen-532

eral QA; more complex applications such as agent-533

based tasks and domains like finance, medical, and534

law should be explored. Currently, we propose535

a preliminary fitting law that still requires further536

empirical validation. We also hope this law can537

help us achieve a better balance between speed and538

performance in collaborative decoding. Finally, we539

did not fully address the balance between inference540

costs and performance, an area that requires further541

investigation to optimize within defined budgets.542

Future research should also include a broader range543

of tasks and more comprehensive data analysis to544

validate and extend our findings.545

Ethics546

This paper focuses on foundational findings in547

open-sourced models and publicly available bench-548

marks. Our empirical analysis enhances under-549

standing of black-box LLMs, which helps miti-550

gate potential risks associated with their deploy-551

ment. Improved transparency and predictability in552

LLM behavior contribute to safer and more reliable553

AI systems. Additionally, collaborative decoding554

methods, which aim to protect user data privacy,555

can benefit from our findings by further enhanc-556

ing and improving privacy measures. This ensures557

that user data remains secure during the decoding558

process, aligning with ethical standards for data559

protection and privacy.560
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A Related Work921

Speculative decoding (Leviathan et al., 2023; Kim922

et al., 2024; Sun et al., 2024) speeds up LLM in-923

ference by coupling a cheap drafter (SLM) with924

a costly verifier (LLM). Current efforts focus on925

(i) more capable drafters to boost the fraction of926

tokens that pass verification (Xia et al., 2023; Liu927

et al., 2024b), and (ii) lighter (lossless or approx-928

imate) verification for both greedy and sampling929

regimes (Stern et al., 2018; Xia et al., 2023; Fu930

et al., 2023b). While most approaches fix the draft931

length, recent work adapts it dynamically (Mamou932

et al., 2024; Shen et al., 2024). Contrastive de-933

coding (Li et al., 2022) blends logits from an ex-934

pert and an amateur to reduce hallucinations and935

improve reasoning (O’Brien and Lewis, 2023; Sen-936

nrich et al., 2023). Contrasting models with/with-937

out context further lowers factual errors (Jin et al.,938

2024). Research mainly refines fusion rules; how939

much collaboration is truly required remains open.940

Emulator (Mitchell et al., 2023) and proxy tun-941

ing (Liu et al., 2024a) add a third model: an SLM942

fine-tuned to imitate a large chat model via ∆ log-943

its. Other work orchestrates multiple LLMs for944

domain generalisation (Shen et al., 2024) or cloud-945

device cooperation with privacy guarantees (Zhang946

et al., 2024). Scaling laws for parameters, data947

and rewards (Kaplan et al., 2020; Hoffmann et al.,948

2022; Gao et al., 2022) explain why certain abili-949

ties emerge only in large models (Wei et al., 2022).950

Recent analyses attribute the seeming discontinuity951

to discrete evaluation metrics; continuous token-952

level scores reveal smoother trends (Schaeffer et al.,953

2024; Hu et al., 2024). We revisit these size-related954

gaps through the lens of collaborative decoding and955

token uncertainty.956

Despite rapid progress, a systematic empirical957

account of why and when collaboration helps is958

missing. Our study fills this gap, quantifying abil-959

ity differences between LLMs and SLMs and trans-960

lating the findings into higher decoding efficiency961

and quality.962

B Definition of More FS-GEN methods963

In accordance with specific definitions for various964

FS-GEN methods in § 3.2, we introduce additional965

variants as follows:966

Mitchell et al. (2023) propose emulator tuning,967

which, like proxy tuning, is motivated similarly but968

differs in implementation. In this configuration,969

the SLMs are also divided into a base version and970

a chat version, with their logits represented as ps 971

for the base version and p′s for the chat version. 972

The fused logits are represented by pf = pl ·
(
p′s
ps

)
, 973

indicating that Og combines the insights of the in- 974

cremental changes between the tuned and untuned 975

states of the SLMs, approaching the performance 976

of a fully tuned LLMs. 977

Zhang et al. (2024) propose CoGenesis for se- 978

cure, context-aware instruction following. In the 979

logits-level variant of CoGenesis, the inputs for 980

LLMs and SLMs differ, denoted as Xl ̸= Xs. 981

This approach utilizes predictions from both SLMs 982

and LLMs, where SLMs generate personalized 983

content and LLMs produce outlines. In this con- 984

figuration, the reference logits are calculated as 985

pf = f(pl − ps), where f represents a trained 986

model that combines features from both, and Og 987

outperforms both Ol and Os. This indicates that 988

Og effectively leverages the strengths of both mod- 989

els while preserving the privacy of user data. 990

C Running Example for Collaborative 991

Decoding 992

To enhance understanding of our empirical study 993

settings for collaborative decoding, we provide 994

a running example with step-by-step verification. 995

This example demonstrates the process of judging 996

matches or mismatches in the generation of SLMs 997

using generated context from mix-scaled models, 998

as observed in the results of collaborative decoding. 999

Our primary objective is to analyze the frequency 1000

of collaboration in various decoding settings. In 1001

our research, we explore collaborative decoding 1002

(CoDec) at all steps (CoF = 1), for the given 1003

example in Table 2. For a lower collaboration fre- 1004

quency (CoFlower), we input the outputs of CoDec 1005

into smaller models token by token to assess the 1006

consistency of top tokens. (CoDec represents spec- 1007

ulative decoding ,contrastive decoding or proxy tun- 1008

ing). Assuming there are three mismatched tokens 1009

(e.g., "former", "78"), the calculated CoFlower = 1010
2
18 . However, unnecessary collaborations may oc- 1011

cur even when matches are identified, leading to an 1012

variable where CoFlower ≤ CoF ≤ 1. This mo- 1013

tivates our investigation into the lower bounds of 1014

collaboration frequency, aiming to achieve similar 1015

outputs as full collaborative decoding with minimal 1016

collaborative steps. Our findings demonstrate this 1017

is a universal phenomenon across different collabo- 1018

rative decoding methods. 1019

Speculative decoding currently selects a fixed 1020
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number of tokens (K-tokens) for generation-1021

verification, which does not effectively reach. In1022

contrast, methods such as contrastive decoding1023

and proxy tuning entail collaborations at each step1024

(CoF = 1), which may not always be necessary.1025

D Implementation Details1026

In speculative decoding, the number of tokens gen-1027

erated by draft small models is set as a hyperpa-1028

rameter, denoted as K. In our empirical study,1029

we define K = 1 as representing oracle decod-1030

ing rather than speculative decoding. Although the1031

experimental results are equivalent, implementing1032

and analyzing K = 1 is simpler.1033

For each task across all methods, we adapt1034

in-context few-shot to enhance generation per-1035

formance under base models, using 5-shots for1036

MMLU, 10-shots for MBPP, and 8-shots for1037

GSM8k. The few-shot examples are unified into a1038

chain-of-thought format (Fu et al., 2023a).1039

Note that we regard the outputs from collabora-1040

tive decoding as references; therefore, we do not1041

compute accuracy for each task. By default, results1042

from collaborative decoding are generally better1043

than those from either smaller or larger models1044

alone. Our primary focus is on exploring the dif-1045

ferences between larger and smaller models, rather1046

than comparing them to the ground truth.1047

Additionally, our intent was to compare the top-1048

1 token selected by the SLM and the collabora-1049

tive models under greedy decoding. While the1050

final token is obtained using argmax logits, this1051

approach is effectively equivalent to using prob-1052

abilities after applying softmax. Therefore, we1053

use logits throughout the main content, although1054

probabilities could also be used for better under-1055

standing. For contrastive decoding, we primarily1056

follow the implementation in (O’Brien and Lewis,1057

2023) rather than previous works (Li et al., 2022).1058

This approach directly utilizes unnormalized scores1059

(logits) assigned by the amateur and expert models.1060

In current work, we use greedy decoding to com-1061

pute the matching rate of tokens between small and1062

large language models. This choice aligns with1063

our initial motivation of achieving collaborative1064

decoding with minimal intervention in small mod-1065

els, treating the collaborative decoding results as1066

golden tokens. For scenarios where exact matching1067

is less critical and the focus shifts to performance-1068

speed optimization, other sampling techniques can1069

be explored. These techniques might yield better1070

performance with reduced collaboration frequency, 1071

leading to more efficient collaborations. However, 1072

quantifying results becomes more challenging due 1073

to the increased uncertainty introduced by sam- 1074

pling. We believe this is an exciting direction for 1075

future research, as it opens up possibilities for bal- 1076

ancing efficiency and performance through alterna- 1077

tive decoding strategies. 1078

E More Empirical Results 1079

E.1 Results on Collaboration Frequency 1080

To validate the robustness of our findings, we con- 1081

ducted additional experiments on GPQA, MedQA, 1082

and IFEval, which include biology, medical, and 1083

physics question-answering tasks, as well as 1084

instruction-following tasks in open-domain set- 1085

tings. As shown in Table 3, the results indicate 1086

that the collaboration frequency consistently re- 1087

mains below 20% across various methods, tasks, 1088

and model combinations. Furthermore, we observe 1089

a decreasing trend in collaboration frequency as the 1090

ratio of model parameters decreases. 1091

We also found that the collaboration rate of gen- 1092

eral models on domain-specific tasks is slightly 1093

higher than on general tasks. When extending 1094

model collaborations from generalist to special- 1095

ist tasks, we anticipate that the collaboration fre- 1096

quency will decrease due to the narrower distri- 1097

bution of domain-specific terminology. However, 1098

the limited availability of comprehensive special- 1099

ized model series constrains further analysis at this 1100

stage, leaving this exploration for future work. 1101

We present the fitting line for the parameter scale 1102

ratio law of the Pythia series in Figure 8. In com- 1103

parison to the Qwen series and OpenELM series 1104

shown in Figures 4 and 9, the Pythia series exhibit 1105

weaker performance, making it more challenging 1106

to fit the lines accurately. 1107

E.2 Results on Collaboration Position 1108

We provide heatmaps of mismatch positions rela- 1109

tive to Pythia model combinations for contrastive 1110

decoding and emulator fine-tuning in Figures 13 1111

and 14 respectively. These heatmaps reveal find- 1112

ings similar to those obtained from oracle decod- 1113

ing and support the adage that “well begun is half 1114

done”. 1115

The difference between Figures 15 and 7 lies in 1116

the selection of tokens within the generated content. 1117

Specifically, we select only one token for the for- 1118

mer and five continuous tokens for the latter. This 1119
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Table 2: Running example for the computation of lower collaboration frequency.

Input:
User: "Who is Donald Trump?"
Assistant: "Donald Trump is the former President of the United States, who is 78 years old now."

Computation:
- First token verification, match:

- CoDec: [Assistant]: "Donald"
- Small: [Assistant]: "Donald"

- Second token verification, match:
- CoDec: [Assistant]: "Donald Trump"
- Small: [Assistant]: "Donald Trump"

- ...
- 5th token verification, mismatch:

- CoDec: [Assistant]: "Donald Trump is the former President"
- Small: [Assistant]: "Donald Trump is President"

- ... (match)
- 14th token verification, mismatch:

- CoDec: [Assistant]: "Donald Trump is the former President of the United States, who is 78"
- Small: [Assistant]: "Donald Trump is the former President of the United States, who is 80"

- ... (match)

Table 3: Collaboration frequency for Qwen models across GPQA, IFEval, and MedQA datasets.

CoFlower GPQA IFEval MedQA

SD CD PT SD CD PT SD CD PT

Qwen1.5-0.5B w 7B 0.162 0.211 0.157 0.208 0.298 0.200 0.230 0.296 0.225
Qwen1.5-1.8B w 7B 0.130 0.198 0.133 0.174 0.238 0.164 0.194 0.314 0.190
Qwen1.5-4B w 7B 0.099 0.155 0.098 0.149 0.221 0.145 0.169 0.308 0.165

relationship between the top-k logits for each posi-1120

tion and mismatches with large models is clearly1121

evident in the visualization. The results further in-1122

dicate that identifying mismatch positions benefits1123

from additional context at each step.1124

We provide additional model combinations for1125

visualization of token-level uncertainty, as shown1126

in Figure 28, 29, 30, 31, 32, 33. This figure1127

also demonstrates that the uncertainty in tokens1128

of SLMs results in incorrect answers. Examples1129

illustrating uncertainty in SLMs using contrastive1130

decoding and proxy tuning are presented in Fig-1131

ures 34 and 35, respectively.1132

F Practical Application1133

F.1 Quantitive Results of Uncertainty1134

Analysis1135

To strengthen the evidence supporting our uncer-1136

tainty analysis, we provide the corresponding quan-1137

titative results from the clustering in Figures 151138

and 16, generalizing across all model combinations1139

and methods. We utilize the following metrics to1140

evaluate the correlation between matched and mis-1141

matched token logits:1142

• Silhouette Coefficient (SC). This metric 1143

(range: -1 to 1) assesses clustering quality 1144

by comparing intra-cluster cohesion and inter- 1145

cluster separation. Values >0.5 indicate strong 1146

clustering performance. A high SC value de- 1147

rived from Pearson or Spearman correlation 1148

demonstrates that the metric aligns well with 1149

the data. 1150

• Davies-Bouldin Index (DBI). The DBI (range: 1151

[0,∞]) measures clustering compactness and 1152

separation, where lower values (<1) suggest 1153

better clustering quality. A low DBI derived 1154

from correlation methods indicates effective 1155

uncertainty estimation. 1156

• Mean Cluster Center Distance (MCCD). 1157

MCCD measures the separation between clus- 1158

ter centers, with larger values indicating better 1159

distinction. Correlation methods that amplify 1160

these distances demonstrate their alignment 1161

with the data. 1162

As shown in Table 4, our results demonstrate the 1163

effectiveness of uncertainty estimation: SC values 1164

are consistently close to 0.5; DBI values are below 1165
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Figure 9: The Fitting Line of Parameters Scale Ratio Law for OpenELM Series.

1, indicating compact and well-separated clusters;1166

MCCD values range between 10 and 20, reflecting1167

robust inter-cluster distinction. An exception is ob-1168

served with Pythia series models, likely due to their1169

insufficient pretraining. In conclusion, these results1170

validate the effectiveness of Finding 4 discussed in1171

Section 5.2.2.1172

F.2 Token-level Routing for Collaborative1173

Decoding1174

Based on the quantitative results presented in Sec-1175

tion F.1, we propose practical applications for1176

proxy tuning, illustrated in Figure 7 and Figure 17.1177

By utilizing only a few key positions for collabo-1178

rative decoding, we can achieve higher accuracy1179

outputs based on SLMs. These results highlight1180

the effectiveness of token-level routing from SLMs1181

to mix-scaled models using only the logits of the1182

top-1 token from SLMs. Additionally, we provide1183

a qualitative analysis of other related metrics, such1184

as entropy and perplexity of the next token from1185

SLMs, in Figure 27. These metrics exhibit simi-1186

larly distinguishable distributions and offer prelim-1187

inary potential for routing.1188
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Figure 10: Percentage of mismatch positions relative to length for model combinations across various datasets
(Qwen Series, Contrastive Decoding).
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Figure 11: Percentage of mismatch positions relative to length for model combinations across various datasets
(Qwen Series, Proxy Tuning).
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Figure 12: Percentage of mismatch positions relative to length for model combinations across various datasets
(Pythia Series, Oracle Decoding).
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Figure 13: Percentage of mismatch positions relative to length for model combinations across various datasets
(Pythia Series, Contrastive Decoding).
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Figure 14: Percentage of mismatch positions relative to length for model combinations across various datasets
(Pythia Series, Proxy FineTuning).

Figure 15: KDE and scatter visualization of logits distribution for mismatch/uncertain tokens from SLMs (Qwen
Series). We provide the corresponding quantitative results in the Appendix F.1.

Figure 16: KDE and scatter visualization of feature distribution for mismatch/uncertain tokens (1 & 5 tokens)
(Pythia Series).
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Models Metric GSM8k MMLU MBPP
5 tokens 1 token 5 tokens 1 token 5 tokens 1 token

Qwen1.5
SC 0.465 0.503 0.445 0.457 0.470 0.469
DBI 0.806 0.805 0.838 0.917 0.772 0.909

MCCD 7.533 18.176 11.036 15.64 13.431 16.156

Pythia
SC 0.465 0.358 0.485 0.286 0.464 0.315
DBI 0.790 1.180 0.755 1.416 0.779 1.300

MCCD 21.584 14.125 22.584 16.289 21.325 16.843

Table 4: Correlation Between Match/Mismatch Tokens and Top-K Token Logits of SLMs.
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Figure 17: Routing with Top-1 Token Logits of SLM for Contrastive Decoding (Qwen Series).
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Figure 18: Entropy GPQA
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Figure 24: PPL_SEQ GPQA
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Figure 25: PPL_SEQ MEDQA
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Figure 26: PPL_SEQ IFEVAL

Figure 27: Comparison of Routing Metrics across Datasets

Question:The expenditure of Joseph in May was $500. In June, his expenditure was $60 less. How much was
his total expenditure for those two months? Let’s think step by step
LLM: Qwen-1.8B
SLM: Qwen-0.5B
SLM Results(Correct): In June, Joseph’s expenditure was $500 - $60 = $440.\nSo in total, his total
expenditure for May and June was $500 + $440 = $940.\nThe answer is 940
Collaborative Decoding Results(Wrong):
Joseph ’s total expenditure for May and June is $ 5 0 0 + $ 6 0 = $ 5 6 0 .\n The answer is 5
6 0 . <|im_end |>

Joseph 's  total  expenditure  for  May  and  June  is  $ 5 0

0  +  $ 6 0  =  $ 5 6 0
.

The

 answer  is  5 6 0 . <|im_end|>

Figure 28: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.
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Question: Grace weighs 125 pounds. Alex weighs 2 pounds less than 4 times what Grace weighs. What are
their combined weights in pounds? Let’s think step by step
LLM: Qwen-1.8B
SLM: Qwen-0.5B
SLM Results(Wrong): Alex weighs 4 * 125 - 2 = 480 pounds.\nGrace weighs 125 + 480 = 625 pounds.\nTheir
combined weights in pounds are 625 + 125 = 750 pounds.\n\nTherefore, the answer is 750.
Collaborative Decoding Results(Wrong):
Alex weighs 4 * 1 2 5 - 2 = 5 0 2 pounds .\n Their combined weight is 1 2 5 + 5 0 2 =
6 2 7 pounds .\n The answer is 6 2 7 . <|im_end |>

Alex  weighs  4  *  1 2 5  -  2

 =  4 8 8  pounds
.

Their  combined  weight  is  

1 2 5  +  4 8 8  =  6 1

3  pounds
.

The  answer  is  6 1 3 . <|im_end|>

Figure 29: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.

Question: A bakery has 40 less than seven times as many loaves of bread as Sam had last Friday. If Sam had
seventy loaves of bread last Friday, how many loaves of bread does the bakery have? Let’s think step by step
LLM: Qwen-1.8B
SLM: Qwen-0.5B
SLM Results(Wrong): The bakery has 7 * 40 = 280 loaves of bread.\nIf Sam had 70 loaves of bread last
Friday, then the bakery has 280 - 70 = 210 loaves of bread.\nThe answer is 210
Collaborative Decoding Results(Wrong):
If Sam had 7 0 lo aves of bread last Friday , then the bakery has 7 0 - 4 0 = 3 0 lo aves of
bread .\n #### 3 0 \n The answer is : 3 0 <|im_end |>

If  Sam  had  7 0  lo aves  of  bread  last  Friday

,  then  the  bakery  has  7 0  -  4 0

 =  3 0  lo aves  of  bread
.

####  3

0 The  answer  is :  3 0 <|im_end|>

Figure 30: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.
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Question: The expenditure of Joseph in May was $500. In June, his expenditure was $60 less. How much was
his total expenditure for those two months? Let’s think step by step
SLM Results(Correct): In June, Joseph’s expenditure was $500 - $60 = $440.\nSo in total, his total
expenditure for May and June was $500 + $440 = $940.\nThe answer is 940
LLM: Qwen-4B
SLM: Qwen-1.8B
Collaborative Decoding Results(Correct):
In May , Joseph spent $ 5 0 0 .\n In June , his expenditure was $ 6 0 less , so he spent $ 5 0 0
- $ 6 0 = $ 4 4 0 .\n To find the total expenditure for those two months , we add the expenditures
: $ 5 0 0 + $ 4 4 0 = $ 9 4 0 .\n The answer is 9 4 0 . <|im_end |>

In  May ,  Joseph  spent  $ 5 0 0
.

In  June

,  his  expenditure  was  $ 6 0  less ,  so  he  spent

 $ 5 0 0  -  $ 6 0  =  $ 4 4

0
.

To  find  the  total  expenditure  for  those  two  months ,

 we  add  the  expenditures :  $ 5 0 0  +  $ 4

4 0  =  $ 9 4 0
.

The  answer  is  

9 4 0 . <|im_end|>

Figure 31: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.
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Question: Trent is 5 years older than Jane, and Jane is 3 years younger than Quinn. If Quinn is 30, how old is
Trent? Let’s think step by step
SLM Results(Wrong): Trent is 5 years older than Jane, so Jane is 30 - 5 = 25 years old.\nJane is 3 years
younger than Quinn, so Quinn is 30 + 3 = 33 years old.\nIf Quinn is 30, then Trent is 33 - 3 = 30 years
old.\nThe answer is 30
LLM: Qwen-4B
SLM: Qwen-0.5B
Collaborative Decoding Results(Correct):
Qu inn is 3 0 years old . Jane is 3 years younger than Quinn , so Jane is 3 0 - 3 = 2 7 years
old . Trent is 5 years older than Jane , so Trent is 2 7 + 5 = 3 2 years old . The answer is
3 2 . <|im_end |>

Qu inn  is  3 0  years  old .  Jane  is  

3  years  younger  than  Quinn ,  so  Jane  is  3 0

 -  3  =  2 7  years  old .  Trent  is

 5  years  older  than  Jane ,  so  Trent  is  2

7  +  5  =  3 2  years  old .  The

 answer  is  3 2 . <|im_end|>

Figure 32: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.

Question: Trent is 5 years older than Jane, and Jane is 3 years younger than Quinn. If Quinn is 30, how old is
Trent? Let’s think step by step
SLM Results(Correct): If Quinn is 30 years old, then Jane is 30 - 3 = 27 years old.\nSince Trent is 5 years
older than Jane, Trent is 27 + 5 = 32 years old.\n\nThe answer is 32.
LLM: Qwen-4B
SLM: Qwen-1.8B
Collaborative Decoding Results(Correct):
Qu inn is 3 0 years old . Jane is 3 years younger than Quinn , so Jane is 3 0 - 3 = 2 7 years
old . Trent is 5 years older than Jane , so Trent is 2 7 + 5 = 3 2 years old . The answer is
3 2 . <|im_end |>

Qu inn  is  3 0  years  old .  Jane  is  

3  years  younger  than  Quinn ,  so  Jane  is  3 0

 -  3  =  2 7  years  old .  Trent  is

 5  years  older  than  Jane ,  so  Trent  is  2

7  +  5  =  3 2  years  old .  The

 answer  is  3 2 . <|im_end|>

Figure 33: Visualization of Token Contributions. Red signifies mismatch tokens, Blue indicates match tokens,
with darker shades representing higher weights.
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Question: A crocodile grows 8 inches long in 4 years. At this rate, how many inches will it grow in 13
years?\nLet’s think step by step\n
SLM Results(Wrong): A crocodile grows 8 inches long in 4 years, so in 13 years it will grow 8 * 13 = 104
inches.\nThe answer is 104
LLM: Qwen-4B
SLM: Qwen-0.5B
Collaborative Decoding Results(Correct):
The cro codile grows 8 inches in 4 years , so it grows 8 / 4 = 2 inches per year .\n In 1 3
years , it will grow 2 * 1 3 = 2 6 inches .\n The answer is 2 6 . <|im_end |>

The  cro codile  grows  8  inches  in  4  years ,

 so  it  grows  8 / 4  =  2  inches  per

 year
.

In  1 3  years ,  it  will  grow  

2  *  1 3  =  2 6  inches
.

The

 answer  is  2 6 . <|im_end|>

Figure 34: Visualization of Token Contributions in Contrastive Decoding. Red signifies mismatch tokens, Blue
indicates match tokens, with darker shades representing higher weights.

Question: After transferring to a new school, Amy made 20 more friends than Lily. If Lily made 50 friends,
how many friends do Lily and Amy have to gether?\nLet’s think step by step\n
SLM Results(Correct): Amy made 20 more friends than Lily, so she made 50 + 20 = 70 friends.\nLily made
50 friends, so together they have 70 + 50 = 120 friends.\nThe answer is 120
LLM: Qwen-1.8B
SLM: Qwen-0.5B
Collaborative Decoding Results(Correct):
Amy made 2 0 more friends than Lily , so Amy made 5 0 + 2 0 = 7 0 friends .\n L ily and
Amy have a total of 5 0 + 7 0 = 1 2 0 friends \n The answer is 1 2 0 <|im_end |>
Amy  made  2 0  more  friends  than  Lily ,  so  Amy

 made  5 0  +  2 0  =  7 0

 friends
.

L ily  and  Amy  have  a  total  of  5

0  +  7 0  =  1 2 0  friends

The  answer  is  1 2 0 <|im_end|>

Figure 35: Visualization of Token Contributions in Proxy Tuning. Red signifies mismatch tokens, Blue indicates
match tokens, with darker shades representing higher weights.
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