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Abstract

Named Entity Recognition (NER) is a foun-
dational component in many language tasks,
such as knowledge graph construction, in-
formation extraction, and question answer-
ing. However, existing NER models typ-
ically output a single predicted label se-
quence without any quantification of uncer-
tainty, leaving downstream applications vul-
nerable to cascading errors. We introduce
a conformal prediction framework for NER
that produces prediction sets over full label
sequences with finite-sample coverage guar-
antees, serving an analogous role to confi-
dence intervals in classical statistics. To tai-
lor the general conformal prediction method-
ology to the NER application, we propose
the use of Mondrian conformal prediction ac-
cording to input length and language, hybrid
probability-index nonconformity scores, and
a modified RAPS procedure for sequence la-
beling. These techniques mitigate the prob-
lem of overly large prediction sets while
maintaining valid coverage. Experiments on
CoNLL++, CoNLL-Reduced, and WikiNEu-
Ral benchmarks demonstrate that our meth-
ods consistently achieve the target confi-
dence while producing efficient prediction
sets across diverse base models. This work
establishes a statistically principled approach
to uncertainty-aware NER with direct ben-
efits for downstream knowledge-driven NLP
systems.
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1 INTRODUCTION

Named entity recognition (NER) involves identifying
spans of text corresponding to specific categories of
real-world named entities such as persons, locations,
and organizations (Weischedel et al., [2011). NER
serves as a critical first step for many complex nat-
ural language processing (NLP) applications, includ-
ing named entity disambiguation (NED), informa-
tion extraction, question answering, and text sum-
marization (Yamada et al., [2016; [Molla et al., [2006;
Nan et al) |2021)). Formally, the NER task can be
defined as follows: Given a dataset of N labeled

samples D = {(w;,yi)}Y,, each observation w; =
(Wi 1, W;2,...,w;y,) denotes the observed input word

sequence of length ¢; and y; = (¥i1,¥i,2,---, i) the
associated sequence of class labels, where y; ; € L.
The label space L consists of entity types together with
the non-entity label and special start/stop indicators.
Because entities may span multiple words, the inside-
outside-beginning (IOB2) tagging scheme (Sang and
Veenstral, [1999) is typically used.

As an illustration, consider the example sentence:
Sarah is from New York City. An accurate NER sys-
tem using the IOB2 tagging scheme would output Ta-
ble These entity tags enable downstream modules
to further process the text, such as linking “Sarah” to
a specific individual in a database or connecting “New
York City” to a specific location.

Word‘ Sarah is from
Label ‘ B-PER O (0]

New
B-LOC

York City
I-LOC I-LOC

Table 1: IOB2 NER labels for an English sentence.

Despite their critical role, NER systems often provide
only a single predicted label sequence for an input sen-
tence, without any measure of confidence or uncer-
tainty (see Table . This lack of uncertainty quan-
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tification can lead to error propagation in downstream
tasks. For instance, if the NER model incorrectly iden-
tifies “New York” (rather than “New York City”) as
a location, a subsequent NED system might link it to
the state of New York instead of the city, introduc-
ing semantic inaccuracies. These kinds of errors are
particularly detrimental when NER outputs are used
in high-stakes domains such as biomedical literature
mining, legal document analysis, or automated knowl-
edge base population. Yet current NER frameworks,
including those based on sequence labeling (Ma and
Hovyl [2016; [Lample et al., 2016)), substring classifi-
cation (Zhong and Chenl 2020)), and machine reading
comprehension (Li et al., 2019)), typically offer no way
to quantify the uncertainty of their predictions.

In this paper, we propose a rigorous and flexible frame-
work to incorporate uncertainty quantification into
NER models. Rather than producing a single output
that is either correct or incorrect, our method gen-
erates a set of plausible labels that is guaranteed to
contain the true label with a certain probability. This
probability can be specified by the user. This predic-
tion set plays a role analogous to a confidence interval
in classical statistics, offering a statistically valid quan-
tification of uncertainty tailored to the NER task.

Specifically, we focus on the sequence labeling formu-
lation of NER, where each word in the sentence is
mapped to a tag indicating whether it is part of an en-
tity and what type it belongs to (see Table. Our pro-
posed approach produces sets of plausible full-sentence
labelings that are guaranteed to contain the correct la-
beling with a user-specified confidence level. For the
example sentence in Table 1, rather than outputting
only one labeling (e.g., tagging “New York” as the lo-
cation), our method might produce a set that includes
both “New York” and “New York City” as possible lo-
cation spans, thereby providing a clear and objective
quantification of uncertainty and mitigating the risk
of downstream error propagation.

We choose the sequence labeling formulation of NER
over other span-based formulations due to the output’s
ability to contain multiple NER entities with contex-
tual information relating one entity to another. The
full NER label space is defined as
L= {lOv lla ceey le, lstarta lend}a

where c¢ is the number of entity types, [y is the non-
entity label, and lsart, lena are special start/stop indi-
cators. The goal of NER is to learn a mapping y for
each sentence, where the space of possible labelings is
|£]t and t is the length of the sentence.

In related work, incorporating uncertainty quantifica-
tion (UQ) into NLP tasks is a growing field of research

with many techniques and applications (Shorinwa
et al., 2025; [Hu et al., 2023 |(Campos et al., [2024).
UQ seeks to quantify both aleatoric (inherent vari-
ability in data) and epistemic uncertainty (stemming
from model limitations). The increasing deployment of
black-box machine learning models has driven a paral-
lel rise in the importance of UQ techniques, as black-
box models are unable to be understood/reasoned with
and provide little to no statistical guarantees when
compared to more principled statistical techniques.
While this paper focuses on UQ in model outputs,
there has been substantial research on utilizing uncer-
tainty for auxiliary tasks such as model training (Nie
et al., [2025).

UQ in NER remains a nascent topic. |[Zhang et al.
(2024)) performs NER via two models, a local span-
identification model and an LLM-based classification
model, with uncertainty-aware outputs from the span-
identification model being an input to the second clas-
sification step. Prior UQ methods for NER also in-
clude model calibration (Liang et al.,|2021)), ensemble-
based approaches (Yang et all) [2024; [Akkasi and
Varoglu, 2016; [He et al., [2023]), Bayesian inference
(Akkasi and Varoglu, |2016; [Maragoudakis et al., [2006;
He et al.| [2023), among active learning and other sta-
tistical techniques (Nguyen et al., 2021; |Liu et al.|
2022a; |[Vazhentsev et al., |2022)). Each of these meth-
ods has merits but also notable limitations in the
NER context. Calibration methods aim to align pre-
dicted probabilities with empirical frequencies. Well-
calibrated outputs can be used to generate prediction
sets, but these methods are highly vulnerable to mis-
calibration since calibration failures can compromise
coverage guarantees. Ensemble methods rely on model
diversity, such as bootstrapping, dropout, or varying
seeds, to estimate uncertainty. However, they are com-
putationally expensive and difficult to deploy at scale.
Bayesian methods offer a theoretically sound alterna-
tive, but full Bayesian neural networks are challenging
to train and scale.

Conformal prediction (Angelopoulos et all [2023;
Shafer and Vovk, [2008]), in contrast, provides a sta-
tistically principled and scalable UQ framework, mak-
ing it especially well-suited to the challenges of NER.
Conformal prediction is a class of techniques for con-
structing prediction sets with finite-sample coverage
guarantees under the assumption of exchangeability.
This assumption, which posits that the joint distri-
bution of a sequence of observations remains invari-
ant under permutations, is notably much weaker than
the commonly assumed independent and identically
distributed (i.i.d.) condition in classical uncertainty
quantification techniques. Using this assumption, con-
formal prediction methods estimate the quantile dis-
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tribution of a non-conformity score function in a leave-
one-out fashion (¢ransductive conformal prediction) or
via a held-out calibration set (inductive conformal pre-
diction). Given a new observation, a prediction set
with coverage 1 — « can be constructed using the es-
timated quantile distribution. In this paper, we adopt
the inductive conformal prediction paradigm because
of its greater scalability and computational efficiency.
Despite the slow adoption of conformal prediction to
the domain of NER, conformal prediction techniques
have been developed across a wide variety of applica-
tions (Zhou et al., [2025; |(Campos et al., 2024} |Gong
et al., 2025)).

To our knowledge, the only prior work on conformal
prediction in NER is [Fisch et al.| (2022), where the
authors utilized a substring multi-class classification
framework in which every possible subsequence is eval-
uated individually. We previously described this as
a span-based formulation of NER. This approach is
computationally expensive and fails to capture joint
uncertainty across multiple entities.

In contrast, we construct prediction sets over entire
label sequences, allowing us to account for contex-
tual dependencies and utilize the structured predic-
tion framework of a CRF. This formulation captures
contextual relationships among co-occurring entities
(e.g., ‘if Sarah is labeled as a person, then New York
City is likely a location’). This full-sentence (i.e.
full-sequence) formulation of the problem complicates
class-conditional calibration, as multiple entity types
must be jointly considered. Unlike the span-based con-
formal prediction methodology, the coverage guarantee
of our technique is evaluated over the entire sequence,
capturing all NER entities, together, in-context. This
eliminates the permutation problem present in span-
based NER, where there is no guarantee or guidance
as to how to combine multiple span-level prediction
sets, causing there to be a large number of possible
prediction combinations. To the best of our knowl-
edge, no prior work has studied conformal prediction
at the sentence-level for NER.

The next sections describe NER models and the con-
formal prediction methodology. After presenting the
basic unconditional conformal prediction methodol-
ogy, we also demonstrate how the conformal predic-
tion technique can be calibrated for class conditional
coverage based on sentence length, language, and en-
tity type. We further demonstrate how standard non-
conformity scores may be adapted to include rank-
based information, therefore increasing the efficiency
of our prediction sets. These methods make UQ in
NER both practical and theoretically sound.

2 NER MODELS

NER is a foundational task in NLP, originating from
the Message Understanding Conferences (MUC) in the
1990s. The field has undergone numerous advance-
ments over the years. Early NER systems relied on
hand-crafted entity lists and rule-based grammar pat-
terns. Around the early 2000s, researchers began
employing feed-forward neural networks (Hammerton,
2003), followed by recurrent neural networks.

A major breakthrough occurred in 2011, when
researchers incorporated conditional random fields
(CRFs) into convolutional neural network (CNN) ar-
chitectures (Collobert et al., |2011)) and later by 2016
to long short-term memory networks (LSTM) (Lam-
ple et al.l 2016} [Ma and Hovyl [2016} |Chiu and Nichols|
2016} Clark et all 2018). The CRF layer enabled
models to learn structured prediction rules and signif-
icantly improved benchmark performance. Although
CRF-based decision heads continue to be used in state-
of-the-art systems, recent research has shifted toward
more expressive embedding methods, reformulating
NER as a non-sequential task (Fisch et al.l [2022;
Liu et al.l 2022b)), incorporating external knowledge
sources (Wang et al. [2022), and improving training
methodologies (Zhou and Chenl,|2021; |Conneaul, 2019)).

The architecture adopted in this work is a BERT-
BiLLSTM-CRF model (Tedeschi et al.,[2021). At a high
level, the CRF defines the probability of a label se-
quence as a normalized score over possible sequences,
where emission scores depend on the word embeddings
and transition scores depend on successive label pairs.
With neural features, these score functions simplify to
linear transformations of embeddings and a label-label
transition matrix, as shown in equation :

s(ya:aerv X)
zEL™ S(Za:a-‘y—ba X) ’

(1)

where s(+) is a compact way of writing the unnormal-
ized value function for a label sequence:

]P(Ya:a+b ‘ X5 ya—lvya+b+1) = Z

S(Za:a+ba X) = eXp{W*(Za—la :) *Ta—1
a+b+1
+ 37 Wizt 2) + Wi(zy,) -2y

j=i

Please see the supplement for full mathematical details
of the model including a visual schematic, as well as
Beam search decoding details.

In this work, we adopt CRFs as the NER models be-
cause they provide a mathematically rigorous founda-
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tion for sequence labeling: their factorized structure
yields well-defined sequence probabilities, transparent
scoring functions, and efficient exact/approximate de-
coding. This mathematical tractability makes CRF's
suitable for deriving non-conformity scores and es-
tablishing finite-sample coverage with our conformal
procedure. Although large language models have be-
come popular for NER, CRF-based decision layers con-
tinue to deliver competitive results on several bench-
marks, especially when paired with strong contextual
encoders (Jiang et al., 2022} |Han et al., 2024} |Bhadau-
ria et al,[2024). Most importantly, our contribution is
foundational and modular: the CRF serves as the scor-
ing backbone that produces probabilities for comput-
ing non-conformity scores, and the conformal predic-
tion wrapper then converts these into valid prediction
sets. This separation cleanly decouples modeling from
uncertainty quantification, so newer or stronger CRF
variants (e.g., neural or span-structured CRFs) can be
dropped in without changing the conformal machinery.

3 CONFORMAL PREDICTION

Consider a desired confidence level of 1 — a €
(0,1), and a dataset of N labeled observations D =
{(wi,y:)}¥,. For notational convenience, we will of-
ten suppress the observation index i; therefore, each
word j in sentence i may be written as w;; = w;.
This word is mapped to a vector representation x; ; =
x; € R%. This vector representation is the output of
the Bi-LSTM into the CRF layer. The dataset is par-
titioned into a training set Zi;.in and a calibration set
Zeal, and a CRF model is trained using Ziain. Let
ne(y | x) denote a generic non-conformity score based
on Equation [I| such that higher values of this func-
tion correspond to greater non-conformity between the
value y and the expected value of y given x and the
previously observed calibration data. Therefore, large
non-conformity scores are less desirable. The confor-
mal prediction objective is to determine a threshold 7
such that for a new observation (Xnew,¥Ypew) the con-
formal prediction set C(Xpew,7) satisfies

P (Ynew € C(Xnew, 7)) > 1 —a. (2)

The prediction set C(x, 7) is defined as:

L(x,7) = min {7" cne(y™ | x) > T} . (3)

C(x,7) = {y(r) ir < L(X,T)} . (4)

Here, y(” represents the r-th most probable out-
put label sequence, ranked by the value function in
Equation An acceptable threshold 7 that achieves
the desired 1 — « level of coverage is given by the
[(1 — a)(1 4 |Zear])]-th largest non-conformity score

on the calibration set. Provided that the calibration
and test sets are exchangeable, this threshold guaran-
tees the desired coverage. Proposition [l|in the supple-
mental materials proves the coverage of this baseline
conformal prediction procedure. If an alternative con-
formity score is used in which ‘higher’ values indicate
‘greater conformity’, then Equation [3| becomes:

L(x,7) = max {r sne(y™ | x) < T} (5)

However, all conformity scores may be transformed
into non-conformity scores by multiplying the con-
formity score by negative one; therefore, for conve-
nience, we will only utilize the non-conformity score
formulation present in Equation . Notably, Equa-
tion is written for a generic non-conformity score
ne(y™® | x), however, any non-conformity score may
be utilized, and all non-conformity scores will achieve
at least the desired coverage. Despite this, all non-
conformity scores do not achieve the same prediction
set efficiency and some non-conformity scores produce
a larger-sized prediction set on average than others.

While this standard procedure produces valid predic-
tion sets with coverage at least 1 — «, in this paper, we
use the adaptive conformal prediction (ACP) (Romano
et al. |2020)), which produces more efficient prediction
sets. Assume that a new test observation (Xtest,Ytest)
is exchangeable with the calibration dataset Z.,. The
threshold 7 is set to the (1 — a)-quantile of the non-
conformity scores computed on the calibration set:

7= Q1-a ({nc(y: | xi) tiez.n)
= [(1 = @)(1 + |Zear]) 1" largest score in Ze,.

In practice, when prediction sets are formed using
Equation , coverage tends to slightly exceed the
target level. This is because non-conformity scores in-
crease in discrete steps as each additional sequence is
added to the prediction set. Consequently, the final
element often causes the total score to overshoot T,
especially when the target coverage is low and each
discrete step is large. To mitigate this, ACP estimates
the overshoot and applies a probabilistic rule: the fi-
nal element is included with probability proportional
to how close the nonconformity score is to the thresh-
old. The adjusted prediction set is defined as

O, y™Y  ifu< V()
{y®, ...y} otherwise

C(x,1,a) = {

where ne(y™1 | x) < 7 < ne(y™ | x), and
u ~ Uniform(0,1). The probability of including y ()
is defined by the overshoot function:

V() — f(l _OZ) —ﬁ'({y(l)y._.,y(vfl)})
Ay D, yO)) — 7 (y®,...,ye-D1)

(7)
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where 7(-) is an empirical estimate of the coverage
function and f(1 — «) corresponds to the desired cov-
erage level. The ‘best’ choice of 7 and f is not known
and depends on the non-conformity score utilized.

3.1 Three Baseline Non-conformity Scores

So far, we have described conformal prediction utiliz-
ing a generic, undefined non-conformity score. How-
ever, as mentioned, the efficiency of the prediction
sets generated by conformal prediction is dependent
on the choice of non-conformity score. We will now
define three non-conformity scores that achieve effi-
cient prediction sets and can be easily calculated with
our chosen CRF NER model. A commonly used non-
conformity score in classification tasks is based on the
model’s confidence in a predicted sequence. In anal-
ogy to regression, where non-conformity is measured
as the residual, the classification setting defines

nel(y | x) =1-P(y | x),

where ]f"(y | x) is the predicted probability of label
sequence y given the input embedded word sequence
x arising from the trained CRF model. Previously,
all NER and CRF notation was defined using the
true probability P, however, we will now assume that
P(y | x) ~ P(y | x) and will utilize the estimated
probability measure for the remainder of our confor-
mal prediction work. We refer to the non-conformity
score described in the above equation as ncl and use
it as a baseline throughout this work. Here ncl is
an appropriate choice of non-conformity score for the
classification setting due to how the CRF model is fit.
On average, X,y pairs that are common within the
training dataset should produce higher predicted prob-
abilities than uncommon or absent observation pairs.
Therefore, a high predictive probability indicates that
an observed pair conforms to the training data.

Alternatively, instead of considering the probability of
one observation, the non-conformity score could be
made such that it accounts for the predicted proba-
bility of all responses within the top r outputs. Under
this paradigm, a small predicted probability summa-
tion indicates that the overall set of responses does not
conform sufficiently to the training data; therefore, el-
ements are added to the prediction set until a sufficient
predicted probability is achieved. We define this alter-
nate cumulative probability non-conformity score:

nc2(y” [ x) = P(y*™ | x).
k=1

Later, we will show how for the task of NER, the nc2
performs worse on average than ncl due to what we
call the ‘run-away prediction problem’.

When constructing a conformal prediction set with
ncl, elements are added to the prediction set until
the last added element exceeds a threshold, meanwhile
when utilizing nc2, elements are added until the cu-
mulative probability exceeds a threshold. Because nc2
does not evaluate individual probabilities, sometimes
there becomes a point where the appropriate thresh-
old has not been reached yet the remaining sequences
which have been included in the set have near-zero
probabilities. Therefore, in order to achieve the de-
sired cutoff threshold 7, many small probability se-
quences must be included in the prediction set, dras-
tically decreasing the efficiency of this non-conformity
score.

To contrast with these probabilistic scores, we intro-
duce a simple ‘rank-based’ score:

nc3(y™ | x) =r.

This score, denoted nc3, produces prediction sets of
fixed size and is robust to vanishing probability val-
ues. Like ncl, on average, observations that exist fre-
quently in the training data should achieve a higher
predicted rank when compared to observations that
are rare or non-existent in the training data. Although
nc3 does not adapt to instance difficulty, it avoids the
scenarios in which ncl and nc2 produce large pre-
diction sets with many low probability responses. All
three of the aforementioned non-conformity scores are
effective due to their ability to represent model accu-
racy, sensitivity to uncertainty, and ease of interpreta-
tion. It is logical to think that predictions with a small
individual probability or a large index are unlikely to
occur from an accurate model.

Additionally, when evaluating equation with prob-
abilistic scores such as ncl and nc2, we found that
the following approximation works well:

V() — T_I@(y(v_l))
P(y®) —B(y(-1)’

where 7 is the prediction set cutoff, and P is the es-
timated model probability for the given value of .
For the rank-based score nc3, an approximation is ob-
tained using the calibration quantile function:

(1-a) - Qne(y™1))
Q(ne(y™) — Q(ne(y®=1))’

where Q(nc(y™)) is the empirical CDF value (per-
centile) of the score within the calibration set Zc.
The adaptive approximation of nc3 produces predic-
tion sets closer to the true coverage when compared to
ncl or nc2. This is because nc3 produces prediction
sets of constant size without adaptive coverage such
that the quantile function of nc3 on the calibration

V()=
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data is a good estimator of the empirical coverage of
the prediction set.

4 CONFORMAL PREDICTION
FOR NER

In this section, we propose several modifications of the
base methodology customized for NER. Notably, we
use a standard top-K approximation of the sequence
probability; see the supplement for details.

4.1 TUnconditional Conformal Prediction

Depending on the type of model used, conformal pre-
diction sets may be made for various levels of gran-
ularity. For CRF based models, the most direct ap-
plication of conformal prediction is to form prediction
sets over the set of fully labeled word sequences. These
conformal prediction sets return a set of sentence-level
labels such that each element in the prediction set is a
full sequence with one label for every input word. The
probability of the correct full label sequence being in-
cluded is calibrated to the desired confidence level.

Input Sarah  is  from New York City | ne2(y|x)
y®: 0 O O BLOC LLOC ILOC | .28
y®: | B-PER O O B-LOC LLOC ILOC | .66
y®: 0 o O 0 0 (¢} .98
y@:| B-PER O O B-ORG B-ORG I-ORG | .995

Table 2: Illustrative example of an prediction set.

Table 2 provides an example of the top four predicted
sentence-level outputs for the sentence ‘Sarah is from
New York City’. Given a non-conformity score nc(y|x)
and input sequence x, let Ql_a denote the calibrated
threshold estimated from the calibration set. Uncon-
ditional conformal prediction is then performed by ap-
plying adaptive conformal prediction as described in
Equation [6] Please see the supplement for algorith-
mic details. Using Table 2, if the cutoff threshold were
to be .60 then the resulting conformal prediction set
would be either {y™M} or {y™), y(®1 depending on the
uniform random variable used in adaptive conformal
prediction. As mentioned, there are no separate pre-
diction sets for ‘Sarah’ and ‘New York’, as this method
only produces full-label-sequence predictions.

Next, in Table [3| we demonstrate the effectiveness of
the adaptive coverage method when utilizing our three
proposed baseline non-conformity scores on the multi-
lingual WikiNEuRal benchmark dataset and the Ba-
belscape model (Tedeschi et al., 2021). The adap-
tive coverage method achieves empirical coverage lev-
els that more closely align with the desired threshold
of 90%. Additionally, the table highlights a key char-
acteristic of the nc3 method: its use of a fixed set size.

As a result, when early stopping is applied, an empty
prediction set is consistently returned. Table [3] also
demonstrates how nc2 constructs significantly larger
prediction sets than ncl and nc3 while also overshoot-
ing the desired coverage. This will be shown to be a
common trend with the nc2 non-conformity score as
applied to NER.

Dataset Method Confidence Set Size
Early Stop 0.8983 0.9269
NC1 Full Prediction 0.9525 1.9269
ACP 0.9289 1.2585
Early Stop 0.8981 36.64
NC2 Full Prediction 0.9951 37.64
ACP 0.9950 37.19
Early Stop 0.0000 0.0000
NC3 Full Prediction 0.9351 1.0000
ACP 0.8946 0.9567

Table 3: Average coverage and set size of uncondi-
tional predictions sets for NC1, NC2, and NC3 when
the Babelscape model is evaluated on the multilingual-
WikiNEuRal benchmark.

4.2 Class-conditional Conformal Prediction

A key property of the exchangeability requirement for
conformal prediction is that mixtures of exchangeable
sequences remain exchangeable. This enables calibra-
tion across confounding or lurking variables, which
may impact the nonconformity score, such as sentence
length and language. Overall calibration is near the
target when aggregated across inputs (see Figure 2 in
the supplement for details ). However, despite good
unconditional calibration, conditional miscalibration
can occur when the data is stratified by confound-
ing variables such as sequence length and language.
For the WikiNEuRal dataset, language stratification
shows systematic under/over-coverage without strati-
fication (Fig. 3 in the supplement), and length strat-
ification similarly shows miscalibration for longer se-
quences (Fig. 4 in the supplement).

The language and length examples are specific cases of
miscalibration in conformal prediction problems when
there are crucial confounders that play a role in the
partitions of the training and test datasets. When con-
structing prediction sets for a natural language model,
it is desirable to be able to make as small a predic-
tion set as possible while maintaining validity. If there
are sub-populations of the input data that are easily
identifiable with minimal error, then it is valuable to
stratify the overall dataset, provided that we have a
sufficient amount of data. By stratifying the popula-
tion dataset into varying subsections, we are able to
isolate poorly performing sections, such that their bad
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performance does not increase the average prediction
set size. This procedure may also be viewed as iso-
lating well-performing sections, such that we are able
to decrease their average prediction set size relative to
the population’s average. This method of partitioning
the event space is known as Mondrian conformal pre-
diction (Vovk et al., |2005)). The limit to the number
of strata in which we are able to stratify your data set
is based on the number of observations, the ability to
accurately group each stratum, and, importantly, the
belief that observations belonging to different strata
should behave differently from one another. In the
case of NER, we identify two such grouping variables:
sentence length and language.

When splitting our dataset in accordance with sen-
tence length, it is impractical to separate each ‘length’
in its entirety as the benchmark calibration set be-
comes too small for rarely occurring sentence lengths.
Therefore, in order to ensure an appropriate sam-
ple size in our calibration dataset, we group sentence
lengths together such that similar length sentences are
grouped together. This method of grouping similar
class structures is motivated by Ding et al.| (2023]) in
the clustering of granular classes for regular classifica-
tion problems. For all benchmark datasets, sentence-
length strata are grouped into ranges of 1-10, 11-20,
21-30, 3140, and 404+ words. To formally evaluate
the effect of binning, we carried out pairwise Kol-
mogorov—Smirnov (KS) tests whose results are re-
ported in the supplement. For each length and lan-
guage bin, we calculate independent cutoff thresholds
and modify equation {4 as follows:

L(XaTlang,length) = Hlll’l{k : nc(y(k) | X) > Tlang,length}
C(x,T,lang,length) = {y(k) tk < L(x, Tlang’length)}
(8)

Where Tigng iengtn is a language and length-specific
cutoff for the stratified (i.e. Mondrian) prediction set.
This cutoff is equal to the (1 — «) quantile of the
calibration subsection that matches the desired lan-
guage/length bin. The proof that Equation |8]is well
calibrated is provided as part of Theorem [I|in the sup-
plementary materials. Figure|l|shows the recalibrated
coverage across different sentence lengths for the En-
glish language. In Figure [, we calculate ’empirical
coverage’ only utilizing the top-100 responses, not al-
lowing the prediction set to expand beyond 100 ele-
ments. Therefore, empirical coverage is bound by the
maximum accuracy of those first 100 predictions, caus-
ing each coverage line to dip below the diagonal as the
desired coverage approaches one.

Coverage of sentence-level confidence intervals vs length
language: english

1.0{ — length: 1-10
length: 11-20

—— length: 21-30
—— length: 31-40
—— length: 40-1000
—— Desired Coverage

4
®

Empirical Coverage
o
>

14
IS

0.2

0.2 0.4 0.6 0.8 1.0
Desired Coverage

Figure 1: Ccoverage across sentence lengths for the En-
glish stratum of the WikiNEuRal benchmark with ncl.

4.3 Index-Based Non-Conformity Scores

As discussed earlier, conformal prediction for NER can
be applied in multiple configurations with various non-
conformity scores. However, when constructing pre-
diction sets for NER, users often run into a common
issue: the creation of large prediction sets populated
by low-probability outputs. This is particularly prob-
lematic when using the nc2 score. The top few predic-
tions may account for most of the confidence mass, but
still fall short of the threshold 7, requiring the inclu-
sion of many low-confidence predictions. This inflates
prediction set size and undermines efficiency.

Notably, this run-on behavior affects both ncl (prob-
ability) and nc2 (cumulative probability), but not
nc3 (rank-based). Because nc3 enforces a fixed-size
threshold, it naturally limits growth. We propose two
hybrid strategies and evaluate one existing strategy
that combines probability-based and index-based con-
formal prediction to harness their respective strengths.
The effectiveness of each hybrid non-conformity score
is evaluated in Section [Bl

4.3.1 Naive Intersection of Sets

This naive approach relies on the assumption that, in
the worst case, two prediction sets are minimally over-
lapping. If there are two sets that each contain at
least 95% of the probability, then their intersection
must contain no less than 90% of the probability. Let
Cidz and Ci,op be prediction sets calibrated at levels
1—c« and 1— 3, respectively. Additionally, C;4,. is con-
structed with a index based nonconformity score which
limits set growth (ne3), and Cpyp is constructed with
a model probability based nonconformity score which
is able to stop earlier if its threshold is satisfied (ncl
or nc2). Then, without any further assumptions, we
have P (YHew € Cida (X) N Cprob(x)) >1—a—p. The
previous statement is proved as part of Theorem [2] in
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the supplementary materials. When the confidence
levels a and (8 are selected appropriately, the resulting
hybrid method yields a prediction set that is at least
as efficient as those produced by either non-conformity
score alone. Importantly, a and 8 can be optimized
via a grid search over the calibration dataset. In sce-
narios where one method consistently outperforms the
other, it is always possible to set either « or 8 to zero
and assign the entire confidence budget to the superior
method in order to meet the desired coverage.

4.3.2 Conditional Prediction Sets

An alternative is to constrain the probability-based
score to be conditioned on the index being below a
threshold 7gx. Let: Cigx(x) = {y : rank(y) < Tidx },
such that the desired coverage of Cigx(x) is 1 — a. We
may then define a second set using only those calibra-
tion samples that fall within this index range:

]P)(YHew € Oprob(x) | Ynew € Oidx(x)) >1-8.

The total coverage is thus bounded by:
IP>(}’new S Cidx(x) N Cprob(x)) 2 (1 - O[)(l - 6)

This approach enforces tighter control than the naive
method while reducing unnecessary set growth. The
proof of the coverage bound is contained within the
supplementary materials, Theorem Like the naive
prediction set, the best value of « and 3 is dependent
on the specific application and behavior of its non-
conformity scores. This technique is additionally not
limited to the use of one index and one probability-
based non-conformity score; it can instead be used for
any two non-conformity score combinations. Unlike
the naive approach, there is no ‘slack’ in the predic-
tion sets caused by this method, and therefore, it does
produce tighter prediction sets at the cost of being
slightly more burdensome to implement.

4.3.3 Regularized Prediction Sets

A third approach is the RAPS (Regularized Adaptive
Prediction Sets) procedure (Angelopoulos et al.,2020)),
which modifies the conformity score to include a lin-
ear penalty on the index. Unlike the previous meth-
ods, the RAPS procedure is a modified non-conformity
score and does not utilize two separate non-conformity
scores or two prediction sets. The RAPS procedure
was initially proposed using a variation of nc2, but be-
low we define it using a generic non-conformity score,
as later we will show how it may be improved by uti-
lizing ncl instead.

Score = ne(y ™ [x) + A - max(k — Tiax, 0)

Like the previous two methods, the addition of a regu-
larization term reduces the amount of low-probability

results that may be included in the prediction set.
While effective, this method assumes a fixed linear re-
lationship (A) and does not allow for flexible control
of how much the index contributes to total error. In
both the naive and conditional approaches, the user
can set a maximum set size based on the chosen index
and understand approximately how much error is as-
sociated with each non-conformity score. In contrast,
the RAPS procedure does allow for the user to set a
maximum set size by selecting a large value of A\, but
does not easily allow for the user to know how much
error is due to the choice of A\, Tax, and k versus the
used non-conformity score.

5 EXPERIMENTS

We evaluate our methods using three benchmark
datasets: CoNLL++ (Wang et al.l [2019), CoNLL-
reduced, and WikiNEuRal (Tedeschi et al., [2021]), and
four base models: Babelscape, Dslim, Jean-Baptiste,
and TNER (Tedeschi et al.l |2021}; Devlin et al., |2018a;
Polle) |2022; |[Ushio and Camacho-Collados, [2021)). Ad-
ditional details on datasets and models are provided
in the supplement. Our experiments assess (i) the
choice of nonconformity score for sentence-level pre-
diction sets, (ii) the effect of index-based refinements
such as naive, conditional, and RAPS, and (iii) model-
and dataset-level performance. Across all conditions,
we report empirical coverage and prediction set size,
focusing on a target confidence of 95%.

5.1 Comparing index-based Methods

Table [4] shows that, among the three base nonconfor-
mity scores, ncl yields the most efficient sets at high
coverage levels, whereas nc3 is preferable when smaller
sets at lower coverage are acceptable.

Sentence-Level

Desired ‘ ncl ‘ nc2 ‘ nc3
Coverage ‘ Cov. Size ‘ Cov. Size ‘ Cov. Size
0.8 0.8483 0.8999 | 0.9949 27.6058 | 0.7937 0.8496
0.9 0.9275 1.2564 | 0.995 37.6617 | 0.8939 0.9569
0.95 0.9681 1.8099 | 0.9951 46.1498 | 0.9434 1.2503
0.975 0.9834 2.3949 | 0.9951 53.9261 | 0.9795 3.0
0.99 0.9907 4.5512 | 0.9952 59.9726 | 0.9895  11.0

Table 4: Average coverage and set size for ncl, nc2, and
nc3 with Babelscape model on WikiNEuRal dataset.

Table [f] displays the efficiency and coverage of the six
index-based hybrid non-conformity scores when evalu-
ated on sentence-level prediction sets for the WikiNEu-
Ral Benchmark with the Babelscape model. As a
general trend, we can observe that all hybrid meth-
ods, when utilizing ncl perform better than their nc2
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counterparts when both methods achieve the desired
coverage. The RAPS procedure also performs slightly
better than the conditional and naive methods for all
methods that utilize ncl; however, naive and condi-
tional ncl implementations are an improvement over
the RAPS-nc2 implementation. This is notable be-
cause the original RAPS methodology was proposed
utilizing the nc2 non-conformity score. We believe
that part of the disparity between the conditional and
RAPS-based prediction sets is the granularity of the
grid search performed to estimate the optimal values
of a and B for the conditional prediction sets. RAPS
prediction sets also perform a grid search over the hy-
perparameter term of A\, but the impact of a sparse grid
on the efficiency of the RAPS non-conformity score is
unclear when compared to a grid search for the condi-
tional non-conformity scores.

| Sentence-Level (NC1)
Naive + ncl ‘ RAPS + ncl ‘ Cond. + ncl

Desired ‘

Coverage ‘ Cov. Size ‘ Cov. Size ‘ Cov. Size
0.8 0.8504  0.9101 | 0.8503 0.8702 | 0.8504  0.9100
0.9 0.9276  1.2972 | 0.9228 0.9807 | 0.9274  1.2962
0.95 0.9676  1.8308 | 0.9675 1.8286 | 0.9675  1.8287

0.975 0.9811 2.2526 | 0.9770 2.1126 | 0.9811  2.2524
0.99 0.9913  5.3971 | 0.9907 5.3778 | 0.9913  5.3968

‘ Sentence-Level (NC2)
Naive + nc2 ‘ RAPS + nc2 ‘ Cond. + nc2

Desired ‘

Coverage | Cov. Size | Cov. Size | Cov. Size
0.8 0.7844  0.5105 | 0.9396 1.033 0.9307  1.0000

0.9 0.8885 0.9546 | 0.9397 1.0332 | 0.9307 1.000
0.95 0.9438 1.3345 | 0.9704 1.9823 | 0.9700 1.9741
0.975 0.9742  2.5008 | 0.9788  2.9940 | 0.9786  3.0000
0.99 0.9903 15.0000 | 0.9909 15.8872 | 0.9907 15.9298

Table 5: Average coverage and set size for the naive, raps,
and conditional methods using ncl or nc2 on WikiNEuRal
benchmark with the Babelscape model.

5.2 Benchmark Comparisons

Table [6] summarizes performance across the three
benchmarks at 95% coverage using the conditional ncl
method. As anticipated, all models achieved empiri-
cal coverage close to the target level. However, perfor-
mance varied notably depending on each model’s train-
ing regime. The Jean-Baptiste model outperformed
others on both the CoNLL and CoNLL_Red datasets,
likely due to its original training on CoNLL. In con-
trast, the Dslim model underperformed on the CoNLL
dataset despite also being trained on it, potentially due
to its significantly smaller parameter count relative to
the other models. Babelscape, being the only model
trained directly on the WikiNEuRal dataset, exhibited
superior performance on that benchmark compared to
the others. Interestingly, Dslim outperformed Jean-
Baptiste on WikiNEuRal, despite its weaker perfor-
mance on the simpler CoNLL-based tasks. Despite

the large differences in set size among the CoNLL and
WikiNEuRal benchmarks, there is a relatively small
difference in prediction sizes for the reduced CoNLL
benchmark. This reduced CoNLL benchmark reduces
CoNLL to an entity identification problem without
class prediction. Therefore, we believe that most mod-
els, when fine-tuned, struggle the most in identifying
the new class boundaries but not the span boundaries.

CoNLL Coverage Set Size
Babelscape 0.942 +0.007  25.19 4+ 0.969
Dslim 0.947 £0.007 23.021 £ 0.882
Jean 0.948 £0.006  4.556 + 0.38
Tner 0.943 £0.004 18.492 £ 0.678
CoNLL red Coverage Set Size
Babelscape 0.941 +0.009 4.025 £+ 0.096
Dslim 0.951 +0.004 2.089 +0.015
Jean 0.96 £0.008  1.786 +0.023
Tner 0.954 +0.001  2.557 4+ 0.006
WikiNEuRal_en Coverage Set Size
Babelscape 0.955 £ 0.003  2.465 £ 0.022
Dslim 0.951 +0.004 4.927 +0.076
Jean 0.953 £0.003 5.676 £ 0.052
Tner 0.95+0.002 6.621 £0.134

Table 6: Average coverage and set size for three bench-
mark datasets across four models at 95% target cover-
age. Conformal prediction sets are computed utilizing
the ncl non-conformity score.

6 CONCLUSION

This paper presents a framework for incorporating
conformal prediction into existing NER models to en-
able uncertainty quantification. We evaluated mul-
tiple methods across multiple benchmarks, including
the CoNLL, CoNLL-Reduced, WikiNEuRal datasets.
Additionally, we evaluate the effectiveness of multiple
non-conformity scores as applied to sentence-level pre-
diction sets. We further identify the importance of
accounting for both the language and length of the in-
put sentence to ensure well-calibrated prediction sets
across diverse inputs, demonstrating the use of Mon-
drian conformal prediction for NLP problems. The
methodology can be expanded in multiple ways, most
notably by determining how the conformal prediction
set output of our methods can be utilized by down-
stream NLP tasks. Additionally, the stratification of
NER may be improved for models with more data and
the ability to stratify input sentences by other cate-
gories, such as author or source domain.
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Checklist

1. For all models and algorithms presented, check if

you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes/No/Not Applicable]

. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes/No/Not Appli-
cable]

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable]

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable]

. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes/No/Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Yes/No/Not Applicable]

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data

providers/curators. [Yes/No/Not Applica-
ble]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research

with human subjects, check if you include:

(a) The full text of instructions given to partic-
ipants and screenshots. [Yes/No/Not Ap-
plicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Yes/No/Not
Applicable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applica-
ble]
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7 Supplement for Section 2: NER
models and Conditional Random
Fields

7.1 Conditional Random Fields

The model architecture adopted in this work is a vari-
ant of the BERT-BiLSTM-CRF framework [Tedeschil

(2021)). It employs a pre-trained multilingual
transformer encoder (e.g., BERT [Devlin et al.| (2018Db))

or RoBERTa |Liu et al| (2019)) to generate contextual-
ized embeddings. These embeddings are then passed
through a bidirectional long short-term memory (BiL-
STM) network and subsequently into a CRF layer for
structured prediction Durrett and Klein| (2015). A
CRF-based model was selected over more complex al-
ternatives such as encoder-decoder architectures, large
language models (LLMs), or other multi-entity frame-
works due to its strong performance on state-of-the-art
NER tasks |Akbik et al.| (2018); Wang et al.| (2014);
et al.| (2024) and the interpretability of its decision
spacdAgarwal et al| (2021)] The structured output
of the CRF makes it particularly well-suited for un-
certainty quantification. An overview of the adopted
CRF architecture is provided in Figure

Conditional
Random Field
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Figure 2: NER BiLSTM-CRF model architecture.
w;1, %1, and y;1 denote the jth word, word-
embedding, and predicted label of the i*" observation,
respectively. CRF transmission and emission feature
functions ¢(y;_1,y;) and ¢*(z;,y;) are defined in Sec-

tion E

The CRF decision head depicted in figure 2] is a type
of Markov random field (MRF), where each label, con-

!The increased ‘interpretability’ of CRFs is derived
from the ability to observe the relationships among the
input word embeddings and prediction class labels via the
manually specified transmission and emission feature func-
tions.

ditioned on the input sequence, satisfies the Markov
property with respect to its neighboring labels. For
the following equations, the index of the observation
is irrelevant and therefore the subscript ¢ is dropped
from the notation as described in section 2] Following
the adapted notation, the conditional independence
assumption is expressed as

P(y; | wj, {yx : k # j}) = Plyj | 5, 95-1,Y5+1),  (9)

indicating that the probability of label y; depends only
on the numerical representation of the j** word, zj,
and its immediate neighbors y;_; and y;4+1. In gen-
eral, inference on full CRFs is NP-hard and may sig-
nificantly increase the computational cost of a model
[Cuong et al| (2014). In order to decrease the compu-
tational overhead, in this work, we use a linear-chain
CRF with two classes of feature functions that model
first-order emission and transition probabilities.

The remainder of this subsection describes the stan-
dard linear chain CRF method as it is commonly ap-
plied to neural networks. Under the CRF model it is
assumed that the probability of a label subsequence

Ya:a+b = (ya7 Ya+1s---s ya+b) given the inpllt sequence
of embedded words x,.,1p may be modeled as

HD(ya:a+b | Xa—1:a+b+1) yaflzya+b+1)
* a+b+1 *
" (a—1,Ya—1) [I;20 " O(Yi-1,95)0" (%5, y5)

Yonerm P (Ta—1,2a-1) H?igﬂ O(yj—1,2)0* (25, 2))
(10)

where £° is the set of all possible labeling sequences
of size b, the model probability described in equation
is similar to that of a softmax function, where the
numerator is the function that denotes the ‘value’ of
the given subsequence. The denominator of the prob-
ability function denotes the sum of the values of all
possible subsequences. In this way, the probability
of a labeling sequence is equal to the proportion of
the sequence’s value to all other values. The score
functions described in this probability statement are
related to the set of transmission feature functions
(¢(yj—1,v;)), which denote how probable a label is
given its neighboring labels, and the emission feature
functions (¢*(x4—1,Ya—1)), which denote how probable
a label is given the related input vector. Each feature
function is an exponential family parameterized by a
weight vector A or \*, yielding:

¢*(zj,yj) = exp <Z AZf/lk(ffj,yj)) (11)

k=1
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P(Yj-1,Yj) = exp (Z )\kflc(yj—l,yj)> (12)

k=1

Functions f*(x;,y;) and f(yj_1,y;) are any real-
valued differentiable functions that take as input either
the input vector/label pair or two label/label pairs, re-
spectively. There is no limit to the number of trans-
mission and emission feature functions that may be
used to model the CRF, and the number of emission
feature functions may differ from the number of trans-
mission functions as denoted by e and e* in the above
equations. When performing NER with a neural net-
work, because the input word embeddings x; are an
output of a BiLSTM, the feature functions used in the
linear chain CRF are simplified to single-feature ma-
trices Ma and Hovy| (2016). It is expected that feature
extraction is performed automatically as a function
of the leading neural network. The simplified feature
functions may thus be given as.

(b*(xjayj) :exp(W*(ij:) "rj)v (13)

H(yj—1,v5) = exp (W (yj-1,95)) , (14)

where W*(y;,:) - x; depicts the dot product of the in-
put vector x; and the emission feature matrix W* &
RI£I%d - Similarly W (y;_1,y;) depicts the transmis-
sion feature matrix values corresponding by the labels
of yj—1 and y;. Utilizing this simplification, equa-
tion [0l now becomes

S(Ya:a+b7 X)
zeEL™ S(Za:a+ba X) ’
(15)
where s(+) is a compact way of writing the unnormal-
ized value function for a label sequence:

IP)(Ya:aer ‘ X;yaflayaerJrl) = Z

$(Za.a+p,X) = exp{W*(24-1,:) - Tq_1
a+b+1
=+ Z W(ijl, Zj) + W*(Zj, Z) . l‘j}.

j=i
7.2 CRF Decoding via beam search

As seen in equation 7 the computation of P(ya.a+b |
x) depends on identifying the most probable label se-
quence, which is itself a non-trivial task due to the
exponential size of the label space (e.g., |£|® for a se-
quence of length b). To address this, CRF models
employ the beam search decoding algorithm Meister
et al.| (2020]).

Beam search begins at the designated START token
(yo) and determines the top-K best transmissions to

the next label at time step one (y;) by maximizing
the sum of emission and transmission scores from the
feature functions depicted in equations and ,
ie., W*(y1) - 2y, + W(yo,41). Once the top-K trans-
missions have been determined for time step one, the
algorithm evaluates the next K most probable con-
tinuations at time step two, resulting in up to K2
sequences. This expanded set is pruned back to the
top K sequences, and the process repeats until an END
token is reached. If K is larger than the size of the
CRF’s state space, this process will end in the set of
the top-K most probable sequences, of which the se-
quence with the highest score is the output of the NER,
model. If the value of K is less than the size of the state
space, then beam search performs a greedy search that
is not guaranteed to find the true most likely output.
Because beam search is a greedy algorithm, in larger
sequence generation tasks, beam search is known to
produce low-diversity outputs. To mitigate this, alter-
native decoding algorithms such as contrastive beam
search and diverse beam search |[Su et al.| (2022); |Vi-
jayakumar et al.| (2016)) have been proposed and shown
to improve diversity in downstream tasks such as ma-
chine translation and image captioning. In this paper,
the K values chosen for the beam search algorithm also
determine the maximum size of a prediction set before
the set of all possible sequences is returned (guaran-
teeing 100% accuracy). Because we do not wish to
limit the size of our prediction sets to a small number
of outputs before returning the full set, we utilize a K
value of 100.

8 Supplementary Material for Section
4

8.1 A. Approximation in “Conformal
Prediction for NER”

The probability function listed in equation is com-
putationally expensive due to requiring the calcula-
tion of the denominator. We find that in NER ap-
plications, the score of the k’th most likely sequence
quickly approaches zero as k increases. Therefore, it
is appropriate to approximate the denominator using
only the top-K highest-value sequences. Any sequence
that does not belong to the top-K highest-value se-
quences has its value function essentially set to zero.
This approximation is common for supervised machine
learning methods, which contain a large output space.
Let y(") denote the r-th highest value sequence. The
approximate probability becomes:

7 S\Ya:a
P(Ya:a—Q—b | X) ~ K( —Ef))
Zr:l S(ya:a+b)
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This approximation allows tractable computation for
conformal prediction while maintaining high accuracy
in practice. The choice of K value limits the maximum
size of the generated prediction set before the complete
set of all possible sequences is returned. This, in turn,
limits the effective maximum coverage of the returned
prediction sets. We find that in our simulation studies,
we utilize K=100 as we find that it is able to achieve
well above the maximum desired coverage of 99% while
still being relatively cheap computationally.

8.2 B. Algorithmic Details (Unconditional
Sequence-level CP)

The following algorithm depicts the process of con-
structing general unconditional prediction sets.

Algorithm 1: UNCONDITIONAL CONFORMAL
PREDICTION (SEQUENCE-LEVEL)

Input: Training/calibration data Ziain, Zcal; test
input (Xtest, Ytest); confidence level a;
non-conformity score nc; beam width k;
overshoot function V(+)

Output: Prediction set C(X¢est, T)

Train CRF model M on Zi;ain

Compute 7 = Q1o ({nc(y: | xi)}iez..,)
Predict top-k sequences y™), ..., y*) = M (Xqest)

while nc(y® | xyes) <7 and i < k do
| C+CuUf{yD}iei+1
end
~ Unif(0, 1); compute the overshoot function
V(-); if u < V(-) then
| C+cufy™}
end
return C

8.3 C. Class-conditional Conformal
Prediction for NER

The methodology described in Algorithm [8:2} will pro-
duce prediction sets with an average coverage that is
the supplied 1—« confidence level. However, when ap-
plying the conformal prediction technique, it is read-
ily apparent that there are ways in which you may
split the dataset such that a given split may be ei-
ther under-calibrated or over-calibrated. The most ap-
parent method of splitting the data to induce a miss-
calibration in a multilingual model is dividing the data
up into different language bins.

A key property of the exchangeability requirement for
conformal prediction is that mixtures of exchangeable
sequences remain exchangeable. This enables calibra-

tion across confounding or lurking variables, which
may impact the nonconformity score, such as sentence
length and language. Figure [3] displays the empiri-
cal coverage and desired coverage of the three non-
conformity scores ncl, nc2, and nc3. The empirical
coverage of a prediction set is the proportion of pre-
diction sets, constructed on a withheld benchmark test
partition (Zy.s) that contain the correct response.

I(y: € C(x:))

1€ est

1
Empirical Coverage = ——
|Itest‘

(17)

Where C(x;) is the conformal prediction set which is
being evaluated. Figure |3| shows that the sentence-
level conformal prediction methods achieve the desired
coverage when aggregated over all inputs regardless
of their language or sentence length. This coverage
figure was generated for the multilingual WikiNEuRal
benchmark dataset with the Babelscape model. For
ease of comparison, all future figures displayed in this
section rely on the ncl non-conformity score.

Empirical vs Desired Coverage for Sentence Data

4
©

Empirical Coverage
o o
3 ®

— ncl
nc2
—— nc3

0.6 )
—— Desired Coverage

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
Desired Coverage

Figure 3: Overall calibration of sentence-level predic-
tion sets for ncl, nc2, and nc3 when computed with
the Babelscape model on the multilingual WikiNEu-
Ral benchmark dataset.

However, despite good unconditional calibration, con-
ditional miscalibration can occur when the data is
stratified by confounding variables such as sequence
length and language. Figure [4] illustrates how when
unaccounted for, different language groups exhibit sys-
tematic over- or under-coverage in the constructed pre-
diction sets. As seen in Figure [4 the Babelscape
model, when trained on the Multilingual dataset, and
calibrated without language separation, tends to con-
struct prediction sets with poor coverage for the Rus-
sian language while producing excessively large predic-
tion sets for the Spanish language.

The language example provided above is one example
of what may occur in conformal prediction problems
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Coverage of sentence-level prediction sets by language
1.0

14
©

English
German
—— Spanish
—— French
— ltalian
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Empirical Coverage

Polish

—— Portuguese
Russian

—— Desired Coverage

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
Desired Coverage

Figure 4: Left: initial calibration per language in mul-
tilingual NER. Right: calibration per sentence length
bin.

when there are important partitions of the training
and test datasets. When constructing prediction sets
for a natural language model, it is desirable to be able
to make as small a prediction set as possible while
maintaining validity. If there are sub-populations of
the input data that are easily identifiable with mini-
mal error, then it is valuable to stratify your overall
dataset, provided you have a sufficient amount of data.
By stratifying the population dataset into varying sub-
sections, you are able to isolate poorly performing sec-
tions, such that their bad performance does not in-
crease the average prediction set size. This procedure
may also be viewed as isolating well-performing sec-
tions, such that you are able to decrease their average
prediction set size relative to the population’s average.

The limit to the number of strata in which you are
able to stratify your data set is based on the number
of observations, the ability to accurately group each
stratum, and, importantly, the belief that observations
belonging to different strata should behave differently
from one another. In the case of NER, we identify
two important strata in which the model may behave
differently, that is, input sentence length and input
language.

When splitting our dataset in accordance with sen-
tence length, due to the amount of data available, it is
impractical to separate each ‘length’ in its entirety as
the benchmark calibration set becomes too small for
rarely occurring sentence lengths. Therefore, in order
to ensure an appropriate sample size in our calibration
dataset, we group sentence lengths together such that
similar length sentences are grouped together. This
method of grouping similar class structures is moti-
vated by the work of Ding et alDing et al.| (2023) in
the clustering of granular classes for regular classifica-
tion problems. For all benchmark datasets, sentence-
length strata are grouped into ranges of 1-10, 11-20,

21-30, 3140, and 40+ words. In applications, as the
amount of data available for calibration increases, the
size of the sentence-length groupings may be decreased
such that each group is more granular. The original
calibration of the Babelscape model on the multilin-
gual WikiNEuRal benchmark for each sentence length
grouping is depicted in Figure |5l As this figure shows,
without stratification, the baseline NER model con-
structs prediction sets for long sentences with a higher
than desired coverage while constructing invalid pre-
diction sets for sentences above length 21.

Coverage of sentence-level prediction sets by sentence length
1.0

o
©

o
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o
EY

length: 1-10
length: 11-20
length: 21-30
length: 31-40
length: 40-1000
Desired Coverage

Empirical Coverage
°
3

=4
[

o
IS

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
Desired Coverage

Figure 5: Left: initial calibration per language in mul-
tilingual NER. Right: calibration per sentence length
bin.

Although Figure [f] and Figure [5] display the missclas-
sification of language and length independently, when
accounting for such confounding variables, it is possi-
ble to construct prediction sets that account for both
language and length at the same time. When doing
s0, locally adjusted thresholds must be computed for
all combinations of sentence length and language. For
each length and language bin, we calculate indepen-
dent cutoff thresholds and modify the conformal pre-
diction set construction equations as follows:

L(X7 Tlang,length)

= min {k : nc(y(k) | x,lang(x),length(x)) > Tlngength} ,

C(x,7,lang, length) = {y®™ : k < L(X, Tiang,iengtn) }

Where lang(x) and length(x) are functions which de-
termine the language and sentence length of input
x. Additionally, Tiang iength is a language and length-
specific cutoff for the stratified prediction set. This
cutoff is equal to the (1 —a) quantile of the calibration
subsection that matches the desired language/length
bin. Figure [6] shows the recalibrated coverage across
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different sentence lengths for the English language. As
you can see, unlike Figures |4 and each sentence
length grouping is well calibrated for the English sub-
section of the dataset. Similar figures may also be con-
structed for each language. We do note that the group-
ing procedure performed on the sentence length bins
does ensure conditional coverage for each language-
length bin combination, but does not ensure proper
calibration within the bin. For example, the input
length 19 may be under-calibrated because its cutoff
threshold is based on all sentences from length 11-20,
each of which has a slightly different non-conformity
score distribution.

Coverage of sentence-level confidence intervals vs length
language: english

1.0 9 — length: 1-10
length: 11-20
—— length: 21-30
—— length: 31-40
—— length: 40-1000
—— Desired Coverage

o
@

o
EY

Empirical Coverage

o
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0.2

0.2 0.4 0.6 0.8 1.0
Desired Coverage

Figure 6: Stratified coverage across sentence lengths
for the English language stratum of the multilin-
gual WikiNEuRal benchmark dataset. The coverage
depicted is calculated utilizing the conditional non-
conformity score with ncl.

In order to visualize the difference in distributions be-
tween different sentence lengths, we plot a heatmap
of p-values obtained from Kolmogorov—Smirnov (KS)
tests comparing distributions of ncl non-conformity
scores between sentence length groups in Figure
Lighter cells indicate similar distributions (high p-
values), while darker cells indicate statistically signifi-
cant differences. To perform the Kolmogorov—Smirnov
(KS) test, a sample of 100 observations was drawn
from each input length group of size 10 to size 30. For
each observation, the nonconformity score correspond-
ing to the correct answer was computed. These scores
were then used to conduct the KS test, and the re-
sulting p-value was recorded. This entire process was
repeated 100 times, and the average p-value across
repetitions is presented in the heatmap above. The
heatmap illustrates that, for most sentence lengths,
an increase of as few as four words can significantly
alter the distribution of nonconformity scores. Note:
despite some values obtaining small p-values on the
heatmap, we do know that each sentence length has
a different distribution. The heatmap is meant as an
illustrative tool to show how easily the differences in

distributions are detected even with a limited sample
size and, subsequently, limited power. We are not ad-
vising the use of this heatmap as a principled statistical
test of equal distributions.

P-value of a 2-sample K5-test (sample size = 100)
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Figure 7: Kolmogorov-Smirnov between multiple 100-
sample non-conformity scores from different sentence-
length groups within the English language partition of
the multilingual WikiNEuRal benchmark.

9 Supplementary materials for
Experiments: Details and Results

9.1 Benchmark Datasets

We evaluate our methods on three primary benchmark
datasets: CoNLL++ Wang et al.| (2019)), CoNLL-
reduced, and WikiNEuRal [Tedeschi et al.| (2021)).

CoNLL++ is a refined version of the original CoNLL-
2003 benchmark, featuring a reduced number of la-
beling errors. It includes four entity classes: PER,
LOC, ORG, and MISC. We use the English partition
of CoNLL-++, which consists of annotations from
Reuters newswire articles collected between August
1996 and August 1997.

In application, some NER downstream tasks do not
use the class labeling aspect of NER and only uti-
lize the identified entity span as an input; for that
reason, we propose CoNLL-Red as a reduced and
simplified version of CoNLL++, in which all entity
classes are merged into a single ‘Entity’ category.
This benchmark provides a way to evaluate the un-
certainty around entity identification without classifi-
cation. This evaluation metric is vital because, in the
slight fine-tuning stage, the underlying models may
be more able to adapt to the slightly changed ’entity-
identification’ task while being less able to adapt to the
‘entity classification’. Therefore, the NER output may
have more wrong-classification errors than wrong-span
errors.

WikiNEuRal is a recent multilingual benchmark built
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from Wikipedia articles. Named entities in WikiNEu-
Ral are generated through a silver-standard data cre-
ation process and align with Wikipedia’s own entity
annotations. It adopts the CoNLL class schema and
spans nine languages: Dutch, English, French, Ger-
man, Italian, Polish, Portuguese, Russian, and Span-
ish. We include WikiNEuRal primarily for its rele-
vance to downstream tasks such as Named Entity Dis-
ambiguation and Relationship Extraction. Further-
more, we utilize the multilingual form of WikiNEu-
Ral throughout sections 4-6 to demonstrate vari-
ous techniques for generating language-specific cover-
age. When comparing base models and benchmark
datasets, we only report the results evaluated on the
English partition of the WikiNEuRal dataset. This
is because all models outside of Babelscape were not
trained on any non-English languages and are unable
to tokenize non-English characters.

9.2 Base Models

We evaluate four different base models to see how the
selection of an underlying model affects the conformal
prediction procedures for each benchmark dataset. All
base models were chosen due to their effectiveness at
performing NER and their public availability at hug-
gingface.co.

Babelscape [Tedeschi et al| (2021) is a multilingual
NER model trained on the WikiNEuRal dataset. It
was selected to evaluate NER performance in the mul-
tilingual context provided by the WikiNEuRal bench-
mark. Other baseline models were not trained with
the tokenizer necessary for multilingual NER and, as
such, are not evaluated on this task. As shown in our
results, Babelscape is the best-performing NER base
model that we evaluated for the WikiNEuRal dataset
while being comparable to Jean-Baptiste for CoNLL.
For this reason, the Babelscape model is used through-
out this paper to demonstrate coverage of various tech-
niques and compare the non-conformity scores of the
three conformal prediction methodologies.

Dslim Devlin et al.| (2018al) is the smallest model
among those considered, containing approximately 110
million parameters, compared to 170M in Babelscape,
350M in Jean-Baptiste, and 350M in TNER. Trained
on the CoNLL-2003 benchmark, Dslim achieved a base
F1 score of 0.926. It was included to assess how a
smaller model performs after fine-tuning, relative to
the larger Jean-Baptiste model, which was also trained
on CoNLL-2003.

Jean-Baptiste|[Polle| (2022))is the second model in our
evaluation trained on the CoNLL-2003 dataset. Unlike
the other base models, it leverages a RoBERTa-based
transformer for its word embeddings.

TNER |Ushio and Camacho-Collados (2021) is a
large NER model trained on the OntoNotes dataset
Weischedel et al. (2013) and is the only OntoNotes-
based baseline included in our evaluation. Ontonotes
is a NER benchmark with a significantly different NER,
ontology compared to Conll++ and WikiNEuRal.
Therefore, we selected TNER to illustrate how effec-
tively a model that was trained on out-of-distribution
data can be fine-tuned for conformal prediction on the
CoNLL dataset.

9.3 Extended Tables

The following two tables present the results from Ta-
bles [4 and [5] with standard errors computed from
twenty different calibration/test splits.

Sentence-Level

Desired ‘ nel
Coverage ‘ Coverage Size
0.8 0.8488 £+ 0.0013  0.9000 + 0.0015
0.9 0.9312 + 0.009 1.3526 £ 0.2542
0.95 0.9685 + 0.0002 1.8092+ 0.0156
0.975 0.9809 + 0.0003 2.1735 £ 0.0011
0.99 0.9908 £ 0.0002  4.5451 + 0.0165
Desired ‘ nc2
Coverage ‘ Coverage Size
0.8 0.9950+0.0001 27.50744+ 0.2131
0.9 0.9910 £0.0001  37.45611=+ 0.2422
0.95 0.9951+0.0001 45.871840.2508
0.975 0.9952+ 0.0001 52.30224 0.2342
0.99 0.99524.0001 59.8476+ 0.2262
Desired ‘ ned
Coverage ‘ Coverage Size
0.8 0.7889 + 0.0007 0.84434+0.0005
0.9 0.8984 + 0.0162 0.9611+0.0171
0.95 0.9452 + 0.0006 1.285840.0016
0.975 0.9711 + 0.0004 2 + 0.000
0.99 0.9895 + 0.0001 11 £+ 0.000

Table 7: Results from Table [l with standard errors
computed from twenty calibration/test splits

Coverages reported in Table [7] are bolded if the 95%
confidence interval formed by the average and stan-
dard error does not contain the desired coverage. As
we can see, this only occurs with nec3 and as explained
in the main paper, is primarily due to poor estimation
of the cutoff threshold (Equation @ in the ACP pro-
cedure.

Similarly to Table[7] Table [ reports the results of Ta-
ble [ with standard errors. Coverages are bolded if the
95% confidence interval formed by the average and re-
ported standard error does not contain the desired cov-
erage. This occurs only for the Naive + nc2 method,
most likely due to a mis-calibration of Equation [7] dur-
ing Adaptive Conformal Prediction. Despite the miss-


https://huggingface.co/Babelscape/wikineural-multilingual-ner
https://huggingface.co/dslim/bert-base-NER
https://huggingface.co/Jean-Baptiste/roberta-large-ner-english
https://huggingface.co/tner/roberta-large-ontonotes5
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calibration, the empirical coverages are within 2% of
the desired level. Additionally, by undershooting the
desired coverage, the prediction sets formed by Naive
+ nc2 at the 80% and 90% confidence level are smaller
than all other methods.

10 Theorems, Propositions, and
Proofs

The following subsections describe multiple Theorems,
Propositions, and their Proofs related to the coverage
claims of our conditional, naive, and class-conditional
conformal prediction methods.

10.1 Theory of General Conformal
Prediction

The construction of the following proposition follows
from |Gupta et al.| (2022)); we simply repeat their proof
with our differing notation.

Suppose we observe data D = {(x;,y;)},. Let this
dataset be partitioned into two subsections, Zi;ain and
Zca1- A CRF model is trained using Zyqin. Let ne(y|x)
denote a generic non-conformity score based on the
outputs of the trained CRF model. To construct a pre-
diction set based on the above non-conformity score,
calculate the (1—a)-quantile on the calibration dataset
anl-

T =Q1-o ({nc(yi | xi)}iez.n)
=[(1 — a)(1 + |Zear|)]™" largest score in Zo (18)

Next, the prediction set may be constructed using
ne(-, x;) and 7:

C(x,7) ={y :nc(ylx;) <7} (19)

Proposition 1. Assuming {(Xi,y:)}icUZ,quint1) 7€
exchangeable, then the prediction set C(-) in Equa-
tion[19 satisfies:

P(yn+1 € C(xnt1,7)) 21— (20)

Proof. By the construction of the confidence interval
C(x,7):

Vnt+1 € C(Xny1,7) iff ne(ylx;) <7

Therefore

P(ynt1 € C(xnt1,7)) = P(ne(ynt1]xns1) < 7)

The exchangeability of {(xi,¥:)}icuz..un+1], implies
that {nc(y;|xi)}icuz..un+1] i also exchangeable.
Thus, Lemma 2 of Romano et al.| (2019)) yields

Pme(ynt1[xn1) <7) 21—«

10.2 Theory of stratified NER

Theorem 1. Let E be the sample space for all possible
NER inputs and outputs (x,y). Consider a partition
of E into m mutually exclusive and exhaustive subsets
such that Uj_, E; = E,P(U;L, E;) = 1 and Vj #
k,E;NE,=2,P(E;NE,) =0.

Then the prediction set formed by the following equa-
tions

7 = Qi—a ({ncly: | %)} xiyi)eE;)
Ci(x,7) ={y : nc(y|xi) < 75}

is well calibrated for observations belonging to each
subset such that:

P(yni1 € Cj(xn+177j)|(xn+1,Yn+1) S Ej) >1-«
(21)

Proof. Let E be the sample space for all possible NER
inputs and outputs (x,y). Consider a partition of FE
into m mutually exclusive and exhaustive subsets such
that UT=1 E; = E,]P’(U;"=1 Ej)=1land Vj # k,E; N
E, = @,P(Ej N Ek) =0.

Now consider the calibration dataset D., =
{(xi,¥i)}iez..,- Assuming that the calibration data is

exchangeable, we may partition the calibration dataset
based on the sample space partition {F;}7 ;. Let

Dzal ={(x:,¥i) € Dear : (x4,y:) € E;} = {(Xi,}’z‘)}iezgal,

where Igal is the set of indices corresponding to obser-
vations belonging to the E;. Clearly, each partition
D’ . of the calibration data inherits the exchangeable
property.

We will now define a conformal prediction set, condi-

tional on the true observation belonging to the parti-
tion Ej.
7, =Q1-q ({nc(yi \ Xi)}(xi»Yi)EEj)
=Q1-a ({nc(yi | Xi)}iefin,z)
—[(1 —a)(1 + [Z7,,)]*" largest

: J
score in Z¢ ,
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A prediction set may then utilize this cutoff to generate
a conditionally-calibrated prediction set:

Ci(x,7) = {y : nc(y|x;) <75}

Given the above, let a new observation (X,,4+1,¥n+1) be
exchangeable with the calibration data {(x;,y;) }icz

cal *

We must have (Xpt1,¥nt1) € Ej for some 1 < j <
m. Then, {nc(y; | x;)};cqi Uln+1] 18 exchangeable.
Therefore, via Proposition

P(ynt+1 € Cj(Xnt+1,7)|(Xn+1,Ynt+1) € Ej) > 1 -«
(22)

O

10.3 Theory of naive Prediction Sets Proof

Theorem 2. let Ciqp and Cprop be conformal predic-
tion sets calibrated at levels 1 — « and 1 — B then the
intersection of these two prediction sets obtains a cov-
erage above 1 —a — 3:

P (ynew S Oidz (X) N Cprob(x)) Z l—a- B

Proof. Let us construct two conformal prediction sets
utilizing two distinct non-conformity scores nc and
nc* :

T =Q1-o ({nc(yi | xi)}iez..)
=[(1 = a)(1 + |Zeal]) ™" largest value of nc in Zea

7" =Q1-5 ({nc”(yi | %i) yiez.n)
=[(1 = B)(1 + |Zea]) ™" largest value of nc* in Zea

Prediction sets for each quantile and non-conformity
score are constructed via:

C(x,7) ={y :nc(ylx;) <7}

C*(x,7") ={y : nc”(y|xi) < 77}

Via Proposition 1:

P(yni1 € C(xp41,7)) 21—

P(yni1 € C*(Xp41,77)) 21 -8

Following the basic law of probability that P(AN B)
P(A) + P(B) — 1, and then define the events: A

{YIleW S Cidw (X)} and B = {YHew S Cprob(x)}:

v

10.4 Theory of conditional Prediction Sets

Theorem 3. Let: C,4:(x), be a conformal prediction
set such that the desired coverage is 1 — a. We may
then define a second prediction set (Cprop(x) )such that:

IP)(ynew S Cprob(x) | Ynew S Czdz(x)) Z 1- 6

We propose that the coverage of the intersection of
these two sets is bounded by:

P(Ynew € Cida(x) N Cprop(x)) = (1 = ) (1 = f)

Proof. Let us construct two conformal prediction sets
utilizing a baseline non-conformity score and a sec-
ondary non-conformity score. The quantile used to
calculate the baseline prediction set is as follows:

7= Q1-a ({nc(y: | xi)}tiez.n)
= [(1 — @)(1 + |Zear])]*" largest value of nc in Ze,

Now, define the subset of the calibration data below
T as Zear,r = {1 : nc(yi|xi) < 7,4 € Zew}- Now define
the secondary quantile as follows:

7 = Qi-p ({nc*(yi | xi)}ietu.)
=[1-8)01+ |Ical77|ﬂth largest value of nc in Z.q; -

Prediction sets for each quantile and non-conformity
score are constructed via:

C(x,7) = {y : ne(ylxi) <7} (23)

C*(x,7") ={y : nc"(y|xi) < 7"} (24)
Following Proposition 1:

P(ynJrl S C(Xn+17 T)) Z 11—«

Additionally, by construction:
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P [ynﬂ € C*(xpt1,77)

Yn+1 € C(XnJrla 7—):|

= P[nc*(yn+1xn+1) <7 ne(Yngalxng1) < T)]

Now, let E be the event space of all possible NER in-
puts and outputs (x,y). Let us partition this event
space into two regions {Ey, Es}, where By = {(x,y) :
nc(ylx) < 7} and By = {(x,y) : nc(y|x) > 7}.
If the new observation (Xn41,yn+1) € FE1, then
{HC*(XuYi)}ieIgalu[nH] = {nc*(xi,yi) tieTou - Un+1]
is exchangeable. Therefore, by Theorem

IP nC*(yn+1‘Xn+1) S T* nC(Yn+1|Xn+1) S T Z 1-— ﬁ

Theorem [3| now follows from the following basic prob-
ability result: for any two events A and B,

P(AN B) = P(A)P(B|A).

Where A = {ynt1 € C(x,7)} and B = {yn+1 €
C*(x,7*)}. By definition P(A) > (1 — «) and
P(B|A) > (1 - 7).

Now, Let Ciax(x) =
Then it is clear that

C(x,7) and Cprop(x) = C*(x, 7).

IE‘D(YHew S Cidx<x) N Cprob(x)) Z (1 - a)<1 - 6)

Sentence-Level (NC1)

Desired ‘ Naive 4 ncl
Coverage | Coverage Size
0.8 0.8504+£0.0012 0.9101+£0.0011
0.9 0.9276+0.0010 1.297240.0015
0.95 0.9676+0.0006 1.8308+0.0012
0.975 0.9811+0.0004 2.2526+0.0020
0.99 0.9913+0.0002 5.3971+0.0242
Desired ‘ RAPS + ncl
Coverage ‘ Coverage Size
0.8503+0.0012 0.8702+0.0008
0.9228+0.0010 0.9807+0.0003
O 95 0.9675+0.0006 1.8286+0.0012
0.975 0.9770+0.0005 2.1126+0.0012
0.99 0.9907+0.0002 5.3778+0.0143
Desired ‘ Conditional + ncl
Coverage ‘ Coverage Size
0.8504+0.0012 0.9100+0.0011
0.9 0.9274+0.0010 1.296240.0015
0.95 0.9675+0.0006 1.8287+0.0012
0.975 0.9811+0.0004 2.2524+0.0020
0.99 0.9913+0.0002 5.3968+0.0217
Sentence-Level (NC2)
Desired ‘ Naive + nc2
Coverage ‘ Coverage Size
0.8 0.7844 £0.0010 0.5105£0.0052
0.9 0.8885 £0.0012 0.9546+0.0007
0.95 0.9438 £ 0.0010  1.334540.0016
0.975 0.9742 £ 0.0007  2.500840.0017
0.99 0.9903 £ 0.0001  15.0000=£0.0000
Desired ‘ RAPS + nc2
Coverage ‘ Coverage Size
0.8 0.9396+0.0011 1.033£0.0004
0.9 0.9397+0.0011 1.033240.0004
0.95 0.9704+£0.0006 1.9823+0.0005
0.975 0.9788+0.0005 2.9940+0.0004
0.99 0.9909+0.0001 15.8872+0.0024
Desired ‘ Conditional + nc2
Coverage ‘ Coverage Size
0.8 0.9307+0.0011 1.0000£0.0001
0.9 0.9307+0.0011 1.000+£0.0001
0.95 0.9700+£0.0006 1.974140.0006
0.975 0.9786+0.0005 3.0000+£0.0001
0.99 0.9907+0.001 15.9298+0.0020

Table 8: Results from Table [5l with standard errors com-
puted from twenty calibration/test splits.
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