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Abstract

In the stochastic gradient descent (SGD) for sequential simulations such as the neural stochastic
differential equations, the Multilevel Monte Carlo (MLMC) method is known to offer better theoreti-
cal computational complexity compared to the naive Monte Carlo approach. However, in practice,
MLMC scales poorly on massively parallel computing platforms such as modern GPUs, because
of its large parallel complexity which is equivalent to that of the naive Monte Carlo method. To
cope with this issue, we propose the delayed MLMC gradient estimator that drastically reduces
the parallel complexity of MLMC by recycling previously computed gradient components from
earlier steps of SGD. The proposed estimator provably reduces the average parallel complexity per
iteration at the cost of a slightly worse per-iteration convergence rate. In our numerical experiments,
we use an example of deep hedging to demonstrate the superior parallel complexity of our method
compared to the standard MLMC in SGD.

1. Introduction

In this paper, we study the stochastic gradient descent (SGD) for sequential stochastic simulations
such as the neural stochastic differential equations (SDEs). Since the seminal work by Chen et al.
[8] on neural ordinary differential equations (ODEs), the neural differential equations have gained
considerable traction in the machine learning community. The development of neural differential
equations has led to various extensions beyond ODEs [8] and SDEs [37], such as neural jump
ODEs [30] and SDEs [24], neural control differential equations [26], and neural stochastic partial
differential equations (PDEs) [34].

In the Monte Carlo simulation of such sequential models, the multilevel Monte Carlo (MLMC)
method [15, 16] is a popular choice to improve the computational complexity compared to the naive
Monte Carlo approach. Notably, recent research by Ko et al. [29] explored the application of MLMC
to neural SDEs, and Hu et al. [20] conducted an in-depth theoretical analysis, shedding light on
the performance improvements that MLMC offers to SGD. However, when it comes to practical
implementation, MLMC exhibits a scalability issue when combined with SGD on massively parallel
computers such as GPUs.

In highly concurrent settings, where we can increase the batch size significantly to reduce the
impact of the stochasticity in the gradient estimator during optimization, the primary bottleneck
for performance shifts from standard computational complexity to the parallel complexity' of the
gradient estimator. In such a scenario, the limiting factor for performance becomes the total number
of iterations in the SGD process, which is constrained by the parallel complexity of the gradient
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estimator, and consequently, the benefit of the variance reduction offered by MLMC becomes
marginal. This shift poses a challenge to the effective use of MLMC within the SGD framework on
high-performance parallel hardware, as the traditional MLMC estimator requires the same parallel
complexity as the naive Monte Carlo estimator.

To address this issue, we propose a novel adaptation of the traditional MLMC approach, which
we term "delayed MLMC." By periodically sampling the expensive parts of gradients and reusing
those values for the rest of the time, the delayed MLMC achieves a substantial reduction in parallel
complexity. Later in the paper, we provide theoretical analysis, where we derive the convergence
rate of the SGD with the delayed MLMC for a smooth non-convex objective, and demonstrate its
practical relevance by a numerical experiment using a neural SDE model.

2. Background on Multilevel Monte Carlo Method

Here, we provide an overview of the conventional MLMC estimator of the gradient that offers better
computational complexity than the naive Monte Carlo gradient estimator. Conceptually, MLMC
reduces the variance of the Monte Carlo average by considering a hierarchy of the discretization size
for a simulation. Instead of running the most precise but very expensive random simulations many
times and taking their average, it combines the results of a large number of cheap but low-accuracy
simulations with a very small number of highly accurate simulations.

To formally discuss this concept, we introduce a sequence of approximations for the true
random simulation, denoted as { Fy(z, §)}€m“" along with their expectations {Fg(%)}i‘f&; so that
Fy(z) = Ee[Fy(z,€)]. Here, = € R™ represents a parameter of the function and ¢ is a random
variable. The quality of the approximation improves as we increase level ¢ with the maximum
level offering the best possible approximation. Given such approximations, we would like to solve
optimization problem

minimize F'(x) := Fy, (). (1)
TzER™

For instance, in the case of SDEs, the approximation at level ¢ corresponds to the SDE simulation
with step size At = §27¢. Although it is possible to use the naive SGD with gradient estimator
Vﬁgmx(x, €)? to optimize the above objective, for many types of sequential simulations such as
SDEs, it is known that we can construct a more sample efficient gradient estimator using MLMC.
For MLMC to be applicable to the problem above, we need to make additional assumptions:

Assumption 1 (Complexity of the Gradient) Both standard and parallel complexities of estimator
V Fy grow exponentially to {. In other words, there exists constant ¢ such that for any x and ¢,

Complexity [Vﬁg(x,g)} = O(2%) and ParallelComplexity [Vﬁ'g(x,g)} = O(2%).

Furthermore, we introduce so-called coupled estimator Agﬁ (,8) := Fy(x,€) — Fy_y(x, &) for
£ =0,...,0nx. Here, for notational simplicity, we set F 1(z,&) = 0. This coupled estimator
allows us to decompose original stochastic objective £, (x,£) as Fy,_ (z,€) = Z"‘“* 8 AeF(x,€).
Similarly, we define the difference of the expectations as AyF'(z) := Fy(x) — Fg,l( ). For this
gradient estimator of difference VAF (z, &), we make the following assumption on the exponential
decay of variance.

T
2. Here, derivative is taken with respect to the parameter x so that V = (ddTl, %, R %) .
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Assumption 2 (Decay of the Variance) There exist constants M and b such that for any ¢ and x,
. 2
Ee HVAKF(x,g) - VAKF(x)H < o7ty

Furthermore, we assume that the decay rate of variance, represented by the parameter b, is faster
compared to the increase rate of the cost ¢ defined in Assumption 1, so that b > ¢. 3

Here, to understand the feasibility of this assumption in practice, let us consider an example of an
SDE simulation. In the case of SDEs, the coupled estimator corresponds to the difference between
two simulations using different discretizations of the same continuous Brownian motion path &.
Compared to coarse simulation V Fy_ (z, £) in the previous level, VFy(x, £) uses a finer time grid
with half the step size. As both of them approximate the same SDE solution given a Brownian path,
the difference between them tends to decay quickly, as in the assumption. *

Now, we introduce the MLMC gradient estimator with effective batch size N as

Linax NZ
VEvime = Y N, > VAF (&),
/=0 n=1

9—(b+c)e/2

where Ny = { : N—‘ = O(N2~(b+9)¢/2) 5 This estimator has 3,5 N,O (2%) =

O(N) complexity and Zg":‘“a MJQ\,;M = O(N 1) variance due to the assumption that b > c. Thus,

the MLMC estimator is more efficient than the naive Monte Carlo estimator

A~

N
1 .
V Fraive = N Z VFZmax (.13, gn)a
n=1

with O(N2¢m=) complexity and O(N 1) variance. In Appendix A, we describe the derivation of
this optimal allocation of per-level sample size N, for MLMC that we used here.

3. Delayed Multilevel Monte Carlo method for SGD

As discussed above the MLMC estimator has superior computational complexity than the naive
Monte Carlo estimator. However, the computation of the MLMC gradient always requires the
computation of the highest level with (’)(25"’“) parallel complexity, which makes the MLMC-based
SGD as slow as the naive SGD on a massively parallel computer.

To cope with this problem, we propose the delayed MLMC for SGD, which we describe
in Algorithm 1, where we introduced VA, Fypmc(z,&,) = N%/ EQL VAKF(:L‘,&,”) for £, =

3. The latter assumption is made for the sake of simplicity. Though it is not always required for MLMC to achieve better
convergence than the naive Monte Carlo method, it is essential for the fastest convergence rate of MLMC [16].

4. The above assumption holds for b = 2k if we use an SDE solver with strong order k [28] for computing Fe($7 &)’s
and its gradient by adjoint method [33]. Indeed, a common choice of an SDE solver for MLMC is the Milstein scheme
[17], and it has strong order k = 1. Nevertheless, Assumption 2 (and 3) cannot always be guaranteed theoretically. In
such cases, one has to confirm this assumption experimentally, as we have done in our numerical experiment.

5. Here, [-] and |- | denote the ceiling function and the floor function, respectively.
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(&01,--.,& nN,). With this notation, the standard MLMC estimator at step ¢ can be written as
\Y FS{MC = f}:a VA Eviome (24, &:.¢) whereas the delayed MLMC estimator becomes
Cmax
VE o ve = > VAFNMC @1y (1) €y ).0)-
=0

Instead of calculating the gradient at each level every time step, the delayed MLMC estimator
computes the gradient at level £ only once per every |2%| steps, and when the gradient computation
is skipped, it reuses the most recent gradient computed at time 7¢(#), which satisfies t — [2%] <
7(t) < tand 74(t) =0 mod [2%]. Under Assumption 1, the parallel complexities of the standard
SGD and the MLMC-based SGD per iteration are both O (2‘%“‘“). In contrast, the average parallel

complexity of the delayed MLMC gradient descent (Algorithm 1) per iteration is O (Zﬁ“ﬁg 2(C*d)£),

which is an improvement by a factor of 2%mx o 2¢/m | depending on the magnitude of ¢ and d. ©

Algorithm 1: SGD with the delayed MLMC
Initialize .
fort=0,...,7 do
for . =0,..., 0, do
ift =0 mod [2%] then
Sample a new gradient at current x; as VA F®) VAEFMLMC(a;t, £t74)7.
Update the time of the latest gradient as 7, < ¢.
end
end

Compute delayed gradient estimator as Vﬁ’lgli\)/ILMC — Zg’:é VAgF (7e),

Update the parameter x as Ty < Tt — atVF&\),ILMC.
end

4. Theoretical Guarantee

In this section, we present the results of our theoretical analysis of the delayed MLMC. To justify the
skipping of gradient computation, we make the following assumption regarding smoothness.

Assumption 3 (Decay of the Smoothness) There exist constants L and d such that for any x1, x2
and ¢,
IVAF(21) — VAF (22)]| < 2% L2y — 22]|.

This assumption guarantees that gradients at higher levels undergo progressively smaller changes
throughout the optimization process, enabling us to skip the computation of higher levels in
the delayed MLMC. Here, note that we can trivially obtain the standard smoothness condition
for SGD from this assumption as [|VEF (z1) — VF (z2)| < >, [IVAF (1) — VAF(22)| =
S ima 2= L ||z — xo]|. Thus, VF(x) is L'-smooth for L' := (352, 2~%) L. With this additional
assumption in place, we can now present our main theorem (with the proof available in the appendix):

6. Summation Zﬁj‘a 2(e=D pecomes O(1) for ¢ < d, O(lmax) for ¢ = d, and O(2(¢~Dmx) for ¢ > d.
7. Here, &, , are sampled independently from past samples and samples from the other levels.
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Theorem 1 (Delayed MLMC Gradient Descent for Non-Convex Functions) Under Assumption
2 and 3, suppose we run SGD with delayed MLMC gradient estimator VF Ig?,ILMC as in Algo-
rithm 1. Assume that the step sizes are chosen as oy = o < min {i, %} for B satisfying

1
0<p=< 12t 1) (D520 2 %) log(2T+1)" Then, we have

T-1
1 9 _ 8(F(xo) — Fuy) 49 , logT7 M
T tEO E||VF (z)]]” < aoT + | 2440 + 5 M <O TN limax |

where we defined Fyy := inf, F(z) and M' := 3L (Zg";“g 2_(1"*'0)(/2) (Zf’g’g 2_(b_c)f/2).

As can be seen, our convergence rate depends on variance of the gradient %, but with a mas-
sively parallel computer, we can take the (effective) batch size N sufficiently large to reduce the
variance term to a negligible magnitude. Then, the convergence rate of delayed MLMC becomes

(@) ((IO%T) Emax), which is slightly less favorable than (’)(%) rate of both MLMC and naive method.

At the cost of the additional factor of O (log T - max ), the delayed MLMC gains substantial improve-
ment in its parallel complexity as discussed earlier. For clarity, in Table 1, we provide a summarized
comparison of the convergence rate and the complexities of these methods.

Convergence rate Complexity  Parallel complexity
Naive SGD O(7 + Mlma)  O(NT2m) O (T2
MLMC + SGD O(z + ) O(NT) O(T2¢0ma)

Delayed MLMC + SGD (ours)  O((8L + yg..)  O(NT)  O(T Spmy 2le-D0)8

Table 1: A comparison of the convergence rate of -+ ST E|[VF(2)||%, the (standard) complexity,
and the parallel complexity of different methods. Parameters 1', M, and N are the number
of iterations in SGD, the variance of the gradient, and the effective batch size, respectively.

5. Experiments

In the numerical experiments, we employed an example of deep hedging [5] to assess the performance
of the proposed method. In the context of deep hedging, our goal is to solve optimization problem
mingee poer E ‘max{Sl — K,0} — fol Hy(t, S¢)dS; — po| , to find the optimal hedging strategy
H(t,s). In our experiments, we chose the underlying asset price process Sy to be a geometric
Brownian motion, and hedging strategy Hy(t, s) was parameterized using a deep neural network.
For more detailed information regarding the experimental setup, please refer to Appendix C.

To assess the validity of Assumption 2 and 3, we examined the decay rate of the variance and
the smoothness of VA/F (z,€) during the optimization, as shown in Figure 1. To estimate the

>

. 2
decay rate of the variance, we instead tracked squared norm of the gradient £ HVAKF (z, ft’g)‘
which provides an upper bound on the variance. Since the direct estimation of the smoothness is

8. Again, this summation becomes O(T) for ¢ < d, O(Tlmax ) for ¢ = d, and O(T2(¢~ D) for ¢ > d.
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Figure 1: The decay of squared norm of the gradient E HVAgF (x,§) H (left) and path-wise smooth-

VAP (2441,6)=VAF (24,6
Ti41—Lt
the Monte Carlo simulation for the parameters during the optimization. The line and the

band indicate the mean and standard deviation of the estimated values.

ness E H ) H (right). These expectations were estimated by running

difficult, we approximated it with the path-wise smoothness in L' norm. From these figures, we can
reasonably assume the values of b to be close to 2 and d to be 1 in the aforementioned assumptions,
which implies that the standard MLMC and the delayed MLMC are applicable to our problem.

40 —— baseline —— baseline

MLMC MLMC
3.5 —— delayed MLMC 3.5 =—— delayed MLMC

os:
o
o

Loss

0 500 1000 1500 2000 2500 3000 3500 0 2000 4000 6000 8000 10000 12000 14000  160C
Cumurative complexity Cumurative parallel complexity

Figure 2: Learning curves of the naive SGD (baseline), the SGD with MLMC, and the SGD with
delayed MLMC, where standard (left) and parallel complexity (right) are the time scale.

Figure 2 illustrates the learning curves for three different optimization methods: the naive SGD
(baseline), the SGD with the standard MLMC, and the SGD with delayed MLMC. All methods
employed the same learning rate, and the batch sizes were adjusted to match the gradient variance
across methods. When we consider parallel complexity as the horizontal axis, it becomes evident
that the delayed MLMC outperforms both the baseline and the standard MLMC, which aligns with
our expectations. Interestingly, even when assessing performance in terms of standard complexity as
the time scale, we observe that the delayed MLMC exhibits slightly faster optimization compared to
the standard MLMC. This improvement can be attributed to the skipped computation of gradients at
higher levels, which again demonstrates the effectiveness of the proposed approach.
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Appendix A. A Review on the Multilevel Monte Carlo Method

A.1. Literatures on MLMC

The multilevel Monte Carlo (MLMC) method, initially introduced by Heinrich [18] for paramet-
ric integration, gained substantial recognition following the seminal work by Giles [15] on path
simulation of SDEs. Its applications have since extended into various domains, including partial
differential equations with random coefficients [9], continuous-time Markov chains [1], and nested
simulations [6]. Following its success in the numerical simulations, the MLMC has been extended
further to the fields of statistics and machine learning. In statistics, MLMC has been applied to
Markov chain Monte Carlo sampling [12], sequential Monte Carlo sampling [2], particle filtering
[23]. The adoption of MLMC in machine learning is a more recent development, with applications
ranging from distributionally robust optimization [31] to Bayesian computation [7, 21, 32, 36] and
reinforcement learning [11, 19, 38]. For those interested in a comprehensive review of MLMC, Giles
[16] provides an excellent tutorial and an extensive survey.

Here, we also offer a brief comparison of our work with existing literature on variance reduction
techniques for SGD. Some of the most popular variance reduction techniques such as SAG [35],
SVRG [25], SAGA [10], and SPIDER [14] are orthogonal to our approach and they may be combined
with our method. Still, they share a similarity with our method in that they also take advantage
of the smoothness of the loss function, which requires gradients for two similar parameters to be
proportionally similar. Our work aligns most closely with that of Hu et al. [20], which examines the
convergence of SGD with MLMC, albeit with a primary focus on standard complexity, whereas our
focus is on parallel complexity.

A.2. Optimal Sample Size Allocation of MLMC

To determine the optimal sample sizes per level, denoted as Ny, . .., Ny, we minimize the variance
under a fixed total cost. ° For the analysis, let us assume that there exist C, ¢, M, and b such that

Cy := Complexity [VAgﬁ(x,f)} = (2%
and that

= M2,

Vi =E HVAEF(x, £) — EVAF(z, g)H2

Since the variance of the MLMC estimator V Fyyic = Zﬁ‘f{; N% Zﬁ/ VA, (2,&.,) can be

written as Zﬁ:‘é %, we can solve the following constrained optimization to obtain the optimal choice

OfNo, N ,Ngmax.

Zmax émﬂx

Ve
min — subject to CyNy = Ciotal-
NO""’NZmax>O ;} Né -] ZZO 24ve total

This problem can be solved analytically by using the method of Lagrangian multipliers, yielding the
optimal sample sizes:

/Vp/C [V (bte
N, # - Clotal X é — @(2 (b+ )8/2).

e VViCr

9. Here, we can alternatively minimize the total cost given a constant variance.

10



ON THE PARALLEL COMPLEXITY OF MLMC IN SGD

For this solution, the resulting optimal variance is

ema)( Zmax Zmax

Ve 1
o= = Y VWC y 0292 —o< )
=0 Ny Ctotal ( g k) Ctotal < Ctotal

Appendix B. Theoretical Analysis

Here, we provide a convergence analysis of our algorithm for smooth and non-convex objective
F(x). To set the stage for the analysis of the delayed MLMC, we first present a well-established
result for SGD applied to smooth and non-convex objectives as a reference.

Theorem 2 (Stochastic Gradient Descent for Non-Convex Functions [3]) Under Assumption 2
and 3, suppose we run standard SGD with gradient estimator V F' (x4, &) and step size o = ag < %

so that xyy1 — Tt — wVF (x4, &) fori.id. samples of {ft}tT:_ol. Assume the variance of the gradient
is bounded so that there exists constant M ;. such that E¢||VF (z,£) — VF(z)||? < Mg for any
x. Then, we have

T-1

L
> (1 G ) EIVF@)IP < Flao) - Fig + Z

t=0

where we introduced Fyp := inf F(z).

Proof This proof follows Bottou et al. [3], theorem 4.10.
Also, by Assumption 3, we know that F'(x) is L'-smooth so that

/

L
F(zer1) < Flze) + (VE (), 201 = 20) + 5 241 — Ak

= Pla) + (VF (), ~acV F(r, 6)) + |~ a0V P (i, &)

By taking the expectation with respect to the stochasticity at time ¢ conditioned on the trajectory up
to time ¢t — 1 (i.e. taking expectation with respect to &;) and using Assumption 2, we get

2
Lat

Eg F(2111) < Flai) + (VF(at), —: V(1)) + {HVF (@)lI? + B IV F (w0, &) — VF ()|}

/

L L'o?
< Flay) - o (1 - Qat> IV F ()2 + 221

MVF

By taking the summation of F'(x;) — E¢, F(2¢41) + %OZ?MVF fort =0,...,7 — 1 and taking the
(non-conditional) expectation, we get

T-1

Ll 2L/
> o (1 — at) E||VF(x)||> < F(xo) — EF (x7) + Z
t=0 2
T-1 94y
ai L
< F(zo) = Far + ) —o—Mgp.
t=0

11
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Remark 3 Here, we can substitute Mv f With the upper bound on the variance of Vﬁ’naive and

V Fyyc to obtain the convergence rate in Table 1. Under Assumption 2, the variance of the naive
Monte Carlo estimator can be bounded as

~ 1 ~

gmax + 1 max
< = Y B[ VAR (2,6) = VAF (@)
=0
g + 1 gmax
< % > EVAEG, I
=0
+ ‘gmax
S max 22 bl
=
M
<O\ —=lnax | -
: (N )
Similarly, the variance of the standard MLMC estimator can be bounded as
R emax
Ee|[V Fyuc(x) = VE@)|* = > Bel[ VA Furmc(x) = VAF ()]
=0
= Z ﬂd\mw( z) = VA (2)|”
=0
bna —(b+c)e/2 -1
= z . N Lo~ ar
Cet | Sl o~ (b2

IN

M émax emax
W (Z 2(b+c)£/2) (Z 2(bc)£/2>
N

/=0 /=0

o).

where we used the mutual independence of coupled estimators at different levels at the first line. For
notational convenience, we let M' := % Zﬁ’% 9~ (b+c)t/2 Zﬁ’gg) 9~ (b—a)t/ 2) = Mg, for
the rest of the paper to represent the upper bound on the variance of the MLMC gradient estimator.

Now, to study the convergence property of the delayed MLMC, we analyze the convergence of
SGD with a general biased gradient estimator.

Lemma 4 (Biased Stochastic Gradient Descent for Non-Convex Functions) Under Assumption
2 and 3, suppose we run SGD with a biased gradient estimator Vﬁ’b(gsed = Vﬁ’biased(xt, €o:t)
depending on the information up to time t. Assume the variance of the biased gradient is bounded so
that there exists constant Mgz~ such that Ee, HVF biased — E& bme de < Mgy, holds for any
o, t, and &y, . .., & 1. Then, we have

T—1

> o <; - L’at> E||VF(z)|?

t=0

12
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/ . 2
H2 L MVFbiased at
2

biased

( —i—L’at) E||VF(z;) — VED

T—
< mf Z
t=0

Proof We can use a similar argument to Theorem 2 and get

Ee, F(z¢11)

“ L “
< F(ae) = an(VE(2), Eg VEyeg) + 5 Be | — 0oV Fipl?
— F(x1) — il |[VF(20) > + o (VF (1), VF (1) — Be, VEL. )

L'a? A (t
o { 1B, VGl + Ee, [V Frieg — Ee, Ve }

2<v,u>§||v||2+HuH2
<

r o'
P~ o (1= G ) IVF@I + 5 {IVF@OI + IVF (@) - B V)

Lat

(t
{HIE'gtvFjbla?SedH2 HVF(xt)H2 + vFblased}

1 L
= F(xt) — Oy < a at) HVF(xt)”2 JHVF(xt) Eftvalased||2

2 2
L'a?
+ 2 : {<VF(xt) + EﬁtVFb(lta)sew VF(xt) - EftVFtEfa)sed> + MVFb,ased}
Cauchy-Schwarz 1 L o
< ()~ (5 - o) IVF@OIP + SIVF(@) B VAP

L'a? (t
+ L {IVF @) + Bg VDl - IV F (@) — Be, Vil + Mo, }

triangular ineq. 1 L o (1
< Fzy) — oy (2 - 20%) ||VF(5W)||2 *HVF(iUt) - E&tVFtEie?sed||2
L/at r F Ee, VEWY F Ee, VED 12
+ HQV (-ft)” Hv (f]ft) gtv biased” + Hv (Q?t) gtv b1ased” + VFblaSed
2ab<a’+b? 1 L o . (¢
<7 P - a (5 - o) IVF@IP + SIVF(@) - B VAP
L/at 2 2
+ {HVF(xt)H +2|VF(z) — B, VED |12+ Mwbm}
1 1 . L'Mgp  of
= F(xe) — (2 - L’at> IVE(@2)[|? + o (2 - L’at> [V F (1) = B,V Eeal” + —— g
Jensen’s ineq. 1 1 . L'Mg ; . Oé%
<" P - a0 (5 - ) IVFGOIP + o (5 + P ) IVF) - VD + = st
By taking the summation of the above inequalities from ¢ = 0,...,7 — 1, we get the main statement.
[ |

To utilize the above lemma, we derive the upper bound on the bias term in the following.

13
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Lemma 5 (Bounded Bias in Delayed MLMC Gradient 1) Under Assumption 2 and 3, suppose
we run SGD with delayed MLMC gradient estimator VF Igtﬁ),[LMC as in Algorithm 1. Then, we have

Zmax
E|VF () — VES 12 < (bnax + 1) Zz de, Z ar
r=T4(t)
Zmax R
A YLy (BIVE() ~ VES )yl + BIVE(,)]?)
=0 s=T¢(t)

Proof We will first decompose the norm of the bias as

IVF(z) — VES el

Zmax

Z [VAZF(a:t) — VAepMLMC(mTZ(t)a577(15),()} H

=0
lnax X

< Z (z¢) — VAKFMLMC(IETZ(L‘)’57—[(1}),5)“
=0
em .
{HVAEF .Tt) VA@F Tl(t H + HVA[F Tz(t)) - VAZFMLMC(ng(t)a 57@(7&),@)“} :

£=0

By Assumption 3, we can bound the second term in the summation as
VA (20) = VAF (20| < 27 %L|zs — 27,00l

and we can use the triangular inequality as

t—1

2t = 2rll < D lzers — ]
s=7o(t)
t—1

< Z | — aSVF]gT\ZILMC”
SZTZ(t)
t—1

< 3 o (IVF@) = VERel + IVF@)])

s=Ty(t)

Here, we use a modified version of Cauchy-Schwarz inequality (Y, u;v;)? < (3, u;)? (3, v?).
For non-negative a; and any x;, we can show that

() = () (5

holds, by substituting u; = \/a; and v; = \/a;x; to above. Letting x;’s and a;’s be the norms and
their coefficients, we get

E|VF(z,) — VESh el

14
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emax

Z{ HVAéF(xTe(t)) - VAZFMLMC(ng(t% ErAt),Z)H
/=0

<E

t—1 2
+27L Y (|VF(xs>—VFéiiLMclHIIVF(fEs)ll)}

s=7¢(t)
Lrmax t—1
<D 142740 Y al(1+1)
£=0 s=7¢(t)
Cona ) )
x E Z{ HVAZF(xn(t)) - VAEFMLMC(xTZ(t)agre(t),Z)H
=0

t—1
+27%L ) a (HVF<xS>—VFéiiLMCP+rvmm)}]

s=7e(t)
emax tfl
< (Emax + 1) +2. Z 27d€L Z Qg

£=0 s=Ty(t)

Lmax t—1

X AM' 4D 2L 3 o (BIVF(rs) = Vel +BIVF@)IP) ¢
£=0 s=Ty(t)
which concludes the proof. |

Now, we derive a recursive formula of the upper bound from this lemma and obtain a more
concrete bound on the bias.

Lemma 6 (Bounded Bias in Delayed MLMC Gradient 2) Under Assumption 2 and 3, suppose

we run SGD with delayed MLMC gradient estimator VF L()a),,LMC as in Algorithm 1. Additionally, as-
1
(bmax+1) (30720 27 %) log(2T+1) <

sume that step sizes are chosen as o < % for B satisfying 0 < 8 < 1

%.10 Then, there exist K1, Ko > 0 such that

t—1
N 1
EIVF (@)~ VEScl? < KoM + K> Y- ——E|VF(x,)| 2
s=0

fort=20,...,T — 1
Proof We first re-write the inequality in Lemma 5 into a recursion as follows:

E|VF(z:) — VE el

emax t—1
S+ +2- (> 2740 Y o
£=0 r=T4(t)

10. Strictly speaking, we need to assume 7" > 2 for the third inequality.

15
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Kmax til
x M43 2L S ag (BIVE(e) = VESG el + BIVE(z,)]?)
£=0 s=T¢(t)
de t_l
< @B+ ) (lma+ 1) M 8-> 27" 3 (BIVF(,) = Vel + EIVF(a,)?)
=0 s=Ty(t)

Z max

= (28 + Dl + DM+ 554 Do + 0SS S 2 (BIVF(,) — Vi el + EIVF)IP)
(=0 s=t—| 24|

re-index

< (284 1) (bmax + 1) M

t—1
2B+ Dltmn + 1> > 2 (EHVF(:L’S) —VES P IE||VF(:US)||2)
=0 /= [1082(;*5»-‘

= (28 +1)(lmax + 1) M’

L Tesat-an] & (s
828+ Dt + 1Y S 0 (B VP () - VSl + EIVE()]?)
s=0 =0

< (28 + 1) (bmax + 1) M’

t—1 e}
_4lo (z s)) _ (s
+ BB+ 1) (e +1) D27 <Z2 dﬂ) (EIVF(z,) = VESicl? + EIVF(,)]?)

s=0 (=0
t—1
1 (s
=M + Oy — <EHVF(:US) VED I +EHVF(375)H2>. 3)
s=| O

Here, we introduced constants C1 := (28+41)(fmax+1) and Co := B(28+1) (lmax+1) (3272527 %)
at the last line. In the above reformulation, we re-indexed the summation using the fact that the
summand is always non-negative and that

{(£,8) : 0 <l < lpax,0<sandt — |2¥| < s <t—1}

={(0,5): 0 <l <la,t —5<[2%|and0<s<t—1}
C{(l,s):0 <l <lpg,t—s<2¥and0<s<t—1}
c {(ts): (logy(t —s))/d < Land0 < s <t —1}.

For notational simplicity, we used a convention of taking summation with respect to only non-negative
indices in the above.

Now, we look for K1, Ko > 0 for which we can use the mathematical induction from ¢ = 0 to
t =T —1to prove (2). When ¢t = 0, the left-hand side of the inequality simply becomes the variance
of the standard MLMC estimator as the coupled gradient estimators for all levels are calculated,
making the estimator unbiased. Thus, (2) holds for any K; > 1 and K5 > 0 at ¢ = 0. Next, for the
mathematical induction, let us assume that (2) holds for any 0 < ¢ < ¢’ — 1. Then, by (3), we get

E(|VF(z) — VFS\)/ILMC”Q

16



ON THE PARALLEL COMPLEXITY OF MLMC IN SGD

t—1
1 £ (s
SOM +Cyy o — <EHVF($S) —VES el + EHVF(xS)H2>
s=0
t—1 1 s—1 1
<SOIM' +Cy) — (KlM’ + Ky EEHVF(%)H2 + EHVF(SUS)H?)
s=0 =
t—1 t—1 s—1 t—1
1 1
= {C1+C2K1< t_g)}M’+02KQZZ )Ey\VF(xu)y|2+CQZ;E||VF(;ES)||2
s=0 s:Ou:O s=0
t—1 1 t—2 t—1
= {01+02K1 ( i >}M’+02K22 ( Z >>E”VF(1’M)”2
s=0 § u=0 s:u+1
t—1 1
+Co ) EEWF@;S)H?.
s=0

To further the analysis, we need to bound the summation terms Zs o 7 and Zs wtl m

These terms can be bounded using the convexity of  +— = on domain 0 < z and = +— ﬁ on
O<z<tas

Jensen’s ineq. L pt—st g 1
< / —dz
s=0"1t S_% z
t+5 1
= / —dz
1 T
2
log(2t + 1)
and
t—1 1 B t—zufl 1
S (t—s)(s—u) — k(t—u—k)
B t—u—1 1
B - k+id 1
=1 fk—% zdz t—u—fk 2 xdx
Jensen’s ineq tu—l /kJF; da
<
- = i1 z(t —u—ux)
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1 =5 /1 N 1 q
= — - z
t—u 1 z 1—=z

2(t—u)

1
= 2log(2t —2u—1
T 2log( u—1)

Using these bounds, we get
E|[VF(x:) = Vi e

t—2
<{C1 + C2K;log(2t + 1)} M’ + Cy K, Z <1 -2log(2t — 2u — 1)> E(|VF (z,)|?

= t—u
=1y
2
+ Cy Z% —E[VF ().
=1y
<{Cy + C2K1log(2t + 1)} M’ + C2 {1 + K»21log(2t — 1)} Z EIEHVF(:US)H2
s=0

t—1
1
< {Cy + CoKy1og(2T + 1)} M' + Co {1 + Kp2log(2T — 1)} | EEHVF(:US)H?.
s=0

Therefore, by choosing

K — Cl o (26 + 1>(€max + 1)
YT 1 Colog(2T 1) 1= 828+ 1) (lmax + 1) (300, 2-%) log (2T + 1)
and
Ky — s _ (28 + 1) (banax + 1)

1—-2C5log(2T —1) 1—p28+1)(lmax + 1) (O 27%) log(2T — 1)

so that {C + Co K log(2t + 1)} < Kp and Cs {1 4+ K22log(2t — 1)} < K, we can apply math-
ematical induction to prove (2). |

Remark 7 In the last part of the above proof, due to the upper bound of 8 in the assumption, the
denominators of K1 and Ko are positive because

1—Cylog(2T' —1) > 1 —Chlog(2T+ 1)

>1—B28+1)lpar + 1) (i 2“”) log(2T + 1)

£=0

>1-6(2- % + 1) (bpax + 1) (i 2—“) log(2T + 1)

£=0
1 0
>1- S 2(lpax + 1 27% |1 2T +1
o 4(£max + 1) (ZK:O 2_(%) 10g(2T + 1) ( ) <€Z£ ) Og( )
_ 1
2
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This implies that we can upper bound K and K as

Kl é 2(26+1)(€max+1) S 4(£max+1)
and
Ka <2B(28 + 1) (lnax + 1) (Z 2—“) < 4B (bmax + 1) (Z 2—‘”)
(=0

so that the upper bounds don’t depend on T'.
Finally, with the above bound on the bias, we obtain the main theorem:

Theorem 1 (Delayed MLMC Gradient Descent for Non-Convex Functions) Under Assumption
2 and 3, suppose we run SGD with delayed MLMC gradient estimator VF l()ialLMc as in Algorithm

1. Assume that the step sizes are chosen as oy = g < min { 81L’7 Z} for B satisfying 0 < 8 <

1
12(bnax+1) (3272 274 ) log(2T+1)”

T-1
1 5 _ 8(F(wo) — Fiy) 49 , logT" M
S E|v < 0 = Tinf) + 2\ M < ) ) -
> B[V F(z,)|? < o b+ 5 | MO 2=+ 1) ¢

Proof By Lemma 4 and Lemma 6, we have

Then, we have

T-1

1
D> a0 <2 - L’ao) E|[VF ()|
t=0
T—1
1 ~ L'M'o?
< Fla0)~ B+ 3 oo (3 + oo EIVF(e0) = Vel + 250
t=0
T—1 t—1
1 1 1 L'M'a3
< F(z0) = Far+ Y |ao (5 + 7 ) [ KiM' + K> —E|VF(a,)]? | + =2
2 4 t—s 2
t=0 s=0
T-1
Remark 7 3 L' M’ 2
< F(x()) Fing + [ao : 1 : 4(£max + 1) M+ 2 ao]
t=0
T-1 3 0o t—1 1
+ Qo - Z : 4/3(€max + 1) (Z 2d£> <Z HE”VF(xs)W)]
t=0 £=0 5=0
= F(x9) — Finr + o0 [3(€max +1)+ 2040] M’
t=0
0o T-2 T-1 1
—dv 2
+ 3B (lmax +1) - g <Z2 ) > ( > t5> (E[[VF(zs)]?) -
(=0 s=0 \t=s+1
Here, summation ZtT;;_H i can be bounded by Jensen’s inequality as
T-1 T—s—1
1 1
Pl D
t=s+1 t=1
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Jensen’s ineq Tos—1 ot43 1
< / —dx
= Jt=3 T
T—s+= 1
= / ’ —dzx
1 T
2
=log(2T — 2s + 1).
Thus, we get
Z ( - L’ao> E||VE(z)|?
T-1 I/
= Fleo) ~ Far + 3 0 [3<fmax 1t an] M
00 T—2
+ 3B(lmax + 1) - g (Z 2‘“) > log(2T — 25 + DE[|VF ()|
/=0 s=0

!/

L
0) - Finf + z_: a |:3(€max + 1) + 2050:| M’

o] T—-1
+3B8(lmax +1) - 0 (Z 2-“) log(2T +1) Y E||VF(x)|

/=0 s=0

!/

- L
Finf + Z a |:3(£max + 1) + 2050:| M’

T-—1
1
-3¢ 1) 274 | 1og(2T + 1) > E||VF(zy)|?
2l 1) (2 M logT 1) e T <; )"g( U2 EIvEl
L 1 =
- mf+zao[ s+ 1)+ 00| 217+ o0 L EIVFG
S

Therefore, we have

T-1

T-1
Zao S LE|VF(z)|? <

ap ( — L'ag | B|VF(zy)]?
t= t=0
1

~
I

!/

L
< F(I'O) — Finr + (&7)] |:3(£max + 1) + 2040:| M.

o~
Il
— O

N

L 1
< F(l‘o) — Finr + (&7s) |:3(€rnax + 1) + 5 8L/:| M.
0

-
Il
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from which the first inequality follows.
The second inequality follows trivially by substituting the upper bound on g to the first upper
bound. |

Appendix C. Experimental Settings

In our numerical experiment, we employed deep hedging [5] as an example. The deep hedging
involves minimization of the following objective [5, Equation 3.3]:

2

1
min _E lmax{S; — K,0} — / Hy(t,S)dS: — po
6€0,poeR 0

This optimization problem aims to determine optimal hedging strategy Hy(¢, s) and initial price
po of European call option with maturity at ¢ = 1, which is pg = E [max{S; — K,0}|. Hedging
strategy Hy(t, s) represents the amount of the underlying asset we hold to hedge against a share of
sold European call option with strike price /&, whose payoff can be written as max{.S; — K, 0}. For
price process of the underlying asset {St}te[o,l]’ we choose geometric Brownian motion model with
drift 1 and volatility o, which follows

dSt = Mdt + O'StdBt

for standard Brownian motion { By },c(o,1]- To solve the SDE, we employed the Milstein scheme,
a standard solver for MLMC simulation of SDEs [17]. Hedging model Hy(t, s) was implemented
as a feed-forward neural network with 2 hidden layers, each comprising 32 nodes. We used the
SiL.U activation [13] for all layers except the final layer, for which we used the sigmoid activation.
This choice of activation functions ensures that the objective function is smooth and that the holding
volume of the hedging strategy is within the valid range of [0, 1]. For solving the resulting neural
SDE, we used Diffrax [27], a library for neural differential equations based on Jax [4]. The
parameter values for the simulation were set as follows: ¢ = 1, d = 1, b = 1.8 {pax = 6,
w=1,0 =1, and K = 3. The source code for the numerical experiment is publicly available at
github.com/kstoneriv3/delayed-mlmc.
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