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Abstract

Evaluating multi-turn dialogue systems re-
mains challenging, as dialogue quality depends
on how effectively an agent accumulates rel-
evant information across turns. In this work,
we propose a fast, information-theoretic met-
ric for evaluating multi-turn dialogue based on
uncertainty reduction over the course of a con-
versation in embedding space. Our approach
admits a tractable Gaussian approximation and
enjoys desirable theoretical properties, includ-
ing monotonicity, telescoping over turns, and
submodularity. Unlike recent approaches that
rely on large language models as judges, our
method is fully reference-free (no ground-truth
answers, no gold references, no human anno-
tations at evaluation time), deterministic, and
computationally efficient. We show that the
proposed metric remains effective even when
instantiated with extremely lightweight embed-
ding models under CPU-only execution, indi-
cating that the evaluative signal does not re-
quire large model capacity or autoregressive
inference. We evaluate the proposed metric on
MT-Bench and Chatbot Arena, showing com-
petitive and, on MT-Bench, improved agree-
ment with human preferences compared to sev-
eral LLM-as-a-judge baselines.

1 Introduction

Large Language Models are increasingly deployed
as conversational agents for information-seeking
tasks including question answering, and decision
support (Li et al., 2023; Ye et al., 2023; Ma et al.,
2025; Kamalloo et al., 2023). In these settings, in-
teractions naturally unfold over multiple turns, with
users refining their questions and agents progres-
sively providing clarifications and evidence (Wu
et al., 2023). Evaluating the quality of such multi-
turn interactions is therefore central to understand-
ing and improving modern dialogue systems.
Unlike single-turn tasks, the quality of a dialogue
cannot be determined by inspecting individual re-
sponses in isolation (Deshpande et al., 2025; Kim

et al., 2022). Prior work suggests that effective dia-
logues tend to exhibit meaningful progress across
turns, while minimizing redundant or irrelevant in-
formation (Kim et al., 2022; Finch et al., 2023).
As aresult, dialogue evaluation must reason about
the evolution of information over time rather than
static response quality.

In many real-world conversational applica-
tions, particularly in task-oriented and information-
seeking settings, effective information transfer is
a central objective, alongside other aspects of di-
alogue quality such as fluency and style (Deriu
et al., 2020; Beaver, 2022; Guan et al., 2025). In
information-seeking dialogues and related inter-
active settings such as decision support, tutoring,
and troubleshooting, user goals are often under-
specified or evolve over time, making single-turn
responses insufficient. As a result, effective sys-
tems must engage in multi-turn interactions to pro-
gressively elicit, refine, and convey relevant in-
formation (Deshpande et al., 2025; Piskala et al.,
2025). In these settings, high-quality dialogues are
those that progressively reduce uncertainty about
the task at hand, avoiding unnecessary repetition
or digressions while introducing new, relevant evi-
dence. Measuring uncertainty reduction therefore
captures a fundamental aspect of dialogue useful-
ness that is orthogonal to surface-level fluency or
conversational style.

This perspective is particularly relevant in practi-
cal deployment scenarios where evaluation must be
fast, reproducible, and scalable. For example, large-
scale model comparison, regression testing during
model development, and online monitoring of de-
ployed systems all require lightweight evaluation
signals that reflect meaningful dialogue progress
(Deshpande et al., 2025; Li et al., 2025a; Guan
et al., 2025). An information-theoretic metric pro-
vides a principled way to quantify this dimension
directly, without relying on costly human annota-
tion or heavyweight judge models.



We make the following contributions:

* Information-theoretic formulation: We for-
malize multi-turn dialogue evaluation as mea-
suring uncertainty reduction over the course of
a conversation and introduce an information-
theoretic metric that captures dialogue-level
progress independent of fluency or stylistic
considerations.

¢ Practical, training-free approximation: We
propose a fast, reference-free, and determin-
istic Gaussian approximation to information
gain in embedding space, and establish theo-
retical properties including monotonicity, tele-
scoping across turns, and diminishing returns
for redundant information.

* Empirical Validation: We demonstrate that
the proposed metric distinguishes dialogues
of differing quality in controlled synthetic
settings and achieves competitive agreement
with human preferences on MT-Bench and
Chatbot Arena (Zheng et al., 2023b), while
being substantially more efficient than LLM-
as-a-judge baselines (Li et al., 2025a; Zhang
et al., 2024).

2 Related Work

Prior work on dialogue evaluation spans several
complementary directions.

Task-Oriented and Structured Dialogue Eval-
uation. In structured and task-oriented settings,
dialogue quality is often evaluated using a com-
bination of turn-level and dialogue-level signals,
sometimes augmented with learned or judge-based
components. For example, TD-EVAL proposes a
two-stage framework that integrates turn-level met-
rics with dialogue-level aggregation and LL.M judg-
ments, demonstrating improved alignment with
human preferences on benchmarks such as Mul-
tiWOZ and Tau-Bench (Budzianowski et al., 2018;
Yao et al., 2024; Acikgoz et al., 2025).These ap-
proaches focus on task-specific success criteria and
typically rely on supervised models or external
judges, whereas our metric abstracts multi-turn di-
alogue progress as uncertainty reduction in embed-
ding space.

Dialogue-Level Coherence and Consistency Met-
rics. Another line of work proposes dialogue-
level metrics based on coherence, consistency, or

contextual appropriateness across turns (Dey et al.,
2022; Ghazarian et al., 2022). Such methods assess
whether a dialogue remains internally consistent or
locally appropriate given its history, but they do not
explicitly model dialogue-level progress or dimin-
ishing returns arising from redundant information.

Large Language Models as Dialogue Evalua-
tors. A substantial body of work studies large
language models themselves as dialogue evaluators,
analyzing their agreement with human judgments
as well as their sensitivity to prompting and evalua-
tion protocols (Chen et al., 2023).While LLM-as-
a-judge approaches have been shown to achieve
strong alignment with human preferences, they
incur significant computational and operational
costs in practical evaluation pipelines (Jia et al.,
2024). For instance, MT-Bench 101 demonstrates
that with careful prompting and evaluation design,
LLM-based judges such as GPT-4 can achieve very
high agreement with human judgments on multi-
turn dialogue quality (Bai et al., 2024). At the same
time, these results rely on large models, extensive
prompt engineering, and repeated inference, mak-
ing such approaches expensive and difficult to de-
ploy for large-scale model comparison, regression
testing, or continuous monitoring.

Learned Evaluators and Judge Approximation.
Closely related are learned evaluators that aim
to approximate human judgments or LLM-based
judges directly, including dialogue-level predictors,
pairwise comparison models, and feature-based
frameworks (Ou et al., 2024; Park et al., 2024; Zhou
et al., 2024; Li et al., 2025b). Although effective,
these methods require supervised training and in-
herit the opacity and distributional assumptions of
the judgments they are trained to approximate.

Positioning of Our Work. Recent large-scale
surveys and meta-evaluations conclude that LLM-
as-a-judge approaches currently offer the strongest
overall alignment with human dialogue evaluations
across a wide range of datasets and quality di-
mensions, albeit at high computational cost and
with limitations related to prompt sensitivity, repro-
ducibility, and scalability (Li et al., 2025a; Zhang
et al., 2024). Accordingly, we treat LLM judges
as strong holistic baselines rather than targets to
replace. Instead, our work proposes a complemen-
tary, training-free metric that captures multi-turn
epistemic progress via uncertainty reduction, with
explicit theoretical guarantees and substantially



lower computational overhead.

3 Our Method

3.1 Scope of Evaluation

The quality of a conversational agent is inherently
multi-dimensional, encompassing factors such as
correctness, helpfulness, safety, style, and creativ-
ity. No single scalar metric can capture all of these
aspects simultaneously. In this work, we deliber-
ately isolate a fundamental dimension: the ability
of an agent to reduce relevant uncertainty over the
course of a multi-turn dialogue. We focus on in-
formation gain as a measure of informativeness
and dialogue progress, independent of fluency or
stylistic considerations.

3.2 Preliminaries

Let 3 be a finite alphabet and 3* the set of all finite
strings over .. A T-turn question—answer dialogue
is a sequence

Dir £ ((q1,a1),-- -, (g7, ar)) (1)

where (q;,a;) € ¥* x ©* denotes question and
answer in step ¢. Optionally, one may assume an
abstract universe of atomic facts I/ and an extrac-
tion map £ : ¥* x £* — 2U, but our approximation
in Section 3.4 does not require an explicit /.

Problem Statement. Our objective is not to
model pairwise human preference directly. In-
stead, we define a dialogue-level scoring function
IG : D — R that assigns a scalar score to a
single multi-turn dialogue D;.; € D. Pairwise
preference datasets are used only for evaluation:
given two dialogues Df‘:T and DET, we compare
IG(D4!;) and IG(D¥®,) and measure agreement
with human majority judgments. Our metric as-
signs a scalar score to a single dialogue in isolation.
Pairwise preference benchmarks are used only to
assess how well this score correlates with human
judgments, rather than being the modeling objec-
tive itself.

3.3 An Information-Theoretic Idealization

World-based view (ideal). Let ® be a back-
ground theory (e.g., Horn clauses) and let M(F)
be the set of possible worlds consistent with ev-
idence F' and ®. With a uniform posterior over
M(F), the entropy equals log | M (F)| and the per-
turn information gain is

(M(Fia)|

e =20 2
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TR ME) T

which telescopes over turns. This motivates our
goal: compute a fast surrogate that preserves mono-
tonicity and telescoping without explicit model
counting.

3.4 Gaussian Approximation to Information
Gain

The idealized formulation in Section 3.3 assumes
access to an explicit universe of facts and model
counting over possible worlds. Our approximation
is universe-free in the sense that it bypasses any
explicit symbolic universe or fact inventory, instead
operating directly in continuous embedding space.

Evidence units. For each turn ¢, we determinis-
tically extract a multiset of evidence strings from

the answer!,

Zt é {Zt,lv ] 7Zt,mt} g 2*7 (3)

e.g., sentences or semantic chunks of a;. We write
enc : ©* — R? for a fixed text embedding func-
tion, and denote

qr £ enc(q) € R? z:; = enc(Zy;) € R, (4)

Latent semantic state. 'We model an unobserved
latent vector X € R? representing residual seman-
tic uncertainty induced by the dialogue so far.> We
place an isotropic Gaussian prior

X ~ N(0,%), o 2 ol 6))

Observation model. Each evidence embedding
induces a scalar linear measurement of the latent
semantic state:

yri =12, X+ i, e ~N(0,0%), (6)

Since information gain depends only on the poste-
rior covariance, the specific measurement values
y¢,i do not need to be observed or estimated.

Question-conditioned relevance weights. We
downweight evidence unrelated to the question
using cosine similarity in embedding space. Let
Vv £ v/||v||2 denote £5 normalization. We define

Wt 4 = ma’X(07 <qt7 it,’i>)7 (7)

optionally with a hard cutoff w; ; <— Oifw;; < 7
for some 7 € [0, 1].

"For our experiments, we simply just split them into sen-
tences.

%X is an abstract modeling device rather than a literal
world state or fact representation.



Precision-form update. LetJ; £ 3, ! denote
the precision matrix of the posterior distribution
over the latent semantic uncertainty variable X af-
ter incorporating evidence up to turn ¢. For non-
negative evidence weights w; ; > 0, the posterior
precision updates additively:

mg
Wt ¢ T
Jt = Jt_l + E ? Zt7iZt7,L-. (8)
i=1

This precision update corresponds to the
information-form posterior covariance of Bayesian
linear regression with linear measurements in
embedding space. See Appendix A for a derivation.

o
From now on, denote o ; = —5*.

Per-turn information gain. The differential en-
tropy of a d-dimensional Gaussian N (u, 3) is

H(X) = glog(QTre) + %log det(S).  (9)

Since the first term is constant in ¢, the per-turn
information gain induced by turn ¢ is

IG; 2 H(X | Zy 1) — H(X | Z124) (10)
. 1 det(Zt_l)

Theorem 3.1 (Monotonicity and Telescoping). As-
sume Xq > 0 and weights oy ; > 0. Under the pre-
cision update in Equation (8), we have 3y < 331
(in PSD order) and hence 1G; > 0 for all t. More-
over, the total gain telescopes:

det(zo)

4 1
IG; = = log ———22 | (12)
; LT 270 det(Zy)

so it depends only on the initial and final posterior
covariances.

Proof. Proved in Appendix B 0

One important consequence of our formulation
is that accumulating additional evidence yields di-
minishing returns: as evidence grows, posterior un-
certainty shrinks, and new information can only re-
duce uncertainty by a smaller amount than it would
have earlier. This property prevents verbosity and
redundancy from being rewarded. We formalize
this intuition using the notion of submodularity.

Definition (Submodularity) A set function F' :
2% — R is submodular if for any x € X and any
ACBCUAX,

F(AU{x}) - F(4) > F(BU{X})—F(B)é
(1

Theorem 3.2 (Submodularity of Gaussian Infor-
mation Gain). Let X be a finite set of evidence
items. Each x; € X is represented by an embed-
ding z; € R% and a nonnegative weight o; > 0.
Define the precision matrix induced by a subset
SCXas

J(S) = Jo + Zaizizj,
€S

(14)

where Jo > 0 is a fixed prior precision matrix.
Define the set function

F(S) £ logdet J(S). (15)
Then F' is a monotone submodular function.
Proof. Proved in Appendix C O

Since total information gain in our method is pro-
portional to log det J(S) up to additive constants,
this result implies that additional evidence exhibits
diminishing returns. Consequently, longer or more
verbose dialogues are not rewarded unless they con-
tribute genuinely novel information.

3.5 Behavior Under Redundancy, Irrelevance,
and Recovery

To illustrate how the proposed metric differentiates
conversations of varying quality, we construct a
controlled synthetic dialogue consisting of three
phases: an initial informative phase, a middle phase
dominated by redundant or irrelevant turns, and a
final phase where novel information is reintroduced.
All dialogues share the same length and structure,
differing only in the informational content of their
turns.

As shown in Figure 1, per-turn information
gain decreases during the redundant and irrele-
vant phase, reflecting diminishing returns when
new evidence does not substantially reduce uncer-
tainty. When novel information is reintroduced,
the marginal gain increases again. While the Gaus-
sian approximation does not exactly match an ora-
cle uncertainty model, it consistently preserves the
dialogue-level ordering: conversations that intro-
duce novel information for a larger fraction of turns
achieve higher cumulative information gain. This
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Figure 1: Information gain distinguishes dialogue quality in a 15-turn synthetic setting. We compare dialogues that
introduce novel, redundant, or irrelevant information. (Left) Per-turn Gaussian information gain: redundant and
irrelevant turns yield lower marginal gain than novel turns. (Right) Cumulative information gain: dialogues with a
higher proportion of novel information achieve consistently higher total gain despite approximation noise.

demonstrates that the metric captures meaningful
differences in long-horizon dialogue progress with-
out relying on learned judges or supervision. We
discuss more details and provide more examples in
Appendix E.

We can also characterize these behaviors math-
ematically. Recall the precision update in Equa-
tion (8) and the per-turn information gain in Equa-
tion (10). For a single evidence embedding z with
weight o > 0, define the marginal information gain

A(z;J) £ logdet(J + azz') — log det(J).
(16)

By the matrix determinant lemma, this admits the
closed form

A(z: ) = log(l n azTJ—1z> Can
In particular, if @ = 0 (corresponding to com-

pletely irrelevant evidence), the information gain is
exactly zero.

Lemma 3.3 (Soft irrelevance yields a small upper
bound). Assume embeddings are norm bounded,
llz|l2 < B, and that the evidence weight satisfies
a < e. Then the information gain contributed by
this evidence is bounded as

A(z;J) < log(1+ aAmax(Jg")B?) = O(e).
(18)

Proof. Proved in Appendix D.1 O

Lemma 3.4 (Redundancy yields diminishing re-
turns). Consider repeatedly adding the same evi-
dence embedding z with fixed weight o > 0. Let

Ji = Jo+ kazz". Then the marginal information
gain is non-increasing:
A(z;J,) > A(z;Jg41)  forallk > 0.
(19)

Proof. Proved in Appendix D.2. O

These results formally explain why irrelevant
turns contribute little or no gain,and why repeated
or redundant information exhibits diminishing re-
turns, as illustrated in our synthetic experiments.

3.6 Length control via redundant filler

We consider an idealized append-only setting to
analyze whether Gaussian information gain can be
inflated by verbosity alone. Starting from a fixed
dialogue history, suppose that additional turns in-
troduce no new task-relevant information and con-
tribute identical evidence embeddings. Formally,
each filler insertion contributes the same embed-
ding vector f with a fixed nonnegative weight, cor-
responding to repeated rank-one precision updates
withz = f.

By Theorem 3.4, the marginal information gain
from adding f is non-increasing as the precision
matrix accumulates. Consequently, repeated re-
dundant updates yield diminishing returns, and
the cumulative information gain increases at most
logarithmically before saturating. This guarantees
that verbosity without introducing new evidence
cannot substantially increase the total information
gain, preventing inflation of the metric by response
length alone.



Method MT-Bench Chatbot Arena
Acc.T 71 Timel Acc.t 71 Timel

Mistral Large 3 (Mistral Al 2025) 76.50 0.54 132 60.19 020 119
DeepSeek R1 (DeepSeek-Al et al., 2025) 80.96 0.61 633 66.14 032 480
GPT OSS 120b (OpenAl, 2025) 7227 044 568 65.27 0.31 328
Claude Sonnet 3.7 (Anthropic, 2025a) 76.47 0.53 260 64.74 029 251
Claude Sonnet 4 (Anthropic, 2025b) 81.93 0.64 220 65.58 0.31 175
Claude Sonnet 4.5 (Anthropic, 2025c) 76.05 0.52 342 6642 0.33 286
Ours (Gaussian IG) 84.03 0.68 86 65.80 0.32 44

Table 1: Agreement and runtime comparison on MT-Bench and Chatbot Arena. Time denotes end-to-end wall-clock
seconds for N = 100 dialogue pairs (mean over R = 5 runs). LLM-as-a-judge methods are executed via hosted

inference APIs.

4 Experiments

4.1 Setup

We evaluate alignment with human preferences
on MT-Bench and Chatbot Arena (Zheng et al.,
2023a). Each benchmark provides paired dialogues
(D{4,, DE) with human preference votes; we fol-
low prior work and evaluate only clear-majority
(non-tie) cases. For each dialogue we compute a
total score IG(Dy.7) and predict the preferred dia-
logue by comparing IG(D{,.) and IG(DE,). We
report agreement accuracy with the majority label
and Kendall’s 7 over pairwise rankings. Unless
otherwise stated, we use Qwen3-Embedding-0.6B;
Section 4.3 studies other embedding backends and
sizes. We compare only against LL.M-as-a-judge
baselines, which are the strongest automatic eval-
uators in recent surveys (Li et al., 2025a; Zhang
et al., 2024).

Runtime Evaluation. We measure end-to-end
wall-clock time using identical pipelines, fixed ex-
ample ordering, N=100 dialogue pairs per run,
and R=5 runs (mean =+ std). Our method per-
forms local embedding passes and closed-form up-
dates, while judge baselines call hosted inference
APIs. Thus, runtimes reflect both computation
and deployment overhead (e.g., network/service
latency) and are intended as an operational compar-
ison rather than a hardware-normalized benchmark.

4.2 Results

Agreement with Human Judges. Table 1 sum-
marizes agreement with human preferences on
MT-Bench and Chatbot Arena. On MT-Bench,
our Gaussian information gain metric achieves
higher accuracy and Kendall’s 7 than all LLM-as-a-
judge baselines considered. Importantly, we obtain
agreement levels comparable to those reported by

(Zheng et al., 2023a) under the MT-Bench evalua-
tion protocol. On Chatbot Arena, where preference
labels are substantially noisier and majority votes
are often absent, absolute agreement scores are
lower for all methods. Nevertheless, our approach
remains competitive with LLM-based judges while
being significantly more computationally efficient.

Importantly, our method does not aim to repli-
cate holistic human judgments, but rather to capture
a specific dimension of dialogue quality: epistemic
progress through uncertainty reduction. That the
proposed metric matches or exceeds LLM judges
on MT-Bench suggests that this dimension is a
strong signal of human preference in information-
seeking dialogues.

On Chatbot Arena, smaller performance gaps
should be interpreted with caution due to higher la-
bel ambiguity; here, our results indicate that uncer-
tainty reduction alone remains informative, though
not sufficient to fully explain human preferences.

Runtime. Table 1 reports end-to-end wall-clock
time. Our method reduces evaluation to embedding
passes plus closed-form Gaussian updates, whereas
LLM judges require hosted autoregressive infer-
ence. The similar relative speedups on MT-Bench
and Chatbot Arena suggest that judge runtimes are
driven not only by dialogue length, but also by sub-
stantial per-request overhead (e.g., network latency,
service queueing, and provider-side execution). In
contrast, our runtime is dominated by local em-
bedding throughput and scales predictably with
the amount of text to embed. We further show in
Section 4.3 that this efficiency persists under strict
CPU-only execution with lightweight embedding
models.



Embedding Model Device MT-Bench Chatbot Arena
Ace.t 771 Time] Ace.? 71 Time]
Minishlab-Potion-Base-2M (min, 2024) CPU 80.25 0.61 7.1s 66.05 0.32 04s
all-MiniLM-L6-v2-23M (Wang et al., 2020) CPU 83.61 0.67 179s 66.27 033 6.77s
Snowflake-Arctic-Embed-32M (Merrick et al., 2024) CPU 8529 070 293s 65.73  0.31 1345
modernbert-embed-base-0.1B (Nussbaum et al., 2024) GPU 83.19 0.66 28.5s 65.75 0.31 155s
MicroLlama-text-embedding-0.3B (Wang, 2024) GPU 8445 0.69 474s 66.17 032 23.7s
Qwen3-Embedding-0.6B (Default) (Zhang et al., 2025) GPU 84.03 0.68 86.4s 65.80 032 44.1s
Qwen3-Embedding-4B (Zhang et al., 2025) GPU 84.83 0.69 396.2s 66.13 0.32 246.3s

Table 2: Embedding model ablation across benchmarks. “Device” indicates whether embeddings were computed
on CPU-only or with hardware acceleration (GPU/MPS). Runtimes are end-to-end wall-clock time on N = 100

dialogue pairs (mean over R = 5 runs).

4.3 Ablation

Embedding Model. We study the sensitivity of
the proposed Gaussian information gain metric to
the choice of text embedding model. Table 2 re-
ports results across embedding architectures span-
ning over three orders of magnitude in parame-
ter count, from a ~2M-parameter model to a 4B-
parameter model.

Across both MT-Bench and Chatbot Arena, per-
formance is remarkably stable: all embeddings
achieve comparable agreement with human prefer-
ences, with differences in accuracy typically within
1-3 points. Notably, even a ~2M-parameter em-
bedding model run entirely on CPU attains over
80% accuracy on MT-Bench, despite being orders
of magnitude smaller than commonly used embed-
ding or judge models.

Larger embedding models, such as Qwen3-
Embedding-4B, achieve slightly higher accuracy
but at substantially increased computational cost,
while smaller models offer dramatic speedups with
only modest degradation in agreement. These re-
sults suggest that the evaluative signal captured by
uncertainty reduction saturates at relatively small
embedding capacities, and does not require large
models or autoregressive inference.

Cosine-Similarity Only. To isolate the contri-
bution of the information-gain mechanism from
the underlying embedding representation, we con-
duct a mechanism ablation using cosine similarity
alone. Specifically, we score dialogue pairs by sum-
ming per-turn cosine similarities between model
responses and the dialogue context, removing any
uncertainty accumulation or diminishing-returns
effects. On clear-majority MT-Bench pairs, this
cosine-based baseline achieves only 44.5% accu-
racy, performing worse than both a majority base-
line (51.7%) and random guessing (50.1% =+ 3.2),

and far below the proposed Gaussian information
gain metric (84.0%). This result shows that naive
similarity aggregation is not merely weak but ac-
tively misleading in this setting, likely rewarding
verbosity or redundancy rather than genuine infor-
mation gain.

5 Discussions

Information acquisition and human judgment.
Our approach begins from a normative view of
information-seeking dialogue as uncertainty reduc-
tion. While humans do not explicitly compute
information-theoretic quantities, a natural question
is whether human judgments implicitly favor dia-
logues that resolve ambiguity and narrow plausible
interpretations. Across benchmarks, we find that
cumulative information gain correlates with human
preferences, potentially suggesting that uncertainty
reduction captures a factor that is subconsciously
weighted in human evaluations of dialogue quality.

Why larger embedding models might not help.
From Equation (17), the per-turn gain depends only
on the scalar z' J t__llz, measuring alignment with
directions of remaining uncertainty. Diagonalizing
i1 = J; 5, = UAU' and writing z = Uc
yields

IG(z) = %Iog 1+ aZ)\ic? , (20)

1

where \; are the eigenvalues of 3;_;. Crucially,
information gain depends on the effective rank of re-
maining uncertainty rather than the raw dimension-
ality or parameter count of the embedding model.
Once embeddings capture the dominant semantic
axes relevant to the task, larger models primarily
refine representations within directions where \;



is already small, yielding negligible additional vol-
ume reduction. As a result, increased model ca-
pacity does not necessarily translate into higher
information gain.

Spectral interpretation of information gain.
The log-determinant in Equation (10) admits a sim-
ple spectral interpretation. For any positive definite
covariance matrix >, we have
logdet(X) = tr(log X)), (1)
where log 3 denotes the matrix logarithm. Writing

the eigendecomposition ¥ = UAU " with eigen-
values {\;}¢,, this reduces to

d
log det(X) = Z log \i. (22)
=1

From this perspective, Gaussian information gain
corresponds to the total logarithmic contraction
of uncertainty along the principal semantic direc-
tions encoded by the eigenvectors of .. Each di-
alogue turn reduces uncertainty primarily in di-
rections aligned with the evidence embeddings,
shrinking a subset of eigenvalues while leaving
others largely unchanged. As dialogue progresses,
high-uncertainty directions are resolved first, so ad-
ditional evidence aligned with already-constrained
directions yields diminishing marginal gain. Con-
versely, evidence aligned with directions of re-
maining uncertainty produces larger reductions in
>_; log ;. This view highlights that the metric cap-
tures not just the accumulation of evidence, but
the progressive concentration and contraction of
uncertainty volume in embedding space.

Embedding bias. Like all representation-based
methods, our approach inherits biases present in
the underlying embedding model. These biases re-
flect properties of the training data and may affect
the geometry of the embedding space. However,
unlike LLM-based judges, such biases are static
and reproducible, and their impact can be analyzed
directly through the induced uncertainty geometry.
Moreover, because information gain emphasizes re-
ductions in uncertainty volume rather than absolute
similarity, systematic biases that do not introduce
new semantic directions tend to saturate quickly,
limiting their influence on dialogue-level scores.

Applicability The proposed metric targets epis-
temic progress in multi-turn dialogue and is most

appropriate for information-seeking, decision sup-
port, tutoring, and troubleshooting settings, where
dialogue quality is closely tied to how efficiently
uncertainty is reduced over time. In these domains,
progress naturally corresponds to introducing new,
task-relevant information while avoiding redun-
dancy or irrelevance.

The method is not intended as a holistic evalua-
tion of dialogue quality in settings where ambigu-
ity, stylistic variation, or open-ended exploration
are desirable. For example, in creative writing, di-
alogues may intentionally preserve or introduce
ambiguity, which would be penalized by our met-
ric.

Accordingly, we view information gain as com-
plementary to holistic evaluators such as LLM-as-
a-judge approaches. While learned judges can ag-
gregate many aspects of quality, they are costly
and opaque. Our metric isolates a single, well-
defined dimension that is inexpensive, determinis-
tic, and easy to apply, making it useful for large-
scale model comparison, regression testing, and
deployment monitoring.

6 Conclusion

We proposed an information-theoretic approach to
multi-turn dialogue evaluation that measures dia-
logue quality through uncertainty reduction over
time. Starting from an idealized notion of infor-
mation gain, we derived a practical, reference-free
approximation with closed-form updates and the-
oretical guarantees, including diminishing returns
for redundant information.

Across MT-Bench and Chatbot Arena, the result-
ing metric achieves competitive performance—and
on MT-Bench, improved agreement—with human
preferences compared to LLM-as-a-judge base-
lines, while being substantially faster and cheaper
to compute. These results suggest that epistemic
progress captures an important dimension of dia-
logue quality in information-seeking settings.

Rather than replacing holistic evaluators, our
metric isolates a single, interpretable, and scalable
signal of dialogue progress. Its determinism and
efficiency make it well suited for large-scale model
comparison and deployment monitoring, and sug-
gest that information-theoretic objectives can serve
as effective complements to learned or judge-based
evaluation methods.



Limitations

Our metric is designed to measure a single aspect of
dialogue quality: how much uncertainty is reduced
over the course of a multi-turn interaction. This
makes it well suited for information-seeking and
task-oriented settings, but it does not account for
other important factors such as fluency, coherence,
safety, factual accuracy, or stylistic quality. As
a result, the score should not be interpreted as a
complete assessment of dialogue quality, especially
in open-ended or creative settings where ambiguity
or exploration may be preferred.

The method relies on fixed text embeddings to
represent dialogue content and therefore reflects the
strengths and limitations of the chosen embedding
model. While our experiments suggest that results
are fairly stable across different embeddings, repre-
sentational biases in the embedding space may still
influence the measured information gain.

Our formulation models uncertainty reduction
in a continuous embedding space rather than over
explicit facts or symbolic world states. This abstrac-
tion enables fast and deterministic computation, but
it may miss logical dependencies, contradictions,
or fine-grained factual errors that are important to
human evaluators.

Finally, our evaluation is based on existing hu-
man preference benchmarks such as MT-Bench
and Chatbot Arena, which contain annotation noise
and ambiguous cases. In particular, many Chatbot
Arena comparisons lack a clear majority preference,
making small differences in agreement difficult to
interpret.
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A Relation to Bayesian Linear Regression

Let y; € R be the output of a linear function of the
input x € R%:

Yi = WTX@' + & (23)

and assume &; ~ N (0, 02) is homoscedastic Gaus-
sian noise and assume a gaussian prior w ~
N(0,021). Let X € R"*? whose rows are x; ,
and let y € R" collect the outputs y;. Using bayes
rule we get the log posterior

(24)
(25)

= logp(w)+
logp(y | X, w) + const,

logp(w | X,y)

then, via independence of the samples this becomes

) + ZIng Yi | xi, W) + const,
=1

= logp(w
(26)

using the gaussian prior this becomes

1 -
== _QHWH2 40,2 Z —w'x;) ] + const
(27)
1 -
=~ |72 Iwl3 + o2y — Xwl3] + const
(28)
| o 2w w+
=—3|%
o, (WX Xw — 2y " Xw + yTy)} + const
(29)

1
—3 [WT(U,ZQXTX + U;QI)W - 20;2yTXW}

+ const (30)
we can see
> — <a;2XTX + %—21) B 31)
and hence
> =0,2X"X+0,%1 (32)

B Proof of Theorem 3.1

Proof. Assume 3, = 0 with weights w;; > 0,
recall


https://github.com/keeeeenw/MicroLlama
https://huggingface.co/keeeeenw/MicroLlama
https://huggingface.co/keeeeenw/MicroLlama
https://huggingface.co/keeeeenw/MicroLlama
https://doi.org/10.1162/tacl_a_00559
https://doi.org/10.1162/tacl_a_00559
https://doi.org/10.1162/tacl_a_00559
https://arxiv.org/abs/2406.12045
https://arxiv.org/abs/2406.12045
https://arxiv.org/abs/2406.12045
https://doi.org/10.18653/v1/2023.findings-emnlp.398
https://doi.org/10.18653/v1/2023.findings-emnlp.398
https://doi.org/10.18653/v1/2023.findings-emnlp.398
https://doi.org/10.1609/aaai.v38i17.29923
https://doi.org/10.1609/aaai.v38i17.29923
https://doi.org/10.1609/aaai.v38i17.29923
https://doi.org/10.1609/aaai.v38i17.29923
https://doi.org/10.1609/aaai.v38i17.29923
https://openreview.net/forum?id=uccHPGDlao
https://openreview.net/forum?id=uccHPGDlao
https://openreview.net/forum?id=uccHPGDlao
https://arxiv.org/abs/2306.05685
https://arxiv.org/abs/2306.05685
https://arxiv.org/abs/2306.05685
https://doi.org/10.18653/v1/2024.emnlp-main.308
https://doi.org/10.18653/v1/2024.emnlp-main.308
https://doi.org/10.18653/v1/2024.emnlp-main.308

Bayesian Linear Regression Our Formulation

and

Latent semantic state X
Evidence embedding z: ;

Latent parameter w
Input vector x;
Scalar observation y;
Noise variance o2
Prior covariance 0'12,1
Design matrix X
Posterior covariance 3

Precision update x;x;

Evidence noise o
Initial covariance X

Rank-one update zt,izz i

F(S) 2 logdet J(S). 41)

Unobserved measurement value W€ first show F' is monotone:

Proof. First, to show monotonicity: for any S and

Stack of evidence embeddings element e ¢ S:
Posterior semantic uncertainty

JSU{e}) =J(S) + aczez, = I(S) (42)

Table 3: Correspondence between Bayesian linear re-
gression and our information-theoretic formulation.

which means X>; < X;_1. Let

me

W

2 LIC—

A= E 2 ZhiZi
i=1

(34)

Since wy; > 0, and zz' = 0, each term is PSD,
and therefore A; > 0. The update is

Ji=Ji 1+ Ay (35)

which implies J; = J¢_1. Because 3y > 0, and
Jo = 0, by induction J; > O for all ¢, so Zt_l =J;
is well-defined. Using the fact for any A > 0,T" >
0,and A = T, we have A~! < T'~1. Applying
to A=Jsand T' = J;_1, we get Jt_1 < Jt__l1
meaning 3; = X, ;. Thus, posterior covariance
is monotone non-increasing in PSD order.
Next, recall
1 det(Et_l)

IGt = = log

218 " qet () (36)

Since, ¥; < 3X;_; the ratio is at least 1 and

hence IG; > 0. Finally, telescoping follows alter-
nating sums

1
Zt:IGt =5 Zt:log det(2;_1) — log det (%)

37
1
=3 log det(3g) — logdet(Xr)  (38)
1 det Yo
=1 39
2 %% det v 59

This proves both monotonicity and telescoping.
O

C Proof of Theorem 3.2
Let
J(S) = Jo + Zaizizj, Jo=0,0 >0

=
(40)

Since log det(-) is increasing over the PD cone*
under PSD increments, F'(SU {e}) > F(S) O

Next, we show F' is submodular:

Proof. Consider the marginal gain of adding an
element e:

Ac(8) £ F(SU{e}) — F(S)
det(J(S) + e zez] )
det(J(S))

(43)

= log 44)

using the matrix determinant lemma

det(J(S) + ae zez, ) = det(J)(1 + acz' I 'z)
(45)

Therefore
Ac(S) = log(1 + aez. I(S) 'z.) (46)

Now to show submodularity, take A C B which
gives us J(A) < J(B) from the earlier proof, im-
plying J(A)~ = J(B)~!. Then, the following
must hold:

aez) J(A) Lz, > aez] I(B) 'z, 47)

because = — log(1+4a.x) is increasing for ae > 0.
Therefore, A.(A) > A.(B) substituting back we
get the conditions for submodularity:

FAU{e}) — F(A) > F(BUIe}) — F(B).
(48)

O]

D Proofs for Irrelevance and Redundancy
Lemmas

We will be using two important facts:

Order Reversal under Inversion For any A >
0,B>0,if A <Bthen A~! =~ B~1

Rayleigh Quotient Bound For a symmetric
M >0,

2" Mz < Apax(M) |23 (49)



D.1 Proof of Theorem 3.3

Proof. Assume ||z|| < B, we have

Az J) = 1og<1 + azTJ_1z> (50

Since J > Jg > 0, by order reversal under inver-

sion, we know J =1 < J 0 1 and hence
z' Iz < zTJ(;lz oy

Since J is a covariance matrix, that means they are
always symmetric. Applying the Rayleigh quotient
bound, we get

2" 352 < Amax(Tp H)|2][3 < Amax(Tg ) B

(52)

substituting back into A(z;J) we get
A(z;J) = log(l + azTJflz) (53)
<log(1+ admax(Jo1)B?)  (54)

Finally, if a < ¢, then A(z;J) < log(1 + Ce) =
O(e) where C' = Apax(Jy 1) B O

D.2 Proof of Theorem 3.4

Proof. Let z € R% o > 0, define J, = Jg +
kazz' with Jy - 0. By definition, we know

Ji1=Jp+az'z>0. (55)

, by order reversal under inversion we know

Jkil < Jk , and hence

zTJ,:_ilz < zTlelz (56)
And because = — log(1 4+ ax) is increasing for
o > 0, we conclude

Az; 1) = log(l—l—az .]kJrl ) (57)

< log<1 + azTJ;1z> = A(z;Jg).
(538)

O

E Toy Examples

Goal. We construct a controlled information-
seeking dialogue where oracle uncertainty can be
computed exactly using a finite hypothesis universe.
This allows a direct comparison between (i) oracle
information gain computed by eliminating inconsis-
tent hypotheses, and (ii) our Gaussian information
gain computed purely in embedding space.
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Universe and prior. Let U be a finite set of hy-
potheses. In our instantiations, U is a fixed list of
N cities (city-guessing), a fixed list of N movies
(movie-guessing), and more generally QAs related
to gardening or workouts, with N = 100. We
initialize either a uniform prior or a simple non-
uniform prior (e.g., population-based city priors):

po(u) = uweU, (59)

1
N?
Zpo

ucU

)log po(u) =log N. (60)

Dialogue and evidence. We generate a multi-
turn dialogue {(gs,a;)}}_; consisting of yes/no
questions for city-guessing and movie-guessing, as
well as general responses to gardening and work-
out advice questions. We compare two variants of
equal length: (i) Novel, where each turn introduces
new discriminative information, and (ii) Redun-
dant, where later turns repeat earlier information
(and thus should yield diminishing or zero marginal
gain under the oracle).

Oracle consistency update. Let e; denote the
evidence revealed at turn ¢ (e.g., the semantic con-
straint implied by (¢¢, a;)). We maintain a feasible
set Sy C U of hypotheses consistent with all evi-
dence so far:

So =1, (61)

Sy = {u € Si1 ‘ u 18 consistent with et}. (62)

In our implementation, since we know the universe,
we can manually construct the consistency predi-
cates at each turn given the question and answers,
mapping dialogue history to a subset of surviving
hypotheses, and we enforce S; C S;_; when the
turns are not irrelevant or redundant.

Oracle entropy and information gain. Under
the uniform posterior over S, the oracle entropy is

The per-turn oracle information gain is then
1G4 — H,_y — H, = log 1L > 0, (64
|5t
and the cumulative oracle gain telescopes:
T
. N
D IGP = log 1~ [l =log—.  (65)
2 R

For redundant turns that add no new constraint, we
have S; = S;_1 and thus IG}’raCle =0.



Method MT-Bench Chatbot Arena
Mistral Large 3 131.8 £11.8 118.9 £ 2.0
DeepSeek R1 633.1 £9.2 479.6 £ 3.2
GPT OSS 120b 568.0 + 198.0 328.3 £ 94.7
Claude Sonnet 3.7 259.9 +13.1 250.9 + 23.9
Claude Sonnet 4 219.6 &+ 12.7 175.4 £ 8.4
Claude Sonnet 4.5 341.9 +16.8 286.3 + 12.8
Ours (Gaussian IG) 86.4 + 6.8 44.1 £ 5.3

Table 4: Runtime variability across R = 5 runs. Values
report mean + standard deviation of end-to-end wall-
clock time (seconds) for evaluating /N = 100 dialogue
pairs.

Comparison to Gaussian IG. For the same di-
alogues, we compute our Gaussian information
gain using only question—answer embeddings and
closed-form covariance updates (Equation (8)). We
plot per-turn gain and cumulative gain for both the
oracle and Gaussian metrics; across controlled set-
tings, dialogues that introduce novel constraints for
more turns achieve larger cumulative gain, while re-
dundant variants exhibit diminished marginal gain.
Refer to Figure 1, Figure 2, Figure 3, Figure 4
for results. Note that the user and LLM here are
synthetic.

F Experiment Details

Timing Protocol. Let D = {(DA, DP)}N| de-
note a fixed ordered subset of MT-Bench dialogue
pairs. For each method, we measure runtime using
Python wall-clock timers (time.perf_counter)
as follows:

1. A fixed random seed is used to select and order
evaluation examples.

Timing starts immediately before the first scor-
ing call.

Each dialogue pair is scored sequentially.

Timing stops after the final prediction is pro-
duced.

We report total elapsed time and normalized run-
time (seconds per dialogue pair), averaged over
R = 5 runs. We further verify that overhead from
data access and prediction logic is negligible rel-
ative to scoring time. The standard deviations for
the runtimes are reported in Table 4.

G Frequently Asked Questions

What does reference-free mean in this work?
Reference-free means that the metric does not re-
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quire human-written ground-truth answers, gold
references, or human annotations at evaluation time.
The score is computed solely from the dialogue
history using fixed embeddings and closed-form
updates.

Why assume a Gaussian model in embedding
space? The Gaussian assumption is a modeling
choice that enables a simple, closed-form approxi-
mation to information gain with strong theoretical
guarantees. Under a Gaussian posterior, informa-
tion gain reduces to a log-determinant of the covari-
ance matrix, yielding monotonicity, telescoping
across turns, and submodularity under rank-one
updates.

We do not claim that semantic uncertainty is
truly Gaussian; rather, the Gaussian serves as a
tractable surrogate that captures relative uncertainty
volume in embedding space.

Empirically, we find that this approximation is
sufficient to produce a stable and informative eval-
uative signal across embedding models of widely
varying capacity.

Why does uncertainty always decrease under
your Bayesian update? Our formulation fixes
the observation noise variance and updates only
the posterior uncertainty over a fixed latent se-
mantic state. Each update adds a positive semi-
definite rank-one matrix to the precision matrix,
which guarantees that posterior covariance is non-
increasing in Loewner order. This differs from
hierarchical Bayesian models in which noise vari-
ance or model parameters are inferred and posterior
uncertainty may increase.

Can Bayesian updates ever increase uncertainty
in general? Yes. In Bayesian models that infer
observation noise or higher-level hyperparameters,
posterior uncertainty can increase when observa-
tions are inconsistent with prior assumptions. Our
model intentionally excludes this behavior by fix-
ing the noise variance, enabling a fast, monotone,
and tractable approximation to information gain.

Does higher information gain imply factual cor-
rectness? No. The metric measures epistemic
progress rather than correctness. Confident but in-
correct responses may still reduce uncertainty in
embedding space. We view this limitation as shared
with many automatic evaluators and consider factu-
ality checks a complementary signal.
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Figure 2: Toy example with the city guessing universe. The LLM tries to guess a city by asking questions and the
user provides Yes/No to the questions. We compare the case where at turn 5, the LLM starts asking redundant
questions to if it kept asking novel questions, in an ideal universe we know Sy = S;_; so information gain is 0, in
our Gaussian Approximation, although information gain does not drop to 0, we see a clear difference between if the
questions asked was novel or redundant.
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Figure 3: Toy example with the movie guessing universe. The LLM tries to guess a movie by asking questions and
the user provides Yes/No to the questions. We compare the case where at turn 5, the LLM starts asking redundant
questions to if it kept asking novel questions. The trends observed are similar to Figure 2.
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Figure 4: Toy example where the user asks open questions for advice related to gardening. The LLM tries to answer
the question. We compare the cases where between turns 5 and 10, where LLM answers are either novel, redundant,
or irrelevant. We observe similar trends as Figure 2, Figure 3, and also that information gain recovers after the LLM
starts asking novel questions again.
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