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Abstract

The consistency of a learning method is usually
established under the assumption that the observa-
tions are a realization of an independent and iden-
tically distributed (i.i.d.) or mixing process. Yet,
kernel methods such as support vector machines
(SVMs), Gaussian processes, or conditional ker-
nel mean embeddings (CKMESs) all give excellent
performance under sampling schemes that are ob-
viously non-i.i.d., such as when data comes from
a dynamical system. We propose the new no-
tion of empirical weak convergence (EWC) as a
general assumption explaining such phenomena
for kernel methods. It assumes the existence of
a random asymptotic data distribution and is a
strict weakening of previous assumptions in the
field. Our main results then establish consistency
of SVMs, kernel mean embeddings, and general
Hilbert-space valued empirical expectations with
EWC data. Our analysis holds for both finite-
and infinite-dimensional outputs, as we extend
classical results of statistical learning to the latter
case. In particular, it is also applicable to CKME:s.
Overall, our results open new classes of processes
to statistical learning and can serve as a founda-
tion for a theory of learning beyond i.i.d. and
mixing.

1. Introduction

A learning method is consistent when the learned function
is optimal in a certain sense in the infinite-sample limit, and
the most common assumption to prove consistency is that
training data comes from an independent and identically dis-
tributed (i.i.d.) process. That assumption is often blatantly
violated, however, leading to drops in performance for many
learning algorithms. For instance, replay buffers were in-
troduced in deep reinforcement learning to mitigate this
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issue; see (Mnih et al., 2013). In contrast, kernel methods
such as support vector machines (SVMs), Gaussian pro-
cesses, or conditional kernel mean embeddings (CKMEs)
seem unaffected by dependencies in the training data and
often perform well despite the absence (or limited amount)
of theoretical justification; see (Buisson-Fenet et al., 2020;
von Rohr et al., 2021) for examples.

A common such case is that of learning on a Markov chain,
where data is neither independent (previous states influ-
ence those that follow) nor identically distributed (transition
probabilities may differ in different states). The standard
assumption to get consistency under such sampling is mix-
ing (Steinwart & Christmann, 2009). It replaces indepen-
dence with decaying correlations between samples as their
temporal distance increases. There is a vast literature show-
ing consistency under mixing; examples are (Steinwart et al.,
2009; Steinwart & Christmann, 2009; Irle, 1997).

A possible explanation for the popularity of the mixing as-
sumption is that it allows dependencies while retaining a
central concept of statistical learning: there exists an asymp-
totic distribution describing future samples. Learning is
then formalized as minimizing the risk of those future sam-
ples. There are currently two main approaches to gener-
alizing statistical learning to non-mixing data: assuming
the existence of an asymptotic distribution to define the
risk (Steinwart et al., 2009), or defining a non-asymptotic no-
tion of risk (Simchowitz et al., 2018; Ziemann & Tu, 2022).
We focus on the first approach, as it leverages more standard
tools whereas the alternatives impose additional conditions
on the data-generating process. Central to this approach is
examining whether the empirical measure has a limit instead
of imposing stronger conditions enforcing the existence of
this limit and convergence thereto with certain speed — e.g.,
i.i.d. This pertains to whether a form of the law of large
numbers for events (LLNE) holds. While Steinwart et al.
(2009) provide first results on learning in this context, their
analysis still excludes simple, non-pathological processes
such as Example 3.8 below. This shows the necessity for a
theory of consistency under assumptions weaker than i.i.d.
or mixing.

We propose empirically weakly converging (EWC)' pro-

'In what follows, we use the abbreviation EWC indistinctly for
the noun “empirical weak convergence” and the adjective “empiri-
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cesses for the basis of such a theory. They are those that
possess an asymptotic data distribution, which may be ran-
dom. We focus on the weak limit of the empirical measure
for that distribution since it is one of the weakest (and thus
more general) and simplest notion of convergence of ran-
dom measures. Our main results then establish consistency
of SVMs and of some Hilbert-space valued empirical expec-
tations under EWC. Interestingly, the weak convergence we
assume imposes a continuously differentiable loss function
for consistency, which is more restrictive than the continuity
required in (Steinwart et al., 2009) under convergence in to-
tal variation. In other words, the gain of generality allowed
by EWC processes comes at the price of weaker guarantees.

Our results formalize the general intuitive idea that consis-
tency is w.r.t. the data distribution effectively generated by
the process. Albeit simple, it offers the flexibility of a path-
dependent asymptotic distribution, which is completely new
to the best of our knowledge. Previous standard assump-
tions such as i.i.d., mixing, and the LLNE are then sufficient
conditions that specify this asymptotic distribution a priori.
With this shift of perspective, EWC pushes the reasoning of
statistical learning to minimize an asymptotic risk beyond
those assumptions.

All of our results hold in a framework more general than
that of standard statistical learning theory of Steinwart &
Christmann (2008). Specifically, we allow for a general
separable Hilbert output space, whereas the above reference
only considers scalar outputs. As an immediate benefit, our
analysis also applies to cases that were so far excluded such
as CKMEs, which are an instance of SVMs with infinite-
dimensional outputs in general.

The rest of the paper is organized as follows. We begin with
preliminaries in Section 2. Section 3 defines EWC processes
and their properties. Specifically, Theorems 3.4 and 3.5
provide necessary and sufficient conditions for EWC, and
Theorem 3.6 shows that empirical expectations of Hilbert-
space valued continuous and bounded functions converge
under EWC. Further, Theorems 3.17 and 3.19 characterize
EWC of multivariate processes, which is particularly rele-
vant as it constitutes one of our main assumptions. Finally,
Section 4 states our main results on consistency of kernel
methods, Theorems 4.1 and 4.3. With a few exceptions,
proofs are in Appendix A. Appendix B contains technical
results on random compact sets necessary for the proof of
Theorem 3.6, Appendix C is the generalization of the gen-
eral representer theorem of (Steinwart & Christmann, 2008)
to separable Hilbert output spaces, and Appendix D justifies
the measurability of risks with random measures and of
SVMs with such output spaces, upon which our results rely.
We finish with a remark on terminology: as in (Steinwart
& Christmann, 2008), we mean by “SVM” a generalized

cally weakly converging”.

SVM, that is, regularized empirical risk minimization over a
reproducing kernel Hilbert space (RKHS) with an arbitrary
loss. This differs from the historic definition (Scholkopf &
Smola, 1998), which only considers the Hinge loss.

1.1. Related work

Consistency under dependent sampling Consistency is
a fundamental property a learning method should have. It
has been thoroughly studied for SVMs in the case of i.i.d.
data with finite-dimensional outputs. One method to ob-
tain consistency are the so-called oracle inequalities, of
which a complete exposition is in Chapter 6 of (Steinwart &
Christmann, 2008). The other main method for consistency
is the integral operator technique, which is limited to the
square loss as it leverages the specific form of the solution
to the SVM (Caponnetto & De Vito, 2007). While it al-
lows infinite-dimensional outputs, the required assumptions
on the operators historically limited the allowed class of
kernels in that case. Recent results show consistency for
a broad class of kernels; see (Park & Muandet, 2022; Li
et al., 2022). Next, many bodies of work examine consis-
tency of SVMs under mixing assumptions rather than i.i.d.
(Steinwart et al., 2009; Steinwart & Christmann, 2009; Irle,
1997). Finally, all of these works also provide learning rates
quantifying the speed of the convergence. Such rates also
require restricting the class of data-generating distributions;
see (Steinwart et al., 2009; Von Luxburg & Scholkopf, 2011;
Caponnetto & De Vito, 2007). In the present work, we focus
on whether convergence occurs and neglect the question of
its speed; in fact, we allow arbitrarily slow convergence and
leave this question for future work. Therefore, we rely on
a third, non-quantitative method leveraging only laws of
large numbers (Steinwart & Christmann, 2009). Our results
generalize those of Section 2 in that reference to EWC data
and infinite-dimensional outputs. Consistently with the no-
free-lunch theorem (Steinwart et al., 2009), we find that the
sequence of should be annealed at a rate that depends on the
data-generating process in general. This is in accordance
with results on the inconsistency of kernel ridgeless regres-
sion (Rakhlin & Zhai, 2019; Buchholz, 2022; Beaglehole
et al., 2023), where the regularization is fixed to 0.

There are no further relaxations of independence that are
specific to SVMs, to the best of our knowledge. Instead,
learnability focuses on whether learning is possible at all
without considering a specific learning method. Results
on learnability are typically on the existence of a learning
method, and are thus of independent interest. An overview
of recent results in that field is available in (Hanneke, 2021).

Learning theory with infinite-dimensional outputs The
classical framework of statistical learning theory from Stein-
wart & Christmann (2008) assumes a scalar output space.
It immediately generalizes to finite-dimensional outputs by
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reasoning component-wise, but the extension to infinite-
dimensional outputs is less clear. In fact, there is no system-
atic exposition of the generalization of the definitions or the
results of the above reference to that case, with the notable
exception of the square loss as discussed above.

A contribution of this work is thus the generalization of
the setup of statistical learning theory to separable Hilbert
output spaces. As an immediate consequence, we obtain
consistency of SVMs in that case under appropriate assump-
tions such as i.i.d. or EWC. In particular, our analysis ap-
plies to CKMEs, which are, when regularized, the solutions
of infinite-dimensional SVMs where the output space is
itself an RKHS and output data consists of kernel partial
evaluations; cf. (Griinewélder et al., 2012). This is of par-
ticular interest since, historically, unregularized CKMEs
have suffered from debates on meaningful assumptions for
a well-posed definition; see (Klebanov et al., 2020; Mollen-
hauer & Koltai, 2020). A way to understand this debate is
to notice that a CKME is the solution of an unregularized
SVM, which becomes problematic when the solution does
not exist in the RKHS where regression is performed. We
avoid this concern by only considering the regularized prob-
lem; consistency is meaningful even when the sequence of
regressors does not converge in the RKHS. There is a rich
literature on the asymptotic properties of CKME estimation.
For instance, Park & Muandet (2022) and Li et al. (2022)
show consistency and (optimal) learning rates. While our
theory is not quantitative, it applies in a more general case,
as it does not require i.i.d. data, and we are not limited to
the square loss.

2. Preliminaries and notations

We introduce in this section necessary definitions to state
our results. We focus on the different spaces we consider,
Markov kernels, statistical learning theory, and RKHSs.

2.1. Sets and topology

A Polish space is a topological space (X', T) that is separa-
ble and completely metrizable. In what follows, we abuse
notation and simply say that X is a Polish space, omitting
specifying the topology since it is always clear from con-
text. Specifically, we equip product spaces with the natural
product topology, and any normed vector space with the
topology induced by its norm. In particular, R is equipped
with its usual topology (for which it is Polish), a complete
subset of a separable Hilbert space is Polish, and a product
of Polish spaces is Polish. Then, a Polish space is locally
compact if every point has a compact neighborhood; this
is for instance the case of finite-dimensional vector spaces.
Finally, if X’ and ) are Polish, then C'(X’; ) is the set of
continuous functions from X" to ). If, additionally, ) is met-
ric, Cp(X'; ) is the set of continuous bounded functions

from X to ). If X is compact, then C},(X’; )) equipped
with the topology of uniform convergence is separable.

We equip any Polish space X’ with its o-algebra of Borel
sets, that is, the o-algebra generated by its topology. We
denote it by B(X). In this context, we define P(X) as
the set of probability measures on the measurable space
(X,B(X)). For any probability measure P € P(X) and
f € Cp(X;R), we define the standard notation

Pfo= /X F(2)dP(z)

We also use this notation if P is not a probability mea-
sure but only a finite sum or difference thereof, making it
a signed measure. We endow P(X) with the topology of
weak convergence: recall that a sequence of probability mea-
sures (P )nens C P(X) converges weakly to a probability
measure @ € P(X) if, for every f € C,(X;R),

n—oo

We denote this as P,, ~» Q. Further, it is known that if X’
is Polish, then P(X) is metrizable; see for instance (Sripe-
rumbudur et al., 2010).

Finally, if X is a topological space, P € P(X), and G is
a Banach space, we define L (X'; G) the set of (Bochner)
measurable functions from X" to G. Then, L,(X;G) and
L2(X, P; G) are its subsets consisting of bounded functions
and of functions with finite 2 norm w.r.t. P, Ly(X, P, G)
is the Bochner space of equivalence classes of functions in
L2(X, P;G), and Lo (X, P;G) is the set of P-essentially
bounded functions from X to G.

2.2. Markov kernels and random elements

All the random variables that we consider in this work are
defined on a complete, standard Borel probability space
(Q, A, P). We consider discrete stochastic processes, which
we index by the set of positive integers N* without loss of
generality unless mentioned otherwise. If X is a process
taking values in X, we consistently use the notation X,, for
its value at time n € N* and do not introduce this notation
again later. We also use the notation X.,, to denote the
random X"-valued vector (X1, ..., X,,), n € N*. Further,
if Z is an X’ x Y-valued process, the notation Z = (X,Y")
means that X and Y are X- and Y-valued processes, respec-
tively, such that Z,, = (X,,,Y,,) for all n € N*,

For an X-valued random variable X and a sub-c-algebra
F c B(X), we denote by E[X | F]land P[X € - | F] ver-
sions of the conditional expectation and law of X given F'.
The specific choices of conditional expectation and law do
not play a role in this article. If F' is the o-algebra generated
by one or many random variables, we conveniently replace
F with the appropriate variables in the above notations. Fi-
nally, if Y is a )-valued process, we allow the notation Y7o
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when conditioning to denote conditioning w.r.t. the trivial
o-algebra {(), Q}.

Next, we introduce Markov kernels (Kallenberg, 2017),
which we consider in two contexts: stochastic input-output
maps, and random measures.

Definition 2.1 (Markov kernel). Let (X, Ax) and (), Ay)
be measurable spaces. A Markov kernel from X to ) is a
map p : Ay x X — [0, 00) such that

1. forall x € X, p(-, z) is a probability measure on );

2. forall A € Ay, p(A4,-)is Ayx-measurable.

The following notion generalizes continuity to such kernels.
It is classically defined for continuous processes, but readily
applies to discrete ones as well (Li & Li, 2009).

Definition 2.2. Let A" and ) be Polish spaces. We say that a
Markov kernel p from & to ) is Feller-continuous if the map
x € X — p(-,x)f isin Cp(X;R) for any f € Ch(V;R).

Definition 2.3. Let X be Polish space. We call a measurable
map P : Q — P(X) a random measure.

An alternative definition is through Markov kernels: a map
P : Q — P(X) is arandom measure if, and only if, the map
p: B(X) x Q — R defined by p(B,w) = P(w)(B) for
all B € B(X) and w € Q is a Markov kernel; see Lemma
1.14 in (Kallenberg, 2017). If P is a random measure on X,
we abuse notation and often omit its dependency on w € Q.
The empirical (probability) measure of an X-valued process
X attime n € N* is

n

x _ -1 E

N, =n 5X717
=1

where J, € P(X) is the Dirac measure with mass at z € X
The empirical measure is a random probability measure.
We also use the notation 77;X when X is a deterministic
sequence; then, 77X is a probability measure.

2.3. Elements of statistical learning theory

We generalize here the definitions of (Steinwart & Christ-
mann, 2008) to the case of an infinite-dimensional out-
put space, which is necessary for our main result (Theo-
rem 4.3) to also encompass CKMEs. The definitions here
are straightforward extensions of those of the above refer-
ence. More interesting is the resulting general representer
theorem, which generalizes Theorem 5.9 in the reference
to separable infinite-dimensional output spaces. Although
it is new to the best of our knowledge, its proof is a direct
generalization of its counterpart in (Steinwart & Christmann,
2008). For this reason, we defer the statement and proof of
this general representer theorem to Appendix C.

In what follows, X is a Polish space, G is a Hilbert space,
and ) is a complete subset of G.

Definition 2.4. A function L : X xYxG — [0, 00) is called
a loss function (on X x Y x G) if it is measurable. Then, it
is convex (resp. continuous) if, forall x € X,y € ), the
function L(z,y, -) is convex (resp. continuous). Further, L
is locally bounded if, for all bounded A C G, the restriction
L x xyx 4 is bounded, and locally Lipschitz continuous if,
for all @ > 0, the following quantity is finite:

‘L(J),y,t) — L(.I‘,y7t/)|
[t —llg

|L|g1 == sup sup
(t,t)eg? zeX
0<|[t—#]| <20 ¥

It is Lipschitz continuous if |L|; = sup,y|L|a,1 < co. Fi-
nally, the loss is (Fréchet) differentiable if the map L(z, y, -)
is Fréchet differentiable on G for all (z,y) € X x ), that
is, for all t € G there exists a vector A; , + € G such that

‘L(J),y,t + h) — L(Jﬁ,y,t) — <A;C,y,tah>|
12llg

The vector A, , ¢ is then written VL(z,y,t). We say that L
is continuously (Frécher) differentiable if the map (z, y,t) €
X x )Y x G VL(z,y,t) is continuous.

Definition 2.5. A loss function L : X x Y x G — Ris
called a Nemitski loss function if there exists a measurable
function b : X x Y — [0, 00) and an increasing function
h :[0,00) — [0, 00) such that, for all (z,y,t) € X x Y xG,

L(z,y,t) < b(z,y) + h(]|tllg)-

Further, it is a Nemitski loss of order p € (0, o) if there
exists a constant ¢ > 0 such that the above holds with
h(s) = c¢- sP, for s > 0. Finally, we say that L is a
J-integrable Nemitski loss if b € £1(X x Y, J;R) for
JePX xD).

Definition 2.6. Let L be a loss function and J € P(X x Y).
For any measurable function f : X — G, we define its
L-risk as

Rea(f) = /

X XY

=0.

lim
h—0
h#£0

L(z,y, f(x))dJ (z,y).

The Bayes L-risk is then R} ; = inf{Rp s(f) | f €
Lo(X;G)}-

Definition 2.7. Let L be a loss function and F a set of
measurable functions from X to G. For J € P(X x )), we
say that F is (L, J)-rich if

Rrr,g:= }QﬁfRLJ(f) =RL.-

A learning method £ is then a mapping that maps any train-
ingset Z = ((zs, i), € (X x V)™, n € N*, to a unique
measurable function fz : X — G. We postpone introduc-
ing the notion of consistency that we consider to Section 4,
since it requires first defining EWC processes.
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2.4. Vector-valued RKHSs and SVMs

In this section, X is a measurable space and G a separable
Hilbert space.

Definition 2.8. A G-valued RKHS H on X is a Hilbert
space (H, (-, -);,) of functions such that for all 2 € X', the
evaluation operator S, : f € 1 — f(x) € G is continuous.
Then, we define K (-,z) = S and K(x,2’) = S5/, for
all z,2’ € X. The map K : X x X — L(G) is called the
(operator-valued) reproducing kernel of H, where £(G) is
the Banach space of continuous linear operators on G.

Theorem 2.9. Let H be a G-valued RKHS with kernel K.
Then, K is Hermitian, positive semi-deﬁnitez, and the repro-
ducing property holds forall x € X, f € H, and g € G:

<f<x)’g>g = <f>K("‘r)g>H .

It is well known that, for every positive semi-definite func-
tion K : X x X — L(G), there exists a unique G-valued
RKHS of which K is the unique reproducing kernel; see
(Carmeli et al., 2006). A special case of vector-valued
RKHSs is that of scalar-valued RKHSs, that is, when G = R.
Then, we introduce a symmetric, positive definite function
k: X x X — Rsuch that K (z,2’) = k(x,2")Idg (which
always exists), and refer to k as the reproducing kernel of

H.
Definition 2.10. We say that a kernel K is bounded if

1Kl := sup /|1 K (2, 2)]| £ gy < o0
reX

Given a convex loss L, a G-valued RKHS #, and a training
set Z = ((wi,y:)), € (X x V)", n € N*, there exists a
unique minimizer to the following minimization problem,
where A > 0 is a regularization parameter (cf. Lemma C.5):

Jz0 = agmin Rz () + M5 ()

We call the learning method that maps, given a sequence of
regularization parameters (A, ),en+, a sequence of training
sets (Z,,)nen~ to the sequence (fz, », ) the (A,)-SVM.

3. Empirical weak convergence

In this section, we introduce the notion of EWC processes.
We show some first properties and discuss the connections
with other standard notions. Finally, we examine EWC of
joint processes.

’Recall that a bivariate function ¢ : X x X — L(G) is
Hermitian if ¢(z,z') = ¢(«’, x)*. Further, it is positive semi-
definite if for all n € N*, (z;)i=, € X", and (¢;)i=, € G",

n n

i=124j=1 <gi»¢($i7$j)9j>g > 0.

3.1. Definition and first properties

We are interested in processes that possess an asymptotic
data distribution. A reasonable definition is to take for such
an asymptotic distribution the limit of (1. ),,en+ considered
as an element of a topological space; here, P(X’) endowed
with a suitable topology. We choose that of weak conver-
gence, as it is allows for a broad class of processes while still
providing strong guarantees, as we will see it. Further, since
(1) nen- is a random measure, the convergence should be
in a probabilistic sense.

Definition 3.1. Let X be a Polish space and d be any metric
that metrizes the weak convergence on P(X'). We say that
an X-valued process X is empirically weakly converging
(EWC) in probability if there exists a random measure P on
X such that and ;X ~ P in probability, that is,

lim d(n, , P) =0, 2
n—oo
where convergence is in probability. Further, we say that
X is EWC almost surely (a.s.) if the weak convergence
77,)1( ~ P occurs a.s., that is, if the convergence in (2) holds
a.s. In either case, the random measure P is called a limit
measure of the process.

Proposition 3.2. Let X’ be a Polish space. The notions of
EWC in probability and EWC a.s. are independent of the
metric d that metrizes weak convergence. Furthermore, the
random limit measure P is unique P-a.s..

Itis clear that a.s. EWC implies its counterpart in probability
with the same limit measure, and that the converse is not
true in general.

Remark 3.3. The above definition raises the question of the
measurability of the map w ~ d(n;X, P)(w). It is indeed
measurable, since (77X, P) is measurable (cf. Theorem 14.8
in (Klenke, 2013)) and d is trivially continuous.

A meaningful question is then on the asymptotic behaviour
of the empirical averages 1;X f, where f is a test function.
Usual results on weak convergence hint that they should
converge to Pf as long as f € Cy(X;R). This is what
the following result guarantees, with the additional techni-
cality that the convergence is here again probabilistic. In
fact, this is an equivalent characterization of EWC under an
additional compactness assumption.

Theorem 3.4. Let X be a Polish space, X an X-valued
process, and P a random measure on X. Consider the
following statements:

(i) X is EWC a.s. with limit measure P;
(i) P[Vf € Co(X;R), limsup, |ny f — Pf| =0] = 1;

(iii) forall f € Cy(X;R), lim, o0 n:X f = Pf, where the
convergence is a.s.;
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Then, (i) <= (ii) == (iii). If, additionally, X is
compact, the implication (iii) = (ii) also holds and all of
the statements are equivalent.

Theorem 3.5. Let X be a Polish space, X an X-valued
process, and P a random measure. Consider the following
statements:

(i) X is EWC in probability with limit measure P;

(ii) for any strictly increasing sequence (ky)nen+ C N,
there exists a subsequence (kp,, )nen+ such that

P[Vf € Cp(X;R), limsuplny f—Pf|=0]=1.

(iii) forall f € Cy(X;R), lim, o0 nX f = Pf, where the
convergence is in probability.

Then, (i) < (ii) = (iii). If, additionally, X is
compact, the implication (iii) = (ii) also holds and all of
the statements are equivalent.

We point that, in the second statement of the above two theo-
rems, the set of which the probability is evaluated is indeed
measurable. The next results are very useful properties of
EWC processes: empirical averages of Hilbert-space-valued
continuous and bounded maps also converge. They are key
in the proof of Theorem 4.3, but their generality makes them
of independent interest.

Theorem 3.6. Let X be a locally compact Polish space and
H be a separable Hilbert space. Let X be an X-valued
process, and assume that X is EWC in probability (resp.
a.s.) with limit measure P. Then, for all ¢ € Cy,(X;H), we
have

lim ;¢ = P,

n—oo

where the convergence is in probability (resp. a.s.).

Corollary 3.7. Let X be a locally compact Polish space,
‘H a separable Hilbert space, and F a separable subset of
Cy(X;H). Let X be an X-valued process, and assume that
X is EWC in probability (resp. a.s.) with limit measure P.
Then, for any strictly increasing sequence (kp)nen= C N,
there exists a subsequence (ky,, )nen+ such that

PVf e F, limsup anmnf - PfHH =0]=1.

If, additionally, X is EWC a.s., then

PVf € F, limsup|n,f — Pfl|l;, =0 = 1.

3.2. Examples and connections

We begin with examples of EWC processes to build intuition
and establish its relevance as a generalization of existing

notions before exhibiting some general connections. If un-
specified, X is a Polish space in this section.

The following example is a compelling and simple instance
where EWC strictly generalizes mixing or the LLNE.
Example 3.8. Let Y be a Rademacher variable and X,, =
(1- %)onr all n € N*. The process X is EWC a.s. with
limit measure Oy .

This example abstracts a dynamical system that takes an
irreversible step. Notice indeed that an equivalent definition
is Xy =Y and X,,41 = an; the irreversible
step is taken at time n = 1. It can for instance model
the position of a ball on a hill at the origin and subject
to gravity: the ball falls on a random side of the hill and
goes to the corresponding asymptotic position £1. The
following example generalizes the idea so that every step is
irreversible.

Example 3.9. Let Y = (Y,,)nen+ be i.i.d. Rademacher
random variables. Let X1 = % + %Yl, and X411 =X, +
ﬁYnH. The process X converges a.s. to a variable Z
taking values in the Cantor set. In particular, X is EWC
with limit measure 6 z.

Neither of these simple examples is captured by existing
assumptions, and yet they are sufficiently well-behaved —
for instance, every trajectory converges — so that one can
expect meaningful learning. Consider, for instance, the case
where data is of the form (X,,, f(X,) + €, ), with X, de-
fined in Example 3.9, f a function one wants to learn, and €,,
i.i.d. noise. Results that guarantee successful learning with
such data (under technical assumptions) are in Section 4.2.
Before that, we connect EWC to other notions, confirming
the generality of the assumption.

Independent, ergodic, and mixing processes Consis-
tently with our initial motivation, i.i.d. and mixing processes
are EWC when X is compact. More generally, any ergodic
process is. Indeed, recall that an X'-valued process X is
ergodic if it satisfies the condition of Birkhoff’s pointwise
ergodic theorem, that is, if there exists a measure P € P(X)
such that for every f € L1(X, P;R), lim, o7\ f —
Pf, where convergence is a.s. Importantly, ergodicity is
the weakest of all of the above notions: a—mixing is the
weakest notion of mixing among S— and ¢—mixing, and is
stronger than ergodicity (see (Bradley, 2005) for details).
But then, it is immediately clear from (iii) in Theorem 3.4
that such a process is EWC a.s. with constant limit measure
P. The question is more delicate if X" is not compact, as the
null set of non-convergence of 7:X f to P f in the definition
of an ergodic process depends on the function f in general.
Albeit interesting, this question is out of scope.

Measure-preserving dynamical systems Birkhoff’s
pointwise ergodic theorem applied to a general non-ergodic,
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measure-preserving dynamical systems yields convergence
of nX f to a conditional expectation, i.e., an expectation
w.r.t. a random measure (Adams & Quas, 2020). Hence,
such trajectories are EWC a.s. if X’ is compact.

Weak Convergence The notions of EWC and weakly con-
verging processes differ, despite similar naming. The latter
condition involves weak convergence of the sequence of
marginals M, € P(X) of the process X to a non-random
probability measure M € P(X). Intuitively, it thus in-
volves ensemble averages (and thus disregards correlations),
whereas EWC involves time averages (and thus considers
correlations). Both concepts are independent; there exist
EWC processes that do not converge weakly, and vice-versa:

Lemma 3.10. The process X defined on X := {—1,1} by
X, = (—1)™ a.s. is not weakly converging, but it is EWC
a.s. with limit measure %(5_1 + &1).

Proof. For f € Cp(X;R)andn € N*, M, f = f((—1)"),
which does not not converge unless f is constant. In con-
trast, ;X f is the Cesaro average of that sequence, which
converges to %(f(—l) + f(1)) = [%(5_1 + 51)] I O

Lemma 3.11. The process X defined on X = {0,1} by
X1 ~ B(0.5) and

Xn: Xla
1 *le

is weakly converging with limit measure (5o + 01), but it
is not EWC in probability.

if [logy(n)] =0 (mod 2),

otherwise,

Asymptotic mean stationarity As announced, processes
that satisfy the LLNE are EWC with limit measure the sta-
tionary mean.

Lemma 3.12. Let X be a Polish space and X be an X-
valued process that satisfies the weak law of large numbers
for events (WLLNE) with stationary mean P € P(X). Then,
X is EWC in probability with limit measure constant equal
to P. If, additionally, X satisfies the strong law of large
numbers for events (SLLNE), then X is EWC a.s.

This is no longer true if X is only asymptotically mean
stationary (AMS)?, however. For instance, the process of
Lemma 3.11 is AMS but not EWC in probability as the em-
pirical averages only converge on expectation. In fact, there
is no relationship between AMS and EWC, as the require-
ments for AMS are stronger on some aspects (AMS requires
convergence in total variation instead of weak convergence)
but weaker on others (EWC requires the whole random limit
measure to exist). This leads us to introduce the following
two notions, which strengthen EWC (resp. weaken AMS) to
relate to AMS (resp. to EWC), as summarized on Figure 1.

3See Definition 2.2 in (Steinwart et al., 2009) for the definition.

1
ESC AMS

ﬂ ﬂ

LLNE —— EWC — weakly AMS

Figure 1. Relation between the the different notions. All impli-
cations hold with the same limit measure or with the intensity
measure thereof, and both in probability and a.s. when applicable.
The implication LLNE = AMS is shown in Steinwart et al.
(2009).

Definition 3.13. Let X be a Polish space and drv a metric
on P(X) that metrizes convergence in total variation. An X-
valued process X is empirically strongly converging (ESC)
in probability (resp. a.s.) if there exists a random measure
P on X such that dpv (n;, P) is measurable, n € N*, and
(2) holds with dtv instead of d, where the convergence is
in probability (resp. a.s.). Then, P is unique P-a.s. and is
called the limit measure of X.

Definition 3.14. Let X be a Polish space. We say that an X'-
valued process X is weakly AMS if there exists a probability
measure P € P(X) such that

Uf € CUAR), i -3 E[f(x) = P,
i=1

It is called the weak asymptotic mean of X and is unique.

Remark 3.15. Assuming that dv (n;X, P) is measurable in
Definition 3.13 certainly lacks elegance, but it is also solves
a nontrivial technical difficulty. Indeed, the topology of
convergence in total variation on P(X’) is strictly finer than
that of weak convergence in general, and the definition of
random measures only gives measurability w.r.t. the Borel
o-algebra generated by the latter. Further exploration of this
assumption is left for future work; we refer the interested
reader to Chapter 4 in (Kallenberg, 2017).

Proposition 3.16. Let X be a Polish space, X an X-valued
process, and P a random measure on X. If X is ESC in
probability (resp. a.s.) with limit measure P, then it is both
EWC in probability (resp. a.s.) with the same limit measure
and AMS. If X is EWC in probability with limit measure
P, then it is weakly AMS. In either case, the corresponding

asymptotic mean P satisfies EP = P, where EP is the
usual intensity measure of a random measure.

In other words, ESC and EWC require the whole limit mea-
sures to exist whereas AMS and weak AMS only require
convergence on expectation. It is still unclear whether the
implication LLNE = ESC holds, as it would require a
result similar to Theorems 3.4 and 3.5 for ESC processes,
for which the implication (iii) = (ii) is more challenging
because of the non-separability of L, (X;R).
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3.3. Joint processes

We now focus on characterizing EWC for joint processes.
Indeed, it is a core assumption for learning, as the main
assumption of Theorem 4.3 is EWC of the input-output
process. We begin with continuous transformations of a
process, as they include among others marginalization.

Theorem 3.17. Let X and ) be Polish spaces, X be an
X-valued process, and g : X — Y be continuous. Assume
that X is EWC in probability (resp. a.s.) with limit measure
P. Then, the Y-valued process g(X ) is EWC in probability
(resp. a.s.) with limit measure QQ = P o g~ L.

Proof. This follows immediately by showing that (ii) in
Theorem 3.4 (resp. Theorem 3.5) holds for Y and Q. [

Next, we formalize the mapping of a process through a
Markov kernel.

Definition 3.18. Let X and ) be Polish spaces and p be a
Markov kernel from X to ). A data set of transition pairs
of pisan X x Y-valued process Z = (X,Y") such that the
following holds P-a.s.:

Vn € N*, P[Yn S | Xl:nyyltnfl] = p(,Xn) 3)

An example of a data set of transition pairs is the process
(X, Xn+1))nenr, where X is a Markov chain.

Theorem 3.19. Let X and Y be compact Polish spaces and
Z = (X,Y) be a data set of transition pairs of a Feller-
continuous Markov kernel p from X to Y. Then Z is EWC
in probability (resp a.s.) if, and only if, X is. In this case,
with P the limit measure of X and J that of Z, we have
P-a.s. for all A € B(X) and B € B(Y)

J(A X B) = /Ap(B,x)dP(:c). “4)

4. Consistency of kernel methods

We now state our results on the consistency of kernel meth-
ods. We focus first on kernel mean embeddings (KMEs)
and show statistical consistency of the standard estimator,
i.e., that it recovers the KME of the random limit measure in
the infinite-sample limit. We then attend to SVMs and show
L-consistency, which focuses on the achieved risk instead
of on the estimator itself and is the standard notion for a
learning method (see (Steinwart & Christmann, 2008)).

4.1. Statistical consistency of kernel mean embeddings

Theorem 4.1. Let X be a Polish space, X an X -valued pro-
cess, and H a scalar-valued RKHS of measurable functions
on X with bounded kernel k. Finally, let P be a random

measure on X. If X is EWC with limit measure P, then
. 1
Jim ~3kCX) = [ KCa)APE) < up, )

where the convergence is in probability (resp. a.s.). Con-
versely, if the maximum mean discrepancy (MMD)

MMD : (@ R) € P(X)? = g — prlly

metrizes weak convergence in P(X), then (5) implies that
X is EWC in probability (resp. a.s.).

While this result seems to follow from Theorem 3.6, we em-
phasize that it has weaker assumptions. In particular, Theo-
rem 4.1 assumes neither local compactness nor a continuous
kernel. This remarkable generalization relies on the fact that
the topology generated by the MMD is coarser than that of
weak convergence under the assumptions of the theorem (by
Theorem 21 in (Sriperumbudur et al., 2010)). The metriza-
tion of weak convergence by the MMD is well-studied; see
(Simon-Gabriel et al., 2023) for a comprehensive overview.
For instance, a sufficient condition is that X’ is compact and
k is bounded, continuous, and characteristic (Theorem 7 in
the reference; recall that any Polish space is Hausdorff).

4.2. L-consistency of SVMs

We generalize consistency of a learning method to EWC
data.

Definition 4.2. Let X and ) be Polish spaces, L be a loss
function, and Z = (X,Y’) be an X x Y-valued process.
Assume that Z is EWC with limit measure J. We say that a
learning method £ is L-consistent if,

lim Rp j(fz..) =RL.
n— o0

where convergence is in probability. Further, if the conver-
gence is a.s., we say that £ is strongly L-consistent.

This definition raises the immediate concern of the measura-
bility of the sets {Rr,s(fz.,) < R} ; + €}, where € > 0.
For an SVM on a Polish space with outputs in a separa-
ble Hilbert space and in a separable RKHS of measurable
functions, such sets are measurable. This result was already
known in the case of a non-random measure J and scalar
outputs (Lemmas 6.3 and 6.23 in (Steinwart & Christmann,
2008)); we extend it to our setting in Appendix D.

The next theorem is our main result. It guarantees that
SVMs are consistent with EWC data, up to technical as-
sumptions on the loss, RKHS, and Cy, (X x Y;G).

Theorem 4.3. Let X be a locally compact Polish space, G
a separable Hilbert space, ) a complete subset of G, and
‘H a separable G-valued RKHS of continuous functions on
X with bounded kernel K and continuous feature map ® :
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x> K(-, ). Assume that Cy,(X x Y; H) is separable. Let
L be a convex, continuously differentiable, locally Lipschitz
continuous, and locally bounded loss function. Let 7 =
(X,Y) be an X x Y-valued process, and assume that Z
is EWC in probability (resp. a.s.) with limit measure J.
Assume that H is (L, J)-rich, P-a.s. Then, there exists a
sequence of strictly positive real numbers (\p,)nens such
that lim,, 00 A\, = 0 and the (\,)-SVM is L-consistent
(resp. strongly L-consistent) for Z.

We emphasize again that usual consistency results do not
assume that the loss function is continuously differentiable.
The necessity for this requirement comes directly from the
weak convergence that EWC guarantees: this assumption
is more general than what is usually assumed, but comes at
the price of weaker guarantees. Furthermore, Theorem 4.3
does not indicate at what speed the sequence (A, )nen-
should decrease. Unfortunately, no such speed exists with-
out further assumptions, for two reasons. First, similarly
to works with assumptions stronger than EWC, there is
no such choice of (A, ),en+ uniform in the limit measure
J; see for instance Steinwart et al. (2009) or Section 6.1
in Steinwart & Christmann (2008). Second, EWC allows
the data to approximate the limit distribution arbitrarily
slowly, adding another layer of necessary assumptions. In
other words, a finite-sample analysis requires handling both
the classical question of bounding the approximation error
function (Steinwart & Christmann, 2008) and imposing a
minimum speed on the EWC convergence.

5. Conclusion and outlook

We introduce the new notion of empirical weak convergence
to address the consistency of kernel methods in the presence
of dependent data. We show consistency for SVMs for
EWC processes and allow an infinite-dimensional output,
which is crucial to include related methods such as CKME:s.
We discuss in details how EWC relates to and generalizes
the existing usual assumptions for consistency, establishing
it as a suitable basis paving the way for a more general
theory of learning with dependent data.

An important open question is on the generalization of The-
orem 4.3 to non-separable sets of continuous bounded func-
tions. Indeed, that assumption is typically achieved through
compactness of the input and output sets, which is relatively
restrictive. Another relevant topic is to extend the theorem
to stronger forms of convergence to a random measure, such
as ESC. Finally, the topic of learning rates is a promising
area for future work. While it is clear that the convergence
involved in EWC may be arbitrarily slow, translating bounds
on this speed into oracle inequalities for SVMs is an inter-
esting extension of our results.
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A. Proofs
A.1. Proofs for Section 3.1

Proof of Proposition 3.2. Let dy and dy be two metrics that metrize weak convergence on P(X). By definition, sequences
of P(X) that converge for d; also converge for ds, and vice versa. It immediately follows that the notion of EWC a.s.
is unaffected by the choice of the metric. Furthermore, we can apply Corollary 20.8 in (Bauer, 2011) to the sequence
(d(n;X, P))nen- to show that a process X is EWC in probability if, and only if, for any strictly increasing sequence k C N*,
there exists a subsequence (k,,, ) C N* such that lim,, n,ii = P, where the convergence is a.s. Since a.s. convergence
of random measures is independent of the chosen metric that metrizes weak convergence, we deduce that so is the notion of
a process EWC in probability.

We are left to show uniqueness of the limit measure. We only consider the case where X is EWC in probability as the other
case follows immediately since any process EWC a.s. is also EWC in probability with the same limit measure. The result
follows immediately from uniqueness of the limit in probability in a metric space; we repeat the proof for completeness. Let
d be a metric that metrizes weak convergence on P(X) and P and @ be two limit (random) measures of X. For any € > 0
and n € N*, we have

Pld(1;, P) > eor d(i; , Q) > €]
< Pld(n, , P) > ¢ +Pld(n,, Q) > €],
by the triangle inequality for d and the union bound. Since the right-hand side (RHS) goes to 0 as n — oo, we deduce that
d(P,Q) = 0 a.s., which is the desired result. O

Proof of Theorem 3.4. The equivalence (i) <= (ii) immediately follows from the definition of weak convergence. Indeed,
we have

{1y ~ Py = {¥f € Gy(X;R), lim n;{ f = Pf}
= {Vf € Cu(X;R), limsup|n, f — Pf| = 0}.

Since d is continuous, it follows that both sets are measurable. Taking probabilities on both sides shows the equivalence.

Next, it is also clear that (i) = (iii), since for any g € C},(X; R),
{Vf € Co(X;R), lim o3 f = Pf} C { lim 1779 = Pg},
and thus the RHS has probability 1 if (ii) holds.

Finally, we further assume that X" is compact and show (iii) == (ii). Assume that (iii) holds. By compactness and
separability of X, (C},(X;R), [|-|| ) is separable; let ® = (¢, )men+ be a dense family thereof. Define for all n € N* the
event

Ny, = {limsupnfffbm — Pop| > O} :

It is the set of non-convergence of 7;X ¢,,, to P¢,,. Let

N = Nop.

1

By assumption, P[N,,,] = 0 for all m € N* and thus P[N] = 0. Now, let f € C,(X;R) be fixed, and take (¢ )men+ C P
be such that |1, — f|| ., — 0as m — oo. Letw € ©\ N; from now on, we consider that all variables are evaluated in
w but drop the explicit dependency for conciseness. Let € > 0 be arbitrary, and take M € N* such that for all m > M,
|Vm — flloo < §- Then, for all m > M and n € N*,

X f=Pf| < | = P)(f = ¥m)| + |15 om — Ptom|
<X =Pl |f = Y| + |15 U — Pt 6)
§2§+|ﬂ§¢m—P¢m‘,

T C8
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where the second inequality comes from the triangle inequality for the signed measure ;X — P of which ;X — P| is the
absolute variation, and the third uses the fact that |7;X — P|1y < nX1y + P1y = 2. Taking the lim sup over n thus yields

limsup|7]§ffPf| <,

for all € > 0. Indeed, the second term vanishes by assumption on w. We deduce that lim sup,, |nff f—Pf | = 0 for all
f € Ch(X;R)andw € Q\ N, which concludes the proof.

Proof of Theorem 3.5. Let d be a metric that metrizes weak convergence on P(X). The equivalence (i) <= (ii)
immediately follows from Corollary (20.8) in (Bauer, 2011). Indeed, by the cited corollary, the process X is EWC with
limit measure P if, and only if, for any strictly increasing sequence & C N*, there exists another strictly increasing
sequence m C N* such that lim,,_, d(n,ifnn , P) = 0 with probability 1. Then, for any fixed such sequence k and m,

the definition of weak convergence shows that lim,, d(n,fm , P) = 0 holds with probability 1 if, and only if, the event
{Vf € Co(X;R), limy, 00 Mk, [ = Pf} has probability 1. The equivalence follows.

It is also clear that (ii) implies (iii) by using the converse implication of Corollary (20.8) in (Bauer, 2011). Indeed, (ii)
immediately implies that for all f € C},(X’;R) and all strictly increasing sequence k C N*, there exists another strictly
increasing sequence m C N* such that lim,, ., nx.. f = Pf a.s. The cited result then implies (iii).

Moy

Finally, we further assume that X" is compact and show (iii) = (ii). Let £k C N* be a strictly increasing sequence. We
proceed by constructing a strictly increasing sequence m C N* so that the event {Vf € C},(X;R), lim,,, 7)257 _f=Pf}
has probability 1; i.e., neither the subsequence m nor the null set of non-convergence depend on the chosen function f,
contrary to the ones given by (iii). Since & is compact, (C,(X;R), ||-||,.) is separable; let & = (¢;,),en+ be a dense
family thereof. The construction of the sequence m follows from a diagonal argument. First, we construct inductively a
double-indexed sequence (M, ) (n,p)e(n+)2 that satisfies the following properties for all p € N*:

* the sequence (M, p)nen- is strictly increasing;
¢p = P, onall of Q \ N, for some measurable N, € A with P[V,)] = 0;

e lim, oo Nk

o(k

mn,p

mn.pi1 )neN+ is @ subsequence of (ky,, . )nens-

Such a construction is indeed possible by applying (iii) and Corollary 20.8 in (Bauer, 2011) to the sequence
(n,fmn.p ®p+1)nen+ at every induction step; we forego detailing it for conciseness. Then, we define inductively the se-
quence m as follows. We first take m; := my ;. Then, assuming that m; is constructed for all ¢ < p for some p € N*,
define

Mypy1 = min{m; 41| € N Amy 01 > my,}.

The set over which we minimize is indeed nonempty since m; 541 — 00 as ¢ — oo. We claim that the hereby constructed
sequence m has the announced property. First, m is clearly strictly increasing, by construction. Next, let N = J pens Np
and take w € Q \ N; from now on, we consider that all variables are evaluated in w but drop the explicit dependency for
conciseness. For any p € N*, the sequence m satisfies limy, ;o Nk, $p = P¢p. Indeed, by construction, the sequence
(Km,, )n>p is a subsequence of the sequence (K, ,)n>p, and lim,, .o n,fmn p¢p = P¢,. Now, let f € Cp(X;R) be
arbitrary, and take (14)qen+ C @ be such that ||, — f|| . — Oasn — 0. Let € > 0, and take Q € N* such that
I|f —¥gll, < §forall ¢ > Q. The exact same calculations as the ones in (6) with the index k,,, instead of n directly
show that for all n € N* and ¢ > Q,

‘nkmnf_Pﬂ <e+ ‘nkman _qu|'

The second term vanishes when taking the lim sup over n by the property of the sequence m. This shows that for all
f € Co(X;R) and € > 0,limsup,, |9k, f — Pf| < e, and thus the left-hand side (LHS) is equal to 0. This is true for
allw € O\ N and N has probability 0; hence, lim,, _, » Nk, f = Pf, where the convergence is almost sure. Since the
sequence m is independent of f, this shows the result and concludes the proof. [

Proof of Theorem 3.6. We begin by showing the claim in the case where X is EWC a.s., and assume without loss of
generality that for all z € X, ||¢(x)||,, < 1.

12
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Let ¢ > 0. We apply theorem B.6 to the countable family of random measures Q = {nX | n € N*} U {P}, which is
sequentially compact a.s. by assumption (here, we rely on completeness of (£2,.4) to guarantee the measurability of the
event). Therefore, there exists a random compact set /¢ such that the following holds a.s.:

P(K)>1—¢,

7
Vn e N*, nX(K) >1—e @

Next, since H is a Hilbert space, it has the b-approximation property for some b > 0 (see the discussion after Definition 4.1.34
in (Megginson, 2012)). Applying this property to the compact set ¢(K.) shows that for all w € €, there exists a bounded
operator S(w) : H — H with finite rank m(w) € N* such that

Vo € K. (w), [S(@)o(w) (@) — 6(@)(@)lly < e and [[S(@)] 20 < . (®)

It is clear from the proof of the bounded approximation property (Theorem 4.1.33 in (Megginson, 2012)) that the map
w +— S(w) can be taken to be measurable; it defines a random operator S : H — H with finite rank m that satisfies (8)
a.s. We now take an #-valued process* e such that (e, ..., €,,) is a.s. an orthonormal basis (ONB) of SH, and let

Vi €N fj 1w € Qs {ej(w), S@)Pw)())y, € RY. ©)

By continuity of ¢, of S, and of the scalar product, the process f takes values in C},(X'; R).

We are now equipped to show the convergence announced. We have the following bound:

[m & = Poll,, < ||nid—ny Soll,, + ||ni S¢ — PS§|,, + [|PS¢ — Polly, - (10)

We further bound these three terms separately to show a.s. convergence of the LHS to 0. For this, we leverage the equivalent
characterization of a.s. convergence of Lemma 20.6 in (Bauer, 2011) and show that for all « > 0,

lim P 51215H775(¢—P¢)HH >al =0.

n—oo ¢

To this end, we first apply that same characterization to the variable v/m sup e 1 17 fi — P f;], which converges to 0
a.s., yielding the existence of n. > 0 such that the following holds with probability not less than 1 — e:

sup  sup I f; — Pfj| < e-m™ /2 (11)
n>ne je{1,...,m}

Let now A € A be an event with probability 1 such that 1. (7) and (8) hold; and 2. (eq, ..., e,,) is an ONB of SH for all
w € A, n > ne, and w € A that satisfies (11). We assume that all variables are evaluated in w € A, but drop the explicit
dependency for conciseness until mentioned otherwise. The last term in (10) is bounded as follows:

[PS$ — Polly, < PS¢ — ol
=PS¢—dlly - 1k + PS¢ — ¢l - La\k.

<ePlg + sup [[So(z) — d(2)]ly Plak.
zEX\ K.

<et+ sup [So(x) — d(x)lly - €
zeX\ K.
<e+(b+1)-e=(b+2),

where we use the facts that [[S¢ — ¢[|;, - 1k, < €1k, P(K¢) > 1 — € sup, [[¢(z); < 1,and ||S]| ;3 < b. The first
term in (10) is bounded similarly, as the same computations with 7;X instead of P show

[m ¢ = mpy S|, < 1196 = Bllgy - L, + 1 1196 — Bll3, - Lk, < (b+2)e.

“There is indeed a choice of the map w > e(w) that is measurable from separability of 7; we skip the proof for conciseness.

13
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where we use 1;X (K.) > 1 — e. Finally, we bound the second term by leveraging the fact that S has finite rank:

1/2

NE

[n S¢ — PSe||,, = (e, mXS¢ — PS@)

-
Il
—

1/2

(nn f] Pfj)2

I
Ms

1

J
<vm sup |nSf;— Pfl
je€{l,....,m}
<e

— )

where the last inequality comes from the fact that w satisfies (11). Since n > n, was arbitrary, we have shown that

sup [[7 6 — Pol| < (b+ 2)e+ e+ (b+ 2)e = (20 + 5)e (12)

This bound holds for any w € A that satisfies (11); therefore, we deduce that it holds with probability at least 1 — €. Since
€ > 0 was arbitrary, the conclusion follows as announced by leveraging (20.6) in (Bauer, 2011).

Now, we handle the case when X is only EWC in probability. Corollary 20.8 in (Bauer, 2011) shows that this is equivalent
to the fact that any subsequence (d(n; , P))nen+ of (d(n;, P))nen- has itself a subsequence that converges to 0 a.s.,
say, (d(nkm , P))nen+. Here k : N* — N* and m : N* — N* are strictly increasing sequences. But then, (7; Inent

converges weakly to P with probability 1. We can thus repeat the above proof as is by replacing (1;X ) ,en+ with (nk )neN*.
Indeed, the assumption that X is EWC a.s. only appears in two places: when applying Theorem B.6, and to establish
the existence of n, such that (11) hold. Both of these results only rely on the fact that (X ), en+ converges weakly to
P a.s., which holds for (nlfmn Jnen as well by construction of £. Overall, this shows that (12) holds for this specific

sub-subsequence (n,fm Jnen+, and thus lim,, ngfn ¢ = P¢ as. by (20.6) in (Bauer, 2011). In other words, every

subsequence of (17X ¢),en+ has itself a subsequence that converges to P¢ a.s., which is equivalent to convergence in
probability of (1, #),en+ to P¢ and concludes the proof. O

Proof of Corollary 3.7. The proof is an identical repetition of the proofs of the implications (iii) = (ii) of Theorems 3.4
and 3.5, up to the replacement of the dense family of C',(X; R) by a dense family of F and of absolute values by ||-||,,. [

A.2. Proofs for Section 3.2

Proof of Lemma 3.11. 1t is clear that the process X converges weakly. We show that it is not EWC in probability To
this end, we show that (iii) in Theorem 3.5 does not hold. Let f € C},({0,1}), and assume that u,, = 7;\ f converges in
probability to some real-valued random variable £. We show that f is constant. Let n, = 10 — 1 for all p € N. Since X is
constant on index intervals of the form [ng + 1,n44+1] N N, grouping the terms in the sum on these intervals yields

1«
Up,, = nf Z(anrl - nq)f(an+1)
P o=

= — Z ngi1—ng) - (Lan(q) f(X1) + Langa () (1 = X1)),

where 15 is the indicator function of a set S. Now, let v, = Un,,, — Un,. FOr an even value of p, we have

’Up< Np 1) Unp‘i’wf(Xl)

Np+1 Np+1
Npt1 — N
= 7]7"1‘1 p (f(Xl) — u”p) .
Np+1
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For an odd value of p, similar calculations reveal

n — M
v, = L (F(1=X1) = up,) .
Np41

We now use the facts that v, — 0 in probability as n — oo (by convergence in probability of u and the definition of v,,)
and %;17;% — 1—90 as p — oo to conclude that both of the following hold P-a.s., by P-a.s.-uniqueness of the limit of
convergence in probability:

9

10 (f(X1) —¢) =0,P-as.

9

—(f(1—=X;)—=¥4) =0,P-as.

10 (f( 1) f) 07 a.s

Therefore, f(X;1) = f(1 — X1), P-a.s., which shows that f is constant. We can now conclude the proof: if f is not constant,

then the contraposition of the above shows that 77X f does not converge in probability to any random variable. Since, by
Theorem 3.5, this is a necessary condition for EWC in probability, X is not EWC in probability. O

Proof of Lemma 3.12. The result follows immediately from Lemma 2.5 in (Steinwart et al., 2009) together with Theo-
rems 3.4 and 3.5. Indeed, assume that X satisfies the WLLNE, and let P € P(X) be its asymptotic mean (which exists by
Theorem 2.4 in (Steinwart et al., 2009)). Then, for all f in £, (X;R), the following convergence in probability holds:

Pf = lim n, f, (13)
n—r 00

from Lemma 2.5 in the above reference. In particular, C},(X;R) C L (X;R), showing that (iii) in Theorem 3.5 holds.
Since X is separable, we deduce that X is EWC with limit measure P. Further, if X satisfies the SLLNE, then Lemma 2.5 in
the same reference states that (13) holds where the convergence is now almost sure. The argument C},(X;R) C Loo(X;R)
now enables to conclude that (iii) in Theorem 3.4 holds, and thus X is EWC a.s. O

Proof of Proposition 3.16. The implication that ESC implies EWC with the same limit measure follows trivially from the
fact that the topology of convergence in total variation is finer than that of weak convergence. Finally, we only show that
EWC in probability implies weak AMS, since the case for EWC a.s. follows, and the proof that ESC implies AMS is similar
by leveraging a result similar to (i) = (iii) in Theorem 3.5 for ESC processes involving £, (X’; R) instead of Cy, (X; R),
and whose proof is left to the reader.

Let f € Cp(X;R). For any n € N*, we have

N

LS BIAX)] - (EP)F| = [ElY S~ PA)| < Bl S - PAL

=1

where the identity (EP) f = E[P f] follows from usual properties of the intensity measure. Now, from Theorem 3.5, we
have
lim 75 f = Pf, (14)

n—o0

where convergence is in probability. Furthermore, the sequence (7;X f)nen- is uniformly integrable by boundedness of f;
indeed, we have E[|n;X f|] < || f||., forall n € N*. It thus follows from known results on convergence of random variables
that (14) is equivalent to convergence of (17X f)nen+ to Pf in L1 (2, P; R). Hence, E[|n:X f — Pf|] — 0 as n — oo and the
result follows. O

A.3. Proofs for Section 3.3

Proof of Theorem 3.19. We begin with the direct implication and focus on the proof for X, as that for Y is identical. Let
7wyt (z,y) € X x Y x € X. Clearly, my is continuous. Now, if Z is EWC a.s., it follows that (ii) in Theorem 3.4 holds
for Z, and in particular with J the limit measure of Z

PVf € Cy(X;R), limsup|nZ(fomx) — J(fomx)| =0] =1,

15
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because f o mx € Cp(X x V;R) forany f € Cy,(X;R). Furthermore, nZ (f o wx) = n.X f and J(f o mx) = Pf, where
P is the random measure defined as P[A] = J[A x Y] for all A € B(X). This shows that

PIVf € Cu(X;R), limsup|n, f — Pf| =0 =1,

and shows that X is EWC a.s. by Theorem 3.4. If Z is only EWC in probability, then the exact same reasoning as above but
using Theorem 3.5 instead of Theorem 3.4 shows that X is EWC in probability.

We now assume that X’ and ) are compact and show the converse implication. We begin with the case where X is EWC
as. Let f € C,(X x Y;R) be fixed, and define for all n € N* A,, = f(X,,,Y,) — E[f (Xn, Yy) | X1.n, Y1:n—1], where
we recall the convention that conditioning on Y7.o means conditioning on the trivial o-algebra {0, Q}. It satisfies E[A;] = 0
and, for all n > 2, E[A,, | Xi.n, Yi:n—1] = 0 as. Further, the sequence (A, )nen+ is uniformly bounded by 2 - || 1| .
Hence, it satisfies the assumptions of Theorem 1 in (Csorgo, 1968) with b,, = n for all n € N*. We deduce from that same
theorem that

1 N

where convergence is a.s. Next, we show that

RN
nh_)ngo p ZE[f(Xi,Yi) | X146, Y1) = J f, (16)

=1

with probability 1, where J is defined in (4). Define g : x € X — fy f(z,y)p(z,dy); we have g € Cp(X;R) since p is
Feller continuous. It holds with probability 1 that

n

1 1<
~ Y EIF(X0Y) | Xu Vi) = ;E[fm Yi) | Xi]

1=1
=9,

and thus by (iii) in Theorem 3.4 applied to X, which is EWC,
1
Jim. gZ;E[f(XuYi) | X1.4, Y1:i-1] = Pg, P-as.
i=

Furthermore,
Py [ g@idP@) = [ [ flagplo.dn)apia) =I5,
X X JYy
showing that (16) holds. Combining this with (15) shows
lim 7 f = Jf, (17)
n—oo

where the convergence is a.s. The conclusion follows by leveraging Theorem 3.4, since X x ) is compact.

Finally, the case where X is only EWC in probability follows by repeating the above steps by leveraging Theorem 3.5
instead of Theorem 3.4. The only difference is that the convergence in (16) is now in probability, and thus so is the one in
(17), concluding the proof. O

A.4. Proofs for Section 4.1

Proof of Theorem 4.1. We begin with the following observation: from (ii) in Theorem 21 in (Sriperumbudur et al., 2010),
there exists a constant C' > 0 such that for all Q1 and Q3 in P(X),

MMD(Ql, Qg) S C- B(Ql; Q2)7

where £ is the Dudley metric and is known to metrize weak convergence on P (X) (see the discussion above (28) in the same
reference). We emphasize that, although (ii) in Theorem 21 requires an additional separability assumption, that assumption

16
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is only used in the proof to show the upper bound on the Dudley metric; therefore, the lower bound still holds without the
assumption. Consequently, if (Qy)nen+ C P(X) converges weakly to @ € P(X), then MMD(Q,,, @) — 0 as n — oo.

Let us now assume that X is EWC in probability with limit measure P. We use the same argument as in the end of
the proof of Theorem 3.6 to deduce from Corollary 20.8 in (Bauer, 2011) that this is equivalent to the fact that, for
any strictly increasing ¢ C N*, there exists another strictly increasing m C N* such that njfn o P as.. But then,
limy, o0 MMD(nﬁfﬂ , P) = 0 by the above upper bound, where convergence is a.s. By definition of the MMD, this is
equivalent to "

‘6"72,

o
im o Z k(- Xi) = pp,

" og=1

where convergence is in ||-||;, and is a.s. It then follows from the converse implication of Corollary 20.8 in (Bauer, 2011)
applied to H — Zf’:”f k(X)) —p pHH that (5) holds, where convergence is in probability. Finally, if X is EWC a.s., we

can repeat the above proof without going to a subsequence, showing the result in that case as well.

The converse implication follows immediately from Proposition 3.2. O

A.5. Proofs for Section 4.2

The general structure of the proof of Theorem 4.3 is identical to that of Theorem 2.17 in (Steinwart et al., 2009) thanks
to Theorem C.8 and Theorem 3.6 which extend to our case Lemmas 4.2 and 4.4 in the same reference. Only the last step
differs, since the randomness of the limit measure J makes the convergence of Rz, ;(fs1) to Rz s as A — 0 also a
random event, and that convergence may not occur uniformly on (a full probability subset of) (2.

Proof of Theorem4.3. We begin with the case where Z is EWC a.s. First, since L is locally bounded, the function L(-, -, 0)
is bounded, and thus we can assume without loss of generality that Ry, ;(0) < 1forall I € P(X x Y). By Lemma C.5, we
thus have || fr, ,\||H < A~ Y/2 for all A > 0. Furthermore, since K is bounded, we can also assume without loss of generality
that || K[|, < 1sothat | f||,, <[ f]l, forall f € H. Finally, by completeness of (2, .A) and measurability of Ry, % (cf.
Corollary D.4), the assumption that H is (L, J)-rich P-a.s. implies that R} ; is measurable and is a.s. equal to Ry, 3. We
denote by €2; a full probability set such that Ry, ;5 = Rz J-

We have for all n € N* and A > 0 the upper bound

(Re.u(foz ) —REg| < |Res(faz ) — Res(fin)| +|Re.u(fix) — RE ;|
= |73L,J(f7,5,,\) — R (fix)|+ Re,s(fra) — Reuxl
<|Llx-1so g - ([fozx = Foall, + 1RL.(f10) = Ri,snl (18)

|L|y\-1/2
= % . Hﬁg(éf)}u,/\) — J(d)hJ,)\)||H + |’R,L7J(fj7)\) _ RL,J,?-L| ’

where the second step only holds on {21, the third one comes from local Lipschitz continuity and the integral definition of
R, the last step comes from Theorem C.8, and h; y is as given in Corollary C.9. We can now pick the regularization
sequence (A, )nen+ as follows. Let € > 0. First, note that by the expression of 47 5 in Corollary C.9 and by Lemma D.6, the
map w — Ph s » is measurable, and thus so are its integrals w.r.t. random measures (by Lemma 1.15.(i) in (Kallenberg,
2017)). Next, for all n € N*, and A > 0, let

A
F(\n):=P|sup |‘77,i(¢hJ7,\) - J(qﬁhJ,,\)||H > ——¢|.
m>n |L|>\71/271

Now, h 5 takes values in Cy, (X x Y; G) by Corollary C.9, and thus ¢h ; 5 takes values in C, (X x Y; H), which is separable
by assumption. Therefore, by Corollary 3.7, lim,, o0 nZ (¢hs\) = J(¢h1), where convergence is a.s. Consequently, it
follows from Lemma 20.6 in (Bauer, 2011) that lim,,, -, F'(A,n) = 0 for all A > 0. We now use Lemma 4.4 in (Steinwart
et al., 2009) to obtain a sequence (A, )nen+ such that lim,, o A, = 0 and lim,,_, o, F'(A\,,n) = 0. Let now § > 0 be
arbitrary, and take ny € N* such that for all n > ng, both F'(n, A,) < g and G,, < g, where

Gn =P |sup [Rr,s(fir,) — Rrun| > €| .

m>n

17
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Such an ng exists since lim,,_, G,, = 0 by applying again Lemma 20.6 in (Bauer, 2011) to Rz s(fsx,) — Rr,sx],
which converges to 0 a.s. by a simple argument using Lemma C.5. It follows from (18) that for all n > ny,

|L|\ -1/
P|sup [Re.s(fuz ) — Rbs| > ] <P [sgp L (Ghua,,) = (Shan )|y, = € or

m>n Am
sup Re,0(fixm) — Reaml > €
S F()\",n) + GTL
< 4.

The converse implication of Lemma 20.6 in (Bauer, 2011) completes the proof of this case. The case when Z is only EWC
in probability follows immediately by repeating the above steps without introducing the supremum sup,,,~,, in the definition
of F'(A,n) and of G,,, which concludes the proof. O

B. Random compact sets

This section contains technical results necessary for the proof of Theorem 3.6. The main result is Lemma B.6, which is a
generalization of Prokhorov’s theorem to finite or countable families of random measures.

Definition B.1. Let (X', d) be a metric space. We say that X has nice closed balls if for any € X and € > 0, the closed
ball B(x,e) = {y € X' | d(z,y) < €} is either compact of equal to X'.

Lemma B.2. Let X be a metrizable space. Then, X has a compatible metric with nice closed balls if, and only if, X is
locally compact.

Proof. This follows immediately from Theorem 5.1.12 in (Beer, 1993). O
Lemma B.3. Let X be a Polish space and let d be a metric that metrizes its topology. The set KC(X) of nonempty compact
subsets of X can be equipped with the Hausdorff metric

h: (K, Ks) € K(X)? — max{ sup inf d(z,y), sup inf d(:z:,y)} .

zeK, YEK2 z€ Ko YEK1

Then, (KC(X), h) is complete and separable. In particular, IC(X) equipped with the resulting topology is Polish.

Proof. Completeness is proven in Theorem 3-3 in (Henrikson, 1999), and separability follows from Corollary 3.90 and
Theorem 3.91 in (Aliprantis & Border, 2006). L]

In what follows, we assume without loss of generality that, if X is locally compact, then the Hausdorff distance h on (X))
is defined w.r.t. a compatible metric d that has nice closed balls.
Before moving on to the main result, we show two useful preliminary results.

Lemma B.4. Ler (X, d) be a metric space with nice closed balls. Then, for any K € K(X) and € > 0, the set

dil(K,e) ={x € X | iglf(d(amy) <et={reX|dxz,K)<e}
Y
is either compact or equal to X.

Proof. Let K € K(X) and € > 0. Let (2, )nen+ C dil(K €). Take, for all n € N*, z,, € K such that d(z,, 2,) < €
such a sequence exists by definition of dil(K, €). Since (2, )nen+ is a sequence of the compact set K, it has a converging
subsequence; say, (zm, )nen+, and denote its limit by z. But then, for every 6 > 0, there exists N € N* such that
T, € B(z,e+9) forallm > N. We conclude by discussing two cases. If B(z, e+ ¢) = X forall 6 > 0, then in particular

B(z,€) = ﬂ B(z,e+n™1) = ﬂ X=2x.
neN- neN

18
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Since B(z,€) C dil(K, €), we deduce that dil( K, €) = X. Otherwise, there exists 6 > 0 such that B(z, € + 0) is a proper
subset of X'. Then, (2, Jnen~ takes values in the compact set B(z, € + ¢) from some finite rank N € N* on. The sequence
(zn)nen+ thus has a subsequence converging in B(z, € + §). Furthermore, since dil( K, €) is closed, we deduce that it must
contain the limit of (2, )nen+. In other words, either dil( K, €) = X, or each sequence thereof has a converging subsequence,
showing compactness and concluding the proof. O

Lemma B.5. Let X be a Polish space and P € P(X). The map ep : K € K(X) — P(K) € [0,1] is upper semi-
continuous, that is, for every K € K(X) and sequence (K, )nen+ such that h(K,,K) — 0 as n — oo, we have
limsup,, ep(K,) < ep(K).

Proof. First of all, our definition of upper semi-continuity is indeed equivalent to the general notion since X is Polish; see
for instance Lemma 7.13.b in (Bertsekas & Shreve, 1996) for details. Let K and (K,),cn+ be as described in the lemma.
The result follows from the fact that lim sup,, K,, C K. Indeed, if « € lim sup,, K, then there exists a strictly increasing
sequence j : N* — N* such that x € K, for all n € N*. But then, for all n € N*,

d(z,K) = ;gf( d(z,y) < sup inf d(z,y) < h(K;,, K).

z€K;, VEK

Since the RHS goes to 0 as n — oo, we deduce that d(x, K) = 0, and thus x € K since K is closed, showing the inclusion.
By the reverse Fatou’s lemma, it follows that

limsupep(K,) < ep(limsup K,,) < ep(K),

concluding the proof. O

Theorem B.6. Let X be a locally compact Polish space and Q = (P,,)nen+ be a finite or countable collection of random
measures on X. Assume that the set E = {Q is sequentially compact} is measurable and has probability 1. Then, for all
€ > 0, there exists a random compact subset K. of X such that forall P € Q, P(K.) > 1 — ¢, a.s.

Proof. Let L be an arbitrary element of K(X') and define

{KeK(X)|VPeQ, Py(K)>1—¢}, ifwekE,

A:weld— .
{{L}, otherwise.

The map A takes values in the set of subsets of /JC(X'). We show that there exists a measurable selection of A by using
the Kuratowksi-Ryll-Nardzewski theorem; see for instance Theorem 6.9.3 in (Bogachev, 2007). We need to show that A
is weakly measurable and takes values in the set of nonempty closed subsets of K(&X'). First, by Prokhorov’s theorem,
A(w) # 0. Furthermore, it is also closed. Indeed, let (K, )nen< C A(w), and assume that it converges to some K € K(X).
For any P € Q, we have P, (K) > limsup,, P,(K,) > 1 — ¢, where the first inequality is from Lemma B.5 and the
second one from the assumption on the sequence (K, ),ecn+. Since P € Q is arbitrary, this shows closedness of A(w).
Summarizing, A takes values in the set of nonempty closed subsets of X(X).

We are thus left to show that A is weakly measurable, that is, that for all U open in C(X), the set

AU) ={w e Q| Alw)NU # 0}
={weFlk|IKeUVPe Q, P,(K)>1—¢ctU{weQ\E|LeU},

belongs to A. Since the seconq element of the RHS is either ) or Q \ F, which are both measurable, we focus on the first
element, which we denote by Ap(U). We have

Ap(U)={we F|3K € U,ganPw(K) >1—€}
€
It is clear that it is sufficient to consider the case where U is an open ball of (X)), i.e.,
U={K e K(X) | h(Ko, K) <n},
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where K € K(X) and n > 0 are arbitrary. Define for all n € N*
Fn =dil (K0777(1 - nil)) - {‘T eXx | d(‘EaKO) < 77(1 - nil)}'

where d is the metric on X used to define h. It is clear that Ky C F}, and that the sequence F’ is nondecreasing. We discuss
two cases. First, if F;, = X for some n € N*, then U D {K € K(X) | Ky C K}, indeed, then any compact set K in that
RHS satisfies K C Fj,, and thus

h(K, Ky) = max ¢ sup inf d(z,y), sup inf d(x,
(K. Ko) = max {sup. inf d(a,0), sup inf d(o.y) |

< inf d(z,y),0
< max {msglg)n f (z,y) }
= h(F,, Ko) <n(l—n"") <n,

which shows K € U. In that case, A p(U) = E by Prokhorov’s theorem and is thus measurable. Second, and more
interestingly, assume that F;, # X for all n € N*. Then, F}, is compact by Lemma B.4, and thus F;, € U since

h(F,, Ky) = max{ sup inf d(m,y),O} = sup d(z, Ko) <.
z€F, Y€Ko TEFy,

-1
Furthermore, for any K € U, it holds that K C F,, for some n € N*; take for instance any n > (1 — W) .

Consequently, we have the equality

Ap(U) ={w € Q| 3n e N*, inf P,(F,)>1— ¢}
p(U)={weQ|3neN", mf Fy(F,)2>1-¢}

Indeed, the inclusion of the LHS in the RHS follows from the fact that any K € U such that infpcg P,,(K) > 1 — e must
be in F;, for some n € N* by what precedes, and the converse inclusion simply from the fact that F,, € U. This shows that

Ap(U) = U {we Q| I;IéfQP(Fn) >1—€}.
neN*

Since Q is finite or countablg and the function w — P, (F},) is measurable for any n € N* and P € Q, sois w —
infpeg P, (Fy). Therefore, Ap(U) € A as the preimage of [1 — €, 1] by a measurable map. Finally, Theorem 6.9.3 in
(Bogachev, 2007) guarantees the existence of a measurable selection of A and concludes the proof. O

C. A General representer theorem with separable Hilbert output space
C.1. Preliminaries on Fréchet subdifferentials and convex optimization

Definition C.1 ((Kruger, 2009)). Let B be a Banach space, F' : B — R a functional, and = € B. Let B’ be the dual space of
B, and (u’, u) be the evaluation of u’ in u, for all v’ € B’ and u € B. The Fréchet subdifferential of F in x is the set

lmint FW) = F@) - @hy—2) 0} .

Y=o ly =2l

OF (z) = {a:’ en

The Fréchet subdifferential may be empty in general, but the following well-known result characterizes it for cases relevant
for us.

Proposition C.2 ((Kruger, 2009)). Under the same setting as Definition C.1:

1. If F is Fréchet differentiable in x, then OF () = {VF(z)};

2. If F' is convex, then
OF(z) ={a" € B'|Vy € B, f(y) > f(z) + (2, y — x)}.

In other words the Fréchet subdifferential coincides with the convex subdifferential for convex functionals. Finally, the
following result extends usual ones on minimization of convex functions defined on finite-dimensional spaces.
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Theorem C.3. Let B be a reflexive Banach space and F : B — R be a functional. Assume that F is coercive® and a-convex®

with o > 0. Then, there exists a unique x € B such that

P(z) = inf F(y).

Furthermore, x is the unique element of B that satisfies 0 € OF (x).
Proof. This follows immediately from Theorem A.6.9 in (Steinwart & Christmann, 2008). O
Finally, we emphasize that Hilbert spaces are reflexive Banach spaces, as noted in (Park & Muandet, 2022).

C.2. The representer theorem

The results and proofs of this section follow closely the lines of the corresponding results of Chapter 5 in (Steinwart &
Christmann, 2008). Indeed, these results generalize readily to the case where G is separable Hilbert; the novelty and
contribution here reside in making sure that all of the arguments of the reference still hold.

Lemma C.4 (Properties of the risk). Let X be a measurable space, G a separable Hilbert space, and Y a complete subset
of G. Let J € P(X x Y) and L be a continuous, J-integrable Nemitski loss. Let P be the marginal of J on X. Then, the
following statements hold.:

1. for all uniformly bounded sequence (fn)nen+ C Loo(X;G) that converges to some f € Loo(X;G) P-almost-
everywhere (a.e.), we have

Jim R,y (fn) = Re,s(f);
2. themap Ry j : Loo(X, P;G) — [0, 00) is well-defined and continuous. In particular, it only takes finite values;
3. if, additionally, L is a Nemitski loss of order 2, then Ry, j : Lo(X, P;G) — [0, 00) is well-defined and continuous.
Proof. The proof is an identical repetition of the proof of Lemma 2.17 in (Steinwart & Christmann, 2008) and is omitted for
conciseness. O

Lemma C.5 (Existence and uniqueness of SVM solutions). Let X’ be a measurable space, G be a separable Hilbert space,
Y a complete subset of G, and H a G-valued RKHS of measurable functions on X with bounded kernel K. Let L be a
convex loss function and J € P(X x Y) such that L is a J-integrable Nemitski loss of order 2. For all X > 0, there exists a
unique fj € H such that

Rea(Fs2) + A+ Ifaally, = inf R (F) + - I1£115 -

Furthermore, || f1xll;, <1/ RL%O)'

Proof. By Lemma C4, Ry, j : Ly(X, P;G) — [0,00) is a well-defined functional. Since K is bounded, the inclusion
operator tp : H — Lo(X, P;G) is bounded, and thus Ry = Ry s o ¢p is also a well-defined functional defined on .
Furthermore, convexity of L implies that Ry, is also convex, and thus Ry, + A - ||-||,, is A-convex and coercive. The existence
and uniqueness of f; 5 then follows from Theorem C.3. The second claim follows immediately from the first one since

R (frx) + X faall, < Re.s(0)
and Rp 7(fsa) > 0. O

Lemma C.6. Under the same setting as Lemma C.5, let R be the risk functional Ry, ; defined on Ly := Lo(X x Y, J;G),
that is, for f € Lo,

R(f) = /X M £ ) ).

*Recall that F is coercive if F(z) — oo as ||z|| 3 — oo
®Recall that F is a-convex if the functional F' — « - ||-||% is convex.

21



On the Consistency of Kernel Methods with Dependent Observations

Then, R is finite everywhere on Lo, is convex, and for all f € Lo,

OR(f) ={h € La | h(z,y) € OL(x,y, f(x,y)) for J-almost-every (z,y) € X x V}. (19)

Proof. Everywhere-finiteness and convexity of R follow immediately from the assumptions on L. We show the expression
of the subdifferential, and denote by D the RHS of (19). First note that Lo is equal to its dual, and thus OR(f) is indeed a
subset of it. Next, let h € D, and let g € Lo be arbitrary. By definition of D, it holds J-a.e. that

L(z,y,9(z,y)) > L(z,y, f(z,y)) + (h(z, ), 9(x,y) = f(z,9))g

Integrating w.r.t. J yields

R@)AﬁyML%g@wWU@w)ZA?yM%%f@wWU@w)+A;y%@w%@fX%wmdﬂLw
= R() +{hg— )y,

where the equality between the second terms of the sums in the last step comes from Corollary 1.3.13 in (Hytonen et al.,
2016) since G is Hilbert and thus has the Radon-Nikodym property. Since g is arbitrary, this shows that h € OR(f) and the
inclusion D C OR(f). Conversely, let h € OR(f). We prove h € D by constructing a set based on evaluations of h and
showing that it has measure 0. This requires being precise and distinguishing functions from their equivalence classes for
the relation of J-a.e. equality: in what follows, if u € Lo, we denote by « one of its representations (and conversely). For
all (z,y) € X x ), define the sets A(x,y) and B as follows:

Az,y) ={t € G| L(z,y,t) < L(z,y, f(z,y)) + (h(z,9),t = f(z,9)),}
B = {(.Z',y) eXx)y | A(xvy) # [Z)}

It is clear from the definition of A(x,y) that B € B(X x )). Assume J[B] > 0, and take any measurable function g such
that, for all (z,y) € X x Y, g(z,y) € A(z,y) if (z,y) € B, and g(z,y) = f(z,y) otherwise. We have

R@%:Afyﬂﬂ%g@wﬂ¢ﬂaw

=/ L(z,y, f(z,y))dJ (z,y) +/nygwy))dJ(ny)
Bt B

</ L(z,y, f(z,y)dJ(z,y) + | L(z,y, f(z,y))dJ (z,y) /(hxy g(z,y) — flz,y)) dJ(2,y)
BC

B

=/' Loy fay)dl @)+ [ (haw).g@y) — fy) di(zy)
XxY XxY

— R(f) + {(hog— f)y,

where we used successively the definition of R, of g, the property that the strict inequality in the definition of A(x,y) is
preserved by integrating over the set B since it has positive measure, the fact that g(x,y) — f(z,y) = 0 for (z,y) ¢ B,
and properties of the dual pairing (-, -) 1,- The above resulting inequality contradicts the assumption that b € OR(f). We
deduce that, for any choice of representations, the corresponding set B has measure 0. This shows i € D by contradiction,
concluding the proof. O

Theorem C.7 (General representer theorem with separable Hilbert output space). Let X be a measurable space, G a
separable Hilbert space, ) a complete subset of G, and H a separable G-valued RKHS of measurable functions on
X with bounded kernel K and canonical feature map ® : v € X — K(-,x) € L(G;H). Let L be a convex loss
function and J € P(X x Y) such that L is a J-integrable Nemitski loss of order 2. Then, for all X > 0, there exists
hix € Lo(X x Y, J;G) such that, for all (x,y) € X X Y,

hya(z,y) € OL(z,y, fir(T)),

1
= dh
fix 2)\J( IA)s
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where the notation ®h ;  stands for the function (z,y) € X x Y — ®(x)hya(z,y) € H. If, additionally, L is locally
Lipschitz continuous, then any such hj y satisfies

lhialloe < LBy 1,

where By = 1/ L"’f(o).

Proof. We consider Ry, the risk functional defined on the Bochner space Ly := Lo(X x Y, J; G) as defined in Lemma C.6.
By Lemma C.6, Ry, is finite and convex with subdifferential in f € Ly given by

ORL,(f) ={h € Ly | h(x,y) € OL(x,y, f(x,y)) for J-almost-every (z,y) € X x V}.

By boundedness of ®, the inclusion operator ¢ : H — Lo defined as (¢f)(x,y) = f(z) forall f € H and (z,y) € X x Y
is bounded and for all h € Lo,

aif, = | Xy<h(x,y),f(x)>ng(:v,y)=< K a)h(z, y)dJ (2, ), f> ,

XXy H

and thus the adjoint ¢* of ¢ is «* : h € Ly +— J(®h) € H. Furthermore, the restriction Ry of Ry ; to H satisfies
Ry = Ry, o t, and thus the chain rule for Fréchet subdifferentials yields ORy (f) = O(Rr, o t)(f) = t*ORL,(¢f), for all
f € H. In addition, f — || f ||§_l is Fréchet differentiable with derivative 2f for all f € H. Therefore, the subdifferential of
the regularized risk Ry » = Ry + A - |||, at f € H is

ORwuA(f) = 2\f + ORw(f)
= 2Af + {J(®h) | h € Lo(X x Y, J;G) A ¥(x,y) € X x Y, h(x,y) € IL(x,y. f(x)) }

Recall now that Ry ) has a minimum at f; , by Lemma C.5; thus, 0 € ORy 1(fJ 1), establishing the existence of a function
h € Lo(X x YV, J;G) satistying h(z,y) € OL(x,y, foa(z)) forall (z,y) € X x Y and f; 5 = —55J(Ph).

We now assume that L is locally Lipschitz continuous and show the claimed bound on ||A|| . For all (z,y) € X x ),

17 (2, y)llg < supfllvllg [ v € OL(z,y, f1x(x))}

S sup H'U“g vE U aL(Iayat) )
g

te
It g<Bx

where the second inequality comes from || f7 x|l < [[f7.all;; < Ba, by Lemma C.5. By Proposition A.6.11 in (Steinwart
& Christmann, 2008), it holds that for every r > 0 and (x,y,t) € X x Y x G such that [|t[|; < r, every v € L(x,y,1)
satisfies [|v||g < [L|1. This shows ||h(z,y)|g < [L|s, 1 forall (z,y) € X x Y, concluding the proof. O

C.3. Stability of solutions

Theorem C.8 (Stability). Let X be a measurable space, G a separable Hilbert space, Y a complete subset of G, and H a
separable G-valued RKHS of measurable functions on X with bounded kernel K and canonical feature map ® : x € X —
K(,z) € L(G;H). Let L be a convex loss function and J € P(X x )) such that L is a J-integrable Nemitski loss of
order 2. For all A > 0, there exists hyx € Lo(X x Y, J;G) such that for all I € P(X x Y) for which L is a J-integrable
Nemitski loss of order 2 and all (x,y) € X x Y,

hix(z,y) € OL(x,y, fix(x)), (20)
1
fJ,)\:_ﬁJ(h'q))v (2D
1
I fox = frally < 3 [J(@hgx) — L(Rhy) 4 - (22)
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If, additionally, L is locally Lipschitz continuous, then any such hj y satisfies

[Pl < [LlBa s (23)

R, (0)

where By = S

Proof. Let A > 0. By Theorem C.7, there exists a function h € Lo(X x Y, J; G) that satisfies (20) and (21), and (23) as
well if L is assumed to be locally Lipschitz continuous. We thus only need to show that (22) holds. For this, notice that for
all (z,y) € X x ),

L($7 Y, fI,)\(-/E)) Z L(l‘, Y, fJ,)\(x)) + <h<.’1}, y)a fI,/\(CE> - fJ7/\(x)>g B
by (20). Integrating against I and using the reproducing property thus yields
Rr1(fra) = Rer(fon) + (L(Ph), fra— frx)y -

Furthermore,
2A(frx = fax, fox) F X fra — fJA,,\HrzH =A ||f1,>\||3{ —A ||fJ,,\H3{ ;

by manipulation of properties of ||- ||3_L Combining the last two equations shows
(frn = o, T(®R) + 27 Fs) g + MIFrx — Frally, < Roa(frn) + M frally, — (Rea(fon) + Al fanllz) <0,

where the second inequality comes from Lemma C.5 applied to I. Consequently, the representation (21) and the Cauchy-
Schwarz inequality yield

\3.[ < (for = frn, I(®h) — J(Dh))
< frx = frally - [H(@h) — J(@h)]]4,

M fax = fra

which immediately implies (22) and concludes the proof. O

Corollary C.9. With the same notations and assumptions as in Theorem C.S8, assume additionally that X is a topological
space, H consists of continuous functions, and that L is continuously differentiable. Then, the function h j  is unigue and in
Ch(X x Y5 G). Specifically, hjx : (z,y) = VL(z,y, frr(x)).

Proof. Since H consists of continuous functions, we have in particular that f;y € H is continuous. The result follows
immediately from (20). O

D. Measurability of risks with random measures and of SVMs with infinite-dimensional outputs

The results of this section generalize Lemmas 6.3 (measurability of risks) and 6.23 (measurability of SVMs) from (Steinwart
& Christmann, 2008) to our setting. The generalization of the first result consists of Lemma D.3 and of Corollary D.4.
The challenge compared to the reference is that the risk is now defined w.r.t. a random measure instead of a fixed one.
The generalization of the second result is in Lemma D.6. It extends the reference to SVMs with separable Hilbert output
spaces; our proof follows closely the lines of the original one. Finally, we conclude on measurability of the sets involved in
Definition 4.2 with Corollary D.7.

We first recall the definition of a measurable learning method.

Definition D.1. Let (X', Ay ) be a nonempty measurable space, G be a separable Hilbert space, and )V C G a nonempty,
complete subset. We say that a learning method £ on X x Y is measurable if, for all n € N*, the map

(XxY)"xX—>G
(Z,z) — fz(x)

is measurable with respect to the universal completion of the product o-algebra on (X x )) x X, where [ is the decision
function produced by £ with data set Z.
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We refer to Lemma A.3.3 in (Steinwart & Christmann, 2008) for a definition of the universal completion of a o-algebra.
Importantly, we chose in Section 2.1 to equip any topological space with its Borel o-algebra. The following lemma ensures
that this is not problematic for Polish spaces, as product o-algebras coincide with Borel ones.

Lemma D.2. Let X be a Polish space, G be a separable Hilbert space, and Y C G a nonempty, complete subset. Then, for
all n € N*, the product o-algebra on (X x Y)"* x X is equal to B ((X x V)™ x X). Further, their universal completions
also coincide.

Proof. From Theorem 14.8 in (Klenke, 2013), we have B (X x V)" x X) = (B(X) @ B()))*" @ B(X) since X and
Y are Polish, where ® denotes the product o-algebra. This shows the first part of the result. The second part follows
immediately by definition of the universal completion. O

The next lemma ensures measurability of events involving the risk w.r.t. a random measure given a measurable learning
method.

Lemma D.3. Let X be a Polish space, G be a separable Hilbert space, and Y C G a nonempty, complete subset. Let £ be a
measurable learning method and f. its decision function. Let Z be an X x Y-valued process and J a random measure on
X x Y. Then, for any loss function L : X x Y x G — [0,00) and any n € N*, the map w € Q= Ry 5y (f2,.. () is
measurable.

Proof. By measurability of £ and of L, we obtain measurability of the map g : (w, z,y) € QXX XY — L(x,y, f7,., () (2))
by composition. It follows from item (i) in Lemma 1.15 in (Kallenberg, 2017) that w € Q — J(w)g(w,-,) =:
Rr,7(w)(f2,...(w)) is also measurable, concluding the proof. O

Corollary D.4. Let X be a Polish space, G a separable Hilbert space, Y C G a nonempty, complete subset, and H
a separable G-valued RKHS of measurable functions on X. Let J be a random measure on X x ). Then, the map
w = Ray 1, 7(w) is measurable.

Proof. Let (fn)nen~ be a dense family of H. We have Ry 1, j(.) = infnens R, 7(fn). Since H consists of measurable
functions, the trivial learning method £,, that returns f,, no matter the incoming data set is measurable for all n € N*.
Consequently, the map w + Ry, (.)(fn) is measurable for all n € N*. The result follows since a countable infimum of
measurable functions is measurable. O

We are thus left to show that SVMs are measurable. For this, we adapt the proof of Lemma 6.23 in (Steinwart & Christmann,
2008) to separable output spaces. We begin with the following technical lemma, whose proof follows the lines of that of
Lemma 2.11 in the same reference.

Lemma D.5. Let X be a Polish space, G be a separable Hilbert space, and Y C G a nonempty, complete subset. Let L be a
loss function on X x Y X G and F C Lo(X; G) a subset equipped with a complete and separable metric d. Assume that d
dominates the pointwise convergence, that is,

h_{n d(fn, f) = Vr € X, h_>m falz) = f(2),
forall f € Fand (fp)nens C F. Then, the evaluation map (f,x) € F x X — f(x) € G is measurable. In particular, the
map (x,y, [) — L(x,y, f(x)) is measurable.

Proof. Since d dominates pointwise convergence, for any fixed x € X the G-valued map f — f(x) defined on F is
continuous. Furthermore, since F consists of measurable functions, the map x +— f(x) is measurable for any fixed f € F.
The first assertion then follows from Lemma III.14 in (Castaing & Valadier, 1977). The second assertion follows immediately
by applying the first one to the Polish space X x ). O

Lemma D.6. Let X be a Polish space, G a separable Hilbert space, Y C G a nonempty, complete subset, and H a separable
G-valued RKHS of measurable functions on X with bounded kernel K. Let L be a convex loss function on X x Y x G.
For all A\ > 0, the corresponding SVM that produces the decision function fz x for Z € (X x V)" for some n € N* is a
measurable learning method.
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Proof. From the assumptions,  is a separable metric space of measurable functions from X to G. Further, its metric
dominates pointwise convergence. Indeed, for any sequences (f,)nen< € H and (z,)nens C X converging to f € H and
x € X, respectively, we have

[fn(z) = f@)llg = (fo = [ K 2)(fo = Do < TEC2) | 2a050) 10 = Fllag s

and the RHS goes to 0 by assumption. By LemmaD.5, the map (z,y, f) € X x Y x H — L(z,y, f(x)) is measurable.
We deduce that the map

©: (X xV)" xH —[0,00)
(Z, f) = Rz () + X fII5

is measurable. Next, we apply (iii) in Lemma A.3.18 in (Steinwart & Christmann, 2008) with F'(Z) := H for Z € (X x V)"
combined with Lemma C.5 to show that the map Z +— fz ) is measurable with respect to the universal completion of
the product o-algebra of (X x ))". Consequently, the map (X x V)" x X — H x X defined by (Z,z) — (fz.a,x) is
measurable. Finally, we deduce from the first conclusion of Lemma D.5 that the map (X x Y)" x X — G defined by
(Z,x) — fzx(x) is measurable, concluding the proof. O

Corollary D.7. Let X be a Polish space, G a separable Hilbert space, Y C G a nonempty, complete subset, and H a
separable G-valued RKHS of measurable functions on X with bounded kernel K. Let L be a convex loss function on
X XY X G, Zbean X x Y-valued process, and J be a random measure on X x Y. Forall A > 0, ¢ > 0, and n € N* the
set {w € Q| Rr ) (f2,m () N) < Ra,L,5(w) + €} is measurable.

Proof. By Lemmas D.6 and D.3, the map w € Q — Ry, jw)(f2,..(w),») is measurable. By Corollary D.4, the map
w € Q Ry 1 j(w) is also measurable. The result follows immediately. L]
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