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ABSTRACT

It has recently been discovered that the conclusions of many highly influential econometrics studies
can be overturned by removing a very small fraction of their samples (often less than 0.5%). These
conclusions are typically based on the results of one or more Ordinary Least Squares (OLS) regres-
sions, raising the question: given a dataset, can we certify the robustness of an OLS fit on this dataset
to the removal of a given number of samples? Brute-force techniques quickly break down even on
small datasets. Existing approaches which go beyond brute force either can only find candidate small
subsets to remove (but cannot certify their non-existence) Broderick et al. (2020); Kuschnig et al.
(2021), are computationally intractable beyond low dimensional settings Moitra & Rohatgi (2022), or
require very strong assumptions on the data distribution and too many samples to give reasonable
bounds in practice Bakshi & Prasad (2021); Freund & Hopkins (2023). We present an efficient
algorithm for certifying the robustness of linear regressions to removals of samples. We implement
our algorithm and run it on several landmark econometrics datasets with hundreds of dimensions and
tens of thousands of samples, giving the first non-trivial certificates of robustness to sample removal
for datasets of dimension 4 or greater. We prove that under distributional assumptions on a dataset,
the bounds produced by our algorithm are tight up to a 1 + o(1) multiplicative factor.

1 INTRODUCTION

Consider a supervised learning problem with feature vectors X1, ..., X,, € R? and labels Y1, ...,Y,, € R, to which
we fit a model f : R¢ — R. Robustness auditing addresses the question:

How would f have differed if we had been missing a small fraction of the data?

We study this question in the context of ordinary least squares (OLS) linear regression, where f(X) = (8, X) is the
linear function minimizing the mean squared error 2 >, _ (f(X;) — Y;)?. We focus on OLS for two reasons. First,
OLS is a statistics workhorse, with widespread use across economics, social science, finance, machine learning, and
beyond. Second, its relative simplicity affords us the opportunity to design algorithms with provable guarantees, and
offers a stepping stone to more complex models (logistic regression, kernel methods, neural networks).

Problem 1 (Robustness Auditing for OLS Regression). Given a linear regression instance (X1,Y1),...,(Xn,Yy) €
R 4 direction e € R?, and an integer k < n, what is
A = ol — Bs, 1
k(e) max (B — Bsse) €]
|S|=n—k

where for T C [n], Br € R? denotes the vector of OLS coefficients for the dataset {(X;,Y;)}ier?

In particular, for a threshold 6 € R what is the minimal number of removals kg (e) for which Ay(e) > 0?

Context and Applications for Robustness Auditing Problem 1| was introduced in this form by Broderick, Giordano,
and Meager Broderick et al. (2020), who use a heuristic algorithm, AMIP, to identify very small subsets of landmark
datasets from econometrics which can be removed to overturn important conclusions of the respective studies Finkelstein
et al. (2012); Angelucci & De Giorgi (2009); often this can be achieved by removing less than 0.5% of a dataset.
Researchers have subsequently used AMIP to audit a wide range of recent studies in economics Martinez (2022); Di &



Xu (2022); Davies et al. (2024); Zachmann et al. (2023); Burton & Roach (2023); Beuermann et al. (2024); Bondy et al.
(2023). Subsequent algorithmic works Kuschnig et al. (2021); Moitra & Rohatgi (2022); Freund & Hopkins (2023)
develop additional algorithms for auditing a similar notion of robustness; we discuss prior work in detail below.

It is important that, similar to these prior works, we focus on robustness to a shift of 5 in only a single user-specified
direction e. This is because the main conclusion of a regression is often determined by the projection of its result on a
particular axis. For instance:

ROBUSTNESS OF PARAMETER ESTIMATE A researcher may want to estimate the correlation {(/3, e) between a specific
explanatory variable and a target variable, controlled for additional factors, where e is the indicator vector corresponding
to the explanatory variable. Moreover, the sign and statistical significance of (3, e) is often of greatest interest.

This correlation can have a causal interpretation. For instance, in a randomized control trial, where e is the indicator for
the treatment variable, the projection (3, ¢) can be used to estimate the “average treatment effect” (ATE) of a new drug
or policy on the outcome Y, while including the control variables in the regression can help reduce the variance of this
estimate. Even more complex causal inferences (e.g., instrumental variables regression) can often be decomposed into a
small number of OLS regressions, where the result of the causal inference depends on a single coefficient from the
result of each regression.

Conclusions from a study where this shift Ay (e) is large when k < n are therefore driven by a small number of
data points, meriting at minimum reinspection of a dataset, and perhaps casting doubt on generalizability. In many
real world regressions, the sign of (3, e) is not robust to a small number of removals, even though it is statistically
significant Broderick et al. (2020). Non-existence of a small set of highly influential samples indicates robustness of the
measured effect to an interesting class of distribution shifts — any removal of a small fraction of the population.

DATA ATTRIBUTION Suppose that instead of looking for the effect of a particular feature on the label Y, instead we
use the linear model f to predict the label of a fresh point Xy, and we want to identify what part of the training data
led to the prediction that Yjey, & f(Xpew). Following the counterfactual formulation of this data attribution problem
from Koh & Liang (2017); Ilyas et al. (2022), we arrive again at robustness auditing: using e = Xy, We can find the
smallest set of whose removal would significantly shift f(X,.w). We can evaluate the brirtleness of the prediction by
measuring the size of the smallest set of samples we could remove to cause f( Xy ) to cross a decision boundary.

Intractability, Heuristics and Upper Bounds As soon as k exceeds single digits, robustness auditing by brute-force
search over all S| = n — k takes times (2) , which is computationally intractable. In fact, under standard computational
complexity assumptions, some degree of intractability is inherent Moitra & Rohatgi (2022), so we need either some

assumptions on { (X, Y;) }i[n], a relaxed version of Problem 1, or both.

The works Broderick et al. (2020); Kuschnig et al. (2021) relax the goal to finding upper bounds on kg (e), for which
they use greedy/local search algorithms. This approach leaves open the risk that kg (e) might be much smaller than
the upper bound suggests. Indeed, later experiments by us (see Figure 2), Moitra & Rohatgi (2022), and Freund &
Hopkins (2023) uncover numerous real-world examples where local search techniques give loose upper bounds. Figure 1
illustrates a simple synthetic example where a small number of datapoint removals can shift (53, e), but greedy/local
search algorithms only find much larger sets.

Following Moitra & Rohatgi (2022), we aim for algorithms which provide unconditionally valid upper and lower
bounds on kg (e) for every dataset {(X;,Y;)};c}n), and which return high-quality upper/lower bounds (as close to
matching each other as possible) under reasonable assumptions on {(X;, Y;)};c[,. Prior approaches to go beyond
greedy algorithms and provide lower bounds on kg (e) Klivans et al. (2018); Bakshi & Prasad (2021); Moitra & Rohatgi
(2022); Freund & Hopkins (2023) so far don’t yield results in practice for datasets of dimension 4 or greater, due to
running times which scale exponentially in d and/or prohibitively strong assumptions on X1, ..., X,.

1.1 OUR CONTRIBUTIONS

We present and analyze two new algorithms, ACRE and OHARE , which provide lower bounds on kg(e), certifying
robustness of OLS regression. Our algorithms provide the first nontrival bounds on the number of samples which must
be removed to flip the signs of important parameter estimates for benchmark datasets studied in prior work (including
regressions with dimension d > 200 and with n > 30000 samples). We evaluate our algorithms experimentally and in
theory.
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Figure 1: A comparison of two regressions. Figure 1a shows a regression from a main variable X; and an indicator
variable X which is set to 1 on only a very small subset of the samples (= 1%). The label values Y are drawn iid
from a normal distribution around X7, resulting in an OLS vector 3 whose first coefficient is positive and whose sign
is robust to removing any 158 samples. We use e = (1,0). Using the procedure detailed in Claim G.1, we perturb
only the X, values of the inlier samples to produce an extremely brittle regression (Figure 1b). Because most current
efficient approaches to estimating the robustness of a linear regression produce outputs which vary smoothly with the
input dataset (such as gradient descent Broderick et al. (2020), semidefinite programming Bakshi & Prasad (2021), or
spectral decompositions Freund & Hopkins (2023)), they cannot be used to differentiate between these cases.

ACRE (Algorithm for Certifying Robustness Efficiently) takes as input a dataset X € R"*¢ Y ¢ R" and a vector
e € R4, runs in time O (nzd +n? log(n)), and outputs a set of upper and lower bounds U, L € R" on the removal
effects such that Uy, > A (e) > Lg. In particular, this runtime avoids exponential dependence on k, d, and n. The
upper and lower bounds ACRE provides are valid even making no assumptions whatsoever on X and Y. When X
and Y are drawn from a sufficiently “nice” distribution (such as a linear model with subgaussian features and labels),
then the bounds are also good, meaning that the upper and lower bounds are close to matching (see Theorem 1.2). We
present ACRE in Section 3.

However, there is a very important class of datasets on which ACRE still provides very loose bounds: those using
one-hot encodings (also known as indicator or dummy variables) to express categorical features. Even though one-hot
encoded datasets can yield robust regressions, certifying this is challenging because of singularities which emerge in
the covariance when samples are removed (see Figure 1).

OHARE (One-Hot aware Algorithm for certifying Robustness Efficiently) extends ACRE to certify robustness of
datasets with a mix of continuous and categorical features. It uses dynamic programming in conjunction with a
fine-grained linear-algebraic analysis of the contribution of categorical features. OHARE takes as input a dataset
X € R™*(4+m) (where m of the features represent a one-hot encoding and the other d are some continuous features)
and a direction of interest e € R? within the continuous features, runs in time O (n?(d + m) + n*mlog(n)) and
outputs upper and lower bounds on the removal effect along the axis e. We present an overview of OHARE in
Section 3.5, with a detailed description deferred to Appendix F.

The most important property of both ACRE and OHARE is that the bounds they produce are valid regardless of any
assumptions on the dataset:

Theorem 1.1 (Correctness). Given e, X, and Y, ACRE and OHARE output lists of upper/lower bounds U, L € R" s.t.

Vk € [n] Ly < Ag(e) = max (B —Bs,e) < Uy
|S|=n—k



The proof of Theorem 1.1 is given in Section 3.3 for ACRE and Section A for OHARE . On its own, Theorem 1.1 says
little about the usefulness of the upper and lower bounds L, U;,. We provide two types of evidence that the bounds
produced by ACRE and OHARE are interesting. First, we demonstrate on real-world econometric datasets studied in
prior work on robustness auditing that ACRE and OHARE produce significantly better lower bounds bounds than were
previously known (see Table 1 and Figure 2). Second, we prove that both ACRE and OHARE produce nearly-matching
upper and lower bounds under relatively mild distributional assumptions on X and Y, for the interesting range of k.

INTERESTING VALUES OF k For a direction e, we emphasize two values of k: ko, (€), the number of removals
needed to shift (3, e) outside its 95% confidence interval, and Eggn(e) = k(g,c)» the number to flip the sign of (3, e). In
the parameter estimation setting, (3, ¢) and 20 are often of similar magnitude, because rejecting a null hypothesis often
involves placing the estimator (/3, e) in a confidence interval which does not contain 0.

Experimental Results For comparison with prior works, we focus our experiments on kjgn (). We provide lower
bounds on k:sign(e) for benchmark datasets drawn from important studies in economics and social sciences, first
investigated in the context of robustness auditing by Broderick et al. (2020).

We study real-world datasets corresponding to each of the parameter estimation use-cases listed above: Nightlights Mar-
tinez (2022) (correlation controlled for additional features), Cash Transfer Angelucci & De Giorgi (2009) (randomized
control trial), and the Oregon Health Insurance Experiment (OHIE) Finkelstein et al. (2012) (IV regression), with 14
distinct linear or instrumental-variables regressions drawn from the corresponding papers, all of which appeared in top
econometrics journals. In many cases, our lower bounds match known upper bounds up to a factor of 2 or 3, where no
nontrivial lower bounds were previously known; see Table 1 and Figure 2.

To illustrate, consider Nightlights: Martinez (2022) studies whether democractic countries publish more accurate
economic growth estimates than dictatorships, after controlling for variables like regional stability and wealth in natural
resources. Martinez formulates this as a linear regression with dimension d = 209, over 200 of which correspond
to one-hot encoded categorical variables. The sign and statistical significance of a single coordinate of 5 govern the
conclusion of the study. Algorithms from prior work find a subset of 2.8% of the samples which can be removed
to reverse Martinez (2022)’s main conclusion, but prior algorithms could not rule out the existence of much smaller
subsets. Our algorithm OHARE provides a certificate that no subset of < 0.7% of the samples would reverse the
study’s conclusion. See Table 1 for our results on Nightlights and the other 13 regressions we audit, and Appendix C
for detailed discussion of our experiments.

Paper Regression n d AMIP KZC21 OHARE Runtime Memory
Nightlights 3805 209 136 110 29 25s 3.81 GiB
Cash Transfer 4543 18 5 5 5 6s 1.78 GiB
3769 18 21 21 17 4s 2.80 GiB

4191 18 26 26 20 5s 1.73 GiB

10781 18 225 224 119 50s 11.20 GiB

9489 18 321 314 126 24 s 5.37 GiB

10368 18 570 555 178 29s 6.59 GiB

OHIE Health genflip 23361 18 257 257 77 9mS5s 34.19GiB
Health notpoor 23361 18 149 149 40 9m10s 43.50GiB

Health change flip 23407 18 184 184 52 9m10s 43.55GiB

Not bad days total 21881 18 72 72 21 7m39s 38.64 GiB

Not bad days physical 21384 18 84 84 25 7m17s 45.77 GiB

Not bad days mental 21601 18 118 118 31 7m20s 46.21 GiB

Nodep Screen 23147 18 116 116 32 8m57s 51.53 GiB

Table 1: A comparison of the lower bounds on kg, (€) produced by OHARE vs the corresponding upper bounds
produced by AMIP and KZC. In all cases, no non-trivial lower bound was previously known. The runtimes listed are
for a single core AMD processor. For detailed notes on the data analysis and experimental procedures, see Appendix C.

An implementation of our algorithms is available via Anonymous Github. Our implementation is efficient enough
to run our algorithms with n up to 3 x 10* and d up to 10% on a single CPU core with < 64G B of RAM. The main
bottleneck in practice is storing 3 floating-point matrices of size n x n each.
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Figure 2: A comparison of our ACRE and OHARE algorithms with previous techniques. In Figure 2a, we plot the
number of removals required to flip the sign of several linear regressions from landmark econometrics studies Martinez
(2022); Angelucci & De Giorgi (2009); Finkelstein et al. (2012). Each of these studies contains a number of linear
regression central to their analyses, which include several applications of linear regression, such as estimating correlation
controlled for additional covariates, treatment effects, and instrumental variables regression. For each regression, we run
AMIP Broderick et al. (2020) and KZC Kuschnig et al. (2021) to obtain base-line upper bounds on kg, and compare
the results to lower bounds produced by OHARE . We list the number of samples and the dimension of each regression
below the plot. In Figure 2b, we consider a synthetic dataset comprised of n = 4000 samples in dimension d = 50, and
plot bounds on the removal effects A (e). In this plot, the roles are reversed, with AMIP and KZC representing lower
bounds on the removal effects, while our ACRE algorithm gives the first practical upper bound. We compare the bounds
produced by ACRE to the previous state-of-the-art for efficiently computable upper bounds Freund & Hopkins (2023).
Moreover, to ground the scale of the plot, consider the different bounds on k5, (the number of removals required to
shift the regression results outside of their 95% confidence intervals). The ACRE algorithm has two possible backends —
spectral or RTI (see Section 4). RTI is more efficient and performs better in practice, while the spectral analysis which
uses ideas from Freund and Hopkins’ algorithm has a somewhat slower runtime (O (n3)) and offers a logarithmic
advantage in some synthetic datasets. The bound produced by ACRE is almost tight on this range of values of k, while
Freund and Hopkins’ algorithm yields a trivial bound.

Theory for ACRE  Without some assumptions on X, Y, finding matching upper and lower bounds on Ag/(e) is
computationally intractable, under standard complexity assumptions Moitra & Rohatgi (2022). So, we analyze tightness
of the bounds produced by ACRE and OHARE under some relatively mild distributional assumptions on X and Y. Our
main assumption for ACRE will be that the samples X7, ..., X, are drawn iid from a well-behaved distribution:

Definition 1 (Well-Behaved Distribution). We say that a mean-zero distribution X on R¢ with covariance ¥ =
Ex~x [XXT] is well-behaved if it has exponentially decaying tails in the sense that

C>0west >0 Pr[[(0,572X)| > 1] < e (-0(t9)) -

Note that the class of well-behaved distributions contains all subgaussian (C' = 2) and all subexponential distributions
(C = 1), but is not limited to these sets.

We will assume that the labels Y7, . .., Y, are drawn according to a ground-truth linear model specified by an unknown
vector By € R?. Concretely, we assume Y; = (Bat, Xi) + €;, where €1, . . . , €, are iid from N(0, o) for an unknown
variance parameter %> 0.

Theorem 1.2 (Tightness of ACRE , Proof in Section E). Let n,d € N, e,y € RY XY, and o > 0 be as
above. There exists Kipreshold = &} (min {%, Z—;}) such that for all k < kwyreshola, the bounds Ly, Uy, produced by



ACRE satisfy

I_']k_leé(d-l-k\/g). )
Lk n

Note that this theorem holds even when the covariance > of X" is unknown a priori.

RELATIONSHIP OF k, d, AND n  Theorem 1.2 guarantees that ACRE gives nearly optimal bounds so long as n > d
and the number of removals is at most k < ©(min{n/v/d, n?/d?}); note that in this regime the RHS of (2) is 1 + o(1).
First of all, OLS is only appropriate when n > d, and all of the datasets on which we perform experiments have n well
in excess of d. The range of interesting values of k is more subtle — to illustrate, consider k2, (€). Assuming reasonably
well-behaved samples, we expect ko, (¢) = O(y/n), so as long as we also have n > d*/3, ACRE gives nearly tight
bounds on ky, (e). This represents a mild multiplicative overhead of d'/? samples compared to the n > d required
anyway to use OLS regression.

Theory for OHARE Even though they are mild, the assumptions for ACRE are not satisfied by the real-world
datasets used in our experiments, because of the presence of one-hot encoded categorical features, which is the reason
we design OHARE in the first place. We also prove a tightness theorem for OHARE — we now turn to the assumptions
on X, Y which underlie it.

We study regression in d + m dimensions — that is, X € R™*(4+™) The block of m coordinates will be a one-hot
encoding of a categorical variable, while the block of d coordinates will act as in the ACRE setting. Formally, let n € N
and let By, ..., By, partition [n] into m buckets. Let e, By € R*™ with e supported only on the first d coordinates,
and o > 0. For i € [n], let X{,..., X, beiid draws from a d-dimensional well-behaved distribution and let X; be X
concatenated with the j-th indicator vector, where j = j(¢) is such that ¢ € B;. Finally, let Y; = (8y, X;) + €; where
€1, 6n ~N(0,0%).

Theorem 1.3 (Tightness of OHARE , informal, see Section F). Let XY, e be as described above. For any arbitrarily
small € > 0, if all buckets have sizes nfVd < |Bj| < 0.49n, and n > d*/4T°M) | then with high probability, for all

k < Kresholds Where Kireshold = 5 (min { %, Z—z, nl—¢ }), the upper and lower bounds produced by OHARE satisfy

Uy 1
— =140 —| .
Ly, + (\/logn>

Careful analysis is needed to prove Theorem 1.3 under the relatively weak assumptions | Bj| > n°v'dand n > do/4+o(),
The stronger assumptions |B;| > d or n > d? would simplify the analysis. But neither assumption would be valid for
all of our real-world datasets. Getting away with such weak assumptions ultimately requires us to put together a number
of technical tools, including novel matrix concentration arguments (e.g. Lemma F.12).

Additionally, the error term 1/+/log n, which we believe is nearly tight, goes to zero slowly compared to the error term in
Theorem 1.2 — to capture this fine-grained behavior of Uy, / Ly, our proof carefully exploits Gaussian anticoncentration.

2 PRELIMINARIES

Let (X1,Y1),...,(Xn, Yys) € REHY represent features/covariates and labels/target variables of a linear regression
instance. We always assume n > d. Let ¥ = XT7X € R%*4 denote the (un-normalized) empirical second moment of
X, let 3 denote the OLS fit 3 = X' XTY € R%, andlet R = Y — 3X € R" denote the residuals on the complete
regression. Finally, let e € R be some “direction of interest” along which we wish to certify the robustness of 3. Using
standard normalization techniques, we may ensure that e € S%~! has norm 1 and ¥ = I.

For any S C [n] representing some subset of the samples, let X g, Y represent the samples limited to only those whose
indices lie in .S. Similarly, let X g, 35 denote the empirical second moment and regression when using only the samples

in S = T. Note that while we could set 3 = I, removing some of the samples may change the covariance matrix
Yg=X—-Xp#X.

Finally, we use standard asymptotic notation O(-), ©(-), and we write f(n) = O(g(n)) if there is a constant C' such
that f(n) = O(g(n) - log® n), and similarly for ©.



3 ACRE: CERTIFYING ROBUSTNESS WITHOUT CATEGORICAL FEATURES

In this section we present ACRE (Algorithm for Certifying Robustness Efficiently), our algorithm for certifying
robustness of regressions without categorical features. At the end of this section we give an overview of OHARE , but
due to space constraints we defer the details of OHARE to Appendix A.

3.1 SEPARATING FIRST ORDER AND HIGHER ORDER EFFECTS ON THE OLS FIT 3

We split the effect of data removal on £ into a first order term and a higher order correction. The first order term is linear
in the datapoints X;, allowing us to analyze it exactly. For well-behaved datasets, the higher order term is smaller in
magnitude, so even loose bounds on the higher order will suffice to generate tight bounds on the overall removal effect.

More concretely, let T C [n] be a set of k = |T'| < n samples we might remove from the regression data, and set
S = [n]\ T. A simple analysis yields the identity
B—Bs=35"> RiX; 3)
€T
where R denotes the residuals of the original regression and X g denotes the empirical 2nd moment of the retained
samples Xg = XIXg =3, o X; X

The difficulty in analyzing equation (3) is the effect induced by the non-linear matrix inversion operation. Recall that
we normalized our datasets so that the empirical second moment over the entire dataset X is the identity matrix. Xg is
generated by removing some of the samples, so it is no longer normalized.

Because only a very small number of samples were removed, we might hope X g = I — X7 is still close to the identity
matrix. Therefore, it makes sense to try to develop equation (3) in orders of .

More concretely, we use the identity (I — X7)~! = I + (I — Y1)~ '3 to derive:

B=Ps=35' Y RiXi=) RiX; +35'Sr) RiX;
i€T ieT ie€T @

first order term higher order correction

Projecting the first order term onto some axis e € S?~! yields the gradients / influence scores used by the AMIP
algorithm of Broderick et al. (2020). Our analysis will focus on bounding the higher order term.

3.2 MAXIMAL SUBSET SUM NORM (MSN) — THE BACKEND OF ACRE

Under the hood of ACRE is a simple algorithm which places upper/lower bounds on the following optimization problem.

Problem 2 (Maximal Subset sum Norm (MSN)"). Given a set of vectors v1, . .., v, € R? with Gram matrix G =
({vy, Ui>)i,je[n]’ we define

Vk € [n] MSNg (G) = TI%&?:L(]{ Zvi } = TI}éETT)L(] {\/I}GIT}
|T)=k \IET 2 |T)=k

A constant-factor approximation to MSN would refute the small-set expansion hypothesis Hopkins & Li (2019), so we
aim for MSN-bounding algorithms which place upper and lower bounds on the optimal value, with the aim that these
bounds are close to tight on well-behaved v;s. For our purposes, a simple algorithm in Section 4 gives useful bounds,
but ACRE can use any MSN-bounding algorithm as a subroutine, and improved MSN-bounding algorithms will lead to
improved performance for ACRE .

For now, we treat MSN-bounding as a black-box, and show how ACRE produces its upper and lower bounds Uy, Ly, by
making a few calls to an MSN-bounding algorithm.

"When the vectors have 0 mean S ien) Vi = 0), MSN is equivalent to resilience Steinhardt et al. (2017).



3.3 REDUCING ROBUSTNESS CERTIFICATION TO MSN-BOUNDING

Recall equation (4) for the effect of removals on an OLS regression. Projecting onto e, we have

<€ ﬁ ﬁs <€ Yo 1ZRX> ZR X“e < IETG,ZRZ'XZ‘> )

€T i€l €T

first order term high order term

We compute the first order term of equation (5) exactly for all & € [n] via a greedy algorithm in time O(n log(n)). For
the rest of our analysis, we focus on bounding the maximum value of the high order term. We use the following bound:

> XiR;

€T

lhigh order term| < max(A\(25")) [[(Ss — I)e]| (6)

where max(A\(X5")) is the largest eigenvalue of ¥5'. We show that each of the three terms in the RHS of equation (6)
can be upper-bounded by the value of an MSN problem. The last term, || >, X; R;||, is already corresponds to an
MSN problem with the Gram matrix Ggrx = diag (R) G x diag (R), so we focus on the other two terms.

MSN bound for max(\(Xg')) We start by simplifying the ¥ ' term. Recall that ©g = I — S, allowing us to use

e (357} < iy ?

so long as max {\ (X7)} < 1. Over the next few lines we bound ||Xr||, allowing us to verify this assumption. We

apply the inequality
max {\ (37)} S =Sl =
NEXST)

where || M || r is the Frobenius norm of a matrix M (£2 norm of the vector of eigenvalues) and ® denotes tensor product.
So we have an MSN problem with the vectors X; ® X;.

> Xi® X,

€T

Even though this MSN is represented by n vectors of dimension d?, its Gram matrix representation Gy ¢ x can still be

computed in time O(n?d), by computing the Gram matrix Gx = ((X;, X)), je[n)» and squaring its entries to obtain

Gxax = (X ® X5, X; @ X)), e = (X6, X5)°)

i,j€[n]

MSN bound for ¥re Recall X7 = >, X; X[, Let Gx x .y be the Gram matrix of {X;(X;, ) }ic[n)- So,

> Xi(Xie)

€T

€T

HZT€|| = S MSN (GX<X,E>) ,

3.4 ALGORITHM

Combining the results of the analysis above yields the following expression and the corresponding Algorithm 1:

1

A — (first-order t <
|Ak(e) — (first-order term), | < - — MSN; (Gxox)

-MSNg (Gxgr) - MSNy (Gxz)



[ Sy

Algorithm 1: ACRE (Algorithm for Certifying Robustness Efficiently)

Input: Linear regression problem X € R"*4, Y € R?, direction of interest e € R?, MSN-bounding algorithm M
Output: Upper and lower bounds U, L € R™ such that Uy, > Ag(e) > Ly,

Compute the Gram matrix Gy = X XT € R"*"™;

Compute the projection of the samples on the direction of interest Z = Xe;

3 Define A = cumulative sum(sorted(RZ));

£

Gxgx = pointwise square of the entries of Gx;

5 Gxr = diag (R) Gx diag (R);

=

2

o

Gx(x,) = diag (Z) Gx diag (Z);

Run the MSN-bound algorithm M on these Gxgx, GxRr, Gx (x,e) to compute upper bounds
Mxgx, MxRr, Mx(x. €R";

return U, L = A+ %MXRMXQM); // pointwise operations

3.5 OHARE: AWARENESS OF CATEGORICAL FEATURES

We present an overview of OHARE (One-Hot aware Algorithm for certifying Robustness Efficiently), deferring details
to the appendix. Suppose that X1, ..., X,, € R“t™ consist of d continuous-valued features and a single categorical
feature with m categories, one-hot encoded.

The bounds computed by ACRE are valid for such X7, ..., X,,. But, consider removing the samples 7' comprising any
single category, encoded in coordinate 4; let S = [n] \ 7. The matrix Xg is singular, since all variance from category i
has been removed. So our approach to bounding the high-order term from (6) by pulling out max()\(Zgl)) is doomed
to failure once k exceeds the size of the smallest category, since max(\(Xg')) — oo. We will assume that the direction
of interest e lies orthogonal to the one-hot features, so e € R4,

The key idea in OHARE is to rephrase the OLS algorithm as a two-phase process, first explicitly controlling for the
categorical feature by computing a “controlled” dataset { (X, Y;) }iem] € R?*1, then performing OLS on the controlled

dataset to arrive at 3 € R%. We show that this process yields the same 3 which would have been produced by running
OLS on the original dataset {(X;, Y;)};c[,) (Claim A.1) and restricting to the span orthogonal to the one-hot encoding.

We derive explicit formulae for X,;, Yi by analyzing the Gram-Schmidt orthogonalization process which we call

“reaveraging”. The upshot is that we replace each term in (6) as well as the first order effect, with two terms: one

corresponding to the direct effect of sample removals on the X Y regression, and one corresponding to effects of
removing X, Y7 on the remaining controlled samples X S5 YS through reaveraging. Crucially, this process allows us
to certify that the matrix Ygis nonsingular even in cases where ¥ g can be singular.

To bound the new correction term coming from the influence of categorical features on the sample-removal effect, we

use a knapsack-style dynamic program to combine bounds on the influence of data removals from each category into a
single bound by searching over partitions k = k1 + ... + k.

4 MSN-BOUNDING ALGORITHMS

In this section we discuss the simple MSN-bounding algorithm we use as the backend of ACRE and OHARE for all
our experiemnts on real-world data. We call this algorithm Refined Triangle Inequality (RTI). We implemented other
MSN-bounding algorithms, in particular one based on eigenvalues and eigenvectors of the Gram matrix G, but found
that they improved over RTI only on synthetic data, so we defer them to the appendix.

RTT relies on the following inequality, evaluating the RHS via a greedy algorithm:

2
= ma X, X;) < ma; E X, X5). 8
& < j> 7,151 ﬁsﬂ k < j> ®

i,j€T e " iEeT,jES;
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Algorithm 2: Refined Triangle Inequality

Input: Gram matrix G of size n x n where G;; = (Z;, Z;)

Output: A vector V of length n, where Vj, is an upper bound on the /5 norm of the sum of any & vectors in Z, for
k=1ton

Sort each row of G in decreasing order;

Compute the cumulative sum of the rows of G and store the result in C

Sort the columns of C in decreasing order;

Compute the cumulative sums of the columns of C' and store the results in S

for £ < 1ton do

L Set Vj, to be /S k;

return V;

Greedy Algorithm for Diagnosing Robustness Failures via MSN  We also implement a simple greedy algorithm to
compute lower bounds on MSN, discussed in Section B. This algorithm is not used in ACRE or OHARE , but can be
used to diagnose robustness failures by finding subsets of influential samples, thereby complementing AMIP.

5 PRIOR WORK AND FUTURE DIRECTIONS

Prior Work Robustness in linear regression is too vast to survey here, so we restrict attention to recent works in
robustness auditing. As previously discussed, our work is preceded by Broderick et al. (2020); Kuschnig et al. (2021);
Moitra & Rohatgi (2022); Freund & Hopkins (2023), all studying robustness auditing for least-squares regression.
Unlike any of these prior works, our algorithms provide nontrivial lower bounds on kg in practice for datasets with
tens/hundreds of dimensions. All these algorithms and ours fit into the broader tradition of influence functions as a
measure of robustness in regression, dating at least to Cook & Weisberg (1980).

Our algorithms are partly inspired by recent developments in algorithmic robust statistics — see Diakonikolas & Kane
(2023) and references therein. While the main goal in robust statistics differs somewhat from robustness auditing,
modern algorithms for robust regression typically contain subroutines for tasks very similar to robustness auditing.
But the subroutines in recent breakthroughs in robust regression Klivans et al. (2018); Bakshi & Prasad (2021) are not
practically implementable due to reliance on semidefinite programming.

Future Directions We propose several directions for future work:

BEYOND OLS Given the prevalence of regression beyond ordinary least squares in machine learning, an important
next step is to design algorithms to certify robustness of other regression methods which arise by minimizing a convex
loss — e.g. logistic regression and LASSO Tibshirani (1996).

APPLICATIONS TO DIFFERENTIAL PRIVACY (DP) DP Dwork et al. (2006) is the gold-standard mathematically
rigorous approach to protecting privacy of individuals represented in a dataset. Tighter certificates of robustness for
regression have great potential to improve privacy-accuracy tradeoffs in private regression Dwork & Lei (2009); poor
privacy-accuracy tradeoffs are a major roadblock to widespread adoption of private data analysis techniques.

INTERPRETATIONS OF ROBUSTNESS CERTIFICATES It is an appealing intuition that statistical conclusions which
are robust to removing many samples should generalize better — formalizations of the relationship between stability
and generalization have been highly influential, e.g. Bousquet & Elisseeff (2002). Can rigorous interpretations of
robustness certificates be formalized? Can robustness certificates yield e.g. tighter empirical confidence intervals, or
out-of-distribution generalization guarantees?

BEYOND SAMPLE REMOVAL Removing a small set of datapoints is just one of many potential ways to perturb a
dataset. Can we certify robustness of OLS or other regression algorithms to other types of dataset perturbation, e.g. ¢
or /.-bounded perturbations of the feature vectors?
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A CATEGORICAL-AWARE ROBUSTNESS ANALYSIS (OHARE)

ACRE encounters an issue when the regression includes a one-hot encoding of a categorical feature. This is because
removing all the samples from one category of the one-hot encoding could cause X5 to have a singularity, making our
bound, which depends linearly on max{\(X3")}, effectively meaningless.

Moreover, as we show in Appendix G, it is possible to perturb datasets with one-hot encodings, even those which are
robust to many sample removals, to make them extremely brittle to sample removals. Therefore, any “continuous”
algorithm which does not somehow utilize the discreteness of the one-hot encoding is doomed to fail.

A.1 REGRESSING OVER A CATEGORICAL FEATURE

Consider a linear regression over a set of feature vectors, F; € R< for i € n, and an additional m dimensions
corresponding to a one-hot encoding with buckets By Ul - - - U B,,, = [n], where we want to fit our labels L; to a model

of the form
Li ~ Z ﬁjFi,j + Z tj]-iGBj
Jj€ld] J€[m]

This linear regression would be represented by a matrix X € R"*(m+9) whose rows are the samples X; =
(Fi,LieBy,- -, lien,,). Then, if we are interested in the correlation between one of the continuous features F:
and the labels Y (controlled for the rest of our categorical / continuous features), we may compute this correlation by
running an OLS regression 8 = (XT7X) ' XTY and output the relevant entry 3; of the fit.

Analyzing the robustness of this process is challenging, and we proceed by performing the Gram Schmidt orthogo-
nalization between the dummy variables and the continuous features explicitly. Before delving into the details of this
analysis, we note that OHARE can be used to certify robustness for a slightly more general class of regressions. Using
this more general notation will help motivate our orthogonalization process and is crucial for certifying the robustness
of weighted regressions with categorical features (such as the ones in the OHIE study - see Appendix C.4).

Indeed, let uq, . . ., u,, be the columns representing the dummy variables. So long as for any sample ¢ € [n] there is
a unique j = b(4) (representing the bucket to which the ith sample belongs) such that u;; # 0 (and for all j # j’,
we have uj/ ; = 0). This property ensures that for any S C [n], these columns are still perpendicular to one another
Uj s 1 Ujsr.S-

1. For each bucket B; C [n], we compute the weighted averages over the features f;; = ml, F =
2ien; iifis 2iep; uiibi
ples are unweighted u; ; = 1;¢p,, these are equal to the averages over the features / labels f; = Eiep, [F,]
and /; = Eicp, [L;]. and when the samples are weighted, these are the projections of the continuous features /
labels onto the space spanned by the indicator columns.

u;,; for samples from this bucket. When the sam-

2. Compute the normalized features X € R?*"™ obtained by subtracting the feature averages of each bucket from
its samples, and the normalized labels Y € R"™ obtained by subtracting the average label from each bucket:

Xi = Fi. = fog),i
Yi=Li — loiy.i

3. Perform a linear regression on Y as a function of X and output the fit = (XTX) 1 XTY.

Claim A.1. The output of the process described above 3 is equal to the coefficients for the continuous features on a full
OLS with the dummy variables.

The proof of Claim A.1 follows directly by performing the Gram-Schmidt orthogonalization (to compute ¥~ 1) explicitly
while taking the one-hot encoding columns into account (see Section A.6). This approach of explicitly writing out a
Gram-Schmidt orthogonalization to remove the effects of some of the controls could potentially be used whenever we
have two sets of features, one of which is easier to analyze than the other.

Our focus on one-hot encodings is due to their prevalence in econometrics datasets, along with the fact that, as we will
see over the next few pages, the perpendicular structure of the indicator variables makes them particularly amenable to
such a divide and conquer strategy (and much harder to deal with using previous techniques).
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For ease of notation, we will normalize the dummy variables so that ||u;|| = 1 for all j € [m].

A.2 FIRST ORDER EFFECTS

Claim A.1 allows us to reduce the problem of performing a regression on d continuous feature and a categorical feature
with m potential values into a regression on just a reaveraged version of the d continuous features. Using this reduction,
we can split the effects of removing samples from the smaller linear regression into direct removal effects that change
the regression fit directly by removing samples from the d-dimensional regression X, Y, and reaveraging effects that
shift the regression fit by causing the expectation of the data within each bucket to change (effectively shifting the
values of the retained rows of X, Y).

In particular, we may again write
(e,8— Bs) = <e,iglinRi> )
i€s
where “ is the value of - after the new reaveraging due to the removal of the elements in 7. More concretely, we have
Xi =X, — Tp(i)Ub(i),i where XTj = Z Xiu]‘)i/
iIGB]’ ns

Ri = RZ‘ — rb(i)ub(i)_,i where ri = E Riuj’i/
i'eB;NS

(10)

From here, we can derive closed form formula for the new versions of all the terms in the previous analysis. For
instance, the “first order effect” (i.e., the effect we would have seen on the regression, had ¥ g been equal to I), which
was previously given by First Ordercontinuous = D ;7 1 (€, X;) is now given by

First Orderme_hm = — <6, ZX1R1> = — <6, Z(Xl — xb(i)ub(i)7i)]%i> =

e, XlRl> — <€7 Z Cll‘j Z Uj’iRi> =
j€[m]i€eB;NS

jG[m] ieB]ﬂS

I
|
T T~

—_—— ——
s (11)
=—(e€, X1R1> + <€, Z Tj Z uj,iXi > =
j€[m]i€B;NS JE€[m] i€B;NS

== Zq‘,ijmT Xiug,i

= <€,ZX1'R¢> + 12 Z Riuyj Z (e, Xi) uj
jE[m

€T ] [uj,s i€TNB; i€TNB;

First Ordercontinuous Correction Term

In order to bound the right-hand-side of equation (11), we consider each of the 3 terms ), B, R; (e, Xi),

ZZETQB? R;u;; and ZiETﬂB7 (e, X;) u;; separately. Using a greedy algorithm, we can maximize / minimize

each of these terms separately as a function of k; = |T' N B;|. We can then combine these into a bound of the form

+

¢ (k5)

boundf(k:j) =d;(k;) + : J 5
g, e (23) {Huj,sj | }
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where

dj(]{ij) = Inax Ri <€,Xi>

T,CB;
|T‘ K, i€y
cj(kj):max max E Riuj; max E (e, Xi)uj; |, | min E Riuj; min (e, X5) uj;
y T,CB; T,CB,; T,CB;
\T\ k €T |T5|=k; *€T (T3 1=k; €T3 (75 1=k; €T
c; (k;) = min mm Ryu; max e, X;) Ui, max Ru;; min e, X;) Ui
J (k;) S ET i B, ET (e, Xi)uji | TCn, ET iUy, 7,CB, £ (e, Xi) ugi
|T| k? i€ |T;|=k; *€1s \Tl k i€ |T;|=k; *€13

For k; = n;, there is no reaveraging effect and bound;IE (n;) = d;(n;).

We can then combine these bounds on the individual buckets by using a dynamic programming algorithm to solve the
integer knapsack problem of

max E boundi
ki+- +k7n7k

From equation (11), it is clear that these maximizations yield upper and lower bounds on the maximal first order
removal effect

maxk; + -+ ky, = k Z bound; (k;) < max { < ZXR >} o 8K Z bound;r(k:])
cs

jetml se(.™) jetml

The upper bound on the overall first order effect tends to be larger than the continuous first order effect but only by a
1 4 o(1) factor. This is because d; tends to be the dominant effect, while c; are typically much smaller.

For instance, consider an unweighted regression on normally distributed samples (X;,Y;), and let o = % > €] R?
denote the root-mean-square (RMS) / scale of the residuals. With high probability, we can find removal sets that would
have d; ~ %UR log(n/k) (by taking only samples which are on the ¢ tail end of the distribution of having both
large residual and large inner product with the direction of interest). On the other hand, for sufficiently large buckets

2
|B;| > log(n), we expect to have ¢; = O (‘B’_Cﬁaﬁg) <0 ( ) so they tend to be somewhat smaller than d;.
J

Moreover, by using a dynamic programming algorithm, we can enforce the constraint that the number of samples
removed from each bucket k; has to be the same for the direct effects and for the reaveraging effect. This constraint
limits causes the contribution of the reaveraging effects to be even smaller, as they require taking many samples from
the same bucket to enjoy the quadratic scaling of k;, while the more dominant direct effects are typically optimized by
selecting samples evenly from the buckets.
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Algorithm 3: Dynamic Programming Algorithm for Integer Knapsack

Input: List of bounds {bound; (k;)}7";, maximal budget Amax

Output: Array F where F[k] is the highest total score possible for budget k
m < [{bound; (k;)};

kmax — kmax + 1;

// Adjusting for O-based indexing in NumPy arrays
3 Initialize F array of size (m + 1) X kmyax With —oo;

4 Set the first column of F' to 0;

5 for j < 1tomdo

6 bound <— bound;;

7

8

9

[ S

F[j,0 : 1len(bound)] < bound[0 : kmax];
F[]? :] — maX(F[j7 ]>F[J - 1a :]);
for i < 1 to min(kyax, Ien(bound)) — 1 do
10 | Flj, 0k 2] < max(F[j, 0 :], F[j — 1,: —6)] + bound[d]);

11 return F[m, : kmax — 1]

A.3 HIGH ORDER TERMS

We continue our analysis of equation (9). As in the continuous analysis, we have

(e, — Ps) = — <e,f]slz)2i]%i> —

i€s
=_ <e,IZX¢Ri> — <€, (2? - I) ZXsz> =
€S i€s (12)
= First Orderype.pot + <f)sl (I - f]s) e, Z Xz-é7,> <
i€s

< First Ordergpehot + max {/\ (251)} X H (I — f]g) el| x

S Xk
€S

To analyze the first 2 higher order terms, we begin with an analysis of $. This analysis shows that S essentially
behaves like > g with a minor correction for each bucket:

i€S jE[m] i€B;NS

Z Z Xi(XZ — ﬂ}jUj,i)T — Z € XiTUjJ‘ =

j€lm]i€eB;NS jelm]  i€B;NS

T (13)

SN xxr-Y | Y x| | Y x| =

je[m]iEBjﬂS ]E[m] iEBjﬂT iEBjﬁT

]_ET— Z # Z Xiu]ﬂ' Z Xi’uj,i

2
j€lm] w5l i€B,;NT i€B,;NT

T

. . 1
In order to bound max {/\ (Egl)} = min {)\ (Es) } from above, we begin by bounding max {A (Xr)} from
above (using the same MSN-bounding reductions from Section 3). We then use a MSN-bounding algorithm and the
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same dynamic programming as above to bound the term in equation (14) (MSN-bounding to bound the individual terms
and dynamic programming to combine them).

T

1
max < A E ) E Xiuj,i E Xin,i =

je[m] [, sl i€B;NT i€B;NT
2 (14)
1
= max E max E Xiug
R ;CB;j ’

je[m) Ming; {Huj,s,- HQ} ‘%‘:kj =

For each j, we can bound max r,cp; {szeT X

|Ts1=Fk; ’
algorithm. However, we can refine the results of this MSN bounding call (especially with regards to larger values of
kj > %) by utilizing the fact that B, X; = 0, which implies that

} from above by performing a call to an MSN bounding

SRR LR A PR
Ile__kJ €Ty |T|J_;Lik €Ty
=R JI=NG =R

Therefore, if M is the result of an MSN bounding algorithm (such as RTI) on the n; x n; Gram matrix of the samples
in the jth bucket, we have the bound

A Z Xiwgq|| o < min{M;(k;), M;(n; —k;)} .
1y1=k; UIIETs

Similarly, we may bound the other terms. Using equation (13), we have

T
(I — is) e= | X7+ Z Z XiuM Z Xiujﬂ' e =
jelm] \ieB;NT i€B;NT
(15)
1
=Y Xi(Xpe)+ Y —— | D Xy > (Xie)uy,
i€T j€[m] [ujs i€TNB, i€TNB,

As usual, we bound the norm of the first term ieT X; (X, e) using an MSN-bounding algorithm, and for each bucket,

ZiETﬂBj (Xi,e) uji
bounds using the triangle inequality, and the same symmetry and dynamic programming algorithm as above.

we bound HzieTmBj Xiu; ;| and as a function of k; = |T'N B;|. We then combine these

Finally, to bound HZ ics X, R;||, we use the same analytic techniques to write
IELEDIIDWICEFTRLE
€S j€[m]i€B;NS
) (16)
DI LED D el IDOIE T | D Ol
i€T jelm] [ujs | i€ B;NT i€ B;NT

which can be bounded by the same MSN + symmetry + dynamic programming above.
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A.4 THE OHARE ALGORITHM

Algorithm 4: The OHARE Algorithm

Input: Samples X; € R (s.t. XTX =T € R%*%) and residuals R; € R fori € [n], vector e € RY, separation of
the samples into buckets b : [n] — [m] (based on some additional categorical feature), weights w € R™ (by
default all 1s).

Output: U, L € R” that bound the removal effects Ay (e).

/+x Step 1: Split the samples and residuals by their b value into buckets

Bi,...,Bn Cnj */
1 for j < 1tom do
2 L for k; < 1to |B;| do

3 L Compute bound; (k;) = d;(k;) + ‘;’% with ¢; and d; as defined above;
J J

/x Step 2: Compute Influences using the 1D Dynamic Programming Algorithm
*/
4 Use the “1D Dynamic Programming Algorithm” defined above to compute the bounds on the direct influences and
store the result as Influences;
/* Step 3: Compute upper bounds on My, Uy, pr;, and (; for each bucket «*/
5 for j + 1tom do

6 Use an MSN bounding algorithm to compute an upper bound on My, > maxrcp; |1|=k; H Yoier Xi H for all
kj € [1B;ll;
7 | Use a sort + cumulative sum to compute Uy, = 1 — maxycp; (7)=k; {2ier Ui, 1
8 | Usea similar sort + cumulative sum to compute p, = maxrc g, |7|=k; {2 ser [ Ritii ;| }:
9 | Usea similar sort + cumulative sum to compute (i, = maxrc g, |7|=k; {2 ser| it}
10 Use the symmetry to refine our bounds
Mk}j = mln {MkJaMankJ} ’ pk?J = min {pkﬁ?pnjfkj} ; C]CJ = min{Ckh?Cank‘]};
/* Step 4: Compute indirect contributions using the 2D Dynamic Programming
Algorithm */
11 Use 3 calls to the 2D Dynamic Programming Algorithm 6 to generate arrays from &, u to the maximum over the
choice of k1, ..., k., with total k of which u are non-zero of:
M?.
. oo :
1. Indirect CS Contribution: » jem] T,
2. Indirect XR Contribution: Ll
. Indirect ontribution: el “Th
. e My Cr
3. Indirect XZ Contribution: } ¢, U,

/+ Step 5: Compute direct contributions using the KU Triangle Inequality

*/
12 Use the KU Triangle Inequality 5 to also compute upper bounds on the Direct CS, XR, and XZ Contributions;
/+ Step 6: Compute final bounds and return the result */

|Direct XR+Indirect XR| x |Direct XZ+Indirect XZ|

13 return Uy, L = Influences + max,, T Direct CS—Tndirect CS

A.5 SUPPLEMENTARY ALGORITHMS

We begin by an extension of the RTI Algorithm 2 that bounds the triangle inequality terms as a function of k& (number
of removals) and u (number of unique buckets from which samples were removed). The basic idea is the same as with
the original RTT algorithm and requires only minor adaptations to track which row-column pairs are largest in their
respective buckets.
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Algorithm 5: KU Triangle Inequality

Input: Gram matrix G of size n X n where G;; = (v;, v;) representing an MSN-bounding problem
Output: Matrix V of size Umqq X Emaz, Where V,, i is an upper bound on the £ norm of the sum of & vectors
taken from u unique buckets.
/* Split each row of G into the largest and the non-largest entries per
bucket. */
Initialize m as the number of buckets;
Initialize n as the number of vectors;
Compute bucket indices from bucket sizes;
for j + 1tomdo
Sort entries in each bucket j in decreasing order;
Store the largest entry of each bucket in best_entries;
Remove these entries from the Gram matrix;

/+ Compute the cumulative contributions of the largest and non-largest
entries per bucket. */

Compute best_u_contributions as camulative sums of sorted best_entries;

Compute best_kmu_contributions as cumulative sums of the modified Gram matrix;

/+ Compute the contributions of each sample for the triangle inequality.
*/

Initialize sample_contributions as an array of —oo;

for u < 1 to min(umaz, kmaz) do

for k < u to k,,q. do

L Compute contributions by combining best_u_contributions and best_kmu_contributions;

* Enforce the constraint that T must use exactly u separate buckets. */
for j < 1 tom do

Move the largest elements of each bucket to the start using partition;

Copy the largest elements to best_contributions;

Remove these elements from sample_contributions;

~

Sort best_contributions and compute their cumulative sums as cumsum_best_contributions;
/+ Compute the norms squared using the constraints. */
Initialize norms_squared as an array of —oo;
for u <+ 1to u,,q, do
for k < u to k,,,q. do
Compute sum over k — u largest elements of sample_contributions and u largest elements of
cumsum,_best_contributions;
Update norms_squared|u, k|;

/+ Compute the norms and handle invalid values. */
Compute norms as the square root of norms_squared,
return norms;

We also adapt Algorithm 3 to the case where we wish to keep track of both the total number of removals and the number
of unique buckets from which we remove samples.

19



Algorithm 6: Dynamic Programming 2D

Input: A list of bucket scores B

Output: A table V where V[u, k] is the maximal score for using v unique buckets with total budget k

/+ Initialize parameters and dynamic programming table */
1 Compute cumulative sums of bucket lengths;
2 Initialize dp_table with —oo and set dp_table[:,0,0] = 0;

/+ Fill the dynamic programming table */
3 for j < 1 to length of B do

4 Get the current bucket B[j];
5 Set u as min(m, j);
6 Set k as min(n, cumsum_bucket_lengths|[j]);
/* Base case for the first bucket */

7 if 7 == 0 then
8 | Setdp_table[0,1,: k] = B[0][: kJ;
9 else

/+ Case where we do not update the table with new bucket values */
10 Set dp_table[j,1 : u,: k] = dp_table[j — 1,1 : u,: kl;

/+ Case where we add values from the new bucket */
1 for 6, < 1 to min(length of B[j], k) — 1 do
12 Update dp_table[j, 1 : u, 0y : k] with the maximum of the current value and

L dp_table[j — 1,: u—1,: k — 0] + B[J][0x];

13 return dp_table[—1,:,:];

A.6 PROOF OF CLAIM A.1

The main analytic idea we use in the OHARE algorithm is an alternative description of what happens when we perform
a linear regression while controlling for a categorical feature. We formalise this process in Claim A.1, which we prove
here:

Proof of Claim A.1. Let X = (F'| U) be the covariates for the original regression. Consider the Gram-Schmidt
orthogonalization process, and define

X=(F-D'UTF|U)
where D = UTU is the diagonal matrix whose jth entry is ||u;||.
X now has a block-diagonal covariance matrix

S RTR <(F ~ D 'UTF)Y(F -~ D'UTF) o>

0 D

Similarly, let Y =Y =Y — D-LUTY. These labels are now also perpendicular to the dummy variables U. Therefore,
for X =F — D UTF,Y = XTX, we have

B=3"1XTY
_((F=D'WTF)(F—D'UTF) 0\ ' (F-DUTF\ .
= ( 0 D U (Y - D7uTy) (17)
(O swv (5
“\pwr (v - pwy)) T\«
0
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B ADDITIONAL MSN-BOUNDING ALGORITHMS

B.1 SPECTRAL DECOMPOSITION

At a high-level, this algorithm similarly tries to bound H Yier ZiH2 = 17.G17 for the same Gram matrix G, but here
we use a spectral decomposition. We refine on the standard spectral algorithms which might output || 17| max A(G) =

vk max \(G), by computing naive bounds on the inner products between 1 and each of the top eigenvalues using a
standard greedy algorithm.

Algorithm 7: Spectral Bound Algorithm

Input: A matrix G of size n X n representing a Gram matrix of a set of vectors G, ; = (Z;, Z;)
Output: A vector V whose kth entry is an upper bound on max|r|— || ;7 Zi|
1 Compute eigenvalues A\; > --- > \,, and corresponding eigenvectors v, . .., v, of G;

2 fork=1ton —1do

/+x For each of the eigenvectors, compute upper and lower bounds on

ai:<1T7vi>. To do this, we note that «a; is the sum of k entries of wv;,
so it is bounded from below by {¢; = sum over k smallest entries of v;
and from above by wu; = sum over k largest entries of wv;. */

Sort the entries of each v; in ascending order and store the cumulative sum in ¢;;
Sort the entries of each v; in descending order and store the cumulative sum in u;;
/* Compute upper bound on ;2 < max{f? u?}. */
Compute b; = max{¢?,u?};
/* Combine this with bound on overall weight of spectral decomposition
2 _

Zi a;-=k. *x/

Iijgi b; > k,seth; = maX{O, k— Zj<i bz},

| Set Vi, = />, Aibis

return V;

B.2 GREEDY LOWER BOUND

In order to get some additional diagnostic capabilities and improve the interpretability of our results, we also imple-
mented a simple greedy algorithm that helps us generate lower-bounds on the MSNs. Algorithm 8 initializes candidate
set T" to contain the longest vector v; in our MSN instance, and greedily adds vectors to this set in an attempt to increase
|3 7 vi| as fast as possible.

Algorithm 8: Greedy Algorithm for Lower Bound and Candidate Set

Input: A matrix G of size n x n representing a Gram matrix of a set of vectors, where G; ; = (v;, v;)
Qutput: An ordering of the indices 7', and a series of lower bounds L = 1}_ . Glr, < max.,, e () 1}/G1T/
B ! k

1 Initialize an empty list 7' == [];
Initialize the scores array A where A; = G, ; for all i € [n];
/* A maps each index i€ [n] to the change in 1}G1T caused by adding i to T.
*/
Initialize Lg := O;
4 while |T| < ndo
Select i := argmax ;g Aj;
/* Choose the index ¢ not in T with the maximum change in score. */
Add ito T and update Ly = Li_1 + Ay;
/+ Update the lower bounds by adding the score of the newly added index.

*/
Update the scores A :== A + 2G; .;
/+ Adjust A to reflect the change in 11.Gly after adding i to T. */

return 7" and L;
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In real-world datasets, we found that the upper bounds obtained by Algorithms 2 and 7 tend to be very close to the
greedy lower bounds on their respective MSNGs.

Moreover, when analyzing the Cash Transfer study (see Section C.3), we noticed that our analysis behaved poorly in
some regimes. Using this greedy lower bound technique, we were able to identify that this behaviour was caused by a
small number of households (< 0.5%) dominating the variance in land-ownership (> 80%), which was included in the
study in linear scale. Converting the land-ownership to a logarithmic scale resolved this issue (allowing us to certify
robustness to removing many more samples).

C APPLIED EXPERIMENTS

C.1 METHODOLOGY OF TABLE 1
In Table 1, we compare several bounds on kggn(€) (the number of removals required to flip the sign of the “main”
coefficient e) for a several regressions taken from highly influential econometrics datasets.

Before delving into the source of each regression we give a brief overview of the methodology used to construct each
column of the table.

Metadata The first few columns (“Paper”, “Regression”, n and d) give some of the metadata for the regression.

The paper column details which paper each regression was drawn from, and for papers with multiple regressions we list
the name of each regression in the paper. For more details about each of these papers see the following subsections.

The n and d columns list the number of samples and the dimension of each regression.

AMIP The AMIP algorithm by Broderick et al. Broderick et al. (2020) can be used to estimate the robustness of
a linear regression in one of two ways. The fastest option is to compute the AMIP gradients / influence scores, and
estimate that the number of samples one must remove in order to change the fit by a certain amount by taking a
cummulative sum over the sorted gradients.

However, this method both typically tends to overestimate the robustness of a dataset, and despite this does not even
provide a formal upper bound on kg, or k2. Instead, for our experiments we sort the samples from most influential to
least influential and remove them one at a time until the fit crosses the threshold we are considering.

KZC The robustness estimation algorithm by Kusching et al. Kuschnig et al. (2021) utilizes a greedy approach — at
each point we select the sample whose removal would have the greatest effect on our metric of interest and remove that
sample. We repeat this process until the decision boundary has been crossed (in our case, until the sign of the regression
coefficient has been flipped).

As with AMIP, we report the size of the smallest set produced by the algorithm that actually produced a sign flip.

OHARE Assume WLOG that our coefficient of interest is positive in the original regression {(/3,e) > 0 (otherwise
we set e/ = —e).

Running the OHARE algorithm yields a series of upper bounds Uy, on the removal effects. In particular, we know that
for k = kggn, we must have Ay (e) > (0, €), so by computing

kOHARE(e) = min {k‘ S [n] | Uk > <ﬁ,6>}

yields a lower bound as kggn(€) > konare(e€).

Computational Resources In the columns “Runtime” and “Memory”, we list the total runtime and memory cost of
running the OHARE algorithm in this case. All experiments were run on a single core of an AMD EPYC 9654 96-Core
Processor.
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C.2 How MucH SHOULD WE TRUST THE DICTATOR’S GDP GROWTH ESTIMATES?
C.2.1 PAPER OVERVIEW

Reliable estimates of GDP figures are crucial for analysts to assess the performance of an economy. However, leaders
often have a variety of political and financial incentives manipulate GDP figures in order to improve their perception.
Therefore, economists often use proxies to obtain independent estimates of these figures that may be harder to manipulate.
One such method which has gained a lot of attention in recent years is to simply measure the amount of light emitted
from a region at night (nightlights or NTL), as observed by satellite imaging Henderson et al. (2012).

Martinez Martinez (2022) uses this proxy in conjunction with several well-known measures for the democracy of a
country (such as the freedom-in-the-world or FiW metric), in an effort to find evidence of GDP figure manipulation in
autocratic regimes. One methods used by Martinez is to measure the “autocracy gradient in the NTL elasticity of GDP”.
In practice, this translates to running a regression of the form

IH(GDP)Lt = + (St —+ ¢0 ln(NTL)m + ¢1FiWi7t —+ (bgFiWit —+ ¢3 [IH(NTL) X FiW]i,t + Ei,t (18)

where i represents the index of a country, ¢ the year from which this sample was taken, j; and §; control for country-
specific or time-specific effects, ¢g, @1, ¢2 control for the direct correlation between nightlights and GDP, as well as for
any < 2nd order dependence between GDP and democracy. ¢3 is the main effect we wish to observe, and a positive
value of ¢3 could be explained by autocratic regimes being more prone to embellishing their GDP figures.

Martinez reports a statistically significant positive value of ¢3, as well as additional evidence for GDP figure manipula-
tion in autocratic regimes (such as a larger difference between NTL-based estimates and reported GDP in years leading
up to IMF evaluations of autocratic regimes). Martinez hypothesises that the separation of powers and cross-examination
of figures by opposition contribute to making GDP figures more reliable in democratic countries.

C.2.2 ROBUSTNESS

Martinez uses the AMIP tool Broderick et al. (2020) to assess the robustness of the regression (18). AMIP finds a set of
136 samples whose removal flips the sign of the OLS fit on the [In(NTL) x FiW]; ; term. Kusching et al. Kuschnig et al.
(2021) improve this upper bound on the stability by finding a set of 110 samples that flip the sign of the fit parameter.

Running our continuous regression toolkit on the Martinez dataset can only certify robustness to the removal of at most
7 samples, as the dataset contains a one-hot encoding of the country and it contains only 8 samples from Monetenegro.
To overcome this, we apply our one-hot aware algorithms to the same data, and are able to certify the sign of this
parameter in Martinez’ regression requires at least kg, > 29 to overturn.

C.3 INDIRECT EFFECTS OF AN AID PROGRAM: HOW DO CASH TRANSFERS AFFECT INELIGIBLES’
CONSUMPTION?

C.3.1 PAPER OVERVIEW

Angelucci and De Giorgi Angelucci & De Giorgi (2009) study the indirect effect of the Progresa welfare program
in Mexico. This program gave financial aid to eligible households within “treated” villages, and did not give aid to
ineligible households or households from “untreated” villages.

Angelucci and De Giorgi then track spending patterns of eligible and ineligible households from both treated and
untreated villages. They then use linear regressions to estimate the treatment effects on both eligible and ineligible
households when controlling on various other features.

C.3.2 MINOR DIFFICULTIES IN USING THE DATA

We found two different regression formula that have been attributed to this paper. The formula use slightly different
control, with one option controlling for: head of household age, sex, literacy and education level, household poverty
index and amount of land owned, local poverty index, number of households in the village and “average shock™ (to
the best of our knowledge, this was the regression used in Angelucci and De Giorgi’s original paper). The regression
used in the later paper by Broderick et al. Broderick et al. (2020) also controls for head of household marital status and
which region the samples came from (using a one-hot encoding). Ultimately, these additional controls had very little
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effect on the fit parameters or their error bars, and we chose to focus on the latter to maintain consistency with previous
benchmarks.

A more significant issue is that the dataset also contained many clear outliers. For instance, almost all the entries of the
column for head of household sex were either “hombre” or “mujer” with a very small fraction (roughly 16 out of 59455
samples) having the value 9.0, and many columns had entries of “nr” (presumably no response).

We removed these “bad samples” for the sake of our analysis (both to avoid regressing over a clearly problematic
dataset, and also because not doing so would cause the regression to include nearly empty categories in several different
one-hot encodings which is beyond the scope of the OHARE algorithm). This had only a minor effect on the regression
results.

Column Values Removed Samples Removed
hhhsex 9.0, nr 16
hhhalpha nr 21
hhhspouse nr, 2.0 546

plé nr 146
hhhage 97 y mas, no sabe, nr 205

Total 921

Table 2: Number and values of outliers we removed from each of the covariates in Angelucci and De Giorgi’s
study Angelucci & De Giorgi (2009).

C.3.3 ROBUSTNESS

We ran our tools on the 6 regressions from Angelucci and De Giorgi’s paper (treatment effects on eligible / ineligible
over 3 periods). Our robustness lower bounds nearly match the AMIP upper bound for the ineligible studies, but left
room for improvement on the eligible regressions.

To find the root of this gap, we first noted that the main component of our bound that failed was that after removing
~ 50 samples, our bound on max {)\(Egl)} becomes very large. Using Algorithm 8, we were able to find the samples
responsible for these loose bounds: ~ 50 households (out of > 10000) that account for more than 80% of the variance
in the amount of land owned by each household.

When one of the columns of a linear regression is heavy-tailed, it is not uncommon to replace this column with its
logarithm. This presented a slight challenge in this case, as many of the household in the eligible studies owned no land at
all. To overcome this, we replace the hectacres (amount of land owned) column with log (hectacres + median hectacres).
We then reran the regression and robustness analysis to see the effects of this change to produce the results in Table 1
and Figure 2.

C.4 THE OREGON HEALTH INSURANCE EXPERIMENT: EVIDENCE FROM THE FIRST YEAR

C.4.1 PAPER OVERVIEW

The Oregon Health Insurance Experiment provides a unique opportunity to assess the effects of expanding access to
public health insurance on low-income adults using a randomized controlled design. In 2008, Oregon implemented a
lottery to select uninsured low-income adults to apply for Medicaid. This random assignment allows researchers to
compare the outcomes of the treatment group (those selected by the lottery) with the control group (those not selected).

Finkelstein et al. Finkelstein et al. (2012) analyze data from the first year after the lottery to evaluate the impacts on
health care utilization, financial strain, and health outcomes. The study finds that individuals in the treatment group
were about 25 percentage points more likely to have health insurance compared to the control group. The results show
that the treatment group experienced higher health care utilization, including increased primary and preventive care
visits, and hospitalizations. They also faced lower out-of-pocket medical expenditures and medical debt, evidenced by
fewer bills sent to collection agencies.

Moreover, the treatment group reported better physical and mental health than the control group. The authors suggest
that the increase in health care utilization due to insurance coverage led to improved health outcomes and reduced
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financial strain. These findings provide significant evidence on the benefits of expanding Medicaid coverage to
low-income populations.

C.4.2 REGRESSION ANALYSIS

The regression analysis conducted by Finkelstein et al. utilized instrumental variable (IV) regression to estimate the
impact of Medicaid coverage on various health and financial outcomes. They used a treatment variable as the instrument
and several dummy variable controls corresponding to different medical metrics (e.g., “Not bad days physical”).

IV regression is particularly useful in this context as it helps address potential endogeneity issues, where the treatment
(Medicaid enrollment) might be correlated with unobserved factors affecting the outcomes. By using the lottery
selection as an instrument for Medicaid enrollment, they ensured a more accurate estimation of the causal effect.

The IV regression can be computed as the ratio of two ordinary least squares (OLS) regressions: one estimating the
relationship between the instrument (lottery selection) and the endogenous variable (Medicaid enrollment), and the
other estimating the relationship between the instrument and the outcome (health or financial metrics). This implies that
if both OLS regressions are robust to sign changes, so is their ratio. In this study, the correlation between the instrument
and the endogenous variable was very strong and robust, making the primary robustness concern the OLS regression
between the endogenous variable and the outcome.

Finkelstein et al. used weighted OLS regressions with several dummy variables, some of which had very sparse
categories. This sparsity caused singularities after 13-14 removals, making it difficult to certify robustness with the
ACRE algorithm. Therefore, the OHARE algorithm was used to certify the robustness of these regressions.

Outcome Type ACRE OHARE AMIP KZC21

Health genflip Instrument vs Endogenous 14 752 >10% > 10%
Instrument vs Outcome 14 77 257 257

Health notpoor Instrument vs Endogenous 14 752 >10% > 10%
Instrument vs Outcome 14 40 149 149

Health change flip Instrument vs Endogenous 14 755 >10% > 10%
Instrument vs Outcome 14 52 184 184

Instrument vs Endogenous 13 685 >10% > 10%
Not bad days total Instrument vs Outcome 13 21 72 72

. Instrument vs Endogenous 13 669 >10% > 10%
Not bad days physical Instrument vs Outcome 13 25 84 84

Not bad days mental Instrument vs Endogenous 13 676 >10% > 10%
Instrument vs Outcome 13 31 118 118

Nodep Screen Instrument vs Endogenous 14 742 >10% > 10%
Instrument vs Outcome 14 32 116 116

D SYNTHETIC DATA EXPERIMENTS

D.1 METHODOLOGY

We evaluate the performance of the ACRE algorithm on synthetic datasets drawn from two distinct distributions:

Normally Distributed Regressions As a baseline, we test the algorithm on normally distributed covariates. Specifi-
cally, the covariates are drawn i.i.d. from a standard normal distribution, A/ (0,1).

Power-Law Distribution To stress-test the algorithm, we evaluate its performance on covariates drawn i.i.d. from
a heavy-tailed power-law (Pareto) distribution. In this setting, we set the power b = 4 and draw covariates X; ; i.i.d.
from a distribution with density:
—(b+1
Jf(w) o< g1 - [2] (b+1)
This distribution has finite first, second, and third moments, but its fourth moment diverges, making it a challenging test
case.
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Target Variable In both cases, the target variables (labels) Y; are drawn independently from a standard normal
distribution: Y; ~ N(0,1).

D.2 RESULTS
D.2.1 COMPARISON OF KNOWN BOUNDS

We evaluate the performance of the ACRE algorithm on synthetic regression datasets drawn from the two distributions
described earlier, with n = 4000 samples and d = 50 covariates. Specifically, we compare the upper bounds produced
by ACRE, denoted Uy, with the state-of-the-art upper bounds by Freund and Hopkins, as well as the lower bounds
produced by AMIP and KZC (see Figure 3).

As shown in the results, ACRE produces significantly tighter bounds than Freund and Hopkins across both normally
distributed and power-law distributed covariates. Furthermore, ACRE’s upper bounds closely approach the lower
bounds from AMIP and KZC for values of k up to removal effects that push the regression outside the 20 confidence
interval® ko, .

ACRE on Synthetic Data ACRE on Synthetic Power-Law Data
I T
I / 1001 == 1 ACRERq
| 7 =—— ACREspectrl
/ === Freund & Hopkins
| // + KzC21
107! P s AM|P
/ | - 11| == 20
-— k20
(O S —— — —— O
g S — -
+ ACREgm
10 P e ACREspectral H 1072

=== Freund & Hopkins
« KzC21

s AMIP

- 20

i Kyo 1073
| | Il

100 10! 10? 10° 10! 102
k k
(a) Normally distributed covariates. (b) Power-law distributed covariates.

Figure 3: Comparison of the upper bounds U}, produced by the ACRE algorithm with the state-of-the-art bounds from
Freund and Hopkins and the lower bounds from AMIP and KZC. Each dataset consists of n = 4000 samples and
d = 50 covariates, with covariates drawn i.i.d. from either a normal distribution (Figure 3a) or a power-law distribution
(Figure 3b). For each figure, we plot two versions of the ACRE algorithm: one that uses RTT as its MSN bounding
component in the backend, and another that uses a spectral algorithm. On these synthetic datasets, the spectral bound
slightly outperforms the RTI backend, but has a longer runtime.

D.2.2 SCALING OF Kreshold WITH 1

In this experiment, we aim to analyze how Eresnora (the maximal value of k for which the bounds of ACRE are close to
tight) scales with the number of samples n.

We fix the dimension d = 20 and draw ny,x = 5000 samples with covariates drawn i.i.d. from either a normal or a
power-law distribution. The ACRE algorithm is then run on a series of regressions, corresponding to subsets of this
dataset, with the number of samples varying from n = 7d to n = Tiyax.

For each regression, we compute the ACRE upper and lower bounds, Uy, and L, and use a heatmap to visualize the
ratio L’” as a function of k£ and the sample size n. Contour plots indicate the regions where L’C falls below specific
thresholds (e.g., 1.1), highlighting the values of k for which our bounds are close to tight.

?kgign is not an appropriate metric for this experiment, as it is directly influenced by our choice of the ground truth model.
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As shown in Figure 4, for both normally and power-law distributed covariates, kreshold appears to scale approximately
linearly with n. This is consistent with the scaling predicted by Theorem 1.2, which gives:

~ n Tl2 n
resho =0 i = 19 ~ =
Fso (mm{\/ﬁ d}) v

Normally Distributed Samples Power-Law Distributed Samples

n

-_k=_"_
2.0 Tovd 2.0

E 16 E 16

© ©

& &

gu 10t U g’ 0 Ue

~ X
14 1.4
12 12

10° 10°
1.0 1.0
102 10°
75 (log-scale) = (log-scale)
(a) Normally distributed covariates. (b) Power-law distributed covariates.

Figure 4: The ratio %f between the upper and lower bounds produced by ACRE for synthetic linear regressions with
covariates drawn from either a normal distribution (Figure 4a) or a power-law distribution (Figure 4b). Heatmaps show
the tightness of the bounds as a function of £ and the number of samples n. Contour plots indicate regions where g—i is
below specific thresholds (e.g., 1.1), highlighting the scaling of Kreshora- In both cases, Kinreshola Scales roughly linearly

with n, consistent with the theoretical prediction of Theorem 1.2.

D.2.3 SCALING OF kipreshold WITH d
Finally, we examine how Keshola (the maximal value of & for which the bounds of ACRE are close to tight) scales with
the dimension d of the regression for a fixed number of samples n.

In this experiment, we fix the number of samples to n = 4000 and sample a regression with n samples and dp,,x = 500
features, where the covariates are drawn i.i.d. from either a normal or a power-law distribution. We then vary d by
limiting each regression to subsets of the features, varying the dimension from d = 5 to d = dx.

Theoretically, we expect Kpreshola to scale as:

|

Fthreshold = ﬁ <min {

ISH

n
V'
which predicts two regimes:

* For relatively small d, the first term dominates and we have Kpeshold = \/lg .

. 2
* For larger d, the second term dominates and we have Kreshold = 5z -
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Figure 5: The ratio g—z between the upper and lower bounds produced by ACRE for synthetic linear regressions with

covariates drawn from either a normal distribution (Figure 5a) or a power-law distribution (Figure 5b). Contour plots
illustrate the values of kyesnola for some given thresholds, as a function of the dimension d. For relatively small d (right
side of the plot), kreshold SCales approximately as \/LE' Conversely, for larger d (left side of the plot), kreshold decays

. . 2 . . . .
faster, consistent with the 7 scaling predicted by our theoretical analysis.

E TIGHTNESS OF ACRE

In this section, we will prove that the ACRE algorithm produces tight bounds on “well-behaved” distributions, proving
Theorem 1.2.

E.1 PRELIMINARIES

Throughout this section, we use O/© /<) to denote big-O statements that hold up to a factor of polylog(n). We will
make no attempt to optimize the polylog(n) factors in this analysis.

Moreover, we say that a term 1) is negligible if n~* = n“(!) is superpolynomial in n. Finally, we say an event happens
with very high probability if it happens with probability 1 — n for negligible 7.

E.2 MAIN RESULT

Our main goal for this section will be to prove that ACRE produces good bounds with high probability when the
regression data is drawn from a well behaved distribution:

Theorem E.1 (ACRE Bounds are Tight on Well-behaved Data). Let X € R"*% Y € R" be a linear regression
problem such that the covariates (i.e., the rows of X ) are drawn iid from a well-behaved distribution X; ~ X and the
outcomes'Y are drawn iid fromY ~ N (X By, I,).

Then, for any axis e € S, with very high probability, the upper and lower bounds produced by ACRE on this
regression are close to tight

Jor all k < Kreshold, where Kinreshold = 0 (min { \/Lga Z_Z })



In particular, if the samples X;,Y; are drawn iid from some normal distribution A/(0, ') (for some covariance
Y € R(E+Dx(@+1)) or if the covariates X; are drawn iid from the hypercube or unit sphere and the target variable
Y; ~ (B, Xi) + N (0, 0 ) are drawn iid from a normal distribution around some ground truth model, then Theorem E.
holds for them. Therefore, Theorem 1.2 follows from Theorem E.1.

Our goal for the rest of this section will be to prove Theorem E.1.

E.3 PROOF SKETCH

First, we note that if n = O (d), Theorem E.I holds vacuously, as Kieshola < 1. Therefore, we limit our analysis to
the cases where 1 > Tupreshold Or SOME Nypreshola = d X polylog(n) (the exact power of this polylogarithmic factor will
depend on the specific constant C' in the exponential decay assumption in Definition 1.

To prove Theorem E.1, we first define a set of condition under which we can prove that ACRE will produce good
bounds:

Definition 2 (ACRE-friendly). Let XY be the covariates and target variable of a regression. Let > = X T X denote
the unnormalized empirical covariance of the covariates, and let R =Y — XX ' XTY denote the residuals.

We say that this regression is ACRE-friendly for direction e € R< with k removals and parameters Py, Py, P3, Py, P5 >

0if
1. The covariates are bounded in Mahalanobis distance max;cy X7 YlX, < P %.

2. The inner products of samples are bounded max; 4 ¢ XiTE_lXj < Py g.

3. The residuals are bounded max;¢|y) R? < Pgalzz, where op = 4/ %L Zie[n] R?.

. . . . 2
4. The inner products between the covariates and the axis of interest are bounded max;c iy (eT E*IXZ-)
By Ty-1x.)2 = Papty-1
szie[n] (e % XZ) = teTY

5. Let oy = eTY¥ 7YX, R; be the AMIP influence scores. We require that the sum over the k largest influence

scores is at least
ar = max {Za } > —JzaRk

€T

where 07 = |/~ Yicn) Z2, for Z; = eTZ_lXi.

When Py, ..., Ps are at most polylogarithmic in n, we say that the regression is ACRE-friendly.

Our proof of Theorem E.1 will have two main components. The first and smaller portion of the proof will be to show
that the bounds produced by ACRE are close to tight when a regression is ACRE-friendly. It should not be surprising
that Definition 2 is sufficient condition for producing good bounds with ACRE, since ACRE essentially checks a slightly
more robust version of these conditions.

Claim E.2 (ACRE bounds are nearly tight on ACRE-friendly regressions). Let X, Y, e be an ACRE-friendly regression
with parameters Py, ..., Ps for all k < ko. Then, there exists Kumreshold = © | min {%, Z—;, ko }/poly (P1,..., Ps) ) such
that for all k < Eyreshold, the bounds Ly, Uy, produced by ACRE satisfy

Ue _ oy O<d+k\/3
L n

. XpOly(Pl,...,Pg)))

The second and longer portion of our proof will be devoted to showing that well-behaved distributions yield ACRE-
friendly regressions with high probability.

Claim E.3 (Well-behaved distributions yield ACRE-friendly regressions with high probability). Let n,d be as above,
and let X,Y be as in Theorem E. 1.
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Then, for any axis e € S4=1, with very high probability, the regression X,Y is ACRE-friendly for all k < ko, for
k() = Q(n)

Combined, Claims E.2 and E.3 yield Theorem E.1.

E.4 SYMMETRIES

Before proceeding to the proofs of Claims E.2 and E.3, we note that our definitions of well-behaved distributions and of
ACRE-friendly regressions are normalized in a way that permits some symmetries. Indeed, it is easy to see that for any
invertible matrix L € R%*? and positive scalars a., a, € R, aregression X, Y, e is well-behaved / ACRE-friendly
if and only if the regression X = XL,Y = «,Y,¢ = acLe is well-behaved / ACRE-friendly. Moreover, such a
reparametrizations also has no effect on the robustness of the regression, so we may apply this symmetry on the input
and output of Theorem E.1 or Claims E.2 and E.3.

For Theorem E.1 or Claim E.3, we may apply this symmetry with L = $71/2, where . is the ground truth covariance

of the distribution X, resulting in a distribution with covariance identity. Note that this renormalization is not the
same as the renormalization process in the ACRE algorithm. In the ACRE algorithm, we renormalize by the empirical
covariance, whereas the renormalization above is by the ground-truth covariance. One of the steps of our analysis will
be to show that when the regression is drawn from a well-behaved distribution, the two are close to one another with
high probability, but this is not immediate.

For the proof of Claim E.2, we renormalize the samples according to their empirical covariance. This would result in a
set of samples X such that >* = XTX = I. Moreover, we use the oy symmetry to ensure that the residuals to have
standard deviation oz = 1 and the o, symmetry to ensure that e has norm 1.

E.5 PROOF OF CLAIM E.2

After this renormalization step above, the conditions on the normalized regression simplify to:

1. The covariates are bounded in /5 norm max;c [, [| X; 17 < p

. The inner products of samples are bounded max;_cn) (Xs, X;) < Pg%

. The residuals are bounded max;c[,) R? < Ps.

2
3
4. The inner products between the covariates and the axis of interest are bounded max; ¢y, (e, Xi>2 < %
5

. Let o; = (e, X;) R; be the AMIP influence scores. We require that the sum over the k largest influence scores

is at least
1 k
ar = max Qpp > — X —
e ()= 5 e

We prove Claim E.2, working with the normalized regression. Recall that ACRE produces its bounds by combining
RTI bounds on the following Gram matrices:

1. Gxgx whose entries are the squared entries of the Gram matrix G x of the original covariates. By our
assumptions on the maximal norm and inner products of covariates, we know that the diagonal entries of this

matrix are bounded by Z—ZPE and its off-diagonal entries are bounded by n%P22'

2. G x r whose entries are inner products between covariates multiplied by the product of two residuals. Therefore,
the diagonal entries of this matrix are bounded (in absolute value) by %Pl Ps5 and its off-diagonal entries by

Ydp,p,.

3. and G xz whose entries are inner products between covariates, rescaled by the product of their weights on

the axis of interest e. Therefore, its diagonal entries are bounded (in absolute value) by H%Pl P, and its

off-diagonal entries by g Py Py.
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Note that the output of the RTT algorithm is an upper bound on the resulting MSN problem. The output of the
RTI algorithm squared is always equal to the sum of k diagonal entries of the Gram matrix plus fewer than &2
off-diagonal entries. Therefore, we have:

RTI Bound < \/ k x Largest Diagonal Entry + k2 x Largest Off-Diagonal Entry (19)

The X ® X Term Let Mxgx denote the MSN-bound obtained by running the RTI algorithm on the Gxgx.
Combining equation (19) with our knowledge of the diagonal and off-diagonal entries of G xg x, we clearly have:

d2 2 2 d 2
Mxox <\[k 5 PE+ 125 P;

. _n?
VdPy2' d?P24

1
MX@XS\/Q<1

The X R and X Z Terms Similarly, let M x r and M x z denote the MSN bounds obtained by the RTT algorithm on
Gx r and G x 7 respectively. As before, we combine equation (19) with our bounds on the diagonal and off-diagonal
terms of G x g and G x 7 to show that

Myn < \/kdplpg ceYipp, < JEEPP + \/kQﬁPQPg,
n n n n

Mxy < \/kd2P1P4 n k?ifpga < ,/k%PlBl n \/k?\/ffpzpéL
n n n n

Wrapping Up Therefore, for all k& < Kreshold, We have

Therefore, for all k < Kreshold = min { } Mxgx is at most

and

B 1 V2PsP; [ kd K234 ——  k2Vd o\ [ kd+k*Vd
bk—%MXRMXZS \/§_1X<n3/2pl+2 n3/2 P1P2+WP2 —O proly(Pl,...,le)

Finally, applying the 5th condition, we have

b b d+ kvd
%:ak"_ k:1+0 7]‘5 :1+O ;\/»XPOI}’(P17~-~7P5)
Ly ap—bg a n

completing the proof of Claim E.2.

E.6 PROOF OF CLAIM E.3

‘We now move on to the main portion of the proof which will be devoted to showing that when the covariates X; ~ X are
drawn from a well-behaved distribution and the target variable Y; ~ N (X B, 1) are drawn from a normal distribution
around some ground truth linear model, the resulting regression is ACRE-friendly with very high probability (i.e.,
to prove Claim E.3). Recall that as we showed in Section E.4, it suffices to prove this result for the case where the
ground-truth covariance of the distribution X is equal to identity.

Main Challenge and Proof Strategy The main challenge will be that the requirements of Definition 2 (ACRE-
friendly) require statements like ¥7X~'w = small, where v and w are related to the samples of the regression (e.g.,
v, w might be two samples X;, X;) and from here on out, > = X T X denotes the unnormalized empirical covariance
(recall that we normalized the ground truth covariance to be the identity).

Because of our assumption that n > d x polylog(n), we can use matrix Bernstein to prove that the empirical covariance
is close to its expectation > ~ nl, but even for moderate dimensions d, our bounds on the overall error of this
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approximation (i.e., || — nI||) would not be strong enough to prove Claim E.3. For any fixed v, w € R that do not
depend on the sample distributions, we can easily prove sufficiently strong concentration bounds on vTX.~'w. However,
the v, w pairs for which we will need to prove our concentration bounds do depend on the samples, creating the potential
for an alignment between the large eigenvectors of > — nl and this pair.

Our proof strategy will be to expand X! into terms that depend on v, w and terms that do not. The terms that do not
depend on v, w can be tightly bounded using simple concentration bounds, and the terms that do depend on v, w will be
so small to begin with that we can bound them very loosely using the matrix Bernstein inequality (see Lemma E.4).

E.6.1 MATRIX BERNSTEIN INEQUALITY

Throughout our analysis we will often make use of the matrix Bernstein inequality:
Lemma E.4 (Matrix Bernstein Tropp et al. (2015)). Let Z1, ..., Z, be independently-distributed random symmetric
d x d matrices with mean E [Z;] = 0. Moreover, assume that || Z;|| < L and HZiE[n] E [Z2]|| < o2 then

Pr § Zill >t <2d-e —t%/2
>t <2d-exp [ —L2
i€[n] ’ 0%+ Lt/3

In many cases however, our input will not directly fit the assumptions of this inequality and instead of a statement of
the form || Z;|| < L, we will only have a statement of the form Pr [||Z;|| > L] < § for some negligible probability 4.
Therefore it will be useful for us to have an extension of this theorem to cases when the assumption fails, but with a
very small probability:

Lemma E.5 (Approximate Matrix Bernstein). Let Z1, ..., Z, be independently-distributed random symmetric d x d
matrices with mean I [Z;] = 0. Moreover, assume that for all i, Pr [|| Z;|| > L] < 6 and ||E [Z2]|| < 72, and that

HZie[n]E 2] ’ < o?, then

—t2/2
Pr .ez[:]Zi >t+nrVo| < 2d - exp <02+Lt/3> +nd

Proof of Lemma E.5. Let S = {Z € RdXd|Z =7 T} denote the space of symmetric real valued d x d matrices.

Consider the random variable (; = Z; x 1) z,||<r- At first it might seem like we can directly apply the matrix Bernstein
inequality to these new variables, and then use the fact that Z; = (; for all ¢ w.p. > 1 — nd.

The issue is that we no longer know that these {; maintain the other assumptions of the matrix Bernstein inequality. In
particular, we will bound ||E [¢;]|| and Hzie[n] E [¢:?] H from above.

Let f; denote the probability density function of Z;, and consider

E[G] = ElG] - E[Z] = /| o D

Let v, w € S?! be any two points on the unit sphere. Using the CS inequality, we have

vEle= [ wzen@)= [ et zeni) < V /. 1|z|>Lfi<z>x\/ |0z’ 2)

The first term in the RHS is bounded by

\//Ze$d Lizy>.fi(Z2) = /Pr(|Zi]| > L] < NG
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For the latter term, we use the CS inequality again:

(VT Zw) ol12 lw _ 0T 220 f. A < -
\//ZGSd TZ f1 \// 1Z H | ” fi(Z) = \//ZGSd T220f;(2Z) TR [Z2]v <

Therefore

IE[GI < 7V6

Finally, we bound the change in the variance of these variables.

Cov(¢)=E[¢] -EG* B[] 2E[27] = || > Cov()|| < [ D E[27]|| <0?

1€[n]

Therefore, we may apply the matrix Bernstein inequality (Lemma E.4) on the matrices z; = (; — E [(;] to obtain the
bound

—t2/2

yielding the main claim.

E.6.2 A USEFUL COROLLARY OF LEMMA E.5

Recall that we defined a “well-behaved distribution” to be a distribution whose tails decay rapidly when projected on
any direction. It will be beneficial to our use-case to work with a more relaxed condition on the decay of these tails, by
allowing an additional poly(n) factor. Note that any well-behaved distribution is clearly also almost well-behaved.

Definition 3. We say that a mean-zero distribution X on R? is almost well-behaved with respect to the scaling
parameter n, if it has exponentially decaying tails in the sense that

30 >0 YwesStt>0 b H<U7 2_1/2X>‘ > t] < poly(n) x exp (=9 (t9))

where
Y= E [XXT]= Covariance(X)

X~X

In the previous section, we proved a generalisation of the matrix Bernstein inequality that can deal with a small
probability that the norm bound assumption of the Bernstein inequality is violated. A corollary of this result is that
almost well-behaved distributions are closed to summation over polynomially many iid samples. More concretely:

Lemma E.6. Let X be a distribution that is almost well-behaved with respect to the scaling parameter n. Let
k = poly(n) and let X1, ..., X}, ~ X be iid random variables in R?, drawn from X.

Then, the distribution of their empirical mean (i.e., of the variable X = % Zie[k] X;) is also almost well-behaved.

Proof of Lemma E.6. Let X denote the distribution of X.

First, we note that from linearity of expectation [E [X } = % Do ek E [X;i] =0, s0 X is indeed a mean zero distribution.

Let ¥ = Ex~x [XXT]. Again, using linearity of expectation we have

S= E [XXT]= Z pp
XX 1€ k]

Finally, we need to show that the tails of X are bounded. Let v € S be any vector on the unit sphere. From our
assumption that X’ is well-behaved, for any ¢ > 0, we have

01 (03] =] om0
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Now, consider

z=(05%) = % % (0, 272%;)

We would like to bound the probability that | Z| is greater than some threshold T'.

Let Z;, = <v, »-1/ 2XZ->. These are iid random variables and our goal is to prove a concentration bound on their sum,
so we may try to use Bernstein-type inequalities to do so.

Since E [X;] = 0 and E [X;X]] = 3, we have that E [Z;] = 0 and E [Z;]? = 1. Moreover, from the assumption that X
is well behaved, we have concentration bounds on these individual variables. Indeed, for any ¢, we have that
8 L Pr{|X;| > 1] = poly(n) x exp (- (t9))

Therefore, from the d = 1 dimensional case of the approximate matrix Bernstein inequality (Lemma E.5), we have that

- - 12k
Pr[<v72_1/22¥>‘27+k 6}§ex ——2_ " | +kxpoly(n) x exp (=9 (¢€
Vo p vy poly(n) x exp (—Q (t9))
Setting t = /£, we consider two regimes. When ¢ < tyeshoia = © (log(n)/), the bound

|

<v, 271/2X>‘ > T} < poly(n) x exp (—Q (tc))
holds vacuously, since the RHS is greater than 1 and the LHS is a probability.

When ¢ > treshold, We can ensure that §; < 1/k2 = 1/poly(n). Therefore in this case for 7 = t2, we have

Pr H<% 2_1/2X>‘ > T} <Pr H<U7 2_1/2X>‘ >T+ k’\/@} <exp (—Q (71/2))+kxpoly(n)xexp (—Q (70/2))
completing our proof of Lemma E.6.
O

E.6.3 RENORMALIZATION

Our goal in this portion of the proof will be to show that the empirical covariance matrix ¥ = X T X is not far from the
expectation g = Exx»[XTX] = nl. In particular, we prove the following claim:
Claim E.7. Let X1,...,X,, ~ X be samples drawn iid from an almost well-behaved distribution X with covariance

identity. Let ¥ = Zie[n] X; X denote the unnormalized empirical covariance, and set Yg R [X] = nl. Then,

With very high probability,

S = Syl < 0 (Vad+d) = o(n)

E 1% X.X]

‘ = O (d) and with very high probability | X;|* = O (d).

Moreover, for all i, we have

Proof of Claim E.7. We prove Claim E.7 using our adaptation of the matrix Bernstein inequality (see Lemma E.5). We
will apply this inequality for the Z; = X, X — I, allowing us to obtain probabilistic bounds on

S — Sy = izi
i=1

To use the approximate matrix Bernstein, we begin by proving a bound on the norm of max; || Z;| that holds with

oy 1
probability 1 — Superpoly(m) - Note that

I1Z:ll S UX XTI+ )= 1% 7+ 1= D (e, Xi)* | +1
J€ld]
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Next, we use the fact that X; is drawn from a well-behaved distribution A" to prove strong tail bounds on the distribution
of its norm. In particular for any primary axis e; (for j € [d]), we have (e;, X;) < polylog(n) with very high probability.
Therefore, using the union bound over all ¢, j, we also have that with very high probability

2
?&}E[%’f]( { <6j s X7,> } pOlleg (n)
j€ld]

Therefore, with very high probability
12:]l < 0 (d) (20)
Next, we consider the second moment of Z;.

E[2?] = E |IX|® X,X] - 2X:X] + 1) = E || X X,X]| 1

Fix some pair of primary axis e, and unit vector v € S?~!. Recall that by our definition of X’ being a well-behaved
distribution, we have an exponentially decaying concentration bound on the projection of our samples onto either of
these axes

XlirX max {|(X, e,)|, (X, 0)|} > t] = exp (- (tY))

Therefore, a similar exponential tail bound also holds on the square of the product of these projections
p [X32X 2>}: (_9(0/4))
L X e PI(X o) 7 > 8] = exp t

In particular, we can conclude the far milder bound that the expectation of the squared product of these projections has
bounded mean:

Elecearionor]= [ pe [eaficcnrz] < |

~ XX te[0,00)

exp (—Q (tc/4>) —0(1) @21

Note that equation (21) is no longer a concentration bound that holds with high probability, but a bound on the
expectation of a random variable, that holds for any such pair v, e,. In particular, we have

mx { B [l eI ]} = o)

v,es €541
Therefore, for any v € Sd-1,

VR [IX° XiXT Jo = B (0, X0 X7 =B | 30 (0.X0% (00, X% | = 30 B [(0.X0)° (ex, X)°] = 0(d)
s€(d] s€ld]

and since this holds for all v, it is also true when maximizing over the unit sphere

| [ xix;]

— max {UTE {||Xi||2XiXiT}v} — 0(d)

veSI—1
Therefore
> 502 = Y £ 122 = 0tna) @
i€[n] i€[n]
Combining equations (20) and (22) with Lemma E.5 yields Claim E.7 O
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E.6.4 MAXIMAL NORM

We now proceed to prove that each of the conditions required for the regression to be well-behaved occurs with very
high probability. The first (and easiest to prove) is the condition that max;ef,,) X, ¥ ~1X; is bounded.

Claim E8. Ler X1,...,X,, ~ X be samples drawn iid from an almost well-behaved distribution X with covariance

identity. Let > =3, X;X] denote the unnormalized empirical covariance, and set Xy “E [X] =nl.

Then, with very high probability
~(d
max { XY 7' X;} =0 <)
n

1€[n]

Proof of Claim E.8. Let X\ denote the spectrum of a matrix. In the proof of Claim E.7, we already showed that with
very high probability ||X — Yy || = o(n) = o (min A (X4)). When this holds, we also have

AEZTH) C(1£0(1)) x %

Moreover, the second part of Claim E.7 states that with very high probability max; ¢, | X; I? = O(d).
Combining these results, we have that with very high probability

max { X]Y 7' X;} < max A (271) x {Iéé[)i]({“XvHQ} =0 <Z>

1€[n]

E.6.5 BOUNDED INNER PRODUCTS

For the next step of our proof, we show that the second condition of ACRE-friendliness of the regression holds with
very high probability. In particular, we will show that

Claim E.9. Ler X4, ..., X,, ~ X be samples drawn iid from an almost well-behaved distribution X with covariance

identity. Let > =37, XiX] denote the unnormalized empirical covariance, and set Xy “E [X] =nl.

Then, with very high probability

~ d
max {|XT871X,[} =0 <f> .
i#j€[n] ) n
Proof of Claim E.9. Denote A =¥ — X; X[ = Y {4y» and v = X;. Note that from Claim E.7, we know that with
very high probability vTA~'v < || X,[|* [|A~]| = O (£) = o(1).

Therefore, in this regime we may apply the Sherman-Morrison formula to show that

_ A lygpT AL

-1 _ T 1 -1 _
YT =A+w") T =A T oTA Tyr

Note that neither A nor X; depend on X;, so from our assumption that X" is well behaved, with very high probability

] =0 (la ) <0 (47).

n

Similarly, for our target expression, with very high probability,
ATIX; XTA
XT(AaA-t o2 et )y
e =t

XZTAilX7 1 ~ \/g
= (1- ) A —0<n

XIETIX] =
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E.6.6 PROJECTION ON THE e AXIS

For the next property of well-behaved regressions, we will want to show that with very high probability eT¥ 71 X is
bounded for all 7. Note that from the exponential decay assumption due to X’ being well-behaved would suffice to give
a good bound on eTY~1X;, but as before, the challenge will be to show that > ~1! doesn’t rotate X; onto e.

Claim E.10. Let X1,..., X, ~ X be samples drawn iid from an almost well-behaved distribution X with covariance

identity. Let £ = 3 ;1. X; X denote the unnormalized empirical covariance, and set g &ef [X] = nl. Let
e € S be any fixed vector independent of the X;.

Then, with very high probability

TX, 1
Vicn] 87X, = c to () .
n n

In particular, with very high probability

max|<E*1Xi,e>| =0 <1> = \/6 <1) x eTX " le
i€n] n n

Proof of Claim E.10. As in the proof of Claim E.9, let v = X; and A = ¥ — vvT. Moreover, because with very high
probability vTA~1v = o(1) < 1, we may apply the Sherman-Morrison formula

A lypTATL

1+vTA- 1y’

S = A+ =471 -

Therefore, with high very high probability,

TATIX, XTA-LXT
Tzlei: TA*le_ie 1<% i
€ ¢ 1+ XTA1X,
eTAT X, XTAIXT

1+ XTA1X;,

=e'S Xi+eT (A -3 Xi —

From Claim E.7, we know that with very high probability

1 ~<d+m>

47 =51 € oy A=yl = 0 42

XTAX, < |X. 2|47 = O <d> .
n

Therefore, using the fact that X; is well-behaved and independent of e and A, we have that with very high probability

ofen®)-. ()

eTATLX, XTAIXT

TN, g < (47— ngt) i+ [T

gt

E.6.7 BOUNDED RESIDUALS

For the next step of our analysis we will show that the residuals are bounded with very high probability. Recall that
under the assumptions of Claim E.3, we assume that the labels are drawn from the distribution

Y = XBy+C~ XBa+ N (6, In)

Therefore, we clearly have that with very high probability max;c,) [¢;| < log(n) = O(1) as required. The issue is that
the residuals of the regression are not necessarily equal to (.
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Recall that the residuals are equal to

RY¥Yy Xy IXTy =¢— XX 1XT¢

Claim E.11. With very high probability

Proof of Claim E.11. Fix some index i € [n].

Ri=(—XIS'XT(=¢— Y XIS X;G =G - GXTET X, = Y GXTE X, (23)
J VED)

Therefore, from Claim E.8, we have

~(d
‘RZ - <z| = E CjXZTEilXj + 0 (n> = E CszTEilXj + 0(1)
J#i J#i

This leaves us with the task of analyzing the term

XIS G =) 7
i i
where Z; = XJ¥71X;(;. To bound this term, we view the process of generating the samples as first generating the

covariates X;, and then after fixing some values for the X, it generates the errors (j.

In other words, we will show that with very high probability over the X;

1

P Z; 1 _—.
( ; i[> o)) < super-poly(n)

¢;~N(0,1)

In particular, with very high probability over the covariates, we have

Vi4i (XTS'X,) =0 (52) = Y (nx)’=0 (i) |
JeN\{i}

Therefore, fixing the covariates X;, and viewing > i Z; as arandom variable dependent on the randomness of the
errors (;, we have

Szi~N|o, Y (xTs X))’ :N(o,é(i)),

J#i jeln\{i}
yielding the claim.

E.6.8 LARGE INFLUENCE SCORES

For the final step of our proof of Claim E.3, we will show that with very high probability, there are many samples in the
regression that have relatively high AMIP influence scores.

Claim E.12. Let o; = eTS 7' X, R; denote the AMIP influence score of the ith sample. Then with very high probability,
there are is a set Ty C [n] of least ko = Q(n) “influential samples” - i.e., such thatVi € T o; > 13-

Proving Claim E.12 will also conclude our proof of Claim E.3, as this will show that all conditions required for a
regression to be well-behaved are fulfilled with very high probability.
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Proof of Claim E.12. To prove Claim E.12 we first show that a very large number of samples must have a relatively
high inner product with the axis of interest. In other words, we will show that with very high probability

it

e Ty le= &%(1) (this follows immediately from Claim E.7).

leT2 71X | > 2171}’ = Q(n) (24)

To prove equation (24), note that:

* Tiepn 757X = Digg TS XX S e = T8 e,

+ In Claim E.10, we showed that wvhp Vi (eTS71X,)* < O (1) x eT5~Le.
Therefore, we must have at least ﬁ(n) samples with ’eTZ_lXi‘ > i Let 7 be the index of such a sample. If
sign (eTS71X;) x R; > 1, then we will also have o; > 13-
In the proof of Claim E.11, we showed that wvhp |R; — ¢;| = o(1) for all i (where (; = Y; — X B are the “ground
truth residuals”, and are drawn iid from a normal distribution). In particular, wvhp Vi |R; — (;| < % — %, so as long as
sign (eTY71X;) ¢; > 1, we have a; > 75—
But (; is drawn iid from a normal distribution, so sign (eTE_lX Z) G > i has constant probability and is independent
of X;. Therefore, applying the Hoeffding-Chernoff bound, we can easily see that wvhp at least a constant fraction of

the (NZ(n) samples for which ’eTZlei} > i also have «; > m%’ thus concluding our proof of Claims E.12 and E.3.
O

F TIGHTNESS OF OHARE

In the previous section, we proved Theorem E.1 which says that for “well-behaved” data, the ACRE algorithm outputs
nearly tight bounds on the removal effects for a range of removal set sizes k. In this section, we will extend those results
to the one-hot aware version of the algorithm — OHARE .

Theorem F.1 (OHARE Bounds are Tight on Well-behaved Data). Consider a linear regression from a set of continuous
features X € R™"*% and a set of m dummy variables, representing a categorical feature By Ll --- U B,, = [n], to a
target variable Y.

For any fixed € > 0, there exists v € polylog(n) such that:

If n; = | B;| denote the number of samples that take the value j in the categorical feature, and for all j € [m], we have
n +vVd < nj < 0.49n,

that the dimension of the continuous features d is at most d < n*/® /v, and that the continuous features are then drawn
iid from a well-behaved distribution X; ~ X independently of their value on the categorical feature.

And if the outcomes Y are drawn iid from a normal distribution around a linear model of the features

Yi~e i + 0 (X Ba) N0,
—— ——
categorical contribution  continuos contribution error

for some unknown ground truth linear model (1, Bgt) € R+,

Then, for any axis e € S*=1, with very high probability, the upper and lower bounds produced by OHARE on this
regression are close to tight

1
Ui . o (poiviogios(n)
Ly, log(n)
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Sor all k < Kpreshold, Where

P . n n2 _
kthreshold =0 (mm {\/g’ ?’ nl 5}) .

Our goal for the rest of this section will be to prove Theorem F.1.

F.1 MAIN CHALLENGES AND PROOF STRUCTURE

Recall from Section F that the key idea of the OHARE algorithm is to analyse a process that is equivalent to the
regression with a one-hot encoding. In this alternative formulation of one-hot controlled regression, we first split our
samples into buckets B; C [n] corresponding to each of the potential values of the categorical feature, reaverage the
samples in each bucket

and perform a regression with just the reaveraged continuous features. The OHARE algorithm then computes the same
MSN bounds as the ACRE algorithm would, but on these reaveraged continous features and combines them with terms
corresponding to the effect a removal might have on the reaveraging process.

Our proof of Theorem F.1 will follow a similar path. We will first prove a claim very similar to Claim E.3 adapted to
the OHARE case:

Claim F.2 (Well-behaved distributions yield well-behaved regressions with high probability after reaveraging). Let
n,d,m, X,Y be as in Theorem F.1.

Then, for any axis e € S9=1, with very high probability, the regression )~(, Y is ACRE-friendly for all k < kg, for
kO — Q( 1— 5)

Note that Claim F.2 does not follow immediately from the corresponding Claim E.3 for ACRE, since the continuous
features X are no longer drawn iid from a well-behaved distribution as the reaveraging step could have changed them

and similarly the reaveraged labels Y are not drawn iid from a normal distribution around a linear combination of the
continous features. The proof of Claim F.2 will follow a very similar path to the proof of Claim E.3, but will also have
to account for these additional corrections.

Finally, we will prove that the additional corrections taken into account by OHARE will not change the upper and lower
bounds too much, yielding Theorem F.1.

F.2 PROOF OF CLAIM F.2

We begin by adapting the analysis from the continuous features (Claim E.3) to the reaveraged samples. Throughout

this section, let X € R™*? denote just the continuous covariates and X € R™*¢ denote the reaveraged continuous
covariates.

As in the proof of Claim E.3, we normalize our samples so that the ground truth covariance of the continuous features
is equal to the identity, and denote by ¥ = XTX € R*4 the unnormalized empirical covariance of X and by

¥ = XTX e R%* denote the unnormalized empirical covariance of the reaveraged samples covariates.
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F.2.1 REAVERAGING

The first step of our analysis will be to show that with very high probability the reaveraging step makes only a small
change to the covariates as well as the target variable. Let j € [m] be the index of any bucket of samples and let

5;':%2:&': E [Xi]

7 ieB; “€B;
1
Yj n, ieZBj ich, [Yi]

denote the averaging effect for this bucket.
Claim F.3. The mean and covariance of §; are

E[§]=0

1
E |:§j §j ] nj

Moreover, with very high probability

& <0 (\/d/nj) — (/)
ly; — 15 — (&, Ba)| < O (1//75) = o(1)

Finally, the fourth moments of &; are also bounded
2 d
AR Ee <n>
J

Proof of Claim F.3. First, recall that our covariate distribution A was normalized to have mean 0 and covariance
identity, yielding the first part of Claim F.3 immediately from the fact that &; is the empirical average of n; iid samples
drawn from X

Recall that we assumed the target variable was drawn from a normal distribution
Y~ i+ (X, Ba) + N (0,1)

In particular,

E [Yi] - — E [(Xi, )]
i€ Bj i€ B;

is the empirical average over n; samples of this normal distribution, yielding the claim that with very high probability
ly; — 1y — (& Bar)| < O (1/y/m5) = o(1).

The rest of Claim F.3 will follow from a combination of Claim E.7 (which bounds the norms and higher moments
of well-behaved distributions), and Lemma E.6 (which states that the sum over iid samples from a well-behaved
distribution is also well-behaved).

Indeed ¢, is the empirical average over n; = poly(n) samples from a well-behaved distribution X, so Lemma E.6
ensures that for all 7, the variable ,/n;¢; is well behaved, and, as noted above, it has covariance identity. Therefore, it

follows from Claim E.7 that
) d
e [lg 1 &5¢t] | < 0 (n

&l < 0 <\/d/7>

and that with very high probability
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F.2.2 RENORMALIZATION

Let Y = X7X = Zie[n] XiXiT be the unnormalized empirical covariance of the continuous features, and let

Yo = nl = E[X] be the ground truth mean of these features. We continue along the same lines as the proof of
Claim E.3 by adapting Claim E.7 to the reaveraged setting:

O (d+m).

In particular, due to Claim E.7 and the triangle inequality

|- < |[E-5|+ 15 - Sall = 0 (Vad + d+m) = 0 (Vad+m) = ofn)

Proof of Claim F.4. We have

S=) XX =) (Xi—&0) (Xi—&m) =D XiXT =D &oéln =S — Y mi&e]
i€[n]

i€[n] i€[n] i€ln] j€lm]
Therefore, it only remains to bound
> G0 = | 22 &
i€[n] JE€[m]

We do this using our approximate matrix Bernstein inequality — Lemma E.5. Let Z; = n;§;(; )ﬁj(l

In Claim F.3, we showed that E [Z;] = I, that E [Z7] = E [n? 11117 fjﬁjT] has bounded norm

[ [n2 g1 &3¢

=0,

and that with very high probability N
1251 = ns 111" = O(d).

Therefore, from Lemma E.5, with very high probability

Nz < ZZ—ZE ; +m:5(d+\/@+m):5(d+m)

Jj€[m] J€[m] JE€Im]

Finally, recall that we assumed to have at least n° samples in the smallest category. Therefore, m < n'=¢ < n,
completing the proof.

O

F.2.3 MAXIMAL NORM

We proceed to prove that each of the conditions required for the regression to be well-behaved occurs with very high
probability. The first (and easiest to prove) is the condition that max;c[,,) X ¥ -1 X, is bounded.

Claim E.5. With very high probability
~(d
max { X721 X} = 0 ()
i€[n] n

Proof of Claim F.5. Let A denote the spectrum of a matrix. In the proof of Claim F.4, we already showed that with very
high probability Hi‘ — 5|| = o(n) = 0 (min A (Sg)) (where S = nl). When this holds, we also have

A (i*l) C(1+o1)) x L.

n
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Moreover, in Claim E.7 we show that with very high probability max; ¢, || X; | = O(d). Combined with Claim F.3
< |1+ [|¢co) || = O (V) with very high probability.

1=o()

and the triangle inequality, we can derive a bound on H)N( i

Therefore, with very high probability

frel%f]( {)?ZTE_IXZ} < max{)\ (i_l)} X ?61%({“)@

F.2.4 BOUNDED INNER PRODUCTS

For the next step of our proof, we show that the second condition of ACRE-friendliness of the regression holds with
very high probability. In particular, we will show that

Claim F.6. For M € {2*1, -1 } the following inequalities hold with very high probability

~ d. /i
 {lgareal) =0 (LY (148 )
J17#j2€[m] Ny /M, N, n

+ —lies,

URVALT nn;

o)

Claim E.9 proves the third inequality of Claim F.6 for the case where M = X ~!. The following Lemma F.7 will prove
the first inequality for this same case.

Lemma E.7. Let j; # jo € [m] be the indices of two distinct buckets, and let ¥ = XTX = Zie[n] X; X denote the
unnormalized empirical covariance of the unaveraged samples.

vi € [nl,j € [m] XJM@I:@(ﬁ d )

max HX’J M7'X,,
i1#£i2€[n] 1

With very high probability

~ d. /i
1YL =0 (ﬁ X (1+n“>> .
! VI Ty, XN n

The proof of Lemma F.7 is very long and technical, and we devote Section F.3 to it. For now, let us continue with our
proof of the rest of the inequalities in Claim F.6 assuming Lemma F.7.

Proof of Claim F.6. We begin by bounding the inner product between the bucket averages through the covariance Dty
Define

g}-liilgh
J1,J2 Vd % (1 + d\/nﬂ'l)

Mj Mg XN n

Our first goal will be to show that with very high probability n = O(1).
Consider the following identity (where A and B are d x d matrices such that A and A — B are invertible):
A=(A-B)+B.

Multiplying this equation by (A — B )_1 from the left and A~! yields the following identity that we will use in our
analysis.

(A-B) '=A"'4+(A-B)'BA! (25)
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We apply equation (25) for A=, B =% — Y= Zje[m] njfjg, giving us the identity

571 = 271 + Z iflﬁjnjngE*l .

JE[M]

Therefore, from the triangle inequality,

d./m; ~
URS _vd X (1 + nh) = ’5}12_163'2
VI g1 n

<|g 3l + D [ S gnieln |

J€[m]

For all j # j1, j2, from Lemma F.7, with very high probability

~ d d2’l’Lj
:0<’7nz W(“ n? )) |
717792

HRR LD I

Therefore, with very high probability

J#J1,d2 n \/m n \/m Nj N, N

where the last step utilized our assumptions that m < - < % and that n# > d°.

- d. /i
:O( d X g, X \/a (1+ nJl)):
n X nj V1 e n

:6(\/% <1+d\/n@>).

When j = 51, we have

T YR,

T3—1 T yv—1
‘jlz gjlnjlgjlz sz

Similarly, for j = ja, we have

€1 5l meT v e,

(e 42)

Therefore, with very high probability

o ’5}127153‘2 |§}1271£j2| +Zj€[m] g;rlzilgjnjg;-zilgjé - 6 1
" —Vvd__ x(1+—dm> a —Vd x(1+7dm> — oWl

Therefore, with very high probability n = O (1), proving the first portion of our claim.

Next, consider a term of the form X i_lfj. To bound this term, we open »-1 again using equation (25). Indeed, we
have

X157 | < |xT5 g |+ Y [XTS g
j/

Define
1 & — %X, 1€ B,
Gij =& — —Xiliep, = ! J . ’
n; & i ¢ B
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(i,; over B; bucket had the X; sample been replaced with the 0 vector. Note that with very high probability
lieB. ~ (dlicn,
-1 i€B; 2 1 i€EB;
XTE 6 - Gl < S R 2 = 6 (G2 )
To proceed, we apply the Sherman-Morrison identity with v = X; and A = ¥\ y;3 = ¥ — vvT, to show that

A lppTA!

gl A
1—vTA- 1y

Moreover, because both A and (; ; are independent of the 7th sample and & is well-behaved, with very high probability
Vd
A /le’n

[XIA7 G = O (|47 6l = 0 (

Combining this with the Sherman-Morrison formula, we have

—1vy. N
| XTS5 = (1 XTAX) | XTATYG ] = O( Vd > :

B 1-— XLTAilXZ VAL

Therefore, for all j € [m], with very high probability

- Licp,d
| XTx1¢| =0 Vd_, Liend)
) \/1in n;n

Therefore, with very high probability
> [xrs g s <
]

j'elm

=~ d]-’L i d i’ s
cy o e (Y (145 4 Loyt

_ Z 6 d i d2 /nj/ n d3/21j:j/ i d3/211,ij/ « (14 d« /T g N d21i€B]‘1j:j’ _
n?/n; = n3/m; /N2 /T2 n n;n?

~ liep.d ~ mnd? 3/2 dlicn. ~ lien.d
o (\/Zl + eB]>+O< md mnd d + eB]):O<\/a + eBJ)7

Jn n;n n?,/n; + n3,/n; + NOa nn; Jn nn;

where the last step utilizes our assumptions that m = O ( %) and that &> = O (n%).

Finally, let iy # i2 be the indices of two samples. From Claim E.9, we have that with very high probability
| XTI 571X, | = 0 (%) Opening ¥~ again using equation (25), we see that with very high probability

XTS5,

< XIS Xa|+ Y X R gnel ST X,
jeim]

~ ~ Li,en.d li,en d
n jem) ‘/njn TLj?’L ,/njn njn

where npmin = min; e {n;} = Q (\/g)
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F.2.5 PROJECTION ON THE e AXIS

For the next property of well-behaved regressions, we will want to show that with very high probability eT¥ 71 X is
bounded for all 7. Note that from the exponential decay assumption due to X’ being well-behaved would suffice to give
a good bound on e Ef;lXi (where ¥, = nl), but as before, the challenge will be to show that >~ ! doesn’t rotate X
onto e.

Claim E.8. With very high probability

Vi € [n] <§—1)~Q,e> X, <1> .

n

In particular, with very high probability

(571%,.c)| =0 <;) - %3 (i) X TS

Our proof of Claim F.8, will make use of the following Lemma F.9 that will also be proved in Section F.3.

max
1€[n]

Lemma F.9. For any j € [m)], with very high probability,
~ 1 d/n;
erste] =0 (s < (1+72))
ny/m; n

Proof of Claim F.8. As in the proof of Claim F.6, we will use the matrix identity in equation (25) to show that
sl=x-lyn-lon !,
where C =¥ - ¥ =3, n;&E].
Define B
n & max {'eTE%{j’}
j€[m]
Using Lemma F.9, we see that with very high probability

_ ) - - ~(1 _ (mVd+d (1
= ’eTZ 153-‘ < |e™® 1£jl+;‘6TE RIZUTI 151" =0 <n X (n\/@» :O<n ﬂj) '

Opening >~ again, we have

TNl T,

()

€Ti_1X1‘ - €TE_1XZ" S Z ‘eTi_lfjnjijE_lXi
Jj€[m]

= Z O| ——= xn;x + — =
jemml T, /ﬂj N /le ij

= 6 \/gm + d =0 l .
n? 12/ Mmin n
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TYlX, — eTz—lxi‘ -y

J€[m]

From Claim E.10, we know that with very high probability
eTX i

eTETLX; —

Therefore, from Claim F.6, with very high probability




Altogether, we have that with very high probability
eT X, i
n

GTXZ‘

eTfJ‘IfQ — < ‘eTi_lfj(i) GTE_lXi —

T ‘eTi—lxi _ eTE_lXZ-‘ T

~(2)

F.2.6 BOUNDED RESIDUALS

Recall that we assumed that the samples of our regression were drawn from a ground truth linear model plus an iid
normally distributed error. Therefore, in order to bound the empirical residuals, it suffices to show that they are close to
the ground truth residuals with very high probability.

In particular, in the setting of Theorem F.1, we assumed that

N~~~ N—— N——

categorical contribution ~ continuous contribution error

Define the ground truth residuals to be
Rgt - (3/1 - /‘l‘j(l) - <Xi’5gt>)i€[n] )

and the empirical residuals to be
R=Y -XB=Y - Xy !XTY.
Claim F.10. With very high probability,
IR = Rl = ol1).

Proof of Claim F.10. Denote
o def 1 1
e = TT Z Yi = Ky +§;6gl+ ?7,7 Z (Rgl)i

7 ieB; 7 ieB;
From the definitions of the residuals and the ground truth residuals, we have

Ri = (Ry), = (Yi = 15 = (X = &))" B = (¥ = mjoy — X[ B) =

1
= T T T —
= &0y P — o) ,'/EEB: (Ret); — X (B — By) + B =
J(4)
1 ~
= _n‘ . Z (Rgt)q;/ - XyT (5 - ﬁgt) .
J(l) i/ij(i)

Expanding on the difference between the results of the reaveraged OLS and the ground truth linear model, we have

B — B = SoIXT (17 - Xﬁgt) =7IXT <Yz - ﬂ;(i) - (Yz — MG — (Rgt)i) + f}(i)ﬂgt>

i€[n] N

1 1

=y IXT (Rgt)i *fg(i)ﬂgt - T() Z (Rgt)i/ Jrg}(i)ﬂgt =
A i/EB'(i) ic
’ i€[n]

1= 1

=¥1XT (Rgt)l- - Z (Rgt>i/
n](l) i €Bjiy iein)
Therefore,
1 Sro 1
Ri — (Ry), = — Y (Ry)y —XIST'XT | (R ——— Y (R,

n vy
10 ireBjq
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Summing over the contributions of the second term, we have

1

Tj(ix)

> (R | = X XIS (X - giany) (Baye ~

S 5% (R, -
i*G[n] i’GBj(i*) i*G[n]

o (5 () w0 (L 1 £)).

i*€[n]

so with very high probability this contribution is bounded in absolute value by o(1).

1 1 1

> (Ra)y ~N (0, —N(o0(=)),
Nils gt/q Lo €
5(4) i/ij(i) nj(l) n

so with very high probability this term is also o(1), concluding our proof of Claim F.10.

Similarly,

F.2.7 LARGE INFLUENCE SCORES

For the final step of our proof of Claim F.2, we will show that with very high probability, there are many samples in the
regression that have relatively high AMIP influence scores.

Claim F.11. Let o; = eTi_l)?iRi denote the AMIP influence score of the ith sample. Then with very high probability,

there are is a set Ty C [n] of least ko = Q(n'~¢) “influential samples” — i.e., such that

wer oz (L) o (1)

Proving Claim F.11 will also conclude our proof of Claim F.2, as this will show that all conditions required for a
regression to be well-behaved are fulfilled with very high probability.

Proof of Claim F.11. The proof of Claim F.11 will follow the same approach as our proof of its ACRE counterpart —
Claim E.12. Indeed, we first note that from the definition of X~ and Claim F.4, with very high probability,

=2 e e - 1401
> (eTE*lXi) =Y TS IXX, S le=eTSe = 1+o(1)
i€[n) i€[n] "

Moreover, from Claim F.8, with very high probability, the contribution of each individual sample to this sum is at most
O (% )-fraction of this total. Therefore, with very high probability

i§

As in the proof of Claim E.12, we note that Claim F.10 guarantees that with very high probability Vi |Ri — (Rgt)i| =
o(1) < %. Moreover, because the ground truth residuals (R ), are normally distributed independently of anything

else, it follows that so are p; def sign (eT 2~3_1)~(i) X (Ry)

=Q(n).

552 )
— 2n

i

Therefore, with very high probability, at least © (n'~¢) of the samples such that |eTE~1X;| > L have p; >

Q(y/log(n)) (this is because we can set the constants in the €2 to be such that the probability of each of p; being above
this threshold is > n ¢, allowing us to apply Hoeffding on the € (n) iid p;).
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Therefore, for this set of samples it holds that

o =TS X R; = (1+0(1))

_Q< log<n>> .

O
F.3 PROOF OF LEMMAS F.7 AND F.9
Recall the lemma we wish to prove:
Lemma F.12. Let X1,...,X,, ~ X be n iid samples of a well-behaved distribution X with covariance I;x 4. Let

&= % Zle[k] X; be the empirical average over the first k < 0.49n of these samples, and let v € R? be any vector that

is independent of these first k samples (but may depend on the other samples). Finally, denote by y & Z X X7
the unnormalized empirical second moment of these samples.

Ty-1y o] vk
eri-o(i-(+45)

Clearly, Lemma F.12 implies Lemma F.7 (set { = §;, and v = §;,) and Lemma F.9 (set { = {; and v = e).

Then, with very high probability,

F.3.1 PROOF SKETCH

We will split the proof of Lemma F.7 into 3 main steps. To do this, let § = Z?:kﬂ X;X] = Ypu)\x be the
contributions to the empirical covariance due to samples not amongst the first k, and let C' = X — S be the contributions
from within the bucket. From a standard analysis, so long as C' < S, we have

logloylosTl =5 - 5TlosT - (2T - s s,

and these components will correspond to the main components of our analysis. We will show that the inequality C' < .S
holds with very high probability, before proving the following claims over the rest of this section:

Claim F.13. With very high probability
TS_l’U _ 6 ( HU” )
€757 N

Claim F.14. Let w € R? be any vector that does not depend on the first k samples.

leTs~1Cw| =0 ('\%” <1+df>>

Claim F.15. Let w € R be any vector that does not depend on the first k samples. Then, with very high probability,

(s - wl -0 (Id (10 24F))

The proofs of Claims F.13, F.14 and F.15 will grow progressively more complex and each claim will build on ideas

from the previous one. Throughout the latter two, the key challenge will be to deal with cases where both the o k&

term and the C' or ¥ multiplicand may depend on the same samples.

Then, with very high probability,

In these cases, we will proceed by applying a sort of divide-and-conquer approach by splitting the bucket into two
subsets. For instance, instead of analyzing (TS ~'Cw directly, we will split the samples in the bucket into two subsets
and track their contributions to both ( = (4 + (; and C' = Cy + C;.

(TS 'Cw= (¢ +¢1) S (Co+ Cr)w =
:CJS_lCow+ClTS_lClw—i—(lTS_lCow—i—CJS_lClw (26)

diagonal terms off-diagonal terms
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The “off-diagonal” subsets will be relatively simple to bound as they contain inner products of independent vectors in

R (and this independence will give us a 1/ V/d scaling to their inner product), and the diagonal elements will be split
again recursively. This will also leave us with a large number of “single sample” diagonal elements of the form

XIS X XTw

These single-sample terms will no longer enjoy the same 1/+/d scaling the other terms gain due to independence, but
will instead gain a sort of 1/k scaling, because instead of having k2 sample-times-sample contributions in

(TS0 = Y XTAXy XTw
4,1’ €[]

we have only k terms in the sum
> XTAX Xw
i€ [k]

Finally, in Claim F.15, we will have 2 types of diagonal vs off-diagonal splits. The first will be to track the cases where
¢ and C' may depend on the same samples and will be very similar to our analysis of Claim F.14. The second and much
more difficult of the two will be dealing with dependencies between ¥ and (.

F.3.2 SETUP AND PROOF OF CLAIM F.13

Recall our assumption from Lemma F.7 that & < 0.49n. Therefore n — k > 0.51n > k + Q(n).

Let S = Z I\ [k] X;X] = X\ (]- From Claim E.7, we have that with very high probability
1S = (n=k)I|| = o(n).

Combined with Lemma E.6, which shows that £ is well-behaved, we have that with high probability

€T~ =0 (;E x ||S‘1v||> -0 (\}E x max { A (571)} ||7)||) -0 (\/%”M)

Our goal for the rest of the proof will be to show a similar bound for éT¥"'v. Let S and C = ¥ — S be our “main”
and “correction” terms. Applying Claim E.7 again, we have that with very high probability C' < kI + o(n) <
(n —k)I —o(n) < S, soboth S and I + S~1C are invertible. We have

-1

T (S4+O) T =T+ S50) T ST =S - (TS5 0) T STles T =5 e los !

Therefore, it remains to bound TS ~1C S~y = £TE~1Cw (where w = S~'v) in absolute value. To do this, we once
again use the intuition that in some sense S ~ ¥, and first bound £7.S~1C'S~'v. We will then slowly break down the
difference between 7S~ C'S™ 1w and £] ¥ ~'C'S~"v into a series of corrections and bound each of these corrections
in absolute value. ‘

F.3.3 PROOF OF CLAIM F.14

Before proving Claim F.14, we prove a lemma that will help us in our analysis.
Lemma F.16. With very high probability

|Cull = O ((k+ Vid) Jwll) -

Proof of Lemma F.16. At first glance, it might seem like Lemma F.16 should follow immediately from Claim E.7, but
this is only true when k£ = Q (d), and we will want to apply Lemma F.16 even when k < d.

We prove Lemma F.16 using the approximate matrix Bernstein inequality (Lemma E.5). Indeed,

Cw—ZXXTw—sz,

i€ (k] i€ (k]
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. .. def
can be written as the sum of k£ iid vectors v; = Xin-Tw.

From the fact that the X;s are well behaved and independent of w, we have that with very high probability,

loill < Vd [lw]] .

Moreover, from our assumption that X" has covariance identity, we have that

Ev] =E[X;X]|w=ITw=w.
Finally, from Claim E.7, we have that
E Il = w'E || X.XT [w = O (d ) -
Therefore, applying the approximate matrix Bernstein inequality on the standard embedding matrix

Vi = <0 %T) € R(A+Dx(d+1)
1 v 0 )

%

yields the desired result. O

We now return to the proof of of Claim F.14.

Proof of Claim F.14. Let &ef k&= iclk] X;. Using this notation, we have

1
787 Cw = ECTS_le (27)
We will bound the RHS of equation (27) by breaking the contributions to ¢ and to C' into smaller and smaller subsets of

the bucket [k].

We will split the contributions from the first k samples into “clusters” based on their index modulus some number, and
the assumption above is just to ensure that the subsets are of roughly equal size.

Indeed, for any string of bits a = (ay, . .., a;) € {0,1}", define the ath cluster of samples to be the set of indices from
[k] whose bitwise representation ends with the string a:

Co = {i € [K][i mod 2! = ag +a12" +---a,2'}

If € is the empty string, then C. = [k], and for all a, we have
Ca = CaO U Cal

Similarly, we may split the contributions of samples in [k] to C' and { based on their cluster

C. =Y XiXT

i€Cq

Ca déf ZXi

i€Cq

(28)

Moreover, we have the property that C, = Cyo + Cy1 and (, = (40 + (a1 Using this property, we may begin to split
the RHS of equation (27) to smaller components

(TS 'Cw = ((o+ 1) A(Co+ Cr)w =
:CJS_lCow+ClTS_lClw—i—ClTS_lCow—i—CJS_lClw (29)

diagonal terms off-diagonal terms
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We split the terms in the RHS of equation (29) into “diagonal” terms which correspond to the contributions where the
C term and the ¢ term correspond to the same samples and “off-diagonal” terms where ¢ and C' depend on disjoint sets
of samples.

To bound the contribution of the off-diagonal terms, we note that for any bitstring a = (ay, . . ., az), it holds that (,
is well-behaved (as it is the sum over |C, | iid samples from X') and has covariance |C,|I = © (£) I (this is because
ICal| = %). Moreover, the other terms in the product do not depend on the samples in C,, so with very high probability

[Ts7 | = O (Ve x [|s~ ) -
Moreover, applying Claim E.7, we have that with very high probability

1S = (n = K)I]l = o(n) = |5~} = O (1> ,

n

and applying Lemma F.16, we have that with very high probability,

|Crwll = O ((k+ Vid) Jwll)
Therefore, with very high probability

Igs~'Cw| =0 (\/E x Hs—lclwu) =0 (\/Ek—i—;/m |

wll) ,

and similarly for the other off-diagonal term, with very high probability

\CIS‘lcowyz(?(\f“\ﬁn ||>

It now remains to bound the diagonal terms. Consider (] S~ Cyw. We can open up the next bit of the indices of the
samples to obtain

¢§S™ Cow = (oo + Co1)T A (Coo + Con) w =

— /T o1 T g1 T g—1 T g—1 (30)
= COOS C()Qw + <01S me + <OOS C(n’LU + §01S Co()’w

We split the RHS of equation (30) again into diagonal and off-diagonal terms. The off-diagonal terms can be bounded
again in exactly the same manner and the off diagonal can again be split by specifying another bit of the sample indices.
Applying this logic recursively, we have

Diagonal, = (TS~ 'Cw = ¢S~ Cow + (T S~ Crw + (] S~ Cow + (J S~ Crw

Diagonal, Diagonal Off-Diagonal; , Off-Diagonal, 1

= Diagonal, + Diagonaly, + Diagonal;, + Diagonal;; + Off-Diagonal, , + Off-Diagonal, ; +
+ Off-Diagonaly, o, + Off-Diagonaly, o, + Off-Diagonal, ;; + Off-Diagonal,; ;5 = --- G
t=[log, (k)]

-= ) Diagonal, + Y > Off-Diagonal, ,; + Off-Diagonal, ,,
i€lk] =1 ae{0,1}*

From the same analysis as the one above, we see that for any bitstring a € {0, 1}" and bit b € {0, 1}, it holds that with

very high probability
Ca +\/c k+W
(wc [Cal =V ICeld ||) ( o pEE VR, ||>
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Union bounding over the O (2!) = poly(n) off-diagonal combinations, we see that with very high probability they are
all bounded. Summing over these off-diagonal terms gives us

t=|—10g2(1€)-\
Z Z Off-Diagonal,, ,|, + Off-Diagonal,,|; ,o| <
t=1 a€{0,1}*

t:flogz(kﬂ
< 3 ( ff’”rn |> (xf’”‘ﬁn ||>

t=1

Now, consider a Diagonal, term XJS~!X; XTw. Because w is independent of the ith sample X;, with very high
probability,
[ XJw| = O (Jlwl) ,
and from Claim E.7, we have that with very high probability,
~(d
s < 1P s 7 =0 ()
n

Therefore, from the triangle inequality, with very high probability

kd
Z Diagonal, | < Z |Diagonal,| = ( ||w>

ic[k] i€[k]

To-1 [[w]] vk
cror-o{sf-(5))

concluding the proof of Claim F.14. O

Altogether, we have

F.3.4 PROOF OF CLAIM F.15

In the previous portion of the proof, we bounded £T.S~!Cw, when w is independent of £. The rest of our analysis will
be devoted to bounding the effect that replacing S~! with X! will not make this inner product much larger.

As in the previous portion of the proof, we set ( = k&, and separate samples into clusters based on the least significant
bits of the bitwise representations of their indices. In particular, for any bitstring a, let C,, {, and C, be as defined
above, and define

Sa=Y-Co=3ppc, = Y, XiX]
i€[n]\Cq
to be the unnormalized empirical covariance of the samples not in the C, cluster.

As in the proof of Claim F.14, we will separate the contributions to (T (S~! — £7!) Cw based on the cluster of the

samples and label these contributions as diagonal or off-diagonal based on whether or not the same samples were used
in(and C.
(TS =S Ow=(G+¢)(STH=21) (Co+ C1)w =

= (S -2 Couw+ (ST -7 Cw+
diagonal terms (32)
+g (ST - Y Gw+{ (ST =27 Cow

off-diagonal terms

In other words, we have the recursive formula that for all a € {0, 1}*,
Diagonal Term, = Diagonal Term,, |, + Diagonal Term,,, +

33
+ Off-Diagonal Terma|01a|1 + Off-Diagonal Terma‘lya‘o 53
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Applying equation (33) recursively, we have

(T (57! = £7") Cw = Diagonal Term, = - - - = Z Diagonal Term,+
i€[k]
[log (k)]
+ Z Z (Off—Diagonal Term,, o, + Off-Diagonal Terma|1,a|0)
t=0 qae{0,1}*

In Claim F.17, we will bound the off-diagonal terms. We will show that with very high probability,

Off-Diagonal Terma)b| =0 <\/|Ci (\Cb\ +/|Cp| ) x |lwl| x (1 + M))

— < a|+\b|)/2f (;H\ﬁ) x [Jwl| x <1+ M))

Since in our case |a| = |b| = ¢, we may conclude that with very high probability

|Off-Diagonal Term,, | = 9] (2_t\/§ X (k + vkd) X |lwl x (1 + M))
’ n

Applying the triangle inequality, with very high probability the total contribution of all the off-diagonal terms is of order
[log(k
Z Z (Off—Diagonal Term,, o, + Off-Diagonal Termau,a\o) =
t=0 qae{0,1}*
[og (k)1

Z Z ‘Off -Diagonal Term,, .,
t=0 qe{0,1}*

“c%m 5 O<2 tﬁx(;ﬁf) ||w|x<1+M>>

t=0 aec{0,1}*

Flog(k)]
Z O(ﬂx (k+ VEd) x Jlw] x (1+M>> =
—6<\£x (k+\/m) x ||lwl| x <1+M>>

This leaves us with only the “single-sample” diagonal terms
Diagonal Term; = X (S™" = ¥7') X; X[ w

+ ‘Off -Diagonal Term,,;

To analyse this term, simply note that from Claim E.7 and the CS inequality, with very high probability,

XIS - x| < IXIP (IS + =) =0 (d) |

n

Moreover, from our assumption that X; ~ X is well-behaved and that w is independent of X;, we have that with very
high probability

| XTw| = O (Jwl) .

Therefore, with very high probability

— Z |Diagonal Term,| = <|w|| X \/E> .
ze[k] \/E "
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Bounding the Off-Diagonal Terms
Claim F.17. Consider the off-diagonal term

gt -2 Guw
where a # b are bitstrings representing disjoint clusters C, N Cp, = (.

With very high probability,

(s -2 Cuw=0 <m (16l + Viald) ] (1 ’ M>>

Proof of Claim F.17. Our goal is to bound the following term in absolute value

gt =2 Cw.

The difficulty in analysing this term is that both (, and (S -1 2_1) may depend on the same samples. To circumvent

this, we begin by splitting (S’_1 — E_l) into a term that is easy to deal with and a small correction:
(571 —m ) = (ST -85 4+ (S5 —nY
where S, =X - C, = Zigca X, X[

The first component has the property that it does not depend on the samples in C,, while {, depends only on the samples
in a. Therefore, because (, is well-behaved with covariance |C,|I, with very high probability

I (571 =871 Gyl = O (VIGl | (57" = 8:7) G
We begin by bounding the norm of (S 15 *1) Cpw. First, we note that Lemma F.16, with very high probability
ICywll =0 ((Ics] + VICold) ol -

To continue, we bound the norm of (S - S, ) LetA=S,and B=S,—S = Z €[k]\Ca X; X We utilize the
identity

(A-B) '—A'=(A-B) 'BA™!
as well as Claim E.7 which states that with very high probability H (A—B)~

A7 = O (5) and that | B|| =
0] (k 4 d) to show that with very high probability

kE+d
-1 _ g-1

s~ - 52 =0 (“41)
Therefore, with very high probability

G2 (57 = 557) Cunl = 0 (VIGT x “5 x (16al + VIGI) x ) =
—0<W (16l + V1Cold) x |w||)

It remains to bound the contribution of the S; ' — ¥~ term, which brings with it the added difficulty that it may depend
on the samples in C,. To bound the effect of this term, we split the contributions to ¢ once more

Hard Term, 3 =] ¢ (S;l - 271) Cyw =
= (Ca0 + )T (S, =27 Cpw =
= (lo (521 = Sa0) Cow + ¢y (S, = S5) Cow +
Easy Terms
+Clo (Sa0 =271 G + ¢4y (Sa' —E71) Cow =
Hard Terms

= Easy Term, , + Easy Term,,; ;, + Hard Term,,, + Hard Termg 5

(34)
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We split the right hand side of equation (34) into “easy” terms which can be dealt with using the same logic above and
hard terms which can again be split into smaller easy and hard terms. Applying equation (34) recursively, we have that:

Hard Term,, ;, = Easy Term,, , , + Easy Term,, , , + Hard Term,o , + Hard Term, , =

log(|Ca)+1 (35)
= Z Hard Term; ; + Z Z Easy Term,, .
1€Cq t=1  4'c{0,1}t!
z€{0,1}

To bound the easy terms, we note that as in the analysis above, the samples included in their ¢ are disjoint from the
samples included in their other factors. Therefore, with very high probability

Easy Term,, _ ,| £ |¢T @f—s;ﬂmwzé(MMMxH@f—sg)aﬂo
Recall that we showed above that with very high probability

ICvwll = O (Gl +V/GId) x flw]) -

From here, we set A = S, and B = Cyz = S,, — S,, and recall the identity
(A-B) ' —A'=A"'B(A-B)"!

to obtain the equation

St =8, =5, CazS,

From here, it might be tempting to simply bound the norm of this product, but that would result in too loose of a bound.
Instead, we perform the somewhat finer relaxation

(527~ 522) o] = 182 Cu; o] < 1552 [ Coz o]

The advantage of this finer analysis is that we can now use Lemma F.16 again, but this time on the matrix C,z. Indeed,
S, depends only on the samples outside C, 2 C,z, C}, depends only on the samples in C, which is disjoint from C,, and
S and w do not depend on the first £ samples. Therefore, C,z is independent of them all, so applying Lemma F.16, we
have that with very high probability

ICaz85 o] = O (1Cazl + V/ICuzld) x |15 o] < O (ICazl + v/[Cazld) x ||| Gyl =
~ CaE V Ca? d
=0 <||+n| X <|Cb| + \/|Cb|d) X |w||>
Altogether, we have that with very high probability

~ Co|l ++/IC
EasyTerma,Z,b]:O<\/7|C Cal F (|cb|+m)x||w||>-

Therefore, for a’ of length ¢t — 1, we have |Ca|a,

~ 274, |, so with very high probability

‘Ca|a/

|Cajar|d

’Easy Term =0 |Ca‘a,

x (1ol + V1GId) x ]l | =

’
ala’,z,b n2

~ [ 2712|C,| + /|Cald
:OGKRMX R 'x(m+¢@®xw0
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Therefore, summing over all of the easy terms and applying the triangle inequality, we have that with very high
probability

log(|Ca|)+1 log(|Cql)+1
Z Z Easy Term,, o/ . ;| < Z Z ‘Easy Term,, . 4
a/€{0,1}t1 a’e{0,1}" !
z€{0,1} z€{0,1}

_ (ﬁc‘lH\/d'T (|cb|+\/|CT)><IIw>
:5<m (|C|+\/ICT)><||U)||>

It remains to bound the single-sample hard terms. That is, we want to bound
n-1

Using the same matrix identity as in the previous terms, we have that

—1 -1 _ 1 —
Sl — 5T =STIXXTS

[n ]\{ }
Therefore, with very high probability, we have
XT (Sphy = 571) G| < 1Kl || (S oy = =71) G| =
— |1 Hz GXTSL }waH <
1
< I [ 1%l [ XTS5 5y G| < a6
< UK =10 % O (||Zpa ey Coe]|) =
1 ~(d(lel+ Vi)
=0 (1% [ [ S gy NCvell) = O > Jw
Therefore, from the triangle inequality, with very high probability
~ d(|Cy + vCpd
3" Hard Term; ;| < Y |Hard Term; 3| = O <|ca|(|b2b|) ||w|> :
: : n
1€C, 1€Cq
completing our proof of Claim F.17. O

F.4 PROOF OF THEOREM F.1

Recall that the OHARE algorithm works by computing each of the MSN style bounds produced by the ACRE algorithm
and then adds a correction term to each one, where these correction terms correspond to the indirect removal effects due
to the change in the reaveraging step.

In the previous subsection, we proved Claim F.2 which shows that with very high probability the ACRE components of
the OHARE algorithm will produce good bounds on well-behaved regressions with categorical features. In order to
conclude Theorem F.1, we would also need to bound the higher order corrections that OHARE takes into account.

Finally, note that for the case of an unweighted one-hot encoding, we have u; ; = 1;¢ g, (i.e., the columns corresponding
to the dummy variables are indicators of their respective buckets).
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F.4.1 INDIRECT CONTRIBUTIONS TO THE FIRST ORDER TERM

Analysing the indirect contributions to the first order term in OHARE will require significantly more care than our
analysis of the higher order terms. This is because the first order term is the dominant one to begin with and the indirect
contributions to it are smaller than the main effect by only a 4/log(n) factor, forcing us to track polylog(n) factors
much more carefully.

Recall from Section A.2, that the OHARE algorithm bounds the first order effect of removals on the regression result
from above/below by

+
cj (k;)
boundji(kj) =d;(k;) + ﬁ

where d; represents AMIP gradients on the reaveraged samples X;:

d;(k;) = Tmaé( Rie™S7'X;
\T\ k €T}

and cf (k;) represents the effect that reaveraging after the removals can have on the AMIP gradients of the retained
samples:

ct (kj) = max max R; max eTY7'X; |, | min R; mln E TR X,
J T;CB; T,CB; T,CB; T,CB;
|TJ| ]i) €Ty ‘T‘ k €Ty ITI k) €Ty ‘T‘ k} €Ty
c;(kj) = max mln E R; max E ety 1X , | max R; min E eTY X
=y IisBs T, LB o Ii<Bs T,
\T\ k )= k T, =k, |T;|=k; “€Ti

For k; = n;, there is no reaveraging effect and bound]j‘E (n;) = d;(n;).

Our goal will be to show that d;(k;), which is the contribution of the AMIP gradients to this first order effect, is the
dominant effect. In particular, the main claim we will prove in this subsection is

Claim F.18. Let kyreshold = Q (nl’s) be as promised by Claim F.11.
Then, with very high probability

1
VEk < Kreshold, bound® (k;)» = [1+ 0 [ ——— | | AMIP(k),
oo mpy (3wt = (100 (s ) v

JE[m]

where

AMIP() ( {Z al}

€T

is the sum over the k largest AMIP influence scores

o = eTi_l)?iRi .

Proof of Claim F.18. We expect d;(k;) to grow roughly linearly with k;, which motivates us to focus on the expression

aer max {[c; (k;)]. [¢; (k;)|}

Scaled Indirect Effect = n;(k;) =
k; (n]- = kj)

We will bound these 7; in the following lemma:

58



Claim F.19. There exists some v = polylog(n) such that for all k; < L, with very high probability

nj (k) = O (;) :

Moreover, for any v' = polylog(n) there exists some threshold 7 = polyloglog(n), such that with very high probability,

. n;
i€ By | 1R > 7} <

Hz’eBﬂ Ty X, >I}’<n—f
n 14

In particular, for all k; > %3 with very high probability

lylogl
max Z o p = (po yloglog(n) X kj)

n
€Ty

0y (s) = O (polyloglog(n)) 7

n

where a; = eT ifl)?iRi are the AMIP influence scores.

The first part of Claim F.19 promises that the 1; components to the bound are very small in any bucket for which

there are not too many removals k; < ——2—_ while the second portion of the claim will help us bound the total
polylog(n)

contribution of buckets from which more than have been removed.

n;
polylog(n)
LetT' = argmax,, () {ZieT ai} denote the set of k& samples with largest AMIP influences, and let x; = |B; N T|

k
denote the distribution of these samples across the buckets. By definition, we have

> a; = AMIP(k).

€T
From Claim F.11, we know that with very high probability all the samples in 7" must have influence at least
min;er {a;} = (Vlong(n)> But from the second part of Claim F.19, we know that with very high probabil-
ity, for all j, the jth bucket cannot have more than % such samples, so with very high probability x; < =2

Consider our maximization problem

MaxScore = max E boundjE
ki+-+km=k
J€[m]

This maximization is lower bounded by every valid assignment to k1, . . ., k.,,, S0 in particular it is lower bounded by
the score of K1, . . ., Ky,. Utilising the first part of Claim F.19 to bound 7, (k;), we have

max Z bound;t( > Z boundjE (Kj) Zal — Z k;jn;i(k;) € AMIP(k) — O <k) .

ki+-+km=k n
! j€lm] je[m] ieT j€lm]

Now, consider any other assignment k1, . . ., ky,. If we still have k; < % for all j, then > jeim bound (k;) will still
be bounded by AMIP(k) + O (£) following the same logic as above.
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" and define k' d;fk —kj, — -+ — kj,. From the

v

Otherwise, let j1, . .., j; denote the set of buckets for whick k;, >
same analysis as above, we have

k/
Z boundjc(k‘j) < AMIP(K") + Z {boundﬁ(kﬁ)} +0 (n> .
J€[m] i€[e]

Next, note that we know that with very high probability

AMIP(k) > AMIP(E') + Q < 10g(nzl(k - k’)) ’

because Claim F.11 tells us that with very high probability, there are at least Kgresnola > & samples, each of which has a
sufficiently large contribution to the AMIP score.

Therefore, using the last part of Claim F.19, which bounds with very high probability every term in the bounds of
buckets with more than % removals, we have

Z boundji(kj) < AMIP(k') + Z {boundjil(kji)} +0 (ZI) =

j€m] i€[(]

< AMIP(k) + O (p"lyloglog(") x (k= k/)> —Q ( log(“zl(k - kl)) +0 (’C') <

n n/)

<0

< AMIP(k) + O (:) .

Altogether, we have bounded our maximization target from above and from below by AMIP(k) + O (%) =

(1 +0 (@)) AMIP(k), completing our proof.

Proof of Claim F.19. 1f k; < “X < nj, then we use the bound
2

k3 -~ ~ ks .
J max{|Ri|}max{’67271Xi’} =0 <k]> =0 (kj) .
n; — kj i€n] i€[n) vn n

Next, note that due to Claim F.10 (which states that with very high probability the empirical residuals R; is close to the
ground truth residual (Ry),), we have that with very high probability for all i:

|R; — (Rg),| = o(1) < 1.
From our assumption that the ground truth residuals were normally distributed, we have that

1
(Rgt)iljﬁ/(o,l) [[(Re),| >7—1] < 5

|C;t(kj)| <

Combining the two, along with the Hoeffding bound which promises us that with very high probability

GeB IRl > <my  Pr (R, >7 1] £0 (/) .

we have that with very high probability
{ie Bj [ |Ri| >7}| <

{iGBj | ‘Rz

>T—1}’:&.

VI
We bound ’ {z € Bj| ‘eTifl)@’ > %} ‘ in much the same manner, by utilizing Claim F.§ which states that with very

high probability ‘equ)}i _ X

there can’t be too many samples in a given bucket for which |eT X;| > polyloglog(n).

=0 (%), and our assumption that the X; are very well behaved, which shows that

O
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F.4.2 INDIRECT CONTRIBUTIONS TO THE HIGHER ORDER TERMS
Indirect Contributions to the Covariance Shift Term Recall from Section A.3 that we bound the covariance shift as

max{)\ (2;1)} < ! -

- 1 — max {A (iT)} — MaXg, +...4+k,, =k {E]E[m] W

ZiETﬁBj E_l/inH}

Each component in the denominator is bounded separately by running an MSN-bounding algorithm. The first MSN is
run on the Gram matrix Gxgx whose ¢, j entry is:

~ o~ ~ \2
(X7571%;)

From Claim F.2, the regression X , Y is well-behaved, allowing us to use the same analysis as in Claim E.2 to bound the
output of this MSN by

~ d? d
MX®X(]€) =0 ( k‘ﬁ + k‘2n2> .

Similarly, we define M to be the MSN bound achieved by RTI on the Gram matrix

Gj [2.172'2} = §;§71§i2 .
Claims F.5 and F.6 promise us that with very high probability the largest diagonal entry of this Gram matrix is at most
0] (%) and its largest off-diagonal entry is at most 9] (%) Therefore, the resulting MSN bounds are at most

_ kid+ k2V/d
Mj(k;) = O | \| F—2—
n

Recall that for our actual OHARE bound, we also utilize the symmetry that allows us to replace M;(k;) with
M (k) = min {M; (k;), M;(nj — k;j)}.

Forall k; < %, we have

Mj(kj)Q Mj(k‘j)2 _ 6 ( d+k]\/g> _ 6 (ﬁ) ’

n(n; — kj) n

Nk Mi(n; —k)? _ 5 <m> |

(ng —kj)k; = (nj —k;j)k; n

Therefore, for all & < Kreshold

— o a)
max > =0 <\/5k> = o (Mxex(k)®) =o(1) .

kit thm=k | = nj—k;
j€lm] /

Therefore, in this regime the covariance shift term does not contribute a factor of more than 3.

Indirect Contributions to the X R Term Recall from Section A.3 that the residual contributions to the indirect XR
term are bounded by

pj(kj)dgmin max Z‘Rl‘ , max Z |R;| ,

TJe(f]J) = Tfe(fj) i€B;\T)
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where R; are the empirical residuals.

With an analysis similar to the one above, we can utilize Claim F.10 which states that with very high probability
max;e(,) {|Ri[} = O (1) to show that with very high probability

pj(kj) ~
kj(n; — k;) oW

MJ (k_/)

, we have
i (ng—kj)

Combining this with our bound on

A () s (K _
max Z J(kj>pj(kj) -0 ﬁk
il Pt -
JEM

Note that this is also smaller than the bound we proved for the direct contribution to the XR term in Section E.5,

 kad |
Myn =0 [ JFE L YA
n n

and which we can apply after reaveraging due to Claim F.2 which states that X , Y is an ACRE-friendly with very high
probability.

Indirect Contributions to the X Z Term Finally, recall from Section A.3 that the Z component of the indirect effect
on the X Z term was bounded by

¢;(k;) = min max Z |Z:| ¢ max Z | Z:] ,
1;€(i7) ety 1;€(i7) ey
where Z; = eTY 1 X;

Using the same analysis as above and Claim F.8 which states that with very high probability | Z;| = O (1) for all
i € [n], we have that with very high probability

Gki) 5 (1) .
kj(nj —kj) n
Combining this with our bound on M (k;), we have

max
kyotm =k

3 M (kj)¢5(k;) 5 ﬁk
. TLj — kj n2
JE€[m]

As before, this is smaller than our bound on the direct effect

kd — k2vVd

Mxz =0 2

n?2 n
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Putting it all together In Claim F.18 and over the last few paragraphs, we have bounded all the individual terms that
go into generating the OHARE bounds. In particular, we have shown that
n |Direct XR + Indirect XR| x |Direct XZ + Indirect XZ|

1 — Direct CS — Indirect CS B

U, Ly = First Order

(1i<ﬁ>) « AMIP(k)
kd k2ﬂ> _

1 ~
1
= <1 + (10g(n)>> x AMIP (k) ,

for all £ < Ehreshold, concluding our proof of Theorem F.1.

G ONE-HOT ENCODINGS ARE ALMOST BRITTLE

In this section, we will prove our claim from the introduction that datasets with one-hot encodings are arbitrarily close
to being extremely brittle. In particular, we will show that

Claim G.1. Let X € R"*< be an array of features and let Y € R™ be some labels, such that one of the features is 0 on
all but kpyeker < 1 — d of the samples. In other words, for some set S C [n] of size |S| = n — Koucket, we have

VieS Xig=0

Then, for all v € R~ and for all ¢ > 0, there exists a linear regression X', Y such that | X' — X|| +||Y' = Y| < ¢
and OLS (X§, YS/)[d—l] =".

The reason regressions become so close to brittle is that with one of the features being always 0, we can make a very
small change to its value, in a way that creates very strong correlations.

Proof of Claim G.1. The proof of Claim G.1 is relatively simple.

First, we want to ensure that the original regression problem has no other degeneracies. We do this to ensure that the
resulting OLS has a unique solution.

Let V C R™ ks be the linear space spanned by the columns of X s,ja—1] and Ys. V' is spanned by d vectors.
Therefore, dim V' < d.

If dim V' = d, we can skip this step, and if this inequality is strict we say that X [4_1}, Vs are degenerate. If dim V' < d,
it is easy to see that almost all X ([d—1]’ Y¢in B, /o (XS,[d—l] , YS) (i-e. in the ball of radius ¢/2 around the original
regression) are non-degenerate. Therefore, let X [d—1] Y be such a non-degenerate pair.

Now, consider the vector R = Y — X a—17- This is the residual vector for the linear model Y§ ~ X ’S_[ i1 and by
our assumption that X [d—1]’ Y are non-degenerate, R # 0 and is not in the span of the columns of X [d—1]-

It is only left to decide the values of X g 4+ Setting X g 4= %” R, our regression has a perfect fit on the samples in .S

2|l

Vg = Xg (27|R|>

By our construction, ¥ = (X§)T X% is full rank, making this OLS solution unique. O
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