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Abstract

Score matching is an approach to learning proba-
bility distributions parametrized up to a constant
of proportionality (e.g. Energy-Based Models).
The idea is to fit the score of the distribution
(i.e. V log p(x)), rather than the likelihood, thus
avoiding the need to evaluate the constant of pro-
portionality. While there’s a clear algorithmic
benefit, the statistical cost can be steep: recent
work by (Koehler et al., 2022) showed that for
distributions that have poor isoperimetric prop-
erties (a large Poincaré or log-Sobolev constant),
score matching is substantially statistically less ef-
ficient than maximum likelihood. However, many
natural realistic distributions, e.g. multimodal dis-
tributions as simple as a mixture of two Gaussians
in one dimension—have a poor Poincaré constant.

In this paper, we show a close connection between
the mixing time of an arbitrary Markov process
with generator £ and an appropriately chosen gen-
eralized score matching loss that tries to fit Or 1
the special case of O = V, and L being the gen-
erator of Langevin diffusion, this generalizes and
recovers the results from (Koehler et al., 2022). If
L corresponds to a Markov process correspond-
ing to a continuous version of simulated temper-
ing, we show the corresponding generalized score
matching loss is a Gaussian-convolution annealed
score matching loss, akin to the one proposed in
(Song & Ermon, 2019). Moreover, we show that
if the distribution being learned is a finite mixture
of Gaussians in d dimensions with a shared co-
variance, the sample complexity of annealed score
matching is polynomial in the ambient dimension,
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the diameter of the means, and the smallest and
largest eigenvalues of the covariance—obviating
the Poincaré constant-based lower bounds of the
basic score matching loss shown in (Koehler et al.,
2022). This is the first result characterizing the
benefits of annealing for score matching—a cru-
cial component in more sophisticated score-based
approaches like (Song & Ermon, 2019; Song et al.,
2020).

1. Introduction

Energy-based models (EBMs) are parametric families of
probability distributions parametrized up to a constant of
proportionality, namely py(x) o exp(Ey(z)) for some en-
ergy function Ey(x). Fitting 6 from data by using the stan-
dard approach of maximizing the likelihood of the train-
ing data with a gradient-based method requires evaluating
Volog Zg = E,,[VeEp(x)] — which cannot be done in
closed form, and instead Markov Chain Monte Carlo meth-
ods are used.

Score matching (Hyvérinen, 2005) obviates the need to es-
timate a partition function, by instead fitting the score of
the distribution V, log p(x). While there is algorithmic
gain, the statistical cost can be substantial. In recent work,
(Koehler et al., 2022) show that score matching is statisti-
cally much less efficient (i.e. the estimation error, given
the same number of samples is much bigger) than maxi-
mum likelihood when the distribution being estimated has
poor isoperimetric properties (i.e. a large Poincaré constant).
However, even very simple multimodal distributions like a
mixture of two Gaussians with far away means—have a very
large Poincaré constant. As many distributions of interest
(e.g. images) are multimodal in nature, the score matching
estimator is likely to be statistically untenable.

The seminal paper by (Song & Ermon, 2019) proposes a
way to deal with multimodality and manifold structure in
the data by annealing: namely, estimating the scores of con-
volutions of the data distribution with different levels of
Gaussian noise. The intuitive explanation they propose is
that the distribution smoothed with more Gaussian noise is
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easier to estimate (as there are no parts of the distribution
that have low coverage by the training data), which should
help estimate the score at lower levels of Gaussian noise.
However, making this either quantitative or formal seems
very challenging. Moreover, (Song & Ermon, 2019) pro-
pose annealing as a fix to another issue: using the score to
sample from the distribution using Langevin dynamics is
also problematic, as Langevin mixes slowly in the presence
of multimodality and low-dimensional manifold structure.

In this paper, we show that there is a deep connection be-
tween the mixing time of an arbitrary time-homogeneous
Markov process with generator £ and the statistical effi-
ciency of an appropriately chosen generalized score match-
ing loss (Lyu, 2012) that tries to match %. In the case that
L is the generator of Langevin diffusion, and O = V,, we
recover the results of (Koehler et al., 2022). Moreover, we
show that a Markov process corresponding to a continuous
version of simulated tempering (Marinari & Parisi, 1992)
gives rise to a corresponding generalized score matching
loss closely related to the annealed score matching loss in
(Song & Ermon, 2019) with a particular choice of weighting
for the different levels of noise. We also show that when
the stationary distribution is a mixture of Gaussians with
a shared covariance, the simulated tempering chain mixes
in time polynomial in the ambient dimension, the norm of
the means and the smallest and largest eigenvalue of the
covariance—obviating the poor statistical complexity of ba-
sic score matching shown in (Koehler et al., 2022). This is
the first result formally showing the statistical benefits of
annealing for score matching.

In summary, our contributions are as follows:

1. A general framework for designing generalized score
matching losses with good sample complexity from
fast-mixing Markov chains. Precisely, for every time-
homogeneous Markov process with generator £ with
Poincaré constant C'p, we can choose a linear operator
O (e.g. for self-adjoint £, the choice O = (—L)'/?
works), such that the generalized score matching loss

Op _ Ope
p

%EP Po
factor C% worse than that of maximum likelihood. (We
recall that C'p characterizes the mixing time of the
Markov process with generator £ in chi-squared dis-
tance.)

2
has statistical complexity that is a
2

2. Applying this framework to provide the first analy-
sis of the statistical benefits of annealing for score
matching. Precisely, we exhibit continuously-tempered
Langevin, a Markov process which mixes in time
poly(D, d, 1/Amin, Amax) for finite mixtures of Gaus-
sians in ambient dimension d with identical covariances
whose smallest and largest eigenvalues are lower and up-
per bounded by A, and A,ax respectively, and means

lying in a ball of radius D. (Note, the bound has no de-
pendence on the number of components.) Moreover, the
corresponding generalized score matching loss is a form
of annealed score matching loss (Song & Ermon, 2019;
Song et al., 2020), with a particular choice of weighing
for the different amounts of Gaussian convolution.

2. Preliminaries

First, we will review several definitions and classical results
that will be used in our results.

2.1. Generalized Score Matching

The conventional score-matching objective (Hyvérinen,
2005) is defined as

1
Dsu (p,q) = 2Ep |V, logp — V., logq|

Vep Vg
p q

Note, in this notation, the expression is asymmetric: p is
the data distribution, g is the distribution that is being fit.
Written like this, it is not clear how to minimize this loss,
when we only have access to data samples from p. The main
observation of (Hyvirinen, 2005) is that the objective can
be rewritten (using integration by parts) in a form that is
easy to fit given samples:

2

1
= 3E

2

1
Dess(pra) = Exoy [TV loga + 5V logal| + K,

where K, is some constant independent of ¢. To turn this
into an algorithm given samples, one simply solves

) 1
mig By | TV logq + 3 [V logal?

for some parametrized family of distributions Q, where p
denotes the uniform distribution over the samples from p.
This objective can be calculated efficiently given samples
from p, so long as the gradient and Hessian of the log-pdf
of ¢ can be efficiently calculated.’

Generalized Score Matching, first introduced in (Lyu, 2012),
generalizes V,, to an arbitrary linear operator O:

Definition 1. Let 7' and F™ be the space of all scalar-
valued and m-variate functions of x € RY, respectively.
The Generalized Score Matching (GSM) loss with a general
linear operator O : F' — F™ is defined as

Op _0Oq
pq

2

1
Dasw (p,q) = §Ep
2

'In many score-based modeling approaches, e.g. (Song &
Ermon, 2019; Song et al., 2020) one directly parametrizes the
score V log ¢ instead of the distribution q.
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This loss can also be turned into an expression that doesn’t
require evaluating the pdf of the data distribution (or gradi-
ents thereof), using a similar “integration-by-parts” identity:

Lemma 1 (Integration by parts, (Lyu, 2012)). The GSM

loss satisfies
2
o ()
2 q

where O is the adjoint of O defined by (Of,g);. =
<fv 0+g>L2‘

|7
q

1
Dgsm (p,q) = §Ep + Kp

2.2. Dirichlet forms and Poincaré inequalities

In this section, we introduce the key definitions related to
continuous-time Markov chains and diffusion processes:

Definition 2 (Markov semigroup). We say that a family
of functions { P,(x, y) }+>0 on a state space Y is a Markov
semigroup if Py(x,-) is a distribution on ) and

Prs(,dy) = / Py(, d) Py, dy)
Q

forall x,y € Qand s,t > 0.

Definition 3 (Continuous time Markov processes). A con-
tinuous time Markov process (Xt)tzo on state space () is
defined by a Markov semigroup {P,(x,y)}+>0 as follows.
For any measurable A C Q)

Pr(Xs4: € A|Xs =2) = Pi(z,A) = / P (x,dy)
A
Moreover, P; can be thought of as acting on a function g as

(Prg)(w) = Ep, (2, [9(y)] =/Qg(y)Pt(x7dy)

Finally, we say that p(x) is a stationary distribution if X ~
p implies that X; ~ p for all t.

Definition 4. The generator L corresponding to Markov
semigroup is

P —
Lg = lim 979
t—0 t

Moreover, if p is the unique stationary distribution, the
Dirichlet form and the variance are

&(g,h) = ~Ep(g, Lh) and Vary(g) = E,(g — Epg)*
respectively. We will use the shorthand £(g) := £(g, g).

Next, we define the Poincaré constant, which captures the
mixing time of the process in the x2-sense:

Definition 5 (Poincaré inequality). A continuous-time
Markov process satisfies a Poincaré inequality with constant
C if for all functions g such that £(g) is defined (finite),*

£(g) > SVary()

We will abuse notation, and for a Markov process with sta-
tionary distribution p, denote by C'p the Poincaré constant
of p, the smallest C' such that above Poincaré inequality is
satisfied.

The Poincaré inequality implies exponential ergodicity for
the x2-divergence, namely:

X2(pe, ) < e=29"X2(po, p).

where p is the stationary distribution of the chain and p; is
the distribution after running the Markov process for time ¢,
starting at pg.

We will heavily use Langevin diffusion in our paper, for
which the Dirichlet form has a particularly simple form:

Definition 6 (Langevin diffusion). Langevin diffusion is the
following stochastic process:

dX, = =V f(X;)dt + V2dB,

where f : R — R, dBy is Brownian motion in R with
covariance matrix I. Under mild regularity conditions on f,
the stationary distribution of this process is p(z) : RN — R,
s.t. p(x) oc e~ /@),

Proposition 1 ((Bakry et al., 2014)). The Dirichlet form
corresponding to Langevin has the form E(f) = E, ||V f|3.

We will analyze mixing times using a decomposition tech-
nique similar to the ones employed in (Ge et al., 2018;
Moitra & Risteski, 2020). Intuitively, these results “decom-
pose” the Markov chain by partitioning the state space into
sets, such that: (1) the mixing time of the Markov chain
inside the sets is good; (2) the “projected” chain, which tran-
sitions between sets with probability equal to the probability
flow between sets, also mixes fast.

An example of such a result is Theorem 6.1 from (Ge et al.,
2018):

Theorem 1 (Decomposition of Markov Chains, Theorem 6.1
in (Ge et al., 2018)). Let M = (2, L) be a continuous-time
Markov chain with stationary distribution p and Dirichlet
form E(g,9) = —(g, Lg),. Suppose the following hold.

1. The Dirichlet form for L decomposes as (f,Lg), =
S wilf, Lig)yp,, where

m
p=>_ wp;
j=1

2We will implicitly assume this condition whenever we discuss
Poincaré inequalities.
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and L; is the generator for some Markov chain M; on
Q) with stationary distribution p;.

2. (Mixing for each M;) The Dirichlet form £;(f,g) =
—(f, Lg)y, satisfies the Poincaré inequality

Var,, (9) < C&;(g,9).

3. (Mixing for projected chain) Define the XQ-projectegi
chain M as the Markov chain on [m] generated by L,
where L acts on g € L*([m]) by

LgGy= Y. [gtk)—g()IPU.k)

1<k<m, k]

wy,
maX{XZ(pi,pk)> XQ(pkvpj)v 1} .

where P(j, k) =

Let p be the stationary distribution of M. Suppose M
satisfies the Poincaré inequality Var;(g) < CE(g, ).

Then M satisfies the Poincaré inequality

Vary(9) <€ (1+5) ela.0)

2.3. Asymptotic efficiency

We will need a classical result about asymptotic conver-
gence of M-estimators, under some mild identifiability and
differentiability conditions. For this section, n will denote
the number of samples, and [ will denote an empirical aver-
age, that is the expectation over the n training samples. The
following result holds:

Lemma 2 ((Van der Vaart, 2000), Theorem 5.23). Consider

aloss L : © — R, such that L(0) = E,[lg(x)] for lp :
X — R. Let ©* be the set of global minima of L, that is

0" ={0": L(6") = IgélélL(e)}
Suppose the following conditions are met:

* (Gradient bounds on lg) The map 0 — lo(x) is measur-
able and differentiable at every 6* € ©* for p-almost
every x. Furthermore, there exists a function B(x), s.t.
EB(x)? < oo and for every 01,05 near 6*, we have:

llo, () = lo, ()| < B(x)]|61 — b2

o (Twice-differentiability of L) L(0) is twice-
differentiable at every 0* € ©* with Hessian
V2L(0*), and furthermore V3L (6*) = 0.

* (Uniform law of large numbers) The loss L satisfies a
uniform law of large numbers, that is

sup |Elg(z) — L(O)| & 0
0cO

Then, for every 0* € ©%, and every sufficiently small neigh-
borhood S of 0%, there exists a sufficiently large n, such that
there is a unique minimizer 0,, of Elg(x) in S. Furthermore,
én satisfies:

Vil — 0%) 5 N(0,(V3L(0%)) 7
Cov(Vol(z;0°)(VEL(0*)™h)

3. A Framework for Analyzing Generalized
Score Matching

The goal of this section is to provide a general framework
that provides a bound on the sample complexity of a gen-
eralized score matching objective with operator O, under
the assumption that some Markov process with generator £
mixes fast. In paricular, if £ is self-adjoint, the choice of
O = (—L£)'/? will be appropriate. Precisely, we will show:

Theorem 2 (Main, sample complexity bound). Consider
the generalized score matching estimator, defined as in Def-
inition 1 with a continuous operator O, and suppose we
are optimizing it over a parametric family {py : 6 € ©}.
Consider furthermore a Markov semigroup generator L,
whose stationary distribution is the data distribution p, with
a (finite) Poincaré constant C'p, and such that O, L satisfy:

1. (Asymptotic normality) Let © be the set of global
minima of the generalized score matching loss Dgs v,
that is:

©" ={0" : Dasn (p, po-) = Io}ﬂeig Dasr(p,po)}

Suppose the generalized score matching loss is asymp-
totically normal: namely, for every 0* € ©*, and every
sufficiently small neighborhood S of 0%, there exists a
sufficiently large n, such that there is a unique mini-
mizer 0, OffElg(.%‘) in S, where

%25 (25)

lo(x) =

6(2) = 3 7o)
Furthermore, assume 0,, satisfies \/n(0,, — 0*) 4
N(O,quw).

2. (Realizibility) At any 0* € OF, we have pg« = p.

3. (Compatibility of O and L) For every vector w,
the function g(x) = (w,Vglogpe(x)),_,.) satisfies
E,||Og||* = —{g,Lg),. Note, in particular; if L is
self-adjoint, that is LT = L, then O = (—E)l/2 satis-
fies this property.

Then, we have:

ITsallop < 2C3 (T elldp([|Cov(OVg log pg)),_,-
+ [|Cov((O* O)Vglogps),_,- lop)

oP
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Remark 1. The two terms on the right hand sides qualita-
tively capture two intuitive properties necessary for a good
sample complexity: the factor involving the covariances can
be thought of as a smoothness term capturing how regular
the score is as we change the parameters in the family we
are fitting; the C'p term captures how the error compounds
as we “extrapolate” the score into a probability density
function.

Remark 2. This theorem generalizes Theorem 2 in (Koehler
et al., 2022), who show the above only in the case of L be-
ing the generator of Langevin (Definition 6), and O = V,
i.e. when Dggay is the standard score matching loss. Fur-
thermore, they only consider the case of py being an expo-
nential family, i.e. pg(x) o exp((8,T(x))) for some suf-
ficient statistics T'(x). Finally, just as in (Koehler et al.,
2022), we can get a tighter bound by replacing Cp by
the restricted Poincaré constant, which is the Poincaré
constant when considering only the functions of the form

(w, Vg logpg()|,_,.)-
d

Remark 3. Note that if we know /n(6, — 0*) =
N(0,Tsar), we can extract bounds on the expected (3 dis-
tance between 0,, and 0*. Namely, from Markov’s inequality
(see e.g., Remark 4 in (Koehler et al., 2022)), we have for
sufficiently large n, with probability at least 0.99 it holds

that Tr(Tgar)
A * SM
160 — 073 < ——=—.

Some conditions for asymptotic normality can be readily
obtained by applying standard results from asymp-
totic statistics (e.g. (Van der Vaart, 2000), Theorem
5.23, reiterated as Lemma 2 for completeness).From

that lemma, when an estimator § = argminRly(x)

is asymptotically normal, we have /n(d — 6%) 4,

N (0, (VL(0")) =" Cov(Vt(x; 0%))(VEL(07) 1),
where L(0) = Eyl(x). Therefore, to bound the spectral
norm of I'g,s, we need to bound the Hessian and covari-
ance terms in the expression above. The latter is a fairly
straightforward calculation, which results in the following
Lemma, proven in Appendix B.

Lemma 3 (Bound on smoothness). Let lg(z) =
“’ Opo(a)||” _ 90+ (OW(”))} Then,

po(z) po (@)

Cov(Vilg(x)) < 2Cov ((ow log pe)ipt‘))
0
+ 2Cov ((0TO)Vglogps)

The bound on the Hessian is where the connection to the
Poincaré constant manifests. Namely, we show:

Lemma 4 (Bounding Hessian). Let the operators O, L
be such that for every vector w, the function g(x) =

(w,Vy logpg(x)b:s*) satisfies IE,,HOgH2 =
Then it holds that

—(9,Lg)p-

-1
[VaDasu(p:pe-)] = CrlyrE

Proof. To reduce notational clutter, we will drop lo—os since
all the functions of 6 are evaluated at 6*. Consider an arbi-
trary direction w. We have:

<w7 VZDGSM(p,pa)w>
= <w7E[) [O (Vologpe) O (Ve logpo)} w>
=E, |0 (Velogps) wl;

dg 9
o (; Wi 5g logp9>

=E,[|O ((w, Vg logpg)) |13

2

(Vg logpg),

2
2

2

—((w, Vg log pg), L{w, Vg logps))p

@ 1

> ——Var,((w, Vg log pg))

where (1) follows by commuting © and V4, which
holds by Lemma 25, @ from linearity of O, and @
since by our assumption for any function g, we have
E,|Ogl> = —(g,Lg), and we apply this condition to
g = (w,Vglogpg). @ follows from the definition of
Poincaré inequality, applied to the function (w, Vg log py),

and (5) follows since Ty = [E,VglogpyVologpy |
(i.e. the inverse Fisher matrix (Van der Vaart, 2000)).

Since this holds for every vector w, we have
2 1
VoDasmu = 7 Uire
P

By monotonicity of the matrix inverse operator (Toda, 2011),
the claim of the lemma follows.

O

4. Instantiating the framework with
Continuously Tempered Langevin Dynamics

In this section, we instantiate the framework from the previ-
ous section to the specific case of a Markov process, Con-
tinuously Tempered Langevin Dynamics, which is a close
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relative of simulated tempering (Marinari & Parisi, 1992),
where the number of “temperatures” is infinite, and we
temper by convolving with Gaussian noise. We show that
the generalized score matching loss corresponding to this
Markov process mixes in time poly(D, d) for a mixture of
K Gaussians (with identical covariance) in d dimensions,
and means in a ball of radius D. More precisely, in this sec-
tion, we will consider the following family of distributions:

Assumption 1. Let py be a d-dimensional Gaussian dis-
tribution with mean 0 and covariance ¥. We will assume
the data distribution p is a K-Gaussian mixture, namely
p = Yois, wipi, where pi(z) = po(x — 1), i.e. a shift
of the distribution pg so its mean is p;. We will assume
the means p; lie within a ball with diameter D. We will
denote the min and max eigenvalues of covariance with
Amin (2) = Amin @nd Amax(X) = Amax. We will denote the
min and max mixture proportion with min; w; = Wiy and
max; W; = Wmax. Let Xg = X + BAminlq be the short-
hand notation of the covariance of individual Gaussian at
temperature 3.

Mixtures of Gaussians are one of the most classical dis-
tributions in statistics—and they have very rich modeling
properties. For instance, they are universal approximators in
the sense that any distribution can be approximated (to any
desired accuracy), if we consider a mixture with sufficiently
many components (Alspach & Sorenson, 1972). A mixture
of K Gaussians is also the prototypical example of a distri-
bution with K modes — the shape of which is determined
by the covariance of the components.

Note at this point we are just saying that the data distribution
p can be described as a mixture of Gaussians, we are not
saying anything about the parametric family we are fitting
when optimizing the score matching loss—we need not
necessarily fit the natural unknown parameters (the means,
covariances and weights).

The primary reason this family of distributions is convenient
for technical analysis is a closure property under convolu-
tions: a convolution of a Gaussian mixture with a Gaussian
produces another Gaussian mixture. Namely, the following
holds:

Proposition 2 (Convolution with Gaussian). Under Assump-
tion 1, the distribution p x N'(x; 0, 02 1) satisfies

px N(z;0,0%1) = Zwi (po(;v — ;) *N(x;0,021))

and (po(x — p;) * N'(z;0, 021)) is a multivariate Gaussian
with mean p; and covariance ¥ + 1.

Proof. This follows from the distributivity property of the
convolution operator, which is due to the linearity of an
integral. O

The Markov process we will be analyzing (and the corre-
sponding score matching loss) is a continuous-time analog
of the Simulated Tempering Langevin Monte Carlo chain
introduced in (Ge et al., 2018):

Definition 7 (Continuously Tempered Langevin Dynamics
(CTLD)). We will consider an SDE over a temperature-
augmented state space, that is a random variable
(X4, Br), X € RY, B, € RY, defined as
dX; = V,log p? (X;)dt + V2dB,
dBs = Vglogr(8:)dt + Vzlogp? (X;)dt
+ v L(dt) + V2dB;

[0, Bmax] — R denotes the distribution over 3,
2 2

where r

Amin
p? = p*x N(0, BAminly) denotes the distribution p con-
volved with a Gaussian of covariance Ayinly. Further-
more, L(dt) is a measure supported on the boundary of the
interval |0, Bmax] and vy is the unit normal at the endpoints
of the interval, such that the stationary distribution of this
SDE is p(z, B) = 7(B8)p®(x) (Saisho, 1987).

The above process can be readily seen as a “continuous-time”
analogue of the usual simulated tempering chain. Namely,
in the usual (discrete-time) simulated tempering (Lee et al.,
2018; Ge et al., 2018), the tempering chain has one of types
of moves (which usually happen with probability 1/2):

¢ In the first move, the temperature ( is fixed, and the
position X is evolved according to the kernel which
has stationary distribution p? (the distribution p “at
temperature” beta — which is typically modulated in
the sampling literature by scaling the log-pdf by f,
rather than convolving with a Gaussian).

* In the second move, we keep the position X and try to
change the temperature S (which has a discrete num-
ber of possible values, and we typically move either
to the closest higher or lower temperature with equal
probability)—though we apply a Metropolis-Hastings
filter to preserve the intended stationary distribution.

In the above chain, there is no Metropolis Hastings fil-
ter, since the temperature changes in continuous time—
and always lies in the interval [0, Bpax] due to the L(dt)
terms. Moreover, the stationary distribution is p(z, §) =
r(B8)p®(z), since the updates amount to performing (re-
flected) Langevin dynamics corresponding to this stationary
distribution. We make several more remarks:

Remark 4. The existence of the boundary measure is a
standard result of reflecting diffusion processes via solutions
to the Skorokhod problem (Saisho, 1987). If we ignore the
boundary reflection term, the updates for CTLD are simply



Sample-Efficient Generalized Score Matching

Langevin dynamics applied to the distribution p(z, 8). r(5)
specifies the distribution over the different levels of noise
and is set up roughly so the Gaussians in the mixture have
variance Y. with probability exp(—O(f)).

Remark 5. This chain has several similarities and crucial
differences with the chain proposed in (Ge et al., 2018). The
chainin (Ge et al., 2018) has a finite number of temperatures
and the distribution in each temperature is defined as scaling
the log-pdf, rather than convolution with a Gaussian—this
is because the mode of access in (Ge et al., 2018) is the
gradient of the log-pdf, whereas in score matching, we have
samples from the distribution. The distributions in (Ge et al.,
2018) are geometrically spaced out—so (3 being distributed
as exp(—O(B)) in our case can be thought of as a natural
continuous analogue.

Since CTLD amounts to performing (reflected) Langevin
dynamics on the appropriate joint distribution p(z, 3), the
corresponding generator £ for CTLD is also readily written
down:

Proposition 3 (Dirichlet form for CTLD). The Dirichlet

form corresponding to CTLD has the form
E(f(x,8)) = Epa,p) IV f (2, B)II? M
=E,5E&(f(-8)) 2

where Eg is the Dirichlet form corresponding to the
Langevin diffusion (Proposition 1) with stationary distri-
bution p(z|f).

Proof. Equation 1 follows from the fact that CTLD is just a
(reflected) Langevin diffusion with stationary distribution
p(zx, B). Equation 2 follows from the tower rule of expec-
tation and the definition of the Dirichlet form for Langevin
from Proposition 1. O

Next, we derive the operator O that corresponds to the
CTLD. We show:

Proposition 4. The generalized score matching loss with
0= (—6)1/2, where L is the generator of CTLD satisfies

-1
[VgDGSM(pype*)] 2 Cprl'ymIE

Moreover,

Desm(p,po)

= Egr(3)Eonps (V2 log p(z, B) — V., log po(x, B) |12
+IVslogp(z, B) — Vg logpg(z, B)|°)

= Egor(3)Eanps |V log p(z] 8) — V. log po (2|58
+ AminEpr(s) Banps

((Tr V3 log p(x|8) — Tr V3 log pe («|8))

+ (Vo log p(x|B) 113 = IV log pe(2]8)|13))?

Proof. The operator £ corresponding to CTLD is self-
adjoint, so the first claim follows by Lemma 4.

For the second claim, the first equality follows since
(—L£)'/? simply gives the standard score matching loss for
the temperature-augmented distribution. The second equal-
ity follows by writing V3log p(z|3) and Vg log pe(z|5)
through the Fokker-Planck equation for p(z|8) (see
Lemma 13). [

This loss was derived from first principles from the Markov
Chain-based framework in Section 3, however, it is readily
seen that this loss is a “second-order” version of the an-
nealed losses in (Song & Ermon, 2019; Song et al., 2020)
— the weights being given by the distribution r(3). Addi-
tionally, this loss has terms matching “second order” be-
havior of the distributions, namely Tr V2 log p(x|3) and
|V log p(x|B)]|3 with a weighting of Apyin.

Note this loss would be straightforward to train by the
change of variables formula (Proposition 5)—and we also
note that somewhat related “higher-order” analogues of
score matching have appeared in the literature (without
analysis or guarantees), for example, (Meng et al., 2021).
Proposition 5 (Integration-by-part Generalized Score
Matching Loss for CTLD). The loss Dggsar in the inte-
gration by parts form (Lemma 1) as:

Deasn (p,po) = Eplo(x, B) + K,

where
(2, B) = lb(x, B) + B(x, B), and

1
(@, B) = 5 |V log po(2])][5 + A log po(z]5)

3, 5) = 3 (Vs logpa(rl$)” + Vs log r(5) Vs log po(r5)
+ Aglog pa(z]B)

Moreover, all the terms in the definition of 1}(z,3) and
lg (z, B) can be written as a sum of powers of partial deriva-

tives of V ;. log po (x| 5).

The proof of this Lemma is a straightforward calculation,
and is included in Appendix C. We remark that the last point
of the proposition implies that this loss can be in principle fit
by parametrizing the score V log pg(x|3) as an explicitly
differentiable map (e.g. a neural network).

With this setup in mind, we will prove the following results.
Theorem 3 (Poincaré constant of CTLD). Under Assump-
tion 1, the Poincaré constant of CTLD Cp enjoys the fol-
lowing upper bound:

CP 5 D22d2)\9 )\72

max’ ‘min
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Remark 6. Note that the above result has no dependence
on the number of components, or on the smallest compo-
nent weight wyi,—only on the diameter D, the ambient
dimension d, and iy and Amax. This result thus applies
to very general distributions, intuitively having an arbitrary
number of modes which lie in a ball of radius D, and a
bound on their “peakiness” and “spread”.

To get a bound on the asymptotic sample complexity of
generalized score matching, according to the framework
from Lemma 3, we also need to bound the smoothness
terms as in Lemma 3. These terms of course depend on the
choice of parametrization for the family of distributions we
are fitting. To get a quantitative sense for how these terms
might scale, we will consider the natural parametrization
for a mixture:

Assumption 2. Consider the case of learning unknown
means, such that the parameters to be learned are a vector

0= (:ula;uQa"'v:uK) GRdK'

Remark 7. Note that in this parametrization, we assume
that the weights {w;}! | and shared covariance matrix
Y are known, though the results can be straightforwardly
generalized to the natural parametrization in which we are
additionally fitting a vector {w; }X | and matrix ¥, at the
expense of some calculational complexity.

With this parametrization, the smoothness term can be
bounded as follows:

Theorem 4 (Smoothness under the natural parameteriza-
tion). Under Assumptions I and 2, the smoothness defined
in Theorem 2 enjoys the upper bound

[Cov (OVglogpe),,_,. llor

+ ||Cov ((O*O)Vg 1ogp9)

oo llop < poly (D.d.A7h)

Remark 8. Note the above result also has no dependence
on the number of components, or on the smallest component
weight Win.

Finally, we show that the generalized score matching loss
is asymptotically normal. The proof of this is in Appendix
E, and proceeds by verifying the conditions of Lemma 2.
Putting this together with the Poincaré inequality bound
Theorem 3 and Theorem 2, we get a complete bound on the
sample complexity of the generalized score matching loss
with O:

Theorem 5 (Main, Polynomial Sample Complexity Bound
of CTLD). Let the data distribution p satisfy Assumption 1.
Then, the generalized score matching loss defined in Propo-
sition 5 with parametrization as in Assumption 2 satisfies:

1. The set of optima

0" = {9* = (Mh:u?? cee 7/J“K)|
Dasn(p, po-) = Hgn Dgsw (p.po)}

satisfies 0* = (u1, o, ..., ) € O* if and only
if 3n : [K] — [K] satisfying Vi € [K], piriy =
Mr7w7r(i) = w’L}

2. Let 0* € ©* and let C be any compact set containing
0*. Denote

Co = {0 € C : pg(x) = p(x) almost everywhere }

Finally, let D be any closed subset of C not intersecting
Cy. Then, we have:

lim Pr | inf D/G;/I(e) < D/G;4(9*) -0
n—oo 0D
3. For every 0* € ©* and every sufficiently small neigh-
borhood S of 6%, there exists a sufficiently large n,
such that there is a unique minimizer 0,, of Elg(x) in
S. Furthermore, én satisfies:

Vi(l, — 6%) % N (0,Tsar)
for a matrix I gy satisfying
- 2
ITsallop < poly (D, d; Amasxs Amin) ITMLEN G p

We provide some brief comments on each parts of this theo-
rem:

1. The first condition is the standard identifiability con-
dition (Yakowitz & Spragins, 1968) for mixtures of
Gaussians: the means are identifiable up to “renam-
ing” the components. This is of course, inevitable if
some of the weights are equal; if all the weights are
distinct, ©* would in fact only consist of one point, s.t.

2. The second condition says that asymptotically, the em-
pirical minimizers of Dggps are the points in ©*. It
can be viewed as (and follows from) a uniform law of
large numbers.

3. Finally, the third point characterizes the sample com-
plexity of minimizers in the neirhborhood of each
of the points in ©*, and is a consequence of the
CTLD Poincaré inequality estimate (Theorem 3) and
the smoothness estimate (Theorem 4). Note that in fact
the RHS of point 3 has no dependence on the number
of components. This makes the result extremely gen-
eral: the loss compared to MLE is very mild even for
distributions with a large number of modes. 3

30f course, in the parametrization in Assumption 2,
ITaLelop itself will generally have dependence on K, which
has to be the case since we are fitting Q2(K’) parameters.
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4.1. Bounding the Poincaré constant
In this section, we will sketch the proof of Theorem 3.

Notation: By slight abuse of notation, we will define the
distribution of the “individual components” of the mixture
at a particular temperature, namely for i € [K], define:

p(l‘,ﬁ’z) = T(ﬂ)wl/\/(x,u“ X+ BAminId)

Correspondingly, we will denote the conditional distribution
for the i-th component by

p(xaﬁh) X T(B)N(xaﬂzaz + ﬁ)‘min-[d)~

The proof will proceed by applying the decomposition Theo-
rem 1 to CTLD. Towards that, we denote by &; the Dirichlet
form corresponding to Langevin with stationary distribution
p(x, B|i). By Propositions 3 and 1, it’s easy to see that the
generator for CTLD satisfies £ = ), w;&;. This verifies
condition (1) in Theorem 1. To verify condition (2), we
will show Langevin for each of the distributions p(x, 3|i)
mixes fast (i.e. the Poincaré constant is bounded). To verify
condition (3), we will show the projected chain “between”
the components (as defined in Theorem 1) mixes fast. We
will expand on each of these parts in turn.

Fast mixing within a component: The first claim we
will show is that we have fast mixing “inside” each of the
components of the mixture. Formally, we show:

Lemma 5. Fori € [K], let C,, g|; be the Poincaré constant
of p(z, B|i). Then, we have Cy, g|; < D20g2)9 A\l

~ max”‘'min*®

The proof of this lemma proceeds via another (continuous)
decomposition theorem. Intuitively, what we show is that for
every 3, p(z|3, i) has a good Poincaré constant; moreover,
the marginal distribution of 3, which is r(3), is log-concave
and supported over a convex set (an interval), so has a good
Poincaré constant. Putting these two facts together via a
continuous decomposition theorem (Theorem D.3 in (Ge
et al., 2018)), we get the claim of the lemma. The details
are in Appendix D.1.

Fast mixing between components: Next, we show the
“projected” chain between the components mixes fast:

Lemma 6 (Poincaré constant of projected chain). Define
the projected chain M over [ K] with transition probability
"y
T(i,j) = . .
0 9) = e . BI9. p(a A1) 1)

where Xpo.(p,q) = max{x*(p,q),x*(¢,p)}. If
> T(i,7) < 1, the remaining mass is assigned to the
self-loop T'(i,1). The stationary distribution p of this chain
satisfies p(i) = w;. Furthermore, the projected chain has
Poincaré constant

C <D\ !

min*

The intuition for this claim is that the transition probability
graph is complete, i.e. T'(i,j) # 0 for every pair ¢, j € [K].
Moreover, the transition probabilities are lower bounded,
since the x? distances between any pair of “annealed” distri-
butions p(x, 8|i) and p(x, 5|j) can be upper bounded. The
reason for this is that at large 3, the Gaussians with mean ;
and p; are smoothed enough so that they have substantial
overlap; moreover, the distribution 7(3) is set up so that
enough mass is placed on the large 8. The precise lemma
bounding the x? divergence between the components is:

Lemma 7. Foreveryi,j € K|, we have

X2 (p(z, Bi), plx, 7)) < 1AD*AL4,.

The proofs of Lemmas 6 and 7 are in Appendix D.2.

4.2. Smoothness under the natural parametrization

To obtain the polynomial upper bound in Theorem
4, we note the two terms |[Cov (OVylogpg) ||op and
[[Cov (O O)Vglogpy) |lop can be completely character-
ized by bounds on the higher-order derivatives with respect
to z and u; of the log-pdf since derivatives with respect
to 8 can be related to derivatives with respect to x via
the Fokker-Planck equation (Lemma 13). The polynomial
bound requires three ingredients: In Lemma 12, we relate
the derivatives of the mixture to derivatives of components
by recognizing the higher-order score functions (Janzamin
et al., 2014) of the form % is closely related to the convex
perspective map. In Lemma 9, we derive a new result in
mixed derivatives of Gaussian components based on Her-
mite polynomials. In Corollary 1, we handle log derivatives
with higher-order versions of the Faa di Bruno formula (Con-
stantine & Savits, 1996), which is a combinatorial formula
characterizing higher-order analogues of the chain rule. See
Appendix F for details.

5. Conclusion

In this paper, we provide a general framework about design-
ing statistically efficient generalized score matching losses
from fast-mixing Markov Chains. As a demonstration of the
power of the framework, we provide the first formal analysis
of the statistical benefits of annealing for score matching for
multimodal distributions. The framework can be likely used
to analyze other common continuous and discrete Markov
Chains (and corresponding generalized score losses), like
underdamped Langevin dynamics and Gibbs samplers.
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A. Preliminaries
A.1. Continuous Markov Chain Decomposition

The Poincaré constant bounds we will prove will also use a “continuous” version of the decomposition Theorem 1, which
also appeared in (Ge et al., 2018):

Theorem 6 (Continuous decomposition theorem, Theorem D.3 in (Ge et al., 2018)). Consider a probability measure
with C* density on Q = Q1) x Q@) where Q) C R™ and Q) C R are closed sets. For X = (X1,X3) ~ P with
probability density function p (i.e., P(dx) = p(x) dx and P(dxs|z1) = p(x2|z1) dxs), suppose that

* The marginal distribution of X1 satisfies a Poincaré inequality with constant C'.

* Forany x1 € QW the conditional distribution X | X1 = x1 satisfies a Poincaré inequality with constant Cs.

2 7201
Lo (Q)

To obtain polynomial bounds on the moments of derivatives of Gaussians, we will use the known results on multivariate
Hermite polynomials.

Then T satisfies a Poincaré inequality with constant

/‘|WMMMMMFM
Q2) p(172|£131)

C = max {CQ (1 + 2C1

A.2. Hermite Polynomials

Definition 8 (Hermite polynomial, (Holmquist, 1996)). The multivariate Hermite polynomial of order k corresponding to a
Gaussian with mean 0 and covariance Y. is given by the Rodrigues formula:

YY)  (EV.)®* ¢ (2; %)
HM%E)—VJV4—E@§j—*

where ¢(x; X) is the pdf of a d-variate Gaussian with mean 0 and covariance ¥, and & denotes the Kronecker product.

Note that V& can be viewed as a formal Kronecker product, so that V¥ f(z), where f : RY — R is a C’*-smooth function
gives a d*-dimensional vector consisting of all partial derivatives of f of order up to k.

Proposition 6 (Integral representation of Hermite polynomial, (Holmquist, 1996)). The Hermite polynomial Hy, defined in
Definition 8 satisfies the integral formula:

Hy(x:%) = /(:c + iu) ¥ p(u; X)du

where ¢(x; X) is the pdf of a d-variate Gaussian with mean 0 and covariance .
Note, the Hermite polynomials are either even functions or odd functions, depending on whether % is even or odd:
Hy(—2;%) = (—1)" Hy(2;5) 3)

This property can be observed from the Rodrigues formula, the fact that ¢(-; X) is symmetric around 0, and the fact that
V_z=-V,.

We establish the following relationship between Hermite polynomial and (potentially mixed) derivatives in « and i, which
we will use to bound several smoothness terms appearing in Section F.

Lemma 8. If ¢(z; X) is the pdf of a d-variate Gaussian with mean 0 and covariance ¥, we have:

ViV g(z — 1 %)
o(x — ;%)

= () o2 @ — )] S0+

. . . . k1+k
where the left-hand-side is understood to be shaped as a vector of dimension R* "2,
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Proof. Using the fact that V,_,, = V in Definition 8, we get:
(EV2)®*(x — 115 5)
oz — 1 X)

Since the Kronecker product satisfies the property (A ® B)(C ® D) = (AC) ® (BD), we have (XV,)®* = R®FyOk,
Thus, we have:

Hy(z — ;) = (1)

Vig(z — ;%)
Pz — p;X)

Since ¢(p — x; X)) is symmetric in p and z, taking derivatives with respect to o we get:

K (EV)Fo(p— ;%)
o(p — ;%)

= (-DFE N Hy(z — ;%) )

Hy(p— ;%) = (1)

Rearranging again and using (3), we get:

Vio(r — ;%)

oY) (Y Hy(z — ;%) 5)

Combining (4) and (5), we get:
k1voks .
ViVa oz — ;%)
P(x — w3 X)

ko V(SO Hy, (2 — 15 2) (¢ — 1 2)]
¢z — ;%)
1o VI VE2 (2 — ;%))
oz — p; X)
_ (1) Vi thg(e — i ¥)
P(r — p; X)
= (ks HP® R (2 — s X)

= (1)

= (-1)

Applying the integral formula from Proposition 6, we have:
ki x7ko .
vu Vm ¢($ - Z)
Pz — ;%)
as we needed. O

= (1% [ e )] (s )

Now we are ready to obtain an explicit polynomial bound for the mixed derivatives for a multivariate Gaussian with mean p
and covariance . We have the following bounds:

Lemma 9. If ¢(x;X) is the pdf of a d-variate Gaussian with mean 0 and covariance ¥, we have:
ViVizo(e — ;%)

SJ 271 ) k1+ko +d(k1+k2)/2)\—.(k71+k2)/2
s 197 -

min

2

. . . . k1+k
where the left-hand-side is understood to be shaped as a vector of dimension R4 2.

Proof. We start with Lemma 8 and use the convexity of the norm
‘ VEVE (2 — ;%)
oz — ;%)
Bounding the right-hand side, we have:
EuenoolE @ — p+ w)]2EH) |y < 57 @ — )5 4 Bysrom 15 ulliH
= =74 = wllE o+ Eeeno.nn 1572115

_ ki+k —Lnkit+k k1+k
<17 e = @l 1272158 P Eanro, ) 12112

< Euonom) 1271 (@ — 4 i) |24

2

Applying Lemma 27 yields the desired result. O
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Similarly, we can bound mixed derivatives involving a Laplacian in z:

Lemma 10. If ¢(z; X) is the pdf of a d-variate Gaussian with mean 0 and covariance ¥, we have:

Proof. By the definition of a Laplacian, and the AM-GM inequality, we have, for any function f : R — R

Vi AR o(e — ;%)
oz — p; X2)

S VR[S (@ — ) [§17724 gtk 2 (k)2

in

2
d

(AF f(2))? = Yoo 00 fx)
01,02, t=1

d

<d* > (R0 f()

11,82, ,0 =1

< d* ||V f@)]3
Thus, we have

Vi AR ¢z — ;%)
¢(x — p; )

VE V22 6(z — %)

Vdkz2
= (r — p; )

2

2

Applying Lemma 9, the result follows.

A.3. Logarithmic derivatives

Finally, we will need similar bounds for logarithic derivatives—that is, derivatives of log p(x), where p is a multivariate
Gaussian.
We recall the following result, which is a consequence of the multivariate extension of the Faa di Bruno formula:

Proposition 7 ((Constantine & Savits, 1996), Corollary 2.10). Consider a function f : R — R, s.t. f is N times
differentiable in an open neighborhood of x and f(x) # 0. Then, for any multi-index I € N%, s.t. |I| < N, we have:

1] s d
O, f (@)™ TTi=y (1)
_ k—1 i=1\11
k,s=1ps(1,k) j=1
where ps(I,k) = {{li}5_; € (N)* {m;}i_, e N* 1y <o <+ <1, >0 ymi=k,> i ml; =1}
The < ordering on multi-indices is defined as follows: (a1, as,...,aq) = a < b:= (b1,ba,...,bg) if:
1. la] < |b]

2. |a| = |b| and a; < b;.
3. |a| = |b| and 3k >=1, 5.t. Vj < k,a; = bj and ap11 < biy1.

As a straightforward corollary, we have the following:

Corollary 1. For any multi-index I € N¢, s.t. |I| is a constant, we have

d5f(x)
f(z)

<
|0z, log f(x)] < max <1,r}123<

)

where J € N is a multi-index, and J < I iffvied, J; <1,
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A.4. Moments of mixtures and the perspective map

The main strategy in bounding moments of quantities involving a mixture will be to leverage the relationship between the
expectation of the score function and the so-called perspective map. In particular, this allows us to bound the moments of
derivatives of the mixture score in terms of those of the individual component scores, which are easier to bound using the
machinery of Hermite polynomials in the prior section.

Note in this section all derivatives are calculated at § = 6* and therefore p(x, 8) = po(x, 5).
Lemma 11. (Convexity of perspective, Boyd & Vandenberghe (2004)) Let f be a convex function. Then, its corresponding
perspective map g(u,v) := v f (%) with domain {(u,v) : “ € Dom(f),v > 0} is convex.

v

We will apply the following lemma many times, with appropriate choice of differentiation operator D and power k.

Lemma 12. Let D : F' — F™ be a linear operator that maps from the space of all scalar-valued functions to the space of

m-variate functions of v € R and let 0 be such that p = py. For k € N, and any norm || - || of interest
ik
(Dpo) (x(8) (Dpo) (x5, 1)
E(.p)~p(.8) H < max Bap(a|.i) ‘
po(z|B) pe(z|B,1)

Proof. Let us denote g(u, v) := v||“||*. Note that since any norm is convex by definition, so is g, by Lemma 11. Then, we
proceed as follows:

. H(Dpexxm)H e— = wﬁ)H
(z,8)~p(z,B) po(z|B) Brr(B)=z~p(|B) po(z])
~ By | o((Dmo)al3).pola|))do
=Epur( B)/ <Zwt Dpo)(z|8, 1) szpe (B, ) (6)
B | S wig(Dpo) el 1) po(el, 1)) do @)
i=1
(Dpo) (8, 7)||*
=E ~T wiEIN x|B,1 i N
B (ﬁ)z‘; p(z|B,i) po(z|B,1)
(Dpo)(x]8.4) ||*
<maxE,.,z18: [|—————
e el ’ po(alB, )
where (6) follows by linearity of D, and (7) by convexity of the function g. O

B. A Framework for Analyzing Generalized Score Matching

Proposition 8 (Hessian of GSM loss). The Hessian of Dgsar satisfies

Opo-\ " [ Ope-
W( Pe) W( Po ﬂ
Do~ Po~
Proof. By a straightforward calculation, we have:

o0 o0 @
VoDeasm(p,po) =EpVo ( pe) (pf’ _ p)
Do Do D

2 |mo(G) = (30 -5 (595 (%),

i=1

ViDasm(p,po<) = E

ViDgsnm(p,po) =
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Since % = %, the second term vanishes at § = 6*, which proves the statement.
O
Proof of Lemma 3. We have
O O O
Volo(x) = Vo ( pe(@) v - vior ( p9<x))
po(z) /) po(z) po(z)
_ Opo +
= { (OVy log;oe)pT — (0T 0)Vglogpe
By Lemma 2 in (Koehler et al., 2022), we also have
O
cov(Vylg(z)) =< 2cov ((OV@ logpg)pm) +2cov ((0OTO) Vg log py)
0
which completes the proof. ]

C. Overview of Continuously Tempered Langevin Dynamics

Lemma 13 (3 derivatives via Fokker Planck). For any distribution p® such that p® = p * N'(0, Ain31) for some p, we
have the following PDE for its log-density:

Vi log p’(2) = Amin (Tr (VZ1ogp” () + |V log p” (2)|13)

As a consequence, both p(z|3, i) and p(z|B) follow the above PDE.

Proof. Consider the SDE dX; = v/2AnindBz. Let g; be the law of X;. Then, g = qo * N (0, ApintI). On the other hand,
by the Fokker-Planck equation, %qt(x) = AminQ4 g (). From this, it follows that

VBPB (LC) = )\min Axpﬂ ({E)

= Amin Tr(Vipﬁ (r))
Hence, by the chain rule,
Amin Tr(v2p6 (z))
Vslogp?(z) = z (®)
plogp ( ) pg (x)
Furthermore, by a straightforward calculation, we have
V2p8 (x T
V2logp®(z) = pgp(w()) — (Ve logp®(2)) (V. logp®(x))
Plugging this in (8), we have
)\min Tr VQ A
/(3 2P () = Amin (Tr (Vi, logpﬂ(ac)) + Tr ((Vz log p” (x)) (Vz log p” (ac))T))
pP(z)
= Amin (Tr (Vi logpﬁ(x)) + Tr ((Vz log p” (x))T (Vac log p” (x))))
= Auin (Tr (V3 logp®(2)) + || V2 log p” (2)[]3)
as we needed. O

We also provide the proof of Lemma 5:
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Do

1 2
= §Ep[||V<z,5) log pg(z, 6)||2 + 24, 5 log po(z, B)]

Proof of Lemma 5.

Ope
Dgsw (p,po) H P

1
= §Ep[I\Vz log po(, B) |15 + 24, log po(, B) + ||V 5 log pe(, B) |5 + 244 log pe(, B)]

1
= SB[V log po(2]8) + Va log r(8) 3 + 24, log po(+18) + 24, log r(5)

+ IV log po(@]8) + Vg logr(B)|l3 + 244 log po(x[8) + 245 log r(3)]
1
= ]Ep[§ |V log po(|8)||5 + Az log pe(x|B)

1
+ 5 Vs logpo(21)]l5 + Vs log r(8)V s log po(x|8) + A log po (x[5)] + C

By Lemma 13, Vg log pg (x| 3) is a function of partial derivatives of the score V. log p(x|8). Similarly, V3 log py(z|8)
can be shown to be a function of partial derivatives of the score V. log pg(x|3) as well:

A,@ log po(z|B) = VB)‘min(Tr(Vi Inge(xlﬁ)) + HV»L 10gp9(33|6)”§)
= )\mm(TI‘(ViVB logpg(x|5)) + 2vﬁvﬁ lngg(I|B)Tvx 1ng9($|ﬁ))

D. Polynomial mixing time bound: proof of Theorem 3

Proof. The proof will follow by applying Theorem 1. Towards that, we need to verify the three conditions of the theorem:

1. (Decomposition of Dirichlet form) The Dirichlet energy of CTLD for p(x, 3), by the tower rule of expectation, decom-
poses into a linear combination of the Dirichlet forms of Langevin with stationary distribution p(x, 3]¢). Precisely, we
have

E(z.8)~p(e.0) |V f (2, B)II” = Zle(m,B)fvp(m,m IV f(z,B)I?

2. (Polynomial mixing for individual modes) By Lemma 5, for all ¢ € [K] the distribution p(x, 3|i) has Poincaré constant
Cy,p|i With respect to the Langevin generator that satisfies:

C.’c,ﬁ\z < D20d2)\9 )\ 1

max’‘'min

3. (Polynomial mixing for projected chain) To bound the Poincaré constant of the projected chain, by Lemma 6 we have

C <D\ !

min

Putting the above together, by Theorem 6.1 in (Ge et al., 2018) we have:

¢
Cp < Cy gy (1 T 2)

<C, 5|ié
D22d2)\9 A~ 2

max’‘min
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D.1. Mixing inside components: proof of Lemma 5

Proof. The proof will follow by an application of a continuous decomposition result (Theorem D.3 in (Ge et al., 2018),
repeated as Theorem 6) , which requires three bounds:

1. A bound on the Poincaré constants of the distributions p(/|¢): since S is independent of ¢, we have p(3|¢) = r(f). Since
r(p) is a log-concave distribution over a convex set (an interval) we can bound its Poincaré constant by standard results
(Bebendorf, 2003). The details are in Lemma 14, Cg < 14D>

TAmin *

2. A bound on the Poincaré constant Cy,; of the conditional distribution p(x|f3,4): We claim Cy5,; < Amax + BAmin-
This follows from standard results on Poincaré inequalities for strongly log-concave distributions. Namely, by the Bakry-
Emery criterion, an a-strongly log-concave distribution has Poincaré constant é (Bakry & Emery, 2006). Since p(x|B,1)
is a Gaussian whose covariance matrix has smallest eigenvalue lower bounded by Apax + SAmins it 18 (Amax + 3 )\min)*l-
strongly log-concave. Since 5 € [0, Bmax), We have Cyj5; < Amax + BmaxAmin < Amax + 14D2.

3. A bound on the “rate of change” of the density p(x|f3,1), i.e. H S Hvif()mf 1)1 Il dJZH : This is done via an explicit

calculation, the details of which are in Lemma 15.

By Theorem D.3 in (Ge et al., 2018), the Poincaré constant C,, 3; of p(z, 3]i) enjoys the upper bound:

IVsp(]8,4)13

Crpli <maxqCys... i |1+C H . dr ,2C
Nell { |Bmax ( B p($|ﬁ,l) L (3) B
14D? 28 D?
< Amax + 14D?) (1 d? A s D6
> T {( N ) < * 7.‘-Amin max{ max } ’ 7TAmin
D20d2 )\9
N A1’1’111’1
which completes the proof. O

Lemma 14 (Bound on the Poincaré constant of 7(3)). Let Cg be the Poincaré constant of the distribution r(3) with respect
to reflected Langevin diffusion. Then,

14D?

7T)\min

CﬁS

Proof. We first show that (/3) is a log-concave distribution. By a direct calculation, the second derivative in [ satisfies:

14D?
2 = <
Vs log () (L ) = 0

Since the interval is a convex set, with diameter By,.x, by (Bebendorf, 2003) we have

_ Bomax _ 14D

1
C _— == —
F="" TAmin T

from which the Lemma immediately follows. O

Lemma 15 (Bound on “rate of change" of the density p(x|g, )).

19508, 9)13
H e

< d? max{\8
Le<(B)

D16}

max?’
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Proof.

| IEetels i,

p(|,14)

_ H / (Vs log p(|, 1)) pl(a] 3, i) da

L= (B)
= Sl;p Eomp(z)8,i) (Vg logp(z|B, i))?

We can apply Lemma 13 to derive explicit expressions for the right-hand side:

H [CER

p(x]B,1)

2
= SUD B a8, N | TH(E51) + (@ — 1a2) 3]
Le(p) P

< 2 5P [T o Eapog [ — ) 3]
2 2 2 BRSSP
< 2025, 50p [d3((1+ B)Awin) 2 + Eenno,n 155255 1]
B

< 22 1+ BAmi) 2 + ID2 4 L2214 K 4
mmSlép (L + B)Amin) = + 125 10p 125 10 PE-~nr0.0) |1 2]l2

< sup [(1+8) 7 + Noin | 251 pd?]
= 4sup [d2(1 + ﬁ) + )‘12111n( max 1 /8/\rnin)8d2]
g

=4 (d? + A2 (Amax + BunaxAmin) 5d)

< 4d? 4 4d> )2,

min

< 16d? max{\®

(Amax + 14D%)8
148D16}

max?

In (1), we use (a + b)? < 2(a® + b?) for a, b > 0; in (2) we apply the moment bound for the Chi-Squared distribution of
degree-of-freedom d in Lemma 27; and in @ we plug in the bound on Spax. O
D.2. Mixing between components: proof of Lemma 6

Proof. The stationary distribution follows from the detailed balance condition w;T'(¢, j) = w;T'(j, ).

We upper bound the Poincaré constant using the method of canonical paths (Diaconis & Stroock, 1991). For all ¢, j € [K],
we set v;; = {(4, )} to be the canonical path. Define the weighted length of the path

1vijllr = > T(k,1)""

(k,l)G’yij,k,ZE[K]

=T(i, )"
_ max{xzu (P(x, Bi), p(x, Bl5)), 1}
wj
14D?
o )\minwj

where the inequality comes from Lemma 7 which provides an upper bound for the chi-squared divergence. Since D is an
upper bound and \,;, is a lower bound, we may assume without loss of generality that anax > 1.
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Finally, we can upper bound the Poincaré constant using Proposition 1 in (Diaconis & Stroock, 1991)

C< Jnax Z [l7vij |l rwiw;
’YijB(k )

= kr?ax ||’Ykz||kawl

14D Wmax
)\min
14D?

)\min

IN

Next, we will prove a bound on the chi-square distance between the joint distributions p(z, §|¢) and p(x, 5|7). Intuitively,
this bound is proven by showing bounds on the chi-square distances between p(z|3,4) and p(x|8, j) (Lemma 17) — which
can be explicitly calculated since they are Gaussian, along with tracking how much weight () places on each of the .
Moreover, the Gaussians are flatter for larger (3, so they overlap more — making the chi-square distance smaller.

Lemma 16 (2-divergence between joint “annealed” Gaussians).

X2 (p(x, Bli), p(z, Bl4)) <

Proof. Expanding the definition of x2-divergence, we have:

(x,Bl7) 9
T (S ) st s

Bmax
/ (18, ), p(z|B, §)r(B)dB

ot 80,0tz 83)) = | (M - 1) ple, Bli)dzds

Bmax 7D2
d
<[ e < T 5)) r(8)ds ©)
/B ( 7D? ) 1 (_ 7D? ) a3
0 P mln(1 + ﬂ) (D7 Amin) P )\min(l + B)
_ Bmax
B Z(Da Amin)

where in Line 9, we apply our Lemma 17 to bound the y2-divergence between two Gaussians with identical covariance. By
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7D? B= D>

a change ofvariableﬁ el W GRS PN

2 ~ . .
1,dB = —% édﬂ, we can rewrite the integral as:

Bmax 2
Z(D, Anin) = / exp <7D) a8
; By

min(1 + 5)
TD? [l A 2 Lo
B _)\min /;mD]zn P <—ﬁ> E B
2
7D? [N N 1 -
- Ami / 7D2 exXp <_ﬂ) ~72d5
min e B

D2 R N
> / exp (—26) dg
Amin J___ D2

Amin (1+Bmax)

7D? 14D? 14D?
2)\min P Amin (]- + 6max) P >\min

. . 2 . . . .
Since D is an upper bound and \,,;;, is a lower bound, we can assume f)—. > 1 without loss of generality. Plugging in

14D?
Bmax = 5o — L, we get

Z (D, Amin) > g (exp(—1) —exp(—14)) > 1

Finally, we get the desired bound

2
30, B11), D, B17)) < B = o — 1

)\min

The next lemma bounds the y2-divergence between two Gaussians with the same covariance.

Lemma 17 (2-divergence between Gaussians with same covariance).

. , 7D?
X2 (p(x8.4), p(x]B, 5)) < exp <Amn(1+6))
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Proof. Plugging in the definition of x2-distance for Gaussians, we have:
X2 (p(218, ), (218, 7))

det(X5)2 N\ E
< =B et (%
= Tdet(Tp) C ( E )

exp <; (5" (2ms - ui))T (5507 (35 @y — ) + %u? =5 i - u}%%) (10)
— exp (; (55— ) (57 (85 @ms — ) + 075 u)

eXp( i vy M])

<exp<;(2uj i) "85 2py — ) + S T m) (11)

|I2MJ pill3 + 112013
mln 1 + /B)

g ||2ug||2+||uz|| )? +4|m||§>

m1n 1+5)

2|24 Hz + 2| pill3 + 4||u12)

< exp i (1 + B)

=P (Ammmﬂ))

In Equation 10, we apply Lemma G.7 from (Ge et al., 2018) for the chi-square divergence between two Gaussian distributions.
In Equation 11, we use the fact that ZEI is PSD.

O

E. Asymptotic normality of generalized score matching for CTLD

The main theorem of this section is proving asymptotic normality for the generalized score matching loss corresponding to
CTLD. Precisely, we show:

Theorem 7 (Asymptotic normality of generalized score matching for CTLD). Let the data distribution p satisfy Assumption 1.
Then, the generalized score matching loss defined in Proposition 5 satisfies:

1. The set of optima
0" :={0" = (u1, p2, - -, ux)|Dasn (P, po+) = min Dasn (p, po) }
satisfies
0" = (p1, p2, .-, ) € O if and only if Im : [K] — [K] satisfying Vi € [K], jix (i) = 11, Wr(i) = wi}
2. Let 0* € ©* and let C be any compact set containing 6*. Denote

Co = {0 € C : pg(x) = p(x) almost everywhere }

Finally, let D be any closed subset of C not intersecting Cy. Then, we have:

lim Pr | inf Desni(6) < Dasni(6)| =0
€

n—oo

3. For every 0* € ©" and every sufficiently small neighborhood S of 0%, there exists a sufficiently large n, such that there
is a unique minimizer 0,, of IEZ@( ) in S. Furthermore, 6, satisfies:

Vi(fn —0%) S N (0,Tsar)

for some matrix I's .
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Proof. Part 1 is shown in Lemma 18: the claim roughly follows by classic results on the identifiability of the parameters of
a mixture (up to permutations of the components) (Yakowitz & Spragins, 1968).

Part 2 is shown in Lemma 20: it follows from a uniform law of large numbers.

Finally, Part 3 follows from an application of Lemma 2—so we verify the conditions of the lemma are satisfied. The
gradient bounds on [y are verified Lemma 19—and it largely follows by moment bounds on gradients of the score derived in
Section F. Uniform law of large numbers is shown in Lemma 20, and the the existence of Hessian of L = Dggjy is trivially
verified. O

For the sake of notational brevity, in this section, we will slightly abuse notation and denote D¢ sar(0) := Dasa (p, po)-

Lemma 18 (Uniqueness of optima). Suppose for 6 := (u1, 2, . . . , i) there is no permutation 7 : [K| — [K], such that
Hr(i) = /J,Z< and Wr (i) = w;, Vi € [K} Then, DGSM(G) > DGSM(Q*)

Proof. For notational convenience, let Dgps denote the standard score matching loss, and let us denote Dgp(6) :=
Ds i (p, pe). For any distributions pg, by Proposition 1 in (Koehler et al., 2022), it holds that

Dsn(0) — Dsar(67) KL(pg-, po)

> -
~ LSI(py)

where LSI(q) denotes the Log-Sobolev constant of the distribution g. If = (1, o, ..., k) is such that there is no
permutation 7 : [K] — [K] satisfying pi.(;) = pj and wy(;) = w;, Vi € [K], by (Yakowitz & Spragins, 1968) we have
KL(pg+,pg) > 0. Furthermore, the distribution py, by virtue of being a mixture of Gaussians, has a finite log-Sobolev
constant (Theorem 1 in (Chen et al., 2021)). Therefore, Dgps(0) > Dgpr(6%).

However, note that Dgsar(pe) is a (weighted) average of Dgpy losses, treating the data distribution as pg*, a convolution of

po+ with a Gaussian with covariance Ay 4; and the distribution being fitted as pg . Thus, the above argument implies that
if 0 # 6*, we have Dgsar(0) > Dasar(6*), as we need. O

Lemma 19 (Gradient bounds of ly). Let lg(x, 3) be as defined in Proposition 5. Then, there exists a constant C(d, D, ﬁ)

(depending on d, D, ﬁ ), such that

1
BIVai(e )P < ¢ (4.0, )
Proof. By Proposition 5,
lo(x, 8) = lg(x, B) + 13 (x, 5), and
1
(. B) = 5 IV logpo(]8) 5 + A log po(2]5)

I(x, ) = %(Vﬁ log po(z]8))* + Vg log r(8)V g log pg(x|8) + Aglog pa(z| )

Using repeatedly the fact that [|a + b]|? < 2 (||a|* + ||]|?), we have:

E |[lo(x, B)[2 S E || 2(x, B)|; +E || 2(x, 8)|:

2

E |1z, )|, S E |V, logpa(x, 8)5 +E (A; log po(w. 8))*

2

E ||i5(z, )|, S E(Vslogpe(x]8))* +E (Vslogr(8)Vslogpe(x]8))* + E(Aglog pe(w|3))”

We proceed to bound the right hand sides above. We have:
2
E|t5(z. B)], S E[IValogpo(. B[, + E (A log po(, 5))°
5 r%aiXExwp(m\B,i) ||Vw 10gp9(£|ﬁv Z)”;1 + r%aiXEpr(zm,i) (Aw 10gp9(£‘67 Z))Q (12)

< oty (.| (13)
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Where (12) follows by Lemma 12, and (13) follows by combining Corollaries 2 and 1.

The same argument, along with Lemma 13, and the fact that max (Vg log7(3))* < D®A_ 1 by a direct calculation shows
that

E|i3(z,8)]); S E(Vslogpa(]8)' + E(Vslogr(8)Vslogps(xl8))” + E (Aglog pa(]5))”

1
S pOly (da Da )\)

Lemma 20 (Uniform convergence). The generalized score matching loss satisfies a uniform law of large numbers:

sup [Dasar(0) — Dasar(0)] 2 0
0O

Proof. The proof will proceed by a fairly standard argument, using symmetrization and covering number bounds. Precisely,
let T = {(x;, 8;) }1_; be the training data. We will denote by E;- the empirical expectation (i.e. the average over) a training
set T'.

We will first show that

C (K d, D, s )
0 ’ < min 14
O] < ——= (14)
from which the claim will follow. First, we will apply the symmetrization trick, by introducing a “ghost training set”

T = {(z}, B)} 1. Precisely, we have:

79

Ersupycq ‘DGSM(G) — Dgsu

Ezsupyce ‘D/GS\M(Q) - DGSM(Q)‘ = Ersupgeg ‘ETle(x, B) — DGSM(Q)’

— Ersupeq [Brlo(w, 8) — ErBrlo(a, 5)| (1s)
1 n

S ET,T'Supee@) g Z l@ Ti, 61 - (l‘;, ﬁ;))’ (16)
i=1

where (15) follows by noting the population expectation can be expressed as the expectation over a choice of a (fresh)
training set 7", (16) follows by applying Jensen’s inequality. Next, consider Rademacher variables {e;}"_;. Since a
Rademacher random variable is symmetric about 0, we have

n

1
Ep rsuppce n Z (lo(xi, Bi) — lo (3, 5;))‘ = Er r/supyce

i=1

M:

1
n

ei (lo(xs, Bi) — le(fﬂgaﬁz{))’

1

Z 51l0 xu ﬂz

3
Il

< 2Ersupycg |—

For notational convenience, let us denote by

1 n
o _ § . A2
R: n 2 ||Vglg(£6l, Bz)”

We will bound this supremum by a Dudley integral, along with covering number bounds. Considering T as fixed, with
respect to the randomness in {¢;}, the process 2 3" | &;ly(z;, 3;) is subgaussian with respect to the metric

1
d,0') = %RHH — 0|2
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In other words, we have
1 = 2 /
By exp (A D (lolwi Bi) = lor (i, B2)) | < exp (Ad(6,6")) (17
i=1
The proof of this is as follows: since ¢; is 1-subgaussian, and
o (i, Bi) — lor (24, Bi)| < [[Volo(i, Bi) |10 — 0

we have that e; (lg(z;,8;) — lo:(xi, B3;)) is subgaussian with variance proxy |[|Vg(z;,;)|%|0 — €’||>.  Thus,
LS eilo(xi, B;) is subgaussian with variance proxy 25 Y1 [[Volg (2, 8;)||%(|6 — 6'||3, which is equivalent to (17).

The Dudley entropy integral then gives
SUPgco

%Zsil.g(xi,ﬂi) 5/ V1og N(e, ©, d)de (18)
i=1 0

where N (¢, ©, d) denotes the size of the smallest possible e-cover of the set of parameters © in the metric d.

Note that the € in the integral bigger than the diameter of © in the metric d does not contribute to the integral, so we may

assume the integral has an upper limit
2
M = —RD
NG

Moreover, O is a product of K d-dimensional balls of (Euclidean) radius D, so
Kd
RD
log N(e,0,d) < log <<1 + \/ﬁe> )
KdRD
<
~ /ne

Plugging this estimate back in (18), we get

1 n
SUPpee |~ Z€ile($i7 Bi)
i=1

M
1
< \/KdRD \/ﬁ/ —_de
vl e
< \/MKdRD/\/n
gRD«/@
n

Taking expectations over the set T' (keeping in mind that R is a function of 7"), by Lemma 19 we get

1 n
- Z;Eile(l‘m@i)

K
S Er[RID Kd

ETSU
Poco "

¢ (K.d,D,55)
< min
~Y \/ﬁ
This completes the proof of (14). By Markov’s inequality, (14) implies that for every € > 0,
c(K.d,D,55)
<
} Vne

Prr {supeee ‘D/G;AQ) — DGSM(H)’ > €

Thus, for every € > 0,

—

lim Prp [supeeg ’DGSJ\/[(Q) — DGS’M(Q)‘ > 6:| =0

n— oo

Thus,

sup | Dasa (6) = Dasa(6)] 2 0
0coe

as we need. O
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F. Polynomial smoothness bound: proof of Theorem 4

First, we need several easy consequences of the machinery developed in Section A.2, specialized to Gaussians appearing in
CTLD.

Lemma 21. Forall k € N, we have:

—k

min

%X]E”””W'ﬁxﬂ”z?(a: — ) |I5* < d*X

Proof.
_1
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where the last inequality follows by Lemma 27. O

Combining this Lemma with Lemmas 9 and 10, we get the following corollary:

Corollary 2.
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Finally, we will need the following simple technical lemma:

Lemma 22. Let X be a vector-valued random variable with finite Var(X). Then, we have

[Var(X)[op < 6E[|X||3

Proof. We have

IVar(X)llop = & [(x ~EIX]) (x ~EX]) ]|,

<E|X - E[X]|; (19)
< 6E[ X|I3 (20)

where (19) follows from the subadditivity of the spectral norm, (20) follows from the fact that
2+ yll3 = Izl + [lyll3 + 2¢z, y) < 3([l«]3 + [lyl3)

for any two vectors z, y, as well as the fact that by Jensen’s inequality, || E[X] ||§ < E|X]3. O

Given this lemma, it suffices to bound E||(OVg log py) % |3 and E[| (O O)Vylog psl|3, which are given by Lemma 23
and Lemma 24, respectively.



Sample-Efficient Generalized Score Matching

Lemma 23.
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Proof. Recall that § = (u1, po, ..., k), where each p; is a d-dimensional vector, and we are viewing 6 as a di-
dimensional vector.
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where the last step follows by Cauchy-Schwartz. To bound both factors above, we will essentially first use Lemma 12 to
relate moments over the mixture, with moments over the components of the mixture. Subsequently, we will use estimates
for a single Gaussian, i.e. Corollaries 2 and 1.

Proceeding to the first factor, we have:
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where (21) follows from the fact that O f = (V,.f, Vs f)T, (22) follows from Lemma 12, and (23) follows by combining
Corollaries 2 and 1 and Lemma 13.

The second factor is handled similarly*. We have:
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where (24) follows from Lemma 12, and (25) follows by combining Corollaries 2 and 1 and Lemma 13, as well as the fact
that maxg(V g logr(8))* < D3A_ L by adirect calculation.

min

Together the estimates (23) and (25) complete the proof of the lemma. O
*Note, Vg f(B) for f : R — R is a scalar, since 3 is scalar.
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Lemma 24.

E (s 8)~p(a,5) | (OTO)Vglog po(, B)||3 < poly (d,
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Proof. Since OTO = A, gy, we have

(OTO)Vylogpy(z,B)

= VyA(y,5) logpe(z, B) (26)
= VA, logpy(x, B) + Vo V3 log pe(x, B) 27)
= VoA, logpo(x]8) + VoA, logr(8) + VoV log po(x|B) + VoV logr(B)

= VoAz log py(x|3) + Vo V73 log py (x| 3) (28)

where (26) follows by exchanging the order of derivatives, (27) since (3 is a scalar, so the Laplacian just equals to the
Hessian, (28) by dropping the derivatives that are zero in the prior expression.

To bound both summands above, we will essentially first use Lemma 12 to relate moments over the mixture, with moments
over the components of the mixture. Subsequently, we will use estimates for a single Gaussian, i.e. Corollaries 1 and 2.
Precisely, we have:

E (2,8)~p(z,8) I (OTO) Vg log pg |3
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where (29) follows from Lemma 12 and Lemma 13, and (30) follows by combining Corollaries 1 and 2.
O

G. Technical Lemmas
G.1. O and V4 commute

The proof of Lemma 4 requires that we commute the application of Vy and O. This is obviously the case in the standard
score matching (O = V) by Clairaut’s Theorem (or equality of mixed partials) — even in the case of the operator O
corresponding to CTLD, since it just requires exchanging partial derivatives. This section shows this property holds for
much more general O.

Lemma 25. Let O : F — R, be a continuous linear operator, where F is a space of univariate functions, and R a space of
(possibly multivariate) functions. Let {pg }gco be a space of parametrized functions by a vector of parameters § € R™.

Then O and Vg commute, that is for every pg € F, such that Op, pg(x) exists for every x and Oy,pg € F,Vi € [m], we have:
VoOpp(x) = OVypy(z)

where O is defined to be the element-wise extension of O to vector valued functions (i.e. O is applied to each coordinate).

Proof. We start with the left-hand side and rewrite it as follows:
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In equation 31, we used the fact that the operator O is continuous. With this assumption in place, we have
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This completes the proof. O

By way of remarks, note that the operator O = V,, (which corresponds to standard score matching) is bounded when viewed
as an operator V,, : H'(R?) — L2(R?). Namely, for a function f € H'(R?), we have

Il 1 mey = I fll 2 ey + IV £l L2 ey
Thus, trivially,

IVillL2@ey < I fllarwey

i.e. the operator H'! is bounded.

G.2. Moments of a chi-squared random variable

For the lemmas in this subsection, we consider a random variable z ~ N (0, I4) and random variable z ~ N (u, ¥) where
lpl| < Dand ¥ <02, 1T

max~ *

Lemma 26 (Norm of Gaussian). The random variable z enjoys the bound

E|z]> < Vd
Proof.
(Ellzll2)* < E|lz]3 (32)
d
:EZZZQ
i=1
=d (33)

where (32) follows from Jensen, and (33) by plugging in the mean of a chi-squared distribution with d degree of freedom. [
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Lemma 27 (Moments of Gaussian). Let z ~ N(0,1,). Forl € ZT, E||z||% < d.

Proof. The key observation required is ||z[|2 = S°%_, 22 is a Chi-Squared distribution of degree d.
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H. Related work

Our work draws on and brings together, theoretical developments in understanding score matching, as well as designing and
analyzing faster-mixing Markov chains based on strategies in annealing.

Score matching: Score matching was originally proposed by (Hyvirinen, 2005), who also provided some conditions under
which the estimator is consistent and asymptotically normal. Asymptotic normality is also proven for various kernelized
variants of score matching in (Barp et al., 2019). Recent work by (Koehler et al., 2022) proves that when the family of
distributions being fit is rich enough, the statistical sample complexity of score matching is comparable to the sample
complexity of maximum likelihood only when the distribution satisfies a Poincaré inequality. In particular, even simple
bimodal distributions in 1 dimension (like a mixture of 2 Gaussians) can significantly worsen the sample complexity of
score matching (exponential with respect to mode separation). For restricted parametric families (e.g. exponential families
with sufficient statistics consisting of bounded-degree polynomials), recent work (Pabbaraju et al., 2023) showed that score
matching can be comparably efficient to maximum likelihood, by leveraging the fact that a restricted version of the Poincaré
inequality suffices for good sample complexity.

On the empirical side, breakthrough work by (Song & Ermon, 2019) proposed an annealed version of score matching, in
which they proposed fitting the scores of the distribution convolved with multiple levels of Gaussian noise. They proposed
this as a mechanism to alleviate the poor estimate of the score inbetween modes for multimodal distributions, as well in
the presence of low-dimensional manifold structure in the data. They also proposed using the learned scores to sample via
annealed Langevin dynamics, which uses samples from Langevin at higher levels of Gaussian convolution as a warm start
for running a Langevin at lower levels of Gaussian convolution. Subsequently, this line of work developed into score-based
diffusion models (Song et al., 2020), which can be viewed as a “continuously annealed” version of the approach in (Song &
Ermon, 2019).

Theoretical understanding of annealed versions of score matching is still very impoverished. A recent line of work (Lee et al.,
2022; 2023; Chen et al., 2022) explores how accurately one can sample using a learned (annealed) score, if the (population)
score loss is successfully minimized. This line of work can be viewed as a kind of “error propagation” analysis: namely, how
much larger the sampling error with a score learned up to some tolerance. It does not provide insight on when the score can
be efficiently learned, either in terms of sample complexity or computational complexity.

Sampling by annealing: There are a plethora of methods proposed in the literature that use temperature heuristics
(Marinari & Parisi, 1992; Neal, 1996; Earl & Deem, 2005) to alleviate the slow mixing of various Markov Chains in the
presence of multimodal structure or data lying close to a low-dimensional manifold. A precise understanding of when such
strategies have provable benefits, however, is fairly nascent. Most related to our work, in (Ge et al., 2018; Lee et al., 2018),
the authors show that when a distribution is (close to) a mixture of K Gaussians with identical covariances, the classical
simulated tempering chain (Marinari & Parisi, 1992) with temperature annealing (i.e. scaling the log-pdf of the distribution),
along with Metropolis-Hastings to swap the temperature in the chain mixes in time poly(K’). In subsequent work (Moitra &
Risteski, 2020), the authors show that for distributions sufficiently concentrated near a manifold of positive Ricci curvature,
Langevin mixes fast.

Decomposition theorems and mixing times The mixing time bounds we prove for CTLD rely on decomposition
techniques. At the level of the state space of a Markov Chain, these techniques “decompose” the Markov chain by
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partitioning the state space into sets, such that: (1) the mixing time of the Markov chain inside the sets is good; (2) the
“projected” chain, which transitions between sets with probability equal to the probability flow between sets, also mixes
fast. These techniques also can be thought of through the lens of functional inequalities, like Poincaré and Log-Sobolev
inequalities. Namely, these inequalities relate the variance or entropy of functions to the Dirichlet energy of the Markov
Chain: the decomposition can be thought of as decomposing the variance/entropy inside the sets of the partition, as well as
between the sets.

Most related to our work are (Ge et al., 2018; Moitra & Risteski, 2020; Madras & Randall, 2002), who largely focus on
decomposition techniques for bounding the Poincaré constant. Related “multiscale” techniques for bounding the log-Sobolev
constant have also appeared in the literature (Otto & Reznikoff, 2007; Lelievre, 2009; Grunewald et al., 2009).

Learning mixtures of Gaussians Even though not the focus of our work, the annealed score-matching estimator with
the natural parametrization (i.e. the unknown means) can be used to learn the parameters of a mixture from data. This
is a rich line of work with a long history. Identifiability of the parameters from data has been known since the works of
(Teicher, 1963; Yakowitz & Spragins, 1968). Early work in the theoretical computer science community provided guarantees
for clustering-based algorithms (Dasgupta, 1999; Sanjeev & Kannan, 2001); subsequent work provided polynomial-time
algorithms down to the information theoretic threshold for identifiability based on the method of moments (Moitra & Valiant,
2010; Belkin & Sinha, 2010); even more recent work tackles robust algorithms for learning mixtures in the presence of
outliers (Hopkins & Li, 2018; Bakshi et al., 2022); finally, there has been a lot of interest in understanding the success and
failure modes of practical heuristics like expectation-maximization (Balakrishnan et al., 2017; Daskalakis et al., 2017).

Speeding up mixing via tempering techniques There are many related techniques for constructing Markov Chains by
introducing an annealing parameter (typically called a “temperature”). Our chain is augmented by a temperature random
variable, akin to the simulated tempering chain proposed by (Marinari & Parisi, 1992). In parallel tempering (Swendsen
& Wang, 1986; Hukushima & Nemoto, 1996), one maintains multiple particles (replicas), each evolving according to the
Markov Chain at some particular temperature, along with allowing swapping moves. Sequential Monte Carlo (Yang &
Dunson, 2013) is a related technique available when gradients of the log-likelihood can be evaluated.

Analyses of such techniques are few and far between. Most related to our work, (Ge et al., 2018) analyze a variant of
simulated tempering when the data distribution looks like a mixture of (unknown) Gaussians with identical covariance, and
can be accessed via gradients to the log-pdf. We compare in more detail to this work in Section 4. In the discrete case (i.e.
for Ising models), (Woodard et al., 2009b;a) provide some cases in which simulated and parallel tempering provide some
benefits to mixing time.



