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Abstract

To generate data from trained diffusion models,
most inference algorithms, such as DDPM (Ho
etal.,2020), DDIM (Song et al., 2020a), and other
variants, rely on discretizing the reverse SDEs or
their equivalent ODEs. In this paper, we view
such approaches as decomposing the entire de-
noising diffusion process into several segments,
each corresponding to a reverse transition ker-
nel (RTK) sampling subproblem. Specifically,
DDPM uses a Gaussian approximation for the
RTK, resulting in low per-subproblem complex-
ity but requiring a large number of segments (i.e.,
subproblems), which is conjectured to be inef-
ficient. To address this, we develop a general
RTK framework that enables a more balanced
subproblem decomposition, resulting in O(1) sub-
problems, each with strongly log-concave targets.
We then propose leveraging two fast sampling al-
gorithms, the Metropolis-Adjusted Langevin Al-
gorithm (MALA) and Underdamped Langevin
Dynamics (ULD), for solving these strongly log-
concave subproblems. This gives rise to the RTK-
MALA and RTK-ULD algorithms for diffusion
inference. In theory, we further develop the con-
vergence guarantees for RTK-MALA and RTK-
ULD in total variation (TV) distance: RTK-ULD
can achieve e target error within O(d'/?¢~1) un-
der mild conditions, and RTK-MALA enjoys a
O(d?1og(d/€)) convergence rate under slightly
stricter conditions. These theoretical results sur-
pass the state-of-the-art convergence rates for dif-
fusion inference and are well supported by numer-
ical experiments.
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1. Introduction

Generative models have become a core task in modern ma-
chine learning, where the neural networks are employed
to learn the underlying distribution from training examples
and generate new data points. Among various generative
models, denoising diffusions have produced state-of-the-art
performance in many domains, including image and text
generation (Dhariwal & Nichol, 2021; Austin et al., 2021;
Ramesh et al., 2022; Saharia et al., 2022), text-to-speech
synthesis (Popov et al., 2021), and scientific tasks (Trippe
et al., 2023; Watson et al., 2023; Boffi & Vanden-Eijnden,
2023). The fundamental idea involves incrementally adding
noise and gradually transform the data distribution to a prior
distribution that is easier to sample from, e.g., Gaussian
distribution. Then, diffusion models parameterize and learn
the score of the noised distributions to progressively denoise
samples from priors and recover the data distribution (Vin-
cent, 2011; Song & Ermon, 2019).

Under this paradigm, generating data in denoising diffusion
models involves solving a series of sampling subproblems,
i.e., generating samples from the distribution after one-step
denoising. To this end, DDPM (Ho et al., 2020), one of
the most popular sampling methods in diffusion models,
has been developed for this purpose. DDPM uses Gaus-
sian processes with carefully designed mean and covariance
to approximate the solutions to these sampling subprob-
lems. By sequentially stacking a series of Gaussian pro-
cesses, DDPM successfully generates high-quality samples
that follow the data distribution. The empirical success of
DDPM has immediately triggered various follow-up work
(Song et al., 2020b; Lu et al., 2022), aiming to accelerate
the inference process and improve the generation quality.
Alongside rapid empirical research on diffusion models and
DDPM-like sampling algorithms, theoretical studies have
emerged to analyze the convergence and sampling error of
DDPM. In particular, (Lee et al., 2022; Li et al., 2023; Chen
et al., 2023b;a; Benton et al., 2024; Chen et al., 2024) have
established polynomial convergence bounds, in terms of
dimension d and target sampling error €, for the generation
process under various assumptions. A typical bound under
minimal data assumptions on the score of the data distribu-
tion is provided by (Chen et al., 2023b; Benton et al., 2024),
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which establishes an @(de’Q) score estimation guarantees
to sample from data distribution within e-sampling error in
the Total Variation (TV) distance.

In essence, the denoising diffusion process can be ap-
proached through various decompositions of sampling sub-
problems, where the overall complexity depends on the
number of these subproblems multiplied by the complexity
of solving each one. Within this framework, DDPM can be
regarded as a specific solver for the denoising diffusion pro-
cess that heavily prioritizes the simplicity of subproblems
over their quantity. In particular, it adopts simple one-step
Gaussian approximations for the subproblems, with O(1)
computation complexity, but needs to deal with a relatively
large number—approximately O (de~2)—of target subprob-
lems to ensure the cumulative sampling error is bounded
by € in TV distance. This imbalance raises the question
of whether the DDPM-like approaches stand as the most
efficient algorithm, considering the extensive potential sub-
problem decompositions of the denoising diffusion process.
We therefore aim to:

accelerate the inference of diffusion models via a
more balanced subproblem decomposition in the
denoising process.

In this work, we propose a novel framework called reverse
transition kernel (RTK) to achieve exactly that. Our ap-
proach considers a generalized subproblem decomposition
of the denoising process, where the difficulty of each sam-
pling subproblem and the total number of subproblems are
determined by the step size parameter 7. Unlike DDPM,
which requires setting n = €2, resulting in approximately
O(1/n) = O(1/€*) subproblems, our framework allows 7
to be feasible in a broader range. Furthermore, we demon-
strate that a more balanced subproblem decomposition can
be attained by carefully selecting n = ©(1) as a constant,
resulting in approximately (5(1) sampling subproblems,
with each target distribution being strongly log-concave.
This nice property further enables us to efficiently solve
the sampling subproblems using well-established accelera-
tion techniques, such as Metropolis Hasting step and under-
damped discretization, without encountering many subprob-
lems. Consequently, our proposed framework facilitates
the design of provably faster algorithms than DDPM for
performing diffusion inference. Our contributions can be
summarized as follows.

* We propose a flexible framework that enhances the effi-
ciency of diffusion inference by balancing the quantity
and hardness of RTK sampling subproblems used to seg-
ment the entire denoising diffusion process. Specifically,
we demonstrate that with a carefully designed decomposi-
tion, the number of sampling subproblems can be reduced

to approximately O(1), while ensuring that all RTK tar-
gets exhibit strong log-concavity. This capability allows
us to seamlessly integrate a range of well-established sam-
pling acceleration techniques, thereby enabling highly
efficient algorithms for diffusion inference.

* Building upon the developed framework, we implement
the RTK using the Metropolis-Adjusted Langevin Algo-
rithm (MALA), making it the first attempt to adapt this
highly accurate sampler for diffusion inference. Under
slightly stricter assumptions on the estimation errors of
the energy difference and score function, we demonstrate
that RTK-MALA can achieve linear convergence with
respect to the sampling error €, specifically O(log(1/€)),
which significantly outperforms the O(1/€?) convergence
rate of DDPM (Chen et al., 2023b; Benton et al., 2024).
Additionally, we consider the practical diffusion model
where only the score function is accessible and develop
a score-only RTK-MALA algorithm. We further prove
that the score-only RTK-MALA algorithm can achieve an
error € with a complexity of O(e~2/(v=1) . 2%) where u
can be an arbitrarily large constant, provided the energy
function satisfies the u-th order smoothness condition.

* We further implement Underdamped Langevin Dynamics
(ULD) within the RTK framework. The resulting RTK-
ULD algorithm achieves a state-of-the-art complexity of
O(d'/?¢~1) for both d and e dependence under minimal
data assumptions, i.e., Lipschitz condition for the ground
truth score function. Compared with the O(de~2) com-
plexity guarantee for DDPM, it improves the complexity
with an O(d'/2¢~1) factor. This result also matches the
state-of-the-art convergence rate of the ODE-based meth-
ods (Chen et al., 2024), though those methods require
Lipschitz conditions for both the ground truth score func-
tion and the score neural network.

2. Preliminaries

In this section, we first introduce the notations used in sub-
sequent sections. Then, we present several distinct Markov
processes to demonstrate the procedures for adding noise to
existing data and generating new data. Besides, we specify
the assumptions required for the target distribution in our
algorithms and analysis.

Notations. We say a complexity h: R — R to be h(n) =
O(n*) or h(n) = O(n*) if the complexity satisfies h(n) <
¢-nFor h(n) < ¢-nF[log(n)]*" for absolute contant ¢, k
and k’. We use the lowercase bold symbol x to denote a
random vector, and the lowercase italicized bold symbol
x represents a fixed vector. The standard Euclidean norm
is denoted by || - ||. The data distribution is presented as
P« x exp(—f«). Besides, we define two Markov processes
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R ie.,
{Xt}te[o,T] , {X%}ke{o,l,...,K} , where T = Kn.

In the above notations, 7" presents the mixing time required
for the data distribution to converge to specific priors, K
denotes the iteration number of the generation process, and
n signifies the corresponding step size. Further details of
the two processes are provided below.

Adding noise to data with the forward process. The
first Markov process {x;} corresponds to generating pro-
gressively noised data from p,. In most denoising diffu-
sion models, {x;} is an Ornstein—Uhlenbeck (OU) process
shown as follows

dx; = —xdt + \/idBt where xo ~ p. x exp(—fi). (1)

If we denote underlying distribution of x; as p; o< exp(—f+)
meaning fy = f., the forward OU process provides an
analytic form of the transition kernel, i.e.,

2
Ny — om0
( /| ) pt’,t($l7m) ‘ X e m”
/ r|r) = ———/—™"——xXeXx
Perje pi(x) Pl —e2w)

3]
for any ¢’ > t, where py;, denotes the joint distribution
of (xy/,%;). According to the Fokker-Planck equation, we
know the stationary distribution for SDE. (1) is the standard
Gaussian distribution.

Denoising generation with a reverse SDE. Various theo-
retical works (Lee et al., 2022; Li et al., 2023; Chen et al.,
2023b;a; Benton et al., 2024) based on DDPM (Ho et al.,
2020) consider the generation process of diffusion models
as the reverse process of SDE. (1) denoted as {x; }. Ac-
cording to the Doob’s h-Transform, the reverse SDE, i.e.,
{x;~}, follows from

dxf = (x§ +2Vinpr_«(x5))dt + vV2dB:, (3

whose underlying distribution p;~ satisfies pr_;, = p; .
Similar to the definition of transition kernel shown in Eq. 2,
we define py,, (@'|@) = pji,(x', @) /p{ () for any ¢’ >

t > 0 and name it as reverse transition kernel (RTK).

To implement SDE. (3), diffusion models approximate the
score function V In p; with a parameterized neural network
model, denoted by sg ;, where 6 denotes the network pa-
rameters. Then, SDE. (3) can be implemented by

dX; = (Xi + 280, 7—kn (Rin)) dt + V2d By )

for any ¢ € [kn, (k + 1)n) with a standard Gaussian initial-
ization, Xg ~ N(0,I). Eq. (4) has the following closed
solution

Rkt 1)y = € Kin—2(1—€")80,7—ky (Xkn) +1/ €21 — 1-€ (5)
where £ ~ N(0, I). This is exactly the DDPM algorithm.

DDPM approximately samples the reverse transition
kernel. DDPM can also be viewed as an approximated
sampler for RTK, i.e., p;,},(@'|x) for some ¢’ > ¢. In par-
ticular, the update of DDPM at the iteration k applies the
Gaussian process Py, 1)k, (/) defined as

N (e"x —2(1 — e")sgr—ky(z), (e —1) - I) (6)

to approximate the distribution p(; +1)n\kn( ‘|&) (Ho et al.,
2020). Specifically, by the chain rule of KL divergence,
the gap between the data distribution p, and the generated
distribution D satisfies

KL (Br||p+) < KL (%o||p5")
K—-1
+ 3 Expey [KL (B yapen B[Pl min (1))

k=0

@)
where K = T'/n is the total number of iterations. For
DDPM, to guarantee a small sampling error, we need to use
a small step size 7) to ensure that P, 1)y, is sufficiently
close to pE; 1)kt Then, the required iteration numbers
K = T/n will be large and dominate the computational
complexity. In Chen et al. (2023b; 2022), it was shown that
one needs to set n = @(62) to achieve e sampling error in
TV distance (assuming no score estimation error) and the
total complexity is K = O(1/€2).

Intuition for General Reverse Transition Kernel. As
previously mentioned, DDPM approximately solves RTK
sampling subproblems using a small step size 7. While
this allows for efficient one-step implementation, it neces-
sitates a large number of RTK sampling problems. This
naturally creates a trade-off between the quantity of RTK
sampling problems and the complexity of solving them. To
address this, one can consider a larger step size 1, which
results in a relatively more challenging RTK sampling tar-
get pE; 1)k and a reduced number of sampling problems
(K = T/n). By examining a general choice for the step
size 7, the generation process of diffusion models can be
depicted through a comprehensive framework of reverse
transition kernels, which will be explored in depth in the
following section. This framework enables the design of
various decompositions for RTK sampling problems and
algorithms to solve them, resulting in an extensive family
of generation algorithms for diffusion models (that encom-
passes DDPM). Consequently, this also offers the poten-
tial to develop faster algorithms with lower computational
complexities, e.g., applying fast sampling algorithms for
—

sampling the RTK, i.e., Pt 1)nlkn with a properly large 7.

General Assumptions. Similar to the analysis of
DDPM (Chen et al., 2023b;a), we make the following as-
sumptions on the data distribution p, that will be utilized in
the theory.



Reverse Transition Kernel: A Flexible Framework to Accelerate Diffusion Inference

[A1] For all ¢ > 0, the score V ln p; is L-Lipschitz.

[A2] The second moment of the target distribution p, is

upper bounded, i.e., E,_ [||H2} =m3.

Assumption [A1] is standard one in diffusion literature and
has been used in many prior works (Block et al., 2020; Chen
et al., 2022; Lee et al., 2022; Chen et al., 2024). More-
over, we do not require the isoperimetric conditions, e.g.,
the establishment of the log-Sobolev inequality and the
Poincaré inequality for the data distribution p, as (Lee et al.,
2022), and the convex conditions for the energy function f,
as (Block et al., 2020). Therefore, our assumptions cover
a wide range of highly non-log-concave data distributions.
We emphasize that Assumption [A1] may be relaxed only
to assume the target distribution is smooth rather than the
entire OU process, based on the technique in (Chen et al.,
2023a) (see rough calculations in their Lemmas 12 and 14).
We do not include this additional relaxation in this paper to
clarify our analysis. Assumption [A2] is one of the weak-
est assumptions being adopted for the analysis of posterior
sampling.

3. General Framework of Reverse Transition
Kernel

This section introduces the general framework of Reverse
Transition Kernel (RTK). As mentioned in the previous
section, the framework is built upon the general setup of
segmentation: each segment has length 7; within each seg-
ment, we generate samples according to the RTK target
distributions. Then, the entire generation process in dif-
fusion models can be considered as the combination of a
series of sampling subproblems. In particular, the inference
process via RTK is displayed in Alg. 1.

Algorithm 1 INFERENCE WITH REVERSE TRANSITION
KERNEL (RTK)
1: Input: Initial particle Xy sampled from the standard
Gaussian distribution, Iteration number K, Step size 7,
required convergence accuracy ¢;

2: fork=0to K — 1do
3:  Draw sample X(i1), with MCMCs from
D(k+1)n|kn (| Xrn) Which is closed to the ground-truth
reverse transition Kernel, i.e.,
P§+1)n|kn(z\f<kn) oc exp (—g(2))
~ _ 2
[5in =2 7"
= exp —f(K_k_l)n(z) — W .
(3)
4: end for
5: return Xg .

The implementation of RTK framework. We begin with
a new Markov process {Xy, }r=0,1,....x satisfying Kn =T,
where the number of segments K, segment length 7, and
length of the entire process T correspond to the definition
in Section 2. Consider the Markov process {Xj,} as the
generation process of diffusion models with underlying dis-
tributions {py, }, we require po = N(0,I) and px,, = ps.,
which is similar to the Markov process {x;}. In order to
make the underlying distribution of output particles close
to the data distribution, we can generate Xy, with Alg. 1,
which is equivalent to the following steps:

* Initialize %Xy with an easy-to-sample distribution, e.g.,
N (0, I), which is closed to pg,.

e Update particles by drawing from

D(k-+1)n|kn (-|Xkn), which satisfies

samples

D(k+1)nlkn ([ Xkn) 2 Plg1yg)en ([Kien)-

Under these conditions, if pr,(2) ~ p(x—k)n(2) , then we
have

Pie+1)n(2) = P+ 1ynien (1), Prn ()
~ (Pl i (1) P () ) = Py (2)

for any £ € {0,1,...,K}. This means we can imple-
ment the generation of diffusion models by solving a
series of sampling subproblems with target distributions

Pty ([ Xkn)-

The closed form of reverse transition kernels. To imple-
ment Alg. 1, the most critical problem is determining the
analytic form of RTK pj;,, (z'|x) for and ¢' > ¢ > 0 which
is shown in the following lemma whose proof is deferred to
Appendix B.

Lemma 3.1. Suppose a Markov process {x;} with SDE. 1,
then for any t' > t, we have

p’1<77t|T7t’(w|w/) = pyju (z]2’)
2

!
x —x-e 1D

2(1 _ e—2(t’—t))

xexp | —fi(x) — ‘

The first critical property shown in this Lemma is that RTK
py|¢ 18 a perturbation of p; with a I3 regularization. This
means if the score of py, i.e., V f;, can be well-estimated, the
score of RTK, i.e., V log py|;/ can also be approximated with
high accuracy. Moreover, in the diffusion model, V f; =
Vlog p; is exactly the score function at time ¢, which is
approximated by the score network function sg . (), then

72(t’7t)m _ ef(t'ft)m/

1 — e—2(t'—1)

e

— Viogpyy (z|x') = V fi(x) +

’ !
o2t =) o _ o= (t' =) gt

~ 80.(x) + 1 _e20-0
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which can be directly calculated with a single query of
sp,+(x). The second critical property of RTK is that we can
control the spectral information of its score by tuning the
gap between ¢’ and ¢. Specifically, considering the target
distribution, i.e., p(k —k—1)y| (K —k)n for the k-th transition,
the Hessian matrix of its energy function satisfies

~ V2108 P(K—k—1)n|(K—k)n
e~

2
= Vo f -k (®) + 7=y

According to Assumption [A1], the Hessian

vzf(K—k-—l)n(m) =-V? Ing(K—k—l)n

can be lower bounded by — LI, which implies that RTK
P(K—k—1)n|(K —k)n Will be L-strongly log-concave and 3 L-
smooth when the step size is set n = 1/2 - log(1 + 1/2L).
This further implies that the targets of all subsampling prob-
lems in Alg. 1 will be strongly log-concave, which can
be sampled very efficiently by various posterior sampling
algorithms.

Sufficient conditions for the convergence. According
to Pinsker’s inequality and Eq. (7), the we can obtain the
following lemma that establishes the general error decom-
position for Alg.1.

Lemma 3.2. For Alg I, we have

TV (prcpe) < \/(1 4+ L2)d + [V £.(0) | - exp(~Kn)

K—1
1 . N 5
+ 3 Z Ex~ppy [KL (p(k+1)n\kn("x)|‘p§+1>n‘kn(‘|x))}

k=0
forany K € Ny andn € Ry.

It is worth noting that the choice of 7 represents a trade-off
between the number of subproblems divided throughout the
entire process and the difficulty of solving these subprob-
lems. By considering the choice n = 1/2 - log(1 + 1/2L),
we can observe two points: (1) the sampling subproblems
in Alg. 1 tend to be simple, as all RTK targets, presented in
Lemma 3.1, can be provably strongly log-concave; (2) the
total number of subproblems is K = T'/n = O(1), which
is not large. Conversely, when considering a larger n that
satisfies n > log(1 + 1/L), the RTK target will no longer
be guaranteed to be log-concave, resulting in high computa-
tional complexity, potentially even exponential in d, when
solving the corresponding sampling subproblems. On the
other hand, if a much smaller step size 7 = o(1) is consid-
ered, the target distribution of the sampling subproblems
can be easily solved, even with a one-step Gaussian process.
However, this will increase the total number of sampling
subproblems, potentially leading to higher computational
complexity.

Therefore, we will consider the setup n = 1/2 - log(1 +
1/2L) in the remaining part of this paper. Now, the re-
maining task, which will be discussed in the next section,
would be designing and analyzing the sampling algorithms
for implementing all iterations of Alg. 1, i.e., solving the
subproblems of RTK.

4. Implementation of RTK inner loops

In this section, we outline the implementation of Step 1
in the RTK algorithm, which aims to solve the sam-
pling subproblems with strong log-concave targets, i.e.,
pa+1)n\kn('|ﬁ’f") x exp(—g). Specifically, we employ two
MCMC algorithms, i.e., the Metropolis-adjusted Langevin
algorithm (MALA) and underdamped Langevin dynamics
(ULD). For each algorithm, we will first introduce the de-
tailed implementation, combined with some explanation
about notations and settings to describe the inner sampling
process. After that, we will provide general convergence
results and discuss them in several theoretical or practical
settings. Besides, we will also compare our complexity
results with the previous ones when achieving the conver-
gence of TV distance to show that the RTK framework
indeed obtains a better complexity by balancing the number
and complexity of sampling subproblems.

RTK-MALA. Alg. 2 presents a solution employing
MALA for the inner loop. When it is used to solve the
k-th sampling subproblem of Alg. 1, xg is equal to Xy,
defined in Section 3 and used to initialize particles iterat-
ing in Alg. 2. In Alg. 2, we consider the process {z;}5_,
whose underlying distribution is denoted as {ys}5_,. Al-
though we expect g to be close to the target distribution
p&+1)7”kn(~|:co), in real practice, the output particles zg
can only approximately follow pf; . o (*|@0) due to in-
evitable errors. Therefore, these errors should be explained
in order to conduct a meaningful complexity analysis of the
implementable algorithm. Specifically, Alg. 2 introduces
two intrinsic errors:

[E1] Estimation error of the score function: we assume a
score estimator, e.g., a well-trained diffusion model,
sg, which can approximate the score function with an
€score CITOL, 1.€., |[Sg.+(2) — V1ogpi(2)]| < €score for
all z € RYand t € [0, 7.

[E2] Estimation error of the energy function difference: we
assume an energy difference estimator » which can
approximate energy difference with an €epergy error,
ie., |r (2, z) + log pi(2') —log pi(2)| < €energy for
all z, 2z’ € R%

Under these settings, we provide a general convergence
theorem for Alg. 2. To clearly convey the convergence
properties, we only show an informal version.
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Algorithm 2 MALA/PROJECTED MALA FOR RTK IN-
FERENCE
1: Input: Returned particle of the previous iteration x,
current iteration number k, inner iteration number S,
inner step size 7, required convergence accuracy e;
2: Draw the initial particle z from

2
po(dz) s |lwo —e"z|
T —L - .

2 o exp ( =0 = S =)
3: fors=0to S —1do
Draw a sample Z; from the Gaussian distribution

N(zs — 7 5¢(2s),271);
5:  ifze11 & B(zs,7) N B(0, R) then

»

6: zs+1 = zs; {This condition step is only activated
for Projected MALA.}

7: continue;

8: endif

9:  Calculate the accept rate as

a(Zs — (zs — 7 - s0(2s)), 2s)
12— 2 + 7 sa(z)

= i 1 Sy ~s
mln{ , €Xp <r(z Zs) + py

s 2 +T.89(25)|2>}.

4T

10:  Update the particle z,11 = Zs with probability a,
otherwise z541 = 2;.

11: end for

12: return zg;

Theorem 4.1 (Informal version of Theorem C.19). Under
Assumption [AI]-[A2], for Alg. 1, we choose

(L+L)d + [V £.(0)]
€2

1 2L +1

=1
n=g5l8 57>

K =4L -log

and implement Step 3 of Alg. 1 with Alg. 2. Suppose the
score [E1], energy [E2] estimation errors and the inner step
size T satisfy

€score — O(pd_l/Q)a €energy = O(pTl/Q)a

T=0(L?-(d+m3+2%)7"),
and the hyperparameters, i.e., R and r, are chosen properly.
We have
2

S
TV (i ps) <O(e) +exp (O(L(d + m3))) - <1 2 T)

i, (Ld1/2€score) n, (Leenlerfy)
p prY/
€
where p is the Cheeger constant of a truncated inner target

distribution exp(—g(z))1[z € B(0, R)] and Z denotes the
maximal lo norm of particles appearing in Alg. 1.

It should be noted that the choice of 7 choice ensures the
L strong log-concavity of target distribution exp(—g(z)),
which means its Cheeger constant is also L. Although
the Cheeger constant p in the second term of Eq. 9
corresponding to truncated exp(—g(z)) should also be
near L intuitively, current techniques can only provide a
loose lower bound at an O(y/L/d)-level (proven in Corol-
lary C.10). While in both cases above, the Cheeger con-
stant is independent with e. Combining this fact with
an e-independent choice of inner step sizes 7, the sec-
ond term of Eq. 9 will converge linearly with respect to
€. As for the diameter Z of particles used to upper bound
7, though it may be unbounded in the standard imple-
mentation of Alg. 2, Lemma C.20 can upper bound it
with O (L3/2(d + m3)p~!) under the projected version of
Alg. 2.

Additionally, to require the final sampling error to satisfy
TV (pxry, p+) < O(€), Eq. 9 shows that the score and en-
ergy difference estimation errors should be e-dependent and
sufficiently small, where €score corresponding to the training
loss can be well-controlled. However, obtaining a highly
accurate energy difference estimation (requiring a small
€cnergy) 18 hard with only diffusion models. To solve this
problem, we can introduce a neural network energy esti-
mator similar to (Xu & Chi, 2024) to construct r(2’, z, t),
which induces the following complexity describing the calls
of the score estimation.

Corollary 4.2 (Informal version of Corollary C.21). Sup-
pose the estimation errors of score and energy difference

satisfy

< _pe d < pe
€score > W an €energy = 2. (d1/2 +mg + Z)’

If we implement Alg. 1 with the projected version of
Alg. 2 with the same hyperparameter settings as Theo-
rem 4.1, it has TV (Pgy, p) < O(€) with an O(L*p=2 -
(d+ m%)2 Z?% -log(d/€)) complexity.

Considering the loose bound for both p and Z, the com-
plexity will be at most O(L?(d + m3)%) which is the first
linear convergence w.r.t. € result for the diffusion inference
process.

Score-only RTK-MALA. However, the parametric en-
ergy function may not always exist in real practice. We
consider a more practical case where only the score esti-
mation is accessible. In this case, we will make use of
estimated score functions to approximate the energy differ-
ence, leading to the score-only RTK-MALA algorithm. In
particular, recall that the energy difference function takes
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the following form:

— 2
o — 2" - "]

9(2) = 9(2) = = logpure—r-19(=) + 57—

_ 2
o — ="

+ 10gp(ka71)77(z) - 2(1 — 6_277)

Since the quadratic term can be obtained exactly, we
only need to estimate the energy difference. Then
let f(z) = —logpk—r—1)y(2) and denote h(t) =
f (2" — z) - t + z), the energy difference g(2’) — g(z) can
be reformulated as

dih(t)
(dt)"”’

h(1) = h(0) = w and hO(t) =

where we perform the standard Taylor expansion at the point
t = 0. Then, we only need the derives of ~¢(0), which can
be estimated using only the score function. For instance, the
RN (t) can be estimated with score estimations:

MV = V(2 —2)-t+2)- (2 —2)
~hD(t) =s((2' —2) -t +2)- (2 — 2).

Moreover, regarding the high-order derivatives, we can
recursively perform the approximation: A(+1) 0) =
(R (At) — b (0))/At. Consider performing the approxi-
mation up to u-order derivatives, we can get the approxima-
tion of the energy difference:

" (0
T(k—k—1)y(2', 2) = Z ( )

7!
i=1

Then, the following corollary states the complexity of the
score-only RTK-MALA algorithm.

Corollary 4.3. Suppose the estimation errors of the score
satisfies €seore < pe/(LdY?), and the log-likelihood
function of p; has a bounded u-order derivative, e.g.,
||V(“) f (z)” < L, we have a non-parametric estimation
for log-likelihood to make we have TV (prcp, p«) < O(e)
with a complexity shown as follows

O <L4,0*3 . (d + m%)2 Z3 . 2/l 2“) .

This result implies that if the energy function is infinite-order
Lipschitz, we can nearly achieve any polynomial order con-
vergence w.r.t. € with the non-parametric energy difference
estimation.

RTK-ULD. Alg. 3 presents a solution employing ULD
for the inner loop, which can accelerate the convergence of
the inner loop due to the better discretization of the ULD
algorithm. When it is used to solve the k-th sampling sub-
problem of Alg. 1, xg is equal to Xy, defined in Section 3

Algorithm 3 ULD FOR RTK INFERENCE
1: Input: Returned particle of the previous iteration x,
current iteration number k, inner iteration number .S, in-
ner step size 7, velocity diffusion coefficient ~, required
convergence accuracy e;
2: Initialize the particle and velocity pair, i.e., (20, 0g)
with a Gaussian type product measure, i.e., N(0, 2 —
1) @ N(0,1);
3:fort=st05—1do
4:  Draw noise sample pair (£Z,£Y) from a Gaussian
type distribution.
50 21 =24+ Y1 —e "), —y M-y 1 -
e ))s0(24) + €
6:  Dsy1 =€ Oy —y 1 —e T )sp(2s) + &
end for
8: return zg;

~

and used to initialize particles iterating in Alg. 2. Besides,
the underlying distribution of noise sample pair is
M

L M,
(§s7fs) NN <0’ |:M2’1 M2,2:|)
2 2 - 1
where Mhii==(7—=2(1—-¢e"" +5-(1-
w2 (r-2amem)) s £

M1,2 = M271 = % (1 _ 267’77' + 67277—) I

672"/7-) I

Mo =(1—e 7)1

In Alg. 3, we consider the process {(2,,V,)}5_, whose
underlying distribution is denoted as {7, }5_,. We expect
the z-marginal distribution of g to be close to the target
distribution presented in Eq. 8. Unlike MALA, we only need
to consider the error from score estimation in an expectation
perspective, which is the same as that shown in (Chen et al.,
2023b).

[E3] Estimation error of the score function: we assume a
score estimator, e.g., a well-trained diffusion model,
sp, which can approximate the score function with
an €score €ITOL, 1., Ky, ||s9.4(2) — Vlog;pt(z)H2 <
€20 forany t € [0, T).

Under this condition, the complexity of RTK-ULD to

achieve the convergence of TV distance is provided as fol-

lows, and the detailed proof is deferred to Theorem D.9.

Besides, we compare our theoretical results with the previ-

ous in Table 1.

Theorem 4.4. Under Assumptions [A1]-[A2] and [E3], for
Alg. 1, we choose

1. 2L+1 1+ L2)d L (0)]1?
n=110 + K:4L~log(+ )d + ||V f.(0)]

2 %% o 2
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Results Algorithm Assumptions Complexity
Chen et al. (2023b) DDPM (SDE-based) [A1],[A2],[E3] O(L*de™?)
Chen et al. (2024)  DPOM (ODE-based) [A1],[A2].[E3], and s¢ smoothness O(L3de™?)
Chen et al. (2024) DPUM (ODE-based) [A1],[A2],[E3], and sp smoothness O(L2dY %)
Li et al. (2023) ODE-based sampler  [E3] and estimation error of energy Hessian (7)(d36’1)
Corollary 4.2 RTK-MALA [A1],[A2],[E1], and [E2] O(L*d?log(d/e))
Theorem 4.4 RTK-ULD (ours) [A1],[A2],[E3] O(L2dY%e™Y)

Table 1. Comparison with prior works for RTK-based methods. The complexity denotes the number of calls for the score estimation
to achieve TV (Pry, ps) < @(e) d and € mean the dimension and error tolerance. Compared with the state-of-the-art result, RTK-
ULD achieves the best dependence for both d and e. Though RTK-MALA requires slightly stricter assumptions and worse dimension
dependence, a linear convergence w.r.t. € makes it suit high-accuracy sampling tasks.

and implement Step 3 of Alg. I with projected Alg. 3. For the
k-th run of Alg. 3, we require Gaussian-type initialization
and high-accurate score estimation, i.e.,

7o =N(0,e2"—1)@N(0,I) and €geore = O(e/VL).

If we set the hyperparameters of inner loops as follows. the
step size and the iteration number as

2 2 —1/2
=6 (ed—1/2L—1/2. (10g {L(dJFmi;r llzoll )D )
2 2 1/2
S = é <€_ld1/2 . (10g |:L(d+mz2+ ||w0” ):|) > .

It can achieve TV (Prp, ps) S € with an O (L2d'/2e71)
gradient complexity.

5. Conclusion and Limitation

This paper presents an analysis of a modified version of
diffusion models. Instead of focusing on the discretization
of the reverse SDE, we propose a general RTK framework
that can produce a large class of algorithms for diffusion
inference, which is formulated as solving a sequence of
RTK sampling subproblems. Given this framework, we de-
velop two algorithms called RTK-MALA and RTK-ULD,
which leverage MALA and ULD to solve the RTK sampling
subproblems. We develop theoretical guarantees for these
two algorithms under certain conditions on the score esti-
mation, and demonstrate their faster convergence rate than
prior works. Numerical experiments support our theory.

We would also like to point out several limitations and fu-
ture work. One potential limitation of this work is the lack
of large-scale experiments. The main focus of this paper is
the theoretical understanding and rigorous analysis of the
diffusion process. Implementing large-scale experiments re-
quires GPU resources and practitioner support, which can be
an interesting direction for future work. Besides, though we

provided a score-only RTK-MALA algorithm, the O(1/¢)
convergence rate can only be achieved by the RTK-MALA
algorithm (Alg. 2). However, this faster algorithm requires
a direct approximation of the energy difference, which is not
accessible in the existing pretrained diffusion model. Devel-
oping practical energy difference approximation algorithms
and incorporating them with Alg. 2 for diffusion inference
are also very interesting future directions.
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A. Numerical Experiments

In this section, we conduct experiments when the target distribution p, is a Mixture of Gaussian (MoG) and compare
RTK-based methods with traditional DDPM. Specifically, we are considering a forward process from an MoG distribution
to a normal distribution in the following

K
1 1
dx, = —oxdt +dB, and xg ~ 2 ;N(uk,ag ),

where K is the number of Gaussian components, ptj, and 0,3 are the means and variances of the Gaussian components,
respectively. The solution of the SDE follows

x; =%pe 2 +VI—et-& where ¢ ~ N(0,I).

Since x and & are both sampled from Gaussian distributions, their linear combination x; also forms a Gaussian distribution,
ie.,

K
1 1 _ _
e N e o 1) )

Then, we have

1 & 1 1 1, @ — e 3t
\vj = — E V., |= . By e S e
p(wt) K pat T 2(\/%(0'2»2677: +1— e*t) eXp( 2(U$€_t +1— e_t) )
K 1
1 1, @z —pe 2t
=g 2 ) Ve |5 (Crm )

1 & — (@ — pie~ 2"
== pilmy) - g B
= I 2. pile) et 41 —et’

‘We can also calculate the score of xy, i.e.,

- mt—ﬂiei%t
/K- Y5 pile) - 02@+1_e>
Vp(x;) l
Viegp(x,) = =
@) = ) K-S, i)

We consider a MoG consisting of 12 Gaussian distributions, each with 10 dimensions, as shown in Fig. 2 (f). The means of
the 12 Gaussian distributions are uniformly distributed along the circumference of a circle with a radius of one in the first
and second dimensions, while the remaining dimensions are centered at the origin. Each component of the mixture has an
equal probability and a variance of 0.007 across all dimensions.

We evaluate Alg. 1 with unadjust Langevin algorithm (ULA), which leads to RTK-ULA, Alg 2, 3 implementations, and
DDPM under the same Number of Function Evaluations (NFE). Specifically, while DDPM models x,, across a sequence
of 1) timesteps spanning from 0 to 7" in increments of 0.001 x T (i.e., [0,0.0017",0.0027, ..., T]), we execute Alg. 1, 2,
and 3 at fewer timesteps within X[0,0.2T,0.4T,0.6T',0.8T]» and we distribute the NFE uniformly to these timesteps for MCMC.
The experiments are taken on a single NVIDIA GeForce RTX 4090 GPU. We evaluate the sampling quality using marginal

accuracy, i.e.,
d

1
Marginal Accuracy(p,p) =1 — 0.5 X p ZTV(ﬁ“pi),
i=1

where p; () is the empirical marginal distribution of the i-th dimension obtained from the sampled data, p;(z) is the true
marginal distribution of the ¢-th dimension, and d is the total number of dimensions.

11
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Figure 1. (a) Mariginal accuracy of the sampled MoG by different algorithms along NFE. (b-f) The histograms along a certain direction of
sampled MoG by different algorithms. The plots labeled by ‘ULA’, ‘ULD’, ‘MALA’, ‘MALA_ES’ correspond to RTK-ULA, RTK-ULD,
RTK-MALA, score-only RTK-MALA, respectively. The histogram is oriented along the second dimension when the first dimension is
constrained within (0.75, 1.25).

Fig. 1 (a) shows the marginal accuracies of our RTK sampling algorithms and DDPM along NFE. We observe that all
algorithms using RTK converge quickly. Among all RTK algorithms, RTK-MALA achieves the highest marginal accuracy.
Score-only RTK-MALA is worse than RTK-MALA since the estimated energy contains errors, yet it is still slightly better
than RTK-ULD. Along all RTK algorithms, RTK-ULA demonstrates the lowest performance in terms of marginal accuracy,
but it still outperforms DDPM with a large margin especially when NFE is small.

Fig. 1 (b-f) shows the histograms of sampled MoG by DDPM and RTK-based methods. We observe that DDPM cannot
reconstruct the local structure of MoG. ULA can roughly reconstruct the MoG structure, but it is still weak in complex
regions, specifically around the peaks and valleys. In contrast, RTK-ULD, score-only RTK-MALA, and RTK-MALA can
reconstruct more fine-grained structures in complex regions.

Fig. 2 (a-e) shows the clusters sampled by DDPM and RTK-based methods. We observe that DDPM fails to accurately
reconstruct the ground truth distribution. In contrast, all methods based on RTK can generate distributions that closely
approximate the ground truth. Additionally, RTK-MALA shows superior performance in accurately reconstructing the
distribution in regions of low probability.

Overall, these numerical experiments demonstrate the benefit of the RTK framework for developing faster algorithms than
DDPM in diffusion inference. Besides, experimental results also well support our theory, showing that RTK-MALA achieves
faster convergence than RTK-ULA and RTK-ULD, even with estimated energy difference via score functions.

B. Inference process with reverse transition kernel framework

Proof of Lemma 3.1. According to Bayes theorem, the following equation should be validated for any € R? and ¢/ > ¢,

pi(x) = /pt|t/ (z|2) - py(z')dz’. (10)

12
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Figure 2. (a-e) Clusters sampled by DDPM, RTK-ULA, RTK-ULD, score-only RTK-MALA, and RTK-MALA, respectively. (f) Clusters
sampled by the ground truth distribution. These 2D clusters represent the projection of the original 10D data onto the first two dimensions.

To simplify the notation, we suppose the normalizing constant of py, i.e.,

Z, = / exp(— fi(@))dz.

Besides, the forward OU process, i.e., SDE. 1, has a closed transition kernel, i.e.,

—d/2

t’ 2
o Gt
- exp

2 (1 —e2-1)

pep(a'|x) = (27r (1 - 6_2(t,_t)))

Then, we have

pu (') = / PP (@ ly)dy

, 2
S

2 (1—e2(t'-1)

—d/2
- exp

:/Zt_1 -exp(—fi(y)) - <27r (1 - e_g(t/_t))) dy.
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Plugging this equation into Eq. 10, and we have

RHS of Eq. 10 :/pt“/ (x| - pp (x')da’

_ m’767<t,7t) H2
Yy

’ -1 —2(t'—t) —d/2 ’
= [ pye (@) - [ Z; - exp(—fi(y)) - (27T (1 —e )) XD | ) dydz’.

Moreover, when we plug the reverse transition kernel

’
x —x-e 1)

2(1 — e~2(t—1))

pt\t’(m|m/) ocexp | —fi(x) — ‘

into the previous equation and have

w'fm-e_(f’l_t) H2
exp | —fi(@) = 5wy

RHS of Eq. 10 :/

) (27r (1 _ 6_2&,_“))701/2 . dyda’

2
!
x —x-et'—1)

=47 exp(—fil=) /exp _‘ 2(1 — e 2(—1)) : (27T (1 —672(t/7t)>)7d/2.

/ dy | dx’

= py(x) = LHS of Eq. 10.

Hence, the proof is completed. O

Lemma B.1 (Chain rule of TV). Consider four random variables, x,z,X, Z, whose underlying distributions are denoted as
Py Dz a, Gz SUPpOSe Py » and g, . denotes the densities of joint distributions of (x,z) and (X, z), which we write in terms
of the conditionals and marginals as

P2 (T, 2) = poi2(|2) - p2(2) = p2ja(2]T) - po()
Qm,z(xv Z) = qw\z(wlz) : QZ(Z) = Qz|m(z‘$) qg:(w)

then we have
vV (pl',za q;c,z) < min {TV Pz, q,z) + ]Ezwpz [TV (pa:|z( ‘ ) Qw|z( |Z))] )
vV (pxa qgc) + ]Exwpz [TV (pz\w |X q,z|:z |X )]}

Besides, we have

TV (p2,6z) < TV (D220 ¢a,2) -
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Proof. According to the definition of the total variation distance, we have

1
vV (px,z;qu) :E//|pw,z(waz) - Qw,z(w7z)|dde

5 [ [ 1p-(@Ip1e(al2) = (e l2) + po(2)a012) ~ 0. (0]2)| dzda

S%/Pz(z)/|pz|z(ﬂ?|z) fqz|z(m|z)|dmdz+%/\pz(z) *QZ(Z)\/qw|Z(fB|z)dmdz

:]EZsz [TV (px\z('z)7 qﬂz(‘z))] +TV (pzv q,z) .
With a similar technique, we have

TV (pw,za Qa:,z) < TV (P, gz) + Ex~p, [TV (pzlm('|x)a QZ\w('|x))] :

Hence, the first inequality of this Lemma is proved. Then, for the second inequality, we have

1V (o) = [ (@) - (@) da

1
:2/‘/pm,z(a:,z)dz— Os.2(,2)dz

1
Si// ‘pm,z(mvz) *Qm,z($72)|d2d$ =TV (pz,zan,z)-

dx

Hence, the proof is completed.

Lemma B.2. For Alg I, we have

TV (pieypa) <y (1 + L2)d + [V £.(0)] - exp(—Kn)

K-1

+ Z Eg~prn [TV (ﬁ(k+1)n|kn('|§()vp&+1)n|kn('|ﬁ))}

k=0
forany K € Ny andn € R;.

Proof. Forany k € {0,1,..., K — 1}, let p(x41)y &y and paﬂ)n kny denote the joint distribution of (X(k+1)n> Xrny) and
(XE; 1) xa) which we write in term of the conditionals and marginals as

Plae+1)nen (T, T) = Dlrer 1ynlten (@) + Pen(T) = D) (1) (T]) + Dgg 1) ()
p@ﬂ)n,kn(f, x) = pfﬁﬂ)n\kn(ﬂﬂw) 'p;c_n(-’ﬂ) = pﬁ|(k+1)n(f’c|wl) 'pEZH)n(xl)-
Under this condition, we have

TV (Pcyspe) = TV (i picy) < TV (Brcy, (¢ 1ms Pic.ic—1)0)

<TV (ﬁ(K—l)mp&mn) + Exvpieay, {TV (ﬁKnl(K—l)n('|§<)7pgn\(Kfl)n('bA{))}

where the inequalities follow from Lemma B.1. By using the inequality recursively, we have

K-1
TV (Prn, p+) <TV (Po,py ) + Z Es~pi, {TV (ﬁ(kJrl)n\kn(")A()7p2;+1)n\kn("§())}
k=0
K1 (11)
=TV (P, prca) + 3 Bicwpy [TV (B0 101t (10, B )11 (19|
Term 1

where po, denotes the stationary distribution of the forward process. In this analysis, p is the standard since the forward
SDE. 1, whose negative log density is 1-strongly convex and also satisfies LSI with constant 1 due to Lemma E.9.
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For Term 1. we have

1 1
TV (pompKn) S\/2KL (pKﬂHpoo) < \/2 - €Xp (*2K7}> -KL (p0||poo)

<\/(1+ L2)d+ |V £.(0)]* - exp(~K7)

where the first inequality follows from Pinsker’s inequality, the second one follows from Lemma E.1, and the last one
follows from Lemma E.2. It should be noted that the smoothness of py required in Lemma E.2 is given by [A1].

Plugging this inequality into Eq. 11, we have

TV (pieypa) <y (1 + L2)d + [V £.(0)] - exp(—Kn)
K—-1

+ 3 Bawpy [TV (Bt 1y01tn (100 Py (%) )|
k=0
Hence, the proof is completed. O
Corollary B.3. For Alg 1, if we set
1 2L+1 1+ L%)d L(0)[°
O S LR G A
2 2L €2

and

€ €

2 -1
TV (5 — A (| + [ )d va*(O)HQ
(1 (k+1)7]|k77('|w)7p(k+])n‘kn('|$)> < == —.

2 9

log

€

we have the total variation distance between the underlying distribution of Alg 1 output and the data distribution p, will
satisfy TV (Pxy, pi) < 2e.

Proof. According to Lemma B.2, we have

TV (i, pa) <4/ (1+ L2)d + [V £(0) > - exp(—K7)
K-—1

+ 3 B [TV (Pt 1yt CIR). D111 (1))
k=0

Term 2

forany K € N, and € R,.. To achieve the upper bound TV (poo, pryy) < €, we only require

(1+ L)d + ||V £.(0)]
_ .

1
T:anilog (12)

€

For Term 2. For any z € R, the formulation of pi, , , (-|2) is

- . . & — e )"
p(k+1)7,|kn($|m) :p(K—k—l)n|(K—1)n(m|m) X exp *f(K—k—l)n(m) - W )

whose negative log Hessian satisfies
2 - . 2 e % e %
V2 L8 Pyl (@1@) = VSt (@) T T2 (7 = L) 1

Note that the last inequality follows from [A1]. In this condition, if we require

e 2 1. 2L+1
- > < =
<1—e—2" L>L s gle T

16
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then we have
e~2n 3e~2n

2 A
m i = —Vw 1ng&+1)n|kn($‘$) =< m T

To simplify the following analysis, we choose 7 to its upper bound, and we know for all k € {0,1,..., K — 1}, the
conditional density pl;_” (x|Z) is strongly-log concave, and its score is 3L-Lipschitz. Besides, combining Eq. 12 and the
choice of 7, we require

K =T/n > log

(1+ L?)d + |V £.(0)|]” 2L +1
€2 /log 2L
which can be achieved by

(14 L%)d + ||V £.(0)|

2

K =4L -log
€

when we suppose L > 1 without loss of generality. In this condition, if there is a uniform upper bound for all conditional
probability approximation, i.e.,

(1+22)d+ VL]

R . R € €
TV (st C12) iy (12) < 0 = 17 - |log = ,
then we can find Term 2 in Eq. 11 will be upper bounded by €. Hence, the proof is completed. O

Lemma B.4 (Chain rule of KL). Consider four random variables, x,z, X, Z, whose underlying distributions are denoted as
Dy Dz, Gz, Gz SUPPOSe Py » and g, . denotes the densities of joint distributions of (x,z) and (X, z), which we write in terms
of the conditionals and marginals as

P,z (@, 2) = pyp2(®|2) - p2(2) = paja(2]@) - po(@)

Oz2(T, 2) = Qz\z(mlz) "q:(2) = QZ|I(Z‘:B) "G ().

then we have
KL (pa:,qu:c,z) =KL (szLIz) + ]Ezwpz [KL (p:v\z(|z)||qgc\z(|z))]

=KL (pmHQz) + Eprm [KL (pz|1(|x)||qz|1(|x))]

where the latter equation implies
KL (ps||¢z) < KL (pa,2||¢a,2) -

Proof. According to the formulation of KL divergence, we have

KL (ps,:||¢s.2) :/px,z(a:,z)log md

-1/pﬁxnz)(mgp“m)+k@p”“zhﬁ)d@za

(2, 2)

qI(CE) QZ|I(Z‘:E)
_ mzopm(m)wz T zmoMzm
7/%2( )1 ng@)d( : )+/pm( )/pzm( |z)1 ng|x(z|a:)d d

=KL (pu]|@z) + Exmpy [KL (P2 (-1%)| 0212 (1%))] = KL (po]|42) ,

where the last inequality follows from the fact

With a similar technique, it can be obtained that

KL (ps,-||¢a,-) =/px,z(ﬂ?,Z)10g Wd(w,Z)
(z

= OpZ) og ——————
= [t (s 5 s TS e
=/mxm@mmghma+/mw/@4ﬂ@mmﬁﬂﬂwm

qz(z) qz|z :c|z)
=KL (p:||¢:) + Eanp. [KL (o2 (-|2)||Ba)=(]2))] -

17
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Hence, the proof is completed. O

Proof of Lemma 3.2. This Lemma uses nearly the same techniques as those in Lemma B.2, while it may have a better
smoothness dependency in convergence since the chain rule of KL divergence. Hence, we will omit several steps overlapped
in Lemma B.2.

For any k& € {0,1,..., K — 1}, let p(xt1)nry and p&-irl)n,kn denote the joint distribution of (X(j41),,Xky) and
(XE; 1) XE;) which we write in term of the conditionals and marginals as

Dikr1yn k(T ) = Dot 1)len (') - Pry () = Prey| (k1) (] T) - Pl 1)y ()
p&+1)n,kn(x/a .’1}) = pa—&-l)n\kn(mqm) ’ p,:?(:c) = p;;y|(k+1)n(m|m,) ' pz;-&-l)n(m/)'

Under this condition, we have

. R 1 . 1 R
TV (pKnap*) =TV (mep(I?n) < \/QKL (pKan}?n) < \/2KL (pKn,(K—l)nHp}?n,(}(,l)n)

1 R 1 . . .
< \/QKL (p(Kfl)anE}fl)n) + §Ef€~ﬁ<K—1>n {KL (pKnl(Kfl)n('|X)Hp;m(Kq)nHX))}

where the first inequality follows from Pinsker’s inequality, the second and the third inequalities follow from Lemma B.4.
By using the inequality recursively, we have

K—-1
. 1 . .
TV (pKnap*) < §KL pOHPO + 5 Z Ex X~Pln [ ( (k+1)77“€77('|x)"pa—kl)n\kn("){))}
k=0

1 1 R N N
KL (peclpicn) + [ 5 Z i (KL (B tyntin ) [P 41110 (1) ) | (13)
=
2 . . N
<A+ 124 VA exp(—En) + | 5 3 Eaope, [KL (550t (05 110100190
k=0
where the last inequality follows from Lemma E.2. Hence, the proof is completed. O

Corollary B.5. For Alg 1, if we set

1 2L +1 B (1+ L¥d + |V f.(0)]
77—§~log 57 K =4L -log 2
and
. . N e (1+ L*)d + |V £.(0)]
KL (B(k4 1ymikn C18) [P k- 1ymi s —yn (12)) < 7 - |log = v

we have the total variation distance between the underlying distribution of Alg I output and the data distribution p, will
satisfy TV (Pry, ps«) < 2e.

Proof. According to Lemma 3.2, we have

TV (i, pa) <A/ (1+ L2)d + [V £(0) > - exp(—K7)
Term 1
K—1 (14)

Escwpu [KL (Bt i 1) [ 1y (150 |
k=0

DN =

Term 2

18
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To achieve the upper bound Term 1 < €, we only require

L, A+ L2)d+ IV E0))*

T:Kn2§log 2 (15)
For Term 2, by choosing
)= llog 2L +1
2 2L
we know for all £ € {0,1,..., K — 1}, the conditional density pk<_+1| «(x|Z) is strongly-log concave, and its score is

3 L-Lipschitz. In this condition, we require

(L+L2)d + ||V (0)]
2

K =4L -log
€

when we suppose L > 1 without loss of generality. Then, to achieve Term 2 < ¢, the sufficient condition is to require a
uniform upper bound for all conditional probability approximation, i.e.,

e e llog (L+ L2)d + IIVf*(O)IIQ] .

KL (31 (1) |5 C)) < = :

Hence, the proof is completed. O

Remark B.6. To achieve the TV error tolerance shown in Corollary B.3, .i.e.,

€ llog (1+L2)d+||Vf*(0)||2] 7

TV (gt )i C12): PG yaiien (12)) < 17 - >

it requires the KL divergence error to satisfy

1 R R .
L (Bt 1) 1y 19))

2 (1+L%)d+ Vf*(O)IQ]_

IN

TV (Bt )01t (12), {1110 (12))

log

€
2

1612 P

Compared with the results shown in Corollary B.5, this result requires a higher accuracy with an O(L) factor, which is not
acceptable sometimes.

Lemma B.7. Suppose Assumption [A1]-[A2] hold, the choice of 1) keeps the same as that in Corollary B.5, and the second
moment of the underlying distribution of Xy, is My, then we have

20}
Myi1 < Tk +16(d + m2) + 24M,.
Proof. Considering the second moment of X 1),, we have
. 2 . 9
Epiisryn {HX(’C-H)WH } = [ Dt 1yn(@) - [J||"de
-/ ( [ ptw) -ﬁ<k+l>nkn(w|y>dy> TR (16)
:/ﬁkn(y) : /ﬁ(k+1)n|kn(m\y) |z |*dzdy.

Then, we focus on the innermost integration, suppose 4, (-, -) as the optimal coupling between P11y, ky(-|y) and
p&+1)n‘kn(-|y). Then, we have

—

mﬂ)mww) 1o =2 [ bt sayu(ely) o] do
[t (j1 - 2lel) d@.2) < [ 3y(@.2) | - al*d(@,2) (7

=W; (p(k+1)n|kn’p(k+1)n\kn)

IN
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Since pa+1)n|kn is strongly log-concave, i.e.,

e~ 2n

_vi 10gpz;+1)n‘kn($‘§3) = sz(K*kfl)'ﬂ(w) + m I t [/I7

the distribution pé; +1)nlkn also satisfies 1/L log-Sobolev inequality due to Lemma E.9. By Talagrand’s inequality, we have

. 2 R 20
w3 (p(k+1)n|kmp@+1)mkn> =7 KL (pk+1\k+%,b’|pk+l|k+%7b) =1 (18)
Plugging Eq 17 and Eq 18 into Eq 16, we have
. 2 . 20y, 2
E{[%sunl’] < [ 2@ - (T +2 [ psiympnlaly) 2] da ) dy. (19)

To upper bound the innermost integration, we suppose the optimal coupling between p(x_j_1), and p(: o kn(' ly) is
vy(+, ). Then it has

/ma@mm@wnmwdm—g/gK%AM@Hmwdm

< [t @) (127 - 2l2l’) d@'2) < [ (@ @) 0’ - o dia ) 20
= WQZ(p(K—k—l)mPEZH)mkn)

—

Since Pkt 1)nlkn

satisfies LST with constant 1/L. By Talagrand’s inequality and LSI, we have

2
W22(p(K7k71)mpE;+1)n|kn) < 7 -KL (p(kafl)an(kJrl)n\kn)

2
p(kaq)n(iB)

Pl 1yniin(Z1Y)
2
dx

Vlog dx

4
< R P(K—k—1)n(T) -
e My —e g

4
=1z Peen®) T

1MWW+8/MK%AMwMM&n

< 12|lylf* + 8(d + m3).

IN

where the last inequality follows from the choice of 7 = 1/2 - log(2L + 1) /2L and the fact E, [1x1?] < (d+m3)

obtained by Lemma E.7. Plugging this results into Eq. 19, we have

(K—k—1)n

. 20 .
E [[[Reranll’] < 2 +16(d+m3) + 24 [0, ]

C. Implement RTK inference with MALA

In this section, we consider introducing a MALA variant to sample from pl<c_+1| «(Z|o). To simplify the notation, we set

_ 2
o — 2z - e

2(1 — e—2n) @D

9(2) = fik—k—1)y(2) +
and consider k£ and x( to be fixed. Besides, we set
P (2]Z0) = iy (2]T0) < exp(—g(z))
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According to Corollary B.5 and Corollary B.3, when we choose

_ 1 2L+l
n=3log—r—,

the log density g will be L-strongly log-concave and 3 L-smooth. With the following two approximations,

se(z) ® Vg(z) and rg(2,2") = g(2z) —g(2'),

(22)

We left the approximation level here and determined when we needed the detailed analysis. we can use the following

Algorithm to replace Line 1 of Alg. 1.

In this section, we introduce several notations about three transition kernels presenting the standard, the projected, and the

ideally projected implementation of Alg. 2.

Standard implementation of Alg. 2. According to Step 2, the transition distribution satisfies
Qz. =N (zs — 7 50(25),27)

with a density function
q<£s|zs) = P2r (is - (zs - T Sg(zs))) :

Considering a 1/2-lazy version of the update, we set
1 1
TL(d2") = 5 62,(d2) + 5 - Q. (d2).

Then, with the following Metropolis-Hastings filter,

az,(z') = min {1, ZZ?E;; ~exp (—rg (2, zs))} where a,_ (2') = a(z’ — (zs — 7 - s9(25)), 25),

the transition kernel for the standard implementation of Alg, 2 will be
Tz.(dzs41) = Tz/S (dzst1) - az, (zs41) + (1 - /azs (zl)Tz/S (dz’)) 0z, (dzsy1)-

Projected implementation of Alg. 2. According to Step 2, the transition distribution satisfies
st =N (25 — 7 50(25),27)

with a density function
4(Zs|zs) = par (25 — (2s — 7+ Vso(2s))) -

Considering the projection operation, i.e., Step 2 in Alg 1, if we suppose the feasible set
Q=DB(0,R) and €, =DB(z,r)NB(0,R)

the transition distribution becomes

QL. (A) = /A Q)+ / Q. (d2') - 6. (A).

A-Q.,

Hence, a 1/2-lazy version of the transition distribution becomes
~ 1 1 -
TL(A2) = 5 62, (d2) + 5 - QL (d2)).

Then, with the following Metropolis-Hastings filter,

G, (2') = min q<zs|ZI)~ex —ro(2, 2 where da, (2') =a(z' — (25 — 7 s0(25)), 2
) =min {1 T e (2 b where 0., () = 0l = (2 = 7 sa(22).22),

the transition kernel for the projected implementation of Alg, 2 will be
T (@) = T2 @) s, o)+ (1= [ 02, ()T2,(02) ) b (02200).
Q
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Ideally projected implementation of Alg. 2. In this condition, we know the accurate g(z) — g(z’) and Vg(z). In this
condition, the ULA step will provide

Q2. =N (2, — 7 Vg(z),27) (28)

with a density function
q*(z~8|zs) = P2r (is - (T ) vy(zs))) .

Considering the projection operation, i.e., Step 2 in Alg 1, the transition distribution becomes

Q:‘;ZS (A) = / Q*7z3 (dz/) + / Q*>zs (dZ/) : 5Zs (A) (29)
ANQ, A-Q2,

Hence, a 1/2-lazy version of the transition distribution becomes

~ 1 1 -
Tiz(d2) = 502, (d2) + 5 - QL 2, (d27). (30)

Then, with the following Metropolis-Hastings filter,

~ I
Ty 2, (2 :min{lfiﬁk(zsh)~exp—gz’—gzS }, 31
(&) T e (= (9(z) — g(z)
the transition kernel for the accurate projected update will be
Ton (@2i1) = Tha @) s (i) (1 [ 0 ()T, (02)) - (02, 62
Q
Lemma C.1. Suppose we have
B }10 2L +1
=585

then the target distribution of the Inner MALA, i.e., p* (z|xo) will be L-strongly log-concave and 3 L-smooth for any given
xIo.

Proof. Consider the energy function g(z) of p (z|zg), we have

2
[0 — 2z -7

9(2) = fik—k—1)n(2) + 201 — ¢ 27)

whose Hessian matrix satisfies
L) Ie v v? < AN
B ————— . - = _— . - _— . .
((1 —emy ) = VR = Vw4 oy ((1 —e ) )

Under these conditions, if we have

1 2L +1 e 2n
< =1 & —— > 210
=381 T—e 2 =0
which means
3e=2n e~ 2n
\v& -
30— =V I Z gy
For the analysis convenience, we set
1 1 2L +1
=-1lo
R T
that is to say g(z) is L-strongly convex and 3 L-smooth. O
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C.1. Control the error from the projected transition kernel

Here, we consider the marginal distribution of {z;} and {Zs} to be the random process when Alg. 2 is implemented by the
standard and projected version, respectively. The underlying distributions of these two processes are denoted as zg ~ i
and Zs ~ [is, and we would like to upper bound TV (ug, fis) for any given .

Rewrite the formulation of zg, we have

VA :Z5~1(ZS :Zs>—|—ZS~1(Z5 7525>
where 1(-) is the indicator function. In this condition, for any set .4, we have

l(zs € A)=1(zs € A)-1(zs =2g)+1(zs € A)-1(zs # Zg)
=1(zs € A) —1(Zs € A) - 1(zs # zs) + 1 (zs € A) - 1 (zs # Zs),

which means
—1(zZs € A)-1(zs#2s)<1(zs € A)—1(zs € A) <1(zs € A)-1(zs5 # Zs) .
Therefore, the total variation distance between pg and fig can be upper bounded with

TV (us, fis) < EUP lns(A) — fis(A)| < 1(zs # zs) -
CR4

Hence, to require TV (us, fis) < €/4 a sufficient condition is to consider Pr[zg # Zg]. The next step is to show that, in
Alg. 2, the projected version generates the same outputs as that of the standard version with probability at least 1 — ¢/4.
It suffices to show that with probability at least 1 — ¢/4, projected MALA will accept all S iterates. In this condition, let
{z1, za,..., z5} be the iterates generated by the standard MALA (without the projection step), our goal is to prove that
with probability at least 1 — €/4 all z; stay inside the region 5(0, R) and ||z; — zs—1|| < r for all s < S. That means we
need to prove the following two facts

1. With probability at least 1 — ¢/8, all iterates stay inside the region B(0, R).

2. With probability at least 1 — €/8, ||xs — x5—1]| < 7 forall s < S.

Lemma C.2. Let ug and fis be distributions of the outputs of standard and projected implementation of Alg. 2. For any
e € (0,1), we set

2
Rzmax{& ”v‘(J[g))”qtz,G&\/Zlogm}, T’Z(\@+1)'\/Td+2“7'10g§
€ €

where z, is denoted as the global optimum of the energy function, i.e., g, defined in Eq. 21. Suppose P(||zo|| > R/2) < €/4
and set

d 16d } d
(BLR+ [[Vg(0)|| + €score)27 L?R? | (BLR+[[Vg(0)|| + escore)27

Tgmin{

then we have

~ €
TV (us, fug) < 1

Proof. We borrow the proof techniques provided in Lemma 6.1 of (Zou et al., 2021) to control the TVD gap between the
standard and the projected implementation of Alg. 2.
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Particles stay inside (0, R). We first consider the expectation of ||z, 1 ||> when z, is given, and have

E Iz

2] = [121° T2

= [10 [T )+ (1 [ 0n a7 09)) 1, 02)

= ll+ [ (120 = ) - s, (), (02

=+ [ (1217 = 1) - 0n. ) (502, (0) 4 5 - Qunfa2)

1 2 . /
=zl 5 [ (107 = ) - min (a(a/12.),a(a.l2) - exp (~rof=', 2.))) d2

1 1 2
<+ 5 [121 oIz

(33)

A

where the second equation follows from Eq. 27, the forth equation follows from Eq. 25 and the fifth equation follows from
Eq. 26 and Eq. 24. Note that ¢(z'|zs) is a Gaussian-type distribution whose mean and variance are zs — 7 - s9(z;) and 27
respectively. It means

/Hz'l\2 (q(2')z5)dz" = |25 — 7 - s0(2,)||” + 27d. (34)
Suppose z, is the global optimum of the function g due to Lemma C.1, we have

zs = 7 so(2)1* = ll2a 1> — 27 - 2] s9(24) + 72 - [I50(25)|I”
= HZ5||2 —27- Z;—VQ(ZS) +27 - z;l’ (so(2zs) — Vg(zs)) + . llso(zs) — Vg(zs) + VQ(ZS)Hz

Lz 2 Vg(0 2
<z5”2_27‘< el IX9OM ) 472+ satz) — Vit

(35)
2 2 2 2
+27° - [[Vg(26) " + 277 - [[so(2) — Vg(25) |l
= (1= Lr+7°) - |zl + 7 IVg(O)|* /L + (1 4+ 27%)e2eore + 27° - [[Va(2s)||*
< (L=Lr+ (1436L%) - 7°) - |[z]I* + 7 [Vg(0)|* /L + 47 - [ Vg(O)[* + (1 + 27°)eZeore
where the first inequality follows from the combination of L-strong convexity of g and Lemma E.3 , the second inequality
follows from the 3 L-smoothness of g The strong convexity and the smoothness of g follow from Lemma C.1.

Combining Eq. 33, Eq. 34 and Eq. 35, we have

L 1+ 36L2
Zsj| < (1_ i++7 .T2> sl

2
E|lzos] e+

(14 272%)€

T .
+ (57 +27%) - VO + =57 4 7d,

2L

By requiring €score < 7 < L/(2 4 7T2L%) < 1, we have

2
E |z,

Lt T

Suppose a radio R satisfies

2
[Vg(0)] + ﬁ (36)

> 8.
=8 L2 L
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Then, if || z5]| > R/2 > 4,/|[Vg(0)|2/L? + d/L, it has

IVg(0)|1? d) > IV | 8- (2+d)

2
§ > | — —
2" > 16 < 2 1 L2 L

Lr|zl> _ 7

> . 2
s 271 Vg(0)[|” + (2 + d)T

Lt 2
< - — - -
Zs:| > (1 3 ) szH

To prove ||z,|| < R for all s < S, we only need to consider z; satisfying ||zs|| > 41/[[Vg(0)|[2/L? + d/L, otherwise
|lzs|l < R/2 < R naturally holds. Then, by the concavity of the function log(-), for any ||z4|| > R/2, we have

& B[zl

Lt

Lt
E [IOg(HZ8+1H2)|ZS] <logE [||Zs+1||2|25} < log(1 — T) +log([lzs]1?) < log(l|=s1%) — - (37)

Consider the random variable
Zs =25 — T 89(2s) + V27 - & where &~ N(0,1)

obtained by the transition kernel Eq. 23, Note that ||£|| is the square root of a x(d) random variable, which is subgaussian
and satisfies

P || > Vd+ V2| < et

for any ¢ > 0. Under these conditions, requiring
7 < (BLR + G + €5core) 2 -d where G :=||Vg(0)|, (38)

we have

P [zl — 2]l > 3Vrd + 2v7t] <12~ 2] > 3v/7d + 2v/71] o)

<P 7 llso(zs)ll + V2 llgll 2 3V7d + 27| <P [V2rll = Vard +2v/7t| < e

In Eq. 39, the first inequality follows from the definition of transition kernel 7, shown in Eq. 27 and the second inequality
follows from

12| = [lzs]l < 7 [0 (2s) | + V27 [I€]] -

According to the fact

T llso(2s)[l <TIV(2)ll + Tescore <7 - ([[V9(25) = Vg(0)[| + | Vg(0)[| + €score)

(40)
7+ (3L - [|lzs] + [[Vg(0)[| + €score) < Vrd

where the second inequality follows from the smoothness of g, and the last inequality follows from Eq. 38 and ||z4|| < R,
we have

3VTd+ 21t — 7||sg(2s)|| > V21d + 2/,

which implies the last inequality of Eq. 39 for all ¢ > 0. Furthermore, suppose ||zs|| > R/2, it follows that

2||zs [l = 2|2l
log(||zs+1%) —log(llz*) = 2log(llzsr1ll/I2s]) < llzssall/llzs] =1 < R :

Therefore, we have log(||zs11||?) — log(||zs||?) is also a sub-Gaussian random variable and satisfies
P \log([|zs+11*) — log(||zs[|*) = 6R™"V7d + 4R*1tﬁ} < exp(—t?). (41)

We consider any subsequence among {z }3_,, with all iterates, except the first one, staying outside the region B(0, R/2).
Denote such subsequence by {y,}5, where ||lyo|| < R/2and S’ < S. Then, we know y, and y,; satisfy Eq. 37 and
Eq. 41 for all s > 1. Under these conditions, by requiring ||zo|| < R/2 with a probability at least 1 — €/16, we only need to

prove all points in {y}5_, will stay inside the region B(0, R) with probability at least 1 — ¢/16.
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Then, set & to be the event that
E = {llys|l < R, Vs < s},

which satisfies £;_1 C ;. Besides, suppose the filtration 5 = {yo,y1,...,¥s}. the sequence
{1(6c1) - (oallys > + Lsm/4)} 5

is a super-martingale, and the martingale difference has a subgaussian tail, i.e., for any ¢ > 0,

L 1 L
P {log(||ys+12) + # - log(HysHQ) - % > TR Wrd + 4R1t\/7'd]

L(s+1 L L
Mexlr y 7 tog(ly.[1>) - S 2 6RTVrd+ AR T + ﬂ

=P [log(||zs+1H2) - log(st||2) >6R71d+ 4R tT| < exp(ftz),

<P [1og<||ys+1||2> T

where the first inequality is established when

Lt  /7d 16d
Under these conditions, suppose
_ 6vTd i atv/1d o 4 uR 3
R R Wrd 2
it implies
2,2
25 R 1
64rd

which follows from the fact (a — b)? > a?/4 — b2 /3 for all a, b € R. Then, for any u > 0, we have

L(s+ 1)1 Lst R?u? R?u?
P |1 a1l + 22— ) = == >l < _ 1) < —
o)+ ZET oy ) - 7 > o] <o (g 1) < 3o (0 )

which implies that the martingale difference is subgaussian. Then by Theorem 2 in (Shamir, 2011), for any s, we have

Lst 74
log([lysll*) + 3 = log([[yoll*) + & VsTdlog(1/¢€)

with the probability at least 1 — ¢’ conditioned on £,_;. Taking the union bound over all s = 1,2,...,5’ (S’ < S) and set
e = 16€'S’, we have with probability at least 1 — €/16, forall s = 1,2,...,.5’, it holds

4 L
tog(ly. ) <2los(R/2) + - \/sdTog(1657¢) — o
742 . dlog(16S/e)
R2L '

[d 168 74% . dlog(16S/¢)
> 4= — <
R > 63 7 log - = 7T < 2log?2, (43)

we have log(||ys||?) < log(R?), which is equivalent to ||y|| < R. Combining with the fact that with probability at least
1 — €/16 the initial point y stays inside B(0, R/2), we can conclude that with probability at least 1 — ¢/8 all iterates stay
inside the region B(0, R).

<2log(R/2) +

By requiring
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The difference between z.,; and z is smaller than r. In this paragraph, we aim to prove ||zs; — z,|| < r for all
s < S. Similar to the previous techniques, we consider

Zy =12, — T 59(zs) + V27 - & where &~ N(0,1).

According to the transition kernel Eq. 27, it has

P 7541 — 2]l = ] <P(1Z, — 2]l 2 1] < P [7liso(zo) | + V2ré] = 7]

_ r = 7llso(z)| r = Vrd @
¢ >~ ]SPlllfllz ﬁ]

where the second inequality follows from the triangle inequality, and the last inequality follows from Eq. 40 when the choice
of 7 satisfies Eq. 38. Under these conditions, by choosing

r>(V2+1)-V7rd+2y/71og(85/e) < 7’:/;% > Vd+ V2 /log(85/e),

Eq. 44 becomes

Pllzess — 7l 2 1] <P [mn > ‘ﬂfd”] < B [lel > Vi+ V3 Viog857] <

which means
€

IEDH|zs+1 _ZSH < 7"] >1- 85"

Taking union bound over all iterates, we know all particles satisfy the local condition, i.e.,
probability at least 1 — €/8. Hence, the proof is completed. O

C.2. Control the error from the approximation of score and energy

Lemma C.3. Under Assumption [A1]-[A2], we set

1, 2L+
=55

and G :=[|Vg(0)].

Forany € € (0,1), we set

2 d 1
R>max{ \/||Vg ” — 63 \/ logGS}, r:3-\/7’dlog§.
L € €
0 S€score 85  T€2 T(BLR + G)éscore 1
2 . 1 o score < <
16 g Tl 2 S gy and Conengy <4

(1 - 5 - 5€energy) : ﬁ,z(le) S 7;(9;) S (1 + 6 + 5€energy) ' 7;7z(Q/z)
for any set A C B(0, R) and point z € B(0, R).

Suppose it has

Sl

we have

Proof. Note that the Markov process defined by 7, (-) and 7. . (-) are 1/2-lazy. We prove the lemma by considering two
cases: z ¢ Aand z € A.
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When z ¢ A, we have

1

Similarly, we have

In this condition, we consider

2T2(A) — 2T 2(A) = - / G2 (2)i(2'|2)d2" + / i a(2)i(2)2) "
ANQ,

which means

To(A) = Toz(A) _ Jang, 82(2) - (@(2']2) — 4.(2']2)) d=’
T..=(A Jana, x.2(2)d(2']2)dz’
Term 1 (45)

Jang, (@2(2") — @, 2(2)) 4(2'|z)d2’
fAsz v 2(2") G (2| 2)d2’

Term 2

_|_

First, we try to control Term 1, which can be achieved by investigating §(2'|z)/g.(2’|z) as follows.

a2 _ < — (e s@) 2 (2 —T~Vg<z>>||2> |

4t 47

In this condition, we have
q(2'|z) ( 71( / 2 ’ T 2 2
= 4 B - - —927. — 2.
AEERR G |2 = 2l° =27 (z' = 2) " s0(2) = 7 - |50 (2)|
11 = 2| +2r - (2 = 2) Vg(z) + 72 IVg(2)I*) ) (46)

—exp (;< = 2)7 (=s0(2) + V(=) + 7 (= lsa(=)I* + |Vg<z>||2)) .

It means
: ,|z HEED <z>+v9<z>>+§(— Iso(=)I° + [ V9(2)I)
<5112 = 2l lso(=) = Tg() + 5 - [ls(=) + V(=) Iso(2) — V(=)
<5 1% = 21 Is0(2) = Vol + = - lso(=) = Va()I* + 5 - 19901 s0(2) ~ V(=)
SQ Tl | TOLRA Gl

where the last inequality follows from the fact 2’ € B(z,r) N B(0, R)/{z}, z € B(0, R) and
IVg(2)ll = IVg(z) — Vg(0) + Vg(0)| < 3L - ||z]| + G < 3BLR+ G.

According to the definition of R and r shown in Lemma C.2, we choose

ri=3-yT- dlog§2(\@+1)-\/ﬁ+2wrlog§
€ €
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TBLR+ G)eseore _ 1 @

Under this condition, we require
0 3€score 8S  7€2
— . dl _ score
p \(Teles ot 2 32’

T
then we have 5 ., 5 5 o 5
I ( —> <1 dZ12) §1n<1—|—> o 10 0FE) 0
8 +(#'|2) 8 8 G«(2'|2) 8
and 5 ., ., 5
-3 =< f](z 12) —1<Term1< max Nq(z 1) -1<-. (48)
8 T z/eAnQ. §.(2'|2) 2'€ANQ i (2'|2) 8
with the definition of Term 1 shown in Eq. 45.
Then, we try to control Term 2 of Eq. 45 and have
Jano, (@2(7) —0..2(2) 4(z'12)d2"  [4nq, (32(2") = 8.2(2)) 4(2'[2)d2" [ 4ng, @2(2)d(2']2)d2’ “9)
Janq, @.2(2")3.(2'|z)d2’ Janq, @.2(2")a(2'|z)dz’ Jang, @.2(2")0.(2'|z)dz""
According to Eq. 48, it has
5 iz as,2(2")q(2'|2)d2’ iz S
0 e A2 Lmz~ ( )fz( 2) max E12) 0 .
8 T 2eAnQ: Gu(2'|2) T [4nq, Gx2(2)0x(2'|2)d2’ T zeana. §.(2'|2) 8
then we can upper and lower bounding Term 2 by investigating @, (z')/a. .(z’) as follows
~ /
s 2 (2 min{l,exp —(g(2") —g(2))) - cz*(z|z)}7
() (~(o(=) ~ gl - 257
az(2') =min< 1,exp (—rg(2', 2)) - a(z|=) :
’ (=)
In this condition, for any 0 < § < 1, we first consider two cases. When
~ !/ ~ /
e 2(2) =1 <exp(—(g9(z') —g(z ({*(le) and a,(2') =exp(—r9(2, 2 ({(z\z) <1,
() (~lo(=) (=) - 255 () = exp (-ro(<,2) - 255
we have el
exp (—ro(2',2)) - F57 (2’ G(z|2
; q(qu?;z,) < = ( 2 :exp(fre(z/,z))'(z( ,‘ ) <1 (51)
exp (—(9(2') — 9(2))) - LEES T anz() q(2'|2)
Term 2.1
Besides, when
. g« (2]2") . / q(z|2")
Gy 2(2) = exp (—(g(2') — g(2))) - = <1 and a,(2")=1<exp(—r9(2,2)) = ,
&) = exp (~(9(2) - 9(2) - 25 (=) (-rol=2))- 255
we have o
RN 1 oxp (—ro(', 2)) - 227 52)
T aa(Z) exp(—(9(2) —9(2) - EEE T exp(—(9(2) - 9(2)) - TE2
Term 2.1
Then, we start to consider finding the range of In(Term 2.1) as follows
-(#'|2) q(=|2)
In (Term 2.1)| = [(—r9(2’, 2) + (g(2") — g(2))) +In = +1In =2
I (Term 2.1 = |(-ro(#',2) + (o) ~ 9(2) + 1 EE 1y 122 N
<e + |In g (2']2) In a(=|%) <e + i + |In 9(=|2')
>¢€energy (j(Zl|Z) (]*(z|z’) > €energy 16 d*(z|z’) )
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where the last inequality follows from Eq. 47. Besides, similar to Eq. 46, we have

q(z|z") _ 1 Ne 2 o (0 NT no_ 2. INTP:
ety = (7 (Sl =21 2 e = ) o) = o (2]
iz = I + 2 (2= 2) V() + 72 V()
which means
q(z|z 1 T 2 2

\ o z'|z, = |5z = )T (=s0(=') + V() + § (= Isa(=) > + IVg(=)]*)
1 T
<5 llz =2 - Iso(=') = Vg() | + T - so(=") + V() - s0(=') = V()]
1 T T

5 112 = 2l so(=') = Vg()l| + % - llsa(=") = V(=) + 5 IV g()] - s0(=) = V(=)

T€score | TE T(BLR + G)éscore
< score
=7 + 1 + B )

where the last inequality follows from the fact 2’ € B(z,r) N B(0, R)/{z} and
IVg(z")l = IVg(z') = Vg(0) + Vg(0)[| < 3L-||z'|| + G < BLR + G.
Combining this result with Eq. 47, we have
G(z|2) 0 0 3Beéscore 8S T2 e  T(BLR 4+ Q)éscore
1 < — — = . dlog — .
‘ntj*(z|z’) T T B )
Plugging this result into Eq. 53, it has

1)
[In (Term 2.1)| < 3 + €energy-

By requiring €cpergy < 0.1, we have

In (1 — g — 2€energy> <In(Term 2.1) <In (1 + g + 2€energy>

5 )
= 1-— i - 2€energy S Term 2.1 S 1 + 1 + 26@1191’%}"

Combining this result with Eq. 51 and Eq. 52, we have

ax(2)

as,2(2')

0
1— = — 2€energy < <1+ Z + 2€energy7

4

which implies

Jang, (@2(2) — 4. 2(2')) 4(z'|2)d2’ > min 2=2(#)

-1 ———2 ener
[ P T P P £ W ) B B (54)
Gz (2") — G 2(2')) (2’| 2)d2’ = 5
fAsz ( ( ") : E )) q( | ) é max NGIZ(Z ) - 1 S - + 2€cncrgY'
fAsz as,2(2')q(2'|2)dz' 2€A Ay 5 (2') 4

Plugging Eq. 54 and Eq. 50 into Eq. 49, we have

5 Décnersy 5 5 5 5\ _ 6 Décnersy
___ femersy o 7 - 2 < < (= . Z ) < - 4 Temerey
5 S < ( 1 2eenergy> (1 + 8) < Term 2 < <4 +2eenergy> <1 + 8) S (55)

In this condition, combining Eq. 55, Eq. 48 with Eq. 45, we have

- 5 + 56energy < 7;(-/4) - ﬁ,z(»A) < 5 + 5€energy
2 T T T 2

(1_5""5;6“@) T2 (A) < To(A) < (1+5+56<m6rgy> T2 (A).

(56)

Hence, we complete the proof for z ¢ A.
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When z € A, suppose there exist some 7’ satisfying
Q, = B(z,7") C A

We can split A into .4 — ), and €2, . Note that by our results in the first case, we have

(1 _ O Stenersy 5?“”’”) Tez(A— Q) < TL(A-Q)) < (1 4 O Deenergy 5;e“ergy> Tra (A= Q).

Then for the set 2, we have

To() = Tz ()

(1T - ) — (1 - To(Q— QL)) |

T2 () T2 ()
‘ﬁzﬂ Q) -~ T(Q - ) <‘7;,Z<Qﬂ;>7;mﬂ;> ,‘ﬁ,zmﬂ;)
m;) - T2 (Q— QL) T2 (%)

< 0 + 5€energy
- 2
where the last inequality follows from Eq. 56 and the property of 1/2 lazy, i.e.,

2=0+ 5eenergy7

- ~ 1
Te2(Q—Q,) <1 and T..(Q)> 3
In this condition, we have
(1 —0— 5€energy) : ﬁ,z(le) < 7;(9;) < (1 + 0+ 5Genergy) ’ ﬁ,z(Q/z)
Hence, we complete the proof for z € A. O

Corollary C.4. Under the same conditions as shown in Lemma C.3, if we require
€energy < 6/55

then we have

(1-20) - T 2(A) < T2(A) < (1426) - o 2 (A),
Sfor any set A C B(0, R) and point z € B(0, R).

C.3. Control the error from Inner MALA to its stationary

In this section, we denote the ideally projected implementation of Alg. 2 whose Markov process, transition kernel, and
particles’ underlying distributions are denoted as {Z,s}f:m Eq. 32, and 1. s respectively. According to (Zou et al., 2021),
we know the stationary distribution of the time-reversible process {Z. s }5_ is

e—9(2)

—  __dz  we
fin(dz) = { [ e 9N dz! (57)

0 otherwise.

Here, we denote 2 = B(0, R) and
Q. = B(0,R)NB(z,7).

In the following analysis, we default
1 | 2L +1
=—-lo
=398 o

Under this condition, the smoothness of g is 3L and the strong convexity constant is L.

we aim to build the connection between the underlying distribution of the output particles obtained by projected Alg 2, i.e.,
fis, and the stationary distribution fi.. though the process {Z. s}5_,. Since the ideally projected implementation of Alg. 2 is
similar to standard MALA except for the projection, we prove its convergence through its conductance properties, which
can be deduced by the Cheeger isoperimetric inequality of fi,.

Under these conditions, we organize this subsection in the following three steps:
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1. Find the Cheeger isoperimetric inequality of fi..
2. Find the conductance properties of 7.

3. Build the connection between fis and fi. through the process {Z. s}5_q.

C.3.1. THE CHEEGER ISOPERIMETRIC INEQUALITY OF [i,

Definition C.5 (Definition 2.5.9 in (Chewi, 2024)). A probability measure y defined on a Polish space (X, dis) satisfies a
Cheeger isoperimetric inequality with constant p > 0 if for all Borel set A C X, it has
(A9) —p(4) _ 1

lim inf 2 > —pu(A)u(A°).
e—0 € P

Lemma C.6 (Theorem 2.5.14 in (Chewi, 2024)). Let p € P1(X) and let Ch > 0. The following are equivalent.

1. p satisfies a Cheeger isoperimetric inequality with constant Ch.

2. Forall Lipschitz f: X — R, it holds that

Eulf —Eufl < 20-Eu[IVS]] (58)

Remark C.7. For a general non-log-concave distribution, a tight bound on the Cheeger constant can hardly be provided.
However, considering the Cheeger isoperimetric inequality is stronger than the Poincaré inequality, (Buser, 1982) lower
bound the Cheeger constant p with Q(dl/ 2¢p) where cp is the Poincaré constant of ji,. The lower bound of cp can
be generally obtained by the Bakry-Emery criterion and achieve exp(f@(d)). While for target distributions with better
properties, p can usually be much better. When the target distribution is a mixture of strongly log-concave distributions,
the lower bound of p can achieve 1/poly(d) by (Lee et al., 2018). For log-concave distributions, (Lee & Vempala, 2017)
proved that p = Q(1/(Tr(X?))'/*), where ¥ is the covariance matrix of the distribution fi.. When the target distribution is
m-strongly log-concave, based on (Dwivedi et al., 2019), p can even achieve Q(\/Z) In the following, we will prove that
the Cheeger constant can be independent of x.

Lemma C.8. Suppose . and ji, are defined as Eq. 21 and Eq. 57, respectively, where R in iy is chosen as that in
Lemma C.2. For any € € (0, 1), we have

1 < fQ fi(dz) <1

2 fRd pi(d2)

Proof. Suppose (. x exp(—g) and fi, are the original and truncated target distributions of the inner loops. Following from
Lemma C.15, it has

TV (tts, fi) <

A~

when fi, is deduced by the R shown in Lemma C.2. Under these conditions, supposing {2 = B(0, R), then we have

TV (i ) = / Je(d2) — fu(d)] = /Q a(dz) — i (d2)] + / )

:/Q dz+/ exp(—g(2)) .,
R

a_q Jpaexp(—g(2))d2’

exp (~g(2)) exp (—g(2)) (59)

- g
Jpaexp(—g(2'))dz’ [ exp(—g(2'))d2’

Suppose
Z = / exp(—g(z))dz and Zg= / exp (—g(z))dz,
Rd Q
then the first term of RHS of Eq. 59 satisfies
exp (=9(2)) exp (=9(2))
!

B g
/sz Jraexp (=g(z))dz" [ exp (—g(z')) dz’

_ 1 B 1 o (o) e — 7o
B (erXp(—g(z’))dz’ fRdeXp(—g(z/))dz/) ,/Q p( g( ))d 1 7
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and the second term satisfies

/ exp(—g(z)) de — fRd exp(fg(z’))dz’,fﬂexp (7g(z’))dz/ . @
RI—Q fRd exp (—g(z')) dz’ fRd exp (—g(2')) dz’ 7z
Combining all these things, we have
ZQ € 1 ZQ
2-(l-— ) <- = —-<—X<1
( A ) — 4 2= Z -
where we suppose € < 1 without loss of generality. Hence, the proof is completed. O

Lemma C.9. Suppose ., [i. and € are under the same settings as those in Lemma C.8, the variance of [i. can be upper
bounded by 2d/ L.

Proof. According to the fact that i, is a L-strongly log-concave distribution defined on R¢ with the mean v,,,, which
satisfies

d
[ on) s - onlPdz< §
R L

following from Lemma E.8. Suppose
Q=BO.R), 2= [ expl-g@)dz Zo— [ exp(-gz)dz
Rd Q

where R shown in Lemma C.2, then the variance bound can be reformulated as

exp(—g(2)) 2 / exp(—9(2)) 2 d
PN I, 2PN Ny, < Z
/Q 7 e valPdzt [ PRI v, Az < 7

which implies

exp(—g(z)) 2 Z d _2d
————z—vp|dz < — = < —. (60)
/Q Zo | | Zo L~ L
Note that the last inequality follows from Lemma C.8. Besides, suppose the mean of fi, is v, then we have

[ oI o paz= [ CPIED oyt v?az
Q Q

ZQ ZQ
— / w . HZ—’UmHQdZ—FQ'/ w . <z — Vs, Urp _vm>dz
Q Za Q A9 61)
o 2o
:/ M.HZ_WHQ(LZJF/ w.nv — vl dz
Q Za " Q Zo e
Combining Eq. 60 and Eq. 61, the variance of i, satisfies
- 2d
/ exp(—g(2)) Iz — vl dz < =—.
(9] ZQ L
Hence, the proof is completed. O

Corollary C.10. For each truncated target distribution defined as Eq. 57, their Cheeger constant can be lower bounded by

p=Q(/L/d).

Proof. 1t can be easily found that /i, is log-concave distribution, which means their Cheeger constant can be upper bounded
by p = Q(1/(Tr(X))"/?), where X is the covariance matrix of the distribution /i,. Under these conditions, we have

exp(—g(z)) 2 2d
= _ = . — - <
Tr (E) / ||Z ’UmH dz s

where the last inequality follows from Lemma C.9. Hence, p = (y/L/d) and the proof is completed. O
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C.3.2. THE CONDUCTANCE PROPERTIES OF 71

We prove the conductance properties of 7:,2 with the following lemma.

Lemma C.11 (Lemma 13 in (Lee & Vempala, 2018)). Let 7~; 2 be a be a time-reversible Markov chain on Q) with stationary
distribution [i.. Fix any A > 0, suppose for any z, z' € Q with ||z — 2’| < A we have TV (7; 2 T ) < 0.99, then the
conductance of 7; = satisfies ¢ > CpA for some absolute constant C, where p is the Cheeger constant of [i.

In order to apply Lemma C.11, we have known the Cheeger constant of /i, is p. We only need to verify the corresponding
condition, i.e., proving that as long as ||z — 2’| < A, we have TV (ﬁ,z, ﬂ’z/) < 0.99 for some A. Recalling Eq. 32, we
have

7o) =720 () (1 [ @ (@T20009) ) 0c(a2
= (30-02)+ 5 1a(@9)) @)+ [1 - [ann(a)- (J0m002) + 500009 ] 0a02)
- (Stas ;-Qﬁmz(dﬁ))-&*,z(£)+<1—;&*,z(z)—; a2) QLa(02)) 0u02) (@
:< % (2)- Q. .(d ))-éz(dﬁ)—&—;~Q;’z(d2)-d*,z(ﬁ)

(1 -3/ . z<~>©*,z<dz>) LG a(e) 1z e ),

where the second inequality follows from Eq. 30 and the last inequality follows from Eq. 29. Then the rest will be proving
the upper bound of TV (7;72, 7;’z,), and we state another two useful lemmas as follows.

Lemma C.12 (Lemma B.6 in (Zou et al., 2021)). For any two points z, z' € R?, it holds that

TV (Qun(), Oumr () < BF3ET 2 = 2]

V2T
Proof. This lemma can be easily obtained by plugging the smoothness of g, i.e., 3L, into Lemma B.6 in (Zou et al.,
2021). O
Corollary C.13 (Variant of Lemma 6.5 in (Zou et al., 2021)). Under Assumption [A1]-[A2], we set
1 2L +1
=g log 22 and G = ||Vg(0)].

If we set

1 85
< d r=3y/rdlog =
T2716-BLR+ G + esore)2 0T T8 T

there exist absolute constants cg, such that ¢ > cop~/T where p is the Cheeger constant of the distribution [i..

Proof. By the definition of total variation distance, there exists a set A C (Q satisfying
Tv(ﬁ,z() ﬁz ) ‘712 *ﬁ,z’(A)|-

Due to the closed form of 7, . shown in Eq. 62, we have

T =(1-5 [ N 02(Quel00) + 5 [ () 1[E €01 Qu(a)

2 zeA
Under this condition, we have

Ton(A) = T (A)] < max (1 - /Q 2 a*ﬁ(z)@,ﬁ(dz))

z

Term 1

! / e z(2) 12 € Q] Quz(d2) — Gunr(2)-1[2 € Q2] Qu 2 (d2)].
2€eA

3

Term 2

34



Reverse Transition Kernel: A Flexible Framework to Accelerate Diffusion Inference

Upper bound Term 1. We first consider to lower bound @, ;(2) in the following. According to Eq. 31, we have

12— 2+7Vg(2)|” 12— 2+7Vg(2)| )

x,5(2) > exp <—g(2) - yy +9(2) +

4T

which means
s (2) 27 (V927 - IV9(2)])
~2-(9(2) ~ 9(2) ~ (Va().2 ~ )
Term 1.2
2 (9(2) — 9(2) = (Vg(2). 2 - ).

Term 1.3

Since Term 1.2 and Term 1.3 are grouped to more easily apply the strong convexity and smoothness of g (Lemma C.1), it

has
Term 1.2 > —3L |2 — 2] and Term1.3> L|2 - 2|* > 0.

Besides, by requiring 7 < 1/3L, we have

Term 1.1 =7 - (Vg(2) — Vg(N) Vg(2)+ Vg(2))
>—71-[Vg(2) = Vg2 - [Vg(2) + Vg(2)|
>— 3Lz — z|| - (2|Vg(£)]| + 3L |2 — 2||) > —3L?||Vg(2)|* — 6L |2 — z||*.

Therefore,

M. z(2) 2 - 3LT2 | Vg(2)| - 9L|12 - 2| = ~3Lr? | Vg(2)|* - 9L |7 - Vg(2) + v2r g”
> —21L7°||Vg(2)|” — 36L7 [I€]|*,

and
Ina,z(2) > —6L7* |Vg(2)|® - 9L7 [|¢]|* > —6Lr* - (3LR + || Vg(0)|))* — 9L7|1€1?

where the last inequality follows from
IVg(2)] < [IVg(2) = Vg(0)]| +[[Vg(0)] < 3LR + [[Vg(0)]|-

Under these conditions, we have

1
Term 1 <1 — 5 " exp <76L72 (BLR+ ||[Vg(0)]) ) mm/ exp (—9LT||E|?) - Gu,2(2)d2
Q

z

1
=1 5 -exp (6L BLE+ [Vg(0)[)*) - Eemno.) [exp (—9L7II¢]1%)] ©63)
<1-04-exp (76L7‘2 (3LR + ||Vg(0)||)2) -exp (~18L7d),

where the last inequality follows from the Markov inequality shown in the following

Een(o,1) [exp (—9LT|E|%)] > exp (—18L7d) - Peonr(o.n) [exp (—9L7[|€]|?) > exp (—18L7d)]
=exp (—18L7d) - Peonro1) [I€]1* < 2d] > exp (—18L7d) - (1 — exp(—d/2)).

Then, by choosing

1
< ; (64)
16VL - (3LR + [|[Vg(0)|)
it has 6L72 (3LR + ||Vg(0)||)* < 1/40. Besides by choosing
1 1 1
(65)

TS 2 2§ S ,
o 40-18L.(f+\/m) 40-18L -d
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where the last inequality follows from the range of R shown in Lemma C.2, it has 18 Ldr < 1/40. Under these conditions,
considering Eq. 63, we have

Term1<1-—0.5- min / G 2(2)Qu2(d2) <1 —04-e71/20, (66)
2e0,2€Q; ’

Then, combining the step size choices of Eq. 64, Eq. 65, and Lemma C.2, since the requirement

1 1 d
< , T<——=—= and 7<
~ 16VL- (3LR + || Vg(0)]|) L2R? (BLR + [[Vg(0)]| + €score)?

can be achieved by

<167 (B3LR + ||Vg(0)|| + €score) 2, (67)

the range of 7 can be determined.

Upper bound Term 2. In This part, we use similar techniques as those shown in Lemma 6.5 of (Zou et al., 2021).
According to the triangle inequality, we have

2'Term2§/

(- an(2)d(2l2)1[E € 0.)d2 +/ (1— Gy (2)d(2]2)1 2 € Qu] d2
z2eA

2€cA
+ / (212115 € Qu] — (3121 2 € 0u)) d3
z2€A

(68)
2€Q,2€0;

<2 (1 ~  min /Q i a*,ﬁ(z)c?*,i(da)

+ / (G(2]2)1[2 € Q] — §(2]2)1[2 € Q./]) d2]|.
2eA

Term 2.1

Then, we upper bound Term 2.1 as follows

Term 2.1 <

/ 1 [2 € Qz/] . (6(2|Z) — Q(2|Z/))’ +
z2cA

/ (12 € Q] — 1[5 € Q) - d(2l2)
2eA

(j(£|z)d2,/

2€Q. -9,

STV (Qua (), Gur () + max { / q(fz»dﬁ}

EQzlfﬂz
<TV (QM(')? Q*,z/()) + max {/ (j(2|z)d2,/ q(2|z’)d2}
2€RI—Q, 2€R?—Q,

According to the definition, §. ,(-) is Gaussian distribution with mean z — 7Vg(z) and covariance matrix 271, thus we
have

A . R 1
| ez < Py (a2 5 - T IVaE /7
2€RI—-Q,
R R R 1
[ ez < B[22 S IV - - 210 /7).
seRI—Q, d 2

Then, we start to lower bound
r—1|Vg(2)| -z — 2|

Then, we require
d

S s arh a2
35 (3LR + G)

where the latter condition can be easily covered by the choice in Eq. 67 when d > 3 without loss of generality. Under this
condition, we have
0.17Vd

3LR+ G’

|z—2'|<0.1r and T (69)

7 < (0.17)% -

& JT< (70)

(BLR + G)?
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Since we have
[Vg(z)|l = [Vg(z) — Vg(0) + Vg(0)|| <3L - [|z]| + G <3LR+ G,

by the smoothness, it has

0.17Vd
VT < Wg(zf)” & 7||Vg(2)| <017V7d (71)

Plugging Eq. 71 and Eq. 70 into Eq. 69, we have
r—1|Vg(2)| - ||z — 2’| > 0.97 — 0.17V7d > V6.47d

where the last inequality follows from the choice of r shown in Lemma C.3, i.e.,

/ 85
r=3-4/7dlog — > 3-V7d.
€
Under these conditions, we have

max / q~(£|z)d2,/ q(2]2")dz » < P2 (|lz] > 3.2d) <0.1.
2€ERI—Q, 2ERI—Q, d
Then combine the above results and apply Lemma C.12, assume 7 < 1/(3L), we have
Term 2.1 < 0.1+ TV (Qu2(+), Qu () 0.1+ /2/7 - ||z — 2|

Plugging the above into Eq. 68, we have

~ 1 2
Term 2 < (1 - 26(1{2292 /Qz d*’é(i)Q*7zA(d2)) + 3 (O.l + \/: |z — z/H)

< (1 —08- e*l/QO) 005+ (27) V2 |2 — 2|,
where the second inequality follows from Eq. 66.

After upper bounding Term 1 and Term 2, we have
TV (Toz(-), Taer () <1 —0.4-e7 120 4 (1 ~08- e—l/”) +0.05+ (27) V2 |z = 2|
<0.91 4 (27)7 Y2 ||z — 2'|| < 0.99

where the last inequality can be established by requiring ||z — 2’|] < v/27. Combining Lemma C.11, the conductance of fi.
satisfies

¢ >co- pV2T.

Hence, the proof is completed. O

The connection between [is and [i.. With the conductance of truncated target distribution, we are able to find the
convergence of the projected implementation of Alg. 2. Besides, the gap between the truncated target [i. and the true target
1« can be upper bounded by controlling R while such an R will be dominated by the range of R shown in Lemma C.2. In
this section, we will omit several details since many of them have been proven in (Zou et al., 2021).

Lemma C.14 (Lemma 6.4 in (Zou et al., 2021)). Let fus be distributions of the outputs of the projected implementation of
Alg. 2. Under Assumption [A1]-[A2], if the transition kernel T (-) is d-close to T , with § < min {1 - ﬂ/2, ¢/16} (¢
denotes the conductance of [i.), then for any \-warm start initial distribution with respect to [i., it holds that

TV (fis, fi) < A+ (1 62/8)” +165/0.
Lemma C.15 (Lemma 6.6 in (Zou et al., 2021)). For any € € (0,1), set R to make it satisfy
€
12
and [i,. be the truncated target distribution of .. Then the total variation distance between (i, and [i,. can be upper bounded
by TV (fis, ) < €/4.

M(B<O’R)) >1-
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C.4. Main Theorems of InnerMALA implementation

Lemma C.16. Under Assumption [A1]-[A2], we can upper bound G = ||V g(0)|| as

IVg(0)[| < L+ 1/2(d+m3) + 3L - [lo] -

Furthermore, we can reformulate R as

165
R=63'\/<d+m§+ l0][2) - log ==

to make it satisfy the requirement shown in Lemma C.3. Then, the range of inner step sizes, i.e., T, will satisfy
r<C, (L2 (d-+m3 + o) 1g16S>
where the absolute constant C, = 2=*.378.772,
Proof. To make the bound more explicit, we control R and G in our previous analysis. For G = ||Vg(0)||, according to
Eq. 21, we have

e~ Mz — e gy
Vg(z) = Vf(K,kfl)n(Z) + W,

which means

-n
1900 < [ O] + | 1
oL
< ||V fix—k—1)n(0)]| + L1 (2L +1) - |loll < ||V fir—k—1)n(0)]| + 2L + 1) - [[@o]|-

Besides, we should note f(x_x—1), is the smooth (Assumption [A1]) energy function of p(x 1), denoting the underlying
distribution of time (K — k — 1) in the forward OU process. Then, we have

IV fiac—r-1ynO)||* =Bpye_, [va(K—k—nn(O)HQ]

S2EP(K4€71M {va(K—k—l)n(X)HQ} + QEMK%—M “Wf(K—k—l)n(x) - vf(K—k—l)n(O)HQ}

<2Ld+2L%E, . , .. [||x||2} < 2Ld + 212 max {d,m3} < 2L*(d + m3)
(72)
where the first inequality follows from Lemma E.6, and the third inequality follows from Lemma E.7. Under these conditions,

we have
Vg(0)|| < L-1/2(d+m3) + 3L - ||| - (73)

2 1
Rzmax{g. wa>H+d63.¢dlog6S},
€

Then, for R defined as

L2 L’ L

we can choose R to be the upper bound of RHS. Considering

Vq(0)|2
1Ivg(0)[* +d < 63-\/(d+m3 + [lzoll?),

d g \/4L2(d+m§)+18L2||w0||2
L~ L2

then we choose

165

After determining R, the choice of 7 can be relaxed to
165\ !
T<C;r- (L2 (d+m§ + ||:co|\2) -log > ,
€
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where the absolute constant C; = 27* - 378 . 772, since we have

(BLR 4 G + €score)’ < IL2R? + 4G>

<9L*-63%- (d+m3 + [|zo|?) - log ? +4(4L% - (d+m3) + 18L%||zo]?)

165
<9:63%- L (d+mj + ||zo|?) -logT.

Hence, the proof is completed. O

Theorem C.17. Under Assumption [A1]-[A2], for any € € (0, 1), let fi.(z) x exp(—g(z))1[z € B(0, R)] be the truncated
target distribution in B(0, R) with

165
R=63- \/(der% + ||xo]|?) 'logT

r=3- \/7’d10g§ = O(rY/2d?)
€

and p be the Cheeger constant of fi.. Suppose [io({||x|| > R/2}) < €/16, the step size satisfy

O ((d+m3 + |lzoll)*/2).

rin Alg. 2 satisfies

165\ '
r<C,- <L2 (d4m3 + ||lzol?) - log 6) = O(L™ - (d+mj + |lzol|) 1),

the score and energy estimation errors satisfy

CopvV2T
32.5

6SCOYC S Cop = O(pd71/2) a‘nd Ecncrgy S
3236 /dlog 88

then for any \-warm start with respect to ji the output of both standard and projected implementation of Alg. 2 satisfies

O(pr'/?),

p 202 s B L
TV (ps, p«) = 3 +A (1 - % '7') + (’)(dl/2p 16score) +O(p r 1/2€enerf_f,y)

Proof. We characterize the condition on the step size 7. Combining Lemma C.2 and Corollary C.13, it requires the range of
T to satisfy
7<167" - (BLR + ||[Vg(0)]| + €score) 2

Under this condition, we have

dlog 85 dlog 85 85\
o e < < d < [722.¢2 . dlog —
(3LR + G)2 ’ T 6gcore o T ( Frcore 8 € )

T

which implies

89 85
(BLR + G)eéscore * T < €scoreV/T - {/dlog — and €% .- T < €scoreV/T - |/ dlog —.
€ €

) =16 - M -1/ 7dlog § + (SLR + G)fscore - T i egcore - T
2 € 2 4
3 score 85 score 85 score 85
<16 - 6'W+6 -WJf .W
2 € 2 € 4 €
8S
=306€score W <
€

Then, we have

N |
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which matches the requirement of Lemma C.3. Under this condition, if we require

copV 2T
325

CopP

3236 /dlog 82
/ 85 V2
0 + 5€energy S 3665c0re . Td log —+ 5ﬁenergy < COpl ’ %
€

and satisfies the requirements shown in Lemma C.14.

= O(pd71/2) and  €cnergy < = O(pTl/Q),

€score <

it makes

Then, we are able to put the results of these lemmas together to establish the convergence of Alg. 2. Note that if g is
a A-warm start to p., it must be a A-warm start to i, since fi.(A) > u.(A) for all A € . Combining Lemma C.2,
Lemma C.14 and Lemma C.15, we have

TV (s, ps) <TV (s, fis) + TV (us,u*) + TV (i, e

)
€ @2 6(0 + 5eenergy
<-4+ . + +
4 <)\ (1 8 )

€
4
€ c2p? s dlog &2 576
< +A(1- 2= 408€5core - e
=3 ( 4 T) abse YN
€ o0 5 1/2 —1,-1/2
:i +Al1- T - T + O(d P €bcore) + O( 6energy)-
After combining this result with the choice of parameters shown in Lemma C.16, the proof is completed. O

Lemma C.18. Under the same assumptions and hyperparameter settings made in Theorem C.17, we use Gaussian-type

initialization
2
fo(dz) o llwo — ez
—L R I
dz x &xp < 1=l 2(1 —e=2m)

S=0 (Lp_2 (d+ m%) 7_1) ,

If we set the iteration number as

the standard and projected implementation of Alg. 2 can achieve
Je = _ 1 -
TV (/1437 ,U/*) S Z + O(d1/2,0 165001"6) + O(P 1T 1/2€energy)-

Proof. We reformulate the target distribution p., and the initial distribution p( as follows

z z||? xo — ez z||?
re e l <f<K-k-1>n(z>+3L”2|) - <”2<°1_e-2n'>' - )] = exp (~9(2) — (2)).

L|zl> [ lleo—e™z|"  3L|z|? 5Lz
2 —
_LHZH - 9 - 2(1—6727]) - 2 = €exp |— 2 —¢(Z) .

poldz) oo
z

Under this condition, we have

i) _ fuew (0(z) ¢z (o siaf?
in(d2) = Towexp (5L/2-[2F — 9(=')) 4= p<¢’” 2 > 79

Due to Assumption [A1], we have

LI 3L

7 = v f(K k— 1)7)( /)+? :V2¢(zl) =

SLI
2 )
40



Reverse Transition Kernel: A Flexible Framework to Accelerate Diffusion Inference

which means

5L 5L 2 5 . 2
(b(z) SQS(Z*)—FZ'HZ_Z*HQ §¢(z*)+ HZ” + ||Z ”

2 2
and ) )
L Lz,
exp <¢(z) - 5”;”) < exp (d)(z*) + 5”;') . (75)
Since the function ¢(z) is strongly log-concave, it satisfies
Lijz|* _ [[Ve(0)]] Li|z|? IVo(0)|?
‘z 2> — > _ YA

due to Lemma E.3 and Lemma E.4. Under these conditions, we have

[ewl-o) - v a2 < exp (—¢<z*> n WO)”) [ew [—L”” - W)] dz

2L 16
_ (76)
— oxp (—o(z) + IVEOI _/exp 2L w0 —e 27|
- 2L 16 2(1 — e—2n)
Besides, we have
Lll2 |12 PR
/exp [5 H; ” z/f(z')} dz’ = /exp —L|Z'|” - |a23?1 _ee—;l)” ] dz’,
which implies
5L|2"|” N TLIZT
/exp [—2—1/1(z) dz -/exp BT dz
77
2 [o | BUEE tmo i) 7
=P 16 21 — e—2)
Plugging Eq. 75, Eq. 76 and Eq. 77 into Eq. 74, we have
po(dz) 5L|2 % | [Ve(0)|? / LI
L <L . —— | d2". 78
i (dz) = eXp( SRY7 P 16 | F (78)

Due to the strong convexity of ¢, it has

4|[Vp(0) — Vi(z.)||? 4] Ve(0)[?
o < V0 = Vo= _ 4176(0)

and ,
IVOO)I° = |V F k1 (O)]|” < 222(d +m3)

where the inequality follows from Eq. 72. Combining with the fact
L], (16m\Y?
/exp |: 716 dz' = 77 s

167
L

Eq. 78 can be relaxed to

=

dz)
A < max ~O(
Tz u(dz)

which is independent on ||zg||. Then, In order to ensure the convergence of the total variation distance is smaller than e, it
suffices to choose T and S such that

c2p? 5 log(\/e) s _

/2
<exp (22L - (d+m3)) - ( ) = exp (O(L(d +m3)))

where the last two inequalities follow from Theorem C.17. Hence, the proof is completed. O
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Theorem C.19. Under Assumption [A1]-[A2], for Alg. 1, we choose

1 2L+ 1 1+ L2)d (0 2
n = —log + and K:4L-log( + L*)d + [[Vf(0)]
2 2L €2

and implement Step 3 of Alg. 1 with projected Alg. 2. For the k-th run of Alg. 2, we use Gaussian-type initialization

A — 2
fo(dz) 2 |[&r— e
sl S 5 P e L Ny
dz °7P ( S Tr =T

If we set the hyperparameters as shown in Lemma C.18, it can achieve
TV (rcy; pe) < €+ O(Ldp ™ eseore) + O(F7 Y2 L2(dY? +ma + Z)p ™ €encrey)
with a gradient complexity as follows
O (Lip=2#7" - (d+m3)’ 2%)
forany 7 € (0,1) where Z denotes the maximal ly norm of particles appearing in outer loops (Alg. 1).
Proof. According to Lemma B.3, we know that under the choice

1 20+1
=—-In
=T

it requires to run Alg. 2 for K times where

(1+L2)d + |VL(0)]*

K =4L -log 5

€

For each run of Alg. 2, we require the total variation error to achieve

D -, o €
v (p(kJrl)?ﬂkn("m)apa+1)n‘kn(-\m)> SE .

1
og 2

(1+I2)d+ IIVf*(O)IIQ] -

+ @(dl/Qpilescore) + O(pilTk_l/QEenergy)-

Combining with Lemma C.18, we consider a step size

7

451 log LT L O ) -
€

T, =Cr - <L2 (d+ m3 + ||&x]?) - log
=O(L7% - (d+m3 + [|&x*) " - 7)
where 7/ € (0, 1), to solve the k-th inner sampling subproblem. Then, the maximum iteration number will be
S=0 (L3p’2%’1 (d+md)*- ||@ku2) .
This means that with the total gradient complexity
K-8=0 (L%t (d+md)’ 2%)
where Z denotes the maximal /5 norm of particles appearing in outer loops (Alg. 1), we can obtain

TV (Prcy, pe) <€ + O(Kd?p  eqeore) + O(KL(d +m3 + Z3)Y22 72 p e oray)
=+ O(Ld"?p Y eseore) + O(F Y2 L2(dY? + my + Z)p €oncrgy)-

Hence, the proof is completed.
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Lemma C.20. Suppose we implement Alg. 2 with its projected version, we have
Z2<0 (L3(d + m%)Qp_Q) .
where Z denotes the maximal Iy norm of particles appearing in outer loops (Alg. 1)

Proof. Suppose we implement Alg. 2 with its projected version, where each update will be projected to a ball with a ratio r

shown in Lemma C.2. Under these conditions, we have

2
A 12

1@ |” =

K K
Zo + Z(Cﬁi —@i)|| < (K1) |20l + (K +1) Z & — &1
=1 1=1

Foreachi € {1,2,... K}, we have

S
& — @1 = llzs — zol> < (S +1)- Y ||z — z5-1]* < 28 -2,
j=1

Follows from Lemma C.18, it has
log(\ - - (dlog(\ -
S-r?=0 (ng(%/d) O(rd)=0 (ngg /6)) = O (L(d+m3)*p~?).

Then, we have ~ ~
72 < O(K?)- O (L(d +m3)*p~?) = O (L*(d+m3)*p?)

Hence, the proof is completed. O

C.5. Control the error from Energy Estimation
Corollary C.21. Suppose the diffusion model sg satisfies

. pe
186 (2, 1) + Vg pe()lloe < 7775
and another parameterized model ) (T, t) is used to estimate the log-likelihood of p(x) satisfying

< pe
oo = L2 (dV2 4 my+ Z)

|ior(@,t) + 1og pi(a) |
If we implement Alg. 1 with the projected version of Alg. 2, it has

TV (ﬁKmp*) < @(6)
with the following gradient complexity
O (L4 (d+md)* 2%).
Proof. Since we have highly accurate scores and energy estimation, we can construct sg and rg/ (shown in Eq. 22) for the

k-th inner loop as follows

"2y — e
so(2) = &g(z, (K —k — 1)p) + — - F

1—e 27
(2, 2) = e (2, (K — ko — 1)) + 1Zx =" 2|
Te'(Z, — o'\ =<, 2(1—67277)
b — o 2|
A (K — k1 |2 —e - 2
<le (Z 7( k )77) + 2(1 _ 67277)
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Under these conditions, we have

pe

< pe
6CIICI“ —
gy L2 . (d1/2 + mg + Z)

Ldl/2°

and  €gcore <

Plugging these results into Theorem C.19 and setting 7 = 1/2, we have
TV (prey, ps) < O(e)

with the following gradient complexity
O(Lp 2 (a+m3)*2?).

Corollary C.22. Suppose the score estimation is extremely small, i.e.,

pe

|36 (x,t) + Viogpe ()], < Tz

and the log-likelihood function of p; has a bounded 3-order derivative, e.g.,
[v@ 5| < L,
we have a non-parametric estimation for log-likelihood to make we have TV (Pgy, ps) < O(e) with
@ <L4p_3 (d+ mg)2 z3. e) .
gradient calls.

Proof. Combining the Alg. 2 and the definition of €¢pergy Shown in Lemma C.4, we actually require to control

€energy = (g(is) - g(zs)) - T9(£S7ZS)

for any s € [0,.5 — 1]. Then, we start to construct 7¢ (25, z5). Since we have

o2
[xo — 25 - 77|
2(1 —e—2m)

= o2
[0 — 25 - e77||

g(is) - g(zs) = f(K—k—l)n(gs) + 2(1 — 6_27’)

- f(K—k—l)n(Zs) -

we should only estimate the difference of the energy function f(x_j_1), which will be presented as f for abbreviation.
Besides, we define the following function

h(t) = f((Zs — 2zs) "t + z4) ,

which means

n0@) = 20 _ g (e -z 112 (5 )
2y .o Cht) 2005 .
"’ )(t) To(dt)2 (25 — ZS)T V(2 — 25) -t + 24) (25 — 25)

Under the high-order smoothness condition, i.e.,
Vi) < L
where || - || denotes the nuclear norm, then we have

2

2
h“) st — z? h(z) Lr3
(D) <2 <2 5

It means we need to approximate ~(*) with high accuracy.
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For i = 1, the ground truth 2(1)(0) is

we can approximate it numerically as
RV(0) = sg(2zs) - (25 — 25)

since we have score approximation. Then it has
5(1)(0) = h(l)(o) - B(l)(o) <|IVf(zs) = so(zs)ll - [12s — 2]l < €score - 1 (719)
Then, for i = 2, we obtain the ground truth ) (0) by

RV (&) — M (0) = /t h 2 (r)dr = th™®(0) + /t (1) — B (0)dr,
0 0

which means W W
1 (1
¢ t )y

If we use the differential to approximate 1(?(0), i.e.,

h(0) =
(0) 2,
we find the error term will be
- 260 1t
52(0) = [K®(0) ~ K(0)| = |2+ 1 / KO (1) — B (0)dr] . (80)
0
If we use smoothness to relax the integration term, we have
h(z)(T) - h(2)(0)‘ < Hvzf ((Zs —25) T+ 24) — VQf(zs)H 125 — Z5H2 < Ltz - zSHgv
which means s
I Lz, — 2, i tLr®
- / h(2)(7') — h(z)(O)dT < M / rdr < e (81)
t Jo t 0 2
Combining Eq. 79, Eq. 80 and Eq. 81, we have
2€ r  Lrit
5(2) < score
(0 < Sl 4 272,
which means the final energy estimation error will be
- RO () — M0
‘h(l) — h(0) — <h<1>(0) + ()Qt()> ’
00 6O Lt L (Qacor | Lrit) | Lrf (82)
1 2 3! —_—— 2 t 2 6
Term 1
Term 2

Considering €score 1S €xtremely small (compared with the output performance error tolerance €), we can choose ¢ depending
ON €scores €-8-, L = \/Escore, t0 make Term 1 and Term 2 in Eq. 82 diminish. Under this condition, the term L3 /6 will
dominate RHS of Eq. 82. Besides, we have

r=23- \/Td10g§ = O(r'/24"/?),
€
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then we have R s/
Conersy = O(L1®) = O(Ld*27%/2) = O (L7242 (d + m3 + |[ax|?) "% #/2)

where the last equation follows from the choice of 7 shown in Theorem C.17. Then, plugging this result into Theorem C.19
and considering €score K €, We have

TV (P ) <€ + O(LdY?p~ egeore) + O(F Y2 L2(dY? + ma + Z)p L ecneray)
<O(e) + O (%(dl/2 +mo+ Z)p~ )

with a gradient complexity as follows
O (Lip 271 (d+m3)” 22).
Then, by choosing
€p

T:—d1/2+m2+27

we have TV (prey, p) < O(e) with
O(Lip™ - (d+m3)* 2% ).

Hence, the proof is completed. O

Remark C.23. If we consider more high-order smooth, i.e.,
[y s < 2

with similar techniques shown in Corollary C.22, we can have the following bound, i.e.,
€energy = O(L1")

when €5core 18 €xtremely small. Under this condition, since it has
8S  ~
r=3-4/7dlog — = O(r'/2d"/?),
€

Conergy = O(Lr*) = O(Ld*?7%) = O (L™Hd"/? (d - m3 + [[a]]?) " #4/2) = O(L~"15/2),

we have

Then, plugging this result into Theorem C.19 and considering €ycore < €, We have
TV (Prcn, ps) <€+ (’)(Ldl/Qp Leseore) + O(F —1/2. LQ(dl/2 +mo+ Z)p~ eenergy)
=0(e) + O (%(“—1>/2L—“+3(d1/2 +mg+ Z)p~ )
=0(e) + O ( v D2(@Y2 4y + Z)p” )
where we suppose L > 1 in the last equation without loss of generality. Then, by supposing

¢2/(u=1)
A2 +me+ Z

~

T =

we have TV (preyy, pi) < O(e) with
O(Lip™ - (a+mj)* 7. /1) gv)

where the last 2“ appears since the estimation of high-order derivatives requires an exponentially increasing call of score
estimations.
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D. Implement RTK inference with ULD
In this section, we consider introducing a ULD to sample from p; - 1] «(2|xo). To simplify the notation, we set

2
[ — 2|

2(1 — e—21) (83)

9(2) = fk—k—1)n(2) +
and consider k£ and x( to be fixed. Besides, we set

P (z]zo) = pk<_+1|k(z|m0) o exp(—g(z))
According to Corollary B.5 and Corollary B.3, when we choose

2L +1
2L

1
77—20g

the log density g will be L-strongly log-concave and 3 L-smooth.

For the underdamped Langevin dynamics, we utilize a form similar to that shown in (Zhang et al., 2023), i.e.,
dit - \A/'tdt

(84)
d\A/'t = —’Y{’tdt — SQ(ZST)dt + / Q’YdBt

with a little abuse of notation for ¢ € [s7, (s + 1)7). We denote the underlying distribution of (2, V¢) as 7, and the exact

continuous SDE
dZt = tht

dvy = —yvidt — Vg(z,)dt + /2vd By

has the underlying distribution (z, v;) ~ 7;. The stationary distribution of the continuous version is defined as

2
il

7T<—(Z7U|IB0) X exp (—g(z) _ 2)

where the z-marginal of 7% (:|z) is p* (:|&o) which is the desired target distribution of inner loops. Therefore, by taking a
small step size for the discretization and a large number of iterations, ULD will yield an approximate sample from p* (-] o).
Besides, in the analysis of ULD, we usually consider an alternate system of coordinates

(6.9) = M(2,0) = (.2 + %m,

their distributions of the continuous time iterates 7} and the target in these alternate coordinates 7"

we need to define log-Sobolev inequality as follows

, respectively. Besides,

Definition D.1 (Log-Sobolev Inequality). The target distribution p, satisfies the following inequality

E,. [9*log g°] — E,.[g%]10gE,, [¢°] < 2CrsiE,. [Vl

with a constant Cpg; for all smooth function g: R? — R satisfying E,.[9?] < cc.

Remark D.2. Log-Sobolev inequality is a milder condition than strong log-concavity. Suppose p satisfies m-strongly
log-concavity, it satisfies 1/m LSI, which is proved in Lemma E.9.

Definition D.3 (Poincaré Inequality). The target distribution p satisfies the following inequality
2 2
Exap [190%) = Explg(®)]|*] < CriE, V]

with a constant Cp for all smooth function g: R? — R satisfying E,,, [¢%] < oo.

In the following, we mainly follow the idea of proof shown in (Zhang et al., 2023), which provides the convergence of KL
divergence for ULD, to control the error from the sampling subproblems.
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Lemma D.4 (Proposition 14 in (Zhang et al., 2023)). Let 7™ denote the law of the continuous-time underdamped Langevin
diffusion with v = ¢/3L for ¢ > /2 in the (gb 1) coordinates. Suppose the initial distribution 7y has a log-Sobolev (LSI)
constant (in the altered coordinates) Cys1(m{"), then {m{M} satisfies LSI with a constant that can be uniformly upper

bounded by
[2L 2
OLSI(TK} ) < exp ( 3~t> 'CLSI(ﬂ'éV[)‘FZ-
Lemma D.5 (Adapted from Proposition 1 of (Ma et al., 2021)). Consider the following Lyapunov functional

F(r', 7)) =KL (#'||7%) + Ex ® I,.

Hzml/ 29 og T
,/T(*

2 L 1
] ,  Where M= l 121L */Z
V6L

For targets 75 o exp(—g) which are 3L-smooth and satisfy LSI with constant 1/L, let v = 2+/6L. Then the law m; of
ULD satisfies

VI
10v6

Lemma D.6 (Variant of Lemma 4.8 in (Altschuler & Chewi, 2023)). Let 7t; denote the law of SDE. 84 and m; denote the
law of the continuous time underdamped Langevin diffusion with the same initialization, i.e., 7o = 7. If ¥ =< /L and the
step size T satisfies

O F (mp, m™) < —

(T‘-t’ (_)'

=0 (L—3/2d71/2T71/2)

then we have

X2 (Rp||lmr) S L3¥2dr*T + €2, L~ Y?T

score

Proof. The main difference of this discretization analysis is whether the score V log p; can be exactly obtained or only be
approximated by sg. Therefore, in this proof, we will omit various steps the same as those shown in (Altschuler & Chewi,
2023).

We consider the following difference
1 (SJrl
Gpr =——= A\ — sr),dB
. mzo/ (Va(z1) - so(z.r).dBy)
(s+1)7
Z / Vg(z0) — so(zr) .

From Girsanov’s theorem, we obtain immediately using 1t6’s formula

d7AT 2 1 S—1
E T} |-1=E 2G7) - 1= —E
. [(dw) ] exp Gl ~1 = 5. Ber 3

S=1 ,(s41)7

1

<y [l B [I9(z0) — solzer) |
=0

S 1 (s+1)T
/ B lopG)] - [I9g(z) ~ V(e

(s+1)7
score Z / E [exp(4Gy)]dt

(s+1)1 9
/ eXp(QGt) ||Vg(zt) — SG(ZST)H ]

T

IN
QMP
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According to Corollary 20 of (Zhang et al., 2023), we have

(s+1)TAt
exp< Z / IVg(22) — so(zs)I1 d)]
39 S—1 (s+1)7TAt ) (s+1)TAtL
<\ [Bewo | 250 ([ 19z - VatePar s [ s

E [exp(4Gy)] <

= 85)
16t (s+1)TAt
=exp <€;C°re) 4| Eexp [ Z/ IVg(z) — Vg(zer)|* dr
32 S—1 (s+1)TAt )

<3. |Eexp Z / IVg(z) = Vg(zer) | dr|,

where the last inequality can be established by requiring
€score = O (’71/2T_1/2) = 16tescore <1
v
since exp(u) < 1+ 2u for any u € [0, 1].
With similar techniques utilized in Lemma 4.8 of (Altschuler & Chewi, 2023), we know that if
A1/2
= < > -

VEVSL TR L AT R (eg sy MM T \/
it holds that

39 S—=1  ,(s+1)7At )

E exp = Z/ IVg(z,) — Vg(zer)||> dr| <exp ((9 (L‘3/2d72T10g S)) .
s=0 ST
Furthermore, for
T S L_3/2d_1/2T_1/2(10gS)_1/27
it has
sup Elexp(4G;)] S1
te[0,7)
Then, still with similar techniques utilized in Lemma 4.8 of (Altschuler & Chewi, 2023), we have
wa [IVg(z) = Va(zen)ll'| < B [E [z - 20| S L2,
In summary, we have
RN
E,. (d?TT> 1< L2dr?T N EgcoreT,
dmp v Y

and the proof is completed. O

Corollary D.7. Under the same assumptions and hyperparameter settings made in Lemma D.6. If the step size T and the
score eStimation error €gcore Satisfies

B . .
=9 (W) and  €score = O (T 1/26)
2

Then we have x*(#r||7r) S €
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Proof. We can easily obtain this result by plugging the choice of 7 and € into Lemma D.6. Noted that we suppose L > 1
without loss of generality. O

Theorem D.8 (Variant of Theorem 6 in (Zhang et al., 2023)). Under Assumption [A1]-[A2], for any € € (0, 1), we require
Gaussian-type initialization and high-accurate score estimation, i.e.,

7o =N(0,e*" —1) @N(0,I) and egcore = Oe).

If we set the step size and the iteration number as

2 2 —1/2
=6 <6d—1/zL—m (o [H )
€
2 2 1/2
5=6 (e_1d1/2 : <log [L(d+m22+ Ll )D ) .
€

the marginal distribution of output particles pr will satisfy KL (pr||p= (-|xq)) < O(€?).

Proof. Consider the underlying distribution of the twisted coordinates (¢, 1)) for SDE. 84, the decomposition of the KL
using Cauchy—Schwarz:

KL (ﬁ'jMHﬂ'M) /log d7! = KL (AMHﬂT ) +/log d7rT

=KL (fr/TMHWT ) +KL H7r / —WTM) (86)

oM
=KL (ﬁ#”ﬁT ) + KL (7 H7r M|t x var v (10g I )

Using LSI of the iterations via Lemma D.4, we have

i N 7] 1 it |
Var,n.é\ﬂ/l (log 71_/\/1) S CLSI(WT ) -E_m HVIOgﬂ'/\A 5 z E M HVlog 71'7/\/1 .
Then, we start to upper bound the relative Fisher information. Since 7 = M7 (:|x(), then
M@ 0) o T (M7, ) |o)-
Therefore, we have
Viegm™ = (M) Vlog 7 (-|ag) o M1,
and similarly for V log 77¥!. This yields the expression
M2
H —E,, {H( Tv1og H } (87)

According to the definition of M, we have
_ _ 1 —v/2
M 1 M INT _ |: :|
M) /2 /2
For any ¢y > 0 and

1 1
zm::[”f V; ® I,

V6L

we have

e InT 1/4—c VBL(1/v2 4 coV/2)
LM = cMTHMT T = L/?L(l/ﬁ feo®)  3L(-co)
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The determinant is

3L - [(i—co) (4 —co) — (\1@%0\/5)21 >0

for ¢y > 0 sufficiently small, which means that

MTEM YT < egt L.

‘ 2

According to Lemma D.5, the decay of the Fisher information requires us to set

Therefore, Eq. 87 becomes

s
Eﬂ'é\fl AV log 7'('7-/\/1

’ ’ G

2
<3L-E., [Hzmmwog”iH } .
™

2
T> L2 log {62- <KL (0|7 + Erp (HDJTl/QVIOg:iH )ﬂ : (88)

which yields KL (72! Hﬂ’M) < €2. Besides, we can easily have

2 1 1 2
E., (HDLTII/QVIOg;TiH ) < 57 Fl(mollv™) = 57 - Exy (Hwog;ﬁH ) .

According to the definition of LSI, we also have
CLst 1 mo ||?

Recall as well that this requires v < +/3L in SDE. 84. For the remaining KL, (ﬁ'é\fl ||7r/TM) and x? (ﬁﬁ/‘ H7r$/‘) in Eq. 86, we
invoke Lemma D.6 with the value T' = ST specified and desired accuracy e, , which consequently yields

- € _ [ T3/2[3/441/2
™ =6 (Grgigan) S:@(e) (89)

Under this condition, we start to consider the initialization error. Suppose we have 7o = A/ (0, e%7 — 1) @ N'(0, I), which
implies

2
e x
FI(mo[|m) SEx, l“vf(K—k—l)n(z) = Vfik—k-1)n(0) + V fix—-1),(0) — ﬁ 1
2 3e~2n 9
SBLEr, (2] + 3 [V -0 O)" + 7 =57 ~ llol
2 3e~2n
=3L% - (¥ = 1) + 3 ||V f(xc—t-1) (0)]|” + ——55 - loll’
(1—e21)
Following the 7 setting, i.e.,
1,2l s, 2011
L)) Y

which yields
2
FI(mollr™) SE+ |9 e i1y O] + Elol )
SL+ L*(d +m3) + L*| x|

where the inequality follows from Eq. 72. Therefore, combining Eq. 90, Eq. 89 and Eq. 88, we have
1/2

o 112
L(d +m3 + lmol?) T\ Er, ([[V108 27
1/2 z L,1/4 ) <10g |: ( +mi2 ||m0|| ):|> z L1/4 . IOg 0 — ’
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which implies

—1/2
T:é%fwyﬂio%rw+m%W%Pq)/>

€2

_ I 2 2 1/2
S:@<gwm,@%[w+m34mnq) |

In this condition, the score estimation error is required to be

cane = O (277102.0) = 0 (V).

Hence, the proof is completed. O

Theorem D.9. Under Assumption [A1]-[A2], for Alg. 1, we choose

1. 2L +1 1+ L2)d+ ||V f.(0)|?
n==log 1o K:4L-log( +L7)d+ |[V£(0)]
2 2L €2

and implement Step 3 of Alg. 1 with projected Alg. 3. For the k-th run of Alg. 3, we require Gaussian-type initialization and
high-accurate score estimation, i.e.,

70 =N(0,e*" —1) @ N(0,I) and egeore = Ofe).
If we set the hyperparameters as shown in Lemma D.8, it can achieve TV (Prr, ps) S € with an O (del/ze’l) gradient
complexity.
Proof. According to Corollary B.5, we know that under the choice

1, 2L+1
Y

it requires to run Alg. 3 for K times where

(L+L%)d + |V £.(0)]
. :

K =4L -log
€

For each run of Alg. 3, we require the KL divergence error to achieve

-1
R . . e (1+ L*)d+ [V £.(0)]
KL (p(kﬂ)n\kn("w)Hpﬁﬂ)mkn('@)) SE : llog =2 .

Combining with Theorem D.8, we consider a step size

7 =0 (L_ld_l/ze - (log [L? - (d + m3 + ||:f:k||2)])_1/2>
then the iteration number will be

Sy =0 (Ll/le/Qe_l (log [L2 - (d +m3 + [ &x]|?)] )1/2) .
For an expectation perspective, we have

Epy, [log(L?[|%4]1)] < log [Ep,, (I%k[*)] = O(L)
where the last inequality follows from Lemma B.7. This means that with the total gradient complexity
K-S =0 (122 )

Hence, the proof is completed. O
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E. Auxiliary Lemmas

Lemma E.1 (Theorem 4 in (Vempala & Wibisono, 2019)). Suppose p o< exp(— f) defined on R? satisfies LSI with constant
w > 0. Along the Langevin dynamics, i.e.,

dx, = -V f(x)dt + v2dBy,
where x; ~ py, then it has
KL (pt||p) < exp (—2ut) - KL (pol|p) -
Lemma E.2. Suppose p oc exp(—f) defined on RY satisfies LSI with constant j > 0 where f is L-smooth, i.e.,
IV /() - Vi@)l < L2’ — 2]
If po is the standard Gaussian distribution defined on RY, then we have

(14 2L2)d +2||Vf(0)|]?

KL <
(pollp) < p

Proof. According to the definition of LSI, we have

po((;)) H dz = i / po(@) |~z + V f ()| da

KL (po|p) gi / po() .

‘Vlog
<t | [ mi@lelde + [ m(@)IVs@) - V5(0) + 950) Pz

<t [0+ 22) [ m@)lelde + 219500

(14 2L2)d +2||Vf(0)]”
7

where the third inequality follows from the L-smoothness of f, and the last equation establishes since E,,, [||z||?] = d is for
the standard Gaussian distribution pg in R%.

Lemma E.3 (Variant of Lemma B.1 in (Zou et al., 2021)). Suppose f: R® — R is a m-strongly convex function and
satisfies L-smooth. Then, we have
mz|® [V/(0)|?
v S > _
J(@) 2 == om

where x, is the global optimum of the function f.

Proof. According to the definition of strongly convex, the function f satisfies
m 2 m 2
f0) = f() 2 Vf(x) (0 -=z)+ 5 - |z|" & Vi) == f(z)-f(0)+ 5|z

Besides, we have

I AFAC) S Nl

2m N 2m

m
5 llll?

f(@) = £(0) 2 VF(0) @+ 3 -] = T 22—

Combining the above two inequalities, the proof is completed. O

Lemma E.4 (Lemma A.1 in (Zou et al., 2021)). Suppose a function f satisfy

mzl® _ [[V£(0)]

Vi@ ez " =

then we have )
v

f@) 2 Ll + fle) - =
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Lemma E.5 (Lemma 1 in (Huang et al., 2023)). Consider the Ornstein-Uhlenbeck forward process
dx; = —xdt + V2d By,

and denote the underlying distribution of the particle x; as p;. Then, the score function can be rewritten as

e txg —x
vac hlpt(w) = EmOth(-\m)m’
l — e*ao? oy
ai(@ol@) o< exp | —fu(@o) = a0 |-

Lemma E.6 (Lemma 11 in (Vempala & Wibisono, 2019)). Assume p o< exp(—f) and the energy function f is L-smooth.
Then
2
Exep [IVF )] < Ld

Lemma E.7 (Lemma 10 in (Chen et al., 2023b)). Suppose that Assumption [A1]-[A2] hold. Let {Xt}te[o’ﬂ denote the
forward process, i.e., Eq. 1, for allt > 0,

E {Hx\ﬂ < max {d,m3}.

Lemma E.8. Suppose q is a distribution which satisfies LSI with constant p, then its variance satisfies
2 d
q(z) |z — Eq [x]||" da < o

Proof. 1t is known that LSI implies Poincaré inequality with the same constant, i.e., y, which means if for all smooth
function g: R — R,

var, (9(x)) < -5, Vg0

In this condition, we suppose b = E,[x], and have the following equation

[ (@) le~ B, x| dw = [ g(a) o - b da
d d
- / > gl (@i~ b dz =Y / a(@) ((z,e:) — (b,e;))” da

d d
=3 [ @) (o) ~ By [fx, ) d = Y var, (5i(x)

where g;(x) is defined as g;(x) := (x, e;) and e; is a one-hot vector ( the i-th element of e; is 1 others are 0). Combining
this equation and Poincaré inequality, for each ¢, we have

1 2 1
var, (9i(x)) < By [ledl’] = .
Hence, the proof is completed. O

Lemma E.9 (Variant of Lemma 10 in (Cheng & Bartlett, 2018)). Suppose — log p.. is m-strongly convex function, for any
distribution with density function p, we have

p() |*
‘Vlog H dx.
D (m)

KL (pl}p.) < 5~ [ p(a)

By choosing p(x) = g*(x)p.(x)/Ep, [g%(x)] for the test function g: R — R and B, [¢?(x)] < oo, we have
2
Ey. [9° o %] — E,. [¢°] 1ogE,. [¢°] < —E,. [IV4l’] .

which implies p, satisfies 1/m-log-Sobolev inequality.
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