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ABSTRACT

We consider the decentralized minimization of a separable objective >\, f;(x;),
where the variables are coupled through an affine constraint >, (A;z; — b;) = 0.
We assume that the functions f;, matrices A;, and vectors b; are stored locally by
the nodes of a computational network, and that the functions f; are smooth and
strongly convex.

This problem has significant applications in resource allocation and systems control
and can also arise in distributed machine learning. We propose lower complexity
bounds for decentralized optimization problems with coupled constraints and a
first-order algorithm achieving the lower bounds. To the best of our knowledge,
our method is also the first linearly convergent first-order decentralized algorithm
for problems with general affine coupled constraints.

1 INTRODUCTION

We consider the decentralized optimization problem with coupled constraints

n n

min Zfi(xi) s.t. Z(Aiﬂﬁi —b;) =0, ()
n R =1

i=1

where for i € {1,...,n} functions f;(z;): R% — R are continuously differentiable, A; € R™*%
and b; € R™ are constraint matrices and vectors respectively.
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We are interested in solving problem (I)) in a decentralized distributed setting. That is, we assume
the existence of a communication network G = (V, £), where V = {1, ..., n} is the set of compute
nodes, and £ C V x V is the set of communication links in the network. Each compute node ¢ € V
locally stores the objective function f;(z;), the constraint matrix A; and the vector b;. Compute node
1 € V can send information (e.g., vectors, scalars, etc.) to compute node j € V if and only if there is
an edge (¢, ) € £ in the communication network.

Coupled constraints arise in various application scenarios, where sharing resources or information
takes place. Often, due to the distributed nature of such problems, decentralization is desired for
communication and/or privacy related reasons. Let us briefly describe several practical cases of
optimization problems with coupled constraints.

e Optimal exchange. Also known as the resource allocation problem |Boyd et al.| (2011)); Nedic et al.
(2018)), it writes as

n
min E filxy) st g r; = b,
L@ €RE S i=1

7"1;71.

where x; € R? represents the quantities of commodities exchanged among the agents of the system,
and b € R? represents the shared budget or demand for each commodity. This problem is essential in
economics |Arrow and Debreu|(1954), and systems control|Dominguez-Garcia et al.| (2012).

e Problems on graphs. In various applications, distributed systems are formed on the basis of
physical networks. This is the case for electrical microgrids, telecommunication networks and drone
swarms. Distributed optimization on graphs applies to such systems and encompasses, to name a
few, optimal power flow [Wang et al.| (2016]) and power system state estimation|Zhang et al.|(2024)
problems.

As an example, consider an electric power network. Let z; € R? denote the voltage phase angle and
the magnitude at i-th electric node, and let s be the vector of (active and reactive) power flows for
each pair of adjacent electric nodes. Highly accurate linearization approaches|Yang et al.|(2016);
Van den Bergh et al.|(2014) allow to formulate the necessary relation between voltages and power
flows as a linear system of equations » ._ ; A;z; = s. An important property of the matrices A;
is that their compatibility with the physical network (but not necessary with the communication
network). This means that for each row of the matrix (Aq,..., A,,), there is a node k such that A
can have nonzero elements in this row only if nodes ¢ and k are connected in the physical network, or
k =1.

o Consensus optimization. Related to the previous example is the consensus optimization |Boyd
et al.|(2011)

min E filzs) st zp=z9=...=uz,.
7‘L7LER

It is widely used in horizontal federated learning |Kairouz et al.[(2021)), as well as in the more general
context of decentralized optimization of finite-sum objectives |Gorbunov et al.| (2022); |[Scaman et al.
(2017).

To handle the consensus constraint, decentralized algorithms either reformulate itas . ; W;z; = 0,
where W is the ¢-th vertical block of a gossip matrix (an example of which is the communication
graph’s Laplacian), or utilize the closely related mixing matrix approach |Gorbunov et al.| (2022).
Mixing and gossip matrices are used because they are communication-friendly: calculating the sum
Z?Zl W, z; only requires each compute node to communicate once with each of its adjacent nodes.
Clearly, consensus optimization with gossip matrix reformulation can be reduced to (I) by setting
A; = W,. However, the principal difference between this example and (T, is that (I)) does not
assume A ; to be communication-friendly. We discuss the complexity of the reduction from consensus
optimization to optimization with coupled constraints in Appendix [A]

o Vertical federated learning (VFL). In the case of VFL, the data is partitioned by features, differing
from the usual (horizontal) federated learning, where the data is partitioned by samples|Yang et al.
(2019); Boyd et al.|(2011)). Let F be the matrix of features, split vertically between compute nodes
into submatrices F';, so that each node possesses its own subset of features for all data samples. Let
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I € R™ denote the vector of labels, and let z; € R% be the vector of model parameters owned by the
i-th node. VFL problem formulates as

i / 7[ + i\ Tq S.t. F7 i = Z, 2
Inin (z,1) ;r(z) ; T =2 )

d d
1 €R ...z, R

where £ is a loss function, and r; are regularizers. The constraints in (2) are coupled constraints, and
the objective is separable; therefore, it is a special case of (I). We return to the VFL example in
Section[6]

Paper organization. In Section [2| we present a literature review. Subsequently, in Section |3| we
introduce the assumptions and problem parameters. Section 4| describes the key ideas of algorithm
development and Section 5| presents the convergence rate of the method and the lower complexity
bounds. Finally, in Section@ we provide numerical simulations.

2 RELATED WORK AND OUR CONTRIBUTION

Decentralized optimization algorithms were initially proposed for consensus optimization Nedi¢ and
Ozdaglar| (2009)), based on earlier research in distributed optimization [T'sitsiklis| (1984); [Bertsekas
and Tsitsiklis| (1989) and algorithms for decentralized averaging (consensus or gossip algorithms)
Boyd et al.|(2000); |[Olshevsky and Tsitsiklis| (2009), which assumed the existence of a communica-
tion network, as does the present paper. The optimal complexity for consensus optimization was
first achieved with a dual accelerated gradient descent in|Scaman et al.| (2017)), where the method
required computing gradients of Fenchel conjugates of f;(z). The corresponding complexity lower
bounds were also established in the same paper. This result was later generalized to primal algo-
rithms (which use gradients of the functions f;(x) themselves) Kovalev et al.[(2020), time-varying
communication graphs [Li and Lin| (2021)); Kovalev et al.| (2021) and methods that use stochastic
gradients |Dvinskikh and Gasnikov|(2021)). Today there also exist algorithms with communication
compression |[Beznosikov et al.|(2023)), asynchronous algorithms |[Koloskova, (2024)), algorithms for
saddle-point formulations Rogozin et al.|(2021) and gradient-free oracles Beznosikov et al.| (2020),
making decentralized consensus optimization a quite well-developed field Nedic| (2020)); \(Gorbunov:
et al.|(2022), benefiting systems control [Ram et al.|(2009) and machine learning [Lian et al.[(2017)).

Beginning with the addition of local constraints to consensus optimization Nedic et al.|(2010); Zhu
and Martinez (2011), constrained decentralized optimization has been established as a research
direction. A zoo of distributed problems with constraints was investigated in|[Necoara et al.| (2011));
Necoara and Nedelcu| (2014;[2015)).

Primarily motivated by the demand from the power systems community, various decentralized
algorithms for coupled constraints have been proposed. Generally designed for versatile engineering
applications, many of these algorithms assume restricted function domains Wang and Hu| (2022));
Liang et al.| (2019); Nedic et al.| (2018)); |(Gong and Zhang| (2023)); Zhang et al.| (2021); [Wu et al.
(2022)), nonlinear inequality constraints|Liang et al.|(2019));|Gong and Zhang|(2023)); Wu et al.|(2022),
time-varying graphs Zhang et al.[(2021)); Nedic et al.|(2018)) or utilize specific problem structure[Wang
and Hu|(2022).

Works of [Doan and Olshevsky| Table 1: Comparison of algorithms for decentralized optimiza-
(2017); ILi et al] (2018); [Nedi¢| tion with coupled constraints

et_al| (2018) focus on the Reference Oracle Rate
resource allocatlop pr0b1§m. | 'Doan and Olshevsky22017) 1 First-order Linear

For undirected _time-varying 7 isone et al| (2020) Prox Sub-linear
graphs [Doan and Olshevsky| =g "o rmm077) Prox Sub-linear
(2017) proposes a_first-order ' |Chang] (2016) Prox Sub-linear
algorithm with O(dB':”jf n’ln ) | ILi et al/(2018) T Prox Linear
zgnmllr;:llgzlc (?Iil(zrcl)mi;ll exit?r:avcfllilr:/i :Gong and Zhang| (2023) Inexact prox | Linear
where B is the time required for quic’ etal[(2018) F%rst—order Acgelerated
the time-varying graph to reach This work First-order Optimal
connectivity. |Li et al.| (2018) T Applicable only for resource allocation problem

applies a combination of gradient
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tracking and push-sum approaches from [Nedic et al.|(2017) to obtain linear convergence on directed
time-varying graphs in the restricted domain case, i.e., z; € €);, where €); is a nonempty closed
convex set. Nedi¢ et al.|(2018]) achieves accelerated linear convergence via a proximal point method
in the restricted domain case. When €2; = R%, they also show that Nesterov’s accelerated gradient
descent can be applied to achieve optimal O(/kw ,/Fs In %) communication complexity. In Gong
and Zhang| (2023) an inexact proximal-point method is proposed to solve problems with coupled
affine equality and convex inequality constraints. Linear convergence is proved when the inequalities
are absent, and €2; are convex polyhedrons. The papers Wu et al.|(2022), Chang| (2016), Falsone et al.
(2020) present algorithms with sub-linear convergence.

As summarized in Table[T] no accelerated linearly convergent algorithms for general affine-equality
coupled constraints were present in the literature prior to our work. Also, most of the algorithms
require proximal oracle, which allows to handle more general problem formulations, but has higher
computational burden than the first-order oracle. We propose a new first-order decentralized algorithm
with optimal (accelerated) linear convergence rate. We prove its optimality by providing lower
bounds for the number of objective’s gradient computations, matrix multiplications and decentralized
communications, which match complexity bounds for our algorithm.

3 MATHEMATICAL SETTING AND ASSUMPTIONS

Let us begin by introducing the notation. The largest and smallest nonzero eigenvalues (or singular
values) of a matrix C are denoted by Anax(C) (or 0max(C)) and A+ (C) (or opin+ (C)),
respectively. For vectors z; € R% we introduce a column-stacked vector z = col(z1,...,Tm) =
(z{ ...z, )T € RL We denote the identity matrix by I, € R™*™. The symbol ® denotes the
Kronecker product of matrices. By £,,, we denote the so-called consensus space, which is given
as Loy = {(y1,--,yn) € (R™™ 1 y1,...,yp € R™ and y; = --- = y,}, and L;. denotes the
orthogonal complement to £,,,, which is given as

Lﬂ,‘l:{(yl,...,yn)G(Rm)”:yl,...,yneRm and y; + -+ +y, = 0}. 3)

Assumption 1. Continuously differentiable functions f;(z): R% — R, i € {1,...,n} are L;-
smooth and jiy-strongly convex, where Ly > uy > 0. That is, for all x1,x9 € R% and i €
{1,...,n}, the following inequalities hold:

L
%sz — a1 < fi(w2) — fi(w1) = (Vfi(21), 22 — 21) < 7f||$2 — a1 |*.

By k5 we denote the condition number ky = Ly [[i+.

Assumption 2. There exists x* = (x7%,...,x%),2f € R% such that 3, (A;xf — b;) = 0. There
exist constants La > pa > 0, such that the constraint matrices A1, . .., A, satisfy the following
inequalities:
O-?nax(A) = max O-?nax(Ai) < La, A < )‘minJr (S)v 4
i€{l,...,n}

where the matrix S € R"™*"™ is defined as S = % S A ;A We also define the condition number
of the block-diagonal matrix A = diag (A1,...,A,) € R™* 4 a5 kp = La/pa.

For any matrix M other than A we denote by Lys and g some upper and lower bound on its
maximal and minimal positive squared singular values respectively:

Amax(M M) = o2

2 T
max(M) < LM; v < O mint (M) = )‘min‘*' (M M) Q)
We also assume the existence of a so-called gossip matrix W € R™*" associated with the communi-
cation network G, which satisfies the following assumption.

Assumption 3. The gossip matrix W is a n X n symmetric positive semidefinite matrix such that:
1. W;; #0ifand only if (i,5) € Eori = j.
2 Wy=0ifandonlyify € Ly, i.e. y1 = ... = Yn.
3. There exist constants Ly > pw > 0 such that pwy < M2 (W) and N2

mint max

(W) < Lw.
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We will use a dimension-lifted analogue of the gossip matrix defined as W = W ® I,,,. From

the properties of the Kronecker product of matrices it follows that A2 . (W) = A2. . (W) and
A2 (W) =)\2__ (W). By kw we denote the condition number
L Amax (W
w = 1| -V > # ©6)
Hw )\minJr (W)
Moreover, the kernel and range spaces of W and W are given by
kerW = Ly, rangeW = L1, ket W = L,,, range W = L:-. @)
4  DERIVATION OF THE ALGORITHM
4.1 STRONGLY CONVEX COMMUNICATION-FRIENDLY REFORMULATION
Let W’ be any positive semidefinite matrix such that
range W' = (ker W)+ = £ ®)
and multiplication of a vector y = (y1, . ..,¥n) € (R™)" by W’ can be performed efficiently in the

decentralized manner if its ¢-th block component y; is stored at ¢-th node of the computation network.
Similarly to eq. (6), we define

LW’ > Amax(wl)
KW’ a Amin* (W/)

Due to the definition of W and eq. , the simplest choice for W’ might be to set W/ = W. Later
we will specify another way to choose W' for optimal algorithmic performance.

©))

Rw' =

Problem (I)) can be reformulated as follows:

min G(z,y) st Az+~yW'y=Db, (10)
zER, ye(R™)™

where the function G(z,7y): R? x (R™)" — R is defined as
T
G(z,y) = F(2) + 5| Aw+ W'y — b|]%, (11)

the function F'(x): RY — R is defined as F(z) = >i", fi(z;), where x = (z1,...,2,),7; € R%,
the matrix A € R™"* is the block-diagonal matrix A = diag (A1,...,A,), the vector b is the
column-stacked vector b = col (b1, ...,b,) € R™", and r,y > 0 are scalar constants that will be
determined later.

From the definitions of A, b and £, (eq. ) itis clear that ) .- (A;z; — b;) = 0 if and only if
Az —b € L. Since range W’ = L1, the constraint in problem (T0) is equivalent to the coupled
constraint in (I). For all z, y satisfying the constraint, the augmented objective function G(z, y) is
equal to the original objective function F'(x). Therefore, problem (10) is equivalent to problem (TJ).
The following Lemma shows that the function G(x, y) is strongly convex and smooth.

Lemma 1. Let r and v be defined as follows:
i 2 _ Ha +La

r= , (12)
2a’ T pw
Then, the strong convexity and smoothness constants of G(z,y) on R? x L:- are given by
(1 pa+La pa + La Lw
= _ = Lo = L _ . 13
%€ Hfmln{27 ALa ,  Lg=max | Lf+pyg, py T fiw: (13)

Let the matrix B € R™"*(44m7) be defined as B = [A yW']. The following Lemmaconnects
the spectral properties of B, A and W'.
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Lemma 2. The following bounds on the singular values of B hold:

L ’
U?ninJr (B) 2 B = 'LLTA’ Urznax<B) < LB = LA + (LA + MA) Ng/ ; (]4)
and
0'2 (B) LB Lw/
m§n32<m+ 1+nA>. (15)
UrQninJr (B) B Hw ( )

Proofs of Lemma([l|and Lemma [2]are provided in Appendix

4.2 CHEBYSHEV ACCELERATION

Chebyshev acceleration allows us to decouple the number of computations of the objective’s gradient
V F(z) from the properties of the communication network and the constraint matrix — specifically,
from the condition numbers xw and xa. The Chebyshev trick enables to replace the matrix with a
matrix polynomial with a better condition number.

Consider some affine relation Mu = d and let Py be a polynomial such that Ppg(A) =0 A =0
for any eigenvalue A of M M. Note that here we interchangeably use 7 as a polynomial of a matrix
and a polynomial of a scalar. We denote any feasible point for the constraint Mu = d as ug. Then,

Muzd@M(u—uo)zo(é)MTM(u—uo)zo

U P (MTM) (1 — 1) = 02 +/Pre(MTM) (1 — ) = 0

where (a) and (c) is due to ker M T M = ker M (b) is due to ker Ppg(M M) = ker M" M by the
assumption about Ppg ().

Following Salim et al.|(2022a) and [Scaman et al.|(2017), we use the translated and scaled Chebyshev
polynomials, because they are the best at compressing the spectrum |Auzinger and Melenk| (201 I)).

Lemma 3 (Salim et al,| (2022a), Section 6.3.2). Consider a matrix M. Let { = [ Lm >

KM

i - - .
{ 7AA[::’;((1\1<I/ITI\I<I/I)) . Define Py (t) = 1 — T@}Eﬁ“g;i“;ij)(/Lﬁ“fN;ﬁﬁ” where Ty is the Chebyshev

polynomial of the first kind of degree n defined by T;(t) = % ((t + Vit — 1)Z + (t =Vt - 1)é>.
Then, Pm(0) = 0, and

19
Amax (Pm(MTM)) < Pum(t) < —, 16
(Pua(MIM)) < e Pral®) < 15 (10
11
Ami M'M)) > i t) > —. 17
min™t (PM( )) = tG[lfrl\l/[l,r}zM},PM( ) =15 (17
Results of this section are summarized in the following Lemma 4]
Lemma 4. Define
W' =P (W) (18)

and
K = ,/Ps(BTB). (19)
Let G(u) = G(x,y), U = R? x L and b’ = \/Pg(BTB)ug. Then, problem

. RN
Znel{{lG(u) st. Ku=Db (20)

is an equivalent preconditioned reformulation of problem (10), and, in turn, of problem (I).

4.3 BASE ALGORITHM
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Our base algorithm, Algorithm[Il  Algorithm 1 APAPC

is the Proximal Alternating
Predictor-Corrector (PAPC) with I: Para{)neterg. uO eUn,0,a>0,7¢c(0,1)
2: Setuy=u’, 2" =0el

Nesterov’s acceleration, called
Accelerated PAPC (APAPC), 3 fork = b 0, l’gv .. do

It was proposed in Salim et al. : Ug = TU" + (1- T)uf
(2022a) to obtain an optimal

4:
. Coptimal s: uFtE = (14 p0) " (b — (VG (uh) — aul + 2))
algorithm  for  optimization . Skl ok QKT(Ku’“J“% —b)
problems formulated as 7 WL = (1 + o)~k — (VG (uh) — auk + 2++1))
See [Kovalev et al| (2020); [Salim kot b 2r (B4l ok g g

: 8 uiT = w4 2 (T — u)
et al.| (2022b) for the review of f g T 2=7
related algorithms and history of 9
their development.

APAPC algorithm formulates as Algorithm I] and its convergence properties are given in Proposi-
tion[dl
Proposition 1 (Salim et al. (2022a)), Proposition 1). Assume that the matrix K in (20) satisfies

uk > 0 and b’ € rangeK, and denote kg = L—I‘: Also assume that the function G is Lg-

smooth and pg-strongly convex. Set the parameter values of Algorilhmas T = min {1 1 /e oy }
n= ﬁ, 0= ﬁ and oo = pig. Denote by u* the solution of problem (20) and by z* the solution
of its dual problem satisfying z* € range K. Then the iterates u®, z* ofAlgorithmsatisfy

1y & 2 Q ok 2
—||u* —u*||” + —— 2° =2 21
Y e T H an
—k
20 —71) . 4 1. 11
L7y <+ cmind—— — ) ¢
+———Da(up,u") < (1 + 7 min rore mx :
where C = % [|u® — u*H2 + Z2l12° — 22 + @Dg(u?,u*), and D¢ denotes the Bregman

divergence of G, defined by Dg (v, u) = G(u') — G(u) — (VG (u), v’ — u).

5 MAIN RESULTS

5.1 ALGORITHM

As stated in Lemma [} problem D. Algorithm 2 Main algorithm

is equivalent to problem (I). F
to Lemma[T} its objective is strongly con- Parameters: 1 € R 17 0, > 0,7 €(0,1)
2: Set gy —OE( )"u:_( 0 40,

vex, allowing us to apply Algorithm |1|to LA
it. Using Lemmal[3] we obtain that the !on- up = u’, 20 =0 € RT x (R™)
dition numbers of W’ and K are bounded for k = P 0,1, 2> e d

as O(1), but a single multiplication by W' “g = 71ul + (1 - 7)uf Uy

and K, KT translates to O(,/fw) multi- ;
plications by W and O(,/kg) multiplica-

gF = grad_G(ug) — aug
. T rospect whhE = (1 o) (= (g* + 24)
tions by B, B' respectively.

zk‘H = z¥ + - K_Chebyshev (uf12)
We implement multiplications by W’ and uF = (14 na) M (b —n(gF + 2F))
K, K" through numerically stable Cheby- 10: ];cﬂ = up + 2= (uF T —uk)

shev iteration procedures given in Algo- 11: end for

rithms [3]and [5] which only use decentral-
ized communications and multiplications
by A, AT. Lemmas|l|to I 3| allow us to express the complexity of Algorithm I in terms of the parame-
ters of the initial problem given in AssumptionsT]to[3] All this leads us to the following Theorem[T] a
detailed proof of which is provided in Appendix as well as the derivation of Algorithms [3|and 3]
and values of the parameters of Algorithm 2]

Theorem 1. Set the parameter values of Algorithm |2| as T = min{l, T /m},

1 15 133 .
N = Tma(i ey ¢ = oy and o = T Denote by x* the solution of problem ().

R A U
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Algorithm 3 mulW’(y): Multiplication by W’  Algorithm 5 K_Chebyshev(u): Computation

1: Parameters: y of K (Ku —b')

2 p=(vVLw — /TW)Q /16 1: Parameters: u = (z,y)

3 vi=(VIw + Viw) /2 2 p=(Lp—pus) /16

4: 6% = —v/2, n:=[/rkw] 3 v (Le +pB) /2

5.0 = —Wy/v, y' =y +p° 4: 6 = —v/2, n:=[\/kB]

6 fori=1,....,n—1do 5: 61°1=Ar+v~mu;vg’(y)—b

7: Bt i=p/6tt 6 10— 1 A'yg

8  dl=—(v+ B Py mulw (@)

9: pl — (Wyz + Bi—lpi—l) /5¢ 7 ul = _|_p0

10: yitl = yi 4 pi 8: fori=1,...,n—1do

11: end for 9: 5;_1 = P/(SZ_:_1

12: Output: y — y” 10: 6= —(v+ 577

1 (2 y') = o ,
Algorithm 4 grad_G(u): Computation of 120 ¢’ =Az'+~ -mulW'(y’) —b
VG(’U,) ] i . l Aqu
13: p = A W/ (4 +
1: Parameters: v = (z,y) e 6t \ 7y - mulW’(q")
2: z=7r(Az +7 - mulW'(y) — b) B Pz_l /o0
- Output: | VF(@) + ATz R e
3: Output: ~ - mulW’(2) 15: end for

16: Output: v — u”

Then, for every € > 0, Algorithm @ﬁnds z¥ for which ||z* — 2*||? < e using O(,/krlog(1/¢))
objective’s gradient computations, O(,/Fy\/ka log(1/e)) multiplications by A and AT, and
O(/Rrv/Ear/Fw log(1/e)) communication rounds (multiplications by W ).

5.2 LOWER BOUNDS

Let us formulate the lower complexity bounds for decentralized optimization with affine constraints.
To do that, we formalize the class of the algorithms of interest. In the literature, approaches with
continuous time |Scaman et al.|(2017) and discrete time Kovalev et al.|(2021)) are used. We use the
latter discrete time formalization. We assume that the method works in synchronized rounds of three
types: local objective’s gradient computations, local matrix multiplications and communications. At
each time step, algorithm chooses one of the three step types.

Since the devices may have different dimensions d; of locally held vectors z;, they cannot commu-
nicate these vectors directly. Instead, the nodes exchange quantities A;z; € R™. For this reason,
we introduce two types of memory M (k) and H;(k) for node i at step k. Set M; (k) stands for the
local memory that the node does not share and H; (k) denotes the memory that the node exchanges
with n(;righbors. The interaction between M (k) and H,; (k) is performed via multiplications by A;
and A, .

Memory is initialized as M;(0) = {0}, H;(0) = {0}. Below we describe how the sets
M (k), H;(k) are updated.

1. Algorithm performs local gradient comutation round at step k. Gradient updates only operate in
M, (k) and do not affect #;(k). For all i € V we have

M;(k+1) =Span{x,Vfi(z), Vi (x): z € Mk)}, Hi(k+1)=H;(k),

where f;* is the Fenchel conjugate of f;.
2. Algorithm performs local matrix multiplication round at step k. Sets H;(k) and M (k) make
mutual updates via multiplication by A; and A,|. For all i € } we have

M;(k+1) =Span {Ab;, Ay: yeH;(k)}, Hi(k+1)=Span{b;, Ajz: z € M;(k)}.

3. Algorithm performs a communication round at step k. The non-shared local memory M; (k) stays
unchanged, while the shared memory #,;(k + 1) is updated via interaction with neighbors. For all
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i € V we have
M;(k+1) = M;(k), Hi(k+1) = Span{H; (k) : (i,7) € E}.

Under given memory and computation model, we formulate the lower complexity bounds.

Theorem 2. Forany Ly > iy > 0, kA, kw > 0 there exist L g-smooth p ¢ -strongly convex functions
{fi}_,, matrices A; such that ka = La /A (Where L, jua are defined in @), and a communi-
cation graph G with a corresponding gossip matrix W such that kw = Amax(W) /X1 (W), for

which any first-order decentralized algorithm on problem (1)) to reach accuracy € requires at least

1
Ny =9 <\/Ef log <5>) gradient computations,
1
Np =0Q (1 /Kf\/KA log (€>> multiplications by A and AT

1
Nw = Q <. /KrvVEAVEW log <)> communication rounds (multiplications by W ).
€

A proof of Theorem 2]is provided in Appendix [C]

6 EXPERIMENTS

The experiments were run on CPU Intel(R) Core(TM) i9-7980XE, with 62.5 GB RAM.

o Synthetic linear regression. In this section we perform numerical experiments on a synthetic
linear regression problem with ¢5-regularization:

n n

. 1 0
min Z (2|C'ia:i —di|5+ 2|xz||§) s.t. Z(Aimi —b;) =0, (22)

xl,...,InER‘lm i— i—

where we randomly generate matrices C; € R% >4 A, € R™*% and vectors d; € R%, b; € R™
from the standard normal distribution. Local variables z; € R% have the same dimension d;, equal
for all devices. Regularization parameter 6 is 10~3. In the Fig. E] we demonstrate the performance of
the our method on the problem, that has the following parameters: x; = 3140, ko = 27, kw = 89.
There we use Erd6s—Rényi graph topology with n = 20 nodes. Local variables dimension is d; = 3
and number of linear constraints is m = 10. We compare performance of Algorithm 2] with Tracking-
ADMM algorithm [Falsone et al.[(2020) and DPMM algorithm Gong and Zhang|(2023)). Note that
Tracking-ADMM and DPMM are proximal algorithms that solve a subproblem at each iteration. The
choice of objective function in our simulations (linear regression) makes the corresponding proximal
operator effectively computable via Conjugate Gradient algorithm Nesterov| (2004) that uses gradient
computations. Therefore, we measure the computational complexity of these methods in the number
of gradient computations, not the number of proximal operator computations.

10° . 10° 10%
. —— Tracking-ADMM . —— Tracking-ADMM . —— Tracking-ADMM
10 DPMM 10 DPMM 107 DPMM
10-° —— Main algorithm 10774 —— Main algorithm 10~ —— Main algorithm
<107 107 109
|
<. 10713 10713 10713
107! 107! 10717
1072 T T T T 1072 - T T 1072 T T -
0.0 0.2 04 0.6 0.8 1.0 0 1 2 3 4 0 1 2 3 4
Gradient calls x10* Mult. by A and AT x10° Communications x10°

Figure 1: Synthetic, Erd6s—Rényi graph, n = 20, d; = 3, m = 10

o VFL linear regression on real data. Now we return to the problem, that we have announced in the
introduction section. We apply VFL in the linear regression problem: ¢ is a typical mean squared loss
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function, that is £(z,1) = 3|z — I||3, and r; are {5-regularizers, i.e. 7;(x;) = Al|z;||3. To adapt this
from (@) to (I)), we redefine z; := (“’Zl) and T3 := 79, ..., T, := x,. Thus, we can derive constraints
matrices as in the (I)):

A, =(F1 -I), Az =Fiwy — 2, (23)
i=1 i=1
For numerical simulation, we use mushrooms dataset from LibSVM library |(Chang and Lin| (201 1).

We split m = 100 samples subset vertically between n = 7 devices. Regularization parameter
A = 1072, The results are in the Fig.

10? . 1024 . 1024 )
—— Tracking-ADMM 5 — —— Tracking-ADMM _| —— Tracking-ADMM _|
10-2 DPMM 10-24 DPMM 10-24 DPMM
—— Main algorithm —— Main algorithm —— Main algorithm
e 10764 107 107 \
710710, 10-104 10-10
i10—14, 10-14 10-1
10718 . . . . 10718 . . 10718 . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Gradient calls x10% Mult. by A and AT x10° Communications x10°

Figure 2: VFL, Erd6s—Rényi graph, n = 7, m = 100

Our algorithm exhibits the best convergence rates, as evidenced by the steepest slopes. The slopes vary
for gradient calls, matrix multiplications, and communications. This is due to the fact that Algorithm
involves many communications per iteration, in contrast to DPMM and Tracking-ADMM, which
make numerous gradient calls per iteration.
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APPENDIX / SUPPLEMENTAL MATERIAL

A REDUCTION OF CONSENSUS OPTIMIZATION TO COUPLED CONSTRAINTS

As mentioned in Section [I] the consensus optimization problem

can be reduced to the problem with coupled constraints (I). During the review process, we were
asked whether the complexity of Algorithm [2could be reduced to match that of optimal algorithms
for consensus optimization |Scaman et al.|(2017)).

It turns out that, for a general-purpose first-order decentralized algorithm for problems with coupled
constraints (as defined in Section[5.2)), the communication complexity is worse by at least a factor of
v/n. This conclusion is based on our complexity lower bounds in Theorem [2|and the following lower
bound on K for any suitable matrix A.

Let d = 1. Consider an arbitrary horizontal-block matrix A’ = (A;...A,) € R™*" such that

kerA' = £, = Span{fn}, which corresponds to the consensus constraint. By definition @) we
have

1 - 1
HA = ;)‘min‘* (; AlA?) = ﬁ/\min'*' (A/AIT) = ﬁamirﬁr (A/)ﬂ

and

2

)

La = max oo, (A;) = ||As
1=1...n

where ¢* denotes the index of the column achieving the maximum. We can upper bound the minimal

positive singular value using a vector v, whose components are all zero except for one 1 and one —1,
implying ||v||? = 2. Since the sum of its components is zero, v is orthogonal to ker A, thus

2 U : 1,112 2 2 2

Opint (A7) = min JA%[[7/[[o]” < [|Ai — A;[7/2 < 2[| A ||

mint

v: [|v]|>0,
vlT
It follows that
La A? n
IQA:7272H . 5 =5-
2N 2| A 2

This bound is nearly tight, because we can achieve k5 = n — 1 by setting A’ to be the Laplacian
matrix or the incidence matrix of a complete graph on n nodes.

Substituting this into the complexity lower bounds in Theorem [2} we find that the number of
communication rounds is lower bounded by (2 (, /Ef\/ny/Fw log E)) for any choice of A, while

the optimal complexity for first order decentralized consensus optimization is O (\/Ff/Fw log (1)).

B MISSING PROOFS FROM SECTION {4

B.1 PRrROOF oF LEMMA[I

Proof. Let Dg(2',y'; x,y) denote the Bregman divergence of G:

Dg(z',y'sz,y) = G(@',y) — G(z,y) — (VoG(z,y),2" —x) = (V,G(z,9),y —y). (25

14
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The value of ;g can be obtained as follows:

r
Da(a'y's2,y) = Do) + SllAGQ — ) + W'y - y)[”

(a) n r
> Gl = al? + I AG —2) W~ )

= o —? + SIAG = 0)|? + (Al - 2), YW (y — )
\
+ 5 W - y)l®

QY r r
2 a1 LW - )l - LIAG - o)

(© 2w L
> Hlle — a2 + Ty - yl? - SR~ al?
@ Bfy s e BV EW
< Flle! —al? + By — ),
©@pup . (1 pa+La o —z\|
Z — mng -, —— / y
2 2 4L A y -y

where (a) is due to Assumption |I|; (b) is due to Young’s inequality; (c) is due to Assumption |Z|,
y —y¢€ £,J;L, eq. @i and eq. ; (d) and (e) is due to eq. .

The value of L can be obtained as follows:
r
Dg(a'y's,y) = Dr(a’sz) + Sl A(2" — 2) +yW'(y = y)lI”

(a) [, r
< Solla’ =l + SIAG —2) + Wy — )

<L a4 W - )l + A )
2

< Yt ol + oL Iy~ ylP 4 rLa ! ~ 2

D LiL bty gy LIS e

I A e [

eq. (B); (d) and (e) is due to eq.

where (a) is due to Assumptionq%ﬁb) is due to Young’s inequality; (c) is due to Assumption[2]and
O

B.2 PROOF OF LEMMA 2]
Proof. To obtain the formula for Ly, consider an arbitrary z € (R™)™:
BTz = [|AT 2] + [y W'2||?
2 (La+22 L) 2
O (La+ Eat ) 22 212
Hw!

where (a) is due to Assumption[2]and eq. (3); (b) is due to eq. (I2).
To derive the formula for ug, first of all, note that by eq. (8)

(ker BT)* = range B = range A + range W’ = range A + L£;-. (26)
Letz € (ker BT)* = u+v, where u = (uy,...,uy),v = (vg,...,v0) € (R™)" such thatu € L
andv € L,,.
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We can show that vy € range S. In order to do that, let us show that (vg, wo) = 0 for all wy € ker S.
Let w = (wo,...,wy) € L. The fact that wy € kerS and w € L,, implies w € ker AAT =
ker AT. Hence, it is easy to show that w € ker BT = (range B)*. Then, we obtain

n{vg, wo) o) (v,w) = (u+v,w) = (z,w) = 0,

where (a) follows from the definition of v and w; (b) follows from the fact that w € £ and

m
w € Ly,; (c) follows from the fact that z € range B and w € (range B)*. Hence, vy € range S.

Further, we get

(a)
IBT 22 AT (w+ 0) 2 + [y W (u + 0)|2
b
QAT (u+ )| + YW a2
(c)
> IAT (u+ 0) 2 + 22w Jul)?
— AT ulf? + AT | + 2(ATu, ATv) + 72w |Jul|?
(d) 1
> —[ATul + ATV + vw ]
(e) 1
QAT ul + S(vo, nSv0) + e )

() N
> —Lallul®* + == llvoll® ++° pwe ull?

HA
= —Lallul® + 5ol + v uw |lul”

(9) KA
2 EX ol + ol

(W]
> B2,

where (a) and (h) is due to the definitions of w and v; (b) is due to the fact that v € L,,; (¢) is
due to eq. (3) and eq. (8); (d) uses Young’s inequality; (e) is due to the definitions of v and S, and

AIUO 2

[ATv|? = : = im1 1A woll® = (v, 321 AiATvo) = (vo,nSuo); (f) is due to
AIUO

Assumption [2]and the definition of v; (g) is due to eq. (I2).

B.3 PROOF OF THEOREM[I]

Lemma 5 (Salim et al.| (2022a)), Section 6.3.2). Let M be a matrix with uy > 0, r € range M and
Mug = r. Then Ppi(M ' M) (v — vg) = v — Chebyshev (v, M, r), where Chebyshev is defined
as Algorithm|6]

16
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Algorithm 6 Chebyshev (v, M, r): Chebyshev iteration (Gutknecht and Réllin|(2002), Algorithm
4)
1: Parameters: v, M, r.

2: n = L/L—M
KM

3 pi= (LM —,uM)Q/lG, vi=(Lm+ pm)/2
4: 6 = —v)2

5. pY = —MT(MU—I‘)/U

6: vl i=v+p°

7. fori=1,...,n—1do

8: 5’ L= p/(5‘ 1

9: =—(v+ 87

10: pi = (M"(Mv' —x) 4+ i~ 1pi=t) /6
11: L L

12: end for

13: Output: v"

Proof of Theorem 1]

Proof. Applying Lemmato W and BT B, we derive that, due to eq. , it holds
M (W) < Ly = (19/15)%, X2, (W) > pwr = (11/15)2, 27)

max

and by eq. (@) the polynomial Py has a degree of [/kv, |. Similarly, due to eq. , it holds
02 (K) = Anax(K'K) < Lg = 19/15, 02, (K) = Apint (KTK) > ux = 11/15, (28)

max mint

and since kg = 5—2, the polynomial Pg has a degree of [\/kg].

We implement computation of the term K " (Ku — b’) in line E] of Algorithm E] via Algorithm |5|by
Lemma

K" (Ku—b) =K K(u—uy) = Ps(B"B)(u— up)
= u — Chebyshev(u,B,b) = K_Chebyshev(u).

Similarly, utilizing Lemma 5] we get

Wy =P %Wy = P\/W(\/WT\/W)(ZJ —0) = y — Chebyshev(y, VW, 0) = mulW’(y),

(29)
where mulW’ is defined as Algorithm [3]
Therefore, Algorithm 2]is equivalent to Algorithm|T]
From egs. and , % < 2and (19/11)2 < 3, we get
+ Lo Lw
ngmax{Lf+uf,uf’MW} < pymax {1+ ky, 6}, (30)
La  pwr
1 pua+ La 1
= = 2>t 31
s = ufmm{2, - }_ " (1)
La
kg = <4max{l+kys,6}. (32)
22e]
From eqs. (15) and we get
L
kB = —2 < 2(ka + (19/11)%(1 + Ka)) < 8ka + 6. (33)
B
From eq. (28) we obtain
L
KK = -5 =19/11, (34)
MK
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and substituting eqs. and to Proposition [T} we obtain as its direct corollary that k =
O(,/Rylog(1/¢)). Each iteration of Algorithmrequire O(1) computations of VF, O(\/kB) =

O(y/ra) multiplications by A, AT and O(,/ra \/kw ) multiplications by W, which gives us the
statement of Theorem [I} The values of the parameters 7,7, 6, a in Theorem [1| are derived from

Propositionas follows. We have 7 = min {1, %, /:—‘;} = min {1, %, /m} due to
eqs. and ; N=fig = & max{Lf1+uf,6M} due to eq. ; 0 = % due to eq. 1| and
a:ugz%fduetoeq.. O

C PROOF OF THEOREM 2]

C.1 DUAL PROBLEM

Let us construct the lower bound for the problem dual to the initial one. Consider primal problem
with zero r.h.s. in constraints

min z": fi(ws)
=1

T1yeny Ty €L

" (35)
S.t. Z A,L'JUZ‘ =0.
i=1
The dual problem has the form
min  ma i(x; JAjx;))| =max |—  ma Az oz i(x;
min 3 () < (e - e S8 < )
. - 30
== minz fi(Al2)
i=1
Introducing local copies of w at each node, we get
min (%) = (A 2
D a) = ) S (AT (37)

i=1 i=1

s.t. Wz =0.

C.2 EXAMPLE GRAPH

We follow the principle of lower bounds construction introduced in |Kovalev et al.| (2021 and take the
example graph from Scaman et al.|(2017)). Let the functions held by the nodes be organized into a
path graph with n vertices, where n is divisible by 3. The nodes of graph G = (V, £) are divided
into three groups V; = {1,...,n/3} , Vo ={n/3+1,...,2n/3} , Vs ={2n/3+1,...,n}of n/3
vertices each.

Now we recall the construction from |Scaman et al.| (2017). Maximum and minimum eigenvalues of a
path graph have form Apax (W) =2 (1 +cos L), Apin+ (W) =2 (1 — cos Z). Let 3, = %
Since 3, "2 oo, there exists n = 3m > 3 such that Brn < kw < Bpn4s. For this n, introduce
edge weights w; ;41 = 1 — all {i = 1}, take the corresponding weighed Laplacian W, and denote its
condition number x(W,). If a = 1, the network is disconnected and therefore x(W,) = co. If a = 0,
we have x(WW,) = (,. By continuity of Laplacian spectra we obtain that for some a € [0, 1) it holds
k(W) = kw. Note that 7 /(n + 3) € [0, 7/3] for z € [0, 7/3] itholds 1 — cosz > z*/4. We have

L+cosyiy _ T2(n+3)° _ 28807
2 - 2

<320 = rw <4V2n=0(n).
(38)

kw < Bnys = — =<
1 —cos "= T

n+3 T
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C.3 EXAMPLE FUNCTIONS

Welete; = (10 ... 0)T denote the first coordinate vector and define functions
L ’ L
ladi A N2
: ,t —|tll“. 39
f(p)—2p+2ﬂf€1 +2|||| (39)

We immediately note that each f; is L s-smooth and p ¢-strongly convex. The first term has the form
B ||p+ceq ||, and its convex conjugate is (& [|p + ce1[|?)” = max, {(u,p) — & ||p + ce[|?}. The
gradient by pis u — pus(p+cer) =0, thus p = ﬁu — ce; and max,, {(u,p) - Hp+ cele} =

lul?® cuy . Correspondingly,

2[Lf
. 0l e 1 VLA
0 = 5l gl =
To define matrices A ;, we first introduce
10 0 0 O 1 -1 0 0 O
01 -1 0 O 0O 0 0 0 O
EIZOOOOO--- ,E2:001_10
O 0 o0 1 -1 ... 0O 0 0 0 O

Let Lo = LA — 3pa, fia = Spa and introduce

[\/ IA/AEir \/[J,AI], i €WV
A; = [ 0 0 ], 1€V
[VLAE; Viall, i€Vs

Let us make sure that the choice of A; guarantees constants L, ua from @).

X A (AiA]) = Amax (LAB] E1 + ial) = 2La + jia = La,
(2

1 < 1 . 1 .
Mo (=D AAT ) =25, ((LAEIEl + fial) + z(LaE; Eo + ﬂAD)
n 3 3
_ 2.
—SMA—MA-
Letﬁ:(_i %) and
1 0 0 ... M 0 0
. 0oM 0 .. . 0 M 0
Mi=EEi=|g o M ...|» Me=EE=[, 4

The dual functions take the form

ﬁ” VLAE 2| + ﬁ”\/ﬂAzH2 - QLTAf217 eV

9i(2) = [ (A]2) = {0, A i€V
g IV LaE22|? + o [Viazl® — 3821, i€ Vs

T (La fia _ fia ;
z (MMl—FLfI)z z1, 1€V

1
2 2y
1.7 (L i i .
5% (ﬁMg—F’i—?I)Z— Qlf}zl, 1€ V3
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Therefore, we have

- n|La T ba 1 La
gi(z) =% |7—2 M1 +Mo)z+—2 z2— —2x
; 3| 21y ( ) Ly %
. (41)
L 1 i
e N Y P + Bally v ,
3y |2 ALy
where
2 -1 0 0 0
-1 2 -1 0 0
M=M;+Ms=| 0 -1 2 -1 0

Now we formulate the lower complexity bounds for " | g;(z), where g;(z) are defined in (@0).

C.4 DERIVING THE LOWER BOUND
Lemma 6. Function Y ., g;() attains its minimum at z* = {pk};“;l, where
2Lal; B
_V Thans + 1
. JEEALs g
[afiy

Proof. In the lower bound example in (Lemma 1 in Appendix C) Kovalev et al.|(2021) it was shown
that function

1
h(z) = izTMz + Lg_’uuz—rz -2

2L 1
Vi ts 1
p=—f—
2L 1
1/@4'54-1

Let us deduce the expression for L/ in terms of La, Ly, pua, jty. We enforce h(z) = Y 1, gi(2)
and set

attains its minimum at z;, = pk, where

3 - L LAaLs
7N:MANJ§7:1+3A@
L—p LaLy p HAfLf

Therefore, h(z) attains its minimum at z* = p*, where

2LALf _
V waps +1-1

2LaL; '
HAHS +1+1

p:

O

Let us first show the lower bound on the number of communications. Without loss of generality we
can assume that the initial point chosen by a first-order algorithm is 2° = 0 (otherwise we can shift
the variables accordingly), thus M;(0) = {0}, #,(0) = {0}.

Lemma 7. Let s;(k) denote the maximum index of a nonzero component of vector blocks p,t held by
i-th node at step k in its local memory M (k) and vector z held by i-th node in its local memory

Hi(k), ie.
0, if M;(k) C {0} and H;(k) C {0}
si(k) = { min {5 €{1,2,...} : H;(k) C Span{ey,...,es}
and M;(k) C Span{ey,...,es} x {e1,...,es} }, else.
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Let kg denote the number of algorithm step by which exactly q communication steps have been
performed, where ¢ > 0. Forany k € {1,...,k,} we have

m?XSi(k)SQ-i- \‘gilJ 42)

Proof. If the method performs a multiplication by A, it transfers the information from M (k) to
H.: (k). If multiplication by A, is performed, the information is transferred in the opposite direction,
i.e. from H;(k) to M, (k). If the method performs a matrix multiplication step (either by A or A T),
then from the structure of A; we obtain
1—(s;(k) mod?2), i€V
si(k+1) <si(k) + 40, i€ Vs
(si(k) mod 2), 1€ Vs
We will prove that
1. Forq=2¢(n/3+1), £ €{0,1,...} we have
1+2¢, i€l
Sl(kq) <1+ 2@, 1€ Vs (43)
2420, i €Vs
2.Forg=(204+1)(n/3+1), £ €{0,1,...} we have

24(2041), ien
si(ky) << 14+(2041), i €V (44)
14+ (20+1), i€eVs
The proof follows by induction.

Induction basis. Let ¢ = 0. From definitions of f; and A, it follows that

1, 1€V
Sz(k‘o) <<0, 1€V,
2, 1 €Vs

Therefore, for ¢ = 0 our statement holds.

Induction step for ¢ = (2¢ + 1)(n/3 + 1). Consider g = ¢ — n/3 = 2¢(n/3 + 1). From @3) we
have that for the spread of nonzero components from Vs to V; it requires /3 communication rounds
to reach node n/3 + 1. After one more communication round, the information reaches node n/3.

Induction step for ¢ = 2¢(n/3 + 1). The proof follows by the same argument as for ¢ = (2¢ +
1)(n/3+1).

We just proved the statement of lemma, i.e. relation [@2)), for ¢ divisible by (n/3 + 1). Between such
checkpoints, the information (i.e. the number of nonzero components) traverses nodes of V5 and
therefore max; s; (k) stays unchanged. Thus the statement of the lemma is proven. O

Now we estimate the distance to optimum. Due to the strong duality, the solution of problem (33)
can be obtained from the solution of its dual (36) as

VL *
wiz) = () (A7) = | B )
3 t’L 7 ﬂA Z*
Ly
Therefore, denoting o = ’Z—é;,
oo oo o0
k * k * * % ¢
o =P = =17 > Y. ) =a > ()’ =a Y.
Z:Si(k‘)-‘rl Z:Si(k)—‘rl l:s,;(k)+1
25 (k)+2 62l 5dm] (o) St 6 () 6 120y
:ap 5 :ap 5 Zap =« P p%Za P pix/'zvv’
1—p 1—p 1— p? 1— p? 1— p?
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where (a) holds since n/3 > 1; (b) holds due to (38).
Following |[Kovalev et al.|(2021)), we obtain that

[2uapy
> 1-— — .
p > max (O, 3 TaL;
3q
6 9 U VW
Fo i) >a? 0,13, KAl
Hxl €Ly ||2 = al . pg max ’ LALf

It follows that the number of communications is lower bounded as

Nw > Q (.Faw Laly log (1)> : (45)

rapyr €

Therefore,

and the number of matrix multiplications at each node is lower bounded as

Na >0 Laly log <1) . (46)
HALf €

C.5 LOWER BOUND ON THE NUMBER OF GRADIENT COMPUTATIONS

To get the lower bound on local gradient calls, let us consider a problem

Zfz (zi +sz u;)

T1,-- %ERd i=1

SUnp cRr? (47)
n
S.t. Z Ax; =0
1=1

where all f;(z) are defined in (39) and all v;(u;) are similar and defined as

L L

gfu;rMul %uTu qul.

First, note that each v;(u;) is Ly-smooth and (i s-strongly convex, i.e. problem (#7) satisfies the
assumptions of Theorem 2]

V; (’U,Z) =

Problem (@7) falls into two independent parts. The first part is minimization of >, f;(z;) subject
to constraints and is identical to (33)), while the second part is minimization of >, v;(u;) without
constraints. Therefore, the lower bounds on the number of communications and number of matrix
multiplications for problem 7)) are inherited from lower bounds for problem (33]) and are the given
by Nw in and Np in (@6). It remains to lower bound the number of oracle calls for minimization

of Y0 viuy).
The structure of v;(u;) is the same as the structure of E;l:l 9j(z) defined in (@I). Therefore, the

minimum of each v; (u;) is attained at the same point u} = u*, and the k-th component of v* is given
by (u*)y = V¥, where

IN)

+3

‘:
<

vV =

Lf+ +1

win

Since there is no communication constraint on u;, each node runs optimization process individually.
Following the same arguments as for function Z;L:1 g;(2), we get the lower bound on the number of

oracle calls
L 1
Ny >0 A log () .
Hf €
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