Multi-Class Classification with Abstention Based on Crammer—Singer
Surrogate with Linear Growth Rate

Hongyu Zhang
Kyoto University

Abstract

We study the problem of multi-class classifi-
cation with abstention, where a learner can
choose to abstain from making a prediction
to avoid excessively uncertain predictions. In
this problem, the predictor-rejector frame-
work is known as one promising approach,
in which a predictor and rejector are learned
separately, and the abstention cost is explic-
itly taken into account. However, only non-
convex surrogate losses have been known pre-
viously due to their inherent difficulty in the
multi-class setting. To tackle this difficulty,
we propose a novel family of surrogate losses
for multi-class classification with abstention
based on the Crammer—Singer (CS) surrogate,
which can constitute a convex loss that is easy
to optimize. We show that the proposed sur-
rogate losses lead to the optimal predictor and
rejector, and prove excess error bounds for
our surrogate losses, demonstrating a linear
growth rate for a certain choice of losses.

1 Introduction

Learning with abstention (Chow, [1970; [Herbei and
Wegkampl, 2006; |Cortes et al., [2016b; Mao et al., |2024al)
has drawn lots of attention in recent years. It refers
to a variant of a learning problem where a learner can
abstain from making a prediction, which is illustrated
in Figure [1] Learning with abstention can be used to
control the uncertainty of prediction when abstention is
better than random guessing (Silva Filho et al., 2023).
It can be applied to many real-world applications that
need reliable decision-making (Mozannar et al., [2023;
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Figure 1: Process of learning with abstention.

Filippova, [2020). For example, in online question an-
swering system, it is sometimes important to abstain
from making an uncertain answer to avoid generating
misleading or fake information. In multi-class classi-
fication with abstention, a learner can abstain from
making a multi-class prediction to avoid serious mis-
classification. The abstention incurs a pre-defined cost
c € (0,1). Otherwise, the standard 0-1 loss is incurred.

Currently, many methods of multi-class classification
with abstention have been proposed, and they can be
divided into several categories. Confidence-based meth-
ods (Ramaswamy et al.l [2018]) are based on the idea of
abstaining if the predictor’s output score is lower than
some threshold. For selective classification (Wiener and
El-Yaniv}, 2015), a predictor can choose to predict or
reject according to the output probability of a selector.
For the score-based formulation (Mozannar and Sontag),
2020), a learner will abstain if the score of an extra
reject option is the highest. For the predictor-rejector
formulation, a predictor and a rejector (Mao et al.,
2024a)) from different function families are learned.

In this paper, we focus on the predictor-rejector for-
mulation. In this formulation, the surrogate loss min-
imization should lead to the optimal predictor and
rejector, i.e., should be calibrated (Bartlett et al.,
2006). Compared to existing methods, it can both
model the abstention cost explicitly and avoid the pos-
sible failure from an uncalibrated predictor (Mao et al.|
2024a). Nevertheless, |[Ni et al.| (2019)) show that for
the predictor-rejector formulation, surrogate losses re-
quire an unnatural constraint to be calibrated in the
multi-class case. To this end, Mao et al.| (2024a) de-
rive calibrated but nonconvex surrogate losses, and the
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analysis is specific to the form of their chosen surrogate.

To tackle this limitation, we propose a novel family
of convex and calibrated surrogate losses based on
the Crammer—Singer (CS) loss (Crammer and Singer
2001). While the CS loss itself is well known in the
work on multi-class classification, we reveal that the
CS loss specially has a good property to satisfy the
required constraint derived in [Ni et al|(2019). With
this observation, we make the following contributions:

e We propose a novel family of convex surrogate
losses based on the CS surrogate for multi-class
classification with abstention in the predictor-
rejector framework, which enjoys better optimiza-
tion properties than those in previous work.

e We show the proposed surrogate loss is calibrated
and prove excess error bounds for our surrogate
losses, demonstrating a linear growth rate for a
certain choice of losses, which is the first result
under the predictor-rejector framework to the best
of our knowledge.

e Experiments empirically show the usefulness of
our proposed surrogate losses.

Here, the notation of calibration is different from proba-
bility calibration, which is a way to assess and improve
predicted probabilities (Silva Filho et al., [2023]). Still,
these notions are closely connected since a decent pre-
dictor from the viewpoint of probability calibration is
also useful for appropriate abstention. Indeed, learning
with abstention is an effective way to control the uncer-
tainty and avoid overconfident prediction (Zhang et al.,
2023)), which is also a target of probability calibration
(Silva Filho et al., [2023). Thus, they are both useful
tools for handling the uncertainty and overconfident
prediction in machine learning.

2 Problem Setup

In this section, we formulate the problem and intro-
duce the predictor-rejector learning with abstention
framework. Consider a multi-class classification sce-
nario where X is the input space and Y = {1,--- , K}
is the label space of K classes. Assume that samples
(x1,11), (T2,92), + , (T, yn) are drawn i.i.d. from a
fixed and unknown distribution p(z,y) on X x Y.

In the predictor-rejector learning with abstention frame-
work, a predictor g : X — R¥ and rejector r : X - R
are constructed and the abstention cost ¢ € [0,1]
is explicitly taken into account. If r(x) < 0, the
predictor will choose to abstain. Otherwise predict
label f(x) = argmax,cy g,(x), where g, : X —
R is a score function for multiclass classification,

and g(z) = (g1(x),--- ,g9x(x))". Then the target
predictor-rejector abstention loss is expressed as:

Loic(r, g5, y) = L@y 2y lr@)>0 +¢Lr@)<os
—_————— N —

not to abstain abstain

where I denotes the indicator function. In the fol-
lowing part we assume abstention cost ¢ is known to
predictor g and 0 < ¢ < %, following INi et al.| (2019)
and |Cortes et al.| (2016a). Given the target abstention
loss function Lg.1., we can define its risk Rg.1.. by

Ro_l_c(T, g) = IEp(m,y) [LO—l—c(ra g:, y)} ) (1)

and let Rj ;. = infg , Ro.1.c(r, g) be its infimum taken
over all measurable functions. However, it’s intractable
to optimize target risk Ry.1... Instead, we introduce a
surrogate loss, which is easier to optimize. Denote the
surrogate loss function for Ly 1., as L. Similarly to the
case of Ry.1.. in Eq. 7 we also define its risk R by

R(’I", g) = IEp(m,y) [L(Tag; Z, y)] )

and let R* = inf, , R(r,g) be the infimum of R taken
over all measurable functions. Besides, we denote the
empirical surrogate risk as

R 1
R(T,g) = EZL(T?g;miayi)'
i=1

The notions of calibration and an excess risk bound
known in classification problems are also extended to
the classification with abstention. Calibration is a way
to justify the effectiveness of surrogate losses (Bartlett
et al. |2006). A surrogate loss is called calibrated if any
predictor sequence (g,,,)m>1 and any rejector sequence
(7m)m>1 minimizing the surrogate risk R also minimize
the target risk Rg.1.c, that is, formally,

R(Tm, Gm) T R*
m—00

- RO—l—c(rTl’Hgm) B Rs—l—c'

An ezcess risk bound (Zhang, 2004; Bartlett et al.,
2006]) is a relation to link the surrogate risk R and the
target risk Ro.1_., which has the form of

RO—l—C(Tvg) - RS—l—c g F(R(Ta g) - R*)v

for any (r,g), where I'(+) is a non-decreasing function
called the excess risk rate. Here, Ro.1-c(r,g) — Ri.1.. 18
the suboptimality of the target loss, and R(r,g) — R*
is the suboptimality of the surrogate loss.
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3 Surrogate Losses Based on the
Crammer—Singer Loss

In this section, we introduce a family of surrogate losses
based on the Crammer—Singer (CS) loss (Crammer
and Singer}, 2001)). Informally, the CS loss is a multi-
class loss, yet its form is close to binary classification
losses, which makes the calibration analysis easier. Our
losses can be divided into the multiplicative CS (MCS)
and additive CS (ACS) losses. The MCS loss can be
calibrated without dependence on the component of
the surrogate function corresponding to the predictor,
though the loss is not always convex with respect to
(r,g). The ACS loss can be calibrated and convex,
while a case-by-case analysis is needed.

The MCS loss is of the following form:

LMCS (7', g;, y)

= 6 (5,() -~ maxgy <w>) b (@) +n (r(a).

Here, ¢ > 0 is a non-increasing convex function bound-
ing t — l;<o from above. v, and i, are convex func-
tions bounding ¢ — I;5o and ¢t — I.¢o from above,
respectively.

The ACS loss is of the following form:

LACS (Ta g9;, y)

=0 (0(@) - maxay (@) ~ @) + v(r(a)

y'#y

Here, ¢ > 0 is a non-increasing convex function bound-
ing t — I;<o from above. 1) is a convex function bound-
ing ¢t — ;<o from above.

Note that Lycs is convex with respect to r and g
separately, but not always convex jointly in (r,g). On
the other hand, Lacs is always convex jointly in (r, g).

4 Calibration Guarantee

In this section, we show the conditions for the MCS
and ACS losses to be calibrated.

Theorem 4.1. Lyics is calibrated if and only if
Hi—11(0) +¢3(0) =0,

where H, = mina>o {ng(A) + (1 —n)g(—A)} for 0 <
n<l

Next, we consider the calibration condition for the ACS
loss. If we consider the exponential loss for ¢, then the

ACS loss reduces to the MCS loss with ¢y (r) = exp(r),
and is immediately guaranteed to be calibrated. For
other choices of ¢, unlike the MCS loss, we do not have
a general calibration result for the ACS loss, but we
can still show that the ACS loss with hinge/logistic ¢
and generic ¥ can be calibrated, as follows:
Theorem 4.2. Lacs with ¢(A) = max{l — A,0} is
calibrated if and only if

P'(0) = —2c.

The analysis for the logistic loss is much more com-
plicated than that for the hinge loss. Still, under the
assumption of the differentiability of 1, we have the
following result.

Theorem 4.3. Assume that v is a twice differen-
tiable decreasing function. Then Lacs with ¢(A) =
log (1 + exp(—A)) is calibrated if and only if

¥'(0) = —2¢(1 — ¢).

Compared with existing calibration results, we can take
various ¢ and 1 while the existing ones|Ni et al.| (2019);
Mao et al.| (2024a)) require specific forms of the losses.

5 Excess Risk Bounds

In this section, we derive excess risk bounds for the
MCS and ACS losses. In the rest of this paper, we
always assume that surrogate losses are taken so that
the calibration condition in the last section is satisfied.

Denote the risk for the MCS loss and its infimum as
Ryces and Ry g, respectively:

Rucs(r,9) = Epa,y) [Lncs(r, g5 2,9)]
RK/ICS = }anf Rnes (T,g).

Similarly, denote the risk for the ACS loss and its
infimum as Racs and R} g, respectively. Then we
have the following excess risk bounds, which are the
main contribution of our paper.

Theorem 5.1. The following excess risk bound holds
for all r,g and any distribution p(x,y):

Ro-1-c(r,g) — Ry <T(R(r,g) — R"),
where
I't)y=0 (max {t, \/i})

for R = Rycs with (A) = exp(—=A), P1(r) = exp(r),
and Y9(r) = cexp(—ar), and

() = O (t)
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Table 1: Performance of our method and compared methods on the CIFAR-10 dataset.

METHOD MISCLASSIFICATION ERROR.~ REJECTION RATIO  ABSTENTION LOSS
CE (NO REJ.) 10.72% 0.00% 10.72%
CS (NO REJ.) 14.82% 0.00% 14.82%
RAMASWAMY ET AL.| (2018]) (CS) 15.09% 17.66% 14.19%
MAO ET AL. (2024A)) (TWO-STAGE) 7.81% 75.13% 9.46%
Ours (MCS) 7.57% 70.05% 9.27%
Ours (ACS) 6.40% 71.62% 8.98%

for R = Racs with $(A) = max {1l —A,0}, ¢(r) =
cmax{l — ar,0}.

The excess risk rate function I'(¢) = O(¢) is linear and
better than that in Mao et al.| (2024a)), in which they
derive excess risk bound with excess risk rate function
(@) (max {t, \/Z}) It is believed to be optimal as long
as I' is data-dependent (Cao et al., [2025)).

6 Generalization Error Bounds

Next, we give generalization error bounds for the MCS
loss and the ACS loss, where we use the concept of
the Rademacher complexity (Bartlett and Mendelson),
2002).

Let & be a family of functions g : X — R¥, G be a
family of functions g, : X — R, and R be a family
of functions r : X — R. Assume ¢, ¥, 12, and ¥
are all Lipschitz-continuous functions (with constants
Ly, Ly,, Ly,, and Ly, respectively), and all functions
in the model class G and R are bounded. Note that
the choices of exponential, hinge, and logistic functions
over these G and R all satisfy this condition.

Theorem 6.1. Define My = Sup,cx g4, cg ¢(9y(2)),
My, (r) = SUPgex rer Y1(r(z)), My, (r) =
Supgex,rer Y2(r(®)), and — My(r) =

S, e rer W(r(@)). Lot Ra(9),Ra(R) be the
Rademacher complexity (Bartlett and Mendelson),
2002) of G,R for data of size n drawn from p(x),
respectively. Then for any 6 € (0,1), with probability
at least 1 — 6, the following multi-class classification
generalization bounds hold for all g € &:

Rucs(g) <Rucs(g) + (2My + My,) LeK*R,.(G)

+ ((2My + My, ) Ly, +2Ly,) Ry (R)
+ (M My, + My,) 1| —1log £
¢V P2 m og 5)

Racs(g) <Racs(g) + 2Ly K*R,(G)
+2(Lg + Ly) Rn(R)

L ooe (L
on B\s)

+ (Mdll + Mlﬂz)

Theorem ensures the generalization error bounds
of our proposed MCS loss and ACS loss, which shows
that when the empirical surrogate risk is minimized,
the expected surrogate risk is also minimized under
infinitely large data and (G, R) with asymptotically
vanishing Rademacher complexities. This result can be
proved by a standard technique for generalization error
bounds, and it supports the validity of the proposed
losses.

7 Experiments

In this section, we present experimental results for our
losses in comparison with existing methods on CIFAR-
10 (Krizhevsky and Hintonl [2009). We also give results
for vehicle, satimage, and yeast datasets from UCI Ma-
chine Learning Repository (Bache and Lichmanl 2013)
in Appendix [E] Note that the latter three datasets are
also used in Ramaswamy et al.[(2018]). We compare the
proposed losses with the vanilla cross-entropy loss (CE)
and CS loss, the confidence-based method that also
uses the CS loss proposed by Ramaswamy et al.| (2018]),
and the two-stage predictor-rejector surrogate loss pro-
posed by [Mao et al.| (2024a). In all of the experiments,
for MCS loss we use hinge ¥; and 1, of the forms
P1(r) =max {0,1 — r} and 2(r) = cmax{0,1 — ar},
where « is a hyperparameter and we can obtain that
a = 2 from Corollary [D1] for this setting of ¢ ad
1. On the other hand, for the ACS loss we use hinge
¢ of the form ¢(r) = cmax{0,1 —ar} and we can
obtain that o = 2 from Theorem for this setting of
1. More details on experimental details are shown in

Appendix [E]

Metrics. We use the abstention loss Lg.1.. for the
predictor-rejector method as an evaluation metric. The
abstention loss can be seen as integrating the informa-
tion of zero-one misclassification error on the accepted
samples and rejection ratio, which provides a compre-
hensive comparison between different methods.

Performance. The performances of our method and
compared methods on the above three metrics on
CIFAR-10 are shown in Table [[I The best results
among all the methods with abstention are boldfaced.
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Firstly, we can observe from Table [1| that our losses
perform better than the vanilla CS loss on misclassifi-
cation error, and abstention loss on CIFAR-10, which
validates the effectiveness of the mechanism of absten-
tion. Besides, our ACS loss shows the best performance
of the misclassification error and abstention loss among
all the compared methods on CIFAR-10. The training
dynamics of our method and the compared methods on
CIFAR-10 and the impact of abstention cost ¢ of our
method on CIFAR-10 are examined in Appendix
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A Detailed Related Work

Learning with abstention has long been studied, starting with the work of , in which the trade-off
between accuracy and rejection rate is researched. In recent years, it has drawn lots of attention [Cortes et al.|
(2016Db); Ramaswamy et al.| (2018)); Ni et al. (2019); Mao et al| (2024al)); [Li et al.| (2024); [Soen et al. (2024).
Currently, methods of learning with abstention can be categorized into different groups based on their learning
paradigm.

Confidence-based methods’ (Chow, 1957, |1970; Ramaswamy et al.,|2018; Bartlett and Wegkamp}, |2008; |Ni et al.,
@D main idea is to abstain if the score output by the predictor is lower than some threshold 6.
11970) initiate the research on confidence-based methods. Bartlett and Wegkamp] (2008) propose a convex surrogate
loss depending on the abstention cost c. develop confidence-based methods for multi-classification
setting.

Selective classification (El-Yaniv and Wiener| [2010; [Wiener and El-Yaniv, 2015} |Geifman and El-Yaniv} [2017)) sets
a predictor and a selector, and the predictor can choose to predict or reject according to the probability output
by the selector. [El-Yaniv and Wiener| (2010) start the research of selective classification, in which they study the
trade-off between the coverage and the accuracy of classifiers with a rejection option/;Wiener and El-Yaniv| (2015)
study selective classification for specific hypothesis classes and families of distributions. |Geifman and El-Yaniv|
(2017)) consider selective classification in the context of deep neural networks.

Predictor-rejector formulation is based on learning a predictor and a rejector (Cortes et al., [2016bla} [Mohri
let al. |2024; Mao et al|, [2024a)), which are from different function families. [Cortes et al|(2016a) construct convex
surrogate losses for the predictor-rejector formulation in the binary classification setting. show
that calibration for the predictor-rejector formulation requires a quite unnatural constraint on the surrogate loss
in the multi-class case. [Mao et al.| (2024a)) derive calibrated but complicated nonconvex surrogate losses for the
predictor-rejector formulation in the multi-class setting.

Score-based formulation (Mozannar and Sontag), 2020} |(Cao et al., 2022} [Mao et al.,|2024b)) augments the class
of multi-class classification (a class standing for rejection is added), and the learner will abstain if the score
assigned to the augmentation class is the highest. Score-based formulation is introduced by [Mozannar and Sontag]
in the setting of multi-class classification with abstention. |Cao et al|(2022)) propose a framework that
can be equipped with an arbitrary surrogate loss function used in multi-class classification as long as they are
calibrated. [Mao et al|(2024b) introduce new families of surrogate loss with theoretical guarantees for score-based
formulation.

B Useful Proposition

In this section, we show some useful propositions and their proofs.

B.1 Proof of Proposition

Proposition B.1. The additive CS (ACS) loss of the form in Section [B.1] is convez jointly in (r,g).
Proof. Recall that the additive CS (ACS) loss with hinge ¢ can be expressed as the following form:

Lacs(r,g) = ¢ <gy — max g, — T) +(r).
y'#y

Here, ¢(x) > 0 is a non-increasing convex function bounding ¢ — I;<o from above. Similarly, (r) is a convex
function bounding ¢ — <o from above.
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Let w = (g,7)". Then for any uw,v € RE*! and 0 < § < 1, we have

y'€[K]/{y}
+ ¢ ((Qu+ (1 - 9)”)K+1)

Lacs (0u+ (1 - 0)v) = ¢ <(6’u +(1-0p), — max {(0u (- 9)v)y,} — (Bu+ (1— H)v)K_H)

< Ou+(1—-0)v) —0 ma u—(1-6 ma: v—(u+(1—-0)v
? <( ( ) )y y’E[K];{{y} ( y/E[K]?({y} ( ( ) )K+1>
+ ¢ ((Bu+ (1 —0)v)x, ) (sub-additivity of max(-), ¢ is nonincreasing)
= Olu,— max u-—u +(1-60)({v,— max wv-—v
¢ ( ( YT ek ) K“) (1-6) ( YT ek ) K“))

+ ¢ (Ouryr + (1 —0)vrir)

<0 - - +(1-6 - —

? (uy y’er[r}(z]%;{{y} “ UKH) ( )¢ (vy y’er[r}(z]%;({y} Y UKH)

+0Y(ur 1) + (1 = 0)p(viy1) (¢, are convex)
:0((;5 <uy— max u—uK+1> +¢(UK+1))

v’ €[K]/{y}
+(1-6 v, — max v-—7v + U (u
(1-0) (6 (00— 0= vicin) + 0 ()
= 0Lacs(u) + (1 — 0)Lacs(v).

Therefore, Lacs is convex jointly in (r, g).

O
B.2 Proof of Proposition
We can define the pointwise risk Wy_1.. of loss Lg.1.. at @ by
Wore (r(2), g(x);n(®)) = > ny(@) Lo1.c(r, g; 2, y), )
y

where n(z) = (n1(x), -+ ,nx(x))" is class probability vector for ny(x) = p(y|x). Next, for simplicity, we omit
the notation of « and use W1 (7, g;m) to denote Wo_1.. (r(x), g(x); n(x)) for the pointwise risk, and use 7, to
denote 7, (x) for the class probability.

Note that over the set of all measurable functions, the minimization of Ry.1..(r,g) in Eq. with respect to
(r,g) is equivalent to the minimization of Wy 1_. (r, g;m) with respect to (r,g). Thus to minimize Ry 1..(r,g), it
is just needed to consider minimizing pointwise risk Wo.1 (1, g;m).

We can also define the pointwise risk W of loss L at « in a similar way to Eq. by

W (r,g;m) = Z%L(T’g;%y) (3)

We denote by
(r’:,,gfl) € argmin W(r, g;n)
rg

a minimizer of W (r, g;n).

Proposition B.2. There exists g;, = (91,95, ---,9x) such that g, = g; — A for some A > 0 and all y # y*,
where y* = argmax, n,. Furthermore, for any gy, we can express W(r,gy;n) = hy«(r) for n* = max, n, and

ha(r) = min (A7) + (1 =) @(=A, 1)}
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where 0 < 1 < 1, and ®(A,r) : R? — R is a function monotonically non-increasing in A, which can be in the form

of (A, 1) = ¢(A)Y1(r) +1ha(r) or (A1) = d(A)+1(r), where p(A),11(r),v2(r) = 0 and ¢ is a non-increasing

function.

Proof. Let gZ‘l) > ga) > ... > gZ‘K) be the sorted sequence of g;, = (7,95, ,gj)- Here letting g11) = g
(i =2,---,K — 1) never increases the objective function and there exists gy such that gy is the same for
y # y*, where y* € argmax, g;. Then W (r, 9n; 1) can be expressed as

(r,g5im Zny ( mixgyu>
Z%*‘P(gzﬁ 9T ) > @ ( g(*1>»7“)

Yy#Y*

=g+ ® | 9(1y — 907 | + (L =n5=)® | 9() — 9(1)> 7
—— ——

A*>0 —A*<0

which is minimized by §* = y* (i.e., argmax, g; = argmax, 7,) and in this case 9z = n".

Specifically, for the form of ®(A,r) = ¢(A)1(r) + a(r) or (A, r) = ¢(A) + 1(r), where ¢(A), 11 (1), ¥a2(r) =0

and ¢ is a non-increasing function, the above relationship holds. O

C Useful Lemmas

In this section, we show some useful lemmas and their proofs.
The following lemma gives specific forms of H,, in Theorem Fi;fl for different ¢.
Lemma C.1. For ¢(A) = exp(—A), we have

g oo 12n—n) ifnz= g
Tt ifn <43

For ¢(A) = max{0,1 — A}, we have

For ¢(A) =log (1 + exp(—A)), we have

g _ Jmlogn—(L—n)log(L—n) ifn>3,
K log 2 ifn<s.

Proof. Recall that H,, is defined as
H, = in {16(2) + (1 = m)é(-A)}

where 0 < 7 < 1. Let F(A) =n¢ (A)+ (1 —n)¢p (—A), where 0 < < 1 and A > 0. Then, we analyze three cases
to derive the expression of H,,.
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(1) Case ¢(A) =

ex
In this case, F(A) = nexp(—A) + (1 — n)exp (A), which is convex in A. Its derivative is expressed as
F'(A) = —nexp(—A) + (1 — n) exp(A). Let AT € R be such that F’(AT) = 0. Then we see that

1 1
Aflog< >
2 1—n

Due to the convexity, we have that F'(A) is increasing for all A > 0. First consider the case n > % In this case

we have AT > 0. Then F(A) > F(AT) =2/n(1 —n), for A >0
Next consider the case < i. In this case we have AT < 0. Then F(A) > F(0) =1, for A >0

xp(—A):

Thus we have

_ ; > 1
H, = min F(A) = {2 n(l=mn) ifn> 2
A>0 1 iftn < 3.
(2) Case ¢(A) =max{0,1 - A}:

In this case, F(A) = nmax {0,1 — A} + (1 — n) max {0,1 + A}. First consider the case > 1. In this case, we
have F(A) > F(1) =2(1 —n), for A > 0.

Next consider the case n < 1. In this case, we have F(A) > F(0) =1, for A >0

Thus we have

(3) Case ¢(A) =log (1 + exp(—A)):

In this case, F(A) = nlog (1 +exp(—A)) + (1 — n)log (1 + exp(A)), which is convex in A. Its derivative is
expressed as F/(A) = *Um +(1- n)m. Let AT € R be such that F’(A") = 0. Then we see that

Due to the convexity, we have that F'(A) is increasing for all A > 0. First consider the case n* > % In this case,
we have AT > 0. Then F(A) > F(AT) = —nlogn — (1 —n)log (1 —n), for A > 0.

Next consider the case n < %. In this case we have AT < 0. Then F(A) > F(0) =log2, for A > 0

Thus we have

—nlogn — (1 —n)log(1—n) ifn>1,
log 2 1f77<7

U
The following lemma gives the minimum of Wycg(r, g:;; 1) with respect to r, and the corresponding minimizer

7, € argmin, W(r, gy;n) with specific choices of ¢, 11, and t)s.
Lemma C.2. For MCS pointwise loss of the form

Whces(r,g;m) ZUW ( ~ maxgy ) P1(r) + ¥a(r), (4)
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with ¢(A) = exp(—A), ¥1(r) = exp(r), and Ps(r) = cexp(—ar), we have

e 1 a+1
e w o J(a+Da s (2 n*(l—n*)) ifn* >3,
WMCS(TnangI) - _ _« 1 . * ?
a+1)a” a+icadt it <3

and

1 ac e s 1
T;"] — a+1 log (2 /17*(117*)> ZfT] 2 29
%H log (ae) ifn* < 3.

Proof. From Eq. 7 the minimization of W with respect to g does not depend on r. Therefore, by Proposition
we have

Whics(r, gnin) = Hy=b1(r) 4 ¢a(r),
where recall that
Hy = win {nd(A) + (1 = n)¢(=A)},

for 0 <7 < 1. For ¢(A) = exp(—A), from Lemma[C.1] we have

{ n(L—n*) ifn* >3,
Hn* — 1

where n* = max, 1,. Thus for ¢, (r) = exp(r), ¥2(r) = cexp(—ar), we have

{2\/7)*(1 —n*)exp(r) + cexp(—ar) ifn* > %, (5)

Wacs (7,993 m) =
MCS( gn 77) exp(r) —|—cexp(—a7“) if 17* < 5

which is a convex function respect to r. Its derivative is expressed as

OWwes(r,gmim) { n*(1 —n*)exp(r) — acexp(—ar) ifn* >3,

or exp(r) — acexp(—ar) if n* < 1.
Since the minimizer r;, satisifies the first-order optimality condition BW*W |T:T;«7: 0, we have
1 lo ac if n* > 1
=4t & <2 n*(l—n*)> Tz (7)
%H log (ac) if n* < 3.

By plugging it into Wycs(r, g5,;m), we have

(aJrl)ofa%lcTH (2 77*(1777*)> %, (8)
1

WMCS(T:pg:];n) = _ o 1 : *
(Oz+1)0¢ o+l catl 1f’l7 < 5-

O

The following lemma gives a beneficial result of exponential loss, which will be used in the proof of theorem about
MCS loss.
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Lemma C.3. For function
k(r) = Ae” + Be™ ",
where A, B > 0 and a > 0, we have
k(r)>A+ B
if Az aB,r >0, orif A<aB,r <0.
Proof. We can see that k(r) is convex in r. Its derivative is expressed as

K'(r) = Ae” — aBe .

Let rf € R be such that &’(r') = 0. Then we have

T——Llo i
T oa+1 8B

Due to the convexity, we have that k'(r) is increasing for all r. Then we have the following results:

(i) If A > aB: we have rT < 0. Then we have k’(r) > k’(0) > 0 for r > 0, which implies k(r) is increasing when
r > 0, then

k(r) > k(0) = A+ B, for r > 0.
(ii) If A < aB: we have rf > 0, then we have &’(r) < &’(0) < 0 for 7 < 0, which implies k(r) is decreasing when

< 0, then

k(r) > k(0) = A+ B, for r <0.

O
The following lemma gives a useful lower bound for a function of « and c.
Lemma C.4. For0<c< % and o = 2 % > 2, we have
o 1 5
o o+ica+t > —,
(a+1)a c 5
Proof.
(a+ l)ofa%lc#l > (a+1)(a+ 1)71%10ﬁ
= (a4 1)e)™
1 1 1. .
>1l-— | ——— -1 (™ =+ is convex in z for x > 0)
a+1\(a+1)c
a? +4 1 ( i
=1 — c—= -4
4a+1)2 a+1 dt+o?
(a+1)2 1
=>1-— — 2
at1)? a+l (a>2)
3 1 5
= - — —. 2
1 at+1 1 (@>2)

O
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The following lemma gives the infimum for function F of 0 <n <1 and A > 0.
Lemma C.5. Define F(r,A;n) as

F(r,A;n) =nmax{l —A+r,0} + (1 —n)max {1+ A +r0}, (9)

where 0 < <1 and A > 0. Then we have

20 =n)(r+1), ifn>4%andr>—1,
. L ‘ 2 B
irgoF(T,Aﬂl)— r+1, ifn <5 andr > —1,
0 if r < —1.

Proof. First consider the case n > 1. In this case, A to minimize F(r,A,n) is expressed as A = max {r + 1,0},
and we have

F(r, A;n) = F(r,max{r + 1,0} ;)

)2 =n)(r+1) ifr>=-1,
o if r < —1,

where A > 0.

Next consider the case 7 < % In this case, the optimal A is A = max{—r — 1,0}, and we have
F(r,Ayn) 2 F(r,max{—r —1,0};7)

_)r+1 ifr>—1,
0 if r < —1,

where A > 0.

Thus we have

20 —n)(r+1) ifn>2%andr> -1,
: o) — : 1 _
Ar;fOF(T,A,n)— r+1 ifn<5andr> -1,
0 if r < —1.
O
The following lemma gives the minimum for Wacg(r, g; m) with hinge ¢ and different cases of .
Lemma C.6. For ACS pointwise loss of the form
Wacs(r,gim) = Y ny0 <gy — max g, — r> +1(r), (10)

Y

with ¢(A) = max {1 — A, 0}, we have

* * « . 1
Wacs(r gtim) = {2(1 ) (1) + (i) ifn>d

(rs+ 1)+ (ry;) ifn* < 3,
where
7,* — (,(/)/)*1 (72(1 - 77*)) an* > 29
@)= if e < 4,



Multi-Class Classification with Abstention Based on Crammer—Singer Surrogate with Linear Growth Rate

for (r) = cexp(—ar) or ¢(r) =log (1 + exp(—ar)), and

o é ifn*>%andn*>1f%,
n -1 ifn* < % and ac < 1,
é ifn*<%cmdac>1,

for ¢(r) = cmax {1 — ar, 0}.
Proof. By Proposition Egs. @ and , we have
Wacs (r, g’,‘;;n) = Ah;fo {n"*max{1 — A+r,0} + (1 —n*)max(1 + A+7r,0)} + (r)

&ngF(T,A;n )+ (),

Using Lemma we have

20 —n*)(r+1)+(r) ifn* >3 andr > -1,
Wacs(r,gmim) = 7+ 1+14(r) if n* <3 andr> -1, (11)
Y(r) if r < —1.

By taking the derivative, we obtain

20— )+ () it > L andr > 1,
=< 1+9¢'(r) if n* < % and r > —1, (12)
Y (r) if r < —1.

OWacs(r,gyn;m)
ar

Then, we analyze two cases to obtain the expression of Wxcg (r:;, gn; n).

(i) Case 9(r) = cexp(—ar) or ¢(r) =log (1 + exp(—ar)):

In this case, for n* > % and r > —1, or n* < Land r > —1, the necessary and sufficient condition for r to be a

2
OWacs(r,gym)

minimizer of Wacs is ——5—"— = 0, and then there is a unique minimizer
[T 2y it > S and s -, »
T =
n (W) (=1) if n* <3 andr>-1.
By plugging it into Wacs(r, g5,; 1), we have
201 —n*) (rx +1 ) if gt > L
inf WACS(Tygf,;n) = (* ") (7“,7 +* ) Y (Tn) 1 77* % (14)
r>-1 (ry + 1)+ (r5) if n* < 1.
. OWacs(r,9,im) * ; ; i
For r < —1, since ———5—1— <0, Wacs(r, 9 1) is nonincreasing for r < —1, we have

Jnf Wacs(r,g3:m) = Wacs(=1,gp5m) = $(=1).

Since v(r) is convex, it holds for r1, ro that

Y(r1) = (r2) +Pr(r2)(r1 — ra).
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Then for 7, = —1,75 = (') "' (=2(1 — 1)), we have
(@) (=20 =) +wr (@) (=20 =) (-1 - @) (~20 =)
(@) (=200=m) =200 =7 (-1 = @) (=20 =) (15)
Hence, we have

200 =n*) (ry + 1)+ (r))
207 (@) (=20 =m) + 1)+ (@) (-2 -7")) (result by Eq. (T3))
<v(-1),

where % <n*< 1.

For (rj + 1) + 1/)(1";‘,), note that (1% + 1) + 9(rf) = ((w)—l (—1) + 1) T+ ((11/)—1 (—1)) is a special case

of 2(1 — (( N -n))+ 1) + ((1/)')71 (—2(1 — n*))) when n* = 1. Then from Eq. , we have
(s +1)+¢r;“, Sw 1)
Therefore
. ey mln{2 (1—-n (r*—|—1)+w(*),¢(—1)} if p* > 1
WACS(ngmT/) = {mln{(r 4 1) +7,Z(T:") 1)} if 1 < ;
CJ2 =) (rp A1)+ () it >3
O\ ( —|—1)—|—1/)(7";‘,) if < 4

(ii) Case ¥(r) = cmax {1l — ar,0}:
In this case, by Eq. we have

2(1=n*)(r+1)+ cmax {1 —ar,0} ifn* >3 andr> -1,
WAcs(ng;;n) =<qr+14cmax{l —ar0} if n* < % and r > —1,
cmax {1 — ar,0} if r < —1.
Thenfor% n*<1-S andr > —1,orn* >7and77 >1— 5 and r > —1, we have
. -1 ifl<n 1—%fandr > —1,
TTI: 1 : 2* 2 ac (16)
= 1f77> T >1—SFandr > —1.
For n* < % and r > —1, we have
. -1 ifn* < %,ac <landr>-—1, (17)
T =
n é ifn*i%,ozc>landr>—l.

=)
LanrY
N
Q
0
@
3 %
s
I
——

For r < —1, we have

nf Wacs(r,gqim) = Wacs(=1,gy3m) = (e + 1)c.
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We can see that 2(1 —n*) (7":7 +1)+¢ (T;k,) =2(1-7*)(£ +1) < (a+ 1)c holds for n* > 1 and n* > 1 — ¢,
and 2(1 —n*) (ry +1) + ¢ (r3) = (a + 1)c for 1< <1- % from Eq. . Besides, we can also see that

(r; +1)+v (7“,*’) =min {(a+ 1)¢, L +1} < (a+ 1)c holds for n* < 3 from Eq. .

[e%

Therefore

Wacs(rh. gtim) = {min{Z(l =) (ry + 1)+ (), (a+1)c}  ifn*> 3,

min{(r;k,—i—l)—l—w(r;),(a—i—l)c} if np* < %,
_J20 -0 (rp+1) +4(ry)  ifg* >4,
(5 + 1)+ () if " < 3
Overall,
. 2(1—77*)(7’;“,—#1)—#1/)(7":‘]) if77>%7
Wacs(rp. gpin) = {(r;‘] +1) + (r]) if n* < 3,
where

-1 if§<n*<1-4,
1

ifn* > 5 andn* >1— 5,

1 -1 ifp*<jand ac<1,

X
1 : 1
= if n* < 5 and ac > 1,

for ¢(r) = cmax {1 — ar, 0}. O

We then introduce an elementary but beneficial result about ¥ (r), which is useful in the proof of the excess risk
bound for ACS.

Lemma C.7. For function
l(r) = A(r +1) +9(r),
where A > 1 and ¥ (r) is a nonincreasing convex function, we have
I(r) = A+1(0)
if A= —¢'(0),r >0, orif A< —¢'(0),r <0, where ¢y’ can be the subdifferential of .

Proof. Since I(r) is convex and I'(0) = A 4+ ¢'(0), the above result can be obtained. O

We then introduce a useful inequality about logarithmic function.

Lemma C.8. Fora,b> 0, we have

a—>b a+b
< 18
loga — logb 2 (18)
Proof. Without loss of generality, let @ > b > 0. Then ﬁ < “;rb holds if and only if
2(a—b 2(¢ -1
loga —logb > (a=b) ®logg>y. (19)

a+b b +1

Slis)
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Let # = ¢ (¢ > 1). Then to prove Inequity , we only need to prove

2(q—1)
logg> 22—/
817 T
Let
2(qg—1) 4
h(g) =logq— 22—~ —logg+ —— —2
(q) 84— T 084+

Then by taking the derivatives of h(q), we obtain

2(f1 1)

Therefore, we
a—b a+b 0

Lemma C.9. For function
1—n 2
A=mlog| —— | -(A-m+ec=>1-c—n),
wheren>f c<f and 1 —n > c.

Proof.

=miog (F21) < =mtez -T2 d g 4

(result from Lemma [C.§ when choosing a =1 —1, b= c)
_20-n)(d-n-—c-(A-n—cd-n+c)

l1-n+c
(1=m)?=2c(1—n)+c
- 1—-n+c
(1-n—c)p?
- 1-n+c
>(1-n—c)? (1-n+c<lforn>3andc<3i)
=1 -c—n)*

For ACS pointwise loss of the form
Wacs(r,g;m) Zm;cb( many'—T> +¥(r),

from Proposition W (r, 9n; 1) can be writed as

W(r,gpim) = min {n"¢ (A —r) + (1 =) (A =)} + (7).
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Let us write W (r, A;n) = n¢(A — 1) + (1 —n)¢(—=A — ) +9(r). Then we have W (r, gn:m) = minasoW (r, A;7%).
We write (r,, A,) € argminreR’A?OW(r, A;m).

Next, we introduce some beneficial results about the first or second order derivative of ¢, which are useful in
deriving the calibration result for Lacg with logistic ¢.

Lemma C.10. Whenever A, > 0, for any twice differentiable decreasing function ¢ , we have

16 (B = o) = (1 =0} (~Ag = 1y) = LT, (20)

Proof. This lemma is straightforward since VIV (ry, Ay) = 0 is rewritten as

—n¢ (Ay —1y) — (L =)@ (A — 1) = =" (1),
nd' (Ay —ry) = (1=n)¢' (=Ay —1y) = 0.

We use a subscript to denote a derivative of W. For example,

Wr{\cs (r,A;n) = OW s (7“, A 77)

or ’
T 6W (Tv Aa 77)
350 ) = PWaesln B50),
- 1 A:
et ) = D)

We use V to denote the gradient with respect to (r, A). Then, for example,

Waes (r, A; n))

VWACS (T’ A; 77) = <W£CS (7’ A 77)

Lemma C.11. Assume ¢ < 1/2 and that ¢ is decreasing. Then, r, is monotonically nondecreasing in n* > 0 if
n’¢” (Ay—my) — (1 - n)?¢" (=Ay =) 2 0.

for all p > %

Proof. By taking the derivative respect to A and let A = 0, we have
WA (r,0:) = (27 — 1)/ (—1). (21)

First consider the case n < 1/2. In this case, from Eq. we have WA (r,0;7) > 0. Therefore Wacs(r, A;7) is
increasing at A = 0 for any r. Recall that A, is the minimizer over A > 0. Then we have A, = 0. Then r,, is the
solution of

WACS (r,,05m) = —¢ (—1y) + ' (1)) = 0.

Therefore 7, does not depend on 7, which means that r, is nondecreasing.

Next we consider the case n > 1/2. In this case from Eq. we have Wgcs (r,0;m) < 0, which implies that
A, >0 and

vV~VACS (Tm An§ 77) =0.
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By taking the derivative with respect to 7, we have

~ !
V2Wacs (ry, Ay n) <A,) + VWS (ry, Agsm) = 0, (22)
where
©)-3)
AU an Aﬂ

Here note that
1 WACS (Tm An§ 77) WACS (Tm AnQ 77)) (23)

-1
2171, A - ) -
(V Wacs (g, Agin) D, WACS (rn, Apin) qu%rcs (rn, Anin)
where D, = |V2W(rn, Ay;n)|, which is positive from the convexity of W. From Eq. and Eq. we have
1

rh=—— (WAA (rns Apsm) = W/KS (Tn,An;n)) VWS (1, Apim) . (24)
n

U

Recall that WACS( A;n) = nd(A —7r) + (1 —n)d(—A —r) + ¢(r). Now, for notational simplicity, we write
¢ = (A, —1y), ¢ = ¢'(=A,; —ry) and ¢ = Y (ry). We also define ¢] and ¢” in the same way. Then Eq.

is expressed as
/ ]‘ /! /1 /! /! —¢! L
Tnszin (¢l + (L =n)d” ne'l — (1 —n)¢") <¢(Z+_:—¢? )

Since ¢, = ¢'/(2n), ¢~ = ¢'/(2(1 = n)) from Lemma [C.10} we have

/ ! 1 " " . om—1
TWZ_M@%Hl—nW nd’L — (1—n)¢”) ( " )
_ Y’ " . ,
T D, (2n (n¢ + (1 =n)¢"”) —2(1 —n)¢")
= _wi/ 2.0 (1 )2 40
~ n(1—=n)D, (el — (1 —n)*¢”).

Since ¢’ = ¢'(r,) < 0 from the assumption, we see that if n?¢/] — (1 —n)?¢” > 0 then ry, = 0, that is, r, is
nondecreasing. O

Definition C.12. (Rademacher Complexity) Let sample S = {z1,---, z,} is drawn i.i.d. from a probability
distribution D, and H = {h : Z — R} be a family of measurable function. Then the Rademacher complexity of
H is defined as

R (H) = sup — g oih(zi)],
S o | heH T
where o = (01, ,0,) is a random vector, in which variables are independent uniform random variables taking

values in {—1,+1}.

Recall definition of G in Section EI, and we define 5 , ¢po g~7 Lyics as:

g = {w — gy(w) - many’(w) | 91, , 9k S g}7

y' Ay
0oG= {2~ i) 57},
L:MCS = {(wvy) = LMCS(T,Q;m,y) | g1, , 9k € g}» (25)
Lacs = {(x,y) = Lacs(r,g;x,y) | 91, ,9x € G}. (26)

Next, we introduce a result about Rademacher complexity of the hypothesis class of functions that are the
pointwise maximum of other functions.
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Lemma C.13. (Mohri et al| (2018), Lemma 9.1) Let Hy,--- ,Hx be K hypothesis classes (K > 1) mapping
X to R, and let H = {max{hy, - - ,hi} | h; € H;,i € [K]}. Then, for any sample S of size n, the Rademacher
complexity of H can be upper bounded as follows:

K
R (H) <D Ra(Hy)-
j=1
Next, we introduce a result about Rademacher complexity of the hypothesis class of functions that are inner
products of other functions.

Lemma C.14. Let H1 = {h1 : X = R}, Ha = {ha : X — R} be two hypothesis classes of functions mapping X
to [0, My] and [0, M| respectively. Let H = {haha | hy € Hi,ha € Ha}. Then, for any sample S of size n, the
Rademacher complexity of H can be upper bounded as follows:

P (H) < (M + 5 Ma) (B (Ha) + R ().

Proof. For any hy € Hy and hy € Ha, we can write hihy = i [(hl + ho)? — (hy — hg)] For the term (h; + h2)?,
note that the function x +— ixQ is Lipschitz-continous with constant %(Ml + M>) over [0, M7 + Ms]. For the
term (h; — hg)?, observe that the function x — ixQ is Lipschitz-continous with consant %Ml over [0, M;]. Thus,
the following holds:

1
SRn(H) < (M1 + Mz)mn('}'h + Hz) + §M19{n(7'[1 — 7‘[2)

(Talagrand’s contraction lemma (Mohri et al. [2018))

N |

1 1 1
(M7 + M2)R,(H1) + §(M1 + M2)R, (He) + iMli}in(Hl) + §M15Rn(—7-£2)
(sub-additivity of sup(-))

<

N =

~(My+ %Mg) (R (Ha) + R (Hs))

A similar lemma can be found in [DeSalvo et al|(2015); the main difference is the co-domain of hypotheses.

Lemma C.15. Let R, (Lymcs) be the Rademacher complexity of Lyvcs for S = {(x1,v1), ++ , (@n,yn)} from
p(x,y), and R,(G), R, (R) be the Rademacher complexity for data of size n drawn from p(x). Then we have
Nn(Lycs) < 2My Ly K2Ry (G) + (2My, Ly, + Ly, ) R (R).



Hongyu Zhang, Han Bao, Junya Honda

Proof. By definition, we can bound R, (G) as follows:

~ i 1 &
R,(G) = sup — oi(gi.’u—maxg(w)
( ) S,o |91+ 9K €EG n ; v ( Z) Y #Y; yl( )
< sup 0igy, ()| + IE sup —0; max g x) (sub-additivity of sup(-))
S,o |91 9 €g T ; . S gxeg ; y,
< sup 09y, (T4 IE sup 0; Max g,
80 | g1 gx€g N Z 9 (4) 80 | g1 geg M Z CyiAy
< sup oi max g, (x + E sup 0; Max g
So g1 gx€G Y Z v(73) g1 9K €G T ; Y7y wil
< KR, (G)+ E sup o; max g result by Lemma -C.13
) S | o gxegnz Y'#Yi il (
)+ Z E sup Z g maX gy (
vey > 9K €G T
< KR, (9)+ K(K — I)D%(Q) (result by Lemma [C.13])
< K*R,(9).
Then, we can bound R, (Lycs) as follows:
R (Lycs) = E - su ! i Lyics(r, g5 T4, y:)
n = - 0; y 95 Liy Yi
MCS S _LeﬁhI/I)cs n 2 mcsiT, g Y
= E — o; x; max g, (x; r(x;)) + r(x;
E |, o 2o (0 (onte0 @) e + et »))]
< — oip ; :r,l — max g,/ (x; r(x;
El ol o Z 6 (o)~ a2 a0 ))]
+ IE su oo (r(x; sub-additivity of sup(-
E s Z galr >>] ( v of sup(-)
:%n((¢og)(¢1073))+ R (b2 0R)
1 ~
< <M¢ + 2M¢,1> (mnw 0G) +Rn(v1o R)) + R, (Y20R) (result from Lemma [C.14))

1 ~ 1
< (Mot 500 ) £630(@) 4 (Mot 500, ) Loy BalR) + Ly (R)

(Talagrand’s contraction lemma)

1 1
< <M¢ + 2M¢1> L¢K2%n(g) + ((Mq; + 2Mf¢,1> Lwl + Lw2> %n(R) (result from )

O

Next, we introduce a useful inequity that bound Rademacher complexity of Lacs with that of G and R.

Lemma C.16. Let R, (Lacs) be the Rademacher complexity of Lacs for S = {(x1,y1), -, (®n,yn)} from
p(x,y), and R,(G), R, (R) be the Rademacher complexity for data of size n drawn from p(x). Then we have
Rn(Lacs) < L¢K2mn(g) + (Ld> + Lw) Ry (R).
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Proof. By definition, we can bound R, (G) as follows:

R, (G) = E sup - al( (x;) — max —rar:i>
@=E| gKGQTGRnZ 9y, (@:) = max gy (x) = r(@:)
< E sup iy, (T5) E sup —0; Max gy (&,
80 | g1 gegG T Z . 80 g1 .geg T ; Y #Yi v (1)
1 n
+ E |[su —o;r(x; sub-additivity of sup(-
E [t orta) ( ¥ of sup(0)
= E sup 0y, (T5 E sup 03 MAX Gy (T;
T g ,gx€G T Z . 1 5,0 gy ,gg€G M Z Y #Y; Yi ( )
+ E [su iznj r(x;)
S,o re?g n =1 % ’
< E sup o; max gy(xi)| + E sup o maxg
S | g1 gKGQnZ ' (@) 91 gxegnz ' (i)
RARTINAL ]
)+ Z E sup Z o; max gy (x;) | +Rn(R) (result by Lemma [C.13))
yey 59 g1 grceg M v'FY
< KR, (9) + K(K — 1)R,(6) + R.(R) (result by Lemma [C.13))
< K*R,(G) + Ra(R). (27)

Then, we can bound R, (Lacs) as follows:
Ra(Lacs) = E | sup ZUzLACS( 79,3’3“%)]

7 | LeLmos T 5
' Zal( <gyl () - %gy,m)—r(mi))+w<r<xi>>)]

9]
uqﬁ

|TER 91 gKGQ

& TER,gl Pcean ZJZ¢ (gyl () T i) T(wi))]
+ IE sup — ZO’ﬂ/) r(x; )] (sub-additivity of sup(-))
S0 |rer M
Rn(po g) + R, (Yo R)
< LR (G) + LyR,(R) (Talagrand’s contraction lemma)
< LyK?R,(G) + (L + Ly) R (R). (result from (27))

O

The following Lemma gives the infimum of Wy_i.. and the gap between Wy.i_. and its infimum.
Lemma C.17. For Wy_;_. defined in Eq. , we have:

Wo1-e(ry, gnim) =1 —max{n",1—c},
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and

AW 1c(r,g;m) = Woic(r,g;m) — Woie(ry, g5 m),

n* —ng ifn*>(1-¢), r>0,
l—c—n; ifn*<(1l—-¢), >0,
o ifn* <(1-¢), r<0,
n—14+c ifn*>(1—-¢), r<O0.

Proof. First, let us consider expressions of Wo.1..(r, g;n) and Wo.1..(r7,, g5; 1)

According to the definition, we have

Woa-e(r,gim) = > myLoa-c(r,9;9)
Yy

= Z Nylgzylr>o + clr<o,
Y

for § € argmax, g,. For Wo.1.c(r, g;m), Wor-c(r,gim) = 32, mylgey = 1 —my if 7 > 0, Wo.rc(r,g;m) = c if r <0.

For Wo_1.c(r5, gnim), let Y = {argmaxy gyl g€ (’ﬁ}, we have

Wo-1-c(r5, g3 m) = min {mip(l —y); 0}
yey

=1—max {mag(ny, 1-— c}
yey

=1-—max{n",1—c}.

Then, Wo.1-c(r,gmim) =1 —n"if n* > 1 —¢, and Woi.c(ry,gmim) = cif n* <1—c.

Therefore, we have

AWoae(r,g;m) = Wore(r, gsm) — Woore(ry, g3 m),
n* —ng ifn*>(1—-¢), r>0,
Jl—c—mny ifnp*<(1-c¢), r>0,
o ifn* <(1—e¢), r<o,
n—14+c ifn*>(1-¢), r<o0

Lemma C.18. For non-increasing function ¢(x) = 0 and A > 0, we have
> nyo (gy - r;};;my) > e (A) + (1 —ny)e (—A),
Yy

where § € argmax, g, and 0 < nz < 1.
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Proof.

> e (gy — H}any’>

" y'#Y
> 050 (90) —9) + o (92 — 90))
y#y
=n3% | 90y — 92 | + (L =n5)¢ | 9¢2) — 901)
—— N——
A>0 N

=50 (A) + (1 —ng)¢ (=4),

where g(1) = maxy gy, § € argmax, gy, g? = maXy-5 gy, and 0 < ny < 1. U

D Proofs of Theorems and Corollaries

D.1 Proof of Theorem [4.1]
Theorem (restated) Lnics(r, g;x,y) is calibrated if and only if
Hl—c'l/)/l (0) + ¢§(O) = 07

where H,)y = mina>o {n¢(A) + (1 —n)¢(—A)} >0for 0 < n < 1.

Proof. Recall that the multiplicative CS (MCS) loss is of the following form:

Lyes(r,gix,y) = ¢ (gy - g}r}%gy) Y1 (1) + a2 (1), (28)

where ¢(A) > 0 is a nonincreasing function, and 1 (r), 12(r) are convex function differentiable at r = 0.

From the expression of Eq. , the minimization of Wycs (r,9;1) = Zy nyLmcs(r, g; ¢, y) with respect to g
does not depend on r. Therefore, by Proposition with ®(A,r) = ¢(A)h1(r) + a(r), we have

Whics (r;gpim) = min {n®(A,r) + (1= n)@(=A, 1)} = Hy- 1 (r) + a(r),
where

Hy = min {n¢(A) + (1 —n)¢(=A)} > 0.

By taking the derivative and let » = 0, we obtain

aVVMCS (T’, g:}v 7])

o = H,-4(0) +¥4(0).

r=0

Since ¢ is a nonincreasing function, we can see that H,- is nonincreasing in n*, and thus

. OWwcs (r,95;m)
inf
nn*<l—c or

— OWwcs (r,g5:m)

w L _ Hyt4(0) + ¥4(0) 0.
nn*2l—c

r=0

r=0

From Theorem 4 in |Ni et al|(2019), we obtain that it holds if and only if Lycs(r, g; @, y) is calibrated. O
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Corollary D.1. For ¢(A) = exp(—A), Luves(r, g; @, y) is calibrated if and only if
2/c(1 — )11 (0) + 45 (0) = 0.
For ¢(A) = max {1 — A,0}, Lyves(r, g;x,y) is calibrated if and only if
2c1(0) + 15(0) =
For ¢(A) =log (1 + exp(—A)), Lycs(r, g;x,y) is calibrated if and only if

(—(1 = c)log(1 — ¢) — clog ) 11 (0) + 95(0) = 0.

Proof. Then, we analyze three cases to derive calibration results of Lycs.

(1) Case ¢(A) = exp(—A):

In this case, for n* =1 —-cand 0 < ¢ < %, using Lemma we have
Hi_.=24y/c(l —c¢).
Then from Theorem we have the loss is calibrated if and only if

2y/e(l—¢) 1( —l-wz

(2) Case ¢(A) = max{0,1 — A}:

In this case, for n* =1 —-cand 0 < ¢ < %, using Lemma we have

Hl—c = 2c.

Then from Theorem [4.1] we have the loss is calibrated if and only if
2c1(0) + 95(0) =

(3) Case ¢p(A) = log (1 + exp(—A)):

In this case, for n* =1 —-cand 0 < ¢ < %, using Lemma we have

Hi_.=—(1-c¢c)log(l—c)—clogec.

Then from Theorem [£.1] we have the loss is calibrated if and only if

(—(1 = ¢)log(1 — c) = cloge) ¥1(0) +15(0) =

D.2 Proof of Theorem [4.2]

Theorem (restated) Lacs(r,g;x,y) with (A) = max{1 — A,0} is calibrated if and only if

' (0) = —2c.
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Proof. Recall that the additive CS (ACS) loss with hinge ¢ is of the following form:

Lacs(r, g;x,y) = max {07 1- (gy —max gy — 7‘) } +(r),
y'#y
where ¢(r) is convex function differentiable at r = 0.

From we have

OWacs(r, gn;n)
or

Cfra—my+w) it > 4
o L+ 2(0) if < L

OWacs(7.9,,:m)

We can see that is nonincreasing in n*, and thus

or r=0
oW (r,g%; oW (r,gs;
e W g | W) |y g o,
nm*<l—c or nn*>l—c or
r=0 r=0
Then we have ¢'(0) = —2¢. O

D.3 Proof of Theorem [4.3|

Theorem (restated) Assume that ¢ is a twice differentiable decreasing function. Then Lacs with
@(A) =log (1 + exp(—A)) is calibrated if and only if

Y'(0) = —2¢(1 — ¢).

Proof. Recall that W, (r, A;n) = nd(A—r)+(1-0)p(—A—r)+1(r) and (), A,)) = argminreR’A?OWAcs (r,Asm).
For ¢(x) = log (1 4+ exp(—x)), we have

, —exp(—zx
9@ =13 exé(—gi)
1
1+ exp(z)’
exp(z)

PO et

=~ (¢@) + (¢ @)°).

From Lemma if we can show that n?¢” (A, —r,) — (1 —n)?¢" (A, —ry) > 0 for all n > 1, then r, is
monotonically nondecreasing in 1 > 0. Under the same notation as the proof of Lemma Lemma we write
¢, = ¢'(Ay —1y), ¢ = ¢'(—=A, —ry) and ¢ = 1)(ry). Therefore, for n > 1/2 we have

ol — (1= = ((L=n¢" — ()6} ) + (1 =0 (¢1)" = n* (¢})°)
- Y- (29)
20,

where Eq. follows from Lemma and the inequality holds since v is decreasing.

Now we can apply Lemma and we see that r, is nondecreasing. Therefore, to prove that the loss is rejection
calibrated, it suffices to show r;_. = 0, sothat we have r,, > 0 for n > 1 —c and r,, < 0 for < 1 — ¢, which means
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sign(ry) = sign(n*—(1—c)). Recall that from Lemma we have ng' (A, —ry) = (1-n)¢' (=4, — 1) = L(an)'
For the logistic loss with n = 1 — ¢, this is equivalent to
3 1—c _ c _ Y’ (ry)
1+exp(A, —ry)  l+exp(=A,—m,) 2

which is satisfied for (ry, A,) = (0,log 1=¢) if ¢'(0) = —2¢(1 — ¢).

D.4 Proof of Theorem [D.4]

Theorem (restated) For Lycs, the following excess risk bound holds for all r,g and any distribution
p(x,y):

Ro-1.c(r,9) = Roae < T (R(r,9) — RY),
where
I't)y=0 (max {t, \/f})
for R = Ryces with ¢p(A) = exp(—A), ¥1(r) = exp(r), and ¥3(r) = cexp(—ar), and
I'(t)=0(t)
for R = Racs with ¢(A) = max {1 — A, 0}, ¢(r) = cmax{1l — ar, 0}.

Proof. Firstly, we proof the following excess risk bound holds for Lyics:
Ro-1-c(r,g) — Ry < T (Rmes(r,9) — Ryics) »
for all r, g, where
I't)y=0 (max {t, \/5})
for ¢(r) = exp(—r), ¥1(r) = exp(r), and ¥2(r) = cexp(—ar).
First, from Lemma we have:
AWoore(r,gin) = Wore(r,g5m) — Woie(ry, g M),

n—ng ifn*>1-c), r(x)>0,

_ 1—c—ny ?fn <(l-¢), r(z)>0, (30)
0 ifn*<(1-¢), r(x)<O0,
n—1+c ifn*>(1-c¢), r(z)<O0.

In the following, we introduce some useful results for bounding AWyics(r, g;1m) = Waes(r, g;1) —Waes (7“;‘7, an; n).
For Wucs(r,g;m) = 32, 1y exp (— (95 — maxy 2y gyr)) € +ce™ ", using Lemma [C.18} we can preliminarily bound
Zy My exp (= (gy — maxy 2y gyr)) as

Suse(- (o)
= 1)y exp (*A) + (1 =ng)exp (A) == G(A;ny), (31)

where y € argmax,g,, 0 <7z <1, and A >

Next, we can derive the infimum for G(A;ng) to further bound Wycs(r,g;n). We can see that G(A;ny)
is convex in A. Let A* be the minimizer of G(A;n;). By taking the derivative, we obtain G’ (A,ny) =
—ngexp(—A) + (1 — ng) exp(A). Then we have that G'(A*;7;) = 0 holds if

1 N3
A" =21 i
2 Og(l—ny>
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Due to the convexity, we have that G'(A;7;) is nondecreasing for all A. First consider the case n; > % In this
case we have A* > 0. Then we have

Next consider the case 1y < % In this case we have A* < 0. Then we have

G(A;jng) = G(0;n5) =1, for A = 0. (32)

Thus we have

AingG(A;mj) = min {2 0y (1 —ng), 1} = 24/n5(1 —ny), (33)

where ng > %
Since 11, ¥y satisfy the calibration condition in Theorem we have a = 2 % >2for0<c< %
Next, we will analyze five cases to derive the excess risk bound for Lycs.

(i) If n* > (1 — ¢) and 7 > 0: In this case, by Eq. we have AWy 1..(r,g;m) = n* — nz. For multiplicative
CS loss, we have AWnics(r,g5m) = Waes(r,9;m) — Wacs(ry,, g5 m), where Waes(r,g;m) = G(A;n;) (result
by Eq. ) For G(A;n;) we have infa>o G(A;n5) = 24/n3(1 — ng), where ny > % (result by Eq. ) By

we have Wucs(ry,g5:m) = (o + 1)04—&%16&%1 (2 (1 — n*))ajl for n* >1—c¢> 3. Thus we

Lemma

have
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AWpies(r, g;m) Znyexp ( (gy — m;aéxgy )) e +ce " — (a+ 1)a7%ﬂcﬁ (2 (1 — ’7*))‘7'1

> G(Ang)e” +ce” " — (a+ 1)a~aficart (2 n*(1— n*)) o
(32, exp (= (9, — maxys 2, 9,)) > G(Aimy) in Eq. (1))

> 2y/ny(1 = mg)e” + ™" — (o + 1)a” s e (2 n*(1— n*))m
(ian>o G(A) = 2y/nz(1 —ny), where 1z > § in Eq. )

> (a+1)a” a+1co<+1 < 1 —ny))ail — (2 n*(1 _n*))cm) (34)

> (a+ 1o~ 7Fc (\/T% (2v/ ))“il>

(2 (L —mg) < 1,22 < 1f0ra>2)

(1 — 1) — <1++1(2 (1 ))

xaﬂ is concave in x > 0)

( (1 —15) — 1) +1(2 17*(1—17*)—1))
< (1 —15) —2 )(1—77*))) (i>a%1)

— (a+ 1)a~ aF1cai (2 ng(1 —mng) —2 n*(ln*)>

> (a4 1)a atic

/\

SRS

— (a+ Dastica (

> (a+ 1)04#10%“ (

QI+

> 152 (2 \/m ) (result by Lemma [C.4)
5 g =my) =" (A=n") 5 (" —my)(n"+my—1)

6 \/ng(1—ng) + /(L —n*)  6/ng(1—ng) ++/n* (1 —n")

5 _
26%7@(1—772)+7Z;77*(1—77*) 0> 2m > 2)
> 2 (o~ ) (> mg. /ar@ =) < b, and (T =) < 3)
= %WO-l-c(ngn;nL

In Eq. , consider function I(r;n) = 24/n(1 —n)e” + ce™*", where 0 < 1 < 1. Let r,, € argmin, I(r;n) be a

minimizer of I(r;n). Then by the same argument as Lemma with n* replaced with ny and condition that
ny = 3, we have I(ry ;n;) = (a + 1)0[7&%10%“ (2 ng(1— 77@))

a-+1

Therefore,

[AWo.1-c(r, g5 1)]

Ro1.c(r,g;m) — Roc(ry,97;m) = E
E (1 (AWwmces(r, g;m))]
r
r

(E[AWwncs(r,g;m])) (I is concave)
1 (Rmes(r,g;m) — Rucs (. g5 m))
where T'y (t) = 2t.

6
5
(ii) If 3 < 7* < (1 —¢) and r > 0: In this case, by Eq. we have AWy.q1..(r,g;m) =1 — ¢ —ny. Consider
AWMCS(T,Q, 1) = Waces(r,9;m) — Waes (75, g5 m), where Wiies(r, g;m) > G(A;n;) (result by Eq. ) For
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G(A;ng) we have infa>o G(A;n5) = 24/n5(1 — ng), Where ng = 4 (result by Eq. ) By Lemma we have
Waes(ry,, gnin) = (o + 1)04*&%1@%1 (2 n*(1 — 17*)) for n* > 3. Thus we have

AWnces(r,g;m) Zny exp < < mixgy >) e’ +ce " — (a+ 1)07%“&%1 (2 (1 — 77*))@7“
> (nyexp(—A) + (1 —ng)exp (A))e" +ce™ ™ — (a+ l)ofa%lc#l (2\/77*(1 - 77*)) o
(32, my exp (= (g, — maxyz, 9,)) > G(A;ng) in Ba. (1))
> nyexp (=A) + (1= ng)exp (A) + ¢ — (o + Da~ =1 20/ (1 =) (35)
> 2y/ng(1 = mg) + ¢ = (@ + Do~ =T (2 (T =)

(ian>0 G(A) =2y/n3(1 = ny), where n; > + in Eq. )

4T
\/ +C— a °‘+1C°‘+1 <21/7’]ﬂ(1—7’]ﬂ)>

<2\/77@(1 > 2¢/n (1 —n*) for n* > ny > %)

1\ 2
a+1
>cary) ) (36)
—1g)
2
SeeletD) () ac 1
Tas 1 2y/n5(1 = ng)
(a:a+1 is concave in x > 0, 24/nz(1 —ny) = ac for n* > ny > %)
2
ac ac
= 1 —
2(a+1) ( 2y/n5(1 - 77@))
2
5 _ac [ ac (37)
2(a+ 1) lmeomy 4 ( _ 1—c—m;) ac
1-c I—c
_ ac (1 B ac(;z — ¢ >2
2(a+1) (ac—Dnz+1—Ltac—c

2
g 2(;:(i 1) (1 - ac(% =9 (1 %C— cny él—c i <1 - %C— c”?!) aC(;— c))> (38)
~ 2ac(1 —ac)?

(a+1)(1 —2¢)?
=W (1 - c—ny)? (39)
= W AWy1.o(r, g5 )’

(1—c—ny)?

where in Eq. we used Lemma and the fact that

n"exp (—A) + (1 —n")exp (A)
(I —c)exp(—A)+ cexp(A)
2y/c(l—¢)=ac

ngexp (—A) 4+ (1 — ny) exp (A)

for ¢ = ﬁ. In Eq. , let Sy, = 2¢/nz(1 —ng), g(x) = Sy, x + cx™%(x > 0), x5 € argmin, ., g(z). Note that
1) = 2y/n3(1 — ng) + ¢, and we will show that g(z;_ ) = (o + 1)017#10%“ (2 ng(1— 77@)) - By taking the
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derivative, we obtain ¢'(z) = S, — caz="!. Then we have that g'(z;.) = 0 holds if

1
. ozc)”+1
o =22 <1,
n
v (Sng

where S, = 2/n;(1 ) = 24/c(1 = ¢) = ac (note that 1
g(z) > g(a: )= (a+ l)a %c% (Syy) =**. Since ¢'(z;.) = 0 and ¢"(z) = caa + 1)z~*"? is decreasing, it

n
holds for xfw < 1 that

N

ng <n* < (1—c¢)). Since g(z) is convex, we have

The proof of Eq. is completed.
Eq. follows from the fact that h (¢ - 5 + (1 — t)(l —¢)) = t-h(3)+(1—-t)h(1—c), where t = 1_5%:” € [0, 1], for
2

concave function h(n;) = 24/n5(1 — ng). In Eq . Eq. follows from the fact that k (£ -1 + (1 —¢)(1 —¢)) <

t-k(3)+ (1 -tk —c), where t = ! ; 1% ¢ 10,1], for convex function k(ng) = o l)nyilféac - =

% is a positive constant that depends on ¢ < 2, where a = 2\/ . Note that ac = 24/c(1 —¢) < 1.

Therefore,
Ro1.c(r,g;m) — Roe(ry, gnsm) = E[AWo1c(r, g; )]
SE[: (AWwncs(r,g;m))]
< T2 (E[AWnces(r,g;m])) (2 is concave)
< Ty (Rmes(r,g;m) — Rucs(r5,97:m))
where T'y(t) = ﬁ\/i (Wc(l) is a positive constant that depends on ¢).

(iii) If n* < 3 < (1 —¢) and 7 > 0: In this case, by Eq. we have AWy 1..(r,g;m) = 1 — ¢ — ny. Consider
o« _1
AWwncs(r, g;m) = Waes (1, g;m) —Wwaes (5, g5 1), by Lemma we have Wiics (75, g m) = (at+1)a o coiT

for n* < 3. Thus we have
AWnes(rn, g M Zﬂy exp < ( n}ixgy )) e’ e — (a+ 1)07%“6#1

> (77_17 exp (—A) + (1 —ng)exp (A))e" +ce ™ — (a+ 1)a~ a3 cart
(2, mexp (= (gy — maxyy 9,7)) > G(Aing) in Ba. @1))

>ngexp(—A)+ (1 —ny)exp(A) +c— (a+ 1)04_ch (40)
21l4c—(a+ l)a_ﬁlca%l (infaso G(A) =1 for ny < n* < 1 in Eq. (32))
o 1
l1+c—(a+1)a a+ica+t
= 1—
T . (1—-0)
=W (1 - (41)
> WE (1 —c—ny) (ng = 0)

= W AWo.1.(r, g;m),

where in Eq. we used Lemma and the fact that
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ngexp (—A) + (1 —ngz)exp (A) = n*exp (=A) + (1 —n*)exp (A)
1—c)exp(—A) +cexp(A)

(
2¢/e(l—¢) =ac

A\ARR\VARA\V}

for ¢ = ﬁ. In Eq. 1) Wi = e—ladla oFTeadt 4o o positive constant that depends on ¢ < §, where

1—c
1/ lzc. Note that

o =2

1+c—(a+1)a_aiﬂca%1 21+c—(ac)a$1

>1l4+c—(1+ (ac—1)) (;E#l is concave inx>0)
a+1
_ ac—1
T a+l
c+1
Ca+1
> 0. (c,a>0)

Therefore,
Ro.1c(r,g;m) — RO—l—c(r;;agna n) = E[AWo.1..(7, g;1)]
<E 3 (AWnmes(r, g5 m))]
< T3 (E[AWwncs(r,g:m)])) (T2 is concave)
< T3 (Rumes(r, g;m) — Rucs (. gmim)) 5
where T'3(t) = (2>t ( {2 is a positive constant that depends on c).

(iv) If n* < (1 —¢) and r < 0: In this case, by Eq. we have AWo.1.c(ry, g,;m) = 0, which implies that
WO-l—c(Tan, N) = Woree(75, 95 M) = AWoore(rn, G5 m) = 0 < T (Waaes (rn, 903 1) — Waaes (75, g5y m)) for any
I'>0.

(v) If n* > (1 —¢) and r < 0: In this case, by Eq. we have AWo1¢(ry,g,;m) = 7 — 1+ c. Consider
AWMcs(Tn,gn;T]) WMcs(Tn,gn, n) — WMCS( n,gn, ) by Lemma m we have WMCS( n,g;‘,;n) = (o +

o~ w (2\/ ) ¢t for n* > (1—c) > i. Thus we have
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AWMCS rn,gn, Zny exp (— <gy — Lr/l;aé);gy/)> e’ +ce " — (a + 1)04—%4_1 (2 77*(1 — n*)>T+1 ca-lf-l
> (2 n*(1 — n*)) e 4 ce " — (a4 1)a"att (2 n*(1 — n*)) T e (result by Eq. ()
>2/n*(1 — %) + ¢ — (@ + 1)a~ a4t (2 7]*(1—77*)>Frlcﬁ (42)
= Sy +c— (a+ D)o~ 55T (8, )5 carT (sn* N n*))
1) 1\ 2
o ( ) ()"
_ cafa+1) (43)
( S'r]*
a N2
2(a+1) Sn* 2(a+1)
B ac
1\ 2
2 ( _|_ 1) ( 2(a+1) Sy ) 2)
ac

a+2 1 oY
S, \ 2(a+1) S\ 2 S, 2(a+1)
(Sn*<2 c(l—c):ac,(;c) <(a7’c) <(a"c) )
1\ 2

A
o
2
N
+
=
VR
=
+
(o o)
+ |+
—| o
v N
/~
R
N~
S
|
—_
~__—
~—
N
wn
2=
N~
~
N
N

2
S 1 477( n)—a202
~ 8cala +1) 2./n* ) + ac

1

® BEa(at 1) (4”*“ =) = a®)’ (2v7 @7 <2/e(1 ) = ac)
g m (42 = 10’ +4(2c = (e = 1)’ (45)
o (1—2¢)? .

= awaa sy T

— WO —Ley (46)

= W(/(g) AWO—l—C(T7 g; 77)2a

where in Eq we used Lemma (note that 2¢/n*(1 —n*) <2\/c(l—c¢)=acforn* >1—c, c= ﬁ).

In Eq. , let h( ) =Sy +cx*(x > 0), z;. € argmin h(x). Note that h(1) = Sy« + ¢, and we will show that
>0

h(z;.) = (o + l)oz_ﬁlcﬁrl (Sn*)a%l. By taking the derivative, we obtain h/(z) = S, — cax™*"!. Then we
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have that h'(z;.) = 0 holds if

1
. ozc>“+1
T« = >1
7’] b
<Sn*

where S« = 2y/n*(1 —n*) < 2y/c¢(1 —¢) = ac (note that n* > (1 — ¢)). Since h(x) is convex, we have
h(z) > h(z;.) = (o + 1)a7%+lc%+1 (Sn*)ﬁ. Since h/(x}.) = 0 and h"'(x) = ca(a + 1)z~*"? is decreasing, it
holds for 33;';* < 1 that

at?2 10\ 2
> cala+1) [ Sp-\ H? 1 (& atl '
2 ac Sy
The proof of Eq. is completed.

Eq. (44) follows from the fact that S,- < 2,/¢(1 — ¢) = ac and

S, \ Zarn 2 ((S-\? S\ 2
() (st () ) < ()

ac a+1 ac ac

Plc=y; g (12 et2 ((5s 3 1 S, 3 1 (82 0.
) is concave an + atl (E) — — (E) = o1 ( oc ) — T—H <

In Eq. 7 we use the tangent line of k(n*; a, ¢) = 4n*(1 — n*) — a®c? through (1 —¢,0) (note that k'(n*; o, c) =

—8n* +4 and the tangent line 4(2¢ — 1)n* +4(2c —1)(¢—1) < 0 for n* > (1 —¢)). In Eq. 1i wi = 209(;27?2&1)

is a positive constant that depends on ¢ < %, where a = 2,/ %

Here note that (

Therefore,
Ro1¢(r,g;5m) — Ro1-c(ryy, gim) = E[AWq.1.c(r, g;m)]
<E s (AWwmes(r, g5 m))]
<T's (E[AWwncs(r.g;m]))  (I's is concave)
< Ts (Rumes(r,g;m) — Rues (. gnim))
where T'5(t) = (3) Vit (W, 3 is a positive constant that depends on c).

Overall, we obtain

Ro-1-c(rny G M) — Ro-1c (13, 95 m) < T (Rmcs (rny 9im) — Ruvcs(ry,,97m))

Vi,

where T'(t) = max{ Wi“” \/f} = O (max {t,\/t}) (Wél)7 W2 and W are positive

W(1> W<2)

constants that depends on c).

Next, we prove the following excess risk bound holds for Lacs:

Ro-1-¢(r,g) — Ry.1.c <T (Racs(r,g) — Racs)

for all r, g, where

for ¢(r) = max {1 — z,0}, ¥(r) = cmax{1 — ar,0}.
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Proof. In the following, we introduce some useful results for bounding AWacs(r,g;m) = Wacs(r,g;m) —

Wacs(ry, gnin). For Wacs(r,g;m) = >_, ny max {1 — (g, — maxy 2, g,» —r),0} + ¢(r), using Theorem
we can preliminarily bound 3, n, max {1 — (g, — maxy», g,, —),0} as

Znymax{l — (gy — max gy — r) ,O}
Y'Y

Y
>nymax {1l —A+7r0}+ (1 —ny)max{l+A+r0} :=G(r,A;ny), (47)

where 7 € argmax, g,, 0 <7y < 1, and A > 0. Then using Lemma we have

[

2(]. — 77@)(’1" + 1) lf ’177; 5 and r 2 7
jnf G(r, Amg) = {7 +1 if ny < 3 and r > —1, (48)
0 if r < —1.
Thus we have
in{2(1 — n; 1 1 if r > —1,
inf G(r, Asy) = min {2(1 — ng)(r +1),r + 1} 1 r
A>0 0 if r < —1.
(49)

)20 =my)(r+ 1) ifr > -1,
1o if r < —1,

where 1z > 5

Since 1) satisfy the calibration condition in Theorem we have o = 2 for ¢(r) = cexp(—ar) or P(r) =
cmax {1 — ar,0}.

Next, we will analyze six cases to derive the excess risk bound for Lacs.

(i) If * > (1 —¢) and r > 0: In this case, by Eq. (30) we have AWy.i.(r,g;m) = n* — nz. Consider

AWacs(r,g;m) = Wacs(r,g;m) — Wacs (75, g5 m), where Wacs(r, g; 77) 2 G(r,Ayng) (result by Eq. (47)). For

G(r,A;ng) we have infaso G(r, A;ng) = 2(1 — ny)(r + 1), where 1y > 5, for r > 0 (result by Eq. l.i By
ﬁ

Lemma (C.6, we have Wacs(ry,, gn;n) = 2(1 —n*)(r;, + 1) + ¢ (ry,) for n* > (1 —¢) > 5. Thus we have

AWacs(r,g;m) = Wacs(r,g;m) — Wacs(r, 9 1)
> G(r, Ayng) +ce™ " — (21 = n*)(r) + 1) + ()
(Z Ny max {1 — (g, — maxy £, gy —7),0} > G(A,r;ng) in Eq. )
>2(1—ny)(r+1)+¢(r) — (2(1 (ry, + 1)+ ()
(infaso G(r, Asng) = 2(1 — ny )(r + 1) where 5 > 1 for r > 0 in Eq. (49))
S I (20— i)+ 1)+ 60— (20— ) + 1)+ 00r) (50)

= fi(n*,ng).

For ¢ (r) = cmax {1 — ar, 0}, Ty = é, inf,50{2(1 —ng)(r+1) + ¢ (r)} = min {2(1 — nz) +¢,3(1 —ny)}. Then

we have

Al ) = min {201 1) + .20 = )+ D f 20 0)- (5 1)

min {2(1 —ngz) +¢,3(1 —ny)} —3(1 —n*) (o = 2 from Theorem [4.2)
> min{2(n" —ng) + (1" = 1+ ¢),3(n" —n3)}

>

min {2(n" —ng),3(n" —ng)}
- QAWO—l—C(TMQ; 77)



Multi-Class Classification with Abstention Based on Crammer—Singer Surrogate with Linear Growth Rate

Therefore,

Ro-1-¢(r,g3m) = Ro-1-c(rp, g3 m) = E[AWo.1.(r, g3 m)]

E [y (AWacs(r,g;m))]
r

T

E[AWacs(r,gin]) (L1 is concave)

<
<Iy
<

(
1 (RACS(T,Q; n) — RACS(T:pg:,;n)) )

where I'y () = 1t for ¢(r) = cmax {1 — ar,0}.

(ii) If 2 < n* < (1 —¢) and r > 0: In this case, by Eq. we have AWy.1..(r,g;m) =1 — ¢ —ny. Consider
AWACS( r,g; 77) Wacs(r,g;m) — Wacs(ry,, 953 1), where WAcs(ng;n) > G(A,r;my) (result by Eq. ) For
G(A;ny) we have infaso G(A;ng) = 2(1—n5)(r+1), where ng > 1, forr > 0 (result by Eq. ) By Lemma
we have Wacs(ry,gn;m) = 2(1 —n*)(ry + 1) +9(ry,). Thus we have

AWACS(T79§77) = WACS( " 9; 77) WACS( 17791]7 )
> G(r, Aymg) + e — (2(1 +1) +¥(ry))
(Zy nymax {1 — (g, — max, £y g,y —r),0} = G(A,r;n5) in Eq. .)

22(1—7719)(7“+1)+1/J(r) ( ( )(T +1)+w(T;))
(ian>0 G(r, A; 7]@) =2(1— s

)
> 2(1—ng) +1(0) — (2(1 —n*)(r
(r,
)

(r 4+ 1) where n; > 1 for 7 > 0 in Eq. (49))
Ty 1)+ () (51)

1)+ 0(05,))

Ny

> 2(1 = ny) +%(0) - (21— )
> —2(1— ng)rfw +9(0) = P(ry.
= fa(ng)s

Y

where in we used Lemma [C.7] (note that 2(1 — ;) > 2(1 —n*) > 2c = —¢/(0)).
For 1(r) = cmax {1 — ar,0}, r; = —1. Then we have

fa(ng) = =2(L—ng) - (=1) + ¢ = (a+ 1)c
=2(1-mny) +c—3c (o« = 2 from Theorem {4.2)
=2(1 —c—ny)
= 2AW0_1_C(7‘, g, ’I’])

Therefore,

[AWo.1-¢(r, g3 1)]

Ro.1.c(r,g5m) — Ro1-e(r,975m) = E
E [Ty (AWacs(r,g;m))]
I
I

E[AWacs(r,g;m])) (T2 is concave)

<
<1y
<

(
2 (RACS(Tvg; 77) - RACS(T:]’Q:;; 77)) )

where I'y(t) = 3t for ¢(r) = cmax {1 — ar,0}.

(iii) If n* < 3 < (1 —¢) and 7 > 0: In this case, by Eq. we have AWy.1..(r,g;m) = 1 — ¢ —ny. Consider
AVVACS( g T’) WACS( rg:n ) WACS( ﬂ’g"’l’ ) by Lemma we have WACS(T;aQ:};’?) = (r;k] + 1) + 1/’(7’1*7)
for n* < % Thus we have
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AWacs(r,g;m) = Wacs(r,g;m) — Wacs (75,95 m)
> G(r,Ayng) +ce” " — ((r* 1)+ (7' ))
(Zy Ny max {1 — (g, — maxy £y gy —7),0} > G(A,r;ng) in Eq. )

> (r+ 1) +9(r) = ((rpy + 1) +0(ry))
(infaso G(r, Asng) = r+1 for ny <n* < 3,r >0 in (48))

> 1+9(0) — ((ry + 1) + () (52)
=(0) — (5 +¥(r5,))
= fa(c),

where in (52)), we used Lemma [C.7] (note that 1 > 2¢ = —¢/(0)).
For v (r) = cmax {1 — ar, 0}, 7y = —1. Then we have

fale)=c— (=14 (a+ 1))

=1-2c (a=2)
1—2¢
= 1—
1-c ¢
=W - (53)
> WP (1= c—ny) (ng = 0)

= WC(Q)AWO-I-C(T7 g; 71)7

where in , WC(Q) =1 — 2c is a positive constant that depends on ¢ < 1/2.

Therefore,

Ro.1.c(r,g5m) — Ro-1-e(r, g5 m) = E[AWo.1_c(r, g5 1)]

E[T3 (AWacs(r, g;m))]

I3 (E[AWacs(r,g;m)])) (I3 is concave)
I

<
<
< T3 (Racs(r,g;m) — Racs(ry, gnim)) »

where I's(t) = ﬁt for (r) = cmax {1 — ar, 0} (Wc(l), W are positive constants that depend on c).
(iv) If n* < (1 —¢) and r < 0: In this case, by Eq. we have AWy 1..(r,g;n) = 0, which implies that
Wo-r-e(r ,g,n) — Woree(r5, 9iim) = AWoore(r, g;m) = 0 < T (Wacs(r,9;m) — Wacs (75, g5;m)) for any T' > 0.

(v) If n* > (1 —¢) and —1 < r < 0: In this case, by Eq. we have AWy.1..(r,g;1m) = n* — 1+ ¢. Consider
AWacs(r,9;5m) = Wacs(r,9;m) — Wacs (55, g5 m), by Lemma [C.6] we have Wacs (75, gnim) = 2(1 — ) (1, +
1) +(ry,) for n* > (1—c¢) > 4. Thus we have

AWacs(r,gim) = Wacs(r,gim) — Wacs(ry,, 9 m)

>2(L—n")(r+1)+¥(r) — (2(1 =" )(ry, +1) + 1/1(1":‘,)) (result by Eq. )
> 2(1 =) +4(0) — (201 — n*)(r + 1) + ¥(r})) (54)
= =21 = n")ry +9(0) — ¢(ry)

= f5(77@)7

where in (54)), we used Lemma [C.7] (note that 2(1 — n*) < 2¢ = —¢(0)).
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For ¢(r) = cmax {1 — ar,0}, 7} = =. Then we have

. 1

f5(n ):*2(1*7717)'a+0*0
=n"—1+c¢ (a=2)
= AWO—I—C(rag;n)'

Therefore,

[AWO— 1-c (Ta g; 77)]

Ro.1.c(r,g5m) — Ro-1-e(1,975m) = E
E[l's (AWacs(r,g;m))]
r
Tr

5 (E[AWacs(r,g;m]))  (I's is concave)

<
<Ts(

< Ts (Racs(r,g;m) — Racs(r5,gmim)) »
where T'5(t) = v/t for ¢(r) = cmax {1 — ar, 0}.

(vi) If n* > (1 —¢) and r < —1: In this case, by Eq. we have AWy.i.(r,g;n) = n* — 1+ c. For
AWacs(r,g;m) = Wacs(r,g;m) — Wacs (15, g m), we have

AWacs(r,g;m) = Wacs(r,g;m) — Wacs(79, 93 1)

> () = (200 = ") (ry + 1) +0(ry) (result by Eq. (L))
> p(=1) = (20 = 7" )(ry + 1) + 1/1(7";;)) (3 (r) is nonincreasing for r < —1)
=P(=1) =21 =n")(ry + 1) = ¢(ry)

= fo(ng)-

For 1 (r) = cmax {1 — ar,0}, rj, = 1. Then we have

folr*) = (@ + 1)e =201~ 7*)(~ +1)

=3c—3(1—n" (@=2)
=3(n* —1+¢)
= AWQ-l—c(T7g;n)'

Therefore,

Ro.1.c(r,g5m) — Ro1-e(r, g5 m) = E[AWo.1.c(r, g5 1)]

E[l's (AWacs(r,g;m))]

I (E[AWacs(r,g;m])) (s is concave)
T

<
<
< 6 (Racs(r,g;m) — Racs(r5, gmim)) »

where I'g(t) = 3t for ¢(r) = cmax {1 — ar,0}.

Overall, we obtain

Ro1.c(r,9;m) — Ro1c(ryy, gn;m) < T (Racs(r,g;m) — Racs (75, 9mim))

where T'(t) = max{t, ﬁt} = O (t) for ¢¥(r) = cmax {1 — ar,0} (W, B W are positive constants that depends
on ¢). O
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D.5 Proof of Theorem [6.1]

Theorem (restated) Define My = sup,ex g eg ®(9y(x)), My, (r) = sup,ex er Y1(r(x)), My,(r) =
SUp,cx rer V2(r(®)), and My(r) = sup,cr e ¥(1(x)). Let R, (G), Rn(R) be the Rademacher complexity of
G, R for data of size n drawn from p(x). Then for any 6 € (0,1), with probability at least 1 — 9§, the following
multi-class classification generalization bounds hold for all g € &:
Rucs(g) <Ruics(g) + (2My + My,) LK%, (9)
+ ((2M¢ + Md)l) Lllil + 2L1Z12) %W(R>

1 1
+ (My My, + My,) on log <5>7
Racs(g) <Racs(g) + 2Ly K*R,,(G)
+2(Le + Ly) Ru(R)

1 1
+ (]\4,/,1 + sz) o log <5)

Proof. Firstly, we proof the bound for Ryics(g).

To begin with, we first bound the change of sup,,... ;. cg(Rmcs(g) — Rucs(g)) when a single entry z; = (x;, ;)

of (21,-++,2i, - ,2n) is replaced with z{ = (x},y;). Define A(z1,---,2,) =sup,, ... ,.cq(Rmcs(g) — ﬁMcs(g)).
Then it holds that

A(Zh'" s Riy 7Zn)_A(Zl7"' azga"' 7Zn)

1 n
= sup |Epw,y [Lmes(r,g,2,y)] — - ZLMCS(T79§ x;,Y;)

reR,ged j=1

1 1
= osup By [Lnvcs(r',g' 2, y)] — ELMCS(T/M‘],?CU;':?J;) - Z Lucs(r', 9" @5, y5)
T'ER.g'ES J€[n\ i}

1 n
inf E L x - — L ,G; T, Y
TE%IT‘(E)E@ T/ef,l{lg/e@ p(x,y) [ MCS(Tag7 7y)] n J; MCS(T g;&; y])

1 1
“Ep(ay) Lucs(r.g" 2 9)] + —Lues(r 52 0) + — Y Lues(r,9'5@5,15)
jemN )

N

1 n
sup | Epzy) [Lvos(r, g, ®,y)] — - ZLMcs(ﬁm xj,y;)

reR,gedB j=1

1 1
—Epzy) [Lnmcs(r, g, 2,y)] + ELMCS(TM% x;, y;) + - Z Lyes(r, g5, ;)
JEr\{i}

1 1
sup |:LMCS(7">Q§ x),y.) — —Lucs(r, g; ;, yi)}
rer,ges [T n

~1 s o (el - mas g (e ) valr(aD) + o)

N reR,g1, - ,9x€G v #y;

=0 (u(w2) = gy () ) 20 (@2) — valr(a)|

_ MMy, + My,
~ i
n

where My = sup,e x,g,eg #(9y(2)); My, (1) = supsex rer 1(7(2)), My, (1) = sup,ex rer Y2(r(2))-
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My My, +My,
Zn) — A(z1, 20y, 2n) 2 _%W.

Then
|[A(z1, s 20y y2n) — Alz1, 0, 20,y zn)| S e = Mo My, + My, Thus, for any § € (0,1), with probability

n
at least 1 — ¢ we have

In the same way, we can get A(z,---,2

YRR

sup (Racs(g) — EACS(Q))
g1 ,9x €G

~ n 1
<Eg { sup (Racs(g) — RACS(Q))} +c ) log (6)
g1 ,9x €G

(McDiarmid inequality [Shalev-Shwartz and Ben-David| (2014)))

< Eg [ sup  (Racs(g) — ﬁAcs(g))} + (Mg + My) % log <1> (c = %)

g1+ .9k €Y 1)

1 1
< 2R, (Lacs) + (Mg + My) o log <5>

(symmetrization [Shalev-Shwartz and Ben-David| (2014)), Lacs is defined in Eq. )
< 2L, K*R,,(G) + 2 (Ly + Ly) Ru(R)

1 1
+ (Mg + My) o log (6) (result by Lemma [C.16])

Overall, we obtain for any é € (0,1), with probability at least 1 — §, the following multi-class classification
generalization bound holds for all g € &:

Ruics(g) < Rues(g) + (2My + My, ) LeK?R,(G) + ((2My + My,) Ly, + 2Ly,) R (R),

1 1
MM, + M, —log ( =
+ (My My, + My,) 5 Og(5>7

where Ly, Ly, , and Ly, are Lipschitz constants, and My = sup,cx 4 g d(gy(x)), My, (1) = sup,cx rer 1(r(x)),
My, (r) = supzex rer Y2(r())-
Next, we proof the bound for Racs(g).

To begin with, we first bound the change of sup,, ... ,, cg(Racs(g) — EAcs(g)) when a single entry z; = (x;,y;)
of (z1,-++,2i, - ,2n) is replaced with z; = (x},y;). Define A(z1,---,zi, - ,2n) = sup,,... 5 eg(Racs(g) —
ﬁAcs(g)). By the same argument as previous with Lycs replaced with Lacg, we have

A(Zlv"' s Riy 7Zn)_A(Zla"' aquﬁ"' azn)

1 1
= sup [LAcs(r,g;wé,yé) - LACS(T,g§mi7yi)] :
réerR,ged |1 n

Then we have

A(Zla"' s Riy ,Zn) 7A(Zl7"' azz{v"' 7Zn)
1

L [¢ (gygw;) ~ max ge(a) +r<w;>>) T ()

N rer,g1, - ,9x €G YAy

4 (g () — max gy (z) - r(m») _ wm»]

Yy #Yi
< M¢ + Md) ’
n

where M¢ = SUPgex,g,e0 ¢(9y(m))a MUJ (T) = SUPgex rer 1/)(7“(.’13))
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In the same way, we can get A(z1, - ,20, - ,2n) — A(z1,- ,2iy* ,2n) = —%. Then
|[A(z1, s 20y y2n) — Alz1, 0, 20,y 2n)| < ¢ = %. Thus, for any § € (0,1), with probability at

least 1 — ¢ we have

sup  (Racs(g) — Racs(g))
g1 ,9x €G

~ n 1
< Eg { sup (Racs(g) — RACS(Q))} +cy/ 5 log <>
g1 ,9x €G 2 d

(McDiarmid inequality [Shalev-Shwartz and Ben-David| (2014)))

~ 1 1
< Eg { sup  (Racs(g) — RACS(Q)):| + (Mg + My) 5, log (5) (C = Ld’tm’)
g1 ,9K €G n
< 2R, (Lacs) + (M + My) 1| — log ( ~
< 2R, (Lacs) + (Mg w3, 108 5

(symmetrization [Shalev-Shwartz and Ben-David| (2014)), Lacs is defined in Eq. )
< 2L, K*R,,(G) + 2 (Ly + Ly) Ru(R)

1 1
+ (Mg + My) o log (5) (result by Lemma [C.16])

Overall, we obtain for any § € (0,1), with probability at least 1 — §, the following multi-class classification
generalization bound holds for all g € &:

Racs(9) < Racs(g) + 2Le KR, (G) + 2 (L + Ly) R (R),

1 1
My + M, —1 -
+ (Mo + My)y [ 5 0g<6),
where Ly, Ly, are Lipschitz constants, and My = sup,cux,g, eg #(9y(x)), My(r) = sup,ex rer ¥2(r(2)). O

E Experiment Details

Setup. For all the datasets, we first split 80% of the samples to form the training set, and then split 20% of the
samples from the training set to form the validation set. Specially, for Mao et al.[2024a (two stage), we split
non-overlapped datasets for both stages and train for 200 epochs for each non-overlapped dataset. We adopt
ResNet-32 (He et all 2016)), a 32-layer deep residual network with ReLLU activations for CIFAR-10, and adopt a
one-hidden-layer neural network with a ReLLU activation for vehicle, satimage, and yeast datasets. We train for
200 epochs using Adam method (Kingma and Bal 2015)). During the training, we adopt the learning rate decay
strategy, using an initial learning rate of 0.01 and a learning rate decay rate of 0.9. For vehicle, satimage, and
yeast datasets, the batch size is set to 128, and for CIFAR-10, the batch size is set to 1024. We use a weight
decay strategy, and the weight decay rate is 1 x 10™%. We decay the learning rate after 10 epochs. Specifically,
for [Mao et al.|2024a| (two-stage), we split non-overlapped datasets for each stage, and train for 200 epochs for
each part. We adopt the following data augmentation strategy for training: 4 pixels padding on each side and a
32 x 32 random crop sampled from the padded image or its horizontal flip. We set the abstention cost ¢ to 0.2
for the vehicle dataset, 0.4 for the yeast dataset, 0.1 for CIFAR-10, and the satimage dataset. We choose these
values of ¢ because they are not too far from the best misclassification error obtained by vanilla CE/CS with no
abstention, which can encourage a reasonable number of samples to be abstained. The GPU for our experiments
is NVIDIA RTX A6000.

Performance on three metrics. The performances of our method and comparison methods on three metrics
on vehicle, satimage, and yeast datasets from UCI Machine Learning Repository are shown in Table 2}{4] The
best results among all the methods with abstention are boldfaced.
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Table 2: Performance of our method and comparison methods on the vehicle dataset.

METHOD MISCLASSIFICATION ERROR ~ REJECTION RATIO  ABSTENTION LOSS

CE (NO REJ.) 19.41% 0.00% 19.41%

CS (NO REJ.) 20.00% 0.00% 20.00%
"[RAMASWAMY ET AL.[ (2018 17.37% 1.76% 17.41%

MAO ET AL.| (2024A) (TWO-STAGE) 7.37% 44.12% 12.94%

OURS (MCS) 5.71% 38.24% 11.18 %

Ours (ACS) 0.00% 89.41% 17.88%

Table 3: Performance of our method and comparison methods on the satimage dataset.

METHOD MISCLASSIFICATION ERROR ~ REJECTION RATIO ABSTENTION LOSS

CE (NO REJ.) 10.33% 0.00% 10.33%

CS (NO REJ.) 10.49% 0.00% 10.49%
“[RaMaswaMY ET AL.[ (2018) 9.51% 1.94% 9.52%

MAO ET AL.| (20244A)) (TWO STAGE) 3.19% 43.90% 6.18%

Ours (MCS) 4.18% 31.16% 5.99%

Ours (ACS) 0.23% 66.74% 6.75%

We can observe from Table that our MCS and ACS perform better than vanilla CS loss on misclassification
error and abstention loss on UCL datasets, which validates the effectiveness of machanism of abstention. Besides,
as shown in Table 2H4] our MCS loss shows the best performance of abstention loss, and our ACS loss shows the
best performance of misclassification error among all the comparison methods on UCL datasets, respectively.

Training dynamics. The training dynamics of CS and our MCS loss on the CIFAR-10 dataset are shown in
Figure 2l For the case of CS, as shown in Figure with the decreasing of validation surrogate loss, validation
abstention loss also tends to be decreasing. Since the rejection ratio is 0 in this setting, the validation abstention
loss equals to the validation misclassification error. For the case of MCS, as shown in Figure with the
decreasing of validation surrogate loss, validation abstention loss decreases sharply at early epochs and tends
to keep a comparatively low level in the later epochs, which validates the calibration of our MCS loss. The

1.2+ Validation Surrogate Loss 1.24 Validation Surrogate Loss
Validation Misclassification Error 1.0 Validation Misclassification Error
1.01 ---- Validation Abstention Loss : ---- Validation Abstention Loss
\ —— Validation Rejection Ratio —— Validation Rejection Ratio
0.8 1 0.8 1 ity
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|7y ) )
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_____________________ NV A M
0.0 1 0.0 1
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(a) Performance of CS (no rejection). (b) Performance of our method (MCS) (¢ = 0.1, a = 6.0).

Figure 2: The training dynamics of CS and our method.

training dynamics of CE, Ramaswamy et al.|2018| [Mao et al.|[2024al and ours (ACS) on CIFAR-10 dataset are
shown in Figure 3| For the case of CE, as shown in Figure with the decreasing of validation surrogate loss,
validation abstention loss also tends to be decreasing. And because for this case the rejection ratio is 0, the
validation abstention loss equals to the validation misclassification error. For the case of Ramaswamy et al.|2018)
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Table 4: Performance of our method and comparison methods on the yeast dataset.

METHOD MISCLASSIFICATION ERROR ~ REJECTION RATIO  ABSTENTION LOSS
CE (NO REJ.) 40.40% 0.00% 40.40%
CS (NO REJ.) 40.40% 0.00% 40.40%
RAMASWAMY ET AL/ (2018) 39.37% 3.37% 39.39%
MAO ET AL.[(20244A) (TWO STAGE) 27.59% 70.71% 36.36%
OURs (MCS) 29.55% 55.56% 35.69%
OURs (ACS) 22.22% 96.97% 39.46%

as shown in Figure with the decreasing of validation surrogate loss, validation abstention loss also tends to
be decreasing. Besides, as shown in Figure validation abstention loss can be regarded as an integrating
metric of validation misclassification error and validation rejection ratio. For the case of Mao et al.[2024a) as
shown in Figure at the first stage the validation rejection ratio is 0, whereas it increases sharply at the
second stage and validation surrogate loss decreases sharply at the second stage. For our ACS loss, as shown in
Figure with the decreasing of validation surrogate loss, validation abstention loss decreases sharply at early

epochs and tends to keep a comparatively low level in the later epochs, which validates the calibration of our
ACS loss.
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(a) Performance of CE (no rejection). (b) Performance of [Ramaswamy et al.|2018| (¢ = 0.1).
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(¢) Performance of[Mao et al]2024a) (c = 0.1, « = 1.0). (d) Performance of ours (ACS) (¢ = 0.1, o = 2.0).

Figure 3: The training dynamics of CE, Ramaswamy et al.[[2018, Mao et al,2024a, and ours (ACS) on CIFAR-10
dataset.

Impact of abstention cost c¢. The impacts of abstention cost ¢ for our MCS loss and ACS loss on CIFAR-10
dataset are shown in Figure As shown in Figure for our MCS loss, with the increase in abstention cost c,
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the abstention loss and misclassification error tend to increase, which validates the sensitivity of the abstention

cost c¢. Our ACS loss also shows a similar behaviour, as shown in Figure
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(a) Impact of abstention cost ¢ for MCS loss.
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Figure 4: The impact of abstention cost ¢ for our method.



