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Spectral Heterogeneous Graph Convolutions via Positive
Noncommutative Polynomials

Anonymous Author(s)

ABSTRACT

Heterogeneous Graph Neural Networks (HGNNs) have gained sig-
nificant popularity in various heterogeneous graph learning tasks.
However, most existing HGNNS rely on spatial domain-based meth-
ods to aggregate information, i.e., manually selected meta-paths or
some heuristic modules, lacking theoretical guarantees. Further-
more, these methods cannot learn arbitrary valid heterogeneous
graph filters within the spectral domain, which have limited ex-
pressiveness. To tackle these issues, we present a positive spectral
heterogeneous graph convolution via positive noncommutative
polynomials. Then, using this convolution, we propose PSHGCN,
a novel heterogeneous graph convolutional network. PSHGCN of-
fers a simple yet effective method for learning valid heterogeneous
graph filters. Moreover, we demonstrate the rationale of PSHGCN
in the graph optimization framework. We conducted an extensive
experimental study to show that PSHGCN can learn diverse het-
erogeneous graph filters and outperform all baselines on open
benchmarks. Notably, PSHGCN exhibits remarkable scalability, ef-
ficiently handling large real-world graphs comprising millions of
nodes and edges. Our codes are available in the anonymous link:
https://anonymous.4open.science/r/PSHGCN_Code-DFDC.
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1 INTRODUCTION

In recent years, there has been a significant surge of interest in
graph neural networks (GNNs) due to their remarkable perfor-
mance in tackling diverse graph learning tasks, including but not
limited to node classification [6, 15, 27], link prediction [3, 41, 45],
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and graph property prediction [9, 17, 33]. While earlier versions of
GNNs [15, 27] were primarily developed for homogeneous graphs,
which consist of only one type of node and edge, real-world graphs
typically comprise a diverse range of nodes and edges known as
heterogeneous graphs. For instance, an academic graph may in-

"o

clude multiple nodes such as "author," "paper,’ and "conference,’
as well as several edges such as "cite," "write," and "publish." Due
to the extensive and diverse information in heterogeneous graphs,
specialized models are necessary to analyze them effectively.

In response to the challenge of heterogeneity, numerous Hetero-
geneous Graph Neural Networks (HGNNs) have been proposed,
achieving significant performance [1, 7, 28, 38]. The majority of
these HGNNs depend on spatial domain-based message passing
and attention modules for information propagation and aggrega-
tion. Following [35], we can broadly classify these HGNNSs into two
categories based on whether they use manually selected meta-paths
or meta-path-free techniques to aggregate information.

Meta-path-based HGNNS [7, 28, 35, 40] begin by manually select-
ing or predefining specific meta-paths. Then, they perform message
aggregation based on these meta-paths to obtain the final embed-
ding. These message aggregation strategies encompass attention
modules, Transformers, and various other techniques. In contrast,
meta-path-free HGNNs [1, 18, 20, 31, 38, 39] create graph convolu-
tions for heterogeneous graphs to propagate and aggregate mes-
sages. These convolutions are designed from the spatial domain,
leveraging techniques like attention mechanisms and learnable
weights to acquire node representations heuristically.

Although the above HGNNs have shown promising results in
various heterogeneous graph learning tasks, they still have some
significant limitations. First, the effectiveness of meta-path-based
HGNNSs relies on the manually selected meta-paths, resulting in
poor theoretical guarantees. For example, SeHGNN [35] uses 41
meta-paths for feature aggregation on the ACM dataset, while
HAN [28] uses only 6. This partly explains why SeHGNN outper-
forms HAN on this dataset. Furthermore, all these HGNNs design
aggregation strategies or graph convolutions in the spatial domain
heuristically, which cannot learn arbitrary graph filters like spectral-
based GNNs [6, 10, 11, 30]. This results in limited expressiveness.
For example, MHGCN [38] directly learns the summation weights
of the adjacency matrix with only one type of edge, rendering it
incapable of learning arbitrary filters. Additionally, these HGNNs
acquire graph filters without any necessary constraints, making
them challenging to learn, especially from a graph optimization
perspective [10, 36, 43, 44], where graph filters should satisfy posi-
tive semidefinite constraints. In Section 6.4 of our experiments, we
show the impact of the positive semidefinite constraint, and under
equivalent conditions, models with this constraint perform better
and exhibit reduced standard errors across multiple runs.

To address these issues, we first introduce the concept of spectral
heterogeneous graph convolution, which is a straightforward and
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intuitive extension of spectral graph convolution. Building upon
this, we present a positive spectral heterogeneous graph convolu-
tion, leveraging positive noncommutative polynomials to ensure
that the acquired graph filters maintain positive semidefiniteness.
Using this convolutional approach, we propose a novel heteroge-
neous graph convolutional network named PSHGCN. PSHGCN
offers a simple yet highly effective method for learning hetero-
geneous graph filters. Moreover, we analyze the rationale behind
PSHGCN from the perspective of graph optimization. Our analysis
shows that PSHGCN has the theoretical capacity to express a wide
array of valid heterogeneous graph filters. Finally, we conduct an
extensive experiment, demonstrating that PSHGCN excels in tasks
such as node classification and link prediction. This underscores
PSHGCN’s ability to learn heterogeneous graph filters adeptly. No-
tably, PSHGCN exhibits remarkable scalability, efficiently handling
large real-world heterogeneous graphs comprising millions of nodes
and edges. We summarize the contributions of this paper as follows:

(1) We propose PSHGCN, a heterogeneous graph convolutional
network that uses positive spectral heterogeneous graph con-
volution to learn valid heterogeneous graph filters.

(2) We present a generalized heterogeneous graph optimization
framework and demonstrate the rationale of our PSHGCN from
this framework.

(3) Thorough experiments demonstrate that PSHGCN achieves
superior performance in tasks such as node classification and
link prediction, and has desirable scalability.

2 RELATED WORK

Graph Neural Networks (GNNs) are machine-learning tech-
niques designed specifically for graph data. These methods aim to
find a low-dimensional vector representation for each node, en-
abling efficient processing for various network mining tasks. GNNs
can be broadly classified into two categories: spatial-based and
spectral-based approaches [32]. Spatial-based GNNs directly prop-
agate and aggregate information in the spatial domain. From this
viewpoint, GCN [15] can be interpreted as aggregating one-hop
neighbor information in each layer. GAT [27] leverages attention
mechanisms to learn aggregation weights.

Spectral-based GNNss utilize spectral graph convolutions/filters
designed in the spectral domain. ChebNet [6] employs Chebyshev
polynomials to approximate filters. GCN [15] simplifies the Cheby-
shev filter by utilizing a first-order approximation. APPNP [16] uses
Personalized PageRank (PPR) to determine the filter weights. GPR-
GNN [5] learns polynomial filters by employing gradient descent
on the polynomial weights. BernNet [10] utilizes the Bernstein ba-
sis for approximating graph convolutions, enabling the learning
of arbitrary graph filters. JacobiConv [30] and ChebNetII [11] use
Jacobi polynomials and Chebyshev interpolation, respectively, to
learn filters. OptBasisGNN [8] first computes the optimal polyno-
mial bases and then uses them to learn filters. However, all these
methods are designed for homogeneous graphs and do not perform
optimally on heterogeneous graphs.

Heterogeneous Graph Neural Networks (HGNNs) are ex-
plicitly developed to address the challenges posed by heterogeneous
graphs. HGNNSs can be broadly categorized into meta-path-based

Anon.

and meta-path-free HGNNs [35]. Meta-path-based HGNNs prop-
agate and aggregate neighbor features using selected meta-paths.
HAN [28] uses a hierarchical attention mechanism with multiple
meta-paths for aggregating node features and semantic information.
HetGNN [40] employs random walks to generate node neighbors
and aggregates their features. MAGNN [7] encodes information
from manually selected meta-paths instead of just focusing on
endpoints. SeHGNN [35] utilizes predetermined meta-paths for
neighbor aggregations and applies a transformer-based approach.

Meta-path-free HGNNs propagate and aggregate messages from
neighboring nodes in a manner similar to GNNs, without requiring
a selected meta-path. RGCN [20] extends GCN [15] to heteroge-
neous graphs with edge type-specific graph convolutions. GTN [39]
utilizes soft sub-graph selection and matrix multiplication to gen-
erate meta-path neighbor graphs. SimpleHGN [18] incorporates a
multi-layer GAT network with attention based on node features
and learnable edge-type embeddings. MHGCN [38] directly learns
the summation weights and employs GCN’s convolution for feature
aggregation. EMRGNN [31] and HALO [1] propose optimization
objectives tailored for heterogeneous graphs and design architec-
tures by solving these optimization problems. HINormer [19] uses
the local structure encoder and the relation encoder, with graph
Transformer to learn node embeddings. MGNN [2] uses noncom-
mutative polynomials to create graph convolutions for multigraphs
in the spectral domain. All of these HGNNS are designed within the
spatial domain, except for MGNN. However, MGNN mainly focuses
on multigraphs and has no constraints for learned filters. The lack
of robust theoretical guarantees and expressiveness within spatial-
based HGNNS, coupled with the limited exploration of spectral-
based HGNN s, motivates us to propose the PSHGCN.

3 PRELIMINARIES

3.1 Spectral Graph Convolution

Recent studies suggest that many popular spectral-based GNNs
utilize a polynomial of the Laplacian matrix to approximate spectral
graph convolutions [6, 10, 11, 15, 30]. In particular, we denote an
undirected homogeneous graph with node set V and edge set E
as G(V,E), whose adjacency matrix is A. Let L = I - A=1I-
D~ /2AD~1/2 denote the normalized Laplacian matrix, where A=
D~ !/2AD~!/2 denotes the normalized adjacency matrix and D is
the diagonal degree matrix of A, i.e., D[i,i] = }; A[i, j]. We use
L = UAUT to represent the eigendecomposition of L, where U
denotes the matrix of eigenvectors and A = diag[A1, ..., Ajy] is
the diagonal matrix of eigenvalues. Given a graph signal vector
x € RV, the spectral graph convolution is defined as

y = h(L)x = Uh (A) UTx = Udiag [h(41), ... h(Ajy)| UTx. (1)

The function h(L) (or, equivalently, (1)) is the spectral graph
filter and y denotes the output of graph convolution. To learn
filters while avoiding the expansive eigendecomposition, existing
methods use polynomials to approximate A(L) [6, 11].

K
y=hlL)x ~ Z kakx, (2)
k=0

where wy are the polynomial filter weights. We can obtain different
filters by setting or learning the weights wy.
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3.2 Graph Optimization Framework

We can obtain the spectral graph convolution through the lens of a
classical graph optimization problem [10, 44].

myinf(y) =(1-ay yLy+aly-xIj ©)

where the first term is a smooth operation of the signals based
on the graph structure and y(-) is an energy function [22]. The
second term is a regularization that maintains the original signals.

The parameter « € (0, 1) is a trade-off parameter. We can get the

closed-form solution of the problem (3) by setting % =0.

y = h(L)x = a(al + (1 - @)y(L) 'x. (4)

Equation (4) can express some specific convolution by setting dif-
ferent functions y (L) [10, 44]. For example, if we set y(L) = L, then
y = a(al + (1 - a)L)"'x = a(I — (1 — a)A)~!x, corresponding
the graph convolution of PPNP/APPNP [16]. We can obtain more
existing GNNs’ convolutions using Equation (4). For the details,
please refer to papers [10, 44].

Importantly, in Equation (3), the output of function y(L) has to
be positive semidefinite. If y(L) fail to satisfy this condition, the
optimization function f(y) becomes non-convex, and the solution
to % = 0 may lead to a saddle point. When y(L) is positive
semidefinite, we can derive that the spectral graph filter h(L) =
a(al + (1 - a)y(L))~! is positive semidefinite, i.e., h(1) > 0 [10].
Therefore, based on the graph optimization framework, a spectral
graph filter A(L) should be positive semidefinite.

3.3 Heterogeneous Graph

A heterogeneous graph [25] is defined as G = (V, E, ¢, ), where
V is the set of nodes and E is the set of edges. Let n = |V| denote
the number of nodes. Each node v € V is attached with a node type
¢ (v) and each edge e € E is attached with an edge type y/(e). We
use T, = {¢(v) : Yo € V} to denote the set of possible node types
and 7, = {¢/(e) : Ve € E} to denote the set of possible edge types.
When |75| = |7¢| = 1, the graph becomes an ordinary homogeneous
graph. For convenience, we use R = |7¢| to denote the number of
edge types.

For a heterogeneous graph G, we denote the sub-graph generated
by differentiating the types of edges between all nodes as {G,|r =
1,2,...,R}. Each G, includes n nodes but only contains one type
of edge. Let A, denote the adjacency matrix of the sub-graph Gy,
where A, [, j] is non-zero if there exists an r-th type edge from
i to j. Notably, in the general case of heterogeneous graphs, the
sub-graph G, is a directed graph. Hence, we use D, to represent the
diagonal out-degree matrix of A,,i.e., D, [i,i] = Z? Ayli, j]. We use
A, = D;'A, to denote the normalized adjacency matrix and use
L, =I— A, to denote the normalized Laplacian matrix. For brevity,
we assume that all nodes possess the same dimensional features
and denote the node features as X € R4, where d represents the
dimensionality of the node features.

4 THE PROPOSED METHOD: PSHGCN

In this section, we will begin by introducing the concept of spectral
heterogeneous graph convolution. Subsequently, we will propose
a positive spectral heterogeneous graph convolution, ensuring its

Conference acronym 'XX, June 03-05, 2018, Woodstock, NY

Table 1: Existing HGNNs that attempt to design the spectral
heterogeneous graph convolution.

Method Shift P, Graph Convolution

_ k
GTN [39] A, DK, =R ot Arx .
SRy (- (SR pA) x

(32, prr) " x

EMRGNN [31] A,

MHGCN [38] A,

positive semidefinite nature. Finally, we will provide a compre-
hensive overview of the implementation of the Positive Spectral
Heterogeneous Graph Convolutional Network (PSHGCN).

4.1 Spectral Heterogeneous Graph Convolution

Expanding spectral graph convolution, i.e., Equation (2), to hetero-
geneous graphs is a straightforward and intuitive process. MGNN [2],
in this context, has introduced a method for defining graph convo-
lution on multigraphs through the utilization of noncommutative
polynomials. This approach can be readily applied to heterogeneous
graphs. Specifically, We use P, to denote either the adjacency matrix
A, or the Laplacian matrix L, of sub-graph G,. This P, is commonly
recognized as the shift operator in graph signal processing [23].

DEFINITION 4.1. (Spectral Heterogeneous Graph Convolution).
Consider a heterogeneous graph G = (V, E, ¢, ) with shift operators
{P, }521. A spectral heterogeneous graph convolution of a graph signal
x € R" on G is defined as h(P1,Py,...,PRr)x, where h denotes a
noncommutative polynomial function that takes the shift operators
{Pr}f:1 as independent variables.

Here, we call h(P1,P,.
and formalize it as W01+Zf=1 2 WrL T2 Tk (Pr1 Py, .. .Prk),
where wy, r, . € R denote the polynomial coefficients, K €
Z* is the order of the polynomial, and r; € {1,2,...,R} for each
i € {1,2,...,k}. For example, a 2-order polynomial filter h with
two variables can be denoted as h(P1,P2) = wol + wiP; + wyoPs +
W1,1P1P1 + W1,2P1P2 + W2,1P2P1 + W2,2P2P2.

Some existing HGNNSs can be perceived as attempts to design
the spectral heterogeneous graph convolution. We show the details
in Table 1. Specifically, GTN [39] introduces a Graph Transformer
layer to perform the graph convolution, which can be represented
asD™! Hlk(:o Zf:o ar(k)Arx. In this expression, ar(k) are learnable
weights, D is the degree matrix for normalization, and Ay is the
identity matrix. EMRGNN [31] utilizes the multi-relational Person-
alized PageRank [16] to design the graph convolutions, which can

be expressed as ZIk(:O a(l - a)k (25:1 y,Ar)k x. Here, A, is the
normalized adjacency matrix with self-loops. EMRGNN approxi-
mates a graph filter by learning the weight y, and setting « as a
non-negative trade-off parameter. MHGCN [38] applies a straight-
forward approach by aggregating the adjacency matrix A, with

learnable weights S, and uses K GCN-layers to achieve the graph

.., PR) the heterogeneous graph filter

convolution. This can be expressed as (215:1 ﬁrAr)K X.

We can observe that the above methods try to approximate the
heterogeneous graph filter by learning different weights. How-
ever, these methods constitute specific instances of the graph filter
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Figure 1: An illustration of the proposed PSHGCN.

h(P1,Py,...,PR), ie., they cannot be equivalent to this noncommu-
tative polynomial h, which limits their expressiveness. In fact, the
polynomial graph filter h possesses the capacity to approximate
arbitrary filter functions, given that the order K is sufficiently high.

4.2 Positive Spectral Heterogeneous Graph
Convolution

Although employing the spectral heterogeneous graph convolution,
as defined in Definition 4.1, seems promising, it does not inherently
guarantee the learned graph filters are positive semidefinite. As
discussed in Section 3.2, the valid spectral graph filter on homoge-
neous graphs should satisfy the positive semidefinite constraint.
Furthermore, we will provide both theoretical and empirical evi-
dence to support the assertion that graph filters on heterogeneous
graphs should also conform to the positive semidefinite constraint
in forthcoming sections.

To ensure the learned graph filters are positive semidefinite,
spectral-based GNNs on homogeneous graphs have employed vari-
ous techniques, such as Bernstein Approximation [10] and Polyno-
mial Interpolation [11]. However, directly extending these methods
to the heterogeneous filter h(P1, Py, ..., PR) is infeasible since the
shift operators {Pr}lrr":1 are noncommucative and share different
eigenspace. Consequently, ensuring that heterogeneous filter h
meets the positive semidefinite constraint becomes a nontrivial
and challenging problem. To address this problem, we propose to
use the positive noncommutative polynomials [12], characterized
by a Sum of Squares form, to redefine the spectral heterogeneous
graph convolution.

DEFINITION 4.2. (Sum of Squares). A noncommutative polynomial
h(P1, Py, ..., PR) is a Sum of Squares if it satisfies h(P1, Py, ..., PR) =
i 9i(P1,Py,. ..,PR)Tgi(Pl,Pz, ..., PR), where each g; is an arbi-
trary polynomial and ng denotes its transpose.

If a noncommutative polynomial conforms to the Sum of Squares
form, it must exhibit positive semidefinite properties, and the op-
posite also holds. Specifically, we have the following theorem.

THEOREM 4.1. [12] Let h(P1, Py, ..., PR) denote a noncommuta-
tive polynomial. If h(P1, P, ..., PR) conforms to the Sum of Squares
form, then h(P1, Py, ..., PR) is positive semidefinite. Conversely, If
the h(P1, Py, ..., PR) is positive semidefinite, then h(P1, P, ..., PR)
meets the Sum of Squares form.

Theorem 4.1 shows the necessity of using a Sum of Squares to
ensure that A(P1, Py, ..., PR) is positive semidefinite. Based on this,
we propose the positive spectral heterogeneous graph convolution.

DEFINITION 4.3. (Positive Spectral Heterogeneous Graph Convo-
lution). Consider a heterogeneous graph G = (V, E, ¢, ) with shift op-
erators {Py }521. A positive spectral heterogeneous graph convolution
of a signal x is defined as Y; gi(P1, Py, . . ., PR)Tgi(Pl, Py,...,PR)x,
where each g; denotes an arbitrary polynomial and giT is its transpose.

4.3 Implementation of PSHGCN

According to Definition 4.3, it is possible to acquire arbitrary filters
that satisfy positive semidefinite constraints by learning various
polynomial functions g;. However, learning multiple functions g; is
challenging in practice. Therefore, we simplify the Sum of Squares
form by utilizing a single polynomial g. It is essentially an arbi-
trary monomial noncommutative polynomial. Remarkably, despite
focusing solely on learning a single polynomial function, the exper-
iments in Section 6 demonstrate that this approach shows excellent
performance. Additionally, in the implementation of PSHGCN, we
opt for P, = A,. As a result, the convolution of PSHGCN is

y=g(Al,Ag,...,AR)Tg(Al,Az,...,AR)X, (5)

where x € R” represents a graph signal and we treat it as a column
of the node features X. As illustrated in Figure 1, PSHGCN acquires
a heterogeneous graph filter by learning the polynomial g.

In practice, many heterogeneous graphs exhibit varying dimen-
sional features for different node types. To address this, we em-
ploy multiple Multi-layer Perceptrons (MLPs) for feature projec-
tion, aligning them into a common dimensional space, a strategy
commonly employed by many existing HGNNs [18, 31, 35]. Subse-
quently, we apply the graph convolution as specified in Equation (5),
and g is a noncommutative polynomial. That is g(Al, A, ..., AR) =
W()I+Zlk<:1 2 WrLra, otk (ArlArz . ‘Ark , where wo and wr, r, ._re
are learnable coefficients. Finally, we use an MLP for downstream

tasks. More precisely, the model structure of PSHGCN can be for-
mulated as

H = MLP;; (X),
Y =g(Ay, Ay, ..., AR)Tg(A1, Ay, ..., AR)H, (6)
Z = MLPoy: (Y).
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Notably, the original node features may span diverse dimensions,
resulting in the existence of multiple MLP;;, modules. For the sake
of clarity and simplicity, we opt for a simplified form. For a more
detailed description, please refer to Algorithm 1 in Appendix C.
Decoupled PSHGCN. Similar to many spectral-based GNNs [8,
11, 16], our PSHGCN can be extended to large-scale graphs by
decoupling the feature transformation and propagation processes.
In particular, we first calculate and store Arl Arz . -ArkX for the
original feature X in the preprocessing. Then we perform graph
convolution operations. We have the following special process.

K
Y =coX + Z Z crl,rz,.‘.,rkArlArz o 'Arkxs @
k=1

Z = MLPyy: (Y).

Here, ¢y, r,,...r; denote the coefficients of the ArlArz e Ark term
in the expansion ofg(Al, A, ... ,AR)Tg(Al, A, .. .,AR) . The pre-
computed Ay, A, - - - Ay, X allows us to train PSHGCN in a mini-
batch manner. For more details, please check Algorithm 2 in Ap-
pendix C. In our experiments, we assess the scalability of PSHGCN
on ogbn-mag and find that PSHGCN achieves a new SOTA result.

5 MODEL ANALYSIS

In this section, we will demonstrate the necessity of the positive
semidefinite constraint from the graph optimization perspective
for heterogeneous graph filters. Meanwhile, we will elaborate on
the rationale behind using PSHGCN and the theoretical guarantees
of its effectiveness. Finally, we will analyze the complexity.

5.1 Understanding PSHGCN from the Graph
Optimization Perspective

Generalized Heterogeneous Graph Optimization Framework.
The utilization of graph optimization in designing GNNs for ho-
mogeneous graphs has been extensively explored and has led to
remarkable performance [10, 36, 43, 44]. However, there have been
limited efforts to extend the graph optimization framework to het-
erogeneous graphs. Based on the graph optimization framework
for homogeneous graphs discussed in Section 3.2, we introduce a
generalized heterogeneous graph optimization problem

min f(y) = (1- @)y y(PLPs.. PRIy +a lly x|} (8)

where a € (0, 1) is a trade-off parameter, y denotes the resulting rep-
resentation of the input signal x, and y(P1, Py, ..., PR) is an energy
function determining the rate of propagation [22]. Generally, y(-)
takes the shift operators {P, }Ile as inputs and produces areal n X n
matrix. Similar to Equation (3), we require that y(P1,Py,...,Pg)
must be positive semidefinite, so that the optimization problem (8)

has a closed-form solution. By setting the derivative % =0, we
can obtain this solution as
y=alal+ (1-a)y(Py,Ps....PR)] 1 x. )

We can set up specific y functions to get some of the existing
HGNNs within this generalized graph optimization framework.
For example, if we set P, = f,r, where f,r is the normalized Lapla-
cian matrix with self-loops, and y (L1, L, ...,Lg) = Zf’:l pirLy sub-
ject to 25:1 fr = 1and g > 0, then we can get the solution
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y=a (I -(1-a) Zle yrAr) ' x, which is the heterogeneous
graph convolution used in EMRGNN [31].

Positive semidefinite constraint. We can observe that the
a[al+ (1 - a)y(P1,Py,...,PR)] ! in Equation (9) denotes the het-
erogeneous graph filter, and the h(P1, Py, ..., Pr) defined in Defini-
tion 4.1 is its polynomial approximation. This is consistent with the
concepts discussed on homogeneous graphs in Section 3.1. Within
this graph optimization framework, we can deduce that the hetero-
geneous graph filter has to satisfy a positive semidefinite constraint.
Specifically, we have the following lemma, the proof of which can
be found in Appendix B.

LEMMA 5.1. Consider an arbitrary function y(P1, Py, ..., PR) that
produces a real positive semidefinite n X n matrix and let a be in the
interval (0,1). Then the matrix a [al+ (1 — a)y(P1,P2,...,PR)] -1
is also a real positive semidefinite matrix.

A heterogeneous graph filter must satisfy the requirement of
a positive semidefinite constraint. This fact motivates us to intro-
duce the positive spectral heterogeneous graph convolution and
the PSHGCN based on it. According to Theorem 4.1, the Sum of
Squares form is a necessary and sufficient condition for ensuring
the positive semidefinite constraint of heterogeneous graph fil-
ter h(P1,Py,...,PR). In other words, PSHGCN can approximate
any valid heterogeneous graph filter. Conversely, any valid hetero-
geneous graph filter can be expressed by PSHGCN, theoretically
guaranteeing the effectiveness of PSHGCN.

5.2 Complexity

In Equation (6), g is a K-order noncommutative polynomial. In

theory, the number of terms in g grows exponentially with the
K+1
order K, i.e., R R+—1_ L terms. However, in real-world heterogeneous

graphs, many types of nodes have no direct edges between them,
e.g., such as authors and conferences in DBLP, which means that
many terms AiAj in g are zero matrices. Therefore, we can ignore
these terms in practice. Remarkably, these non-zero polynomial
terms are analogous to the meta-paths commonly employed in most
existing HGNNS [18, 28]. In other words, for heterogeneous graphs
where all types of nodes are interconnected, the neighbors aggre-
gated by these HGNNS also experience exponential growth with the
length of the meta-paths. We can derive that the time complexity
of PSHGCN in Equation (6) is O(LKmd + nd?), where L denotes
the number of non-zero terms in the polynomial g with order K, m
denotes the maximum number of edges among {Al, Ag, .. ,AR},
d is the feature dimension, and O(nd?) is the time complexity of
the MLP. This complexity is expected to outperform many existing
HGNNS, like HAN [28]. The difference is that PSHGCN doesn’t
need an attention mechanism for aggregation, and it learns the filter
weights instead. In HAN, L can be interpreted as the number of
selected meta-paths, while K can be seen as their maximum length.

For decoupled PSHGCN in Equation (7), its preprocessing time
complexity is O(LKmd), and the time complexity for training using
mini-batch is O(Bd?), where B denotes the batch size. This train-
ing complexity is significantly lower than that of SeHGNN [35],
which is O(BL%d?), where L denotes the number of selected meta-
paths. This reduction is primarily because SeHGNN needs to use a
Transformer for feature fusion.
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Anon.

Table 2: Node classification performance (Mean F1 scores + standard errors) comparison of different methods on four datasets.
Tabular results are presented in percentages, with the best result highlighted in bold and the runner-up underlined.

DBLP ACM IMDB AMiner

Macro-F1 Micro-F1 Macro-F1 Micro-F1 Macro-F1 Micro-F1 Macro-F1 Micro-F1
GCN 90.84 4032 91.47 1034 92.17 +0.24 92.1210.23 57.88+1.18 64.82.10.64 75.6341.08 85.77 +0.43
GAT 93.8340.27 93.3940.30 92.2640.94 92.1940.93 58.94.135 64.86+0.43 75.2340.60 85.5640.65
GPRGNN 91.664+1.01 92.45.40.76 92.36+0.28 92.2840.27 58.90+1.15 64.84.0.31 75.3210.67 86.13.4058
ChebNetll 92.0540.53 92.97 +0.48 92.454037 92.331038 58.07+134 64.7910.89 75.5940.73 85.824052
RGCN 91.5249.50 92.07+0.50 91.5540.74 91414075 58.8510.26 62.0540.15 63.03.49.27 82.79+1.12
HAN 91.67 +0.49 92.0540.62 90.89.+0.43 90.79+0.43 57.74+0.96 64.63.1058 63.86+2.15 82.954133
GTN 93.5240.55 93.97 1054 91.3140.70 91.2040.71 60.47 +0.08 65.14.0.45 72.394179 84.744124
MAGNN 93.28.40.51 93.76+0.45 90.88.+0.64 90.77 +0.65 56.49.43 .20 64.67+167 71.564163 83.48.137
EMRGNN 92.194038 92.57 1037 92.9340.34 93.851033 61.8712,03 65.8610.31 73.7441.25 85.46.40.74
MHGCN 93.5640.41 94.0340.43 92124066 91.97+0.68 62.85+1.11 66.57+0.63 73.5641.75 85.18.1.28
SlmpleHGN 94-0110.24 94.46i0.22 93-42i0.44 93.3510_45 63.5311_36 67.36i0.57 75-43i0.88 86.52i0473
HALO 92.371032 92.84.1034 93.0540.31 92.9640.33 71.63410.77 73.8140.72 74914123 87.2510.89
SeHGNN 95.0640.17 95.4240.17 94.054035 93.981036 67.1119.25 69.17 10.43 76.8340.57 86.96.10.64
PSHGCN 95.2740.13 95.61.9.12 94.35:023 94.27.923 72.33.057 74.46.032 77.26.9775 88.21.031

6 EXPERIMENTS

In this section, we conduct extensive experiments to assess the
performance of PSHGCN against the state-of-the-art HGNNs for
tasks involving node classification and link prediction. Furthermore,
we evaluate the scalability of PSHGCN by employing the Open
Graph Benchmark (OGB). Finally, we provide an in-depth model
analysis from various perspectives. All the experiments are carried
out on a machine with an NVIDIA Tesla A100 GPU (80 GB memory),
Intel Xeon CPU (2.30 GHz) with 64 cores, and 512 GB of RAM.

6.1 Node Classification

Datasets and Setting. For the node classification task, we evalu-
ate PSHGCN on four widely used heterogeneous graphs, including
three academic citation heterogeneous graphs DBLP [18], ACM [18]
and AMiner [29], and a movie rating graph IMDB [18]. Due to
limited space, we provide dataset statistics in Table 6 within Ap-
pendix D.1 and offer a detailed introduction. For baselines, we
first compare PSHGCN to four popular homogeneous GNN, in-
cluding GCN[15], GAT [27], GPRGNN [5] and ChebNetII [11],
where GPRGNN and ChebNetlII are two competitive spectral-based
GNNs. Additionally, we compare PSHGCN to nine competitive
HGNN:S, including RGCN [20], HAN [28], GTN [39], MAGNN [7],
EMRGNN [31], MHGCN [38], SimpleHGN [18], HALO [1] and Se-
HGNN [35]. To ensure a fair comparison, we adopt the experimental
setup used in the Heterogeneous Graph Benchmark (HGB) [18],
and follow its standard split with the training/validation/test sets
accounting for 24%/6%/70%. We use the existing baseline results
provided by HGB [18]. For results that are not available, we use the
officially released code and conduct a hyperparameter search based
on the guidelines presented in their respective paper. For PSHGCN,
we use Equation (6) as the propagation process and search the order
K from 1 to 5 in the polynomial g. We use a uniform distribution to

Table 3: Link prediction performance (ROC-AUC/MRR =+
standard errors). Results are presented in percent, with the
best result highlighted in bold and the runner-up underlined.

Amazon ‘ LastFM
ROC-AUC ~ MRR | ROC-AUC  MRR
GCN 92.844034 97.0510.12 | 59.171031  79.38+0.65
GAT 91.654080 96.581026 | 58.5610.66 77.0412.11
RGCN 86.324028 93.9210.16 | 57.2110.09 77.68+0.17
GATNE 77.39:050 92.041036 | 66.87+0.16 85.9310.63
HetGNN 77.744024 91.794003 | 62.091001 83.5640.14
HGT 88.264206 93.871065 | 54.991028 74.9641.46
SeHGNN 91.671+094 95.831058 | 66.591062 88.6111.25
SimpleHGN  93.404062 96.944029 | 67.594023 90.811032
PSHGCN 94.12, 0958 97.93:046 | 69.2510.63 91.19.0.51

randomly initialize the weights w in g and optimize them using gra-
dient descent, consistent with spectral-based GNNs [5, 10, 11]. More
details of hyper-parameters and settings are listed in Appnedix D.2.

Results. We use the mean F1 scores with standard errors over
five runs as the evaluation metric. The results are presented in Ta-
ble 2, with the top two performing results highlighted in bold and
underlined, respectively. We first observe that the spectral-based
GNN:ss, specially designed for homogeneous graphs, outperform
certain HGNNS, like HAN. This suggests spectral-based GNNs’
promising effectiveness even on heterogeneous graphs. Further-
more, PSHGCN outperforms other methods on all datasets, attrib-
uted to its capability of learning various valid heterogeneous graph
filters. Notably, when compared to SeHGNN, PSHGCN achieves su-
perior performance without relying on tricks like label propagation
to enhance features. Instead, it directly learns the coefficients of the
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Figure 2: Comparison of MGNN [2], PSHGCN, and its variant on node classification.

polynomial g in Equation (6). Nevertheless, PSHGCN outperforms
SeHGNN on all datasets, with a significant advantage on IMDB
and AMiner. These results highlight PSHGCN’s effectiveness for
heterogeneous graphs and its strong ability to learn filters.

6.2 Link Prediction

Datasets and Setting. For the link prediction task, we use two
datasets Amazon and LastFM from HGB [18] to evaluate the per-
formance of PSHGCN. We compare PSHGCN with eight methods,
including two famous GNNs: GCN [15] and GAT [27], six compet-
itive HGNNs: RCGN [20], GATNE [4], HetGNN [40], HGT [14],
SeHGNN [35] and SimpleHGN [18]. We follow the experimental
setup provided by HGB. The task of link prediction is cast as a
binary classification problem, with the splitting of edges as follows:
81% for training, 9% for validation, and 10% for testing. Then the
graph is reconstructed solely using the edges from the training set.
We use randomly sampled 2-hop neighbors as the negative test set,
as suggested by HGB. For baselines, we use the results provided in
HGB, with the exception of SeHGNN. For SeHGNN, we use their
publicly available code and conduct a hyperparameter search in
accordance with the details in their paper. It’s worth noting that due
to the challenge of applying SeHGNN’s label propagation technique
directly to link prediction, we have excluded this component from
our implementation. For PSHGCN, we employ the same implemen-
tation as utilized for the node classification task described in the
previous subsection. We explore both dot product and DistMult [34]
decoders, following the approach of SimpleHGN [18]. For more
specific hyperparameter settings, please refer to Appendix D.3.

Results. We evaluate link prediction using mean ROC-AUC
(area under the ROC curve) and MRR (mean reciprocal rank) with
standard errors, over five repeated runs. The results are presented
in Table 3. We observe that PSHGCN consistently outperforms
other methods on both datasets. This underscores the effectiveness
of PSHGCN in the link prediction task and demonstrates the fea-
sibility of designing heterogeneous graph convolutions from the
spectral domain. Notably, PSHGCN exhibits a significant advantage
over SeHGNN, which we attribute to its enhanced expressiveness
and flexibility. PSHGCN can derive diverse heterogeneous graph
filters by directly learning coefficients, whereas SeHGNN relies
on manually selected meta-paths and incorporates techniques like
label propagation to boost its performance.

Table 4: Node classification performance (Mean accuracies +
standard errors) on ogbn-mag, where the symbol "*" denotes
the usage of extra embeddings and multi-stage training. The
best results are highlighted in bold.

Methods  Validation accuracy Test accuracy
RGCN 48.35+0.36 47.37+0.48
HGT 49.89+0.47 49.27+0.61
NARS 51.85+0.08 50.88+0.12
SAGN 52.25+0.30 51.17+0.32
GAMLP 53.23+0.41 51.63+0.22
SeHGNN 55.95+0.11 53.99+0.18
PSHGCN 56.16+0.21 54.57+0.16
SAGN* 55.91+0.17 54.40+0.15
GAMLP* 57.02+0.41 55.90+ 0.27
SeHGNN* 59.17+0.09 57.19+0.12
PSHGCN* 59.43+0.15 57.52+0.11

6.3 Scalability

To evaluate the scalability of PSHGCN, we conduct a node clas-
sification task on the large-scale heterogeneous graph ogbn-mag
from the Open Graph Benchmark (OGB). We compare six baselines
listed on the OGB leaderboard: RGCN [20], HGT [14], NARS [37],
SAGN [24], GAMLP [42] and SeHGNN [35]. We use results on the
leaderboard for these baselines. For PSHGCN, we use the decou-
pled version described in Equation (7), and more hyperparameter
settings are listed in Appendix D.4.

Table 4 shows the mean accuracies with standard errors over
five runs. We use the symbol * to denote the usage of extra embed-
dings (e.g., ComplEx embedding) and multi-stage training, which
are commonly used in the baselines. We observe that PSHGCN
has achieved a new SOTA result on ogbn-mag, underscoring the
effectiveness and scalability of decoupled PSHGCN. Compared to
the non-decoupled PSHGCN, the decoupled version relies more on
the original node features since it does not utilize encoders like
MLPs to transform the features before filtering. In fact, it is worth
further exploration to investigate how to extend the non-decoupled
PSHGCN to large-scale datasets using techniques such as sampling,
and this also holds true for Spectral-based GNNss.
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Figure 3: Node classification performance of PSHGCN with respect to the order K.

6.4 Model Analysis

Impact of the positive semidefinite. To investigate the impact
of the positive semidefinite constraint, we compared PSHGCN and
its variant without this constraint, as well as MGNN [2], the only
method attempting to design heterogeneous graph convolution
in the spectral domain. Specifically, MGNN uses noncommutative
polynomials to create convolutions for multigraphs, which can be
expressed as XWy + Zle D An Arz .- -Ark XWy  ry....re» Where W
are learnable weight matrices. These weight matrices implicitly de-
fine the polynomial coefficients. For the variant of PSHGCN without
the positive semidefinite constraint, we achieve it by removing g in
Equation (6). In the implementation, we used the code provided by
the authors for MGNN. Unfortunately, this code stores the adja-
cency matrices in dense form, limiting the choice of higher-order
K. So, we developed a sparse version based on the original code,
denoted as MGNN (Sparse). For both MGNN (Sparse) and PSHGCN
(Variant), our experiments followed the same settings as PSHGCN,
with a search for polynomial orders ranging from 2 to 10. Fig-
ure 2 presents the results of our comparison. First, we observe that
PSHGCN and its variants outperform MGNN and MGNN (Sparse),
highlighting the effectiveness of directly learning polynomial coef-
ficients, a finding consistent with research in spectral-based GNNs.
Additionally, PSHGCN outperforms PSHGCN (Variant), especially
with smaller standard errors over multiple repeated runs. This result
underscores the significance of the positive semidefinite constraint
in learning heterogeneous graph filters. It enhances learning ability
and stability in practice while also ensuring the learned filters are
always theoretically valid.

Time comparison. We conduct node classification on DBLP
to evaluate the time cost (per epoch) and memory cost for several
representative models, including GTN, MAGNN, HAN, MHGCN,
EMRGNN, RGCN, HALO, SimpleHGN, SeHGNN, and PSHGCN.
The results are shown in Figure 4. We found that PSHGCN is com-
parable to the advanced methods but significantly outperforms
early methods such as HAN and RGCN. This is due to PSHGCN
having a simple structure and no attention mechanism or other
modules. In addition, we provide a comparison between decoupled
PSHGCN and SeHGNN on ogbn-mag in Appendix D.5. As analyzed
in Section 5.2, decoupled PSHGCN is more efficient than SeHGNN.

Sensitivity of the order K. We investigate the impact of the
order K in the polynomial g on the performance of PSGCN. Figure 3
displays the node classification F1 scores with respect to the order

K on ACM and AMiner (more results are listed in Appendix D.5).
We find that the performance of PSHGCN increases gradually with
increasing K, which is consistent with the theory of polynomial
approximation in graph convolution.
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Figure 4: Time and Memory Comparison for HGNNs on DBLP.
The area of the circles corresponds to the (relative) memory
consumption of the respective models.

7 DISCUSSION & CONCLUSION

This paper introduces PSHGCN, a novel heterogeneous convolu-
tional network that creates heterogeneous graph convolutions in
the spectral domain. Through the utilization of positive noncommu-
tative polynomials, PSHGCN enables effective learning of diverse
valid heterogeneous graph filters. Experimental results demonstrate
that PSHGCN achieves superior performance in node classification
and link prediction tasks compared to existing methods. Notably,
to our knowledge, this paper is the first attempt to obtain graph
convolutions by directly learning the weights of spectral graph fil-
ters on heterogeneous graphs. Extensive experiments demonstrate
the effectiveness of our proposed methods. Consequently, it opens
up several directions for future research. (1) As mentioned in Sec-
tion 6.3, it would be meaningful to explore alternative approaches,
such as sampling or graph sparsification, to improve the scalability
of PSHGCN. (2) Further investigation into the spectral analysis of
PSHGCN makes sense. This involves defining the Fourier trans-
form on heterogeneous graphs. Although some methods have been
attempted with techniques like joint block diagonalization [2] or
Jordan decomposition [21], these methods are not as intuitive or
effective as those in homogeneous graphs.
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A NOTATIONS

Table 5: Summation of main notations in this paper.

Notation ‘ Description

G=(V,E) undirected homogeneous graph with node
and edge sets V and E

AL the normalized adjacency and Laplacian ma-
trix of graph G = (V,E)

h(L) ‘ the spectral graph filter of graph G = (V, E)

G=(V,E ¢,¢) | heterogeneous graph with node and edge
sets V and E, node type ¢ and edge type ¢

‘ the node number of graph G = (V, E, ¢, ¢)

R ‘ the number of edge types of G = (V, E, ¢, )

Gy the sub-graph with only type of edge of
graph G = (V. E, §,¢)

A, L, the normalized adjacency and Laplacian ma-
trix of sub-graph G,

P, ‘ refers to either A, or L,

X, x ‘ node feature matrix and graph signal vector

h(P1,Py,...,P;) ‘ the spectral heterogeneous graph filter

B PROOF OF LEMMA 4.1

ProOF. We assume that the output of function y(P1, Py, - - - , PR)
is represented by the matrix N. According to Lemma 5.1, N is a
real symmetric positive semidefinite matrix. We perform an eigen-
decomposition of N and express it as N = QXQT, where Q is the
matrix of eigenvectors and X = diag[oy, 03, - - , o] is the matrix
of eigenvalues. Notably, the eigenvalues o; satisfy o; > 0. Then, we
have

alal+ (1 -a)y(P,Py--- ,PR)]I ' =afal+ (1 -a)N]7L.

We find that the matrix o [al + (1 — @)N] ™! is real and symmetric.
Its eigenvalues are given by m fori = 1,2,---,n. Itis
evident that m > 0 for a € (0,1) and o; > 0. Consequently,
the matrix & [al + (1 — @)N]| ™! is a real positive semidefinite matrix.

O

C PSEUDOCODE

Algorithm 1 presents the pseudocode for PSHGCN. In this context,
X%i = 1,2,...,|T0|} represents a collection of node feature
matrices of different types. For example, X corresponds to the
feature matrix of a node with node type ¢;. The dimension of the
feature matrix X% is |$:| X dgs,, and following the concatenation
operation in step 5, H will have dimensions of n X d, where d is the
hidden dimension.

Algorithm 2 presents the pseudocode for decoupled PSHGCN. In
step 16, ¢y, r,,...r,. are the coefficients of the ArlArz e Ark term in
the expansion ofg(Al, Az, .. .,AR)Tg(Al, Az, el AR) and ¢y = wg.
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Anon.

Algorithm 1: Pseudocode of PSHGCN

Input: heterogeneous graph G = (V, E, ¢, /), raw node
feature matrices {X¢i li=1,2,...,|7l|}, order K.
Parameter : polynomial coefficients wo and wy r, . re,

MLP?; for feature projection,
MLP,,,; for downstream task.
Output: The node embedding Z of graph G.
Get the normalized adjacency matrices {Ar r=12,...,R};
Randomly initialize coefficients wo and wy, r, . rc;
fori=1to0|7,| do
| HY o MLPY (x%0);
H < concatenate ({H¢i li=12..., |‘7{,|}),
Y (WOI + Zle 2 Wri, o,k (ArlArz e 'Ark)) H;

Y (W()I + ZIlle X Wryreri (ArlArZ . 'Ark)) Y’
7 — MLPaut (Y)’
return Z;

Algorithm 2: Pseudocode of decoupled PSHGCN

%

[

S

5

10

11

12

13

14

15

16

17

18

Input: heterogeneous graph G = (V, E, ¢, /), raw node
feature matrices {X¢i li=12,...,|7l|}, order K.
Parameter : polynomial coefficients wo and wy, r,. .., W%
for feature transformation,
MLP,,,; for downstream task.
Output: The node embedding Z of graph G.
Get the normalized adjacency matrices {Ar r=12,...,R};
Randomly initialize coefficients wo and wy, r, . rc;
% Preprocessing
fori=1to|7,| do
L X% « Convert the dimension of X% to n x d¢i;
fori=11t0]|7,| do
Hgsi — X%,
for each ry,ra,...,7 do
L H?f,rz,...,rk - ArlArz .. .Arkf(d)i;

% Training
fori=1to|7| do
A — HO'wi;

P $i .
[ HV1,rz,~-,rk < Hrl’rz’_“,rkW(ﬁl,
f]" ~ .
Ho — 2,5 Y
[To| g1 .
Hrl,rz,...,rk — Zi:z Hrl,rz,.u,rk’

Y = coHo + S5 XerrncHry s, oni
Z = MLPyy; (Y);
return Z;
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Table 6: Statistics of datasets on the node classification task.
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Table 7: Statistics of datasets on the link prediction task.

#Nod #Ed #Nod #Ed,
Dataset #Nodes . 0¢ #Edges ges Target #Classes Dataset #Nodes ode ges £es Target
Types Types Types Types
DBLP 26,128 4 239,566 6 author 4 Amazon 10,099 1 148,659 2 product-product
ACM 10,942 4 547,872 8 paper 3 LastFM 20,612 3 141,521 3 user-artist
IMDB 21,420 4 86,642 6 movie 5
AMiner 55,783 3 153,676 4  paper 4
Ogbn-mag 1,939,743 4 21,111,007 4  paper 349 of nodes: papers (P), authors (A), institutions (I), and fields of

D ADDITIONAL EXPERIMENTAL DETAILS

D.1 Datasets and Baselines

Datasets.We use five common real-world heterogeneous datasets
for node classification, including three academic citation hetero-
geneous graphs: DBLP [18], ACM [18], and AMiner [29], as well
as a heterogeneous graph based on movie ratings, IMDB [18], and
a large-scale academic citation heterogeneous graph known as
ogbn-mag [13]. The statistics for these datasets can be found in
Table 6. Additionally, we utilize two prevalent real-world hetero-
geneous datasets for link prediction: one stemming from product
purchase data, Amazon [18], and the other from online music data,
LastFM [18]. You can refer to Table 7 for the statistics of these two
datasets. Further details about each of these datasets are provided
below.

e DBLP is a computer science bibliography website that contains
papers published between 1994 and 2014 from 20 conferences
across four research fields. The dataset comprises four types of
nodes: authors (A), papers (P), terms (T), and venues (V), as well
as six types of edges: A-P, P-A, P-V, V-P, P-T, and T-P. For meta-
path-based HGNNS, the utilized meta-paths are APA, APTPA,
and APVPA.

e ACM is an academic citation network that encompasses papers
from three classes: Database, Wireless Communication, and Data
Mining. The dataset consists of four types of nodes: authors (A),
papers (P), subjects (S), and fields (F), along with eight types
of edges: A-P, P-A, P-c-P, P-r-P, P-S, S-P, P-K, and K-P (where
¢’ denotes citation relation and ’r’ denotes reference relation).
For meta-path-based HGNNS, the used meta-paths are PAP, PSP,
PcPAP, PcPSP, PrPAP, and PrPSP.

e IMDB is an online platform that provides information about
movies and their associated details. The movies are categorized
into five classes: action, comedy, drama, romance, and thriller.
The dataset encompasses four types of nodes: movies (M), di-
rectors (D), actors (A), and keywords (K), and includes six types
of edges: M-A, A-M, M-D, D-M, M-K, and K-M. For meta-path-
based HGNNS, the utilized meta-paths include MDM, MAM,
DMD, DMAMD, AMA, and AMDMA.

e AMiner is also an academic citation network that includes four
types of papers. The dataset includes three types of nodes: au-
thors (A), papers (P), and references (R), with four types of edges:
A-P, P-A, R-P, and P-R. For meta-path-based HGNNS, the used
meta-paths are PAP and PRP.

e Ogbn-mag is a large-scale heterogeneous network derived from
a subset of the Microsoft Academic Graph. It includes types
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study (F), along with four types of directed relations. For more
detailed information, please refer to the Open Graph Benchmark
(OGB) [13].

e Amazon is an online retail platform containing a vast array of
electronic products within its network, interconnected by co-
viewing and co-purchasing links. The dataset consists of a single
node type, products (P), accompanied by two distinct types of
edges: viewing and purchasing.

e LastFM is an online music website. The dataset comprises three
node categories: users (U), artists (A), and tags (T), interconnected
by three types of edges: U-U, U-A, and A-T. For meta-path-based
HGNNS, the employed meta-paths encompass UU, UAU, UATAU,
AUA, ATA, and AUUA.

Baseline Implementations. For GCN, GAT, RGCN, HAN, GTN,
MAGNN, GATNE, HetGNN, HGT, and SimpleHGN, we use the
Heterogeneous Graph Benchmark (HGB) implementations [18].
For other baselines, we use the implementation released by the
authors.

HGB: https://github.com/THUDM/HGB

GPR-GNN: https://github.com/jianhao2016/GPRGNN
ChebNetlII: https://github.com/ivam-he/ChebNetII
EMRGNN: https://github.com/tuzibupt/EMR

MHGCN: https://github.com/NSSSJSS/MHGCN

HALO: https://github.com/hongjoon0805/HALO
SeHGNN: https://github.com/ICT-GIMLab/SeHGNN
MGNN: https://github.com/landonbutler/MultigraphNN

D.2 Node classification in Section 6.1

We follow the experimental setup provided by the Heterogeneous
Graph Benchmark (HGB) [18] and utilize the baseline results al-
ready available in their paper. In cases where baseline results are
not accessible, we rely on the officially released code and perform
a hyperparameter search following the guidelines outlined in the
respective paper.

For our PSHGCN model, we first apply a feature projection layer
to align node features, ensuring that different types of nodes share
the same dimensional feature space. This feature projection layer
is commonly employed by various popular HGNNs [1, 18, 31, 35].
For the MLPs in PSHGCN, we search the hidden dimension from
the set {32, 64, 128, 256}. Similarly to many popular spectral-based
GNNss [10, 11, 30], we train the linear and convolutional layers
using distinct learning rates and weight decays. Specifically, we
employ Iry, and Ly, to represent the learning rate and weight
decay for the linear layers, while lr¢ony and Ly, are used for the
convolutional layers. The hyperparameters of PSHGCN for the
node classification task are presented in Table 8.

1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273
1274
1275

1276


https://github.com/THUDM/HGB
https://github.com/jianhao2016/GPRGNN
https://github.com/ivam-he/ChebNetII
https://github.com/tuzibupt/EMR
https://github.com/NSSSJSS/MHGCN
https://github.com/hongjoon0805/HALO
https://github.com/ICT-GIMLab/SeHGNN
https://github.com/landonbutler/MultigraphNN

1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292
1293
1294
1295
1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327
1328
1329
1330
1331
1332
1333

1334

Conference acronym 'XX, June 03-05, 2018, Woodstock, NY

96

o
Ul

F1 Score(%)
o
e

93
—&— Macro-F1
Micro-F1
92 1 2 3 4 5
K
(a) DBLP

Anon.

80
—— Macro-F1
78 Micro-F1

S

T 76

o

O

N74

—

w
U —
70 1 2 3 4 5

K
(b) IMDB

Figure 5: Node classification performance of PSHGCN with respect to the order K.

Table 8: The hyper-parameters of PSHGCN for node classifi-
cation in Section 6.1.

Dataset hidden K dropout lrmlp Loy Irconv  Lagyn,
DBLP 64 5 0.10 0.006 0.0 0.002 0.8
ACM 256 5 0.25 0.004 0.0 0.004 0.8
IMDB 256 1 0.70 0.0005 5e-4 0.008 0.0
AMiner 32 5 0.35 0.008 5e-4  0.008 0.3

Table 9: Comparison of PSHGCN and SeHGNN on ogbn-mag,.

Method  Accuracy (%) #Params Time (s/epoch)
SeHGNN 57.19+0.12 8,371,231 7.8218
PSHGCN  57.52+0.11 4,852,434 5.8989

D.3 Link prediction in Section 6.2

For the link prediction task, we follow the experimental setup
provided by HGB. The task of link prediction is cast as a binary
classification problem, with the splitting of edges as follows: 81%
for training, 9% for validation, and 10% for testing. Then the graph
is reconstructed solely using the edges from the training set. For
PSHGCN, we use the same implementation as used for the node
classification task. we search the hidden dimension of MLPs from
the set {32, 64, 128, 256}, learn rating from the set {0.0005, 0.001,
0.005, 0.01, 0.05}, weight decays from the set {0.0, 4e-5, 3e-5, 0.001,
0.05, 0.1, 0.5 }, and dropout from {0.1, 0.2, 0.5,0.8}.
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D.4 Node classification on ogbn-mag

For the larger-scale dataset ogbn-mag, we use the leaderboard
results provided by the Open Graph Benchmark (OGB)[13] for
the baselines. Regarding PSHGCN, we set the value of K to 4
in Equation(7) and perform the preprocessing step to calculate
Arl, Arz, e ,ArkX. In cases where certain node types lack raw fea-
tures, we initialize their features randomly. As for PSHGCN*, we
employ the ComplEx algorithm [26] to generate additional embed-
dings and adopt multi-stage learning. In the multi-stage learning
process, we select test nodes with confident predictions in the last
training stage, incorporate them into the training set, and retrain
the model in a new stage [35, 42]. Since the most advanced meth-

ods [35, 42] on ogbn-mag currently utilize label propagation to
enhance training, we also include the label propagation module. Re-

garding the hyperparameters, the hidden dimension is set to 1024,
the dropout rate is 0.5, the learning rate is 0.001, and the weight
decay is 0.0. Further implementation details are available in the
code repository.

D.5 More Experimental Results

Table 9 shows the comparison between decoupled PSHGCN and
SeHGNN on ogbn-mag. As analyzed in Section 5.2, decoupled
PSHGCN is more efficient than SeHGNN. Figure 5 displays the node
classification F1 scores with respect to the order K on DBLP and
IMDB datasets. Notably, we observe either a gradual improvement
or stabilization in the performance of PSHGCN as K increases, align-
ing with the findings discussed in the ablation study Section 6.4.
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