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ABSTRACT

The parameter space of neural networks serves as a surrogate for the underlying
function class; however, the mapping is inherently non-injective, as revealed by
functional equivalence, wherein distinct parameter configurations yield identical
input-output behaviors. While this phenomenon has been analyzed in classical
architectures such as fully connected and convolutional networks, the increasing
complexity of modern designs, particularly attention-based models, presents new
and significant challenges. Prior analyses of multihead attention have been largely
restricted to the vanilla formulation, thereby neglecting crucial components such
as positional encodings that fundamentally alter architectural symmetries and ren-
der earlier results inapplicable. In this work, we undertake a formal study of func-
tional equivalence in Transformers with positional encodings. Focusing on the
two most widely used variants—sinusoidal and rotary—we demonstrate that sinu-
soidal encodings preserve the equivalence structure of vanilla attention, whereas
rotary encodings significantly reduce the associated symmetry group, thereby en-
hancing expressivity. This theoretical insight offers a principled explanation for
the growing prominence of RoPE in practice. Furthermore, we extend our analysis
to investigate how positional encodings influence the phenomenon of linear mode
connectivity (LMC). By introducing an alignment algorithm, we empirically val-
idate the presence and variability of LMC across a wide range of Transformer
configurations, datasets, and modalities, demonstrating that the type of positional
encoding plays a decisive role in shaping the connectivity of solutions.

1 INTRODUCTION

The training of deep neural networks reveals a seeming paradox: despite the high dimensionality
and non-convexity of the loss landscape with numerous local minima, simple optimization methods
such as stochastic gradient descent (SGD) consistently discover solutions that generalize well.

(Linear) Mode Connectivity. One influential perspective .
on this phenomenon is offered by the concept of mode con-
nectivity (MC) (Goodfellow et al., 2014; Keskar et al., 2016;
Sagun et al., 2017; Venturi et al., 2019; Neyshabur et al.,
2020; Tatro et al., 2020; Yunis et al., 2022; Zhou et al., 2023),
which reveals that solutions discovered through independent
optimization trajectories are rarely isolated; rather, they lie
within extensive connected manifolds of parameters yield-
ing comparably low loss. A particularly tractable instance
of this principle is linear mode connectivity (LMC) (Frankle
et al., 2020; Entezari et al., 2021), in which two trained mod- ,
els can be joined by a straight-line interpolation in parameter =~ —'® <07 0% -0z ok ok ek eis 1w
space that remains confined to a low-loss region. Formally,
consider a model f(-: 6) parameterized by 6, with loss func-
tion £(A) > 0. Optimization amounts to minimizing £(9)
over ©. Two solutions 04,05 € © are said to exhibit LMC when the associated loss barrier (Fran-

--- Naive loss path
Matched loss path

Figure 1: Illustration of Linear Mode
Connectivity (up to symmetry)
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kle et al., 2020; Entezari et al., 2021) vanishes (or is negligible):
B(0a4,0p) = SUPc(o,1] [L(t0a+ (1 —t)0p) — (tL(OA) + (1 —t)L(Op))] =~ 0. (D

Empirical investigations have revealed that independently trained networks on small datasets are
often connected by low-loss paths (Freeman & Bruna, 2016; Garipov et al., 2018; Draxler et al.,
2018), and even that nearly arbitrary pairs of solutions can be joined through curves of low er-
ror (Garipov et al., 2018). MC sheds light on the effectiveness of weight-space ensembling, known
to improve generalization (Izmailov et al., 2018; Rame et al., 2022; Wortsman et al., 2022) and has
been applied to adversarial robustness (Zhao et al., 2020), generalization theory (Pittorino et al.,
2022; Juneja et al., 2022; Lubana et al., 2023), loss landscape geometry (Gotmare et al., 2018; Vlaar
& Frankle, 2022; Lucas et al., 2021), and more recently, continual learning (Wen et al., 2023; Kozal
et al., 2024; Chen et al., 2023a) and ensemble methods (Kanoh & Sugiyama, 2024; Kim et al., 2025).

Attention Mechanism and Positional Encoding. The attention mechanism is inherently permuta-
tion invariant, necessitating positional encoding (PE) to capture token order (Vaswani et al., 2017).
Early models employed Absolute PEs (APEs), either sinusoidal or learnable embeddings (Gehring
et al., 2017), which became standard in seminal architectures such as BERT (Devlin et al., 2019),
GPT-2 (Radford et al., 2019), and ViT (Dosovitskiy et al., 2020). While effective, APEs treat ab-
solute positions as the sole signal, limiting robustness under local reordering. Relative PEs (RPEs)
address this by encoding pairwise distances into attention weights (Shaw et al., 2018), a design
later adopted in many models (Dai et al., 2019; He et al., 2020; Raffel et al., 2020). Among re-
cent advances, Rotary PE (RoPE) (Su et al., 2024) encodes relative position via angular rotations
of query—key vectors, preserving dot-product structure and enabling both translation equivariance
and long-sequence extrapolation. RoPE is now widely adopted in state-of-the-art models (Touvron
etal., 2023; Chowdhery et al., 2023; Nijkamp et al., 2022; Liu et al., 2024; Guo et al., 2025; Agarwal
et al., 2025; Bai et al., 2025; Yang et al., 2025), attesting to its robustness in large-scale settings.

Functional Equivalence. A major difficulty in characterizing LMC lies in the permutation invari-
ance of neural networks: reordering hidden units does not alter the underlying function (Brea et al.,
2019; Novak et al., 2018), yet such symmetries can cause functionally identical models to appear
distant in parameter space (Allen-Zhu et al., 2019; Du et al., 2019; Frankle & Carbin, 2018; Belkin
et al., 2019; Neyshabur et al., 2018). This phenomenon is subsumed under the broader framework
of functional equivalence (Hecht-Nielsen, 1990; Fefferman & Markel, 1993; Kurkova & Kainen,
1994; Albertini & Sontag, 1993b;a), which seeks to describe when distinct parameterizations real-
ize the same input—output mapping. To address this issue, recent studies have examined LMC up
to permutation, where low-loss paths are revealed once hidden units are properly aligned (Singh
& Jaggi, 2020; Ainsworth et al., 2022; Pefia et al., 2023; Ito et al., 2024; 2025; Zhao et al., 2025).
Theoretical results show that dropout-stable networks naturally exhibit mode connectivity (Kudi-
tipudi et al., 2019; Shevchenko & Mondelli, 2020), while LMC under permutation alignment may
already emerge at initialization in the NTK regime (Entezari et al., 2021; Jacot et al., 2018), with
rigorous guarantees recently established (Ferbach et al., 2024). These developments lend support to
the convexity conjecture (Entezari et al., 2021), which views the SGD solution set as approximately
convex once symmetries are accounted for. This view is strengthened by Sharma et al. (2024), who
propose simultaneous linear connectivity, where a single model aligns linearly with multiple others.
Additional studies explore the geometry of the solution space (Ainsworth et al., 2022; Xiao et al.,
2023) and identify star-shaped regions conducive to LMC (Sonthalia et al., 2024).

Alignment Algorithms. These algorithms align parameters to establish LMC. (Entezari et al., 2021)
proposed a simulated annealing-based algorithm. Singh & Jaggi (2020) employed Optimal Trans-
port, while Akash et al. (2022) utilized the Wasserstein Barycenter. Ainsworth et al. (2022) intro-
duced three methods: activation matching (using intermediate activations), weight matching (being
data-independent), and the Straight-Through Estimator (minimizing interpolation loss via gradi-
ents); all are based on solving the Linear Assignment Problem (Kuhn, 1955; Jonker & Volgenant,
1988; Crouse, 2016). Pefia et al. (2023) developed Sinkhorn re-basin, a differentiable method that
improves alignment but struggles with residual connections due to layer-independent optimization.

Contribution. Recent work on the symmetry of vanilla attention (Tran et al., 2025; Knyazev et al.,
2024) shows that head permutations and linear group actions capture all symmetries. Meanwhile,
Theus et al. (2025) proposed a Transformer matching method, but it overlooks symmetry in the
query-key and key-value components. In this paper, we study LMC in attention-based models,
focusing on how PEs influence functional equivalence. The paper is organized as follows:
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1. In Section 2, we recall the notion of Multihead Attention and its parameter space, together
with the result characterizing functional equivalence in the vanilla case.

2. In Section 3, we analyze how positional encodings alter the internal structure of attention. We
focus primarily on the most widely used encodings, Absolute PE and Relative PE. In particular,
we study sinusoidal PE as a representative of APE and rotary PE as a representative of RPE,
and show why results from the vanilla case do not extend directly to these settings.

3. In Section 4, we present the main result of the paper, which characterizes the full symmetry of
attention with widely used positional encodings. This characterization underlies the matching
algorithm for Multihead Attention described in Section 5.

4. In Section 6, we present empirical evidence of LMC across a wide range of models and tasks,
under diverse settings and across datasets of varying scales and modalities. We also evaluate
the effectiveness of our proposed matching algorithms and conduct detailed ablation studies in
Section 6.2 to validate their individual components.

Theoretical foundations and experimental details are provided in the Appendix. Specifically, Ap-
pendix A offers a consolidated overview to help readers grasp the overall structure of the work.

2 PRELIMINARY ON PARAMETER SPACE OF MULTIHEAD ATTENTION

We present the formal definition of the Multihead Attention, describe its associated parameter space,
and review key results in the literature concerning its functional equivalence properties.

Multihead Attention and its Parameter Space. Let d be a positive integer denoting the token
dimension, L a positive integer denoting the sequence length, and h a positive integer denoting the
number of heads. Denote the space of all sequences of tokens as S = L3> RE*4. Given a fixed

head dimension dj,, consider W2, WX WY W e R for each i € [h]. For an input sequence
x = (x1,...,21)" € R*? C S, the Multihead Attention with h heads is defined by

MultiHead (x WO, WE WY Wio}?zl)
h
=3 softmax ((XWZ.Q ) (xWf )T) (=YY (WO)T. 2)
=1

Here, the operator softmax is applied row-wise to the similarity matrix (xWiQ)(xWZK )T € REXE
yielding the atfention matrix associated with x. Each row of this matrix represents a probability
distribution that specifies the relative contributions of all input tokens to a given output token. In
typical settings, the head dimension is chosen as dj, = d/h. The parameters and the parameter space
of the MultiHead map is thus denoted as § and ©, respectively, and given by

0= (WR,WE WY WO ceddy,h) = ®R>*%)" 3)
Symmetry Group. Define the following group
Gau(dn, h) = Sy, x (GL(dp) x GL(dp))" . (4)

This is precisely the direct product between the permutation group S, and h copies of GL(d},) X
GL(dy). Each g € Gay(dp, h) has the form g = (o, (Ui,VZ-)?:l), where 0 € Sy, and U;,V; €
GL(dp,). The group Gay(dp, h) acts naturally on the parameter space ©(d, dp,, h), as follows:
h
90 = (Wf(i) U WE U W VT W, Vi_l) . )
i=1
This action preserves the functionality of MultiHead maps: for 8 € ©(d, dy, h) and g € Gay(dp, h),
one has MultiHead(-: #) = MultiHead(-: gf). The general linear action cancels in the matrix

multiplications, while the permutation action induced by ¢ commutes with addition. Together, these
actions determine the symmetry of the multihead attention, as stated in the following result.

Theorem 2.1 (See Tran et al. (2025)). Considefr two MultiHead maps with h and h heads, parame-
terized by 0 = (W2, WE WY WY and § = (W2, WE WY WP, Assume that

(3 (3

1. All matrices WiQ, WE WY WP and WZQ, WE WY WP, for all feasible i, are of rank dj,.
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2. From 0, the matrices {WZQ(WZ-K YT}, are pairwise distinct. The same condition holds for 0.

If the two maps are identical, then h = h, and there exists g € Gax(dp, h) such that 6 = gé.

Remark 2.2. While the theorem imposes certain assumptions on the parameters of the MultiHead
maps, these conditions hold almost surely. Thus, up to a negligible subset of the parameter space
(e.g., measure zero or the complement of a dense set), functional equivalence is fully characterized
by the symmetry group. This type of assumption aligns with those in the literature on functional
equivalence of neural architectures (Hecht-Nielsen, 1990; Fefferman & Markel, 1993; Bui Thi Mai
& Lampert, 2020), and we adopt the same perspective in the statement of our result.

3 How POSITIONAL ENCODING ALTERS ARCHITECTURAL SYMMETRY

We investigate how positional encodings (PEs) modify the internal structure of the attention mech-
anism. Our analysis primarily focuses on sinusoidal encoding and rotary encoding, which are two
widely used PEs. These serve as representatives of the two principal paradigms of positional en-
coding: absolute and relative, respectively. We examine how the formulation of attention is altered
under these schemes, and how the associated architectural symmetries are consequently affected.

For now, we follow the standard implementation practice of assuming that both d and d}, are even.
3.1 ABSOLUTE POSITIONAL ENCODING
Sinusoidal Encoding. In Absolute PEs, let p = {p;}$2, C R? denote the sequence of positional

vectors, which encodes positional information. In the case of sinusoidal encoding from the original
Transformer (Vaswani et al., 2017), the components of p,, € R? are defined as

=sin (————), and = cos (——0n 6

pm,2k = Ssin (100002k/d) Y an pm,2k+1 = COs (100002k/d> i ( )

for 0 < k < d/2. For an input sequence x € S of length L, i.e., x = (x1,...,27)" € REX? the
positional encoding is incorporated by addition, namely x +p = (21 + p1,...,2r +pr) ' (this is

an abuse of notation), which is then supplied as input to the multihead attention, yielding
MultiHeadsipusoiqape (x ; 9) — MultiHead (x tp: 9). 7

Symmetry Group. In this formulation, PE does not alter the internal structure of the MultiHead
map as in Equation (2); it merely applies a shift to the input. Moreover, the encoding map S — S,
defined by x — x + p, is bijective. Consequently, the introduction of sinusoidal PE has no effect
on the analysis of functional equivalence for multihead attention. Thus, the functional equivalence
classes in the presence of sinusoidal PE coincide exactly with those in the absence of PE.

3.2 RELATIVE POSITIONAL ENCODING

Rotary Positional Encoding. We next recall the Rotary Positional Encoding (RoPE) (Su et al.,
2024). For a token at position n, define the block-diagonal rotation matrix R,, € R% X4 by

L cos(npy) —sin(np;) cos(ngq, j2) —sin(ngg, /2)
Ry, = diag ({sin(ncpll) cos(mpl; } LA [sin(ng@jhg) COS(nQDdi/ﬁ ]) ’ ®

where @; = 10000~2(=1/4 for j € [d}, /2]. For brevity, we omit the explicit subscript indicating
the head dimension dj,. Note that R,, = (R;)". The multihead attention with RoPE is defined
as s Effect of RoPE on Internal Structure and Symmetry Group. The parameterization and
parameter space of MultiHeadgpg coincide with those of the standard MultiHead map defined in
Equation (3). However, in contrast to the vanilla case, the action of Gau(dp, k) on ©(d,d},, h) no
longer preserves functionality. Specifically, for § € ©(d,dp, h) and g € Gau(dp, h), one generally
has

MultiHeadRoPE(~ : 9) 7& MultiHeadRoPE(- : 99) (9)

The essential reason is as follows. While the interaction between W' and W remains purely
multiplicative and thus structurally consistent with the vanilla case, the matrices WZQ and WZ-K are
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now separated by the relative rotary matrix R,,_,. This insertion prevents the cancellation of group
actions induced by GL(d},), thereby violating the invariance property.

Symmetry Group. To define the symmetry group, we first introduce, for ¢ € [dy, /2], the matrices
P, J; € Rénxdn defined as block-diagonal matrices with dp, /2 consecutive 2 x 2 diagonal blocks:

. 1 0 . 0 -1
P; = diag O,...,O,{0 1],O,...,O , J; = diag (O,...,O,{1 O},O,...,O . (10
i-th block i-th block

Now define the following group

dpn /2
H(dy,) = {{U = (aiPi +b;J;) € R™XM 2 (a;,b;) € R*\ {(0,0)}, i € [dh/2]}. (11)

i=1

It is straightforward to verify that H(dj,) forms an abelian subgroup of GL(d}), and is moreover
isomorphic to (C* )dh/ 2, where C* denotes the multiplicative group of nonzero complex numbers.
In particular, the rotary matrices R,, are contained in H(d},) for all n. We then define

Grope(dn, h) == S, x (H(dp) x GL(dp))" . (12)

It follows immediately that Gropg(dp, h) is a subgroup of Gay(dp,, h). Furthermore, the canonical
action of Gay(dp,h) on ©(d,dy, h) restricts to a well-defined group action of Grepg(dp,h) on
O(d,dp, h). Crucially, this restricted action preserves the functionality of the MultiHeadg,pg map.
In particular, for every 8 € ©(d, d,, h) and every g € Grepe(dp, h), one has

MultiHeadRopE(~ : 9) = MultiHeadRopE(- : g@) (13)

The justification is as follows. Compared to the standard MultiHead map, aside from the head
permutation ¢ and the interaction between W, and W, the only structural difference lies in the

interaction between WZ-Q and WX . Since H(d},) is abelian and R,, belongs to H(d}, ), one obtains
(WEU R, (WKU T =WEUTR, (U (Wf)T
= WER,U (WU YT WS =WER, (WK, (14)
Thus the multiplication inside the softmax of the MultiHeadg,pg map remains invariant under Gropg.

Remark 3.1. Our main result, presented next, shows that Grepg fully characterizes the symmetry
structure of the MultiHeadg,pg map. Since H(d},) is substantially smaller than GL(d}, ), the function
class represented by MultiHeadg,pg, is strictly larger than that of MultiHead or MultiHeadg;nysoidalpE-
This finding offers a theoretical rationale for the increasing use of RoPE in attention-based models.

4 FUNCTIONAL EQUIVALENCE OF MULTIHEAD ATTENTION WITH ROPE

In this section, we examine the functional equivalence of multihead attention under a general for-
mulation, of which the RoPE-based attention mechanism constitutes a special case.

4.1 GENERAL FORMULATION OF MULTIHEAD ATTENTION

General Multihead Attention. Consider a Multihead map with h heads, parameterized by two
families of matrices {{A""},, »>1}", and {B;}"_,, where each A]"", B; € R?*4. For an input

sequence X = (z1,...,2r)" € REX the general Multihead map is defined as

-xB;.  (15)

n ] m,n=1,...,L

h
MultiHead (x {{AT o Bi}le) = Z softmax 2, A]"" "z,
i=1

To facilitate the subsequent analysis, we impose two structural conditions:

1. (Stationarity): for all m,n > 1 and all shifts k > 0, we assume A;"" = A;”+k’"+k, reflecting
the natural shift-invariance induced by relative positional encodings; and,
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2. (Self-similarity symmetry): for eachm > 1, A;""™ parameterizes the similarity score of the m-
th token with itself at head 7. Since any quadratic form is uniquely represented by a symmetric
matrix, we replace A;""™ with its symmetrization sym(A;""™) .= (A7"™ + (A7) 7) /2,

b= Tsym(AT™M2 ) (16)

AT sym(A7"™), which implies that @, A"z, m

Henceforth, we assume that all matrices A;n’m are symmetric.
From now, these two conditions will be assumed whenever the general formulation is considered.

Functional Equivalence of General MultiHead. We now consider the situation where two general
MultiHead maps, one with h heads and the other with h heads, yield identical outputs:

MultiHead (x; (LA™ o, Bi}?zl) — MultiHead (x: (LA™ o, Bi}fl:l). (17)
Equation (17) is equivalent to the fact that a MultiHead map with h + h heads vanishes identically:
0 = MultiHead (x : {{A7" bnn ey U (AT by, (B U{=BY, ). (18)

Before presenting our result, we introduce the following notion. Two families {X™"},, ,,>1 and
{Y™"},, n>1 are distinct if there exists indices m,n > 1 such that X" = Y"™". We are now
in position to state the main result of this section, which provides a fundamental insight into the
problem of Functional Equivalence in MultiHead Attention.

Theorem 4.1. Consider the MultiHead map with h heads, parameterized by families of matrices
{A " Yo n Yy and { B}, in R™4, as in Equation (15). Assume that the h parameter families

{AT"" Yooy - oo, LAY Yo no are pairwise distinct, and further that A}"" is nonzero for all i € [h]
and m,n > 1. If the MultiHead map is identical to zero, then all B, ..., By are equal to zero.

The proof of Theorem 4.1, given in Appendix D.2, can be viewed as a statement on the linear
independence of attention heads. It proceeds by rewriting the identically zero MultiHead map, after
clearing denominators from the softmax, as an exponential polynomial identically equal to zero, and
then applying tools from this theory. While the proof is lengthy, the functional equivalence of RoPE
follows directly as a corollary, requiring only additional arguments for the rotary matrices R.

4.2 THE CASE OF MULTIHEAD ATTENTION WITH ROPE

MultiHeadg,pg is subsumed by the general formulation in Equation (15). Indeed, define
AT = sym (WRWE)T) AP = WERM W) ifm £ 0, Bi= W) (WO)T.
Then MultiHeadg,pg, is precisely a special case of the general MultiHead formulation:
MultiHeadgopg (x: (We, WK WY, Wﬁ}ﬁ;l) = MultiHead (x; {{AT"Y o, Bi}?:1>. (19)

The following result characterizes the functional equivalence of Multihead Attention with RoPE.
Theorem 4.2. Consider two MultiHeadropg maps with h and h heads. They are parameterized by

WS WE WY WO and (W2, W2 WY WO in R¥, respectively. Assume that

K2

1. In the first MultiHeadg,pg map, the h families below consist solely of nonzero matrices,
{sym (WRWI)T) (WER W) Vucznza for i € (1],
and these constitute h pairwise distinct families. The same condition holds for the second map.
2. All matrices WZ-Q, WE WY WP and WZQ, WE WY WP, for all feasible i, are of rank dj,.
If the two MultiHeadg,pg maps are identical, then necessarily h = h. Moreover, there exists a
permutation o € Sy, matrices {U;}!_, C H(dp,) and {V;}_, C GL(d},), such that

We = WUQ(Z.) USWE =W U)W =W - ViTWE =WE, (V)T (20)
The proof of Theorem 4.2 is given in Appendix F. It proceeds as follows: MultiHeadg,pg is reformu-
lated as a special case of the general formulation (as in Equation (19)); Theorem 4.1 is then applied
to derive relations between parameters; finally, a structural property of the rotary matrix, stated in
Lemma F.2 of Appendix F.2, is used to recover the relationship between the original parameters.
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S5 MATCHING ALGORITHM FOR MULTIHEAD ATTENTION LAYERS

As detailed in the above sections, the functionality of a Multihead Attention (MHA) is invariant
under relevant group actions—Gay or Grepg. To align two MHAs A and B, with their parameters
denoted by 04 = (W2, WX WY, , WO ), and 07 = (W, W, WY, W)L, we need
to find an optimal group element ¢ that accounts for these symmetries. Inspired by the Weight
Matching algorithm (Ainsworth et al., 2022), we propose a data-independent alignment method,
applicable to both standard MHA and MHA with RoPE. Our method decomposes into two stages.

1. First, we match the ordering of heads in A and B by formulating the problem as a Linear As-
signment Problem (LAP), solved in O(h?) time using the Hungarian algorithm (Kuhn, 1955).

2. Second, for each matched pair of heads, we find an optimal transformation from the relevant
symmetry group (GL(d},) or H(dy)) to align their internal parameters.

This staged approach separates the discrete permutation from continuous transformations, stream-
lining optimization. We process each stage as follows.

Stage 1 (Head Permutation Matching). Given a cost matrix C' = {C; ;}';_; € R"*", the goal of
an LAP is to find the optimal permutation o* € Sy, that maps heads from B to A by minimizing the
total assignment cost: 0* = arg min,eg, Z?:l Ci,o(i)- To construct the cost matrix, we define:

MPA =W WE)T and NP =WY,(WS,)T, forie [h], 1)

where these matrices are in R??. The matrices M and N are defined similarly. To capture
the softmax translation-invariance, we center each row of M/ as M/ = M — é(MiAl)lT, and
similarly for M2, where 1 = [1,...,1]T € R%. The cost matrix C € R"*" is then defined as:

Ciy = ||Mf = MP|% + [N/ — NP2, fori,j e [A]. (22)

This ensures that the cost matrix remains invariant under group actions on WiQ, WE or WY wp.

Stage 2 (Internal Parameter Alignment). After reordering the heads of B with o*, we separately
align the Query-Key and Value-Output components for each head. For Query-Key, we define:

Lo.x(Us) = Wy = WU IE + Wi - WU 3 (23)
We then minimize L¢ k (U;) over U; in the appropriate symmetry group.

Standard MHA. The symmetry group is GL(d},). We optimize Equation (23) for U; € GL(d},) via
gradient descent, using the gradient in Lemma G.1. The optimization is initialized from the solution
to a constrained version of the problem, where U; is restricted to be orthogonal (Lemma G.2).

MHA with RoPE. The symmetry group is restricted to U; € H(dy). This constraint decouples the
problem into dp, /2 independent 2-dimensional subproblems, each reducible to a minimization over
a scalar variable, solved efficiently using Brent’s method (Brent, 2013), as shown in Lemma G.3.

For both MHA variants, we align Value-Output by finding a matrix V; € GL(d},) that minimizes:
Lyo(Vi) = W = WPV G + (W = Viw? P . 24)

This problem is solved using the same approach as the Query-Key alignment for standard MHA.
The complete procedure is summarized in Algorithm 1.

Remark 5.1. Our experimental implementation extends the theory by incorporating biases through

augmented weight matrices (e.g., Wl@ = [WiQ; (biQ)T]). Furthermore, for the full Transformer
block alignment in Experiment 6.1, we supplement our method with standard Weight Match-
ing (Ainsworth et al., 2022) for the feed-forward networks.

Remark 5.2. To align full Transformer models, Theus et al. (2025) identified a residual-path sym-
metry under orthogonal group action on the embedding space, though it holds strictly for RMSNorm
networks. For LayerNorm models, it requires reparameterization, thus leading to a variant of LMC.
Moreover, the approach considers only Query—Key and Key—Value circuits, without addressing the
essential symmetry groups of these components. This underscores the novelty of our framework.



Under review as a conference paper at ICLR 2026

Table 1: Experimental setups for LMC under first attention layer re-initialization. The table reports
datasets, model depths, and head counts, with figure references showing interpolation curves for
APE and RoPE variants. Notation A — B indicates pretraining on A, fine-tuning on B.

Dataset Layers Heads APE RoPE Dataset Layers Heads APE RoPE
MNIST 1 [4, 8] [5a, 5b] [22a, 22b] AGNews 2 [4, 8] [13a, 13b] [30a, 30b]
2 [4, 8] [6a, 6b] [23a, 23b] 6 [4, 8] [14a, 14b] [31a, 31b]
CIFAR-10 2 [4, 8] [7a, 7b] [24a, 24b] IMDB 2 [4, 8] [15a, 15b] [32a, 32b]
4 [4, 8] [8a, 8b] [25a, 25b] 6 [4, 8] [16a, 16b] [33a, 33b]
6 [4, 8] [9a, 9b] [26a, 26b] DBPedia 2 [4, 8] [17a, 17b] [34a, 34b]
CIFAR-100 6 [4, 8] [10a, 10b] [27a, 27b] 6 [4, 8] [18a, 18b] [35a, 35b]
ImageNet-21k—CIFAR-10 12 [6] [11a] [28a] Enwik8 12 [4,8,16]  [19a,19b, 19¢]  [36a, 36b, 36¢]
ImageNet-21k—CIFAR-100 12 [6] [11b] [28b] WikiText103 12 [2,3,4] [20a, 20b, 20c]  [37a, 37b, 37c]
ImageNet-1k 12 [8,12,16] [12a,12b,12c] [29a,29b,29¢c] One Billion Word 12 [8,12,16] [21a,21b,2Ic] [38a, 38b, 38c]
ImageNet — APE WikiText103 — APE ImageNet — RoPE WikiText103 — RoPE
—— Naive, ol
& 0.80 Mat 1 0.80 >
5
5 0.75 61 4.5
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Figure 2: LMC interpolation plots for ViT on ImageNet-1K (subplots 1 and 3) and GPT-2 on Wiki-
Text103 (subplots 2 and 4), with APE and RoPE under first attention layer re-initialization.

6 EXPERIMENTAL RESULTS

In this section, we study LMC in attention-based models with two types of PE: APE and RoPE.
Four re-initialization strategies are considered: (i) re-initializing only the first attention layer (first
attention layer), (ii) stacking re-initialized attention layers sequentially (full attention layers), (iii)
re-initializing the first attention-FFN pair (first Transformer layer), and (iv) re-initializing the entire
Transformer (full model), including all attention and feedforward blocks. In all cases, only the
designated re-initialized parameters are fine-tuned, with others frozen. We emphasize the first layer
for its central role in early representations (Appendix H). We assess LMC across three seeds by
interpolating between checkpoint pairs and measuring test performance at 25 evenly spaced points.

Datasets and Models. For vision tasks, we adopt ViT (Dosovitskiy et al., 2020) on MNIST (LeCun
et al., 1998), CIFAR-10/100 (Krizhevsky et al., 2009), and ImageNet-1K (Deng et al., 2009). For
language modeling, we use GPT-2 (Radford et al., 2019) on Enwik8 Mahoney (2011), WikiText103
(Merity et al., 2016), and the One Billion Word benchmark (Chelba et al., 2013). For text classi-
fication, we employ BERT (Devlin et al., 2019) on AG News (Zhang et al., 2015), IMDB reviews
(Maas et al., 2011), and DBPedia (Lehmann et al., 2015). All hyperparameters, including batch size,
optimizer, learning rate schedules, and other configuration details, are provided in Appendix 1.

6.1 EMPIRICAL VERIFICATION OF LINEAR MODE CONNECTIVITY

We examine LMC under two extremes: (i) first attention layer and (iv) full model. Intermediate
settings—(ii) full attention layers and (iii) first Transformer layer—are included in Appendix J.2 and
J.3. Tables 1 and 2 summarize the experimental setups across tasks, while Figures 2 and 72 show the
validation loss curves for the first attention layer and full-model re-initializations. For models using
APE, our experiments reveal that LMC is evident with first-layer re-initialization, but vanishes under
the full attention layer and full model configurations on large-scale language modeling datasets such
as Enwik8, WikiText-103, and One Billion Word. With RoPE, LMC consistently appears in vision
and smaller NLP tasks (AGNews, IMDB, DBPedia). For the aforementioned language modeling
datasets, LMC fails to emerge even when only the first attention layer is re-initialized. This limi-
tation likely arises from the architecture of the models used-specifically, GPT2-style decoder-only
Transformers. Unlike encoder-based models, decoder-only architectures employ causal attention,
where each token can only attend to its leftward context. This results in attention scores between
tokens j and ¢ vanishing for all j > 4, which significantly restricts information flow during inter-
polation and disrupts symmetry across tokens. Consequently, LMC is less likely to emerge in such
models unless stronger inductive biases or broader symmetry-aware methods are introduced.
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Table 2: Experimental setups for LMC under full Transformer re-initialization. The table lists
datasets, model depths, and attention head counts, along with references to figures comparing APE
and RoPE. This configuration represents the most disruptive reset scenario considered in our study.

Dataset Layers Heads APE RoPE Dataset Layers Heads APE RoPE Dataset Layers Heads APE RoPE
CIFAR-10 6 [8] [73a] [73b] AGNews 6 [8] [75a] [75b] ImageNet-1k  [12] [12]  [77a] [77b]
CIFAR-100 6 [8] [74a] [74b] DBPedia 6 [8] [76a]  [76b]  Wikitext103 [12] [3] [78a]  [78b]

Table 3: Joint comparison of head permutations and ablation variants for 6-layer ViT/BERT models
with 4 heads on 4 datasets and 2 PE types under first-layer attention replacement. For head permuta-
tions, we report Rank (out of 24 permutations) and L for loss and accuracy barriers, averaged over 10
checkpoint pairs. For the ablation study, we report barrier ratios (%) relative to naive interpolation:
Variant 1 removes Stage 2, Variant 2 uses Stage 2 with orthogonal initialization only (no gradient
descent), and Full method applies the optimization. Lower values indicate better connectivity.

PE Stage 1: Head permutation Stage 2: Component Ablation ratios (%)
Dataset Type Rank (out of 24) | Loss barrier ratio | Accuracy barrier ratio |
Loss Accuracy Loss Accuracy Variant 1 Variant 2 Full Variant 1 Variant 2 Full
CIFAR-10 APE  240+054 194+037 2604092 211+048 783+£194 102+51 87+23 765+187 109+48 84+21
RoPE 280+0.65 2.01+0.66 290+087 221+0.53 79.1+£202 125+56 92+25 778+193 11.7+52 9.0+24
CIFAR-100 APE  3.10+0.78 1.11+£038 3.00+0.72 1394052 746+178 108+43 75+19 7324171 104+40 72+18

RoPE 230+035 211+£077 3.10+0.83 132+034 759+185 126+47 80+21 7444+179 121+44 78+20

IMDBreview APE  450+1.63 252+131 470+174 244+143 914+£216 157+62 103+£28 9124209 153+£59 101+2.7
RoPE 470+1.22 294+146 480+1.89 272+132 887+£223 164+65 11.1+£3.0 9554217 159+63 10.8+2.9

APE  290+091 059+0.17 2404+0.85 0.72+023 61.8+164 109+38 71+17 585+158 105+3.6 69=+16
RoPE 220+044 0.62+0.16 270+091 035+0.12 624+169 113+41 74+18 41.1+162 108+39 72+17

DBPedia

6.2 ABLATION ON THE MATCHING ALGORITHM

We perform ablation studies on each component of our matching method (Section 5) using 6-layer
ViT/BERT models with 4-head attention layers on CIFAR-10/100, IMDB Reviews, and DBPedia
datasets, for both APE and RoPE under first layer replacement scheme.

Stage 1. We assess Stage 1 by ranking the selected head permutation among all 24 possibilities, each

with Stage 2 applied after reordering. Table 3 reports the rank and scaled metric L= LL“L:LLI"I‘ X
naive op

102, averaged over 10 checkpoint pairs from 4 checkpoints, where Liethod> Liopt» and Lpgive are
the barriers for our method, the best permutation, and naive interpolation. Results show low ranks
and near-zero L, indicating near-optimal matching. Visualizations of LMC across all permutations
(Appendix J.5) highlight the need for accurate matching, as poor permutations degrade performance.

Stage 2. To evaluate Stage 2, we ablate its components (Table 3). Variant 1, which omits Stage 2 en-
tirely, yields high and unstable barrier ratios. Variant 2, using only the initial orthogonal alignment,
substantially reduces barriers to 10-16%. Our full method, which builds upon Variant 2 by adding
gradient descent fine-tuning, achieves the lowest and most stable barriers at 7-12%. This demon-
strates that both initial alignment and subsequent fine-tuning are essential for optimal performance.

7 CONCLUSIONS, LIMITATIONS, AND FUTURE DIRECTIONS

In this paper, we present a study of the functional equivalence of Multihead Attention, focusing on
how positional encodings alter the symmetry of vanilla attention. We propose a weight-matching
algorithm for attention parameters and use it to investigate LMC in Transformer models. Our ex-
periments show that LMC consistently arises in encoder-only architectures but fails in decoder-only
models for large-scale language modeling, reflecting a structural limitation of causal attention, in
which restricted context flow disrupts token symmetry and prevents smooth interpolation. Future
work may extend this analysis to other regimes, such as causal attention, or develop more efficient
matching methods for studying LMC in RoPE-based attention and at larger scales, if it exists. Con-
versely, establishing a provable framework for the non-existence of LMC in certain model classes
would be a novel contribution, advancing our understanding of the loss landscape in deep learning.
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A ORGANIZATION OF THE PAPER AND APPENDIX

Although this work is lengthy, its core contributions can be distilled into a compact framework that
is accessible even to readers interested solely in theoretical analysis, solely in empirical evaluation,
or in both. This section serves as the preamble to the Appendix, where we provide a comprehensive
overview of our main results, encompassing both theoretical developments and experimental find-
ings. The purpose of this summary is to orient the reader before engaging with the detailed technical
content that follows, and to clarify how each component contributes to the overarching narrative of
the work.

Main Paper. The organization of the main paper is as follows.

1.

Section 1 provides an introduction and related work on Linear Mode Connectivity. Related
concepts, such as functional equivalence and alignment methods, are also introduced in
connection with prior literature.

Section 2 reviews vanilla attention, including its parameter space, symmetry group, and a
result from literature—Theorem 2.1-which establishes complete functional equivalence for
vanilla attention.

. Section 3 examines how positional encodings may alter the internal structure of attention,

thereby rendering the analysis from the vanilla case no longer directly applicable. While
absolute PEs of the additive type do not affect the structure, relative PEs (with particular
emphasis on Rotary PE) fundamentally change the attention mechanism. The correspond-
ing symmetry group for the RoPE case is presented, which is strictly smaller than in the
vanilla or APE setting. This reduction in symmetry implies that the function class realized
by RoPE attention is strictly larger, providing a theoretical explanation for its increasing
prominence in practice.

. Section 4 focuses primarily on the RoPE case. First, we extend the RoPE setting to a

general attention formulation that accommodates all cases of interest. In this formulation,
the similarity score between two tokens at their specific positional indices is expressed as
a bilinear form or quadratic norm. The result on functional equivalence of this settings
is provided in Theorem 4.1. This framework subsumes vanilla attention, sinusoidal PE,
and RoPE. To the best of our knowledge, this constitutes the most general formulation of
attention studied under functional equivalence to date. Using this formulation, we then
characterize the functional equivalence of the RoPE case, presented in Theorem 4.2.

. Section 5 introduces an alignment method that serves as a tool for examining linear mode

connectivity (LMC) in attention-based models. We propose a two-stage alignment algo-
rithm for multi-head attention layers, applicable to both standard MHA and MHA with
RoPE. The first stage matches the ordering of attention heads between two models by solv-
ing a linear assignment problem. The second stage aligns the internal parameters of each
matched head pair independently for Query-Key and Value-Output components, optimiz-
ing over the appropriate symmetry group (GL(dy) for standard MHA or H(d},) for RoPE)
via gradient descent or efficient scalar minimization. Remarks extend the method to include
biases, full Transformer blocks, and full Transformer models.

Section 6 examines LMC under four re-initialization strategies, with emphasis on the first
attention layer and full model resets, while intermediate cases are reported in the Appendix.
Experiments are conducted across diverse Vision and NLP tasks. Ablation studies confirm
the effectiveness of the two-stage matching algorithm in reducing barriers: Ablation study
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for Stage 1 demonstrates that head permutation is crucial for finding LMC, while Ablation
study for Stage 2 shows its importance that incorporating gradient descent optimization
further improves alignment and reduces barriers.

7. Section 7 summarizes our findings, discusses limitations, and outlines future directions.

Appendix. The appendices provide complete proofs of the theoretical results in the main paper, the
proposed matching algorithms, as well as additional experimental details.

Theoretical Proofs. Appendices B, C, D, E, and F contain all theoretical aspects and proofs related to
functional equivalence. The main theoretical results of our work are Theorem 4.1 and Theorem 4.2.
These two theorems are self-contained and can be understood directly from their statements, with
all assumptions and settings specified in the main paper. For readers not interested in the detailed
proofs, this summary should suffice to convey the essence of our theoretical contributions, and the
corresponding sections may be safely skipped.

1. Appendix B formally defines the attention mechanism and its parameter space, followed
by a description of how positional encodings are incorporated into attention.

2. Appendix C briefly describes the symmetry structures of vanilla attention, attention with
absolute PEs, and attention with relative PEs (with emphasis on RoPE).

3. Appendix D introduces the general attention formulation. Theorem D.1, which is Theo-
rem 4.1 in the main paper, establishes the functional equivalence of this general setting.
The proof can be sketched as follows: starting from the softmax operator, we multiply
through the denominators to rewrite the expression as an exponential polynomial, and then
apply results and techniques from this area to complete the argument. All key intermediate
results used as lemmas in the proof are stated in a self-contained manner in Appendix E,
which includes

(a) Appendix E.1 presents a result on the linear independence of exponential polynomials
over the field of rational functions.

(b) Appendix E.2 recalls Hall’s Marriage Theorem, a classical result in combinatorics that
is employed in some double-counting arguments used in our proof.

(c) Appendix E.3 provides background on the Mdbius function, with a particular focus
on the partition lattice, and states a combinatorial identity that is used in our proof.

(d) Appendix E.4 establishes a lemma on weighted sums over tuples, which is applied in
our proof.

4. Appendix F applies the functional equivalence analysis of the general attention case to the
specific setting of RoPE. Theorem F.1, corresponding to Theorem 4.2 in the main paper,
provides the full details of this analysis. The proof proceeds as follows: RoPE is first refor-
mulated as a special case of the general attention formulation via reparameterization; we
then apply Theorem D.1 (4.1), and finally invoke a structural property of the rotary ma-
trix, stated in Lemma F.2 of Appendix F.2, to recover the relationship between the original
attention parameters.

Matching Algorithm. Appendix G develops the two-stage alignment procedure: first permuting
attention heads via a linear assignment problem, then refining parameters with structured transfor-
mations. Key lemmas provide gradients for general linear updates, an SVD-based orthogonal initial-
ization, and a RoPE-specific reduction to 2D subproblems. Algorithm 1 summarizes the complete
method.

Experimental Details. Appendix I provides a comprehensive description of the experimental setup,
including datasets, training protocols, and hyperparameters, along with additional results to ensure
reproducibility. Appendix J further illustrates the interpolation results through detailed figures:

1. Appendix J.1 reports experiments on re-initializing only the first attention layer, highlight-
ing its dominant role in shaping early representations.

2. Appendix J.2 investigates re-initialization of all attention layers, showing the cumulative
effect of disrupting contextual interactions across the network.

3. Appendix J.3 studies re-initialization of the first Transformer layer, coupling attention and
its adjacent feedforward block to examine early-layer sensitivity.
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4. Appendix J.4 evaluates the most extreme setting where the entire Transformer is re-
initialized, quantifying the magnitude of barriers introduced by full resets.

5. Appendix J.5 presents ablation studies on head permutation, including the two-stage match-
ing algorithm. Stage 1 demonstrates the necessity of optimal head alignment for preserving
linear mode connectivity, while Stage 2 leverages gradient refinement to further reduce in-
terpolation barriers.

The experimental findings indicate that linear mode connectivity (LMC) manifests robustly in
encoder-only architectures across a diverse set of vision and text classification benchmarks, includ-
ing MNIST, CIFAR-10/100, ImageNet-21K — CIFAR transfer, ImageNet-1K, AGNews, IMDB
Reviews, and DBpedia. By contrast, for large-scale language modeling datasets such as En-
wik8, WikiText-103, and One Billion Word, LMC is exhibited exclusively under first attention
layer and first-layer re-initialization. This phenomenon can be attributed to the reliance on GPT-
2 models—decoder-only Transformers employing causal attention—which inherently impose more
restrictive conditions on interpolation and connectivity.

B MULTIHEAD ATTENTION MECHANISM

B.1 MULTIHEAD ATTENTION

General Formulation of Multihead Attention. Let d be a positive integer presenting the dimen-
sion of tokens and L be a positive integer presenting the sequence length. Denote the space of all
sequences of tokens as:

S:::LJ REx4, (25)
L=1

Consider a parameterized similarity map
f(,: 6): REx RT = R, (26)
which assigns a score to a pair of tokens, and a parameterized embedding map
g(-: m): RY = RY, (27)
which produces token representations. The parameters are denoted ¢ € ® and 7 € II, respectively.

Given an input sequence X = (z1,...,27) € RE*? the multihead attention mechanism with A
heads is defined by

MultiHead(x: {¢: ?:17{771‘}?:1>
f(fl'laxlz ¢z) f($1,$22 QSZ) f(fElny: ¢1) g(xl:ﬂ—i)
h f(:cz,:mi ¢z‘) f(1’279521 ¢i) f(m’xL: (bi) 9(9621 7T¢)
= Z softmax : : . : ’ : S
= f($L7'$13 ®i) f(xL,U.CQZ ¢i) - f(vaa;L: b:) g(atL.: i)

Here the attention matrix of x is obtained by applying the softmax operator row-wise:

flrr, s ¢s)  flo, et i) - flow, 2 ¢5)
flxo,w1: ¢5)  fwa, 220 ¢i) -+ flwa, 200 )

softmax , 29)

f(fLai.Clngi) f(CUL,.xzi@) f(ﬂCLaf.CLi@')

so that each row represents a probability distribution over the contributions of input tokens to a given
output token.

Weight-Space Formulation. In standard practice, the similarity function is implemented via
query—key projections. With a fixed head dimension d;, € N, one sets

p=WeWE), W Wk eRrdxdn, (30)
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and defines
fl@y: ¢) = @W)W™)". (31)
The embedding function is parameterized by
T=W", W%, WY, W eR¥>", (32)
and specified as
glx:m) = (W) W)T, (33)

Typically, the head dimension is chosen as dj, = d/h. In this case, the multihead attention operator
takes the form

MultiHead (x : {W2, W/, WY woYL,)

h
= softmax (xW2) (xW/) ") - (xW)) (W), (34)
i=1
The parameterization of the multihead operator is thus given by

9 = (WinwiKaWiV7WiO)?:1 e (Rdxdh)ﬁlh' (35)
Consequently, the parameter space of a multihead attention layer with h heads is
O(d, dn, h) = (R>)™", (36)

B.2 POSITIONAL ENCODING

The multi-head attention mechanism, as formulated in subsection B.1, is inherently permutation-
invariant: the similarity scores f(z;,z): ¢;) and value projections g(xy: ;) depend solely on the
token representations, disregarding their sequential order. This property enables parallel computa-
tion but renders the model incapable of distinguishing sequences that differ only in token positions.
To inject order information, positional encodings (PEs) are essential. We categorize PEs into two
primary classes: absolute positional encodings (APEs), which associate a unique vector with each
absolute position, and relative positional encodings (RPEs), which encode pairwise relative dis-
placements to promote translation equivariance.

B.2.1 ABSOLUTE POSITIONAL ENCODINGS

In the absolute paradigm, each position m € {1,..., L} is mapped to a fixed vector p,, € R,
independent of the sequence content x = (x1,...,z7)" € RE*?, The positional vectors are added
elementwise to the token embeddings, yielding x’ = x +p where p = (p1,...,pr) | € RE*? The
multi-head attention then processes this augmented input:

MultiHead(X +p: {oi}, {772‘}?:1>

f($1+p171’1+p11¢z') <o fler +p,on 4oL ¢i)
$2+P27$1+P11¢z‘) o flro+po,xp +pr: di)

—Zsoftmax . .
f(ﬂUL-FpL,JJl—i-pl ¢;) - flep+pr,xL+pL: éi)

g(x1 +p1: )
g(x2 + pa2: ;)
) 37

g(zr +pr: ™)
Under the standard dot-product parameterization where the parameters for head ¢ are ¢; =
(W&, WK), with W& WK e R¥ and dj, = d/h, the similarity score expands to
T
J(@m + Pm, Tn + P d)z) = (xm +pm)WQ(($n +pn)WK)
=2, WEWS) T2 + 2, WEWE)Tp
+ oW (W) T, +meQ(WK> P (38)
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revealing explicit coupling of absolute positions through content-position, position-content, and
position-position interactions.

A foundational instantiation is the sinusoidal encoding from the original Transformer (Vaswani
et al., 2017), where components of p,, € R? (assuming d even) are

L m B m
Pk, = sin (710000% ) Pm.2ka1 = COS (710000% i) (39)

for 0 < k < d/2. This deterministic, parameter-free construction embeds positions in a periodic
space, allowing relative distances to be recovered via linear combinations of vectors. It supports
extrapolation to unseen lengths, though empirical gains are modest (Dai et al., 2019).

Alternatively, learned absolute embeddings treat {p,, } = _, as trainable parameters optimized jointly
with the model (Devlin et al., 2019). This approach adapts to task-specific patterns, often boosting
in-domain performance, but lacks the inductive bias of sinusoids and generalizes poorly beyond the
maximum training length Lyyi,, as unseen p,, for m > Ly, are undefined.

For vision tasks, APEs extend to 2D grids in models like the Vision Transformer (ViT) (Dosovitskiy
et al., 2020), where learnable p,, , € R? for patch positions (u,v) € {1,...,H} x {1,..., W} are
added to patch embeddings ., ,,, preserving absolute spatial structure.

B.2.2 RELATIVE POSITIONAL ENCODINGS

Unlike APEs that inject a unique signal for each absolute position, RPEs integrate relational infor-
mation directly into the self-attention mechanism. The core principle is that the interaction between
two tokens should primarily depend on their content and the relative distance between them, ra ther
than their absolute positions in the sequence. This property, known as translation equivariance, is
crucial for generalization to sequence lengths unseen during training.

Formally, RPEs parameterize the similarity function f (-, -) in the attention mechanism with pairwise
terms ¢, " that depend on the positions m and n for each attention head <. The multi-head attention
output is then computed as:

MultiHead(x: {{@n’n}m,mﬂi}?d)
f($175€11¢3’1) f($179321¢3’2) f(iﬁl,xLiészL)
h flez, o ¢7Y)  flrosxa: 67%) -0 flaa,xp: ¢7F)
= Zsoftmax . . . .
=1 :

f(:chsc;:qbf»l) f(xL,x.g:QsiLﬂ) f(xL,xl;:¢iL,L)

g(z1: m;)
g(xo: ;)
: ; (40)
g(zr: m)
with value projections g unaffected by positions. Translation equivariance is enforced via
o =g Y,k e Z, (41)

so ¢;"" depends only on the relative offset m — n, making attention scores functions of token con-
tent and displacement.

Several influential RPE variants have been proposed. Early work by Shaw et al. (2018) introduced
additive relative embeddings, which augment the key vectors with learnable embeddings corre-
sponding to the clipped relative distance between the query and key. A simpler and highly effective
approach, popularized by the T5 model, involves adding a learned scalar bias directly to the pre-
softmax attention logits, where biases are efficiently parameterized by bucketing nearby relative
positions (Raffel et al., 2020). Building on this, ALiBi (Attention with Linear Biases) proposed a
parameter-free scheme where the bias is a fixed, head-specific linear penalty proportional to the to-
ken distance, a simple yet powerful inductive bias that grants remarkable extrapolation capabilities
(Press et al., 2021).

While these additive and bias-based methods are effective, a novel approach, Rotary Positional En-
coding (RoPE) (Su et al., 2024), has emerged as the predominant method. It is utilized in most of
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the popular Large Language Models, including the LLaMA (Touvron et al., 2023), PaLM (Chowd-
hery et al., 2023), CodeGen (Nijkamp et al., 2022), and DeepSeek (Liu et al., 2024) families of
models.

Rotary Positional Encoding (RoPE). Instead of adding signals to keys or attention logits, RoPE
applies position-dependent orthogonal rotations to the query and key vectors. This elegantly encodes
relative position information by leveraging the property that the inner product of two rotated vectors
depends only on their original content and the relative rotation angle.

Assuming the embedding dimension d is even, the block-diagonal rotation matrix RS € R4 for a
token at position n is defined as

cos(nyy) —sin(np;) 0 e 0
sin(npy)  cos(nyr) 0 e 0
0 0 cos(nps) - 0
Rl = . . . . . ;o (42
0 0 0 oo cos(npgre)  —sin(nggs)
0 0 0 o sin(npg ) cos(ngg/z)

with ¢; = 10000~20=1/4 forj = 1,...,d/2. Rotations are applied per head to the head dimension
dy, via the standard projections W2, W/ € Réxdn:

Flarms s 67") = (emWER) (e W RI) (43)
where R (R%)T = R%_  ensuring relative dependence. Values remain unrotated: g(z;: m;) =

(x; WY)(WE)T. RoPE’s design provides robust relative position encoding with excellent perfor-
mance in autoregressive modeling, leading to its widespread adoption.

The setting of RoPE is presented as follows. Let D be an even positive integer. For each integer n,
the block-diagonal rotation matrix RY € RP*P at position n is defined as

cos(np1) —sin(np;) 0 e 0
sin(npy)  cos(ner) 0 e 0
0 0 cos(nps) - 0
RD = : . : : . . (44
0 0 0 -+ cos(nwpyz)  —sin(nep/s)
0 0 0 <o sin(nppye)  cos(negpya)

where the rotation frequencies are given by ¢; = 10000~ 20¢~1/P for j = 1,..., D/2. Within the
multihead attention mechanism, each attention head operates on a sub-dimension of size D = dj,.

After the standard linear projections T/VZQ7 WE € R¥*dn the rotary matrices are applied. For
brevity, when the head dimension is clear, we omit the superscript and write R,,.

The similarity score between two tokens x,, and x,, for head ¢ is expressed as

F@mo s 677) = (3 W Ron) (20 W Rn) (45)
A key structural property of the rotation matrices is
Rin(Rn)" = Rin—n, (46)

which ensures that the similarity depends solely on the relative offset (m — n), thereby encoding rel-
ative position information directly into the attention mechanism. The value transformation remains
unchanged:

g(@j: m) = (x; W)Y W)T. (47)

The RoPE construction embeds tokens in a rotationally parameterized space, thereby enriching the
query-key interactions with relative positional dependence while preserving the autoregressive mod-
eling constraints. This property underlies its demonstrated empirical effectiveness and explains its
prevalence in contemporary Transformer-based architectures.

For 2D data, such as in vision transformers, this concept can be extended. For instance, Axial RoPE
(Heo et al., 2024) splits the feature dimension d into two halves, applying independent 1D rotary
encodings along the height and width axes, respectively, to capture axial relative displacements.
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Remark B.1 (Comparison between Absolute and Relative Encoding). APEs provide a straight-
forward global anchor via additive vectors p,,,, with sinusoids offering extrapolation structure and
learned variants task adaptation, though both risk overfitting to training lengths. RPEs, by contrast,
emphasize relational offsets through translation-invariant ¢."", yielding superior equivariance and
generalization—especially in RoPE and ALiBi, which balance expressivity and efficiency. Recent
advances further enhance RPE extrapolation: position interpolation (PI) rescales frequencies for
longer contexts (Chen et al., 2023b), YaRN dynamically adjusts rotations (Peng et al., 2023), and
data-adaptive methods like DAPE learn offset-specific encodings (Zheng et al., 2024).

C FUNCTIONAL EQUIVALENCE OF ATTENTION MECHANISM WITH
POSITIONAL ENCODING

In this section, we investigate the functional equivalence of the attention mechanism. Building on
the discussion from the previous section, our focus is on how positional encodings influence the
functional equivalence of the standard attention formulation. Since a comprehensive analysis of all
available positional encoding schemes would be prohibitively lengthy—given the wide variety that
have been proposed—we restrict our attention to the two most classical forms that continue to be
widely used in contemporary Transformer architectures: sinusoidal positional encoding and rotary
positional encoding.

C.1 ATTENTION WITH NO POSITIONAL ENCODING

Let d, dy, be positive integers with d > dj,. Recall that, a multihead attention operator with h heads
is given by
MultiHead (x WO WE WY, Wio}j.;l)
h
=3 softmax ((XWZ.Q ) (xWE )T) (=YY (WO)T. (48)
i=1
The MultiHead map is parameterized by

h

0 = (WZQ7 WiKv Wivv WZO> < (Rdth)4 . (49)

h
i=1
and its parameter space is therefore

O(d, dn, h) = (R*4)*".

Group Action on the Parameter Space. Define the following group

(50)

Gau(dn, h) = Sy, x (GL(dy) x GL(dy))". (51)

This is precisely the direct product between the permutation group S, and h copies of GL(dp) X
GL(dy,). Each group element g € Gay(dp, h) has the form

9= (0, (Ui, Vi), (52)
where 0 € Sp, and U;,V; € GL(dy). The natural action of Gay(d},, k) on the parameter space
O(d,dp, h) is defined by

90 = (W3,

This action preserves the functionality of the MultiHead map: for all § € ©(d,dy,h) and all g €
GAtt (dh ) h)9

h
NIAR Wﬁi) U, W;/(i) Vi Wao(i) . VJI) (53)
i=1

MultiHead(- : #) = MultiHead(- : ¢#0). (54)

The contribution of the general linear group action vanishes through cancellation in the matrix mul-
tiplications, while the action induced by the permutation 0 commutes with the addition operator.
Taken together, these actions characterize the full symmetry of the multihead attention mechanism,
as established in the following result from (Tran et al., 2025).
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Theorem C.1 (See (Tran et al., 2025)). Let

h
0= (W2 WS WY WP)  €0(ddyh), and (55)
_ - - - - N\P -
0= (W2 WKW WP)  €0d.dh), (56)

be two parameterizations of MultiHead maps. Suppose that:
1. Every d x dj, matrix appearing in 6 and 0 has full column rank dy,;
2. The matrices {W2 (W) T Y| are pairwise distinct;
3. The matrices {WiQ(WiK )T, are pairwise distinct.
If the two MultiHead map are identical, i.e.,
MultiHead(- : #) = MultiHead(- : ), (57)

then, h = h, and there exists g € Gay(dy,, h) such that 6 = gé.

Remark C.2. While the theorem imposes certain assumptions on the parameters of the MultiHead
maps, it is important to emphasize that these conditions hold almost surely. For instance, a randomly
chosen real matrix has full column rank with probability one, and a finite collection of real numbers
is almost surely pairwise distinct. At a high level, the result may thus be interpreted as follows: after
excluding a negligibly small subset of the parameter space (e.g., a set of measure zero or the com-
plement of a dense set), the functional equivalence of MultiHead maps is completely characterized
by the action of the symmetry group.

C.2 SINUSOIDAL POSITIONAL ENCODING

Consider the case of sinusoidal positional encoding (PE). Let p = {p;}$2, denote the sequence of
positional vectors, which encodes positional information. For an input sequence x € S of length
L,ie. x = (x1,...,21)" € REX9, the positional encoding is incorporated by addition, namely
X+p=(x;+p1,...,2r +pr) ", which is then supplied as input to the MultiHead attention map.

In this formulation, the positional encoding does not alter the internal structure of the MultiHead
mechanism itself; it merely applies a shift to the input sequence. Furthermore, the encoding map

PE : S— S
X— X+ P, (58)

is bijective. Consequently, the introduction of sinusoidal PE has no effect on the analysis of func-
tional equivalence for MultiHead attention. In particular, the functional equivalence classes in the
presence of sinusoidal PE coincide exactly with those in the case without positional encoding.

C.3 ROTARY POSITIONAL ENCODING

Assume that dj, is even. For each integer n, recall R,, which is the d;, x dj, block-diagonal rotation
matrix for a token at position n,

cos(nyy) —sin(np;) 0 e 0
sin(np1)  cos(nyr) 0 e 0
0 0 cos(nps) - 0
R, = . . . ) . ; (59
0 0 0 oo cos(npg,2)  —sin(neg, /2)
0 0 0 o sin(ngg, 2)  cos(nwg, /2)

with ¢; = 10000~20=1/dn for j = 1,...,d},/2. As discussed earlier, the subscript indicating the
head embedding dimension dj, is omitted for brevity. Note that, R,, = R7. The multihead attention
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mechanism with Rotary Positional Encoding (RoPE) is defined as

MultiHeadgops (x : {W2, W/, WY WO, )

= i softmax ((XWiQRm) (XWiK)T) - (xW Ry,) W)’

h
= softmax [:cmw,f? RnRT (WiK)TxI] WY we)T
m,n=1,...
i=1 TS
h
= Z softmax [meiQRm,n(WiK)Tmﬂ L xWY (WE)T. (60)
m,n=1,...,

i=1
The parameterization and parameter space of MultiHeadRoPE coincide with those of the standard
multihead attention map, namely
h
0= (WEWE WY, WP) eoldd,h) = )™,

=1

(61)

Group Action on the Parameter Space. In contrast to the standard MultiHead maps, for
MultiHeadRoPE, the action of Gay(dp,h) on ©(d,dy, h) no longer preserves functionality. In
particular, for § € ©(d, dp, h) and g € Gay(dp, h), one generally has

MultiHeadRopE(~ : 9) #* MultiHeadRopE(- : 99) (62)

The essential reason is as follows. While the interaction between W,” and W remains purely
multiplicative and thus structurally consistent with the vanilla case, the query and key matrices

WZ-Q and WX are now separated by the relative rotary matrix R, _,. This insertion prevents the
cancellation of group actions induced by GL(d},), thereby breaking the invariance property enjoyed
by the standard multihead attention mechanism.

To define the symmetry group of MultiHeadg,pg, first, denote these following matrices

j. [(1) (1)] cand  J = [(1) 01]. (63)

For each i € [d},/2], define the matrices P;,.J; € R% *dn ag block-diagonal matrices with dj, /2
consecutive 2 X 2 diagonal blocks. Specifically, the ¢-th diagonal block of P; (resp., J;) is given by
P (resp., J), while all other diagonal blocks are zero matrices,

P; = diag(0,...,0 0,...,0), and J; = diag(0,...,0 0,...,0). (64)

) P ) ) J )
4-th block i-th block

Define the following group
dh /2

H(dy) = U = (a:P;+biJ;) € R+ (a;,b;) € R*\ {(0,0)} fori € [dy/2] p . (65)
=1

It is straightforward to verify that H(dy,) forms an abelian subgroup of GL(dy ). Moreover, H(d}, ) is

isomorphic to (C* )dhr/ 2 where C* denotes the multiplicative group of nonzero complex numbers.
In particular, the rotary matrices R,, are contained in H(d},) for all n. Define the following group,

Gropg = Sp x (H(dp,) x GL(dp))" . (66)

The group Grepg is a subgroup of Gay. The group action of Gay on O restricts naturally to a
group action of Grepg on ©. The central observation of this section is that this action preserves
the functionality of the MultiHeadgopr map. In particular, for all ¢ € ©(d,dp,h) and all g €
GRrope(dp, h), one has

MultiHeadgopg(- : 6) = MultiHeadgepg(- @ ¢6). (67)

The justification is as follows. In comparison with the case of standard MultiHead maps, apart
from the head permutation o and the linear interaction between W, and W2, the only structural
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difference lies in the interaction between VViQ and W/ . However, since the group H(d},) is abelian
and the rotary matrix R,, belongs to H (d},), we obtain

(WZQUT)RTL(WZKU_I)T — W,QUTRn(U_l)T(WZK)T
=WERUT(WHTWKT = WER,(W[)T. (68)

Thus the multiplication inside the softmax operator of the MultiHeadg,pg map remains invariant
under the action of Ggypg.

Remark C.3. In the next section, we present the main result of this work, which establishes that the
group GRropg completely characterizes the symmetry structure of the MultiHeadgpg map.

D A GENERAL FORMULATION FOR MULTIHEAD ATTENTION AND ITS
FUNCTIONAL EQUIVALENCE

D.1 A GENERAL FORMULATION FOR MULTIHEAD ATTENTION

We consider a general setting where the functions f and g are parameterized as follows:
f(,-: Ae R4 R x RY — R, (z,y) — zAy ", (69)
g(-: Be R RY R, x — zB. (70)

The MultiHead map with h heads is parameterized by two families of matrices:
{47}, B (71)

where each A", B, € R4%d as follows

MutiHead (x : {67} 7}, )

flan, s APY) flo,aer AP?) oo flan, o APY) g(z1: By)
h flxo,xy: A?’l) flxg, xa: A?’Q) oo flrg,xp: Af’L) g(x2: By)
= Zsoftmax ) . . . ’ :
i=1 : : . : :
fap, oy ARY) flop,ae: AR oo flap,zp: ARTY] Le(zo: Bi)
(72)
h
= Z softmax [xmA;”’"’xﬂmm:l,ML -xDB;. (73)

i=1

We begin with two observations that facilitate the subsequent analysis of Functional Equivalence of
MultiHead Attention.

1. (Relative positional encoding assumption.) For all m,n > 1 and for all shifts £ > 0, we
assume

Amn — Aerk,n«Hc. (74)
This corresponds to the natural stationarity condition imposed by relative positional encod-
ings.

2. (Diagonal self-similarity terms are symmetric.) For each m > 1, the matrix A]""" param-
eterizes the function f that computes the similarity score of the m-th token with itself at
the i-th head, namely

T AT (75)

m
Since every quadratic form corresponds uniquely to a symmetric matrix, we may, without
loss of generality, symmetrize A"
A (AT
5 .

AT — (76)
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Note that this transformation leaves the function invariant:

o AT — xm(A:-”M + 2(AZ”””>T) T

77

Henceforth, we assume that all A]""™ are symmetric.

Under this framework, we now consider the situation where two MultiHead maps, one with / heads
and the other with h heads, yield identical outputs:

MultiHead(x : {{A;n’"}myn,Bi}?zl)
_ MultiHead(x : {{A;"»"},,,L,n,Bi}f;l). (78)

Since g(-: B) = —g(-: — B), Equation (78) is equivalent to the assertion that a MultiHead map
with h + h heads vanishes identically:

0 = MultiHead (x = {{A7"" bonn oy U{{AT Y}y (B U{=Bi} ). (79)

Thus, the first step in analyzing functional equivalence is to characterize precisely when a MultiHead
map is identically zero. Before presenting the proof, we introduce the following notion. We say that
two parameter families {A™"},,, ,, and {A"™"},, ,, are distinct if there exist indices m, n > 1 such
that

We are now in position to state the main result of this section, which provides a fundamental insight
into the problem of Functional Equivalence in MultiHead Attention.

D.2 FUNCTIONAL EQUIVALENCE OF GENERAL MULTIHEAD ATTENTION

Theorem D.1 (Theorem 4.1 in the main paper). Consider the MultiHead map with h heads, param-
eterized by families of matrices {{ A"}, n}1_y C R and {B;}!_, C R4, je,

MultiHead (x AT, Bi}le) . 81)
Assume that the attention parameter families

LA Yo LA Yoy - {AR " Ynms (82)
are pairwise distinct, and further thar A]"" is nonzero for all i € [h] and m,n > 1. If, for all
x € S = U REXY, one has

MultiHead(x  {{AT™} s Bi g;l) = 0. (83)

then, By, ..., By are equal to 0.
Proof. To enhance clarity, we begin by outlining the main steps of the proof at a high level:

1. Preliminary setup. We first record some initial observations and introduce the necessary
notation in preparation for the proof. In particular, we note that it suffices to show that
at least one of the coefficients B; must vanish. Once this is established, symmetry in the
construction allows us to conclude that in fact all B; must be equal to zero, thereby proving
the theorem.

2. Reformulation as an exponential polynomial. Starting from Equation (83), we show that

h h
e[L]™ i=1

(t1,e.estn) i=1

This identity arises naturally from a double-counting argument. The resulting expression
has the structure of an exponential polynomial that is identically zero. To analyze such ex-
pressions, we invoke the linear independence results for exponential functions over rational
fields, which allow us to isolate relations among the coefficients.
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3. Structural constraints on the B;. By applying the above linear independence princi-
ple, we identify a fundamental structural constraint on the coefficients B;. Specifically,
the symmetry conditions imposed by the Af’t on admissible permutations force the B; to
satisfy a family of linear relations indexed by 7 € [h]. These constraints form the core
of the argument: they reduce the problem of analyzing a complicated exponential sum to
verifying the consistency of a system of linear equations in the B;.

4. Partition-based refinement. We next examine the equalities that occur within the sets of
h elements {Af’t h_,. This step is preparatory: it shows that the relations identified in the
previous step are not only necessary but also sufficient to deduce that at least one B; must
vanish. The analysis exploits the partition structure {U,}, together with the existence of

carefully chosen subsets V%, to sharpen the constraint and isolate specific indices.

5. Conclusion. Finally, we combine the above ingredients to conclude the proof. The linear
relations obtained in Step 3, when applied to the partition refinement of Step 4, imply that
one of the B;’s must equal zero. By the initial reduction in Step 1, this suffices to deduce
that in fact all B; = 0. This completes the proof of the theorem.

We proceed to present the complete details of the proof.

Step 1.

We express the formulation of
MultiHead (x LA o, Bi}?zl) (85)
in a token-wise manner. From Equation (83), for every 1 < k < L, one has

(& exp(xkAf’jij)

~x;B; | =0. 86
P AT oty (36)

i=1 \j=1 2uq=1XP

Since the families {AY"" }, 0, {45 }oon, - - s { A} }im,n are pairwise distinct, and for each 4,
A7""™ depends only on the difference (m — n), one can choose a sufficiently large L and an index k

such that the h sets . . .
{Al’n}nzlv {Az’n}nzlv R {Ah’n}nzl
are pairwise distinct. For the remainder of the proof, we fix such a k£ and consider all L > k.

By induction, it suffices to establish that at least one of By, ..., By, vanishes. Indeed, if this holds,
then the problem reduces to a MultiHead Attention mechanism with fewer heads, and repeating the
argument shows that all By, ..., By must be zero. Consequently, our goal is to prove that there
exists at least one index 1 < ¢ < h such that B; = 0.

Step 2.

First, we rewrite Equation (86) in a more convenient form. By multiplying out all denominators in
Equation (86), we obtain

h L L

DD exp (w’fAf’j%‘T) il (Z eXP(xkAﬁ’%)) ~a;B; | =0. (87)
i=1 \j=1 pe[p]\{i} \¢=1

We now observe that the left-hand side of Equation (87) can be re-expressed as

h L L
Z Zexp(xkAf’jx;r>- H <Zexp(xkAI;’qx;r)>-iji

i=1 \ j=1 pe[h\{i} \g=1

h h
= Z exp (Z xkAft’x,I> <Z mtiBz) . (88)
€L i=1

(t1,00estn) i=1

29



Under review as a conference paper at ICLR 2026

To verify Equation (88), define for ¢ € [h] and j € [L],
a; j = exp (IkAfJfE;r) s bi,j = I]Bl (89)
In this notation, the claimed identity becomes

h L L h h
Z Z Qj, 5 H Z Qp.q * bi,j = Z (H ami> <Z bi,n) . (90)
1 \i ;

=1 \j=1 pelp]\{i} ¢=1 (t1,-5tn)€[L

For (i,t) € [h] x [L]", define the weight

h
t) = ( H ap,tp) bit,- 1)
p=1
We will compute the following quantity in two ways,
> w(it). (92)
(i,t)h] x [L]"
Group by the distinguished index 1.
Fix ¢ € [h]. Then

L h
Souwit) =3 3 (]:[lap,tp)bi,ti

telz B=1 (ty)ppi€lLI

L
=Y ainbie, Y, [ 93)
ti=1

(tp)pzi €[LI T pFi

()

The inner sum (%) equals

L
1> wae (94)

p#i q=1

since expanding the product enumerates every choice of (¢,),-; exactly once. Hence

> w Zaw (11 S 2) b 95)

te[L]r p#i g=1
Summing over ¢ = 1, ..., h yields the left-hand side of Equation (90).
Group by the tuple t.
Fixt = (t1,...,t,) € [L]". Then

h

Zw it) :Z(Ham) biy, = (ﬁapf) (zh:bf) (96)
i=1 i=1  p= p=1 i=1

Summing over all t yields the right-hand side of Equation (90).

In conclusion, both groupings compute the same total Z(i,t)eﬂ w(i,t), so Equation (90) holds.

Substituting back a; ; = exp(a:kA "~ JT)7 b ; = x;B; recovers the original identity. From Equa-
tion (87) and Equation (88), we conclude that

h F
0= Z lexp <Z xkAf’“%t) <i: xtiBi>
ey i=1

(t1,estn) =1

o7)
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Note that in Equation (97), both sides represent vectors in R%. If we examine a single coordinate of
this vector, the identity remains valid by restricting each B; to the corresponding column indexed
by that coordinate. Hence, without loss of generality, we may interpret Equation (97) under the
convention that each B; is regarded as a column vector in R corresponding to the chosen coordinate.

Step 3.
For (t1,...,ts) € N", define
h
itr, ) (%) = > wp AT € R[x], (98)
i=1
h
Bty tn)(X) = D21, Bi € R[x], (99)
i=1
Fttrsootm)(X) = €xD (G 11, t) (X)) Pty ) (X). (100)

Then Equation (97) can be rewritten as

0= Z f(tl,‘..,th)(x)

= Z eXP(Q(tl,‘..,th)(X)) h(tl,“.,th,)(x)- (101)

(t1,...5tn)E[L]M

Observe that each polynomial g(;,, .. 4,) € R[x] has constant term equal to zero. By Lemma E.1,
Equation (101) implies that, for each g € R[x], grouping together all indices (¢1,. .., ) such that
I(tr,.0tn) = 9 yields

0= Z exp(g(t1,<~-7tn)(x)) h(tlv--wth)(x)? (102)
(t1,....tn)E[L] - 9(ty,....tp) =9
and since exp(g(x)) is common to all such terms, we conclude

0= > Pty ) (%)- (103)

(t1sestn) €LY 0 g(eq,...0)=9

.....

One has the following observation. Consider an arbitrary tuple (t1,...,t,) € [L]" such that
t1,...,t, are pairwise distinct. Assume that there exists another tuple (¢;,...,t,) € [L]" satis-
fying

G(t1,.tn) = 9(t),...t}) (104)

Since all A7""™ are nonzero and A} is symmetric, it follows that every polynomial of the form
o - . ) .

rmA;"" 1, is nonvanishing. Consequently, in gy (¢, .....+,), for each i € [h], there must exist polyno-

mial terms that involve at least one entry of x;,. (This requirement that the ¢;’s be pairwise distinct

is crucial, as it prevents possible cancellation of terms.) Hence, for each ¢ € [h], there exists j € [h]

such that ¢; = ;. Moreover, since the ¢;s are pairwise distinct, it follows that (#7, ..., #}) must be
a permutation of (t1,...,ty). From Equation (101) and Lemma E.1, one therefore obtains

0= Z h(to(l)w")ta(h))(x). (105)

oc€Sh

It should be emphasized, however, that the condition (¢/, . .., t},) being a permutation of (¢1, ..., t)
is not sufficient, in itself, to guarantee that g, . +,) = 9, sonty)- TO examine this more closely, let
(.. 1) = (te(1)s - - - » tony) for some o € Sy, From the assumption g, . ¢,) = 9(t).....t})» We
have
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Zx Altig ] _Z ATl (106)

By reindexing the summation, this is equivalent to
h h
kit T kit T
SoapAltial =3 mp At xl, (107)
— —

which in turn is equivalent to requiring that Af’t" = Ai’fﬁ ) for all ¢ € [h]. This shows explicitly
the additional algebraic condition that must hold in order for two permutations to yield the same
polynomial g. Note that this constitutes a sufficient condition on o € S}, to ensure that gy, ... ¢,) =
9y, ) whenever (¢}, ... ,t;,/) = (tg(l), e ,tg(h)).

Accordingly, one deduces

0= h(ta(l)v'”vto(h))(x)
k.t k,t
oESh + A; ]:A V]E[h]
h
= Z Ttow B
oesy « Ajti=a" ., VIEln] =1
h
= g xtiBofl(i)
oes,  AN=aM yiemn) VEL

J —1()

Sy ()

Rt i=1
I=A, 7 vieln

h
=> |- Z By | - (108)

i=1 oSy : Ay =40 vieln)
Thus, since the entries ¢1, . . ., ¢}, are pairwise distinct, the monomials x;, are linearly independent.
It therefore follows that, for each i € [h], one must have
0— 3 Bogi). (109)
oSy + AyT=A0" vieln)

Equation (109) encapsulates the key structural constraint on the coefficients B;. It shows that, once
the Af’t’s impose symmetry conditions on admissible permutations, the B;’s must satisfy a family

of linear relations indexed by ¢ € [h]. This relation will serve as the main tool in subsequent steps,
where we will exploit the partition structure of the U),’s to force specific B;’s to vanish.
Step 4.

For each t € N, define {U}},~, to be the unique partition of [h] such that, for i, j € [h], one has

Af ¢ Ak " if and only if ¢ and 7 belong to the same set Ulﬁ Since the number of possible partitions
of {1,. h} is finite, there exists a partition {U},}5_; such that the equality

{Up}tr = {Up}p= (110)
holds for infinitely many values of ¢ € N. Let .S denote the set of all such positive integers ¢.

By reindexing the head indices if necessary, we may assume that
Uy ={1,...,m}. (111)
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Next, observe that since the h sequences

{AF" Y ns1, (A8 Yzt oo, {AF st (112)
are pairwise distinct, there exists a positive integer K such that the truncated sequences
k.n k.n k,n
{47 o {4 o A (113)

are already pairwise distinct. We then discard all integers ¢ < K from the set S, and by a slight
abuse of notation, continue to denote the resulting subset by the same symbol S.

at

p—1, We denote by U t(1) the unique set that contains the index 1.

Finally, for each partition {U},

(i) The intersection of K sets U'(1),U%(1),..., UK (1) is precisely {1}, i.e.,
vl nu*n---nuka) ={1}. (114)

Indeed, since 1 € Ut(1) forallt = 1,..., K, it follows immediately that

1LeU' ) nU*(1)N---nUX(1). (115)
Suppose, for the sake of contradiction, that there exists some ¢ € [h] with ¢ > 1 such that

e U ) NUA(1)N---nUX (). (116)
By the construction of U*(1), this assumption implies that Alf’t = Af’t forallt = 1,..., K.

Equivalently, the infinite sequences { A¥"},,>1 and {A*"},,> coincide. This, however, contradicts
the fact that their finite truncations

k, k, k,
{Al n}rif:lv {A2 n}i{:lv e {Ah n}fz{:l
are pairwise distinct by the choice of K.

Therefore, no such i > 1 can exist. The only common element across all U (1),..., U (1) is the
index 1, which establishes the claim.

(ii) Foreacht = 1, ..., K, define the set
Vi=U'1)Nn{1,2,...,m} C {1,2,...,m}. 117)
Then, one has

Vinvin...nvE={1}. (118)

Indeed, one computes

vinvin...nvk

I
=

(e

D)
——
—

,...,m})

o~
Il
_

Ut(t) n {1,...,m}

Il
iD=

I
~—
—

.., m}

—
B s el
D
—~
—

(119)

(iii) Among the K sets V1,..., V', there exists a positive integer v < m such that one can select
vy sets, say VI, .. Vi with1 <ty <ty < -+ < t, < K, satisfying the following property: the
intersection of these vy sets is {1}, whereas the intersection of any v — 1 among them is no longer
{1}.

To prove this, let v be the smallest positive integer such that there exist  sets among V!, ... VK
whose intersection equals {1}. The existence of such a -y is guaranteed since the intersection of all
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K sets is {1}. Denote these «y sets by V' ... Vi, By the minimality of v, if one removes any
single set from {V?' ... V' '}, the intersection of the remaining vy — 1 sets cannot be {1}.
It remains to show that v < m. By minimality, it suffices to establish the existence of fewer than m
sets among {V'!,... VE} whose intersection is {1}. Since

Vvinvin...nvE={1}, (120)
for each i € {2,...,m} there must exist at least one set among V1, ..., VX that does not contain

1. As there are m — 1 such indices ¢, we can collect at most m — 1 sets that collectively exclude all
of these elements. Consequently, the intersection of these at most m — 1 sets is {1}, which proves
y<m-—1<m.

This completes the proof. The argument is essentially a pigeonhole-type principle: since every
element ¢ € {2,...,m} must be excluded by at least one set, and there are m — 1 such elements
in total, at most m — 1 sets suffice to ensure that all of them are removed, leaving only 1 in the
intersection.

(iv) In those «y sets V11 ... V' in (iii), for each i € [y], one can choose v; € V' such that
V1,...,Vy are pairwise distinct.

This is a standard application of the Hall Marriage Theorem (see Appendix E.2). For convenience,
rename V' as W for i € [y]. Foreach k € {1,...,~}, by assumption, we may choose

by, € (ﬂ Wi) \ {1}. (121)

i#k
By construction, by, # 1, and by € W for all 4 # k. Moreover, b ¢ Wk, since otherwise by,
would belong to (}_, W* = {1}, a contradiction. Let B = {b1,...,b,}. Consider the bipartite
graph with left vertices {W!,..., W7} and right vertices {1} U B C {1,...,m}, with an edge
W* « x whenever x € W*. A system of distinct representatives (SDR) of size y in this graph

yields the desired elements v; € W*. By Hall’s theorem, it suffices to show that for every nonempty
J C{1,...,~}, the neighborhood N (J) satisfies | N (J)| > |J|.

e If |J| = 1, say J = {i}, then 1 € W'. Furthermore, for every k # i we have b, € W*.
Thus
INWDIz1+(y=1)=y=J| (122)

e If[J] > 2, fix k€ {1,...,7}.

- Ifk ¢ J, then b, € W' for every i € J, hence b, € N(J).
- If k € J,pick any j € J \ {k}. Since by, € W7, it follows that b, € N (J).

Thus every by, belongs to N(J), and clearly 1 € N(J). Hence
IN()| > |Bl+1=~v+12>|J| (123)

Since Hall’s condition is satisfied, there exists a matching that assigns to each W a distinct element
of {1} U B contained in W". These assigned elements provide the required representatives v; € W*,
which are pairwise distinct.

Step 5.

To deliver the result of this part, we now employ the token indices ¢1,. .., ¢, identified in (iii) and
(iv) of Step 4, together with the token indices in the set S also obtained in Step 4. We recall the
properties of these token indices that will be used:

1. Forallt € S, the partition {U,},*, defined in Step 4, coincides with {U, }7_;. In partic-
ular, by reindexing the head indices, we may assume U; = {1,...,m}. This guarantees
that the structure of the partition is stable across infinitely many ¢ € S, providing us with a

consistent reference framework.
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2. Forall t; withi € [y], where v < m, recall that V% = U (1)N{1,...,m}. One can select
~ head indices v; € V'* such that they are pairwise distinct. This property will be crucial
later when we need to ensure that certain representatives can be chosen without overlap.

We also recall the main result from Step 3, namely Equation (109): for any (s1,...,s,) € [L]*
with pairwise distinct entries, and for each ¢ € [h], one has
0= > By i)- (124)
oES), : AL :A:”(Sj-g' vielh]

This identity is the foundation of the argument: it asserts that, under the given matching condition
on the coefficients A?’S" , a nontrivial linear combination of the B;’s must vanish.

Now, in Equation (124), let us consider (s1, ..., ss) € [L]" constructed as follows. First, observe
that the index set {1,...,h} can be decomposed into three disjoint parts:

{1,...,h} ={v1,...,vy} U ({1,...,m}\{v17...,vw}) U (UQUUgU"'uUa). (125)

The first component corresponds to the specially chosen distinct representatives v;, the second to
the remaining elements of U;, and the third to all indices belonging to the other partition classes
Us,...,U,.

Now fix a subset T C [y]. Define (s1,...,s,) € [L]" by setting, for each j € [h],

1. If j = v; for some ¢ € T', then set s; = s,, = t;. In other words, the positions correspond-
ing to T" are aligned with the distinguished token indices ;.

2. Ifj e {1,...,m} \ {v; : i € T}, take s, to be an arbitrary element of S. This ensures
consistency with the partition structure while leaving us flexibility in the assignment.

3. If j € Uy, for some 2 < p < a, then take s; to be an arbitrary element of S. Again, this
choice respects the partitioning of indices into classes U,,.

For the chosen (s1,...,s) € [L]", we analyze which o € S}, satisfy the condition A?’Sj = A’;(;J)
for all j € [h]. We make the following observations, case by case:

1. Forj € Up UUs U+ LU Uq, say j € U, with 2 < p < a, the condition A7 = Afj’(jf)
implies o(j) € U,. Hence

o(UaUUsU---UU,) =UUUsU---UU,, (126)
and consequently o(Uy) = U;. In particular, if j € Uy, then o(j) € Us.

2. Forj e {1,...,m}\{v; : i € T}, if Af’sj = Ai(?) then necessarily o(j) € Uy =
{1,...,m}. Thus the entire set U; is stable under o, but the specific images of these
indices may vary within Uj.

3. For j = v; with i € T, if Ajf’s" = 5(?) then o(j) € U® (1) = U'(1). From the
previous point, we also know o(j) € U;. Taken together, these conditions imply that
o(j) € V¥ = Ut (1) N U;. In other words, the image of v; under ¢ is constrained to lie
inside the restricted set V.

]C7Sj _ A}{),S]'

Therefore, specifying a o € S, that satisfies A i =40 for all j € [h] is equivalent to:

1. Foreach j = v; with i € T, choosing o(j) = o(v;) € V¥,
2. Foreachj € {1,...,m} \ {v; : i € T}, choosing o(j) € Uz \ {o(v;) : i € T} arbitrarily,

3. Foreach j € U, with 2 < p < ¢, choosing o(j) € U,,.
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In conclusion, the structure of admissible permutations ¢ in Equation (124) is fully determined by
the subset T’ C [7] and the representatives v; € V' chosen in Step 4. This description clarifies how
the constraints arising from the partition classes U, and the distinguished representatives v; together
restrict the allowed form of o. Consequently, the sum in Equation (124) can be partitioned into
contributions indexed by subsets T' C [], which will be the key mechanism for deriving vanishing
conditions on the B;’s in the subsequent step.

With these observations in hand, we now perform explicit computations. Fix one choice of
(s1,-..,8,) € [L]" satisfying the above construction, and in Equation (124) take i = v; for some
1 € T'. The equation then specializes to

0= Z By wy)

kot kiti o
oESh A ]:AG(].J) vje[h]

= Z B, - (the number of h-tuples in the Cartesian product
veVti

«
. —|T
TTve o= [y,
JET p=2

such that all h entries are pairwise distinct, and

the coordinate corresponding to V' is fixed to be v) . (127)

The interpretation is as follows: each valid permutation o contributes one admissible tuple, and the
contribution is grouped according to which element v € V% is assigned to the coordinate corre-
sponding to V'*i. The factor multiplying B, therefore counts exactly the number of such admissible
tuples.

Now, observe that once the coordinates corresponding to the V%’s are chosen, all the remaining
coordinates can be filled freely within their respective partition blocks. In particular:

* The indices in {1,...,m} \ {v; : i € T} may be permuted arbitrarily within Uy, yielding
a factor of (m — |T'|).
» Foreachp € {2,..., o}, the indices in U, may also be permuted arbitrarily, contributing a

factor of |Up|!.

Hence the above expression simplifies to

(03
0= > By-(m— T[]0,
p=2

veVti

. (the number of h-tuples in the Cartesian product H Vi,
JET
such that all entries are pairwise distinct, and

the coordinate corresponding to V' equals v). (128)

Since the factorial factors are nonzero constants independent of the choice of v, we may divide them
out to obtain the equivalent condition

0= Z B, - (the number of h-tuples in the Cartesian product H Vi,
veVti JET
such that all entries are pairwise distinct, and

the coordinate corresponding to V' equals v) . (129)
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This identity holds for every choice of subset 7' C [7] and for every v € V' with i € [y]. The key
point is that the coefficients B, appear only through such linear relations, weighted by combinatorial
counts of admissible tuples. By applying Corollary E.14, we deduce that

0= Z B;. (130)

ievVtinVt2n...nvVty

Finally, recall from the construction in (iii) of Step 4 that the intersection V&* NV N ...N Vi is
exactly {1}. Therefore, the above equation reduces to

B; =0, (131)

We have established that B; = 0. By the preceding argument at the beginning of the proof, this
immediately implies that all B; vanish identically. Hence, we conclude that B; = 0 for every i,
which completes the proof. O

Remark D.2. Theorem D.1 can be viewed as a statement about the linear independence of atten-
tion heads. Although the theorem is formulated under specific assumptions on the parameters of
the MultiHead maps, these conditions are satisfied with probability one. In essence, the result as-
serts that—except for a negligibly small subset of the parameter space (e.g., a measure-zero set or
the complement of a dense subset)—the functional equivalence of general MultiHead maps can be
completely characterized. The probabilistic nature of these assumptions aligns with those commonly
made in prior studies on the functional equivalence of deep neural networks.

We have the following corollary of Theorem D.1.

Corollary D.3. Consider two MultiHead maps with h and h heads, parameterized by families of
matrices

{A7 " Yooy C R, {Bi}i_, C R™Y, (132)
A" Yooy C R, {B;}r, Cc RI*4,

respectively. Assume that A]"" and A" are nonzero for all feasible triples (i,m,n). If the two
MultiHead maps are identical, i.e.,

MultiHead(x : {{AT’"}m7n7Bi}?:1)
— MultiHead (x S AT, Bi};?:l) , (133)
then for every parameter family

{A™"} o C R, (134)

we have the identity

Z B; = Z B;. (135)

'Le[h] : {A;’vn'n}m,,n:{A7”’"}m,,n, 16[%] : {Azn’n}nz,n:{Am”n}m,,n
Proof. This follows directly from Theorem D.1. O

E KEY LEMMAS FOR THE FUNCTIONAL EQUIVALENCE OF GENERAL
MULTIHEAD ATTENTION

In this section, we introduce the preliminary concepts and fundamental results that will serve as the
foundation for the proofs of our main theorems.
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E.1 A RESULT ON THE LINEAR INDEPENDENCE OF EXPONENTIAL POLYNOMIALS OVER
THE FIELD OF RATIONAL FUNCTIONS

Let n be a positive integer. Recall that R[x] = R[z1,...,z,] denotes the polynomial ring in n
variables over R. Its field of fractions is denoted by R(x), that is,
p
IR<(X)—{q t p,q € R[x], Q7é0}7 (136)
the field of all rational functions in the variables x1, ..., z,, with real coefficients.

We now state and prove a standard result concerning the linear independence of exponential poly-
nomials over R(x).

Lemma E.1. Let py,...,py be polynomials in R[x| such that p; — p; is nonconstant whenever
i # j. Suppose q1, . . . , qm are rational functions in R(x) satisfying

ql . epl + e + qm . ep'rn — 0. (137)
Then necessarily ¢y = - - - = ¢, = 0.

Proof. We proceed by induction on m.
Base case.

For m = 1, the statement is immediate. Indeed, if ¢; - eP* = 0, then since eP' never vanishes, it
follows that ¢; = 0.

Inductive step.

Assume the result holds for every collection of fewer than m exponentials. Let ¢, . .., ¢, € R(x)
satisfy

Qe 4t gy P =0, (138)

We wish to show that all g; vanish. Suppose, for contradiction, that not all ¢; are zero. Without loss
of generality, assume ¢,,, # 0.

Dividing through Equation (138) by g,,,eP™ yields

A epr=pm g DML b= ) =, (139)
qm dm
This expresses 1 as a linear combination of the exponentials ePs ~Pm with coefficients in R(x).
Now differentiate both sides of Equation (139) with respect to each variable x; for ¢ = 1,...,n.
Since the derivative of 1 is zero, we obtain
m—1
0 ; ; 0
> ( (q’) + 2 (p —pm>) i P = 0, (140)
= Ox; dm dm ox;

Each coefficient in parentheses lies in R(x).

Since p1 —Pm, - - - » Pm—1—DPm are pairwise distinct and nonconstant, the corresponding exponentials
ePi~Pm are linearly independent over R(x) by the induction hypothesis. Therefore, each coefficient
in Equation (140) must vanish, i.e.,

8 q7‘ Qj 8
= —_ i —pm) =0, 141
axi(‘]m) * qm 3$i(pJ P ) ( )
foreveryt=1,...,nand j = 1,...,m — 1. Equivalently,
0 <qj : epjpm> =0. (142)
0r; \ gm
This shows that for each j = 1, ..., m — 1, the function
& . epj_prn (143)
dm
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is independent of all variables x4, ..., ., and hence must be a constant ¢; € R.
If some ¢; # 0, then g; # 0 and we would have
o cj
epi—pm — Gm (144)
4;
which would imply that e?s =P is a rational function, and therefore constant. This contradicts the
assumption that p; — p,, is nonconstant.

Thus, each ¢; = 0, forcing g; = 0 forall j = 1,...,m — 1. Substituting into Equation (139) then
yields 1 = 0, an impossibility.

Hence our assumption was false, and all g; = 0. By induction, the lemma follows. O

Remark E.2. Lemma E.1 formalizes the intuitive fact that exponential functions with distinct poly-
nomial exponents cannot cancel each other when combined with rational-function coefficients. It can
be viewed as a multivariate generalization of the classical result that functions of the form e** with
distinct real numbers a are linearly independent over the field of rational functions in one variable.
Here, the same principle extends to exponential polynomials in several variables, with the essential
role played by the assumption that the differences p; — p; are nonconstant. This generalization is
crucial for arguments in Theorem D.1, involving exponential polynomials over R(x).

E.2 HALL’S MARRIAGE THEOREM AND SYSTEMS OF DISTINCT REPRESENTATIVES

In this section, we recall a classical result from combinatorics, known as Hall’s Marriage Theorem
(Hall, 1935), which provides necessary and sufficient conditions for the existence of a system of
distinct representatives (SDR). This theorem will play a crucial role in our arguments, as our con-
struction ultimately reduces to the problem of selecting distinct representatives from a family of
subsets. Let A = {A;, Ao, ..., A} be a finite family of subsets of a ground set X. A system of
distinct representatives (SDR) for A is a set {a1, as,...,as} such that a; € A; for each ¢ and all
ai,...,as are pairwise distinct. Equivalently, an SDR is an injective choice function assigning to
each A; an element a; € A;.

The existence of an SDR is a classical question in combinatorics, and Hall’s theorem provides a
complete characterization.

Theorem E.3 (Hall’s Marriage Theorem). Let A = {A1, As, ..., As} be a finite family of subsets
of a set X. Then A admits a system of distinct representatives if and only if the following condition
(Hall’s condition) holds:

|U A;| >1|J| foreverysubset J C {1,2,...,s}. (145)
ied

In words, Hall’s condition states that for every subcollection of the sets A;, the total number of
available elements in their union must be at least as large as the number of sets in the subcollection.
This condition is clearly necessary: if |.J| sets are assigned representatives, then at least |.J| distinct
elements are required. The theorem asserts that this necessary condition is also sufficient. Hall’s the-
orem has many applications in combinatorics, graph theory, and matching theory. In the language of
bipartite graphs, it gives a necessary and sufficient condition for the existence of a perfect matching
from the left vertex set into the right vertex set.

Remark E.4. Hall’s Marriage Theorem plays a central role in the argument of Theorem D.1. More-
over, its application is closely connected to the statements of Theorem E.11 and Corollary E.14.

E.3 THE MOBIUS FUNCTION ON THE PARTITION LATTICE

This section introduces the necessary background on incidence algebras and Mobius inversion over
finite posets. We then establish an identity for the Mobius function that will serve as a fundamental
tool throughout the remainder of the paper. We also present several connections between this iden-
tity and other well-studied combinatorial concepts, with the aim of providing readers with greater
intuition about its significance. For comprehensive treatments of these topics, we refer the reader to
(Rota, 1964; Stanley, 2011).
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E.3.1 INCIDENCE ALGEBRAS AND MOBIUS INVERSION ON FINITE POSETS

Let (P, <) be a finite poset. The incidence algebra I(P) over C consists of all functions

f={(z,y) ePxP:zx<y} —C. (1406)
with convolution
(fxg)(z,y) = Z f(z,2)g(z,y), forallz <y. (147)
z<z<y

The identity for convolution is the Kronecker delta §(z,y) (i.e. 6(z,y) = 1if = y, and 0 other-
wise). The zeta function ¢ € I(P)is {(x,y) = 1 for x < y. Anelement f € I(P) is invertible if
and only if f(x,z) # 0 for all z € P; in that case f~! is its inverse under convolution.

Mbobius function. The Mébius function i = pp € I(P) is defined as the convolution inverse of (:

px(=Cxp=29. (148)
Equivalently, for all z < y in P, one has
> e, z) =6z, y). (149)
z<z<y

As a consequence, if f,g : P — C satisfy

flx) = Zg(y), forall z € P, (150)
y2x
then Mobius inversion yields
g(x) =Y u(z,y) f(y), forall z € P. (151)
y=w

Products of posets. If P, () are finite posets, their product P X () is ordered componentwise. Define

(Cp @ ¢Q) ((p1. @), (P2, 42)) = Cp(p1,p2) Colar, a2). (152)
A direct computation in (P X Q) shows

CpxqQ = Cp ®(q, (153)
(e ® pg) * (Cp ®(Q) = 6p @ bg = dpxq- (154)

Hence
ppxq((p1,q1), (P2, 42)) = pp(p1,p2) po(a1, ¢2)- (155)

E.3.2 THE PARTITION LATTICE AND INTERVAL FACTORIZATION

Let U be a finite set with |[U| = n. The set II(U) of all set partitions of U, ordered by refinement,

forms a finite lattice with minimum 0 (all singletons) and maximum 1 (one block). The goal of this
section is to derive the following explicit formula, stated in the following theorem:

Theorem E.5. For m € II(U), one has:

pnon (0,m) = T] (=D (IB - 1)L (156)
Bew

For clarity, we begin with an outline of the proof. The reasoning unfolds in two stages.

1. Interval factorization. Restriction to blocks induces a canonical isomorphism:

0,7] = ] I(B). (157)

Bew

By multiplicativity of the Mobius function on products, one has:

piriuy (0, ) = H pris) (OB, 1p). (158)
Ber
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2. One-block evaluation. Using the exponential formula for labelled set partitions, for all
n > 1, one has:

pry (0,1) = (=1)" " (n = 1)1 (159)
Substituting into the product from Step 1 yields
pn) (0,7) = [T (=DP=H(B] - 1), (160)
Ben

Having outlined the strategy, we now provide the full proof with all intermediate steps made explicit.

Proof. We structure the proof into several steps for the sake of clarity and readability.
Step 1 (Interval factorization in the partition lattice).

A partition = € TI(U) is a set of disjoint nonempty blocks B C U covering U. For o, 7 € II(U)
write o < 7 if every block of ¢ is contained in a block of 7. For o < 7 and a block B € 7, let o|p

be the restriction of o to B (intersect each block of o with B and remove empties). Denote by 15
the one-block partition of B. We have the following result.

Lemma E.6 (Interval factorization). For o < 7 in II(U), restriction induces a poset isomorphism
b [o,71] — H H(J\B,iB), O(7): (T|B)Beﬂ. (161)
Bem
Its inverse maps (pp) pex to the join \/ 5. pp, which coincides with the partition whose restriction

to each B equals pp.

Proof. If 7 € [0, 7], then 0 < 7 < 7 implies that each block of 7 lies inside some block of 7, so
7|p is a partition of B refining o|g, hence o|p < 7| < 1p. Thus @ is well-defined and order-

preserving. Conversely, if (pp)per satisfies o|p < pp < 1p, define p by declaring that =,y € U
lie in the same block of p iff either x,y € B and x ~,, y for some B € m, or z, y lie in different
blocks of 7 (which never happens since we work blockwise). Then p is a partition witho < p < 7
and p|p = pp. One checks ®(p) = (pp) and \/ . (7|B) = 7, hence ® is an isomorphism. O

Setting ¢ = 0 in Lemma E.6 yields

0,7 = [ n(B). (162)

Applying the multiplicativity Equation (155) to Equation (162), one has
oy (0,7) = [ #mesy (0, 1) (163)
Ber

Therefore, to compute pury(rr) (0, 7) for arbitrary , it suffices to evaluate the single-block quantity

m(n) = um, (0,1), (164)
for n € N, where I1,, denotes the partition lattice on an n-element set.
Step 2 (The one-block value via the exponential formula for labeled set partitions).

We now determine m(n) exactly. One has a Mébius sum constraint as follows: by Equation (149),
for every finite poset and any x < y, one has

> p(zz)=0. (165)
z<z<y
InTI,,, taking = 0 and y = 1 gives
> pm, (0,7) =0, (166)
T€ell,
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forall n > 2. For n = 0, 1, the sum equals 1 (the unique element of the interval). By Equation (163)
applied inside II,,, one has

p, (0,7) = T m(IBI). (167)
Bert
Define
Fo= > [[m(BD. (168)
T€ll,, BeT
Then, for n > 2, one has
Fy=1, Fi =1, F, =0. (169)

A standard labeled-partition identity (the exponential formula) asserts that for any sequence
(ak)kzl,

n k
Z(Z H%m)i,:ew |- (170)

n>0 \7€ll,, Ber k>1

Applying this with a;, = m(k) yields

Py Zk’
ZF"HZGXP Zm(kz)g . (171)

n>0 k>1

Using Equation (169), the left-hand side of Equation (171) equals 1+ 2. Taking the formal logarithm
gives

Zk Zk
Zm(k)ﬁ =log(1+2) = Z(—I)H? (172)

k>1 k>1
Equating coefficients, for £ > 1, one has

— I (_1)k71 _(_1\k—1 o |
m(k) =k!- = (=) (k= 1)L (173)
Substituting Equation (173) into the block factorization Equation (163) gives the desired expression
in Equation (156):

prn (0,m) = J] (=D!P1 (1Bl = 1)L (174)
Ber

This concludes the proof. O

The identity established in Theorem E.5 plays a pivotal role in the proof of Theorem E.11, which,
in turn, functions as a supporting lemma for the proof of Theorem D.1-the main result of this work.
To conclude this section, we highlight several connections of this identity with other well-studied
combinatorial concepts, including the generalized inclusion—exclusion principle, Stirling and Bell
numbers, rook polynomials, and systems of distinct representatives.

Remark E.7 (Generalized inclusion-exclusion principle). For any statistic F' on partitions that col-
lapses indices within blocks, M&bius inversion on the partition lattice gives

GO)= > un(0,m) F(r), (175)
m€Il([n])
where
pn(0,7) = [T (~DZ-1 (1Bl - 1) (176)
Bem

A canonical instance is counting injections f : [n] — [m]. Let F'(r) = m!™! be the number of maps
constant on each block of 7. Then

mt= S (0w ml (177)
well([n])

which is the inclusion-exclusion count of injections (no two domain points collide).
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Remark E.8 (Stirling Numbers and Bell Numbers). The previous identity specializes to the Stirling

transforms:
n

Tt = Z pr (0, 7) 2™ = Zs(n,k‘) z", s(n, k) == Z prn (0, ), (178)
well([n]) k=0 ”TTQZ”

and its inverse

.,L,’I’L

> Sn,k)ak,  B,=> S(nk), (179)
k=0 k=0

where S(n, k) are Stirling numbers of the second kind and B,, are Bell numbers. As a quick conse-
quence, setting x = 1 in the first display yields

A n __ 1a n= 17
> pn(0,m) =12 = {0’ N2 (180)
mell([n])

a useful checksum for py.

Remark E.9 (Rook Polynomials). For a board B C [n] x [n], let r(B) be the number of ways to
place k non-attacking rooks on B and Rp(t) = Y., _ rr(B)t" the rook polynomial. The number
of permutations of [n] whose graph avoids B is

{o € S, : (i,0(i)) ¢ B,Vi}| = Z(—l)k ri(B)(n — k)! = (Rp(—A)nl), (181)
k=0
the standard rook-theoretic inclusion-exclusion.

Remark E.10 (Systems of Distinct Representatives). For systems of distinct representatives, let
Aq,..., A, CU. The number of SDRs (a1, ...,a,) with a; € A; and a; all distinct is

SDR(As,..., )| = > pn(®,m) [T| ) 4

rell([n]) Ber i€B

. (182)

Here [[z.,| Nies Ai| counts choices when entries are forced equal within each block B;
Mobius inversion removes those equalities to enforce distinctness-exactly paralleling rook inclusion-
exclusion.

E.4 A TECHNICAL RESULT ON WEIGHTED SUMS OVER DISTINCT TUPLES

We now present a result concerning the problem of weighted sums over distinct tuples. The results
developed in this section form the backbone of our argument in the proof of Theorem D.1, the main
result of this work.

Theorem E.11. Given positive integers m,n > 1. For each i € [m], let A; be a subset of [n]. Let

Z1,...,%, ben real numbers. For any nonempty S C [m)], define
Fg := {(ai)ies s a; € A; foralli € S, and all a;’s are pairwise distinct}. (183)
Fori € S and a € A;, define the fiber
FS,i,a = {(aj)jeg S FS Da; = a} . (184)
For any nonempty T C [m], define Ay := (), Ai, and
G(T) = Z Tq. (185)
a€Ar

Assume that, for every nonempty S C [m] and every i € S, one has
> |Fsialza =0. (186)
a€A;

Then, for every nonempty T C [m], one has

G(T)= Y x,=0. (187)

a€AT
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Proof. Let S be a nonempty finite set. Denote by II(S) the lattice of set partitions of S ordered by
refinement: For o, 7 € TI(S), we write o < 7 if every block of ¢ is contained in a block of 7. Any
7 € I1(S) is a family of disjoint nonempty blocks whose union is S. For a block B C S define

Ap=()4;, and  |Ap| ::‘ﬂ A;
JjEB JjEB

. (188)

Let 1 denote the Mébius function of II(S) (with respect to refinement). g is determined by
> oio<n () = 1g_5y, where 0 is the discrete partition. Formula (1) follows by multiplica-
tivity of i over blocks and the known one-block value (—1)"~!(r — 1)! for a block of size r. It is

well-known that:
p(r) = [T =Pt (B -1 (189)
Ben
Fix a nonempty S C [m], an index 7 € S, and an element a € [n]. Let Gg be the set of all functions
g : S — [n] satisfying g(j) € A; for all j € S (note that, there is no distinctness condition). For
g € Gg, define its equality partition 7(g) € II(.S) by:

J ~r(g) k ifandonlyif g(j) = g(k). (190)

Thus 7(g) records which indices are assigned the same value by g. One has g is injective on S if
and only if 7(g) = 0. The set Fs of injective choices can be described as:

Fs={g€Gs: n(g) =0}, (191)
and the fiber fixing the value at the distinguished index ¢ is:
Fgio= {g €Gs: g(i) =a, m(g) = O} (192)

For m € II(S) and i € S, let B;(m) denote the unique block of 7 containing ¢. Define:
Ngio(m) = ’{g € Gg : ¢ is constant on each block of 7, g(i) = a}‘. (193)

That is, Ng; () counts maps that are constant along blocks of 7 (so the only equalities allowed
among coordinates are those forced by ) and take the prescribed value a at the index ¢. For every
m € TI(.S), one has:

Nsia(™) = Laean,y 1] 1458l (194)

Bem
B#B;(m)

Indeed, if g is constant on each block of 7, the value on the block B;(7) must equal g(i) = a. This
is possible exactly when a € ﬂjeBi(ﬂ) Aj = Ap,(r), which contributes the indicator Laeay, m}-

Then, for any other block B € 7 with B # B;(w), the common value of g on B can be chosen
arbitrarily from the intersection Ap = (;.p A4;, independently across distinct blocks. Therefore

there are | A g| choices for each such block, and multiplying over all B # B;(r) yields the product
in Equation (194). Now, for g € Gg, define the two indicator functions on II(.5):

E(g) = 1{7‘(‘(9):6}’ and Cﬂ-(g) = 1{77(9)271'} (’/T S H(S)) (195)

Here m(g) > 7 means that g is constant on every block of 7. By general Mgbius inversion on posets,
one has:

E(g) = Y n(m)Calg), (196)
Tell(S)
since
Y 1) =10y (197)
o<n(g)

Now fix i € S and a € [n], multiply the last identity by 1ig(i)=a}> and sum over all g € Gg, one
has:

Fsial = > Lgi=ayBl9) = D w(m) D> 1igi)=a}Cal9). (198)

geGs meIl(S) 9geGs
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The inner sum is precisely Ng; ,(m) by definition. Using Equation (194), one therefore obtains the
explicit expansion:

Fsial = > () Yaean .y 1] 145l (199)
well(S) Bem
B#B;()

Multiply Equation (199) by z, and sum over all @ € A; (equivalently, over all a € [n], since the
indicator in Equation (199) already forces a € A; when i € B;(7)):

Yo Fsialea= Y um| [I 145l doow- (200)

a€A; TEI(S) Ben a€Ap, (m)
B#B;(r)

With the shorthand G(T') := > x, this becomes

a€AT

Y NFsialza= > wm| [] 48| G(Bi(x)). (201)
a€A; weII(S) Ben
B#B;()

By the hypothesis, the left-hand side of Equation (201) is 0. Hence

0= > um| I sl|G(Bix), (202)
neTl(S) Bfg_fzw)

for every nonempty S C [m] and every i € S. Observe that, in Equation (202), the term G(B;())
only involves nonempty subsets B;(7) with i € B;(7w) C S.

Back to the problem. We now show that G(T') = 0 for every nonempty 7' C [m] by induction on
k := |T'|. We use the Equation (189) and Equation (202) a lots.

Base case.

Let T' = {i} for some ¢ € [m]. Take S = {i} in the given hypothesis, one has
Z |EsialTa = 0. (203)
acA;

Since S has one element, an injective choice on S is just a choice of a value in A;, hence |F{,-}77; 7(1\ =
1{4c ;) Therefore

0= [Fiyialza =) za = G{i}), (204)
a€A; acA;

which establishes the base case.

Inductive step.

Fix k > 2 and assume the claim holds for all nonempty U C [m] with |U| < k, i.e., GU) =0
whenever 1 < |U| < k— 1. Let T C [m] with |T'| = k, and fix any distinguished index i € T.
Apply Equation (202) with S = T, we analyze the sum over 7 € II(T") by separating the one-block
partition from the rest.

(a) The contribution of the one—block partition.

There is a unique partition 7* = {T'} with a single block. For this partition we have B;(n*) =
T, and the product over B # B;(n*) is an empty product, hence equals 1 by convention. By
Equation (189) with |T| = k, one has:

() = (=1)* 1k = 1) (205)
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Thus, the term of Equation (202) corresponding to 7* equals

p(m*) - 1-G(Biy(r*)) = (=) (k — 1)IG(T). (206)

(b) The contribution of all other partitions.

Let 7 € II(T) with 7 # #*. Then B;(r) is a proper, nonempty subset of 7" (it still contains 4 but
does not equal T'). Consequently |B;(7)| < k — 1. By the inductive hypothesis,

Hence every summand in Equation (202) with w # 7* vanishes, regardless of the multiplicative
factor [ 5., () |A| and the value of ().

Collecting (a) and (b), identity Equation (202) with S = T reduces to

0= (-1 Yk -1)G(T). (207)
Since (—1)*=1(k — 1)! # 0, we conclude G(T') = 0.
By induction on , the relation G(T') = 0 holds for every nonempty 7' C [m]. O

Remark E.12 (Combinatorial intuition). Viewed combinatorially, Fis is precisely the set of systems
of distinct representatives (SDRs) for the family {A; : ¢ € S} For a fixed index ¢ € S and value
a € A;, the fiber Fs; , enumerates those SDRs that assign the representative a to position 7. As-
sumption in Equation (210) therefore states that the weighted sum Zae A |Fs.i | zq vanishes for
every nonempty S C [m] and every i € .S; equivalently, the vector © = (2,),¢e[n] is orthogonal to
the vector of SDR—completion counts at coordinate 7. Applying Mobius inversion on the Boolean
lattice (2[’”], Q) transfers these linear relations, with coefficients given by SDR multiplicities, into
relations with unit coefficients, thereby collapsing the fiber-weighted sums to the unweighted in-
tersection sums Zaemjg A, Za- This mirrors the classical rook-polynomial/inclusion-exclusion
paradigm: counts of placements with multiplicities invert to simple intersection counts once the
incidence algebra is diagonalized by the Mobius function.

Remark E.13 (Discussion and structural role of Equation (199)). Equation (199) is a blockwise
inclusion-exclusion (rook-theoretic) decomposition of the fiber cardinality. Each partition 7 en-
codes a pattern of equalities among coordinates; the Mobius weight p(7) alternates and corrects for
overcounting, while the multiplicative factor [], £Bi () |Ap| captures the independent choices of

common values on the remaining blocks, and the indicator 1,4, 3 enforces compatibility of
the distinguished value a with the block containing 7.

We have a direct corollary of Theorem E.11.

Corollary E.14. Given positive integers m,n > 1. For each i € [m)], let A; be a subset of [n]. Let

Z1,..., Ty be n real numbers. For any nonempty S C [m], define
Fg = {(ai)ies s a; €A; foralli €S, and all a;’s are pairwise distinct}. (208)
Fori € S and a € A;, define the fiber
FS,i,a = {(aj)jes c FS La; = a} . (209)
Assume that, for every nonempty S C [m] and every i € S, one has
> |Fsiala =0. (210)
acA;
Then, one has
GT)= >  wa=0. (211)
a€ALN...NApm,
Proof. By taking T' = [m] in Theorem E.11, one obtains the asserted main conclusion. O
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F FUNCTIONAL EQUIVALENCE OF MULTIHEAD ATTENTION WITH ROTARY
POSITIONAL ENCODING

F.1 MAIN RESULT ON FUNCTIONAL EQUIVALENCE

Theorem F.1 (Theorem 4.2 in the main paper). Given two positive integers d and dy, with d > dy,.
Consider two MultiHeadropg maps with h and h heads, with rotary positional encoding. They are
parameterized by families of matrices

{WQ}z 1 {WK}Z 1 {WV}Z 1 {WO}Z 1 CRdth, and (212)
WAL, (WAL, (W, (WYL, R,
respectively. Assume that

1. In the first MultiHeadgrope map, for each head i € [h], the similarity score between two
arbitrary tokens does not vanish, i.e.,

WEWET + WEWD T and WER(WI)T, (213)
for all non-zero integer n, are non-zero.

2. In the second MultiHeadgropg map, for each head i € [B] the similarity score between two
arbitrary tokens does not vanish, i.e.,

WeWHT + WEWE)T and WER(WK)T, (214)
for all non-zero integer n, are non-zero.
3. In the first MultiHeadgropg map, the similarity score maps are pairwise distinct, i.e.,
{WRWE)T + WE W AWER (W) Y acznzo . 215)
fori=1,..., h, are h pairwise distinct families.
4. In the second MultiHeadg,pg map, the similarity score maps are pairwise distinct, i.e.,
(WS + WEW)TAWER (W) Yueznto - 216)
fori=1,... h, are h pairwise distinct families.

5. In the first MultiHeadgopg map, all matrices W, WX WY WP fori € [h] are of rank
dp,.

6. In the second MultiHeadrpg map, all matrices WZQ, wE WY, Wio fori € [h] are of rank
dp,.

If the two MultiHeadr,pg maps are identical, i.e.,
MultiHeadgops (x WO WE WY W?}ﬁ;l)
= MultiHeadgope (x WO, WE, WV,WiO}fl:l), 217)

K2

then h = h, and there exists a permutation o € Sy, and invertible matrices {U;}!_, C H(dy,) and
{Vi}h, € GL(dy) such that

We =wo, Ul WE=wK . (U),
(218)
wy W;/() VT, WP =wG, - (V)L
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Proof. For i € [h] and m,n > 1, denote

A" = WERT WY ifm #n (219)

QWKT 1 WE(WT
Ao Wit (W) er W) na (220)
By =WY(WP)T. (221)

For i € [h] and m,n > 1, denote

A= WERMT WY ifm #n (222)

7O WENT VEWOT
Azn,m — Wz (Wz ) ;—Wz (Wz ) , and (223)
B =W (W2)T. (224)

Then, one has

MultiHead (x S {{AT " Y, Bi}zhzl)

= MultiHeadgopg (x : {WZQ, wkwY we} ?:1)7 (225)
and
MultiHead(x : {{AT" Yo Bz‘}?ﬂ)
= MultiHeadg,pg (x : {WZQ7 W,Q7 Wivv WiO} ?:1)' (226)
Thus,

MultiHead (x : {{A]"" }ynn, Bi}s )
:MultiHead(x: {{A;’“”}mm,Bi}?:l). (227)

From the condition 3, 4, the property of parameters from these maps fit to the setting of Corol-
lary D.3, which is that A7"" and A;"" are nonzero for all feasible triples (¢, m,n). Thus, for every
parameter family

{A™" Y C R, (228)
we have the identity
Z B; = Z B;. (229)
i€[h] : {A7" " b n={A™"} i€lh] : {A7 " Y n={A"™ "}

From condition 3, one has h families of parameters

{AT" =1, A2 =1, - {4 =1, (230)
are pairwise distinct. Together with Equation (229), consider
{A™ " Y = {AT Yo (231)
one has the left-hand side of Equation (229) is equal to B;. Thus,
B; = > Bj. (232)

JG[H] . {A;’L,’n}m.’n:{A’;n,’n}myn

Note that, since all the matrices W,”" and W have rank dj,, it implies that all B; are non-zero. From
Equation (232), for each ¢ € [@ since the left-hand side is non-zero, the right-hand side has at least
one index j € [h] such that B; is non-zero and {A7""},, , = {A""},, . Since h families of
parameters

{ATJL}m,nle {Agmn}mley ey {A;Ln,n}m,nZI; (233)
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are pairwise distinct, one implies that each ¢ has its corresponding j’s distinctly from others. Thus,
h < h. By a symmetric argument, one also has ~ > h. In conclusion, one has h = h. Moreover, by
the above argument, for each i, there exists exactly one j € [h] such that {A7""},,, , = {A]"" } .
Moreover, this also implies that B; = B;.

In conclusion, there exists a permutation o € S}, such that
AT = AZL(’Z)I, forallm,n >1, and B, = B;. (234)
From Lemma F.2, there exists matrices {U; }?_, C H(dj,) such that

WE =W Ul WK =Wk, ) (235)

From the rank factorization (Piziak & Odell, 1999), there exists matrices {V;}*_, C GL(d},) such
that

WY =Wy, Vil WP =W, (i)t (236)
This concludes the proof. O
F.2 A LEMMA CONCERNING THE ROTARY MATRIX

Given d = 2m be an even integer. Consider the RoPE matrix at position 1 as

. cosf) —sinf
R = diag(R(61),...,R(04/2)) € R™?, where R(0) = {sin@ cos } . (237)
Denote the n x n identity matrix as I,,. Fori = 1,. .., m, define the 2-dimensional coordinate plane
E; = span{egi,l, 621'} C Rd, (238)

where eq;_1, eo; are the (2¢ — 1)-th and 2i-th coordinate basis vectors. Definethe orthogonal projec-
tion matrix

P = egi_ 169, 1 + €gieq; € RIX4, (239)

In words, P; is the d x d matrix has the i-th 2 x 2 diagonal block is the 2 x 2 identity matrix. We
also define the matrix

. T T
J; = €2i€9;_1 — €2i—1€9; € RdXd. (240)

In words, J; is the d X d matrix has the i-th 2 x 2 diagonal block is the following 2 x 2 matrix

_ 10 -1

J = [1 0]. (241)

The matrix R now can be written as
R=> (cos0;P; +sin0;.J;). (242)

i=1
Moreover, for n € Z, one has
m

R™ =" (cos(nb;) P; + sin(nb;).J;) . (243)

i=1
We have the following result.

Lemma F.2. Given an integer D > d. Consider matrices X, Z € RP*? and Y, T € R*P_ Assume
that, for all non zero interger n,

XR"Y = ZR"T. (244)
If

1. All the angles 0; € (0, ) are pairwise distinct, and
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2. Foralli=1,...,m, XP,; and P;Y have rank 2.

Then, there exists an invertible matrix U € R¥? of the form

U= (a;P; +biJ;) with (a;,b;) € R*\ {(0,0)} for i =1,...,m, (245)

i=1
such that
Z=XU and T=U"1'Y. (246)

Proof. We structure the proof into several steps for the sake of clarity and readability.

Step 1.
Define
Ay = XPY € RP*P, (247)
By; = XJ;Y € RP*P, (248)
Ay = ZPT € RP*P, (249)
By = ZJ;T € RP*P. (250)
Using
R" = Z (cos(nb;)P; + sin(nb;)J;) , (251)
i=1
one has
XR"Y = Z X (cos(nb;)P; + sin(nb;)J;) Y
i=1
= Z (cos(nb;) X PY + sin(nb;) X J;Y)
i=1
= Z (cos(nb;)A; ; +sin(nb;)B1,:) , (252)
i=1
and

ZR"T = Z Z (cos(nb;) P; + sin(nb;)J;) T
= (cos(nb;) ZP,T + sin(nb;) Z.J;T)

= Z (cos(nb;) Az ; + sin(nb;)Ba ;) . (253)

Since XR"Y = ZR"T foralln # 0, and 61, 05, . .., 0,,, are pairwise distinct, one has A; ; = A, ;
and By ; = By ; foralli=1,...,m,or

XPY =ZPT, and XY =ZJT. (254)

Step 2.

Now fix an numbers € {1,...,m}. Let X, is the D x 2 matrix constructed by concating the (2i—1)-
th and 2i-th columns of X, Y; be the 2 x D matrix constructed by concating the (2¢ — 1)-th and
2i-th rows of Y. Similarly, we construct Z;, T; for Z, T, respectively. By the second assumption,
we have both X; and Y; have rank 2. Moreover, from

XPY =ZPT, and XY =ZJT, (255)
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one has
XY, =2Z,T;, and X JY;, = Z,JT;. (256)
Let Vx € R2XP be the left inverse matrix of X; and V3~ € RP*? be the right inverse matrix of Y;,
VxXi =YWy = Is. (257)
One has
I = (Vx Xi)(YiVy) = Vx (XiY) Vy
=Vx(Z;T)Vy = (VxZ;)(T;Vy). (258)
Let U; = Vx Z;. Then Ui_1 = T;Vy. Moreover, one has
X = X,(ViVy) = (X:Yi) Vo
= (ZT)Vy = Z;(TiVy) = Z;U;7 (259)
so Z; = X;U;. Similarly, one has
Y = (Vx X3)Y; = Vx (X;Y;)
=Vx(ZT;) = (Vx Z;)T; = U;T;, (260)
soT; = Ui_lYi. Now, from X,;JY; = Z;JT;, one has
J = (VxX;)J(YiVy) = Vx (X;JY;) Vy
= Vx(Z;JJT)Vy = (Vx Z;)J(T;Vy) = U;JU; . (261)

In other words, one has U;J = JU,. Then, there exists (a;,b;) € R?\ {(0,0)} such that U; =
a;I> + b;J. In conclusion, one has

Z; = X,;U,, and T, = U 'Y, (262)
where U; = a;1> + b;J with (ai, bz) € R? \ {(0,0)}
Step 3.
Define U = diag(Uy, ..., U,,). From the property of U,’s, we have
U=> (a;P; +b;J;) with (a;,b;) € R*\ {(0,0)} for i =1,...,m, (263)
i=1
and Z = XU and T = U~'Y. This concludes the proof. O

This result will be invoked in the proof of Theorem F.1.

Remark F.3 (On the assumptions of Lemma F.2). If angles are not distinct or some equal 0 or T,
first merge blocks with equal 6 and repeat the argument within each frequency class; the conclusion
remains that U must commute with R (hence with each J;) on the active subspaces. If rank(X P;) <
2 or rank(P;Y’) < 2 for some 4, the same derivation shows C; must commute with .J; on the image
subspace; C; may be non-unique, but the global relation Z = XU, T = U~'Y with U commuting
with R still describes the solution set restricted to the active coordinates.

Remark F.4 (Concrete matrix forms). We provide the explicit form of the matrices used in the
above argument for the case d = 6 (i.e., m = 3), expressed in the standard basis (eq, ..., es), to
facilitate readability.

e NeNeNoN
oo oo~k OoO
SO OO OoO O
(NN N NN
SO OO OO
OO OoOOOoO O

=~

|
[sNoNoNal )
[esien s e )
(NNl NN
SO OO O O
SO OO Oo O
SO OO OoO O
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0 00O 0O 000 0O 0O
0 000 0O 000 0 0O
P _ 001 00O 7, — 0 00 -1 00
2710 0 01 0 0]° 271001 0 0 0]
000 0 OO0 000 0 0O
0 0 0 0 0 0] 0 0 0 0 0 0f
[0 0 0 0 0 O] [0 0 0 0 0 O]
000 0 O0O0 000 00 O
P — 000 O0O0O0 Ju— 0000 O0 O
3710 0 0 0 0 0] 3710 0000 0]
00 0 O0 10 0 000 0 -1
0 0 0 0 0 1y 0 0 0 0 1 O]
cosf; —sinby 0 0 0 0
sinfy;  cosf 0 0 0 0
n— 0 0 cosfly —sinfy 0 0
0 0 sinfy  cosfy 0 0 ’
0 0 0 0 cosfly3 —sinfs
0 0 0 0 sinfls  cosbs
a1 71)1 0 0 O 0
bl aq 0 0 0 0
U — 0 0 a9 —bg 0 0
B 0 0 b2 ag 0 0 ’
0 0 0 0 as —b3
0 0 0 0 b3 as
a b T
prawr A 0 0 0 0
a4 @i 0 l? 0 0
e O #@#m oam O 0
0 0 —Zim a2 0 bO
S S N 2= S =2
|0 0 0 0 —&fm am

G SUPPLEMENTARY DETAILS ON THE MATCHING ALGORITHM

G.1 LEMMAS AND PROOFS FOR THE ALGORITHM

Lemma G.1. Given matrices X, X', Y, Y’ € R™*™ with m > n, find a matrix A € GL(n) that
minimizes the following objective function:

FA) = | X = X"AT|F + Y =Y A7HE, (264)

where || - || p denotes the Frobenius norm, and GL(n) is the general linear group of invertible n x n
matrices. Then g—f‘, the gradient w.r.t A, is:

20AX'T — XX + 24 HTY'T(Y —Y'A YA~ HT, (265)

Proof. We adopt the matrix convention where the gradient is represented as a column vector. We
aim to find an invertible matrix A € GL(n) that minimizes the objective function

fAA) =X - X'AT|L +|Y - YA Y3, (266)
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where X, X', Y, Y’ € R™*™ withm > n, and || - || 7 denotes the Frobenius norm.
Step 1. Express the Objective Function Using the Trace
Since the Frobenius norm satisfies | M ||% = trace(MT M), we can write
FA) =IX - X'AT|H+ Y —Y'A7HE
= trace (X — X'AT)T(X - X’AT))
+trace (Y —Y'A"H)T(Y —Y'A™). (267)
Step 2. Compute the Gradient

To find the minimum, we compute the gradient of f(A) with respect to A and set it to zero. Define
g1(A) = [|X — X'AT[F and go(A) = [[Y = Y' A1, s0 f(A) = g1(A) + g2(A).

To compute the gradient of g; (A) = || X —X’AT |2 with respect to A, we first expand the expression
using the trace property || M ||% = trace(M " M):

91(A) = trace (X — X’AT) (X — X’A"))
= trace (X — AX'T)(X — X'AT))
=trace (XX — XTX'AT - AX'"TX + AX'TX'AT)
= trace(X " X) — 2trace(X " X'AT) 4 trace(AX'T X'AT). (268)

Now, we compute the gradient of each term with respect to A:

9 trace(X ' X) = 0,

DA
a%(—? trace(X TX'A")) = —2X T X',
a% trace(AX'TX'AT) = 24X'T X, (269)

Summing these results, we obtain the gradient of g1 (A4):

5'91(A)
0A

=0-2X"X' +24X'TX’
=2(AX'T - X)X’ (270)
For the second term go(A), since it involves A~!, we use the differential. Note that d(A~1) =
—A~'dAA~Y. The differential of go(A) is
dgo = d [trace (Y —Y'A™H)T(Y —Y'A71))]
= 2trace (Y —Y'A"H)Td(y —y'4™))
= 2trace (Y —Y'AH)TY/(A71dAA™Y))
= 2trace (Y —Y'A™")TY' A7 dAA™Y). (271)
Using the cyclic property of the trace, trace(PQRS) = trace(SPQR), we adjust the expression:
dgs = 2trace (Y = YA H)TY'A71dAA™Y)
= 2trace (A~ (Y —Y'AH)TY'AdA). (272)

9 T
Since dg, = trace ((8@) dA), we identify

% _ (2A—1(Y _ Y/A—l)TylA—l)T

=2A"HTYT(y —y'A HAa HT. (273)
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Thus, the total gradient of f(A) is

of _ 991 092
DA~ 0A ' 0A
=2(AX'T - X)X 424 YY" (Y —Yy'A (AT, (274)

O

Lemma G.2. Given matrices X, X' )Y, Y’ € R™*"™ with m > n, the orthogonal matrix A € R"*"
satisfying AT A = I that minimizes the objective function:

FA) = [1X = X'AT|7 + Iy = YA, 275)

where || - || p denotes the Frobenius norm, is:
A=UV"T, (13) (276)
where U, X,V are from the singular value decomposition B =UXV ", withB=X"X'+YTY".

Proof. Since A is orthogonal, A~! = AT, so the objective can be rewritten as:

fA) =X -X'AT+|lY =Y'AT|Z. (2) 277)

Step 1. Expand the Objective Function
The Frobenius norm squared is || M ||% = trace(M " M). We expand the first term of f(A):
[ X — X'AT||3 = trace (X — X'AT) (X — X'A"))
= trace (X — AX'T)(X — X'AT))
=trace (X "X — XTX'AT - AX""X + AX'TX'AT)
= trace(X " X) — 2trace(X " X'AT) + trace(AX'TX'AT). (278)
For an orthogonal matrix A, since AT A = AAT = I and the trace is invariant under cyclic permu-
tations, we have:

trace(AT X' X' A) = trace(X'T X' AA") = trace( X' X”). (279)

Thus,
[X — X'AT||% = trace(X " X) — 2trace(X ' X'AT)
+ trace(X'T X). (280)
Similarly, for the second term regarding Y:
|V —Y'AT||2 = trace(Y"Y) — 2trace(Y T Y'AT) + trace(Y'TY"). (281)
Substituting into f(A):
f(A) = trace(X " X) + trace(X' " X”) 4 trace(Y 'Y + trace(Y'TY”)
— 2 (trace(X " X'AT) + trace(Y'Y'AT)) . (282)

The terms trace(X ' X), trace(X'T X”), trace(Y TY'), and trace(Y’TY") are constant with respect
to A. Thus, minimizing f(A) is equivalent to maximizing:

g(A) = trace(X " X'AT) + trace(Y TY'AT). (283)
Using the linearity of the trace and the property trace(M N) = trace(N M ):
g(A) = trace(AT(XTX' +YTY")). (284)

Define B = X "X’ + Y TY’. Then, the problem reduces to maximizing trace(A" B) over all
orthogonal matrices A.
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Step 2. Singular Value Decomposition (SVD)

Compute the singular value decomposition of B:

B=UZV', (285)
where U,V € R™*" are orthogonal matrices, and ¥ = diag(o,...,0,) is a diagonal matrix with
non-negative singular values o; > 0.

Then,
trace(A" B) = trace(ATUXV ") = trace(VT ATUY). (286)

Define C = VT ATU. Since A, U,V are orthogonal, C'is also an orthogonal matrix. Thus,
trace(CY) = Y _ c;i05, (287)
i=1

where ¢;; are the diagonal elements of C. Since C is orthogonal, its columns (and rows) are or-
thonormal vectors, which implies |c;;| < 1 for all . Therefore:

trace(CY) < Zai, (288)

i=1
with equality when C = I, i.e., ¢;; = 1 for all ¢ (assuming all o; > 0).
Step 3. Verification and Optimality
The maximum value of trace(A" B) is Y-, 0;, achieved when C' = I
VIATU=1 = A'U=V = AT =VU'

— A=(WVU"H" =U0V". (289)
Since A = UV " maximizes g(A), and f(A) is of the form constant — 2g(A), this choice of A
minimizes f(A).
Final Answer

The orthogonal matrix A that minimizes f(A) is:
A=UVT, (13) (290)

where U, ¥, V are from the singular value decomposition B = UXV T, with B = XT X' + Y TY".
O

Lemma G.3 (Optimal Alignment for RoPE Query-Key Matrices). Let W5, Wi € R¥>dn gnd
W& Wf( € R be the query and key weight matrices for a single attention head from two

models, denoted a and b. The problem of finding an alignment matrix U € H(d},) that minimizes the
loss function

Lase(U) = W~ WU [+ Wi — Wi (291)

over U € H(dy) decouples into dy/2 independent subproblems. For each subspace j =
1,...,dn/2, the subproblem of finding the optimal 2 x 2 matrix U; is equivalent to finding the
minimizer x; = arg ming-o g; (x) of the 1D scalar objective function

MK vk, ]2 _
9i(w) = wng; + = = 4\/|’YQ,J‘295 + =+ 2Re(1,57K,5); (292)

where the constants 1q ;, K. j,VQ.j, YK,; are derived from the corresponding weight submatrices
as defined in the proof below (with 1 denoting squared Frobenius norms and ~y denoting complex

correlation scalars). The optimal matrix U} is then determined by the optimal value 7.
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Proof. Step 1. Decomposition of the Loss Function. The loss L i (U) decouples independently
across the dj, /2 orthogonal 2D subspaces. For each subspace j = 1,...,d},/2, the corresponding
loss term is

©) _ lpa brrT |2 a brr—1||2
Lok (Uy) = 1QF = QU I + 165 = K307 [ (293)
where Q7' = W', and K" = W', € R%*2 are the submatrices for model m € {a,b}, and

a:  —bs ; e
Uj; = < bj aj) € H(2). Each Eg?K can be minimized independently.

For simplicity, we drop the index j in the following. The goal is to find the matrix U = <Z _ab)

that minimizes the loss:

L(a,b) = [Q* = QU % + || K*— K'U™ 3. (294)

Step 2. Reduction to a 1D Scalar Objective Function. The problem simplifies by identifying the
matrix U with a complex number z = a + ib. The squared magnitude is 72 = a? + b? = |2|? =
det(U). Key propertiesare U'U = UU " =r?JandU~' = LU ",

Using the property ||M||%2 = tr(M T M), expand the loss function. Dropping the constant terms
|Q]|% + | K*||%, the objective to minimize is:

L£=—2t((Q)TQUT) + tr(U(Q")TQUT)
—2tr((K)TKUY) + to(UHT (K T KU
= —2t0(CoUT) + 12| Q|2 — 2tr(CxU ™) + %IIK”II%

2
" Z—I; —26(CqUT) = = tr(CxUT), (295)

where the constants are defined as g = ||Q°||%, nx = [|K*|%, Co = (Q*)TQ", and Cx =
(K TK?.

To express the trace terms in complex form, note that U = al — bJ where J = <(1) _01>

This yields the identity tr(CU ") = atr(C) — btr(CJ) = 2Re(yz), where the complex scalar
v = 5(tr(C) +itr(CJ)). Applying this, the loss becomes:

4
L(z) = |2[*ng + @% — 4Re(v02) — FE Re(yx2), (296)

where v and v are complex constants derived from Cg and C'k respectively.

Express z in polar form as z = re’®, where 7 = |z| > 0. The loss function can be rewritten to
isolate terms dependent on the phase angle 0:

1 )
L(r,0) =r*ng + Z—I; —4Re ((T’)/Q + T’yK) ei9> . (297)

First, optimize the phase ¢ for a fixed magnitude 7. The expression is minimized by maximizing
the real part term. The maximum value of Re(Ce®) is |C|, achieved when ¢ has angle — arg(C).
Thus, the optimal phase 6* for a given r is:

1
0*(r) = — arg (T’YQ + r’YK) . (298)

Substituting 8* back into the loss yields a 1D scalar objective function depending only on 7:

1
9(r) = rng + B —4|ryg + ﬂK‘ : (299)
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For algebraic convenience, substitute = 72 > 0. The squared norm term expands as:

= (\/EVQ + %WK) <\/57Q + \/1571()

1
;|7K|2 + 2Re(v07x)- (300)

2

1
™M+ K

= zlyol* +

2, B = |yk|? and C = 2 Re(yg7k ), the objective function in terms of z is:

B
() :an+%K — 4z =+ (301)

Step 3. Analysis of the Stationarity Condition. To minimize g(z) for z > 0, find stationary points
by solving ¢'(z) = 0:

Letting A = |yg

g@)=ng -5 - —F—===0. (302)

Isolate the square root term and square both sides (noting this may introduce extraneous solutions):

2 4(A_ B)?
(ro- )" = AT o0
Multiplying by the denominator and clearing fractions by multiplying by z# yields:
(ngx® — nk)*(Az* + Cx + B) = 4x(Ax* — B)?. (304)

The left side has degree 6 in x, while the right side has degree 5, so the stationarity condition
corresponds to finding roots of a 6th-degree polynomial.

Step 4. Numerical Approach. Since solving a 6th-degree polynomial analytically is generally
infeasible and numerical root-finding can be unstable, a more robust approach is to directly minimize
the scalar function g(x) using a 1D optimization method. The procedure is as follows:

1. Compute the scalar constants 7, 77k and the complex constants yq, Yk

2. Define the objective function g(x) = xng + L — 4\/|7Q|2x + @ + 2Re(v07k)-

3. Find the minimizer * = arg min,~o ¢g(z) using a numerical optimization routine. Here
we use the Brent’s method (Brent, 2013).

4. Compute the optimal solution:
* Magnitude: r* = /z*.
* Phase: 0* = — arg (r*ny + %*ny).
* Parameters: a = r* cos(0*), b = r* sin(6*).

This yields the optimal alignment matrix U; for each subspace j. O
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G.2 ALGORITHM DESCRIPTION

Algorithm 1 Attention Layer Alignment

Input: §4, 65,
Output: Aligned §5-aligned
% Stage 1: Head Permutation
Compute cost matrix C'.
Solve LAP for 7*.
Reorder 68 « 7*(65).
% Stage 2: Internal Parameter Alignment
fori=1tohdo

% Align Q, K

if standard MHA then

Minimize Lg x (U;) over GL(dp,).
else
Minimize Lg, x (U;) over H(dp,).

end if

Update: W% — WU, WE, — WEU.

% Align V,0

Minimize Ly, o (V;) over GL(d},).

Update: WY — WY Vi ', WO «— Vi .
end for
return QB,aligned

H IMPACT OF ATTENTION REINITIALIZATION ON PRETRAINED
TRANSFORMER PERFORMANCE

We investigate the effect of targeted attention reinitialization on pretrained Transformer models.
Unlike feedforward blocks, attention layers govern contextual interactions and strongly influence
early representations. To assess their contribution, we reset the parameters of individual attention
modules using standard initialization, while keeping embeddings, LayerNorms, and feedforward
blocks fixed. Models are then evaluated directly on their pretrained tasks without fine-tuning. Our
study considers ViT-Base on ImageNet-1K for image classification and GPT-2 on WikiText103 for
language modeling, with performance measured in accuracy and perplexity, respectively. Figures 3
and 4 summarize the results across layers.

We find that reinitializing attention layers beyond the first generally leads to only modest degrada-
tion, whereas resetting the initial layer produces a pronounced drop in performance. This asymmetry
indicates that early attention plays a uniquely critical role in anchoring representations, while deeper
layers remain more resilient due to residual connections and redundancy in the architecture. Based
on these findings, subsequent experiments on linear mode connectivity focus on reinitializing the
first attention layer, as it provides the most consistent and informative signal of model sensitivity.

I EXPERIMENTAL DETAILS AND HYPERPARAMETERS

Our experiments assess Linear Mode Connectivity (LMC) across a broad spectrum of benchmarks
in both vision and natural language processing. The vision suite covers MNIST, CIFAR-10, CIFAR-
100, ImageNet-1k, and transfer from ImageNet-21k to smaller classification datasets. For language,
we include generative modeling with WikiText103, Enwik8, and the One Billion Word benchmark,
together with supervised classification tasks such as AGNews, IMDB reviews, and DBpedia. Each
experiment builds on pretrained Transformer architectures, where the core weights remain fixed and
only selected attention modules are re-initialized for fine-tuning. Vision tasks use Vision Trans-
former (ViT) backbones, autoregressive language modeling relies on GPT-2, and text classification
tasks are handled by BERT.
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Figure 3: Performance degradation in ViT-Base on ImageNet due to attention reinitialization at
different layers.
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Figure 4: Effect of attention reinitialization on GPT-2 perplexity across layers on WikiText103.
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AGNews. For the AGNews dataset, we adopt a compact BERT-style encoder with embedding di-
mension 96, hidden size 384, and vocabulary size 15,000. Models are trained with depths of 2 or
6 layers and attention configurations of 4 or 8 heads. Pretraining is carried out using the Adam
optimizer with a batch size of 512 and learning rate 1 - 10~2, for up to 6 epochs until convergence.

IMDBreview. For the IMDB dataset, we adopt a compact BERT-style encoder with embedding
dimension 96, hidden size 384, and vocabulary size 15,000. Models are trained with depths of 2,
or 6 layers and attention configurations of 4 or 8 heads. Pretraining is performed using the Adam
optimizer with a batch size of 128 and learning rate 3 - 10~4, for up to 7 epochs until convergence.

DBPedia. For the DBPedia dataset, we adopt a compact BERT-style encoder with embedding di-
mension 96, hidden size 384, vocabulary size 30,522, and 219 output classes (max sequence length
256). Models are trained with depths of 2 or 6 layers and attention configurations of 4 or 8 heads.
Pretraining is carried out using the Adam optimizer with a batch size of 256 and learning rate
1 x 1073 under a linear decay schedule, for up to 5 epochs until convergence.

Enwik8. For the Enwik8 dataset, we employ a GPT-2 style Transformer with 12 layers, hidden
size of 512, 8 attention heads, and an intermediate size of 2048. The context length is set to 512
tokens, with memory length 512 and evaluation length 128. Pretraining is performed using the Adam
optimizer with a batch size of 24 and an initial learning rate of 2.5 - 10~4, following a cosine decay
schedule without warmup, for a total of 60000 steps. During fine-tuning, we replace the pretrained
attention modules with variants containing 4, 8, or 16 heads, and train for 60000 steps.

WikiText103. For the WikiText103 benchmark, we adopt a GPT-2 style Transformer with 12 layers,
hidden size of 192, 3 attention heads, and an intermediate size of 768. The model uses learned
attention biases, with context length, memory length, and evaluation length all set to 256 tokens.
Training is conducted with the Adam optimizer using a batch size of 64 and an initial learning rate
of 2.5 - 10~%. A linear warmup of 2000 steps is followed by a cosine decay learning rate schedule.
The pretraining phase runs for 60k steps. For fine-tuning, we replace the attention modules with
variants containing 2, 3, or 4 heads, and train each configuration for 60000 steps.

One Billion Word. For the One Billion Word benchmark, we employ a GPT-2 style Transformer-
based language model with sinusoidal positional embeddings, 12 layers, hidden size of 768, 12
attention heads, and an intermediate size of 3072. The vocabulary size is 793,470. Pretraining is
performed with target sequence length 256, memory length 256, and evaluation sequence length
256. The model is trained using Adam with a batch size of 96, an initial learning rate of 2.5 - 1074,
and a cosine decay learning rate schedule with 2000 warmup steps. Training is run for 500000 steps
with random seed fixed at O for reproducibility. For fine-tuning, we replace the attention mechanism
with variants containing 8, 12, or 16 heads. Each configuration is fine-tuned for 100000 steps.

MNIST. For the MNIST dataset, we adopt a lightweight Vision Transformer with patch size 7,
embedding dimension 16, hidden size 64, and depths of 1 or 2 layers paired with 4 or 8 attention
heads. Pretraining is carried out using the Adam optimizer with a learning rate of 5 x 10~2, training
to validation convergence (typically 60—-80 epochs, depending on configuration).

CIFAR-10. For CIFAR-10, we use a Vision Transformer with patch size 4, embedding dimension
128, hidden size 512, and depths of 2, 4, or 6 layers paired with 4 or 8 attention heads. Images are
normalized with CIFAR-10 statistics and augmented using random resized crop, horizontal flip, and
rotation. Pretraining is performed with the Adam optimizer at a learning rate of 5 x 10~2 for 100
epochs with batch size 100.

CIFAR-100. For CIFAR-100, we adopt a Vision Transformer with patch size 4, embedding dimen-
sion 128, hidden size 512, and depths of 6 layers paired with 4 or 8 attention heads. Images are
normalized using standard CIFAR-100 statistics and augmented with random resized crop, horizon-
tal flip, and rotation. Pretraining is conducted with the Adam optimizer at a learning rate of 5 x 10~3
for 100 epochs and batch size 100.

Imagenet21k— CIFAR10. We adopt the ViT-Small-Patch16-224 model, pretrained on ImageNet-
21k and subsequently fine-tuned on CIFAR-10. The model consists of 12 layers, a hidden size of
384, an MLP size of 1536, and 6 attention heads, resulting in approximately 22.2M parameters. It
employs a patch size and stride of 16. Dropout is disabled (set to 0.0), and the activation function is
gelu. Stochastic Gradient Descent (SGD) is employed during fine-tuning.
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Imagenet21k— CIFAR100. We adopt the ViT-Small-Patch16-224 model, pretrained on ImageNet-
21k and subsequently fine-tuned on CIFAR-100. The model consists of 12 layers, a hidden size of
384, an MLP size of 1536, and 6 attention heads, resulting in approximately 22.2M parameters. It
employs a patch size and stride of 16. Dropout is disabled (set to 0.0), and the activation function is
gelu. Stochastic Gradient Descent (SGD) is employed during fine-tuning.

ImageNet-1k. For ImageNet-1k, we utilize a pretrained Vision Transformer with the following con-
figuration: hidden size of 768, 12 Transformer layers, 12 attention heads, and an intermediate size
of 3072. Training is performed for 300 epochs with a batch size of 256 using the Adam optimizer
and an initial learning rate of 5 - 10~%. The learning rate follows a cosine decay schedule with 5
epochs of linear warmup. The gelu activation function is employed throughout the network, and
both attention and hidden dropout rates are set to 0.0. During fine-tuning, we systematically replace
the pretrained attention layers with variants containing 8, 12, or 16 heads. Depending on the number
of re-initialized layers, the fine-tuning budget is set to 30, 50, 100, or 300 epochs, respectively.

Runtime Environment. All experiments were executed on NVIDIA H100 GPUs with 80GB of
memory. A single GPU was sufficient for every task, except for the One Billion Word benchmark,
which required two GPUs. Since training was implemented in JAX, approximately 75% of the
GPU memory (about 60GB) was pre-allocated by default. For data loading and preprocessing, the
number of CPU workers was limited to 10. In terms of wall-clock time, small-scale benchmarks—
including MNIST, CIFAR-10, CIFAR-100, transfer learning from ImageNet-21k, and text classi-
fication datasets (AGNews, IMDB reviews, DBPedia)-each completed in under 30 minutes. For
language modeling, both WikiText103 and Enwik8 required about 2 hours for pretraining and fine-
tuning. The One Billion Word benchmark was more computationally demanding, requiring up to 2
days. On the vision side, ImageNet-1k fine-tuning could take as long as 6 days, depending on the
configuration.

J EXPERIMENTS

J.1 LINEAR MODE CONNECTIVITY FOR ATTENTION FIRST LAYER
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Figure 5: Linear Mode Connectivity for ViT on MNIST with 1 layer
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Figure 6: Linear Mode Connectivity for ViT on MNIST with 2 layers
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Figure 10: Linear Mode Connectivity for ViT on CIFAR-100 with 6 layers
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Figure 13: Linear Mode Connectivity for BERT on AGnews with 2 layers
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Figure 15: Linear Mode Connectivity for BERT on IMDBreview with 2 layers
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Figure 16: Linear Mode Connectivity for BERT on IMDBreview with 6 layers
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Figure 17: Linear Mode Connectivity for BERT on DBPedia with 2 layers
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Figure 23: Linear Mode Connectivity for ViT-RoPE on MNIST with 2 layers
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Figure 24: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 2 layers
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Figure 25: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 4 layers
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Figure 26: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 6 layers
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Figure 27: Linear Mode Connectivity for ViT-RoPE on CIFAR-100 with 6 layers
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Figure 28: Linear Mode Connectivity for ViT-RoPE on ImageNet21k—CIFAR-10/100 with 12 lay-
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Figure 29: Linear Mode Connectivity for ViT-RoPE on ImageNet with 12 layers.
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Figure 31: Linear Mode Connectivity for BERT-RoPE on AGnews with 6 layers
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Figure 32: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 2 layers
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Figure 33: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 6 layers
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Figure 34: Linear Mode Connectivity for BERT-RoPE on DBPedia with 2 layers
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Figure 35: Linear Mode Connectivity for BERT-RoPE on DBPedia with 6 layers
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Figure 36: Linear Mode Connectivity for GPT2-RoPE on Enwik8 with 12 layers.
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Figure 37: Linear Mode Connectivity for GPT2-RoPE on Wikitext103 with 12 layers.
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Figure 38: Linear Mode Connectivity for GPT2-RoPE on OneBillionWord with 12 layers.

J.2  LINEAR MODE CONNECTIVITY FOR ATTENTION AT ALL LAYERS

Table 4: Experimental configurations for LMC evaluation under re-initialization of all attention
layers. The table reports datasets, model depth, and attention head counts, with figure references
showing interpolation curves for APE and RoPE variants. Entries of the form A — B denote models
pretrained on A, fine-tuned on B, and assessed on B.

Dataset Layers Heads APE RoPE Dataset Layers Heads APE RoPE
MNIST 2 [4,8] [39a,39b] [54a,54b] AGNews 2 [4,8] [46a,46b] [60a, 60b]
CIFAR-10 2 [4,8] [40a,40b] [55a, 55b] 6 [4,8] [47a,47b] [61a, 61b]
4 [4,8] [41a,41b] [56a,56b] IMDB 2 [4,8] [48a,48b] [62a, 62b]
6 [4,8] [42a,42b] [57a,57b] 6 [4,8] [49a,49b] [63a, 63b]
CIFAR-100 6 [4,8] [43a,43b] [58a,58b] DBPedia 2 [4,8] [50a,50b] [64a, 64b]
ImageNet-21k—CIFAR-10 12 [6] [44a] [59a] 6 [4,8] [51a,51b] [65a, 65b]
ImageNet-21k—CIFAR-100 12 [6] [44b] [59b] Enwik8 12 [8] [52a] [52b]
ImageNet-1k 12 [12] [45a] [45b] WikiText103 12 [3] [53a] [53b]
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Figure 39: Linear Mode Connectivity for ViT on MNIST with 2 layers
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Figure 41: Linear Mode Connectivity for ViT on CIFAR-10 with 4 layers
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Figure 42: Linear Mode Connectivity for ViT on CIFAR-10 with 6 layers
e J— 34 34 3250 3.25 32
£ 28 28 28 £ s 250 e
26 . 261~ . 261 _ 225 225 4
g £
g 035 g
g E
z
= 0.25 =

(a) 4 attention heads

(b) 8 attention heads

Figure 43: Linear Mode Connectivity for ViT on CIFAR-100 with 6 layers
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Figure 45: Linear Mode Connectivity for ViT with APE and RoPE on ImageNet-1k with 12 layers
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Figure 46: Linear Mode Connectivity for BERT on AGnews with 2 layers
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Figure 47: Linear Mode Connectivity for BERT on AGnews with 6 layers
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Figure 48: Linear Mode Connectivity for BERT on IMDBreview with 2 layers
055 0.50 055 0%
015 H ois 045
035 - 035 - 035] 0.35 —
0.86 A oss] 080 N 0850 - 0.86
g ose 084
08 080 - 000 0w
075 = 0.84 0.750 078
(a) 4 attention heads (b) 8 attention heads
Figure 49: Linear Mode Connectivity for BERT on IMDBreview with 6 layers
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Figure 50: Linear Mode Connectivity for BERT on DBPedia with 2 layers
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Figure 51: Linear Mode Connectivity for BERT on DBPedia with 6 layers
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Figure 52: Linear Mode Connectivity for GPT2 with APE and RoPE on Enwik8 with 12 layers and

8 heads

7 7
36 6 6
3
ES
5 5
Model 1 T Model2  Model 1 T Models  Model2 Model 3
7 7
&
36 6 6
&
5
Model 1 T Model2  Model 1 T Models  Model2 Model 3

(a) APE

Val Loss

Test Loss

8
8
7
6
6
1 1
Model 1 ] Model2  Model 1 ] Model 3 Model2 ] ‘Model 3
8
8
7
7
6
6
1 1 4
Model 1 X Modelz  Model 1 ] Model3s  Model2 ] ‘Model 3

(b) RoPE

Figure 53: Linear Mode Connectivity for GPT2 with APE and RoPE on Wikitext103 with 12 layers
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Figure 54: Linear Mode Connectivity for ViT-RoPE on MNIST with 2 layers

18
16
2 16
= 14
3 14
&
12 12
10
Model 1 ) Modelz  Model1 ) Modeld  ModelZ Model 3
o
5 06 06 060
g 055
5 s
g os 05
g 050
2
Eoa o 0.5
0.0
Model 1 ] Model2  Model1 ] Model 3 Model 2 Model 3

(a) 4 attention heads

Test Loss

Test Accuracy

Model 1 ] Model 2 Model 1 ] Model 3 Model 2 ] Model 3
06 05 06

05 05 05

04 04 04

03 03 03

02 02

Model 1 ] Model 2 Model 1 3 Model 3 Model 2 ] Model 3

(b) 8 attention heads

Figure 55: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 2 layers
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Figure 56: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 4 layers
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Figure 57: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 6 layers
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Figure 58: Linear Mode Connectivity for ViT-RoPE on CIFAR-100 with 6 layers
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Figure 59: Linear Mode Connectivity for ViT-RoPE on ImageNet21k—CIFAR-10/100 with 12 lay-
ers and 6 heads
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Figure 60: Linear Mode Connectivity for BERT-RoPE on AGnews with 2 layers
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Figure 61: Linear Mode Connectivity for BERT-RoPE on AGnews with 6 layers
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Figure 62: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 2 layers
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Figure 63: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 6 layers
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Figure 64: Linear Mode Connectivity for BERT-RoPE on DBPedia with 2 layers
& 0.8 08 ) 0.8 > 08 0.8 08
(a) 4 attention heads (b) 8 attention heads
Figure 65: Linear Mode Connectivity for BERT-RoPE on DBPedia with 6 layers
J.3 LINEAR MODE CONNECTIVITY FOR TRANSFORMER FIRST LAYER

Table 5: Experimental setups for LMC under first Transformer layer re-initialization. The table lists
datasets, model depths, and attention head counts, PE type, along with references to figures.

Dataset Layers Heads APE RoPE Dataset Layers Heads APE RoPE
CIFAR-10 6 [8] [66a] [66b] AGNews 6 [8] [69a] [69Db]
CIFAR-100 6 [8] [67a] [67b] DBPedia 6 [8] [70a] [70Db]

ImageNet-1k 12 [12] [68a] [68b]  Wikitext103 12 [12] [71a] [71b]
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Figure 66: Linear Mode Connectivity for ViT with APE and RoPE on CIFAR-10 with 6 layers and
8 heads
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Figure 67: Linear Mode Connectivity for ViT with APE and RoPE on CIFAR-100 with 6 layers and
8 heads
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Figure 68: Linear Mode Connectivity for ViT with APE and RoPE on ImageNet-1k with 12 layers
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Figure 69: Linear Mode Connectivity for BERT with APE and RoPE on AGNews with 6 layers and
8 heads
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Figure 70: Linear Mode Connectivity for BERT with APE and RoPE on DBPedia with 6 layers and
8 heads

79



Under review as a conference paper at ICLR 2026

. — Nawe s — Nawe
s Mate Match
a4 aa
13 a3
242 ﬁ 12
5 |
= a1
)
= &
40 a0
39 39
38 38
37 a7
Model 1 7 Model 2 Mol 1 7 Mool 2

(a) APE

410 —— Nait 410 —— Naive
L
ol ool

(b) RoPE

Figure 71: Linear Mode Connectivity for GPT2 with APE and RoPE on Wikitext103 with 12 layers

J.4 LINEAR MODE CONNECTIVITY FOR FULL MODEL
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Figure 72: LMC interpolation plots for ViT on ImageNet-1K (subplots 1 and 3) and GPT-2 on
WikiText103 (subplots 2 and 4), with APE and RoPE under full Transformer re-initialization.
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Figure 73: Linear Mode Connectivity for ViT with APE and RoPE on CIFAR-10 with 6 layers and

8 heads
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Figure 74: Linear Mode Connectivity for ViT with APE and RoPE on CIFAR-100 with 6 layers and

8 heads
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Figure 75: Linear Mode Connectivity for BERT with APE and RoPE on AGNews with 6 layers and

8 heads
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Figure 76: Linear Mode Connectivity for BERT with APE and RoPE on DBPedia with 6 layers and

8 heads
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Figure 77: Linear Mode Connectivity for ViT with APE and RoPE on ImageNet-1k with 12 layers
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Figure 78: Linear Mode Connectivity for GPT2 with APE and RoPE on Wikitext103 with 12 layers

J.5 ABLATION STUDY ON HEAD PERMUTATION

We plot 24 head permutations, including the one selected by Stage 1 our method, with Stage 2
applied post-reordering for all permutation. For the 4-head case, this encompasses all possible
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Table 6: Ablation study on head permutation

Dataset No. layers No. heads APE Figure RoPE Figure
CIFAR-10 2 [4, 8] [79a, 79b] [86a, 86b]

6 [4, 8] [80a, 80b] [87a, 87b]
CIFAR-100 6 [4, 8] [81a, 81b] [88a, 88b]
IMDBreview 2 [4, 8] [82a, 82b] [89a, 89b]

6 [4, 8] [83a, 83b] [90a, 90b]
DBPedia 2 [4, 8] [84a, 84b] [91a, 91b]

6 [4, 8] [85a, 85b] [92a, 92b]

permutations (4! = 24). For the 8-head case, it includes 23 randomly sampled permutations along
with the one chosen by our method.
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Figure 79: Linear Mode Connectivity for ViT on CIFAR-10 with 2 layers (all head permutations)
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Figure 80: Linear Mode Connectivity for ViT on CIFAR-10 with 6 layers (all head permutations)
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Figure 81: Linear Mode Connectivity for ViT on CIFAR-100 with 6 layers (all head permutations)
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Figure 82: Linear Mode Connectivity for BERT on IMDBreview with 2 layers (all head permuta-
tions)
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Figure 83: Linear Mode Connectivity for BERT on IMDBreview with 6 layers (all head permuta-
tions)
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Figure 84: Linear Mode Connectivity for BERT on DBPedia with 2 layers (all head permutations)
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Figure 85: Linear Mode Connectivity for BERT on DBPedia with 6 layers (all head permutations)
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Figure 86: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 2 layers (all head permuta-
tions)
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Figure 87: Linear Mode Connectivity for ViT-RoPE on CIFAR-10 with 6 layers (all head permuta-
tions)
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Figure 88: Linear Mode Connectivity for ViT-RoPE on CIFAR-100 with 6 layers (all head permu-
tations)
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Figure 89: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 2 layers (all head
permutations)
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Figure 90: Linear Mode Connectivity for BERT-RoPE on IMDBreview with 6 layers (all head

permutations)
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Figure 91: Linear Mode Connectivity for BERT-RoPE on DBPedia with 2 layers (all head permuta-
tions)
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Figure 92: Linear Mode Connectivity for BERT-RoPE on DBPedia with 6 layers (all head permuta-
tions)
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