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Abstract

Compressed sensing combines the power of convex optimization techniques with a sparsity-
inducing prior on the signal space to solve an underdetermined system of equations. For many
problems, the sparsifying dictionary is not directly given, nor its existence can be assumed.
Besides, the sensing matrix can change across different scenarios. Addressing these issues
requires solving a sparse representation learning problem, namely dictionary learning, taking
into account the epistemic uncertainty of the learned dictionaries and, finally, jointly learning
sparse representations and reconstructions under varying sensing matrix conditions. We
address both concerns by proposing a variant of the LISTA architecture. First, we introduce
Augmented Dictionary Learning ISTA (A-DLISTA), which incorporates an augmentation
module to adapt parameters to the current measurement setup. Then, we propose to learn
a distribution over dictionaries via a variational approach, dubbed Variational Learning
ISTA (VLISTA). VLISTA exploits A-DLISTA as the likelihood model and approximates
a posterior distribution over the dictionaries as part of an unfolded LISTA-based recovery
algorithm. As a result, VLISTA provides a probabilistic way to jointly learn the dictionary
distribution and the reconstruction algorithm with varying sensing matrices. We provide
theoretical and experimental support for our architecture and show that our model learns
calibrated uncertainties.

1 Introduction

By imposing a prior on the signal structure, compressed sensing solves underdetermined inverse prob-
lems. Canonical examples of signal structure and sensing medium are sparsity and linear inverse problems.
Compressed sensing aims at reconstructing an unknown signal of interest, s € R™, from a set of linear
measurements, y € R™ acquired by means of a linear transformation, ® € R™*™ where m < n. Due to the
underdetermined nature of the problem, s is typically assumed to be sparse in a given basis. Hence, s = ¥z,
where ¥ € R™*? is a matrix whose columns represent the sparsifying basis vectors, and « € R? is the sparse
representation of s. Therefore, given noiseless observations y = ®s, of an unknown signal, s = ¥z, we seek
to solve the LASSO problem:

argmin|jy — ®¥x||3 + p||z||; ()
xT

where p is a constant scalar controlling the sparsifying penalty. Iterative algorithms, such as Iterative
Soft-Thresholding Algorithm (ISTA) (Daubechies et al.l [2004), represent a popular approach to solving
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such problems. A number of studies have been conducted to improve compressed sensing solvers. A typical
approach involves unfolding iterative algorithms as layers of neural networks and learning parameters end-to-
end (Gregor & LeCunl, 2010). Such ML algorithms are typically trained by minimizing the reconstruction
objective:

L(z, &7) = Egopl||@ — &3] (2)

where the expected value is taken over data sampled from D, and the subscript “T"” refers to the last step, or
layer, of the unfolded model. Variable sensing matrices and unknown sparsifying dictionaries are some of
the main challenges of data-driven approaches. By learning a dictionary and including it in optimization
iterations, the work in [Aberdam et al.| (2021); |Schnoor et al.| (2022)) aims to address these issues. However,
data samples might not have exact sparse representations, so no ground truth dictionary is available. The
issue can be more severe for heterogeneous datasets where the dictionary choice might vary from one sample
to another. A real-world example would be the channel estimation problem in a Multi-Input Multi-Output
(MIMO) mmwave wireless communication system (Rodriguez-Ferndndez et all [2018)). Such a problem can
be cast as an inverse problem of the form y = ®W¥x and solved using compressive sensing techniques. The
sensing matrix, ®, represents the so-called beamforming matriz while the dictionary, W, represents the
sparsifying basis for the wireless channel itself. Typically, ® changes from one set of measurements to the
next and the channel model might require different basis vectors across time. Adaptive acquisition is another
example of application: in MRI image reconstruction, the acquisition step can be adaptive. Here, the sensing
matrix is sampled from a known distribution to reconstruct the signal. Therefore, given the adaptive nature
of the process, each data sample is characterized by a different ® (Bakker et al., 2020; Yin et al., [2021)).

Our Contribution A principled approach to this problem would be to leverage a Bayesian framework and
define a distribution over the dictionaries with proper uncertainty quantification. We follow two steps to
accomplish this goal. First, we introduce Augmented Dictionary Learning ISTA (A-DLISTA), an augmented
version of the Learning Iterative Soft-Thresholding Algorithm (LISTA)-like model, capable of adapting some
of its parameters to the current measurement setup. We theoretically motivate its design and empirically
prove its advantages compared to other non-adaptive LISTA-like models in a non-static measurement scenario,
i.e., considering varying sensing matrices. Finally, to learn a distribution over dictionaries, we introduce
Variational Learning ISTA (VLISTA), a variational formulation that leverages A-DLISTA as the likelihood
model. VLISTA refines the dictionary iteratively after each iteration based on the outcome of the previous
layer. Intuitively, our model can be understood as a form of a recurrent variational autoencoder, e.g., [Chung
et al.| (2015]), where at each iteration of the algorithm we have an approximate posterior distribution over the
dictionaries conditioned on the outcome of the previous iteration. Moreover, VLISTA provides uncertainty
estimation to detect Out-Of-Distribution (OOD) samples. We train A-DLISTA using the same objective as in
while for VLISTA we maximize the ELBO . We refer the reader to for
the detailed derivation of the ELBO. Behrens et al.| (2021) proposed an augmented version of LISTA, termed
Neurally Augmented ALISTA (NALISTA). However, there are key differences with A-DLISTA. In contrast
to NALISTA, our model adapts some of its parameters to the current sensing matrix and learned dictionary.
Hypothetically, NALISTA could handle varying sensing matrices. However, that comes at the price of solving,
for each datum, the inner optimization step to evaluate the W matrix. Finally, while NALISTA uses an
LSTM as augmentation network, A-DLISTA employs a convolutional neural network (shared across all layers).
Such a difference reflects the type of dependencies between layers and input data that the networks try to
model. We report in [Appendix B|and [Appendix (] detailed discussions about the theoretical motivation and
architectural design for A-DLISTA.

Our work’s main contributions can be summarized as follows:

e We design an augmented version of a LISTA-like type of model, dubbed A-DLISTA, that can handle
non-static measurement setups, i.e. per-sample sensing matrices, and adapt parameters to the current
data instance.

e We propose VLISTA that learns a distribution over sparsifying dictionaries. The model can be
interpreted as a Bayesian LISTA model that leverages A-DLISTA as the likelihood model.
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e VLISTA adapts the dictionary to optimization dynamics and therefore can be interpreted as a
hierarchical representation learning approach, where the dictionary atoms gradually permit more
refined signal recovery.

e The dictionary distributions can be used successfully for out-of-distribution sample detection.

The remaining part of the paper is organized as follows. In we briefly report related works relevant
to the current research. In[section 3|and [section 4] we introduce some background notions and details of our
model formulations, respectively. Datasets, baselines, and experimental results are described in

Finally, we draw our conclusion in [section 6

2 Related Works

In compressed sensing, recovery algorithms have been extensively analyzed theoretically and numerically
Foucart & Rauhut} [2013)). One of the most prominent approaches is using iterative algorithms, such as: ISTA
Daubechies et al., 2004), Approximate message passing (AMP) (Donoho et al 2009) Orthogonal Matching
Pursuit (OMP) (Pati et al., 1993 Davis et al., [1994), and Iterative Hard-Thresholding Algorithm (IHTA)
(Blumensath & Davies| [2009). These algorithms have associated hyperparameters, including the number of
iterations and soft threshold, which can be adjusted to better balance performance and complexity. With
unfolding iterative algorithms as layers of neural networks, these parameters can be learned in an end-to-end
fashion from a dataset see, for instance, some variants |Zhang & Ghanem| (2018); Metzler et al.| (2017); [yang|
et al| (2016)); Borgerding et al| (2017)); [Sprechmann et al| (2015)). In previous studies by Zhou et al.| (2009;
:@D, a non-parametric Bayesian method for dictionary learning was presented. The authors focused on a
fully Bayesian joint compressed sensing inversion and dictionary learning, where the dictionary atoms were
drawn and fixed beforehand. Bayesian compressive sensing (BCS) uses relevance vector
machines (RVMs) and a hierarchical prior to model distributions of each entry. This line
of work quantifies the uncertainty of recovered entries while assuming a fixed dictionary. Our current work
differs by accounting for uncertainty in the unknown dictionary by defining a distribution over it. Learning
ISTA was initially introduced by |Gregor & LeCun| (2010)). Since then, many works have followed, including
those by [Behrens et al.| (2021)); [Liu et al.| (2019)); |Chen et al.| (2021); [Wu et al.| (2020). These subsequent
works provide guidelines for improving LISTA, for example, in convergence, parameter efficiency, step size
and threshold adaptation, and overshooting. However, they assume fixed and known sparsifying dictionaries
and sensing matrices. Researches by [Aberdam et al| (2021); Behboodi et al.| (2022); [Schnoor et al.| (2022
have explored ways to relax these assumptions, including developing models that can handle varying sensing
matrices and learn dictionaries. The authors in [Schnoor et al.| (2022); Behboodi et al.| (2022)) provide an
architecture that can both incorporate varying sensing matrices and learn dictionaries. However, their focus
is on the theoretical analysis of the model. Furthermore, there are theoretical studies on the convergence and
generalization of unfolded networks, see for example: |Giryes et al.| (2018); [Pu et al. (2022); Aberdam et al.|
(2021)); Pu et al.| (2022); |Chen et al.| (2018)); Behboodi et al.| (2022); |Schnoor et al.|(2022). Our paper builds on
these ideas by modelling a distribution over dictionaries and accounting for epistemic uncertainty. Previous
studies have explored theoretical aspects of unfolded networks, such as convergence and generalization, and
we contribute to this body of research by considering the impact of varying sensing matrices and dictionaries.
The framework of variational autoencoders (VAEs) enables the learning of a generative model through latent
variables (Kingma & Welling| 2013} |[Rezende et all [2014). When there are data-sample-specific dictionaries
in our proposed model, it reminisces extensions of VAEs to the recurrent setting (Chung et al.| 2015; 2016),
which assumes a sequential structure in the data and imposes temporal correlations between the latent
variables. Additionally, there are connections and similarities to Markov state-space models, such as the ones
described in [Krishnan et al.| (2017). By using global dictionaries in VLISTA, the model becomes a variational
Bayesian Recurrent Neural Network. Variational Bayesian neural networks were first introduced in
, with independent priors and variational posteriors for each layer. This work has been extended
to recurrent settings in [Fortunato et al,| (2019). The main difference between these works and our setting
is the prior and variational posterior. At each step, the prior and variational posterior are conditioned on
previous steps instead of being fixed across steps.
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3 Background

3.1 Sparse linear inverse problems

We consider linear inverse problems of the form: y = ®s, where we have access to a set of linear measurements
y € R™ of an unknown signal s € R™, acquired through the forward operator ® € R™*". Typically, in
compressed sensing literature, ® is called the sensing, or measurements, matrix and it represents an
underdetermined system of equations for m < n. The problem of reconstructing s from (y, ®) is ill-posed
due to the shape of the forward operator. To uniquely solve for s, the signal is assumed to admit a sparse
representation, € R”, in a given basis, {e; € R"}’_,. The e, vectors are called atoms and are collected as
the columns of a matrix ¥ € R™*? termed the sparsifying dictionary. Therefore, the problem of estimating s,
given a limited number of observations y through the operator ®, is translated to a sparse recovery problem:
x* = arg min,||x||o s.t. y = PPx. Given that the [y pseudo-norm requires solving an NP-hard problem, the
1 norm is used instead as a convex relaxation of the problem. A proximal gradient descent-based approach
for solving the problem yields the ISTA algorithm (Daubechies et al., |2004; Beck & Teboulle, [2009):

Ty = 1o, (wtq +7(2¥)" (y — (I)‘I’:Btfl)) ) (3)

where t is the index of the current iteration, @x; (2:—1) is the reconstructed sparse vector at the current
(previous) layer, and 6; and ~; are the soft-threshold and step size hyperparameters, respectively. Specifically,
0, characterizes the soft-threshold function given by: ng, (x) = sign(x)(|z| — 6;)+. In the ISTA formulation,
those two parameters are shared across all the iterations: ¢, 6; — 7v,6. In what follows, we use the terms
“layers” and “iterations” interchangeably when describing ISTA and its variations.

3.2 LISTA

LISTA (Gregor & LeCunl 2010) is an unfolded version of the ISTA algorithm in which each iteration is
parametrized by learnable matrices. Specifically, LISTA reinterprets as defining the layer of a
feed-forward neural network implemented as Sp, (Vix:—1 + Wiy) where Vi, W, are learnt from a dataset. In
that way, those weights implicitly contain information about ® and ¥ that are assumed to be fixed. As
LISTA, also its variations, e.g., Analytic LISTA (ALISTA) (Liu et al.,2019), NALISTA (Behrens et al.| 2021)
and HyperLISTA (Chen et al., 2021)), require similar constraints such as a fixed dictionary and sensing matrix
to reach the best performance. However, there are situations where one or none of the conditions are met

(see examples in [section 1J).

4 Method

4.1 Augmented Dictionary Learning ISTA (A-DLISTA)

To deal with situations where ¥ is unknown and ® is changing across samples, one can unfold the ISTA
algorithm and re-parametrize the dictionary as a learnable matrix. Such an algorithm is termed Dictionary
Learning ISTA (DLISTA) (Pezeshki et al., 2022; [Behboodi et al., [2022; |Aberdam et al.l |2021)) and, similarly
to each layer is formulated as:

@ =g, (T4—1 + Y(®®,)" (y — Uz, 4)), (4)

with one last linear layer mapping « to the reconstructed signal s. The model can be trained end-to-end to

learn all 6;,~;, ¥,. Differently from ISTA (Equation 3), DLISTA (Equation 4) learns a dictionary specific

for each layer, indicated by the subscript “¢”. The model can be trained end-to-end to learn all 6;, v, ¥y.
The base model is similar to (Behboodi et al., |2022; |Aberdam et al., [2021]). However, it requires additional
changes. Consider the ¢-th layer of DLISTA with the varying sensing matrix ®* and define the following
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parameters:
~ ky._ k T &k
A, @Y) = | max [(27,),) (2", (5)
pa(t, @) = max [(25))T(@4(¥, — ¥,)),| (©)
2
8(7, 1, @) 1= max |1 - || (@) (7)

where i is the mutual coherence of ®*W¥, (Foucart & Rauhut} 2013, Chapter 5) and iz is closely connected to
generalized mutual coherence . However, in contrast to the generalized mutual coherence, jio
includes the diagonal inner product for ¢ = j. Finally, §(-) is reminiscent of the restricted isometry property
(RIP) constant (Foucart & Rauhut] 2013)), a key condition for many recovery guarantees in compressed
sensing. When the columns of the matrix ®*W¥,; are normalized, the choice of v = 1 yields 6(v,t, ®*) = 0.
The following proposition provides conditions on each layer to improve the reconstruction error.

Proposition 4.1. Suppose that y* = ®*W x,, where x, is the ground truth sparse vector with support
supp(xs) = S, and ¥, is the ground truth dictionary. For DLISTA iterations given as

T =1y, (wtfl + %(‘I’k‘I’t)T(’yk - ‘I’k‘I’tiBtfl)) ) (8)
we have:
1. If for all t, the pairs (0¢,v:, ¥+) satisfy

o (il = @il + e ) < 6, 9)
then there is no false positive in each iteration. In other words, for all t, we have supp(x:) C supp(x.).

2. Assuming that the conditions of the last step hold, then we get the following bound on the error:

[: = @y < (6(ve) + A0S = D) |21 = @ully + Yefial S| [[@lly + 1516

We provide the derivation of Proposition together with additional theoretical results in
Proposition |4.1| provides insights about the choice of v and 6, and also suggests that (6(v:) + (S| — 1))
needs to be smaller than one to reduce the error at each step.
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Figure 1: Models architectures. Left: A-DLISTA architecture. Each blue block represents a single
ISTA-like iteration parametrized by the dictionary ¥, the threshold and step size {#:,~:}. The red blocks
represent the augmentation network (with shared parameters across layers) that adapts {0:,~:} for layer ¢
based on the dictionary ¥; and the current measurement setup ®° for the i—th data sample. Right: VLISTA
(inference) architecture. The red and blue blocks correspond to the same operations as for A-DLISTA. The
pink blocks represent the posterior model used to refine the dictionary based on input data {y*, ®‘} and the
sparse vector reconstructed at layer ¢, x;.

Upon examining Proposition it becomes evident that ; and 6; play a key role in the convergence of the
algorithm. However, there is a trade-off to consider when making these choices. For instance, suppose we set
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Algorithm 1 Augmented Dictionary Learning ISTA  Algorithm 2 Variational Learning ISTA (VLISTA) -

(A-DLISTA) - Inference Algorithm Inference Algorithm
Require: D = {(y’,®")}V;! - the sensing matrix Require: D = {(y’, ®")}Y ;' - the sensing matrix
changes across samples; augmentation model fg changes across samples; augmentation model feg;
xl 0 posterior model fg
fort:l,...,Tdo_ zy 0
(01,7%) + fe (P, T,) > Augmentation step fort=1,....,Tdo o
gy — ()T Wzl | (e, 0%) < fo(zi_i yt, ®9) > Posterior
u x| +lg parameters estimation
x! = o (u) ‘I"? NVN(‘I’t|Nt; Q'Qt) > Dictionary sampling
end for (01,71) + fo(®', ;) > Augmentation step
return zk; gy — (U )TPW, x|

w49
i = 1g; (u)
end for
return x7;

0; and decrease 7;. In that case, we may ensure good support selection, but it could also increase d(7;). In
situations where the sensing matrix remains fixed, the network can possibly learn optimal choices through
end-to-end training. However, when the sensing matrix @ differs across various data samples (i.e., ® — &),
it is no longer guaranteed that there exists a unique choice of v; and 6; for all ®?. Since these parameters
can be determined when ® and W, are fixed, we suggest utilizing an augmentation network to determine 4
and 6, from each pair of ® and ¥,. For a more thorough theoretical analysis, please refer to

We show in (left plot) the resulting A-DLISTA model. At each layer, A-DLISTA performs two
basic operations, namely, soft-threshold (blue blocks in and augmentation (red blocks in .
The former represents an ISTA-like iteration parametrized by the set of weights {¥, 0%, ~i}, whilst the latter
is implemented using a convolutional neural network. As shown in the figure, the augmentation network
takes as input the sensing matrix for the given data sample, ®°, together with the dictionary learned at the
layer for which the augmentation model will generate the 6% and ~; parameters: (0,v:) = fo(®*, ¥;), where
© are the augmentation models’ trainable parameters. Through such an operation, A-DLISTA adapts the
soft-threshold and step size of each layer to the current data sample. The inference algorithmic description
of A-DLISTA is given in Algorithm [l We report more details about the augmentation network in the

supplementary materials (Appendix C)).

4.2 Variational Learning ISTA

Although A-DLISTA possesses adaptivity to data samples, it still assumes the existence of a ground truth
dictionary. We relax such a hypothesis by defining a probability distribution over ¥; and formulating a
variational approach, titled VLISTA, to solve the dictionary learning and sparse recovery problems jointly. To
forge our variational framework whilst retaining the helpful adaptivity property of A-DLISTA, we re-interpret
the soft-thresholding layers of the latter as part of a likelihood model defining the output mean for the
reconstructed signal. Given its recurrent-like structure (Chung et al. [2015), we equip VLISTA with a
conditional trainable prior where the condition is given by the dictionary sampled at the previous iteration.
Therefore, the full model comprises three components, namely, the conditional prior pe(-), the variational
posterior ¢4(-), and the likelihood model, pg(-). All components are parametrized by neural networks whose
outputs represent the parameters for the underlying probability distribution. In what follows, we describe
more in detail the various building blocks of the VLISTA model.

4.2.1 Prior Model

The conditional prior, pe(¥:|®;_1), is modelled as a Gaussian distribution whose parameters are conditioned
on the previously sampled dictionary. We implement p(-) as a neural network, fe() = [f£ 0g¢,(-), fE, *o 9eo ()]s
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with trainable parameters £ = {£y,&1,&2}. The model’s architecture comprises a shared convolutional block
followed by two branches generating the Gaussian distribution’s mean and standard deviation, respectively.
Therefore, at layer ¢, the prior conditional distribution is given by: pg(W¥,|¥;_1) = H” NPy lpei; =
TE (960 (¥-1))i g3 005 = fg: (9¢0 (®¢—1))s ), where the indices ¢, j run over the rows and columns of ¥,. To
simplify our expressions, we will abuse notation and refer to distributions like the former one as:

pe(We| ;1) = N (W4 pg; 0%), where (10)
pe = fL (96, (Reo1)); 0% = f2) (960 (¥1-1))

We will use the same type of notation throughout the rest of the manuscript to simplify formulas. The prior
design allows for enforcing a dependence of the dictionary at iteration ¢ to the one sampled at the previous
iteration. Thus allowing us to refine W; as the iterations proceed. The only exception is the prior imposed
over the dictionary at ¢ = 1, where there is no previously sampled dictionary. To handle this exception, we
assume a standard Gaussian distributed ¥;. The joint prior distribution over the dictionaries for VLISTA is
given by:

T

pe(®rr) = N(®1]0; 1) [ [N (%] ;o) (11)

t=2
where p; and o2, are defined in [Equation 10

4.2.2 Posterior Model

Similarly to the prior model, the variational posterior too is modelled as a Gaussian distribution parametrized
by a neural network fo(-) = [f} ©hg,(-), [, ©he,(-)] that outputs the mean and variance for the underlying
probability distribution

4s(Wylzi—1,y", ®) = N(Py|ps;0%), where (12)
. . 2 . .
Mt = fg1 (h¢0 (wt—la y27 @Z))a 0-2t = f(;Q (h¢0 (wt—la y27 @Z))

The posterior distribution for the dictionary, W, at layer ¢ is conditioned on the data, {y?, ®'}, as well as
on the reconstructed signal at the previous layer, x;_;. Therefore, the joint posterior probability over the
dictionaries is given by:

T
46 (Wrr|@rr,y', @) = [ [ g0 (Relar—1, y', @7) (13)
=1

When considering our selection of Gaussian distributions for our prior and posterior models, we prioritized
computational and implementation convenience. However, it’s important to note that our framework is not
limited to this distribution family. As long as the distributions used are reparametrizable (Kingma & Welling}
2013), meaning that we can obtain gradients of random samples with respect to their parameters and we can
evaluate and differentiate their density, VLISTA can support any flexible distribution family. This includes
mixtures of Gaussians to incorporate heavier tails and distributions resulting from normalizing flows (Rezende
& Mohamed, [2015)).

4.2.3 Likelihood Model

The soft-thresholding block of A-DLISTA is at the heart of the reconstruction module. Similarly to the
prior and posterior, the likelihood distribution is modelled as a Gaussian parametrized by the output of an
A-DLISTA block. In particular, the network generates the mean vector for the Gaussian distribution while
we treat the standard deviation as a tunable hyperparameter. By combining these elements, we can formulate
the joint log-likelihood distribution as:
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Figure 2: VLISTA graphical model. Dependencies on yi_ and @’ are factored out for simplicity.
The sampling is done only based on the posterior ¢g(¥:|x;—1,y", ®'). Dashed lines represent variational
approximations.

T
log po (1.1 = )| W11,y @) = Zlog N (@), |pe, 0%), where (14)
t=1

p; = A-DLISTA(¥,, z;,_1,y', ®:0); o% =4

where ¢ is a hyperparameter of the network, x;t represents the ground truth value for the underlying unknown
sparse signal for the i-th data sample, © is the set of A-DLISTA’s parameters, and pe (1.7 = w;t\-) represents
the likelihood for the ground truth z¢,, at each time step ¢ € [1,T], under the likelihood model given the
current reconstruction. Note that in we use the same wgt through the entire sequence ¢ € [1,T].
We report in (right plot) the inference architecture for VLISTA. It is crucial to note that during
inference VLISTA does not require the prior model which is used for training only. Additionally, its graphical
model and algorithmic description are shown in and Algorithm [2] respectively. We report further
details concerning the architecture of the models and the objective function in the supplementary material
(Appendix C|and [Appendix D).

4.2.4 Training Objective

Our approach involves training all VLISTA components in an end-to-end fashion. To accomplish that we
maximize the Evidence Lower Bound (ELBO):

T

ELBO =Y "Eug,, g, (¥, |z0_1.D¢) [10% po(@i = g W1, Di)} (15)
t=1

T
= B iman@ri i) D (05(Relwi1, DY) | pe(Wi[ 1)) |

t=2

— Dkr, (Q¢(‘I’1|ﬂ30, DY) || P(‘I’l))

As we can see from the ELBO comprises three terms. The first term is the sum of expected
log-likelihoods of the target signal at each time step. The second term is the sum of KL divergences between
the approximate posterior and the prior at each time step. The third term is the KL divergence between the
approximate posterior at the initial time step and a prior. In our implementation, we set to “T"” the number
of layers and initialize the input signal to zero.
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To evaluate the likelihood contribution in we marginalize over dictionaries sampled from the
posterior q4(¥1.|zo.1—1, Di). In contrast, the last two terms in the equation represent the KL divergence
contribution between the prior and posterior distributions. It’s worth noting that the prior in the last term is
not conditioned on the previously sampled dictionary, given that ps(¥1) — p(¥1) = N (¥1]0;1) (refer to
[Equation 10[and [Equation 11). We refer the reader to for the derivstion of the ELBO.

5 Experiments

5.1 Datasets and Baselines

We evaluate our models’ performance by comparing them against classical and ML-based baselines on three
datasets: MNIST, CIFAR10, and a synthetic dataset. Concerning the synthetic dataset, we follow a similar
approach as in |Chen et al.| (2018)); Liu & Chen| (2019)); Behrens et al.| (2021)). However, in contrast to the
mentioned works, we generate a different ® matrix for each datum by sampling i.i.d. entries from a standard
Gaussian distribution. We generate the ground truth sparse signals by sampling the entries from a standard
Gaussian and setting each entry to be non-zero with a probability of 0.1. We generate 5K samples and use
3K for training, 1K for model selection, and 1K for testing. Concerning the MNIST and CIFARI10, we train
the models using the full images, without applying any crop. For CIFAR10, we gray-scale and normalize the
images. We generate the corresponding observations, ¢, by multiplying each sensing matrix with the ground
truth image: y* = ®*s’. We compare the A-DLISTA and VLISTA models against classical and ML baselines.
Our classical baselines use the ISTA algorithm, and we pre-compute the dictionary by either considering the
canonical or the wavelet basis or using the SPCA algorithm. Our ML baselines use different unfolded learning
versions of ISTA, such as LISTA. To demonstrate the benefits of adaptivity, we perform an ablation study on
A-DLISTA by removing its augmentation network and making the parameters 6;,; learnable only through
backpropagation. We refer to the non-augmented version of A-DLISTA as DLISTA. Therefore, for DLISTA,
0: and ; cannot be adapted to the specific input sensing matrix. Moreover, we consider BCS (Ji et al.
2008) as a specific Bayesian baseline for VLISTA. Finally, we conduct Out-Of-Distribution (OOD) detection
experiments. We fixed the number of layers to three for all ML models to compare their performance. The
classical baselines do not possess learnable parameters. Therefore, we performed an extensive grid search to
find the best hyperparameters for them. More details concerning the training procedure and ablation studies
can be found in [Appendix D] and [Appendix F|

5.2 Synthetic Dataset

Regarding the synthetic dataset, we evaluate
models performance by computing the median -
of the c.d.f. for the reconstruction NMSE (Fig; RITT
[ure 3). A-DLISTA’s adaptivity appears to offer >
an advantage over other models. However, con-
cerning VLISTA, we observe a drop in perfor-
mance. Such a behaviour is consistent across
experiments and can be attributed to a few fac-
tors. One possible reason for the drop in perfor- s l-— usma
mance is the noise introduced during training ‘ ALISTA

due to the random sampling procedure used to o :33::2 un)
generate the dictionary. Additionally, the amor- 204 —-- BCS
tization gap that affects all models based on — VLISTA (our)
amortized variational inference (Cremer et al.l 10 100 200 300 a00
2018)) can also contribute to this effect. Despite Heasurements

this, VLISTA still performs comparably to BCS.
Lastly, we note that ALISTA and NALISTA
do not perform as well as other models. This is
likely due to the optimization procedure these
two models require to evaluate the weight matrix W. The computation of the W matrix requires a fixed

0.0 foee

—0.5 -

—-1.0

NMSE median

Figure 3: NMSE’s median. The y-axes is in dB (the
lower the better) for a different number of measurements
(z-axes).
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sensing matrix, a condition not satisfied in the current setup. Regarding non-static measurements, we
averaged across multiple ®°, thus obtaining a non-optimal W matrix. To support our hypothesis, we report
in results considering a static measurement scenario for which ALISTA and NALISTA report
very high performance.

5.3 Image Reconstruction - MNIST & CIFAR10

When evaluating different models on the MNIST and CIFAR10 datasets, we use the Structural Similarity
Index Measure (SSIM) to measure their performance. As for the synthetic dataset, we experience strong
instabilities in ALISTA and NALISTA training due to non-static measurement setup. Therefore, we do not
provide results for these models. It is important to note that the poor performance of ALISTA and NALISTA
is a result of our specific experiment setup, which differs from the static case considered in the formulation of
these models. We refer to for results using a static measurements scenario. By looking at the
results in [Table 1] and [Table 2 we can draw similar conclusions as for the synthetic dataset. Additionally, we
report results from three classical baselines . Among non-Bayesian models, A-DLISTA shows
the best results. Furthermore, by comparing A-DLISTA with its non-augmented version, DLISTA, one can
notice the benefits of using an augmentation network to make the model adaptive. Concerning Bayesian
approaches, VLISTA outperforms BCS. However, it is important to note that BC does not have trainable
parameters, unlike VLISTA. Therefore, the higher performance of VLISTA comes at the price of an expensive
training procedure. Similar to the synthetic dataset, VLISTA exhibits a drop in performance compared to
A-DLISTA for MNIST and CIFARI10.

Table 1: MNIST SSIM (the higher the better) for different number of measurements. First
three rows correspond to “classical” baselines. We highlight in bold the best performance for Bayes and
Non-Bayes models.

SSIM 1
number of measurements
1 10 100 300 500

(xe 1) (xe™1) (xe 1) (xe™1) (xe 1)

Canonical 0.39:‘:0.12 0.56:|:()‘04 2.20:‘:0.04 3.75:|:()‘05 4-94:t0.06

é Wayvelet 0-40i0.09 0~56i0.06 2-30i0.06 3~90i0.05 5-05i0.01
& LISTA 0.9610.01 1.1140.01 3.7010.01 5.3610.01 6.3110.01
> DLISTA 0.96.0.01 1.0940.01 4.0140.02 5.57+0.01 6.2640.01
A-DLISTA (OHI') 0.96:‘:0‘01 1.17:|:0~0]_ 4.79:‘:0‘01 6.15:|:0.01 6.70:‘:0‘01

¢ BCS 0.0540.01 0.60-+0.01 1.10+0.01 4.4840.02 6.23.10.02
Cg VLISTA (OUI‘) 0.8010_03 0-94i0.02 3.2910_01 4-73i0.01 6.02i0_01

5.4 Out Of Distribution Detection

This section focuses on a crucial distinction between non-Bayesian models and VLISTA for solving inverse
linear problems. Unlike any non-Bayesian approach to compressed sensing, VLISTA allows quantifying
uncertainties on the reconstructed signals. This means that it can detect out-of-distribution samples without
requiring ground truth data during inference. In contrast to other Bayesian techniques that design specific
priors to meet the sparsity constraints after marginalization (Ji et al., [2008; [Zhou et al., |2014), VLISTA
completely overcomes such an issue as the thresholding operations are not affected by the marginalization
over dictionaries. To prove that VLISTA can detect OOD samples, we employ the MNIST dataset. First, we
split the dataset into two distinct subsets - the In-Distribution (ID) set and the OOD. The ID set comprises
images from three randomly chosen digits, while the OOD set includes images of the remaining digits. Then,
we partitioned the ID set into training, validation, and test sets for VLISTA. Once the model was trained,
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Table 2: CIFAR10 SSIM (the higher the better) for different number of measurements. First
three rows correspond to “classical” baselines. We highlight in bold the best performance for Bayes and
Non-Bayes models.

SSIM 1
number of measurements
1 10 100 300 500

(xe 1) (xe™1) (xe 1) (xe™1) (xe 1)

Canonical 0.17:‘:0.10 0.21:|:()‘02 0.33:‘:0.02 0.47:|:()‘02 0.58:‘:0.03

é Wayvelet 0-23i0.22 0~42i0.02 1-44i0.06 2~52i0.09 3-43i0.08
C‘S SPCA 0.3140.19 0.4340.02 1.5340.04 2.6640.08 3.5840.07
& LISTA 1.3410.02 1.67+0.02 3.10x0.01 4.2010.01 4.7 10.01
> DLISTA 1.1610.02 1.9610.02 4.5040.01 5.1540.01 5.4240.01
A-DLISTA (OHI') 1.34:‘:0‘02 1.77:|:0~02 4.74:‘:0‘01 5.26:|:0.01 5.83:‘:0‘01

é BCS 0.04+9.01 0.4810.01 0.59+0.01 1.2940.01 1.9140.01
Cg VLISTA (our) 0.86i0_03 1-25i0.03 3-59i0.02 4-01i0.01 4-36i0.01

it was tasked with reconstructing images from the ID test and OOD sets. To assess the model’s ability to
detect OODs, we utilized a two-sample t-test. We accomplished that by leveraging the per-pixel variance
of the reconstructed ID, {varéfp‘““i L and OOD, {var?ﬁD?i P5L, images (with P being the number of
pixels). To compute the per-pixel variance, we reconstruct each image 100 times by sampling a different
dictionary for each of trial. We then construct the empirical c.d.f. of the per-pixel variance for each image.
By using the mean of the c.d.f. as a summary statistics, we can apply the two-sample t-test to detect OOD
samples. We report the results in As a reference p-value for rejecting the null hypothesis about the
two variance distributions being the same, we consider a significance level equal to 0.05 (green solid line).
We conducted multiple tests at different noise levels to assess the robustness of OOD detection to measure
noise. For the current task, we used BCS as a baseline. However, due to the different nature of the BCS
framework, we utilized a slightly different evaluation procedure to determine its p-values. We employed the
same ID and OOD splits as VLISTA but considered the c.d.f. of the reconstruction error the model evaluates.
The remainder of the process was identical to that of VLISTA.

6 Conclusion

10° R -
Our study introduces a novel approach called
VLISTA, which combines dictionary learning 102
and sparse recovery into a single variational
framework. Traditional compressed sensing 104
methods rely on a known ground truth dictio- §
nary to reconstruct signals. Moreover state-of- § 10-6
the-art LISTA-type of models, typically assume a
a fixed measurement setup. In our work, we 108, 1
relax both assumptions. First, we propose a —eo— BCS
soft-thresholding algorithm, termed A-DLISTA, 10-10 VLISTA
that can handle different sensing matrices. We — p-value = 0.05
theoretically justify the use of an augmentation 1071 10° 10t 102
network to adapt the threshold and step size SNR (dB)

for each layer based on the current input and
the learned dictionary. Finally, we propose a Figure 4: p-value for OOD rejection as a function
probabﬂistic assumption about the existence Of of the noise level. The green line represents a reference

a ground truth dictionary and use it to create P-value equal to 0.05.
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the VLISTA framework. Our empirical results show that A-DLISTA improves upon performances of classical
and ML baselines in a non-static measurement scenario. Although VLISTA does not outperform A-DLISTA,
it allows for uncertainty evaluation in reconstructed signals, a valuable feature for detecting out-of-distribution
data. In contrast, none of the non-Bayesian models can perform such a task. Unlike other Bayesian approaches,
VLISTA does not require specific priors to preserve sparsity after marginalization. Instead, the averaging
operation applies to the sparsifying dictionary, not the sparse signal itself.

Impact Statement

This work proposes two new models to jointly solve the dictionary learning and sparse recovery problems,
especially concerning scenarios characterized by a varying sensing matrix. We believe the potential societal
consequences of our work being chiefly positive, since it might contribute to a larger adoption of LISTA-type
of models to applications requiring fast solutions to underdetermined inverse problems, especially concerning
varying forward operators. Nonetheless, it is crucial to exercise caution and thoroughly comprehend the
behavior of A-DLISTA and VLISTA, as with any other LISTA model, in order to obtain reliable predictions.
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A Appendix

B Theoretical Analysis

In this section, we report about theoretical motivations for the A-DLISTA design choices. The design is
motivated by considering the convergence analysis of LISTA method. We start by recalling a result from
Chen et al.| (2018), upon which our analysis relies. The authors of |Chen et al.| (2018) consider the inverse
problem y = Ax,, with x, as the ground truth sparse vector, and use the model with each layer given by:

z, =ng, (X1 + W, (y — Azy_1)), (16)

where (W4, 6;) are learnable parameters.

The following result from |Chen et al.| (2018, Theorem 2) is adapted to noiseless setting.
Theorem B.1. Suppose that the iterations of LISTA are given by equation and assume ||x.||, < B and

lx.|lg < s. There exists a sequence of parameters {Wy, 0.} such that
|lx: — x|, < sBexp(—ct), Vt=1,2,...,

for constant ¢ > 0 that depend only on the sensing matriz A and the sparsity level s.

It is important to note that the above convergence result only assures the existence of the parameters that
are good for convergence but does not guarantee that the training would necessarily find them. The latter
result is in general difficult to obtain.

The proof in [Chen et al| (2018) has two main steps:

1. No false positive: the thresholds are chosen such that the entries outside the support of x, remain
zero. The choice of threshold, among others, depend on the coherence value of W; and A. We will
provide more details below.

2. Error bounds for x,: assuming proper choice of thresholds, the authors derive bounds on the recovery
error.

We focus on adapting these steps to our setup. Note that to assure there is no false positive, it is common in
classical ISTA literature to start from large thresholds, so the soft thresholding function aggressively maps
many entries to zero, and then gradually reduce the threshold value as the iterations progress.

B.1 Analysis with known ground-truth dictionary

Let’s consider the extension of Theorem [B.1] to our setup:
Ty = To, (wtfl + %(‘I’k‘I’t)T(’yk - (qu’twtfl)) . (17)

Note that in our case, the weight W; is replaced with ~;(®*W¥;) with learnable ¥; and ;. Besides, the
matrix A is replaced by ®*W¥,, and the forward model is given by y* = ®*W¥ x,. The sensing matrix ®*
can change across samples, hence the dependence on the sample index k.

If the learned dictionary ¥, is equal to ¥,, the layers of our model are equal to classical iterative soft-
thresholding algorithms with learnable step-size v; and threshold 6,.

There are many convergence results in the literature, for example see |Daubechies et al.| (2004). We can use
convergence analysis of iterative soft thresholding algorithms using the mutual coherence similar to |Chen
et al.| (2018)); [Behrens et al| (2021). As a reminder, the mutual coherence of the matrix M is defined as:

p(M) = max |M, M|, (18)

1<i#j<N

where M is the i'th column of M.

15



Published in Transactions on Machine Learning Research (07,/2024)

The convergence result requires that the mutual coherence u(®*¥,) be sufficiently small, for example in order
of 1/(2s) with s the sparsity, and the matrix ®* ¥, is column normalized, i.e., ||(®*¥,) H2 = 1. Then the step
size can be chosen equal to one, i.e., 7 = 1. The thresholds 6; are chosen to avoid false positive using a similar
schedule mentioned above, that is, first starting with a large threshold 6y and then gradually decreasing it to
a certain limit. We do not repeat the derivations, and interested readers can refer to Daubechies et al.| (2004]);
Behrens et al.|(2021); |Chen et al|(2018) and references therein.

Remark B.2. When the dictionary ¥, is known, we can adapt the algorithm to the varying sensing matrix ®*
by first normalizing the column ®*®,. What is important to note is that the threshold choice is a function
the mutual coherence of the sensing matrix. So with each new sensing matrix, the thresholds should be
adapted following the mutual coherence value. This observation partially justifies the choice of thresholds as
a function of the dictionary and the sensing matrix, hence the augmentation network.

B.2 Analysis with unknown dictionary

We now move to the scenario where the dictionary is itself learned, and not known in advance.

Consider the layer ¢ of DLISTA with the sensing matrix ®*, and define the following parameters:

At @Y) = | max | [(8,),) (2", (19)
a(t. @) = max [(85%0),) T ((F; ~ ¥,));| (20)
5(,t, ®*) = m?x]py”(@k\yt)ing\ (21)

Some comments are in order:

o The term ji is the mutual coherence of the matrix ®*W¥,.

e The term fiy is closely connected to generalized mutual coherence, however, it differs in that
unlike generalized mutual coherence, it includes the diagonal inner product for ¢ = j. It captures the
effect of mismatch with ground-truth dictionary.

o Finally, the term d(-) is reminiscent of restricted isometry property (RIP) constant (Foucart &
Rauhut, |2013), a key condition for many recovery guarantees in compressed sensing. When the
columns of the matrix ®*W¥, is normalized, the choice of v = 1 yield 6(v, t, ®*) = 0.

For the rest of the paper, for simplicity, we only kept the dependence on - in the notation and dropped the
dependence of i, ji; and § on t, ®* and ¥,.

Proposition B.3. Suppose that y* = ®* W,z with the support supp(xz.) = S. For DLISTA iterations give
as

zp = 1o, (Te—1 + 7 (*C) T (y* — "Wz, 1)), (22)
we have:
1. If for all t, the pairs (0¢,v:, ¥¢) satisfy
Ve (B lles —@ially + fig [J]ly) < 61 (23)
then there is no false positive in each iteration. In other words, for all t, we have supp(x:) C supp(x.).

2. Assuming that the conditions of the last step hold, then we get the following bound on the error:

[: = 2ully < (60ve) + (IS = D) lze—1 = @ully + vehial S| 2]y + [S]6:
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B.2.1 Guidelines from Proposition.

We remark on some of the guidelines we can get from the above result.

e Thresholds. Similar to the discussion in previous sections, there are thresholds such that, there is
no false positive at each layer. The choice of 6, is a function of 4; and, through coherence terms, ®*
and ¥,. Since ®* changes for each sample k, we learn a neural network that yields this parameter
as a function of ®* and W,.

e Step size. The step size v; can be chosen to control the error decay. Ideally, we would like to have
the term (§(v¢) + v:(]S| — 1)) to be strictly smaller than one. In particular, v; directly impacts
5(7¢), also a function of ®* and ¥,. We can therefore consider v; as a function of ®* and ¥,
which hints at the augmentation neural network we introduced for giving 7; as a function of those
parameters.

Remarks on Convergence. One might wonder if the convergence is possible given the bound on the error.
We try to sketch a scenario where this can happen. First, note that once we have chosen ~;, and given @y
and W;, we can select 0; using the condition Also, if the network gradually learns the ground truth
dictionary at later stages, the term fio vanishes. We need to choose the term ~; carefully such that the term
(0(y¢) +7eia(|S] — 1)) is smaller than one. Similar to ISTA analysis, we would need to assume bounds on the
mutual coherence fi and the column norm for ®*¥,. With standard assumptions, sketched above as well, the
error gradually decreases per iteration, and we can reuse the convergence results of ISTA. We would like to
emphasize that this is a heuristic argument, and there is no guarantee that the training yields a model with
the parameters in accordance with these guidelines. Although we show experimentally that the proposed
methods provide the promised improvements.

B.3 Proof of Proposition [B.J3]

In what follows, we provide the derivations for Proposition [B-3]

Convergence proofs of ISTA type models involve two steps in general. First, it is investigated how the support
is found and locked in, and second how the error shrinks at each step. We focus on these two steps, which
matter mainly for our architecture design. Our analysis is similar in nature to |Chen et al.| (2018]); |Aberdam
et al| (2021), however it differs from |[Aberdam et al|(2021) in considering unknown dictionaries and from
Chen et al.| (2018) in both considered architecture and varying sensing matrix. In what follows, we consider
noiseless setting. However, the results can be extended to noisy setups by adding additional terms containing
noise norm similar to |Chen et al.| (2018). We make following assumptions:

1. There is a ground-truth (unknown) dictionary ¥, such that s, = ¥,x,.
2. As a consequence, y* = ®FW¥ x,.

3. We assume that @, is sparse with its support contained in S. In other words: z; . = 0 for i ¢ S.

To simplify the notation, we drop the index k, which indicates the varying sensing matrix, from ®* and y*,
and use ® and y for the rest. We break the proof to two lemma, each proving one part of Proposition

B.3.1 Proof - step 1: no false positive condition

The following lemma focuses on assuring that we do not have false positive in support recovery after each
iteration of our model. In other words, the models continues updating only the entries in the support and
keep the entries outside the support zero.

Lemma B.4. Suppose that the support of . is given as supp(x,) = S. Consider iterations given by:

Ty =T, (’th—l + %('P‘I’t)T(y - ‘I"I’tmt—l)) )
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with £y = 0. If we have for allt =1,2,...:
Ve (fil|es — werlly + iz [l ];) < 6,

then there will be no false positive, i.e., x,; =0 for Vi ¢ S,Vt.

Proof. We prove this by induction. Since xy = 0, the induction base is trivial. Suppose that the support of
x;_1 is already included in that of @, namely supp(z;—1) C supp(x,) = S. Consider i € S°. We have

zei =16, (n((®2W);) (y — 2y, _1)). (24)
To avoid false positives, we need to guarantee that for ¢ ¢ S:
o, (e(@We):) " (y — ®Wemy_1)) =0 = |3 ((@W);) " (y — @Wyx;_1)| < 0y, (25)
which means that the soft-thresholding function will have zero output for these entries. First note that:

|((‘I"I’t)i)T‘I>(‘I’om* - ‘I’tmt—l)| < |(((I>‘Ilt)i)T¢'(‘I’tm* - ‘I’tmt—l)‘

+](2T),) T ®(¥ozs — Wy, (26)
= Z((@'I't)i)T(‘I"I't)j(w*,j —xi1 )|+ [(@8);) (¥, — Wya.)| (27)
JeES

We can bound the first term by:

D (W))W, (e y — mi1)| <Y |(R®):) T (BW));||(2nj — @11,5)]
JjES jeS

< IEL H:IJ* - ﬂft—1||1 )

where we use the definition of mutual coherence for the upper bound. The last term is bounded by

[(@),) " @(Tow, — Tyz.)| =Y (2F))(2(T, — ¥y))ja;- (28)
jES
<D |(@T))T(B(T, — ©)); [, (29)
JjES
< fig [l - (30)

Therefore, we get
e (@C4)i) T (y — @Csas—1)| < v (fl|e — 2o lly + fi [ 2],)

The following choice guarantees that there is no false positive:

Ve (B e —@ially + fio flzaly) < 0:. (31)

B.3.2 Proof - step 2: controlling the recovery error

The previous lemma provided the conditions such that there is no false positive. We see under which
conditions the model can reduce the error inside the support S.

Lemma B.5. Suppose that the threshold parameter 6, has been chosen such that there is no false positive
after each iteration. We have:

@ —a.lly < (6(ve) +2efi([S] = 1)) l2e—1 — @ully + vefial S| |2« [y + |S]6:-
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Proof. For i € S, we have:
e — T < |@em1i + Y (2T);) " (y — BTz q) — Toi| + Or. (32)
At the iteration ¢ for ¢ € S, we can separate the dictionary mismatch and the rest of the error as follows:
Te—1,4+ 'yt(('i"llt)i)T(y - oWz, ) =
w1+ 1O (@9),) (B (@ j — m115) + (R,),) ®(W,m, — ¥.)).

jeS
We can decompose the first part further as:
Tvi ) (@)) T (RW)j (20 — @1 ) =
JjES
(I —(2W,);) (2F,):))@i—1,i + (L)) (BW,)i) T
+ye Y (8)) (W) (. — i1 y).
JES jFi
Using triangle inequality for the previous decomposition we get:

T+ 7 (2W)) T (y — ®Wxs_q) — x4 4| < |(1- Y (@W,)) (®Y,):)) (21 — $*1)|

| D (@T))(BL)(@ej — i1 y)
€S

+ % |(2%,);) (¥ z, — y,))|

< 0(e) |(ze—1,i = 240)

+%Zﬂ

JES,jFi

T j — Tp—1,5| + Yefiz |2 ]

It suffices to sum up the errors and combine previous inequalities to get:

|Ts.e = @all, =D @ — i <
€S
< (0(ye) + wia([S| = 1) llwsi—1 — @l + vefizl S|y + S0

Since we assumed there is no false positive, we get the final result:

lze =@y =Y |@ei — @il < (80v) +32(S] = 1) |@i—1 — @y + ezl S| ], + 1516
ies

C Implementation Details
In this section we report details concerning the architecture of A-DLISTA and VLISTA.

C.1 A-DLISTA (Augmentation Network)

As previously stated in the main paper , A-DLISTA consists of two architectures: the DLISTA
model (blue blocks in representing the unfolded version of the ISTA algorithm with parametrized
W, and the augmentation (or adaptation) network (red blocks in . At a given reconstruction layer ¢,
the augmentation model takes the measurement matrix ®° and the dictionary ¥, as input and generates the
parameters {7, 0;} for the current iteration. The architecture for the augmentation network is illustrated
in which shows a feature extraction section and two output branches, one for each generated
parameter. To ensure that the estimated {~,6;} parameters are positive, each branch is equipped with a
softplus function. As noted in the main paper, the weights of the augmentation model are shared across all
A-DLISTA layers.
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AdaptiveAvgPool2D

Softplus() Softplus()

| 6 | I ¥ |

Figure 5: Augmentation model’s architecture for A-DLISTA.
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Figure 6: Left: prior network architecture. Right: posterior network architecture. For the posterior model,
we show the output shape from each of the three input heads in the figure. Such a structure is necessary since
the posterior model accepts three quantities as input: observations, the sensing matrix, and the reconstruction
from the previous layer. Different shapes characterize these quantities. The letter “B” indicates batch size.

C.2 VLISTA

As described in of the meain paper, VLISTA comprises three different components: the
likelihood, and the prior and posterior models.

C.2.1 VLISTA - Likelihood model

The likelihood model represents a Gaussian distribution with a mean value parametrized
using the A-DLISTA model. There is. However, a fundamental difference between the likelihood model and
the A-DLISTA architecture is presented in Indeed, unlike the latter, the likelihood model of
VLISTA does not learn the dictionary using backpropagation. Instead, it uses the dictionary sampled from
the posterior distribution.

C.2.2 VLISTA - Posterior & Prior models

We report in the prior (left image) and the posterior (right image) architectures. We implement
both models using an encoder-decoder scheme based on convolutional layers. The prior network comprises
two convolutional layers followed by two separate branches dedicated to generating the mean and variance of
the Gaussian distribution We use the dictionary sampled at the previous iteration as input
for the prior. In contrast to the prior, the posterior network accepts three different quantities as input: the
sensing matrix, the observations, and the reconstructed sparse vector from the previous iteration. To process
the three inputs together, the posterior accounts for three separated “input” layers followed by an aggregation
step. Subsequently, two branches are used to generate the mean and the standard deviation of the Gaussian

distribution of the dictionary
We offer the reader a unified overview of our variational model in
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Figure 7: VLISTA iterations’ schematic view.

D Training Details

This section provides details regarding the training of the A-DLISTA and VLISTA models. Using the Adam
optimizer, we train the reconstruction and augmentation models for A-DLISTA jointly. We set the initial
learning rate to 1.e~2 and 1.e™3 for the reconstruction and augmentation network, respectively, and we drop
its value by a factor of 10 every time the loss stops improving. Additionally, we set the weight decay to 5.e™*
and the batch size to 128. We use Mean Squared Error (MSE) as the objective function for all datasets. We
train all the components of VLISTA using the Adam optimizer, which is similar to A-DLISTA. We set the
learning rate to 1.e~3 and drop its value by a factor of 10 every time the loss stops improving. Regarding
the objective function, we maximize the ELBO and set the weight for KL divergence to 1.e~3. We report in

the ELBO derivation.

logp(x1.0 = x|y, @) = 10g/p(981:T =zl | Prr, y', 2)p(P1r)dW o (33)

o IOg/ p(mlzT = x;t|‘P1:T,yiv (I)i)p(‘Ill:T)q(‘Ill:Th}l:Tayia (I)l)

— dW .
q(Prr|Tir, Yy, BY) v

p(xrr =z, | W1, y', ®)p(Pr.7)

— d¥y.
q(¥1.7|21.T, Y, PY) =

> / ((Wrrlzir,y, ) log

= / q(Orrleir,y’, @) log p(zrr = x| ¥rr,y', @' )d¥ .7

p(‘I’lzT)

—— W,
(‘1’1:T|$1:T7yla{)z) v

—&-/Q(‘I’l:T\ﬂ?l:T,yia‘I)i) log 7
T

= ZE‘I'lthq(‘I’lzt|w0:t—17yi7‘1>i) [log p(xt = w;t“l’l:ta yiv QZ)
t=1
T

- Z ]E‘I’l:t—l"’q(‘pl:t—l‘mt—lxy1'7q>7') {DKL (q(‘Ilt‘xtflv yia (E'Z) | p(lIlt|‘Ilt*1))]
=2
— Dicr (a(1]@0) || p(®1))
Note that in we consider the same ground truth, &, for each iteration ¢ € [1, 7.
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E Computational Complexity

This section provides a complexity analysis of the models utilized in our research. displays the number
of trainable parameters and average inference time for each model, while showcases the MACs count.
To better understand the quantities appearing in we have summarized their meaning in
The average inference time was estimated by testing over 1000 batches containing 32 data points using a
GeForce RTX 2080 Ti.

Trainable Parameters and Average Inference Time. To compute the values in we considered
the architectures used in the main corpus of the paper, e.g. same number of layers. From [Table 3] it’s worth
noting that although ISTA appears to have the longest inference time, that can be attributed to the cost of
computing the spectral norm of the matrix A = ®W¥. Such an operation, can consume up to 98% of the
total inference time. Interestingly, neither NALISTA nor A-DLISTA require the computation of the spectral
norm as they dynamically generate the step size. Additionally, LISTA does not require it at all. NALISTA
and A-DLISTA have comparable inference times due to the similarity of their operations, whereas LISTA is
the fastest model, whilst VLISTA has a higher average inference time given the use of the posterior model
and the sampling procedure. Interestingly, LISTA and A-DLISTA have a comparable number of trainable
parameters, while NALISTA has significantly fewer. However, it’s essential to emphasize that the number
of trainable parameters depends on the problem setup, such as the number of measurements and atoms.
We use the same experimental setup described in the main paper, which includes 500 measurements, 1024
atoms, and three layers for each ML model. As outlined in the main paper, the likelihood model for VLISTA
is similar in architecture to A-DLISTA, as reflected in the MACs count shown in However, the
likelihood model of VLISTA has a different number of trainable parameters compared to A-DLISTA. Such a
dufference is due to VLISTA sampling its dictionary from the posterior rather than training it like A-DLISTA.
Despite this difference, the time required for the likelihood model (shown in is comparable to that of
A-DLISTA. It’s important to note that the inference time for the likelihood is reported “per iteration”, so we
must multiply it by the number of layers A-DLISTA uses to make a fair comparison.

Macs count. Our attention now turns to the MACs count for the A-DLISTA augmentation network. As
shown in Table [4] the count is upper bounded by HWK? + BP. Note that the height and width of the
input are halved after each convolutional layer, while the input and output channels are always one, and
the kernel size equals three for each layer (see details in . To obtain the upper bound for the

Table 3: Number of trainable parameters (Millions) and Average inference time (milliseconds) for different
models. Concerning the inference time, we report the average value with its error considering 10 and 50
measurements setups.

Parameters (M) Average Inference Time (ms)
meas. = 10 meas. = 500
ISTA 0.00 54.019.6 (norm: 41.54¢¢) (1.5540.02)€® (norm.:
(1.5310402)63)
NALISTA! 3.33¢7! 5.840.2 7.040.3
LISTA 3.15 11401 1.5403
A-DLISTA? 3.15 (Aug. NN: 3.11¢73) 82103 91405
VLISTA 3.13f 19.7%, 4 21.3%,,
ﬁ Prior Model 1.10 — -
cg Posterior Model 2.08 3.6%0. 4.1k,
= Likelihood Model 1.05 2750 3.055,.,

LLSTM hidden size equal to 256; 2 Each layer learns its own dictionary; T Full model at inference - Prior
model NOT used; ¥ Single iteration.
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MACs count, we set H = max(H;) = H"Put /2! and W = max(W;) = WPut /2¢ where H; and W; are the

height and width at the output of the i-th convolutional layer, respectively. With that in mind, we can
upper bounds the MACs count for the convolutional part of the network by HW K?2. The convonlutional

backbone is followed by two linear layers (see details in [Figure 5)). The first linear layer takes a vector of size

B € RET /16XWTH/16 4o input and outputs a vector of length P = 25. Finally, this vector is fed into two

heads, each generating a scalar. Therefore, the overall upper bound for the MACs count for the augmentation
network is O(HWK? + BP + P) = O(HWK? + P(B+1)) = O(HW K? + BP), with the factor +1 dropped.
Similar reasoning applies to the prior and posterior models of VLISTA, where we estimate the MACs count
by multiplying the MACs for the most expensive layers by the total number of layers of the same type.

F Additional Results

In this section we report additional experimental results. In [subsection F.1] we report results concerning a fix
measurement setup, i.e. ®* — ®, while in [subsection F.2| we show reconstructed images for different classical
baselines.

Table 4: MACs count. Concerning VLISTA, we report the MACs count for each of its component: the
Prior, the Posterior, and the Likelihood models.

MACs

ISTA O(DM (2L + N) + D?>M)

NALISTA O(DM (2L + N) + [4h(d + h) + R?]T)

LISTA O(LD(N + D)+ LMN)

A-DLISTA O(LDMN + [HW K? + BP]")
g Prior Model (’)(SLHPTWPTC;TC;_(K; +277)
@©  Posterior Model O(L(D + M + DC;,,C5, + Lb,S 4+ 10H,,, Wy, T72,))
§ Likelihood Model O(LDMN + [HW K? + BP]")

 Contribution from the augmentation network.

Table 5: Description of quantities appearing in

M Number of measurements
N Dimensionality of dictionary’s atoms
D Number of atoms
L Number of layers
h; d Hidden and input size for the LSTM
H, W Height and width of A-DLISTA augmentation network’s input
K Kernel size for the Conv layers of A-DLISTA augmentation network
B; P Input and output size of the linear layer of A-DLISTA augmentation network
C’;o; Cpo Input and output channels for the “®-input” head of the posterior model
Ly,; S Posterior model bottleneck input and output sizes
Hpo; Whpo; Height and width of posterior model’s transposed convolutions input
Tho Kernel size of the posterior model’s transposed convolutions
Hy s Wy Input and output sizes of convolutional (and transposed conv.) layers of the prior model
C’;,.; Cpr Input and output channels of convolutional (and transposed conv.) layers of the prior model
Kprs Tor kernel size for convolutions and transpose convolutions of the prior model
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F.1 Fixed Sensing Matrix

We provide in [Table 6] and [Table 7] results considering a fixed measurement scenario, i.e. using a single
sensing matrix ®. Comparing these results to [Table 1] and [Table 2] we notice the following. To begin with,
LISTA and A-DLISTA perform better compared to the set up in which we use a varying sensing matrix
(see [pection 5). We should expect such behaviour given that we simplified the problem by fixing the ® matrix.
Additionally, as we mentioned in the main paper, ALISTA and NALISTA exhibit high performances (superior
to other models when 300 and 500 measurements are considered). Such a result is expected, given that these
two models were designed for solving inverse problems in a fixed measurement scenario. Furthermore, the
results in [Table 6] and [Table 7] support our hypothesis that the convergence issues we observe in the varying
sensing matrix setup are likely related to the “inner” optimization that ALISTA and NALISTA require to
evaluate the “W” matrix.

Table 6: MNIST SSIM (the higher the better) for a different number of measurements with fixed sensing
matrix, i.e., ® — ®. We highlight in bold the best performance. Note that whenever there is agreement
within the error for the best performances, we highlight all of them.

SSIM 1
number of measurements
1 10 100 300 500
(xe 1) (xe 1) (xe™1) (xe™1) (xe™1)
LISTA 1.34410.02 3.1240.02 5.98.0.01 6.74+0.01 6.9640.01
ALISTA 0.8440.01 0.9440.01 1.7040.01 5.7140.01 6.65+0.01
NALISTA 0-91i0.01 1-12i0.01 2-46i0_01 7~03i0.01 8.22i0_02
A-DLISTA (our) 1.2110.02 3.58.10.01 5.6610.01 6.4710.01 6.8410.01

Table 7: CIFARI10 SSIM (the higher the better) for a different number of measurements with fixed sensing
matrix, i.e., ® — ®. Note that whenever there is agreement within the error for the best performances, we
highlight all of them.

SSIM 4
number of measurements
1 10 100 300 500
(xe™ 1) (xe 1) (xe 1) (xe™1) (xe™ 1)
LISTA 2.5240.01 3.19.001 4.48.0 01 6.29.0.01 6.7440.01
ALISTA 0.2140.03 0.5410.02 0.88+0.01 3.5410.01 5.5240.01
NALISTA 1.3240.09 1.3240.0 1.0640.09 4591001 6.88.1001
A-DLISTA (our) 2914002 3.07+0.01 4.2640.01 9.8940.01 6.5640.01

F.2 Classical baselines

We report additional results concerning classical dictionary learning methods tested on the MNIST and
CIFARI10 datasets. It is worth noting that classical baselines can reconstruct images with high quality if it
is assumed that there are neither computational nor time constraints (although this would correspond to
an unrealistic scenario concerning real-world applications). Therefore, while tuning hyperparameters, we
consider a number of iterations up to a several thousand.

[Figure 8 to [Figure 13| showcase examples of reconstructed images for different baselines.
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Figure 8: Example of reconstructed MNIST images using the canonical basis. Top row: reconstructed
images. Bottom row: ground truth images. To reconstruct images we use 500 measurements and the number
of layers optimized to get the best reconstruction possible.

Figure 9: Example of reconstructed MNIST images using the wavelet basis. Top row: reconstructed images.
Bottom row: ground truth images. To reconstruct images we use 500 measurements and the number of layers
optimized to get the best reconstruction possible.
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710101213
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Figure 10: Example of reconstructed MNIST images using SPCA. Top row: reconstructed images. Bottom
row: ground truth images. To reconstruct images we use 500 measurements and the number of layers
optimized to get the best reconstruction possible.

Figure 11: Example of reconstructed CIFAR10 images using the canonical basis. Top row: reconstructed
images. Bottom row: ground truth images. To reconstruct images we use 500 measurements and the number
of layers optimized to get the best reconstruction possible.
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Figure 12: Example of reconstructed CIFAR10 images using the wavelet basis. Top row: reconstructed
images. Bottom row: ground truth images. To reconstruct images we use 500 measurements and the number
of layers optimized to get the best reconstruction possible.

»
»

Figure 13: Example of reconstructed CIFAR10 images using SPCA. Top row: reconstructed images. Bottom
row: ground truth images. To reconstruct images we use 500 measurements and the number of layers
optimized to get the best reconstruction possible.
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