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Abstract

Direct policy optimization in reinforcement learning is usually solved with policy-gradient
algorithms, which optimize policy parameters via stochastic gradient ascent. This paper
provides a new theoretical interpretation and justification of these algorithms. First, we
formulate direct policy optimization in the optimization by continuation framework. The
latter is a framework for optimizing nonconvex functions where a sequence of surrogate
objective functions, called continuations, are locally optimized. Second, we show that op-
timizing affine Gaussian policies and performing entropy regularization can be interpreted
as implicitly optimizing deterministic policies by continuation. Based on these theoretical
results, we argue that exploration in policy-gradient algorithms consists in computing a
continuation of the return of the policy at hand, and that the variance of policies should
be history-dependent functions adapted to avoid local extrema rather than to maximize the
return of the policy.

1 Introduction

Applications where one has to control an environment are numerous and solving these control problems
efficiently is the preoccupation of many researchers and engineers. Reinforcement learning (RL) has emerged
as a solution when the environments at hand have complex and stochastic dynamics (Sutton & Bartol |2018)).
Direct policy optimization and more particularly (on-policy) policy gradients are methods that have been
successful in recent years. These methods, reviewed by |[Duan et al| (2016|) and |[Andrychowicz et al.| (2020),
all consist in parameterizing a policy (most often with a neural network) and adapting the parameters with
a local-search algorithm in order to maximize the expected sum of rewards received when the policy is
executed, called the return of the policy. We distinguish two basic elements that determine the performance
of these methods. As first element, we have the formalization of the optimization problem. It is defined
through two main choices: the (functional) parametrization of the policy and the learning objective function,
which mostly relies on adding an entropy regularization term to the return. As second element, there is the
choice of the local-search algorithm to solve the optimization problem — we focus on stochastic gradient
ascent methods in this study.

The policy parameterization is the first formalization choice. In theory, there exists an optimal (parametric)
deterministic policy (Sutton & Barto), |2018]), which can be optimized by deterministic policy gradient (Silver,
et al., 2014) with a guarantee of converging towards a stationary solution (Xiong et al., |2022). However,
this approach gives poor results in practice as it is subject to convergence towards local optima (Silver,
et al., [2014). It is therefore usual to optimize stochastic policies where this problem is mitigated in practice
(Duan et al.l |2016;|Andrychowicz et al.l |2020). For discrete state and action spaces, theoretical guarantees of
global convergence hold for softmax or direct policy parameterization (Bhandari & Russo, 2019;|Zhang et al.|
2021; |Agarwal et al.} 2020)). In the general case of continuous spaces, these results no longer hold and only
convergence towards stationarity can be ensured under strong hypotheses (Bhatt et all [2019; |Zhang et al.|
2020b; [Bedi et all, |2021)). Recently, convergence under milder assumptions was established assuming that
the policy follows a heavy-tailed distribution, which guarantees a sufficiently spread distribution of actions
(Bedi et al.}2022). Nevertheless, most of the empirical works have focused on (light-tailed) Gaussian policies
(Duan et al., [2016; |Andrychowicz et all |2020)) for which convergence is thus not ensured in the general case
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(Bedi et al.l|2022). The importance of a sufficiently spread distribution in policy gradient had already been
observed in early works and was loosely interpreted as exploration (Lillicrap et al., 2015; Mnih et al., |2016)).
This concept originally introduced in bandit theory and value-based RL, where it consists in selecting a
suboptimal action to execute in order to refine a statistical estimate (Simon, (1955} Sutton & Bartol 2018)),
is to our knowledge not well defined for direct policy optimization. Other empirical works also showed that
relying on Beta distributions when the set of actions is bounded within an interval outperformed Gaussian
policies (Chou et al., 2017 [Fujita & Maedal, 2018). As a side note, another notable advantage of stochastic
policies is the possibility to rely on information geometry and use efficient trust-region methods to speed up
the local-search algorithms (Shani et al.| |2020; |Cen et al., 2022). In summary, no consensus has yet been
reached on the exact policy parameterization that should be used in practice.

The second formalization choice is the learning objective and more particularly the choice of entropy reg-
ularization. Typically, a bonus enforcing the uniformity of the action distribution is added to the rewards
in the objective function (Williams & Peng), 1991; [Haarnoja et al., [2019). Intuitively, it avoids converg-
ing too fast towards policies with small spread, which are subject to being locally optimal. More general
entropy regularizations were applied for encouraging high-variance policies while keeping the distribution
sparse (Nachum et al., [2016) or enforcing the uniformity of the state-visitation distribution in addition to
the action distribution (Islam et al., [2019). Again, no consensus is reached about the best regularization to
use in practice.

The importance of introducing sufficient stochasticity and regularizing entropy is commonly accepted in
the community. Some preliminary research has been conducted to develop a theoretical foundation for this
observation. |[Ahmed et al.| (2019) proposed an empirical analysis of the impact of the entropy regularization
term. They concluded that adding this term yields a smoothed objective function. A local-search algorithm
will therefore be less prone to convergence to local optima. This problem was also studied by [Husain
et al.[ (2021). They proved that optimizing a policy by regularizing the entropy is equivalent to performing
a robust optimization against changes in the reward function. This result was recently reinterpreted by
Brekelmans et al.| (2022)) who deduced that the optimization is equivalent to a game where one player adapts
the policy while an adversary adapts the reward. The research papers that have been reviewed concentrate
solely on learning objectives in the context of entropy regularization, leaving unanswered the question of
the relationship between a policy’s return and the distribution of actions. This question is of paramount
importance for understanding how the formalization of the direct policy optimization problem impacts the
resulting control strategy.

In this work, we propose a new theoretical interpretation of the effects of the action distribution on the
objective function. Our analysis is based on the theory of optimization by continuation (Allgower & Georg,
1980)), which consists in locally optimizing a sequence of surrogate objective functions. The latter are called
continuations and are often constructed by filtering the optimization variables in order to remove local
optima. Our main contributions are twofold. First, we define a continuation for the return of policies
and formulate direct policy optimization in the optimization by continuation framework. Second, based on
this framework, we study different formulations, i.e., policy parameterization and entropy regularization,
of direct policy optimization. Several conclusions are drawn from the analysis. First, we show that the
continuation of the return of a deterministic policy is equal to the return of a Gaussian policy. Second, we
show that the continuation of the return of a Gaussian policy equals the return of another Gaussian policy
with scaled variance. We then derive from the previous results that optimizing Gaussian policies using policy-
gradient algorithms and performing regularization can be interpreted as optimizing deterministic policies by
continuation. In this regard, exploration as it is usually understood in policy gradients, consists in computing
the continuation of the return of the policy at hand. Finally, we show that for a more general continuation,
the continuation of the return of a deterministic policy equals the return of a Gaussian policy where the
variance is a function of the observed history of states and actions. These results provide a new interpretation
for the variance of a policy: it can be seen as a parameter of the policy-gradient algorithm instead of an
element of the policy parameterization. Moreover, to fully exploit the power of continuations, the variance of
a policy should be a history-dependent function iteratively adapted to avoid the local extrema of the return.

Although there is no theoretical guarantee that optimization by continuation converges towards a global
optimum, it has been successfully applied to several machine learning applications including image alignment
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(Mobahi et al., |2012), greedy layerwise training of neural networks (Bengio, 2009), and neural network
training by iteratively increasing the non-linearity of the activation functions (Pathak & Paffenrothl 2019).
To our knowledge, it has never yet been applied for direct policy optimization. However, optimizing a
distribution over the policy parameters rather than directly optimizing the policy is an RL technique that
has been used to perform direct policy optimization (Sehnke et al. [2010; |Salimans et al., 2017; |Zhang
et all 2020a). Among other things, it decreases the variance of the gradient estimates in some cases. It
is furthermore equivalent to optimizing the policy by Gaussian continuation (Mobahi et al., |2012; Hazan
et al.l 2016} 2019). Here the continuation is the convolution of the return by a Gaussian. Another method,
called RL with logistic reward-weighted regression (Wierstra et al.l [2008} [Peters & Schaal, 2007)), consists in
optimizing a surrogate objective of the return. The surrogate is the expected utility of the sum of rewards.
Originally justified relying on the field of decision theory (Chernoff & Moses, 2012), it can equivalently be
seen as an optimization by continuation method.

The paper is organized as follows. In Section [2| the background of direct policy optimization is reminded.
The framework for optimizing policies by continuation is developed in Section [3] and theoretical results
relating the return of policies to their continuations are presented in Section[d] In Section[5] these results are
used for elaborating on the formulations of direct policy optimization. Finally, the results are summarized
and further works discussed in Section [6l

2 Theoretical Background

In this section, we remind the background of RL in Markov decision processes and discuss the direct policy
optimization problem.

2.1 Markov Decision Processes

We study problems in which an agent makes sequential decisions in a stochastic environment in order to
maximize an expected sum of rewards (Sutton & Barto, 2018). The environment is modeled with an infinite-
time Markov Decision Process (MDP) composed of a state space S, an action space 4, an initial state
distribution with density pg, a transition distribution (dynamic) with conditional density p, a bounded reward
function p, and a discount factor v € [0,1][. When an agent interacts with the MDP (S, A, po, p, p,7), first,
an initial state so ~ po(+) is sampled, then, the agent provides at each time step ¢ an action a; € A leading
to a new state s;11 ~ p(:|s¢,ar). Such a sequence of states and actions hy = (sg, ag, - .-, St—1,a¢—1,5t) € H
is called a history and H is the set of all histories of any arbitrary length. In addition, at each time step ¢,
a reward r; = p(st,a:) € R is observed.

A (stochastic) history-dependent policy n € £ = H — P(A) is a mapping from the set of histories H to the
set of probability measures on the action space P(.A), where n(alh) is the associated conditional probability
density of action a given the history h. A (stochastic) Markov policy 7 € Il =S — P(A) is a mapping from
the state space S to the set of probability measures on the action space P(A), where 7(a|s) is the associated
conditional probability density of action a in state s. Finally, deterministic policies u € M = S — A
are functions mapping an action a = pu(s) € A to each state s € S. We note that for each deterministic
policy u there exists an equivalent Markov policy, where the probability measure is a Dirac measure on the
action @ = p(s) in each state s. In addition, for each Markov policy, there exists an equivalent history-
dependent policy only accounting for the last state in the history. We therefore write by abuse of notation
that M CII C €.

The function J : £ — R is defined as the function mapping to any policy n the expected discounted cumulative
sum of rewards gathered by an agent interacting in the MDP by sampling actions from the policy n. The
value J(n) is called the return of the policy 1 and is computed as follows:

J(n) = E Zﬁ’tl)(st,at) : (1)
so~po(-) =0
ag~mn(-|he)
St+1~17('|3t,llt)

An optimal agent follows an optimal policy n* maximizing the expected discounted sum of rewards J.
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2.2 Direct Policy Optimization

Problem statement. Let (S,.A,po,p,p,y) be an MDP and let ny € £ be a policy parameterized by the
real vector § € R%. The objective of the optimization problem is to find the optimal parameter §* € R
such that the return of the policy is maximized:

0" = argmax J(ny) . (2)
0eR®
In this work, we consider on-policy policy-gradient algorithms (Andrychowicz et al. [2020]). These algorithms
optimize differentiable policies with local-search methods using the derivatives of the policies. They itera-
tively repeat two operations. First, they approximate an ascent direction relying on histories sampled from
the policy, with the current parameters, in the MDP. Second, they update these parameters in the ascent
direction.

Deterministic Policies. In an MDP, there always exists an optimal deterministic policy pu* performing
at least as well as any other Markov and history-dependent policy (Sutton & Barto), [2018)). It is therefore
theoretically possible to find an optimal policy by solving the optimization problem described in equation
equation [2| where the parameterized policy is a (universal) function approximator ugp € M. In practice,
optimizing deterministic policies with policy-gradient methods usually results in locally optimal policies
with poor performance (Silver et al.| [2014).

Gaussian Policies. In direct policy optimization, most of the works focus on learning Markov policies
where the actions follow a Gaussian distribution whose mean and covariance matrix are parameterized
function approximators (Duan et al., 2016; |Andrychowicz et al., |2020). More precisely, a parametrized
Gaussian policy 71'6? P ¢ 11 is a policy where the actions follow a Gaussian distribution of mean g (s) and
covariance matrix Ygy(s) for each state s and parameter 6, it thus has the following density:

5" (als) = N (alpe(s), Bo(s)) - (3)

Affine Policies. A parameterized policy (deterministic or stochastic) is said to be affine, if the function
approximators used to construct the functional form of the policy are affine functions of the parameter 6.
Formally, each function approximator fy of a history-dependent policy has the following form Vh € H:

fo(h) = a(h)T0 +b(h) , (4)

where a and b are functions building features from the histories. Such policies are often considered in
theoretical studies (Busoniu et al., |2017) and perform well on complex tasks in practice (Rajeswaran et al.
2017).

3 Optimizing Policies by Continuation

In this section, we introduce the optimization by continuation methods and formulate direct policy opti-
mization in this framework.

3.1 Optimization by Continuation

Optimization by continuation (Allgower & Georg, [1980)) is a technique used to optimize nonconvex functions
with the objective of avoiding local extrema. A sequence of optimization problems is solved iteratively
using the optimum of the previous iteration. Each problem consists in optimizing a deformation of the
original function and is typically solved by local search. Through the iterations, the function is less and
less deformed. Such procedure is also sometimes referred to as graduated optimization (Blake & Zisserman)
1987) or optimization by homotopy (Watson & Haftka) [1989), as the homotopy of a function refers to its
deformation in topology.

Formally, let f : X — R be the real-valued function to optimize. Let g : Y — R be another real-valued
function used for building the deformation of f. Finally, let the conditional distribution function p : X —
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P(Y) be the mapping from an optimization variable z € X to the set of probability measures P(})), such
that p(y|z) is the associated density function for any random event y € Y given € X. The continuation of
the function f under the distribution p and deformation function g is defined as the function fP : X — R
such that Vo € A"

fP(x) = ()] - ()

y~p(-lz)
For the optimization by continuation described hereafter, there must exist a conditional distribution p* for
which fP equals f in the limit as p approaches p*. A typical example is to choose the function g equal to
f, and to use a Gaussian distribution with a constant diagonal covariance matrix for the distribution p. We

then have so-called Gaussian continuations Mobahi & Fisher I11| (2015).

Finally, optimizing a function f by continuation involves iteratively locally optimizing its continuation for a
sequence of conditional distributions approaching p* with decreasing spread. Formally, let pg > p1 > -+ >
pr—1 be a sequence of conditional distributions (monotonically) approaching p* with strictly decreasing
covariance matriceﬁﬂ Then, optimizing f by continuation consists in locally optimizing its continuation f?:
with a local-search algorithm initialized at z} for each iteration ¢. This general procedure is summarized
in Algorithm |1} Particular instances of this algorithm are described by [Hazan et al.| (2016)) and [Shao et al.
(2019) for Gaussian continuations. algorithm algorithmic

Algorithm 1 Optimization by Continuation

Provide a sequence of I functions pg = p1 > -+ > pr—1
Provide an initial variable value xj € X for the local search
fori=0,1,...,] —1do

xj,, < Optimize the continuation fP¢ by local search initialized at x]
end for
return z7

3.2 Continuation of the Return of a Policy

The direct policy optimization problem usually consists in maximizing a nonconvex function. Optimization
by continuation is thus a good candidate for computing a solution. In this section, we introduce a novel
continuation adapted to the return of policies.

The return of a policy depends on the probability of a sequence of actions through the product of the density
ne(a¢|st) of each action a; for a given parameter 6, see equation equation Il We define the continuation of
interest as the expectation of the return where each factor in the product of densities depends on a different
parameter vector. This expectation is taken according to a distribution that disturbs these parameter vectors
at each time step with a variance depending on the history. Formally, using the notations from Section [3.1

we optimize the function f that for all x = @ equals the return, f(6) = J(mg), over the set X = R9e. Let the
covariance function ¥ : H — R%*de he a function mapping a history h; € H to a covariance matrix X (hy).
Let the continuation distribution ¢ be a distribution such that ¢(6;]0, X(h;)) is the density of 8; distributed

with mean 6 and covariance matrix ¥(h;). Then, let Y = (S x A x Rde)N be the set of (infinite) sequences
of states, actions and parameters and let p and g, the two functions defining the continuation, be as follows:

p(ylz) = p(so) [ [ mo. (arlhe)po (6c1h)p(seialse, ar) (6)
t=0
g(y) = Z’th(stvat) ’ (7)
t=0

n this work, we consider the L2-norm of functions and the Loewner order over the set of covariance matrices (Siotanil
1967).
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where pg(0:|ht) = q(6:|0, X(ht)) such that the spread of py depends on the function 3. Taken together, the
continuation fg = fP of the return of the policy g € £ corresponding to the distribution ¢ and covariance
function ¥, is defined V0 € R% as:

o0
ro= | E [Z vtp(st,at)] : (8)
so~po (-
01~g(-10,5(he)) M0
at~16, (-he)
st41~p(-lst,ar)
Finally, the continuation equation equation [ converges towards the return of 7y in the limit as the covariance

function ¥ approaches zero, as required in Section [3.1]

This continuation is expected to be well-suited for removing local extrema of the return for three main
reasons. First, marginalizing the variables of a function as in our continuation is expected to smooth this
function and therefore remove local extrema — the particular case of Gaussian blurring has been widely
studied in the literature (Mobahi & Fisher) 2015; [Nesterov & Spokoinyl, [2017). Second, we underline the
interest of considering a continuation in which the disturbance of the policy parameters may vary based on
the time step. Indeed, changing the parameter vector of the policy at different time steps (and changing the
action distributions) may modify the objective function in significantly different ways. Third, we justify the
factorization of the conditional distribution py equation equation [f] by the causal effect of actions in the MDP.
As the actions only influence the rewards to come, the past history is expected to provide a sufficient statistic
for disturbing the parameters in order to remove local optima. We therefore chose parameter probabilities
conditionally independent given the past history. This history-dependency is encoded through the covariance
function ¥ in equation equation

Maximizing fg to solve the optimization problem from Algorithm [I| is a complicated task. A common
local-search algorithm used in machine learning is stochastic gradient ascent, which is known for performing
well on several complex functions depending on many variables (Bottoul |2010). The gradient of f& can be
computed by Monte-Carlo sampling applying the reparameterization trick (Goodfellow et al.| 2016 for simple
continuation distributions or relying on the REINFORCE trick (Williams, [1992)) in the more general case.
Due to the complex time dependencies of the random events, these vanilla gradient estimates have practical
limitations: the estimates may have large variance, the infinite horizon shall be truncated, and the direction
provided is computed in the Euclidean space of parameters rather than in a space of distributions (Peters &
Schaal, |2008). Finally, the evaluation of the continuation and its derivatives require one to sample parameter
vectors, which may be computationally expensive for complex high-dimensional distributions. The study
of different continuation distributions and the application of the optimization procedure from Algorithm
to practical problems is left for further works. In this work, we rather rely on the continuation to study
existing direct policy optimization algorithms. To this end, we show in the next section that maximizing the
continuation defined by equation equation [8]is equivalent to solving a direct policy optimization problem for
another policy, called a mirror policy.

4  Mirror Policies and Continuations

This section is dedicated to the interpretation of the continuation of the return of a policy. We show it equals
the return of another policy, called a mirror policy. The existence and closed form of mirror policies is also
discussed.

4.1 Optimizing by Continuation with Mirror Policies

Definition 1. Let (S, A, po,p, p,7y) be an MDP and let ng € € be a history-dependent policy parameterized
with the vector § € R4 . In addition, let [ be the continuation of the return of the policy ng corresponding
to a continuation distribution q and covariance function ¥ as defined in equation equation [§ We call a
mirror policy of the original policy ng, under the continuation distribution q and covariance function X, any
history-dependent policy nj € € such that V8 € Rde ;

f3(0) = J(ng) - (9)
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Let us assume we are provided with the continuation f§ of the return of an original policy 7y depending
on the parameter 6 that shall be optimized. In addition, let us assume we can compute a mirror policy
7y for the original policy 7p. By Definition [1} the continuation of the original policy equals the return of
the mirror policy for all §. In addition, under smoothness assumptions, all their derivatives are equal too.
Therefore, maximizing the continuation of an original policy by stochastic gradient ascent can be performed
by maximizing the return of its mirror policy by policy gradient. Applying state-of-the-art policy-gradient
algorithms on the mirror policies for optimizing the continuations in Algorithm [l| may alleviate several of
the shortcomings of the optimization procedure described earlier.

4.2 Existence and Closed Form of Mirror Policies

In this section, we first show that there always exists a mirror policy. In addition, several closed forms are
provided depending on the original policy, the continuation distribution, and the covariance function.

Theorem 1. For any original history-dependent policy ng € € parameterized with the vector 6 € R4 and
for any continuation distribution q and covariance function X, there exists a mirror history-dependent policy
1y € € of the original policy ng that writes as:

p(alh) = E (alh)] . 10
mah) =, E_ [ (alh) (10)

Theorem [I] guarantees the existence of mirror policies. Such a mirror policy is a function depending on the
same parameters as its original policy but that has a different functional form and may therefore provide
actions following a different distribution compared to the original policy.

Theorem [1| leads to two important corollary results. First, as demonstrated in Appendix let " be a
mirror policy of ' and let 1’ be a mirror policy of the original policy 7 of the form of equation equation
Then, there exists a continuation for which 1" is a mirror policy of the original policy 7. It follows that the
return of the mirror policy of another mirror policy is itself equal to a continuation of the original policy.
Second, Theorem [I] also reveals that for a given original policy and continuation distribution, the variance
of the mirror policy is defined through the continuation covariance function ¥. Furthermore, we remind
that the variance of the continuation is an hyperparameter that shall be selected for each iteration of the
optimization by continuation, see Section [3] This choice of hyperparameter is thus reflected as the choice of
the variance of a mirror policy. The expert making this choice sees the effect of the disturbed parameters
on the environment through the variance of the mirror policy. From a practical perspective, it is probably
easier to quantify the effect on the local extrema depending on the variance of the mirror policy rather than
depending on the variance of the continuation.

Property 1. Let the original policy mg € 11 be a Markov policy and let the covariance function depend
solely on the last state in the history. Then, there exists a mirror Markov policy m, € II.

Property [1] is an intermediate result providing sufficient assumptions on the continuation for having mir-
ror Markov policies. Note that for this type of continuation, the parameters of the policy are disturbed
independently on the history followed by the agent.

Property 2. Let the original policy 75" € 11 be a Gaussian policy as defined in equation equation@ with
affine function approximators. Let the covariance function depend solely on the last state in the history and
let the distribution q be a Gaussian distribution. Then, there exists a mirror Markov policy my € II such
that for all states s € S, it converges towards a Gaussian policy in the limit as the affine coefficients of the
covariance matriz Lg(s) approaches zero (||VeZe(s)| — 0):

my(als) — N(alpe(s), Zp(s)) , (11)
where X)(s) = Cp(s) + So(s) and Cy(s) = Vopug(s)T S(s) Vopu(s).

Under the assumptions of Property [2| a mirror policy can be approached by a policy that only differs from
the original one by having a variance which is increased by the term Cy(s) proportional to the variance of
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the continuation. In particular, when the variance of the original policy 7T9G P is solely dependent on the

state, then |[|[VoXg(s)|| = 0 and 7mj(als) = N(a|pe(s),Xy(s)). In this case, for any 6, the covariance matrix
of this mirror policy is additionally bounded from below such that X (s) = Cy(s).

Property 3. Let the original policy pg € M be an affine deterministic policy. Let the covariance function
depend solely on the last state in the history and let the distribution q be a Gaussian distribution. Then, the

Markov policy wgpl € II is a mirror policy:

757 (als) = N(alpa(s), Zp(s)) . (12)

where ¥y (s) = Vopug(s)T X(s) Vopo(s).

Therefore, under some assumptions, disturbing a deterministic policy and optimizing it afterwards can be
interpreted as optimizing the continuation of the return of this policy.

Property 4. Let the original policy pg € M be an affine deterministic policy. Let the distribution q be a
Gaussian distribution. Then, the policy nj € € is a mirror policy:

np(alh) = N (alpo(s), Zp(h)) , (13)

where ¥j(h) = Vopug(s)T (h) Vope(s).

Property [4 extends Property [3] to more general continuation distributions. This extension is used later to
justify the interest of optimizing history-dependent policies in order to optimize an underlying deterministic
policy by continuation. The theorem and properties are shown in Appendix

5 Implicit Optimization by Continuation

In this section, two formulations, i.e., a parameterized policy and a learning objective each, used by several
policy-gradient algorithms are analyzed relying on original and mirror policies. In Section we show
that optimizing each formulation by local search corresponds to optimizing a continuation. The optimized
policy is thus the mirror policy of an unknown original policy. We show the existence of the corresponding
continuation and original policy and discuss their closed form. This analysis provides a novel interpretation
of the state-of-the-art algorithms for direct policy optimization. We discuss the role of stochastic policies in
light of this interpretation in Section [5.2

5.1 Gaussian Policies and Regularization

The policy-gradient literature has mainly focused on optimizing two problem formulations by local search —
typically with stochastic gradient ascent and (approximate) trust-region methods. First, the vast majority
of works focuses on optimizing the return of Gaussian policies (Duan et al.l |2016; |Andrychowicz et al.l |2020)).
Second, in many formulations this objective function is extended by adding a bonus to the entropy of the
optimized policy (Williams & Peng, [1991; Haarnoja et al., [2019)). We show that when optimizing a policy
according to these formulations, there exists an (unknown) deterministic original policy and a continuation
such that the optimized policy is a mirror policy. Provided with the local-search algorithm from the policy-
gradient method, we conclude that optimizing both formulations is equivalent to implicitly optimizing a
deterministic policy by continuation.

Gaussian Policies. First, we remind that under Property [3] for any affine deterministic policy pgy there
exists an affine Gaussian mirror policy 7§'F " as defined by equation equation For a decreasing sequence of
continuation covariances, optimizing the policy g by continuation thus consists in optimizing the return of
mirror policies for each covariance matrix by local search. In this paragraph, we study the inverse of the latter
statement: under which conditions does optimizing a Gaussian policy is equivalent to (implicitly) optimizing
an (unknown) deterministic policy by continuation. Two requirements are needed for this equivalence. First,
at each iteration of the policy-gradient algorithm, we must optimize a Gaussian policy that is guaranteed to
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be a mirror policy of an underlying deterministic original policy. Second, the continuation covariance related
to each mirror policy must decrease trough the iterations. Let us consider the affine Gaussian policy ngP /
with mean function pp and covariance function ¥j, = 3’ constant with respect to the parameters of the policy
(i.e., is a function depending solely on the state). In order to satisfy the first requirement for the mirror
policy 7r9GP /, we have to ensure there exists a (unknown) continuation such that WQGP " is a mirror policy
of pg. The latter requires the transformation between covariance functions in Property [3] to be surjective,
which is guaranteed if d4 < de and Vgpus(s) is full rank. The first assumption is always met in practice
and the second is met when no action is a deterministic function of the others. The second requirement is
guaranteed if the covariance of the policy 7§t " is discounted through the optimization. Indeed, Property
ensures that the covariance of the mirror policy is proportional to the one of the continuation. In conclusion,
policy-gradient algorithms that optimize the affine Gaussian policy 7r9G P! by local search while discounting
its covariance equivalently optimize its mean function py (i.e., a deterministic policy) by continuation.

Entropy Regularization. Entropy regularization consists in adding the entropy of the policy to the re-
turn in the learning objective in order to ensure that the variance of the policy remains sufficiently large
during the optimization process. Note that similar objective functions are optimized with maximum entropy
reinforcement learning (Haarnoja et al. [2019) or with (approximate) trust-region methods where the trust-
region constraint is dualized (Schulman et al.,|2015;2017)). In the following, we answer to the question: under
which conditions does optimizing a Gaussian policy by local search while ensuring the variance remains suf-
ficiently large is equivalent to implicitly optimizing another (unknown and Gaussian) policy by continuation.
Doing so we underline an equivalence between optimization by continuation and entropy regularization. For-
mally, let us consider an affine Gaussian original policy ng with constant covariance ¥y = 3. Then, under
Property [2, there exists another affine Gaussian policy 71'5 P" that is a mirror policy of ﬂgp . This mirror
policy has the same mean function and a covariance function bounded from below by Cy = C. Inversely, let
us consider an affine Gaussian policy 75" " with a bounded covariance X), = C, for any C, we want to ensure
there exists a (unknown) continuation such that 7§ " is a mirror policy of an original policy. Similar to the
previous paragraph, this is guaranteed when d4 < dg and Vgug(s) is full rank. Therefore, policy-gradient
algorithms that optimize the return of an affine Gaussian policy by local search with a lower bound on the
covariance implicitly optimize the continuation of an original policy (namely another affine Gaussian policy,
but with unbounded covariance). In other words, optimizing an affine Gaussian policy with entropy regular-
ization is equivalent to optimizing the continuation of an original policyE| In addition, decreasing the weight
of the regularization is equivalent to decreasing C, which is proportional to the (unknown) continuation
covariance, see Property[2l Optimizing affine Gaussian policies with constant covariance and with a decreas-
ing regularization term by local search can thus be interpreted as optimizing this policy by continuation.
In addition, as stated previously and shown in Appendix [A] optimizing the return of the mirror policy of
another mirror policy is equivalent to optimizing a continuation of the original policy. As explained in the
previous paragraph, the return of an affine Gaussian policy is itself the continuation of a deterministic policy.
Therefore, policy-gradient algorithms that optimize affine Gaussian policies with discounted covariance and
with a decreasing regularization term by local search can also be interpreted as algorithms optimizing the
mean function (i.e., a deterministic policy) of this policy by continuation.

We now illustrate how policy-gradient algorithms implicitly optimize by continuation. We take as example
an environment in which a car moves in a valley and must reach its lowest point (positioned in Zigrget) t0
maximize the expected sum of rewards gathered by the agent, see Appendix [C} We assume we want to find
the best K-controller, i.e., a deterministic policy po(z) = 0 X ( — Tiarget), Where x is the position of the
car. Directly optimizing such a policy is in practice subject to converging to a local extremum, as explain
hereafter. We thus consider the Gaussian policy 7§'F (a|z) = N(a|pg(z),0’), where ug(z) and o’ are the
mean and variance of the policy, respectively. This policy is a mirror policy of the deterministic policy g
under a continuation of variance ¢ = o'/(x — o:tmnget)z, see Property As can be seen in Figure (1 for
each value of ¢/, the return of the mirror policy equals the smoothed return of the original deterministic

2Formally, the Loewner ordering between two covariance matrices A and B implies an order between their determinant,
ie. A> B = |A| > |B| (Siotani, 1967). As the entropy of a Gaussain policy is a concave function of the determinant of the
covariance matrix, a bounded covariance matrix implies a bounded entropy. The entropy-regularization learning objective in
direct policy optimization can therefore be interpreted as the Lagrangian relaxation of the latter entropy-bounded optimization
problem.
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policy pg. Consequently, optimizing by policy gradient the Gaussian policy is equivalent to optimizing the
deterministic policy by continuation. For a well-chosen sequence of ¢’, with a fixed scheduling or with
adequate entropy regularization, the successive solutions found by local search will escape the basin of
attraction of the suboptimal parameter for any initial parameter of the local search — whereas optimizing
the deterministic policy directly would provide suboptimal solutions.

701

60 1

Return

40 A

301

> O

Figure 1: Illustration of the return of the policies N (a|pgo(x), 0”), where pg(x) = 0 X (£ — 21qrget), for different
o’ values. The darker the curve, the smaller ¢/, and the darkest one is the return of the deterministic policy
wg- The green dots represent the global maxima and the red dots the local maxima. For some sufficiently
large value for ¢’, the return of the policy has a single extremum. For a well chosen schedule of decreasing
o', a local-search algorithm will track the sequence of global extrema and converge towards the optimal
deterministic policy.

In this section, we have established an equivalence between the optimization of some policies by policy
gradient and the optimization of an underlying policy by continuation. It opens up new questions about
the hypothesis space of the (mirror) policy to consider in practice in order to exploit the properties of
continuations at best. These considerations are made in the next section. We finally recall that a central
assumption in the previous results is the affinity of policies. Seemingly restrictive, such policies allow to
optimally control complex environments in practice (Rajeswaran et al., 2017) and give first-order results for
non-affine policies.

5.2 Continuations for Interpreting Stochastic Policies

In practice, we know that optimizing stochastic policies tends to converge to a final policy with low variance
and better performance than if we had directly optimized a deterministic policy. Practitioners often justify
this observation by the need to explore through a stochastic policy. Nevertheless, to our knowledge, this
concept inherited from bandit theory is not well defined for direct policy optimization. The previous anal-
ysis establishes an equivalence between optimizing stochastic policies with policy-gradient algorithms and
optimizing deterministic policies by continuation. Furthermore, as explained in Section [3:2] the continuation
equation equation [§ consists in smoothing the return of this deterministic policy through the continuation
distribution. Local optima tend to be removed when the variance of the continuation is sufficiently large.
Optimizing stochastic policies and regularizing the entropy, as in most state-of-the-art policy-gradient algo-
rithms, is therefore expected to avoid local extrema before converging towards policies with small variance.
We thus provide a theoretical motivation for the performance reached by algorithms applying exploration as
understood in direct policy optimization.

The relationships between optimization by continuation and policy gradient in Section have been es-
tablished relying on Property [2| and Property They assume continuations where the covariance matrix
depends only on the current state and not on the whole observed history. In the general case, Property [

10
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allows one to extend these results by performing an analysis similar to Section [5.1] To be more specific,
let us assume an affine Gaussian policy 7T9G P /, where the mean g is a function of the state and where the
covariance Yy = X is a function of the history and is constant with respect to #. Under this assumption, if
da < do and Vgpug(s) is full rank, the return of the policy 757" is equal to a (unknown) continuation of
the mean function py (i-e., a deterministic policy). Furthermore, optimizing the Gaussian policy by policy
gradient while discounting the covariance can be interpreted as optimizing the deterministic policy ug by
continuation. In practice, this result suggests to optimize history-dependent policies by policy gradient to
take advantage of the most general regularization of the objective function through implicit continuation. A
similar observation was recently made by [Mutti et al.[(2022]) who argued that history-dependent policies are
required when more complex regularizations are involved.

Finally, a last point has been left open in the previous discussions, namely the update of the covariance
matrix of the mirror policies. The latter is defined through the covariance of the continuation. Therefore,
the covariance must decrease through the optimization and must be chosen to avoid local optima. One
direction to investigate in order to select a variance that removes local extrema is to update the parameters
of the policy by following a combination of two directions: the functional gradient of the optimized policy’s
return with respect to the policy mean and the functional gradient of another measure (to be defined) with
respect to the policy variance. An example of heuristic measure for smoothness might be the entropy of the
actions and/or states encountered in histories. This strategy obviously does not follow the classical approach
when optimizing stochastic policies where the covariance is adapted by the policy-gradient algorithm to
locally maximize the return and the exact procedure for updating the variance will require future studies.
However the empirical inefficiency of this classical approach has already been highlighted in previous works
that improved the performance of policy-gradient algorithms by exploring alternative learning objective
functions (Houthooft et al., [2018; [Papini et al., [2020).

6 Conclusion

In this work, we have studied the problem formulation, i.e., policy parameterization and reward-shaping
strategy, when solving direct policy optimization problems. More particularly, we established connections
between formulations of state-of-the-art policy-gradient algorithms and the optimization by continuation
framework (Allgower & Georg) |1980). We have shown that algorithms optimizing stochastic policies and
regularizing the entropy inherit the properties of optimization by continuation and are thus less subject to
converging towards local optima. In addition, the role of the variance of the policies is reinterpreted in
this framework: it is a parameter of the optimization procedure to adapt in order to avoid local extrema.
Additionally, to inherit the properties of generic continuations, it may be beneficial to consider variances
that are functions of the history of states and actions observed at each time step.

Our study leaves several questions open. Firstly, our results rely on several assumptions that may not
hold in practice. Specifically, it is unclear how our findings can be generalized to non-affine policies and
alternative to Gaussian policies. Nonetheless, our results can be extended in cases where we can obtain
an analytic expression for the mirror policy outlined in Theorem [I| While finding such an expression may
be challenging in general, we can easily extend our conclusions to non-affine policies by considering the
first-order approximation. Additionally, our study is focused on Gaussian policies, which are commonly used
in continuous state-action spaces. However, for discrete spaces, a natural choice of policy is a Bernoulli
distribution on actions (or a categorical distribution for more than one action) for each discrete state. In the
case of a Beta continuation distribution, a mirror policy can be derived where actions follow a Beta-binomial
distribution, a result known in Bayesian inference as the Beta distribution is a conjugate distribution of the
binomial distribution (Bishop & Nasrabadi, 2006). An analysis of this mirror policy would allow us to draw
conclusions equivalent to those of the continuous case studied in this paper. Secondly, the study focused on
entropy regularization of the policy only. Recent works have underlined the benefits of other regularization
strategies that enforce the spread of other distributions as the state visiting frequency or the marginal state
probability (Hazan et al., 2019 |Guo et al.l |2021; Mutti et al,|2022)). Future research is also needed to better
understand the effect of these regularizations on the optimization procedure.

11
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Finally, we give a new interpretation for the variance of policies that suggests it shall be updated to avoid
local extrema rather than to maximize the return locally. A first strategy for updating the variance is
proposed in Section [5.2] which opens the door to further research and new algorithm development.
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A Composition of Mirror Policies

Theorem 2. Let q be a continuation distribution and let 3 be a covariance function as defined in Section
. In addition, let ng, ny and ny, be three parameterized history-dependent policies such that:

b (alh) = / o (alh) (619, (k) def (14)
i (alh) = / i (al W)g(6”]0, S(h)) d6" | (15)

Then, ny is a mirror policy of the original policy ng and ny is a mirror policy of the original policy nj under
continuation distribution q and covariance function ¥. In addition, there exists a continuation for which nj
is a mirror policy of the original policy ng.

Proof. First, n is a mirror policy of the original policy 79 and 7 is a mirror policy of the original policy
7, under continuation distribution ¢ and covariance function 3, see Theorem Then, let us substitute
equation equation [I4]in equation equation [I5}

i (alh) = / s (alh)a(8" 16, S(R) do"” (16)
-/ ( [ talmya@or. =) do') 4(616. 2 (h)) do” (17)
= [ (ot ( [ @ swyae o,z 0) do”) ao' . (18)

We thus have that:

i (alh) = / nor (al)pa(9'| 1) dO’ (19)

po(6'|h) = /Q(9'|9”, S(h))q(6"10, S(h)) do” . (20)

The distribution pg is a continuation distribution with a spread depending on the history h through the
covariance function ¥. By Theorem [1} 7 is a mirror policy of the original policy 7.

]

B Theoretical Results on Mirror Policies

Theorem For any original history-dependent policy ng € £ parameterized with the vector § € R4 and
for any continuation distribution q and covariance function X, there exists a mirror history-dependent policy
1y € & of the original policy ng that writes as:

p(alh) = E (alh)] . 21
mah) =, E_ T (alh)] (21)

Proof. Let h = (so,aq,51,a1,...) € H be a history and let R(h) be the discounted sum of rewards
computed from this history. In addition, let hy = (s, ag,...,st) € H be the history composed of the ¢ first
actions and ¢t + 1 first states in h. By definition of the continuation f¢ and given equation equation we
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have that:

so~po(-)
01 ~q(-10,5(hy))
az~ne, (-|ht)
5t+1"’p(“st7at)

/ (H [ matarlbirateilo. S) det) (po(SO) Hp<st+1|st,at>> R(h) dh (23)

0= E [thp(st,ao] (22)
t=0

t=0

=/<Hﬁé(atht)> (PO(SO)HP(SHHSt’at)) R(h) dh . (24)

t=0

By definition, the latter equation is equal to the return J(np) of the policy 7, for any parameter vector 6.
Therefore, 7 is a mirror policy of the original policy 79 under the process ¢ and covariance matrix 3.

O

Property Let the original policy mg € 11 be a Markov policy and let the covariance function depend
solely on the last state in the history. Then, there exists a mirror Markov policy ) € IL.

Proof. By hypotheses, the covariance matrix only depends on the last state s; of the history h;, therefore:
q(0:10,%(he)) = q(0:10, X(s¢)) - (25)

In addition, the original policy my is a Markov policy, therefore :
no(aclhy) = mo(arlse) - (26)

The closed form of the mirror policy, provided by equation equation can thus be simplified as:
mladhe) = [, (adlho)a(6n]o, () do ()

- / i, (a250)(6:16, (1)) db (28)

The previous equation is independent on h; knowing s;, there thus exists a Markov mirror policy mj, € II
respecting Theorem [I] such that:

ny(atlhe) = my(arlse) - (29)
O

Property Let the original policy 71'9GP € II be a Gaussian policy as defined in equation equation@ with
affine function approximators. Let the covariance function depend solely on the last state in the history and
let the distribution q be a Gaussian distribution. Then, there exists a mirror Markov policy my € II such
that for all states s € S, it converges towards a Gaussian policy in the limit as the affine coefficients of the
covariance matriz Yg(s) approaches zero (||VeXg(s)|| — 0):

my(als) — N(alpo(s), Zh(s)) , (30)

where X)(s) = Cp(s) + Zo(s) and Cy(s) = Vopug(s)T S(s) Vopo(s).

Proof. First, the existence of a Markov mirror policy results from Property [1| and is provided by equation
equation 29

) (adlse) = /m)t (as]52)q(0,10, %(s2)) b (31)
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In addition, g, and ¢ are Gaussian distributions by hypotheses:

7o, (aelst) = N (ar|po, (1), Lo, (5)) (32)
q(0:10,5(s¢)) = N(6:]6,5(s1)) , (33)

where pg, (s¢) and 3y, (s¢) are affine functions of ;. Therefore, these functions can be written as follows:

tie,(st) = (Vo,po, (s¢)) Or + 1t/ (s¢) (34)
2o, (st) = (Vo, o, (51)) O + X'(s¢) - (35)

For any state s;, in the limit as affine coefficients of the covariance approaches zero, the covariance is such
that:

hm E s — Z/ s ) 36
196, S0, (0)[|—0 o (s0) = E(st) (36)

In this limit, equation equation [31] consists in marginalizing a conditional linear Gaussian transition model
with a Gaussian prior and is such that (Bishop & Nasrabadi, [2006)):

oyl mharls) = A (] (Vorto(s)) 0+ 4 (s0). (Toma(s0))” Es0) (Vomo(si)) +Z'(s0))  (37)

= N (arlao(s0), (Vo (s0)) " £(s1) (Vora(se)) + () (38)

O

Property Let the original policy pg € M be an affine deterministic policy. Let the covariance function

depend solely on the last state in the history and let the distribution q be a Gaussian distribution. Then, the
/!

Markov policy wgp € IT is a mirror policy:

757 (als) = N(alua(s), Zp(s)) . (39)

where 3 (s) = Vopg(s)T 2(s) Vopo(s).

Proof. The statement results from the particularization of Property [2| to the case of deterministic policies.
Let 7r9G P ¢TI be an affine Gaussian policy with constant covariance matrix for any state ¥4 (s;) = C. In that
case, we have by Property [2| that 7, € II is a mirror policy as follows:

mp(atlss) = N (atlue(s», (Vono(se))" S(se) (Vopo(se)) + 29(50> (40)

= N (aclo(se), (Voo (50))" 2s0) (Vorta(s0)) +C) (1)

Taking the limit of 7T0G P as the constant covariance matrix C' approaches zero, we get that the original policy
from Property [2] converges to the one of Property [3] namely the deterministic olicy wo. This implies that
2

the policy 7r9G P" ¢ 11 provided by the limit of the mirror policy from Property I see equation equation

is a mirror policy of the original policy ug from Property
7 (ailsi) = lim mhadlse) = N (acluo(se), (Vapo(s0)) " Sst) (Vapo(s1)) ) - (42)

O

Property Let the original policy pg € M be an affine deterministic policy. Let the distribution q be a
Gaussian distribution. Then, the policy nj € € is a mirror policy:

ng(alh) = N (alue(s), Zp(h)) , (43)
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where X (h) = Vopg(s)T X(h) Vope(s).
Proof. The policy pg, is an affine function of the parameter vector 6; and can thus be written as follows:
10, (st) = (Vo, o, (51)) 0r + 1/ (s1) - (44)
In addition, the samples drawn from the process ¢ are distributed according to a Gaussian distribution:
q(0:10, E(he)) = N(0:10, 2 (he)) - (45)

The closed form of the density of the mirror policy, provided by equation equation is thus simplified as:

g (at|he) :/net(a’t|h’t)q(0t|072(ht))dat (46)
— [ (el N @10, Z(0h) db (47)

where 79, is the policy where each action respecting equation equation @ has a probability one. The
policy is a degenerated Gaussian distribution (Raoj, 1973)), it provides a dirac measure to each state, and its
(generalized) density function may be approached as follows:

ne, (at|he) = ”éi‘llfgof\/(ad (Vo, e, (51)) 0 + 1 (5¢), %) - (48)

By substitution, we therefore get that the mirror policy ) writes as follow:

np(aglhe) = /779t (as|he )N (6:]0, 3 (hyt)) db; (19)
= [ L N a] (Fapi (3) 0+ 4 (s0) D) (00, (b)) (50)

The product of the Gaussian prior over parameters and the linear Gaussian transition model of the actions
provides a joint Gaussian distribution of actions and parameters (Bishop & Nasrabadi, 2006)), which is
degenerated but has a density for the (marginal) Gaussian distribution of actions (Raol [1973). The density
of the mirror policy 1, can thus be computed taking the limit of the marginalization:

np(aglh) = ||%i\]|[go N (ae| (Vo o, (st)) O + 11/ (s), X) N (040, 5(he)) dby (51)
= Jm N (el (Fopo(50)) 6+ 1/ (), (Fopa(50))" S(he) (Topo(s:)) + %) (52)
= Jim N (aclto(s0), (Vora(se)" S(h) (Vapa(s0) + %) (53)
= N (aclto(0), (Voo (50))" 2(he) (Vapa(s1))) - (54)

We note that this result can be obtained without working on degenerated Gaussian distributions. The policy
is an affine function of the parameters, which follow a Gaussian distribution, the marginal distribution
of actions is thus also a Gaussian distribution of the form of equation equation [54] This distribution is
furthermore the one of a mirror policy, see Theorem

]

C Description of the Car Environment

In this section, we formalize the reinforcement learning environment that models the movement of a car in
a valley with two floors separated by a peak, as depicted in Figure 2] The car always starts at the topmost
floor and receives rewards proportionally to its depth in the valley. An optimal agent drives the car from
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the initial position to the lowest floor in the valley by passing the peak. In the following, we describe each
element composing the environment.

at

Valley h(z)

Tinitial Ttarget

403 2 1 0 1 2 3 4
Position =

Figure 2: Valley in which the car moves.

State Space. The state s; € R? of the environment is composed of two scalar values, namely the position
x; € R of the pointmass representing the car and its tangent speed v; € R.

Action Space. At each time step, the agent controls the force applied on the car through the actions
a; € R it executes.

Initial Position. The car always starts at the topmost floor x;,;t:a; = —3 in the valley at rest. The initial
state distribution thus provides a probability one to the state

Lo = Tinitial

v =0. (56)

Transition Distribution. The continuous motion of the car in the valley is derived for Newton’s formula.
The valley’s analytical description is provided by the function h, the car’s mass is denoted by m = 0.5,
gravitational acceleration by g = 9.81, and damping factor by e = 0.65. The position = and speed v of the
car follow the subsequent continuous-time dynamics as a function of the force a:

T=wv (57)
!/ PANG "
. a _ gh(z) v h (z)h" (z) o? (58)
m(1+h(x)?) 1+ n(x)? 1+ h'(x)?
The position and force are furthermore bounded to intervals as part of the dynamics such that
x € [Tm,xpm]| = [—4, 5] (59)
a € [am,ap] = [—10,10] . (60)

Clamped force values are therefore used in equation equation [68] Similarly, the position is clamped in
equation equation [57]

In discrete time, the state s;y1 is computed through Euler integration of the continuous-time dynamics, con-
sidering an initial position given by the current state s;. The force a remains constant during a discretization
time A = 0.1 and is equal to the action a;, with an additive noise drawn from N(:|0,1) and clamped before

integration.
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Reward Function. The rewards correspond to the depth of the valley at the current position. The reward
function thus solely depends on the position

p(se,ar) = —h(z) . (61)

Discount Factor. The discount factor equals v = 0.99 and the horizon is curtailed to 7" = 100 in each
numerical computation.
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