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Abstract

Given a noisy linear measurement y = Az + £ of a distribution p(x), and a good
approximation to the prior p(z), when can we sample from the posterior p(z |
y)? Posterior sampling provides an accurate and fair framework for tasks such as
inpainting, deblurring, and MRI reconstruction, and several heuristics attempt to
approximate it. Unfortunately, approximate posterior sampling is computationally
intractable in general.

To sidestep this hardness, we focus on (local or global) log-concave distributions
p(z). In this regime, Langevin dynamics yields posterior samples when the exact
scores of p(z) are available, but it is brittle to score—estimation error, requiring
an MGF bound (sub-exponential error). By contrast, in the unconditional setting,
diffusion models succeed with only an L? bound on the score error. We prove
that combining diffusion models with an annealed variant of Langevin dynamics
achieves conditional sampling in polynomial time using merely an L* bound on
the score error.

1 Introduction

Diffusion models are currently the leading approach to generative modeling of images. Diffu-
sion models are based on learning the “smoothed scores” s,z (x) of the modeled distribution p(z).
Such scores can be approximated from samples of p(x) by optimizing the score matching objec-
tive [HDO5]; and given good L2-approximations to the scores, p(z) can be efficiently sampled using
an SDE [SE19, HJA20, SSDK21] or an ODE [SME20].

Much of the promise of generative modeling lies in the prospect of applying the modeled p(x)
as a prior: combining it with some other information y to perform a search over the manifold of
plausible images. Many applications, including MRI reconstruction, deblurring, and inpainting, can
be formulated as linear measurements

y=Ax+¢£ for £~ N(0,7%1,,) (1)

for some (known) matrix A € R™*?, Posterior sampling, or sampling from p(x | y), is a natural
and useful goal. When aiming to reconstruct x accurately, it is 2-competitive with the optimal in any
metric [JAD"21] and satisfies fairness guarantees with respect to protected classes [JKH'21].

Researchers have developed a number of heuristics to approximate posterior sampling using the
smoothed scores, including DPS [CKM 23], particle filtering methods [WTN 23, DS24], Diff-
PIR [ZZ1.723], and second-order approximations [RCK"24]. Unfortunately, unlike for uncondi-
tional sampling, these methods do not converge efficiently and robustly to the posterior distribution.
In fact, a lower bound shows that no algorithm exists for efficient and robust posterior sampling in
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general [GJPT24]. But the lower bound uses an adversarial, bizarre distribution p(x) based on one-
way functions; actual image manifolds are likely much better behaved. Can we find an algorithm for
provably efficient, robust posterior sampling for relatively nice distributions p? That is the goal of
this paper: we describe conditions on p under which efficient, robust posterior sampling is possible.

A close relative to diffusion model sampling is Langevin dynamics, which is a different method for
sampling that uses an SDE involving the unsmoothed score sg. Unlike diffusion, Langevin dynamics
is in general slow and not robust to errors in approximating the score. To be efficient, Langevin
dynamics needs stronger conditions, like that p(x) is log-concave and that the score estimation error
satisfies an MGF bound (meaning that large errors are exponentially unlikely).

However, Langevin dynamics adapts very well to posterior sampling: it works for posterior sam-
pling under exactly the same conditions as it does for unconditional sampling. The difference from
diffusion models is that the unsmoothed conditional score so(x | y) can be computed from the
unconditional score so(x) and the explicit measurement model p(y | =), while the smoothed condi-
tional score (which diffusion needs) cannot be easily computed.

So the current state is: diffusion models are efficient and robust for unconditional sampling, but
essentially always inaccurate or inefficient for posterior sampling. No algorithm for posterior sam-
pling is efficient and robust in general. Langevin dynamics is efficient for log-concave distributions,
but still not robust. Can we make a robust algorithm for this case?

Can we do posterior sampling with log-concave p(x) and LP-accurate scores?

1.1 Our Results

Our first result answers this in the affirmative. Algorithm 1 uses a diffusion model for initialization,
followed by an annealed version of Langevin dynamics, to do posterior sampling for log-concave
p(x) with just L*-accurate scores. Annealing is necessary here; see Section F for why standard
Langevin dynamics would not suffice in this setting.

Assumption 1 (L* score accuracy). The score estimates $,2(x) of the smoothed distributions
po2(z) = p(z) * N(0,0%1,) have finite L* error i.e.,

E [|sy2(z) — 842 (ac)||4] <t <.
P,2(T)

Theorem 1.1 (Posterior sampling with global log-concavity). Let p(x) be an «a-strongly log-

concave distribution over R with L-Lipschitz score. For any 0 < & < 1, there exist K| =

Al 1 Al 1 L . .
poly(d, m, %, <) and Ko = poly(d, m, 7'}‘\/%, <, &) such that: if €gcore < %—? then there exists an
algorithm that takes K iterations to sample from a distribution p(x | y) with

E[TV(p( | y),p(z | y)] <e.

For precise bounds on the polynomials, see Theorem E.6. To understand the parameters, % should
be viewed as the signal-to-noise ratio of the measurement.

Local log-concavity. Global log-concavity, as required by Theorem 1.1, is simple to state but a
fairly strong condition. In fact, Algorithm 1 only needs a local log-concavity condition.

As motivation, consider MRI reconstruction. Given the MRI measurement y of =, we would like to
get as accurate an estimate Z of = as possible. We expect the image distribution p(z) to concentrate
around a low-dimensional manifold. We also know that existing compressed sensing methods (e.g.,
the LASSO [Tib96, CRT06]) can give a fairly accurate reconstruction z; not as accurate as we are
hoping to achieve with the full power of our diffusion model for p(x), but still pretty good. Then
conditioned on x(, we know basically where x lies on the manifold; if the manifold is well behaved,
we only really need to do posterior sampling on a single branch of the manifold. The posterior
distribution on this branch can be log-concave even when the overall p(z) is not.

In the theorem below, we suppose we are given a Gaussian measurement zo = x + N (0, 021,) for
some o, and that the distribution p is nearly log-concave in a ball polynomially larger than o. We
can then converge to p(z | zg, y)-
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Figure 1: A “locally nearly log-concave” distribution suitable for Theorem 1.2: uniform on the unit
circle plus A'(0, w?1,). The Hessian’s largest eigenvalue is much smaller near the bulk of the density
than it is globally. Specifically, for || A|lw/n = O(1), a Gaussian measurement Z with ¢ < cw and
Escore < cw ™! for small enough ¢ > 0 enables sampling from p(z | y, 7).

Theorem 1.2 (Posterior sampling with local log-concavity). For any e, 7, R, L > 0, suppose p(z)
is a distribution over R such that

Pr [Vz € B(z/,R): —LI; = V?logp(z) < (1?/R*)14] > 1 —e.

z’ ~p

Then, there exist K1, K5 = poly(d, m, Hé]”o, 1) and K3 = poly(d,m, H’L;HU, 1. Lo?) such that:
Given a Gaussian measurement vo = z + N(0,0%14) of x ~ p with o < R/(K1 + 27). If
Escore < %20 then there exists an algorithm that takes K3 iterations to sample from a distribution
p(x | xo,y) such that

B [TV(@( | z0,y),p(z | z0,y))] S .

Y,To
If p is globally log-concave, we can set 0 = oo so xg is independent of = and recover Theorem 1.1;

but if we have local information then this just needs local log-concavity. For precise bounds and a
detailed discussion of the algorithm, see Section E.2.

The largest eigenvalue of V2 log p(z) quantifies the extent to which the distribution departs from
log-concavity at a given point. In Figure 1, we show an instance of a locally nearly log-concave
distribution: x is uniformly on the unit circle plus A/(0,w?I5). This distribution is very far from
globally log-concave, but it is nearly log-concave within a w-width band of the unit circle. See
Section E.4 for details.

Compressed Sensing. In compressed sensing, one would like to estimate x as accurately as pos-
sible from y. There are many algorithms under many different structural assumptions on x, most

Table 1: Summary of theorems and corresponding algorithms.

Theorem Setting Method Target
Theorem 1.1 Global log-concavity Algorithm 1 p(z | y)

Run Algorithm 1 using

p(z | zo) as the prior p(z | zo,y)
(Algorithm 2)

Run Algorithm 2 but replace zg

with 2§ = xo + N(0,021,) small ||z — zo]|

(Algorithm 3)

Local log-concavity with a

Theorem 1.2 .
Gaussian measurement xg

Local log-concavity with an

Corollary 1.3 . .
arbitrary noisy measurement xo




Figure 2: Corollary 1.3 sampling process. Given the distribution p(x) and measurement gy, we (1)
start with a warm start estimate 2, which may not lie on the effective manifold containing p(z); (2)
use the diffusion process to sample from p(z) in a ball around z, getting 21 on the manifold but not
matching y; and finally (3) use annealed Langevin dynamics to converge to p(x | y). This works if
p(x) is locally close to log-concave, even if it is globally complicated. See Section E.3 for a more
detailed discussion.

notably the LASSO if z is known to be approximately sparse [Tib96, CRT06]. The LASSO does not
use much information about the structure of p(z), and one can hope for significant improvements
when p(z) is known. Posterior sampling is known to be near-optimal for compressed sensing: if
any algorithm achieves r error with probability 1 — 4, then posterior sampling achieves at most 2r
error with probability 1 — 24. But, as we discuss above, posterior sampling cannot be efficiently
computed in general.

We can use Theorem 1.2 to construct a competitive compressed sensing algorithm under a “local”
log-concavity condition on p. Suppose we have a naive compressed sensing algorithm (e.g., the
LASSO) that recovers the true x to within R error; and p is usually log-concave within an R - poly
ball; then if any exponential time algorithm can get r error from y, our algorithm gets 2r error in
polynomial time.

Corollary 1.3 (Competitive compressed sensing). Consider attempting to accurately reconstruct x
fromy = Ax + £ Suppose that:

* Information theoretically (but possibly requiring exponential time or using exact knowledge
of p(x)), it is possible to recover T from y satisfying ||T — x|| < r with probability 1 — ¢
over x ~ p and y.

» We have access to a “naive” algorithm that recovers xo from y satisfying ||zo — z|| < R
with probability 1 — § over x ~ p and y.

. — lAIR 1
For R' = R - poly(d, m, ot cls)
Pr [Vo € B(2/,R'): —=LI; < V?logp(z) 2 0] > 1-6.

z/~p

Then we give an algorithm that recovers T satisfying || — x| < 2r wzth probability 1 — O(9), in

HAHR 1
UR 1)

poly(d, m, time, under Assumption 1 with &spre <

poly(d,m ”“W”R,;,LW)R

That is, we can go from a decent warm start to a near-optimal reconstruction, so long as the distribu-
tion is locally log-concave, with radius of locality depending on how accurate our warm start is. To
our knowledge this is the first known guarantee of this kind. Per the lower bound [GJP"24], such a
guarantee would be impossible without any warm start or other assumption.

Figure 2 illustrates the sampling process of Corollary 1.3. The initial estimate zy may lie well out-
side the bulk of p(z); with just an L* error bound, the unsmoothed score at z, could be extremely
bad. We add a bit of spherical Gaussian noise to g, then treat this as a spherical Gaussian measure-
ment of z, i.e., z + N (0, RI); for spherical Gaussian measurements, the posterior p(x | o) can
be sampled robustly and efficiently using the diffusion SDE. We take such a sample x1, which now
won’t be too far outside the distribution of p(x), then use x; as initialization for annealed Langevin
dynamics to sample from p(x | y). The key part of our paper is that this process will never evaluate
a score with respect to a distribution far from the distribution it was trained on, so the process is
robust to error in the score estimates.



Algorithm 1 Sampling from p(z | Az + N(0,7%L,) = v)

1: function POSTERIORSAMPLER(p : R? = R,y € R™, A € R™*%, 5 € R)

2: Letn: >ny >--->nyx =nand Ty,...,Tx_1 be an admissible schedule.

3 Initialize yy =y

4 fori = N — 1downto 1 do

5: Yi = Yir1 N0, (07 — 071 1m)

6: end for

7: Sample X7 ~ p(x) > Approximately, using the diffusion SDE (5)
8 fori=1to N —1do

9 Let 5;11 be the estimated score function for s;1(x) = Vlog p(x | yit1).

0 Initialize zo = X;.

1

10:
1 Simulate the SDE for time 7;:

dzy = 5141 (2\™) dt + vV24dB, )
12: Here, zgh) = Tp.|¢/n) 1s the discretized x;, where h is a small enough step size.
13: Set X1 ¢ T,
14: end for

15: Return: Xy as an approximation of p(x | Az + N(0,7%1,,) = y).
16: end function

‘We summarize our results in Table 1.

2 Notation and Background

We consider = ~ p(z) over R%. The “score function” s(z) of p is V log p(z). The “smoothed score
function” 5,2 (x) is the score of p,2(z) = p(x) * N(0,021,).

Unconditional sampling. There are several ways to sample from p using the scores. Langevin dy-
namics is a classical MCMC method that considers the following overdamped Langevin Stochastic
Differential Equation (SDE):

dX, = s(Xy)dt + V2dBy, (3)
where B, is standard Brownian motion. The stationary distribution of this SDE is p, and discretized
versions of it, such as the Unadjusted Langevin Algorithm (ULA), are known to converge rapidly

to p(z) when p(x) is strongly log-concave [Dall7]. One can replace the true score s(x) with an
approximation s, as long as it satisfies a (fairly strong) MGF condition

IE( : [exp (||s(x) — S(x)[|*/et,y5)] < 00, for some epgy > 0. 4)
z~p(z :

In particular, [YW?22] showed that Langevin dynamics needs an MGF bound for convergence, and
an LP-accurate score estimator for any 1 < p < oo is insufficient.
An alternative approach, used by diffusion models, is to involve the smoothed scores. Starting from
zo ~ N(0, I), one can follow a different SDE [And82]:

dXy = (X; + 25,2(Xy))dt + V2dB, Q)

for a particular smoothing schedule o;; the result x7 is exponentially close (in ") to being drawn
from p(x). This also has efficient discretizations [CCLT22, CCSW22, BBDD24], does not require
log-concavity, and only requires an L? guarantee such as [CCL"22]
E [ls2(@) - 5@ <

x~p 2 (T

to accurately sample from p(z). One can also run a similar ODE with similar guarantees but
faster [CCL123].



Posterior sampling. Now, in this paper we are concerned with posterior sampling: we observe a
noisy linear measurement y € R™ of x, given by

y=Az+¢ for &~ N(O, 772Im)a

and want to sample from p(z | y). The unsmoothed score s,(z) := V logp(z | y) is easily
computed by Bayes’ rule:

AT(y — Ax)

U
Thus we can run the Langevin SDE (3) with the same properties: if p(x | y) is strongly log-concave
and the score estimate satisfies the MGF error bound (4), it will converge quickly and accurately.

V. logp(z | y) = Vi logp(z) + Vi logp(y | 2) = s(z) +

Naturally, researchers have looked to diffusion processes for more general and robust posterior
sampling methods. The main difficulty is that the smoothed score of the posterior involves
V.logp(y | x,2) rather than the tractable unsmoothed term V,logp(y | x). Because the
smoothed score is hard to evaluate exactly, a range of approximation techniques has been pro-
posed [BGP"24, CKM ™23, MK25, RCK™24, SVMK23, WYZ23]. One prominent example is
the DPS algorithm [CKM*23]. Other methods include Monte Carlo/MCMC-inspired approxima-
tions [CleILCM24, DS24, WSC 24, EKZ1.25], singular value decomposition and transport tilting
[KVE21, KSEE22, WYZ23, BH24], and schemes that combine corrector steps with standard diffu-
sion updates [CL.23, CY22, CSRY22, KBBW23, LKA ™24, SKZ 724, SSXE22, ZZ1.723, AVTT21,
X(C24, RLdB"24, RRDT23]. These approaches have shown strong empirical performance, and
several provide guarantees under additional structure of the linear measurement; however, general
guarantees for fast and robust posterior sampling remain limited beyond these restricted regimes.

Several recent studies [JAD 21, ZCB 25, KVE21] use various annealed versions of the Langevin
SDE as a key component in their diffusion-based posterior sampling method and achieve strong
empirical results. Still, these methods provide no theoretical guidance on two key aspects: how to
design the annealing schedule and why annealing improves robustness. None of these approaches
come with correctness guarantees for the overall sampling procedure.

Comparison with Computational Lower Bounds. Recent work of [GJP"24] shows that it is ac-
tually impossible to achieve a general algorithm that is guaranteed fast and robust: there is an expo-
nential computational gap between unconditional diffusion and posterior sampling. Under standard
cryptographic assumptions, they construct a distribution p over R? such that

1. One can efficiently obtain an LP-accurate estimate of the smoothed score of p, so diffusion
models can sample from p.
2. Any sub-exponential time algorithm that takes y = Az + N(0,7%1,,,) as input and outputs
a sample from the posterior p(x | y) fails on most y with high probability.
Our algorithm shows that, once an additional noisy observation Z that is close to x is provided, then

we can efficiently sample from p(z | y, Z), circumventing the impossibility result.

To illustrate why the extra observation helps, consider the following simplified version of the hard-
ness instance:

== NI, a) =g 0 S5, f(5)) — o)

s€{0,1}4/2

Here, f : {0,1}4/2 — {0,1}%? is a one-way permutation — it takes exponential time to compute
f~Y(x) for most 2 € {0,1}%2. §(-) is the Dirac delta function, and we choose o < d~'/2. Thus,
p(x) is a mixture of 2%/2 well-separated Gaussians centered at the points (s, f(s)).

Assume we observe
y=Az+N(0,7;), A= (0 Iin), oc<n< d=1/2,

and let rnd(y) denote the vertex of {0, 1}¢ closest to y. Then the posterior p(z | y) is approximately
a Gaussian centered at (f~!(rnd(y)),nd(y)) with covariance o2I,. Generating a single sample
would therefore reveal f~!(rnd(y)), which requires exp(€(d)) time.



However, suppose we have a coarse estimate xq satisfying ||zo — x||< 1/3 (e.g., obtained by com-
pressed sensing). Then, xo uniquely identifies the correct (s, f(s)) with f(s) = rnd(y), and the
remaining task is just sampling from a Gaussian. Therefore, this hard instance becomes easy once
we have localized the task and does not contradict our Theorem 1.2.

We are able to handle the hard instance above well because it is exactly the type of distribution
our approach is designed for: despite its complex global structure, it exhibits well-behaved local
properties. This gives an important conceptual takeaway from our work: the hardness of posterior
sampling may only lie in localizing « within the exponentially large high-dimensional space.

Therefore, although posterior sampling is an intractable task in general, it is still possible to design
a robust, provably correct posterior sampling algorithm — once we have localized the distribution.
We view our work as a first step towards this goal.

3 Techniques

The algorithm we propose is clean and simple, but the proof is quite involved. Before we dive into
the details, we provide a high-level overview of the intuitions behind the algorithm, concentrating on
the illustrative case where the prior density p(z) is a-strongly log-concave. Under this assumption,
every posterior density p(x | y) is also a-strongly log-concave. Therefore, posterior sampling could,
in principle, be performed using classical Langevin dynamics.

The challenge arises because we lack access to the exact posterior score s, (x). We only possess an
estimator derived from an estimate §(x) of the prior score s(z):

~ ~ AT (y — Ax)

Sy(x) = s(z) + —

Assumption 1 implies an L* accuracy of 5, on average, but how do we use this to support Langevin
dynamics, which demands exponentially decaying error tails?

3.1 Score Accuracy: Langevin Dynamics vs. Diffusion Models

Why can diffusion models succeed with merely L*-accurate scores, whereas
Langevin dynamics require MGF accuracy?

Both diffusion models and Langevin dynamics utilize SDEs. The L? error in the score-dependent
drift term relates directly to the KL divergence between the true process (using s(z)) and the esti-
mated process (using 5(z)). Consequently, bounding the L? score error with respect to the current
distribution p; controls the KL divergence.

Diffusion models leverage this property effectively. The forward process transforms data into a
Gaussian, and the reverse generative process starts exactly from this Gaussian. At any time ¢, sup-
pose p; is close to Po2, then

E_ [”‘Saf (‘rt) - /s\af (mt)HQ} ~ thE [”Strt2 (xt) - /s\of (xt)”Q} < E?core
t

Te~p pgg

by the L? accuracy assumption. This keeps the process close to the ideal process, ensuring overall
small error.

Langevin dynamics, by contrast, often starts from an arbitrary, not predefined initial distribution
Dinitial- An LP score accuracy guarantee with respect to prargec alone does not ensure accuracy for
points x; that are not on the distributional manifold of piyge; (consider running Langevin starting
from x in Figure 2). Therefore, a stronger MGF error bound is needed to prevent this from happen-

ing.
3.2 Adapting Langevin Dynamics for Posterior Sampling

While we can only use Langevin-type dynamics for posterior sampling, we possess a source of
effective starting points: we can sample xg ~ p(z) efficiently using the unconditional diffusion
model. Intuitively, z already lies on the data manifold. The score estimator s, () initially satisfies:

E lsy(zo) =5y (z0)[?] = E [ls(x0) = 5(20)[*] < elore-
zo~p(z) zo~p(x)
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Figure 3: Let p = N(0,1) and y = = + N(0,0.01). Starting from X, ~ p, run the Langevin
SDE dX; = s,(X;)dt + V2dB;. Averaging over y, the marginal of X; remains Gaussian; its
variance first contracts and then returns toward the prior. There is an intermediate time ¢* where
X~ has a constant factor lower variance; in high dimensions, this means X;~ is concentrated on an
exponentially small region of p, so an L? bound on score error under p does not effectively control
the error under X;-. See Section F for details.

As the dynamics evolves, the distribution p(x;) transitions from p(z) towards p(x | y). If x; con-
verges to p(x | y), we again expect reasonable accuracy on average:

E[ E (llsy(e) =3y(@)IPl =E[ E [lls(xe) = 5(xe)[I*]] < €

score *
v zi~p(zly) Y ze~p(zly)

Hence the estimator is accurate at the start and at convergence. The open question concerns the
intermediate segment of the trajectory: does x; wander into regions where the prior score §(z) is
unreliable? Ideally, the time-marginal of x;, averaged over y, remains close to p(x) throughout.

3.3 Annealing via Mixing Steps

In fact, even though xy and z, both have marginal p(x), so the score estimate §(x) is accurate on
average at those times, this is not true at intermediate times. In Figure 3, we illustrate this with a
simple Gaussian example: x¢ and x, have distribution A(0, I') while z; has marginal NV (0, cI) for
a constant ¢ < 1. An LP error bound under z ~ A(0, ) does not give an L? error bound under
x ~ N(0, cI), which means Langevin dynamics may not converge to the right distribution. A very
strong accuracy guarantee like the MGF bound is needed here.

However, consider the case where the target posterior p(z | y) is very close to the initial prior
p(x), such as when the measurement noise 7 is very large (low signal-to-noise ratio). Langevin
dynamics between close distributions typically converges rapidly. This suggests a key insight: if the
required convergence time 7' is short, the process x; might not deviate substantially from its initial
distribution p(x¢). In such short-time regimes, an L? score error bound relative to p(xq) could
potentially suffice to control the dynamics. While p(z) itself is already a good approximation for
p(z | y) when 7 is very large, this motivates a general strategy.

Instead of a single, potentially long Langevin run from p(z) to p(z | y), we introduce an annealing
scheme using multiple mixing steps. Given the measurement parameters (A, 7, y), we construct a
decreasing noise schedule 1, > 72 > --- > ny = 7. Correspondingly, we generate a sequence
of auxiliary measurements y1, 2, . .., yn = y such that each y; is distributed as Az + N'(0,1?1,,)
and y; is appropriately coupled to y; 1 (specifically, y; ~ N (yit1, (n? — n2.1)I,) conditional on
yi+1)- This creates a sequence of intermediate posterior distributions p(z | y;S.

An admissible schedule (formally defined in Definition D.1) ensures that:

* 1 is sufficiently large, making p(z | 1) close to the prior p(z).

* Consecutive 7; and ;41 are sufficiently close, making p(z | y;) close to p(x | yi+1)-

Our algorithm proceeds as follows:
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Figure 4: For each of the three settings (inpainting, super-resolution, and Gaussian deblurring), we
plot the L? distance between samples obtained by our annealed Langevin method and the ground
truth samples in red. We plot the FID of the distribution obtained by running annealed Langevin in
blue. We plot the baseline L? distance and FID for samples obtained by the DPS algorithm using
red and blue dashed lines.

1. Start with a sample X ~ p(x). Since 7, is large, p(x) is close to p(x | y1), so Xo serves
as an approximate sample X; ~ p(z | y1).

2. Fori =1to N — 1: Run Langevin dynamics for a short time 7}, starting from the previous
sample X; ~ p(x | y;), targeting the next posterior p(z | 1;41) using the score 5, ().
Let the result be X; 11 ~ p(x | yit1).

3. The final sample Xy ~ p(z | yn) approximates a draw from the target posterior p(z | y).

The core idea behind this annealing scheme is to actively control the process distribution p(z¢),
ensuring it remains on the manifold of the prior p(z). By design, each mixing step ¢ — i + 1
connects two statistically close intermediate posteriors, p(z | ¥;) and p(x | y;+1). This closeness
guarantees that a short Langevin run 7; can mix them, and this short duration prevents p(x;) from
drifting significantly away from the step’s starting distribution p(x | y;), and we can then argue that

El B (lsy(z) =5, @)’ | =E[ E )HIS(%)—§(%)II2H§EQ

~ score
Yi xy~D(x]yi) Yi xi~p(x|ys

This contrasts fundamentally with a single long Langevin run, where z; could venture far "off-
manifold" into regions of poor score accuracy. By inserting frequent checkpoints that re-anchor
the process, our annealing method substitutes such strong assumptions with structural control: the
frequent “checkpoints” p(x | ;) ensure the process is repeatedly localized to regions where the L*
accuracy suffices. While error is incurred in each step, maintaining proximity to the manifold keeps
this error small. The overall approach hinges on demonstrating that these small, per-step errors
accumulate controllably across all IV steps.

This strategy, however, requires rigorous analysis of three key technical challenges:

1. How to bound the required convergence time 7; for the transition from p(z | y;) to
p(z | yi+1)? In particular, what happens when p only has local strong log-concavity?

2. How to bound the error incurred during a single mixing step of duration T}, given the L*
score error assumption on the prior score estimate?

3. How to ensure the total error accumulated across all N mixing steps remains small?

Addressing these questions forms the core of our proof.

Proof Organization. In Section A, we show that for globally strongly log-concave distributions
p, Langevin dynamics converges rapidly from p(x | y;) to p(z | yi+1). We extend this convergence
analysis to locally strongly log-concave distributions in Section B. In Section C, we provide bounds
on the errors incurred by score errors and discretization in Langevin dynamics. In Section D, we
show how to design the noise schedule to control the accumulated error of the full process. In Sec-
tion E, we conclude the analysis for Algorithm 1, and apply it to establish the main theorems.

FID



(a) Input (b) DPS (c) Ours (d) Ground Truth

Figure 5: A set of samples for the inpainting task.

(a) Input (b) DPS (c) Ours (d) Ground Truth

Figure 6: A set of samples for the super-resolution task.

4 Experiments

To validate our theoretical analysis and assess real-world performance, we study three inverse prob-
lems on FFHQ-256 [KLLA21]: inpainting, 4x super-resolution, and Gaussian deblurring. Exper-
iments use 1k validation images and the pre-trained diffusion model from [CKM"23]. Forward
operators are specified as in [CKM™"23]: inpainting masks 30%—70% of pixels uniformly at ran-
dom; super-resolution downsamples by a factor of 4; deblurring convolves the ground-truth with
a Gaussian kernel of size 61 x 61 (std. 3.0). We first obtain initial reconstructions xg via Diffu-
sion Posterior Sampling (DPS) [DS24], then refine them with our annealed Langevin sampler to
draw samples close to p(x | zo,y). To control runtime, we sweep the step size while keeping the
annealing schedule fixed.

For each step size, we report the per-image L? distance to the ground truth and the FID of the result-
ing sample distribution (Figure 4). Across all three tasks, increasing the time devoted to annealed
Langevin decreases L? but increases FID; in the inpainting setting, when the step size is sufficiently
small, our method surpasses DPS on both metrics. Qualitatively, our reconstructions better preserve
ground-truth attributes compared to DPS (Figures 5 and 6). All experiments were run on a cluster
with four NVIDIA A100 GPUs and required roughly two hours per task.
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A Langevin Convergence Between Strongly Log-concave Distributions

In this section, we study the following problem. Let p be a probability distribution on R%, and let
A € R™*4 be a matrix. For a sequence of parameters 7; > 7,1 satisfying

n? =1+,

consider two random variables y; and y; 1 defined as follows. First, draw « ~ p. Then, generate
Yir1 = Az + N(Oa771'2+11n%)7

and further perturb it by
yi = yir1 + N0, (07 — 1) Im)-
Define the score function
sit1(z) = Vylogp(z | yiy1).
We analyze the following SDE:

dazy = sip1(z) dt +V2dBy,  x0 ~ p(z | ). (6)

This is the ideal (no discretization, no score estimation error) version of the process (2) that we
actually run. Our goal is to establish the following lemma.

Lemma A.l. Suppose the prior distribution p(x) is a-strongly log-concave. Then, running the

process (6) for time
T—0 (m% + log(/\/a))
@

ensures that 1
Pr [TV(xr,p(x | yiy1)) <e] >1-— %

YiYi+1

A.1 2-divergence Between Distributions

In this section, our goal is to bound x? (p(z | y;) || p(« | yi+1)). Since the posterior distributions
can be expressed as

plo | yo) = PULDP@ ) =

Wit | 2)p(x)
p(yi) '

P(Yiv1)

The x? divergence is

2 [ p(@|yi) ]
X~ (p(z | yi) | p( | yiv1)) = wNpIFw\yl) m -1
_ o [ oy | x) 'P(yiﬂ) 1
evp(aly) [P(Yit1 | ) p(yi)
) [ pyi | ) ] _P(yi+1) _ 1
o~p(aly) [P(Yit1 | 2) ] p(ys)

We bound the term E_(4(4:) [pf;ilji)] first.

Lemma A.2. We have
p(yi | ) ] -1
7) =

TyYirYit1 {p(yiﬂ | x

Proof. Let Z1 = y;+1 — Az, and let Z5 = y; — Ax. Then we have

Lyl%/+1 [M} B zflz2 {igﬁ;] = //m “pzy,2, (21, 22) d 21 d 2.

Note that

Pz1.2,(21,22) = pz,(21) - f(z2 — 21),

14



where f is the density function for N (0, (7 — n?,1)In). Therefore,

//M'pzl,ZQ(ZlaZQ)dzleQ ://pzz(zz)'f(22*21)d21d22

pzl(zl)
_ /pz2(22) (/ 2 — zl)dz1> d 2.

Since f is a density function, its integral over R™ is 1. This gives that

/pZQ(ZQ) </f(22 zl)dzl) dzg = /pZQ(,zQ)dzz =1.

P(yi | w))} _1L

T,Yi,Yit+1 |:P(?ﬁ+1 | €

Hence,

O]
Corollary A.3. Forany A > 1, we have
Pr [ [p(ylx)} <Al >1- l
YirYi+1 |xz~p(x|ys) p(yi_H ‘1‘) ] A
Proof. By Lemma A.2, we have
E [ E {p(yﬂx) ” E p(yi | ) -1
YisYi+1 |x~p(x|yi) p(yi+1 |$L') T,y Yit1 _p(yi+1 ‘ .’1?)
Applying Markov’s inequality gives the result. O

Now we bound %. To make the lemma more self-contained, we abstract this a little bit.

Lemma A4. Let )y > 12 be two positive numbers, and let X € R be an arbitrary random
variable. Define Y1 = X + Z1 and Yo = Y1 + Zy, where Z1 ~ N(0,m31,) and Zy ~ N(0,1m31,).

Then, ) -
p(Yl)] 1 ( (dng t n2>>
I < cexplO =2+ —22) ).

Vi, Y2l 211 <t L?(Yz) Pri[Zi < P oot

where p(Y1) and p(Ya) are the densities of Y1 and Y, respectively.

Proof. First, we turn to bound

Y,
R, Ye) = SR el < ¢ i)
Note that
Ft(Yl Y2) _ fHS—Y1HStp(X = 8)p(Y1 | X = S)ds _ fRd pX(S)¢77%Id(}/1 - S) : 1{HY1*SHS7§} ds
’ Jpa (X =s)p(Ya | X = s)ds Jpa Px ()02 4mzyr, (Y2 — 5)d's
‘We have
Yi1—5)-1 s Yi—s
BV, 1a) < sup D070 Himsizn 0 (28
sert  Dzinzyr, (Yo — 8) ls—vali<t Pnz+n2)1a (Y2 — 8)

Write Y7 — s = e1, and note that Yo — s = e; + Z5. Then define

(bnfld (81)

Gle = )
) Pipngy1a (€1 + Z2)

el <t

This gives that for any Y7, Y5, and ¢,
Fiy(Y1,Y2) < sup G(er).

llell<t
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Bounding G(e;) To bound supy,, | <¢ G(e1), we expand ¢ as the d-dimensional Gaussian proba-
bility density function:

d/2
U AN leal | lles + 2o
Gle) = =5 exXp\ =5 5t s oy )
m 27 2001 +13)
Using the quadratic expansion |le; + Zo||?= |le1]|>+2(e1, Za) + || Z2||?, we rewrite:
d/2
Gler) = (”f +’75) - <|e1||2 | lleal*+2(e1, 22) + ||Z2|2>
Ui 207 2(n% + n3)
Since ||e1]|< t and (e, Z2) < |le1|||| Z2]|, we bound
2er, Z2) _ t 2|
5 S o
2001 +mz) o0t

2 2\ d/2 2
ni +n | Z || tl Z2||
G(er) < (122> exp (2 2 nt = 2]
Uh (ni +n3)  mi+n3

Therefore, for any Y7, Y5, and ¢, we have

2 2\ /2 2
Ny +n | Za |l t)| Za||
F(Y1,Y3) < (1 5 2) exp<2 7, o T 2,32
m (ni +m3)  mi+n3

Thus,

This gives that

{p(Yl)]
viYallzil<t | p(Ya)
o { Fy(Y1,Y3) ]

vivallz<t [ Pr(||Z:]| <t | Y]

d/2
1 43\ 1Za)?  tZs)

S E N 2 eXp 2 2 + 2 2

vi,Yal|zul<t | Pr[[| Zy]| < t] Y1) Uil 2(ni +n3) M+ 03
_ (n%n%

d/2 2
1 V4 t|| Z
m villzili<t | Pr(||Z1]| <t | Y1]| 2 2(nf +n3)  mi+n3

Bounding expectation over Z;. We have

Z|* iz 2212 |2
E [exp< ||22|| 4 2|| 2||2>] _ [exp< n22H H2 N Zzll Iglﬂ
2 21 +m3)  ni+n; Z~N(0,14) 2(ni +m3)  mi + s

We can apply results on the Gaussian moment generating functions to bound this.  Us-

2
7
21—, we have
ni-+n3 4(ni4n3)’

/2
E BIZI? | el ZINT 03 2(n3 +n3)
exp 2 n T 2 2 )| S&XP| 53 N ) 2 .
Z~N(0,14) 2(nf +n3)  mp+n3 ni(ni +n3) m

Finally, this gives

. . _ n2 _ tn _
ing Lemma A.10 by setting o = 2(n%in§)’ b= —=E5 and vy =

p(Y1) ] 1 ( (dn§ t2n3 ) )
E < cexp|O | = +—7) |-
R AIFAS’ [p(Yz) Pr{||Z.|| <] P n nt

One need to verify that

A= <
E < .
vz [Przil < ¢[vl| = Pz <4

%E [F:(Y1,Y2)] < exp <O (dﬁ% + tﬁz!&)) '

Also,

2 77% n
This gives the result. O
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Lemma A.5. Let 1, > 12 be two positive numbers, and let X € R? be an arbitrary random
variable. Define Yy = X + Z1 and Yy = Y1 + Zo, where Z1 ~ N(0,1m313) and Zo ~ N(0,131,).
There exists a constant C > 0 such that for any A > 1,

p(Y71) dn3 1
< == >1— =,
Yﬁrﬁ {p(Yg) exp(C (77% +In A >1 3

where p(Y1) and p(Ys) are the densities of Y1 and Ys, respectively.

Proof. Lett = (v/d++/21n(2)\))n;. By applying Laurent-Massart bounds (Lemma A.11), we have
1
Pr{|Z]| <t]|>1— —.
1z <02 1- 5
Taking these into Lemma A.4, we have

2 2,.2 2
o ] 2o 04+ ) <o o222
vi,vell[Zul<t | p(Y2) 0y m Uk

By applying Markov’s inequality, for a large enough constant C' > 0, we have
Y; d+1In\)n3 1
: [P( D < e (C. <<+g)772>>] 1oL
vivellZal<t [ p(Y2) m 2
Cleaning up the bound a little bit, this implies that for a large enough constant C' > 0,

e e
Pr <exp|(C-|—+InA >1— —.
Y12 Zu)|<t L?(Yz) P m 2

Combining this with the probability that || Z|| < ¢, a union bound gives that

p(Y1) ( (dng >>} 1
Pr <exp|C-|—F+InA >1——.
Y1,Ys [p(Yg) P n? A

The x? divergence is

o ) o |y = E |28 ]

e~p(aly) [ P(2 | Yit1) |
- E [ pyi | =) i p(yi+1)] -1
e~p(aly) [P(Yit1 [ 2)  p(Yi)
_ g [Pl ] P
o~p(ely) | P(Yir1 [ 2) ] pys)

-1

Now we can bound the y2-diversity.
Lemma A.6. There exists a constant C' > 0 such that for any A > 1,

pr [0t 10 e [y < o0 (€ (M) ) ) 20—

Yi Yi+1 77i+1
Proof. Note that

-1

X (p [ y:) | p(x | yigr)) = p(yi | =) } p(yin1)

zr~p(|y:) L?(:Uiﬂ | ) p(yi)
By Corollary A.3, we have

Pr [ E {M}SQ)\]EI_I.
yiyi+r [z~p(zly) | P(Yig1 | )
By Lemma A.5, there exists a constant C' > 0 such that
Y m(n? —n} 1
T [p( ) < exp (C ((77z277z+1) —&—ln)\))} >1-—.
Y1.Ya [ p(Y2) M1 2X
A union bound over these two implies that with probability of 1 — 1/,
: . 2 _ p2 2 _ p2
p(yz ‘ JJ) .p(szrl)_l S 2)\'6Xp (C (m(nz 5 771+1) +1n)\)) S exp (C/ (m(nz ; anrl) +1n)\)> 7
pWit1 | ) p(yi) Mit1 Mit1
where C’ is a positive constant. This concludes the lemma. O
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A.2 Convergence time of Langevin dynamics

We present the following result on the convergence of Langevin dynamics:

Lemma A.7 ([Dall7]). Let p and q be probability distributions such that q is an a-strong log-
concave distribution. Consider the Langevin dynamics initialized with p as the starting distribution.
Then, for any t > 0, we have

1 —tl
TV(pe,q) < 5x° (0| @)'/2e™"/2,

This implies that

Lemma A.8. Let p and q be probability distributions such that q is an a-strong log-concave distri-
bution. Consider the Langevin dynamics initialized with p as the starting distribution. By running

the diffusion for time
2
T—0 (log (1/e) +log x (pQ)> ’
a

we have TV (pr,q) < e.

Now we show that the posterior distribution is even more strongly log-concave than prior distribu-
tion.
Lemma A.9. Suppose that p(x) is a-strongly log-concave. Then, the posterior density

pla | Az + N In) = yi)

is a-strongly log-concave.

Proof. By Bayes’ rule, the posterior density can be written (up to normalization) as
1
Pl | Az + NG ) =) o ple) eoxp(— 551147 — ill3)
3

Define the negative log—posterior

1
plz) = ~logp(a) + 55 1 Av — il

Since p is a-strongly log-concave, its negative log—density satisfies
V2(~logp(x)) = ol.
Moreover, the Gaussian likelihood term has
1 1
2 2 T
VA5l Ar —uil) = 474 = 0

By the sum rule for Hessians,

1
V2p(z) = V*(—logp(z)) + ATA = al.

K2

Hence ¢ is a-strongly convex, and the posterior density p(z | Az + N(n?1,,) = y;) o< e~ @) is
a-strongly log-concave. O

Now we are ready to prove Lemma A.1:

Proof of Lemma A.1. By Lemma A.9, p(z | y;+1) is alpha-strongly log-concave. This allows us to
apply Lemma A.8. Therefore, to achieve € TV error in convergence, we only need to run the process

for
’ T-0 (10g(1/€) +logx*(p(x | i) || p(= | ym))) .

o
Taking in the result in Lemma A.6, we have with 1 — % probability over y; and ;1 1, we only need

T:O<m%+10g@/6>),

«
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A.3 Utility Lemmas.

Lemma A.10. Let Z ~ N(0,1;) be a d-dimensional standard Gaussian random vector, and let
a, B € R. Forany v > 0 satisfying o + v < %, we have

B[exp (all21245121) ] < exp(2) (1~ 20+ )7

Proof. For all r > 0 and any y > 0, it is easy to check that by AM-GM inequality,
2
Br<~r+ ﬁ—
dy

Taking r = || Z|| and exponentiating both sides, we obtain

52
exp(8171) < exp (71121743 ).
Multiplying both sides by exp (aHZH2> yields

o (all217+5121) < exp(L ) vt + I2IP).

This gives that
2 B 2
E[exp (allZP+5121)] < exp(L) Efex (0 +1217) .
1
For Z ~ N(0,1;) , when a + v < iwehave

E{eXp((a + ’Y)”ZHQH = (1—2(a+ 7))~ %,

Hence,
2

fexp (a1 217 +8121)] < exp( L) (1= 2la+ )%

Lemma A.11 (Laurent-Massart Bounds[LMO0O0]). Letv ~ N(0, I,;,). For any t > 0,
Pr[||v]|® — m > 2Vmt +2t] < e,

Pr||v)|> —m < —2vmt] < et

B Convergence Between Locally Well-Conditioned Distributions

In the last section, we considered the convergence time between two posterior distributions of a
globally strongly log-concave distribution. In this section, we will relax the assumption of global
strong log-concavity and consider the convergence time between two distributions that are locally
“well-behaved”. We give the following formal definition:

Definition B.1. Ford € [0,1) and R, L,a € (0, +o0|, we say that a distribution p is (5,7, R, L,a)
mode-centered locally well-conditioned if there exists 0 such that

* Vlogp(8) = 0.
* Pryplx € BO,r)]>1-04.
« Forz,y € B(0, R), we have that ||s(z) — s(y)||< La ||z — y].

e Forz,y € B(6, R), we have that (s(y) — s(z),z —y) > a |z — y||*.
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Again, we consider the following process P, which is identical to process (6) we considered in the
last section:

n ATyi+1 - ATA.C(,‘t

2
Mit1

dry = (s(azt) ) dt +v2dB;, o~ p(x | y;)

Our goal is to prove the following lemma:

Lemma B.2. Suppose pisa (6,7, R, E «) mode-centered locally well-conditioned distribution. Let
C > 0 be a large enough constant. We consider the process P running for time

T>C (m%‘ +log()\/5)) .
e
Suppose that
T||A
R>r+ n'l” (||A||r F i (Vi + /2 1n(1/6))) +2,/dT In(2d/9).
i+1
Then xp ~ Pr satisfies that
Pr [TV(zr,p(z |yis1)) <e+ A6 >1—-0A).

Yi Yi+1

In this section, we will assume that p is (J,r, R, Z,a) mode-centered locally well-conditioned.
Without loss of generality, we assume that the mode of pis at 0, i.e., § = 0.

B.1 High Probability Boundness of Langevin Dynamics

We consider the process P’ defined as the process P conditioned on x; € B(0, R) for ¢ € [0, T].

Our goal is to prove the following lemma:

Lemma B.3. Suppose the following holds:

7;’|2|A” (||A||r + Nip1(vVm + \/W)) +21/dT In(2d/5).

i+1

R>r+

We have that
E[TV(P, P")] < 6.

We start by decomposing the total variation distance between P and P’ as follows:
Lemma B.4. We have that

E[TV(P,P) < E [1? [Et € [0,7): ||lz|> R |0 € B(o,r)” +o.

YirYit1
Proof. Recall that the process P’ is defined as the law of P conditioned on the event
F :={z; € B(0,R) forall t € [0,T]}.
Thus, for any fixed y; we have
TV(P,P') = TV(P, P(- | ]—")) = 1- P(F) = P(F°),

where F¢ = {3t € [0,T] : ||z¢||> R}.

Let £ := {zy € B(0,7)} denote the event that the initial condition is “good.” Then, by the law of
total probability,

P(F¢) = P(F°NE)+ P(FNE) < P(F°| E) + P(E°).

Taking the expectation with respect to y; and y;41, we obtain

E[TV(P, P)] <E[P(F*| )] +E[ P(9)].
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Since
P(F°| €)= Pl’gr[EIt € [0,7] : x| = R |20 € B(0,7)],

and by the law of total probability, we have
E|P(E)] = Pr(lelz ) <4
it follows that
E{TV(P, P’)} < E[PI’Dr[Ht € (0,7 : |lo||> R ‘ o € B(o,r)H +4.
This completes the proof. O

e [Prp [at € (0,77 : |lze|> R ‘ o € B(Om)H. We start by
observing the following lemma for log-concave distributions.

Now we focus on bounding E,,

Lemma B.5. Let p be a log-concave distribution such that p is continuously differentiable. Suppose
the mode of p is at 0. Then, for all x € R?,

(V log p(x), z) < 0.

Proof. Since log p is concave, for any x, § € R? the first-order condition for concavity yields
log p(0) <logp(x) + (Viogp(z), —).
Rearrange this inequality to obtain
(Vlogp(x), —x) = log p(¢) — log p(x).
Because 6 is a mode, log p(f) > log p(z) for every x € R?; hence,
(Vlogp(x),z) < 0.

Lemma B.6. Let x; be the stochastic process
dzy = (f(x¢) + g(x)) dt +V2dBy, x0 € RY,

where By is a standard R*-valued Brownian motion and the functions f, g : R® — R¢ satisfy
If(@)||<a and (g(z),z) <0 forallz e RY,

with a > 0. Then, for any time horizon T > 0 and § € (0,1),

2d
Pr| sup ||z¢]|< ||lwol|+aT +24/Td ln((s)] >1-4.
1

telo

Proof. Define r(t) = ||a¢||. Although the Euclidean norm is not smooth at the origin, an application
of Itd’s formula yields that, for z; # 0, one has

dr(t) = {1, f(T';) ﬁrg(xt» dt + V2 (u(t),dBy) + C|lxl dt,

where u(t) = x¢/||2¢||. Using the bound || f (x+)||< a and the hypothesis (g(z), z:) < 0, it follows
by the Cauchy—Schwarz inequality that

(¢, f(x4))

T d <$t,g($t)><0.

<a <
[EA|

Discarding the nonnegative Itd correction term ﬁlx;jl dt (which can only increase the process), we

deduce that
dr(t) < adt + V2 {(u(t),dBy).
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Introduce the one-dimensional process

y(t) = |zoll+at + V2B, with B(t) = / (u(s),dB,).

Since ||u(s)||= 1 for all s, the process 3(t) is a standard one-dimensional Brownian motion with
quadratic variation (8); = t. By a standard comparison theorem for one-dimensional stochastic
differential equations, it follows that r(t) < y(t) almost surely for all ¢ > 0; hence,

sup ||If||< lzol|+aT + V2 sup B(t).
telo0, T te[0,T]

A classical application of the reflection principle for one-dimensional Brownian motion shows that,

for any p > 0,
2

- P
Prl sy 8(0) 2 o] =2 PH(AT) 2 p) < 2050~ 7).

To incorporate the d-dimensional nature of the noise, one may use a union bound over the d coordi-
nate processes of By, which yields that

Pr[\/i sup B(t) <24/Td ln(m)] >1-4.
te[0,T] 5

Combining the foregoing estimates, we deduce that

/ 2d
Pr| sup ||z¢]|< ||xol|[+aT +24/Td ln(—) >1-4,
te[0,T) o

which is the desired result. O

Lemma B.7. Forany 6 € (0,1) and T > 0, it holds that

ATy, / 2d
Pr [ sup ||mt||2r+T-W+2 len(—)‘xoeB(O,r)} < 0.
ze~Prlicio,T) Miv1 é

Proof. We first note that by Lemma B.5, for any « € R4, we have

AT Az 1
<s(m) - — ,x> < (s(x),x) — THAJ?”QS 0.
Nit1 i1

By Lemma B.6, we have that

i 2d
Pr | sup [¢/|> [|lzol+T - ”ﬂ +24/T'd1In ( ) <0,
ze~vP | tefo,7) 7h+1 d
This gives that
Pr [ sup |lze|>r+T - 4 yz+1”—|—21/le ’xoeBOT} < 0.
ze~Prlicio,T) Nit1

Lemma B.8. Forany 6 € (0, 1), suppose

R>r+ TI” I (||A||r+ni+1(m+ \/W)) +21/dT In(2d/5).

1+1
It holds that

E Pr [ sup ||z¢]|> R|xo € B(0, 7’)} S 6.
viyit1 |ze~Plicio )
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Proof. Recall that
Yitr1 = Az +niv1z, 2~ N(0,1).

With probability at least 1 — §
zI< vm 4+ v/21In(1/6).

Since ||z||< r with probability 1 — §. Thus, with probability at least 1 — 24, it follows that

i1l < NAall+nisa 20 < NALr +mi2 (Vim + /2 1n(179) ).
Hence, with the 1 — 2§ probability,

ATy, T Alll|ys T||A
T. ” y+1|| < || ”HerlH < n|2| H(HAHT_’_T]HI(\/%_F 2111(1/6)))

2 2
Nit1 Nix1 i+1

T,.
R2r+T-”142¢1H+2\/len<%).
Mit1 0

In this case, Lemma B.7 guarantees that

Therefore, ensuring that

Pr [ sup ||z¢||> R|zo € B(Oﬂ”)} S
ze~Pliclo,T)

Since the probability satisfying the condition is at least 1 — 29, we have

E lPr [ sup |lz¢||> R UCOEB(OaT)H <.

Yi,Yit1 [T~ P te[0,T)

Putting Lemma B.4 and Lemma B.8 together, we directly obtain Lemma B.3.

B.2 Concentration of Strongly Log-Concave Distributions

Before moving futher, we first prove that a strongly log-concave distribution is highly concentrated.

Lemma B.9 (Norm Bound for a-Strongly Logconcave Distributions). Let X be a random vector in
R? with density
m(z) x exp(—V(x)),

where the potential V : R — R is a-strongly convex; that is,
V2V (z) = al forall z € R%.
Denote by 1 = E[X] the mean of X. Then, for any 6 € (0, 1), with probability at least 1 — § we

have
d 2In(1/6
1X — pll< /4 4 2200
« «

Proof. Since V is a-strongly convex, the density 7 satisfies a logarithmic Sobolev inequality with
constant 1/c. Consequently, for any 1-Lipschitz function f : RY — R and any ¢ > 0, one has the
concentration inequality (via Herbst’s argument)

at?
P(f(X) ~E[f(X)] 2 1) < exp(~ ).
Noting that the function
f(@) = [l = pl
is 1-Lipschitz (by the triangle inequality), it follows that

at?
P(|1X — | ~EIX — pl}> t) < exp ().
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A standard calculation using the fact that the covariance matrix of X satisfies Cov(X) =< é[ gives

d
E|X —ull< /<.
[0

. /2111(0[1/5),
P > /4 22

This completes the proof. O

Thus, setting

we obtain

Lemma B.10 ([JCP24]). Let u and 6 denote the mean and the mode of distribution p, respectively,
where p is a-strongly log-concave and univariate. Then, | — 0] < ﬁ

This immediately gives us the following corollary.
Corollary B.11. Let p be a a—strongly log-concave distribution on R?. Let 0 be the mode of p. For

every 0 < 6 < 1, we have
||X9§2“d+”210g(1/5)] >1-4.
o o

This also implies that every a-strongly log-concave distribution is mode-centered locally well-
conditioned.

Pr
X~p

Lemma B.12. Let p be an a-strongly log-concave distribution. Suppose the score function of p
is L-Lipschitz. Then, for any 0 < § < 1, we have that p is (9, 2\/g + 4/ 21%(1/5), 00, L/a, @)

mode-centered locally well-conditioned.

B.3 Convergence to Target Distribution
Since p is not globally strongly log-concave, we need to extend the distribution p to a globally
strongly log-concave distribution. We will use the following lemma to extend the distribution.
Lemma B.13. Suppose g : B(0, R) — R is continuously differentiable with gradient s := Vg €
C(B(0, R); R?) and satisfies

(s(y) = s(2), x —y) > alle —yl*,  Va,y € BO,R). @
For every z € B(0, R) define

« 2

wz(x):g(z)+(s(z),x—z>—§ Iz — z||*, z € RY,

and set

9(x), =] < R,

g(x) = (8)

inf 2(x), > R.
Ze}gr(loﬂ)w(w) [Eal

Then the density p(x) oc €9 (*) is globally a—strongly log—concave.

Proof. For each fixed z € B(0, R) the mapping ¢, has Hessian —al4, hence is a—strongly concave
on the whole space. Because of (7) we have

o
9(z) = g(2) +(s(2), 2 = 2) = S |l — 2 = ¢u(2),  Va,z€B(O,R),
with equality when « = z. Consequently g defined in (8) agrees with g on B(0, R).

Fix x € R? and choose z, € B(0, R) attaining the infimum in (8). Because ., touches § from
above at x, the vector

§=Vp., (z) = s(z) — a(z — 2;)
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belongs to dg(x). By a—strong concavity of ¢, _,

or W) S pu @+ (& y-2) -3 ly—cl®,  VyeR.
Taking the infimum over z on the left and using §(x) = ¢, (x) gives that
i) <g) + Gy —a) =5 ly—al’.  VeyeR%
hence g is globally a—strongly concave, and therefore p is a—strongly log-concave. O

Lemma B.14. Let p be a d-dimensional (6,7, R, f, «) mode-centered locally well-conditioned prob-
ability distribution with 0 < § < 1/2 and o > 0. Assume

RZQ\/E-F\/izlog(l/d).

Then there exists an o-strongly log-concave distribution p on R?® such that

TV (p,p) < 34.
Proof. Let 0 be the point in Definition B.1 and without loss of generality, we assume 6 = 0. Write
B := B(0, R) and B¢ := R%\ B. By definition p(B°) < §.

Set g := logp, and let § be the function in Lemma B.13. Then, p(z) := e9®) is a-strongly log-
concave and p = pon B. Let Z := f]Rd p and define p := p/Z.

Now we bound

Vip.p) = /\p P+ / lp —pl=: Ip + Ipe.
Corollary B.11 implies that p(B°) < §. Therefore,

1 ~
e < SIp(B7) + F(B7)] <
Note that [, p = p(B) > 1—4dand [,. p < §Z (since p(B°) < ). Thus,

1—§§Z:p(B)+/ p<1+26.

c

Since p = p/Z on B, we have

Therefore, Ig < % <46 = 26.

Combining,
V(p,p) < 26 + 6 = 36.

Now, we can consider process P defined as

<oy ATy — ATA
da; = (V log () + = 2 “Tt) dt +V2dB:, wo ~ plx | yi).
i+1

Then, we have the following lemma.
Lemma B.15. Suppose the following holds:

R>ri HH@mv+mﬂ¢*+va;ﬂ?)+zwﬁﬁéwi

z-l—l
We have that N
E [TV(P, P)] <.
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Proof. Let
&= { sup ||z < R} and P'=P(-|&),P' =P(-|&).
t€[0,T]
Because s(z) = Vlog p(x) for every € B(0, R), the drift coefficients of P and P coincide on the
event £, and hence conditioning on £ gives P’ = P’.
Then, we have B o B
TV(P,P) < TV(P,P') + TV(P,P') = P(£°) + P(£°).
Taking expectation over (y;, y;+1) gives

E[TV(P, P)] < E[P(£°)] + E[P(£°)]. )

Lemma B.3 implies that E[P(£°)] < 6. Furthermore, the same argument also implies that
E[P(£°)] < 6. Therefore, we have
E[TV(P,P)] < 4.

Proof of Lemma B.2. We start by considering another process P* defined as

- ATy,.1 — ATA -
dxy = (V log p(x¢) + Y +;72 $t> dt + \@dBm xo ~ p(7 | yi).
i+l

We can see that o
E[TV(P,P*)| <E[TV(p( | )5z | 4:))] S 0.

Combining this with Lemma B.15, we have that
E {TV(P, ﬁ*)} <.
By Markov’s inequality, we have that

Pr [TV(P, P°) > Aé] <onh.
YiYi+1
Furthermore, by Lemma A.1 and our constraint on 7', we have that
Pr {TV(ﬁ},ﬁ(m | yis1)) < g} >1-0(\Y).
Yi Yi+1

Therefore, we have that
Pr [TV(Pr,p(z | yir1)) <e+ X0 >1-0A1).

YiYi+1

Combining this with Pr [TV (p(z | yi+1),p(z | yi+1)) < Ad] > 1 — O(A™1), we conclude that for
zp ~ Pr,
Pr [TV(zr,p(z | yis1)) <e+ A >1- 0N ).

Yi Yi+1

C Control of Score Approximation and Discretization Errors

In this section, we consider these processes running for time 7":

e Process P:

ATy — AT A
dxy = (S(ﬂct) + Yi+1 Tt

2
Mi+1

> dt +v2dBy, o~ p(z | y;)

* Process P: Let 0 = t1 < --- <ty = T be the M discretization steps with step size
tj+1 — tj = h. Fort € [tj,tj+1},

ATyiJrl — ATASEt].

p)
MNit1

dy = <§(a:tj) + ) dt +V2dB,, o~ p(a]|yi)
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Note that P is exactly the process (2) we run in Algorithm 1, except that we start from 2o ~ p(z |
Yi)-

We have shown that the process P will converge to the target distribution p(z | y;+1). We will show
that the process P will also converge to p(z | y;+1) with a small error

Lemma C.1. Letpbea (0,7, R, E, «) mode-centered locally well-conditioned. Suppose the follow-
ings hold for a large enough constant C' > 0:

e T>C (m”/ri-log(/\/f))_

4
i

© A (T?m + TR?) < 2.

R+ DAl (|\A||r + i1 (VI + /2 1n(1/‘5))) +2,/dT In(2d)9).

Then running p for time T guarantees that with probability at least 1 — 1/ over y; and y; 1, we
have:

~ ~ A2 ~ All? A :
TV(Pr,p(z | yis1)) Se+ A6+ AT - ((La + |772) <hLaR—|— AllAl R—;2h|| . + \/dh) + ESCOT6>.

(2

In this section, we assume p is (9,7, R, E, «) mode-centered locally well-conditioned. Without loss

of generality, we assume that the mode of p is at 0, i.e., 8 = 0. Let L := za, i.e., the Lipschitz
constant inside the ball B(0, R).

We will also consider the following stochastic processes:
* Process Q:
dxy = (s(mt) +

* Process @' is the process @ conditioned on z; € B(0, R) for ¢ € [0,T].
* Process P’ is the process P conditioned on z; € B(0, R) for ¢ € [0,T].

ATy, — AT A
met> dt +v2dBy,  xo ~p(x | yi)

%

We first note that following the same proof in Lemma B.3 that bounds TV (P, P’), we can also
bound TV (Q, Q).

Lemma C.2. Suppose the following holds:

Tl|7;4” (HAHT + 1 (vVm + \/W)) + QW'

R>r+

We have that

E[TV(Q,Q")] < é.
Lemma C.3. We have

2 4
T ~Q’ /

n;
Proof.
4
E, [llze — 24, 11°]
Iz ATy; — AT Az, !
[l (e Y
re~Q’ t; m;
[ t 4 t T T 4 t 4
ATy, — AT Az,
S E /Ils(xs)llds + E / LU Z Tllds) |+ B /\/Est
e~ Q' t; ze~Q’ t; n; T~ Q' t

4 4
hl|lA i 4 hl|lA 2 R

%

t
/ V2dB,
tj

7
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Since [}/ V2dB, ~ N(0,(t — t;)1a), we have that E|| [, v2dB,|[*S d?(t — 1;)* < d®h?. This
gives that

T~ Q

4
Al |lys Al®
h|nm$h|nR>+fﬁ

E,[m—mmﬂg<uﬂ+

4, 4
Lemma C.4. Suppose | A||*(T?*m + TR?) < % for a large enough constant C.
i it

dp 2
(7o)
Proof. By Girsanov’s theorem, for any trajectory xg,.. 4,

dP’

aqQ’

where the Girsanov exponent M, is given by

= 0(1).

Yi,Yit1,Te~Q’

(CCO,...,t) = exp(Mt)

1t I
M;=— [ Aby(w,) -dB, —~ [ [|Aby(z,)|*du
v= 5 [ Ab(e-dB = [ 180,

for
ATy — AT Az, ATy, — AT Az,
77i2+1 772'2
B i ATy — 2 ATy — AT Az, (0 —n2yy)
= 2 2
i1

Aby(z,) =

Since @' is supported in B(0, R),

A7 yir1 = nZ il +HIANP (07 — n?+1)R> o
2 .2 = Ry
Ni+1";

HNM%M§O<

Now, for (,, := fot||Aby(xu)||2du, we have that M; ~ N (=3¢, 1¢,)
So,
E [exp(2M;)] < exp(¢,/2) < eXp(/izt/Q)

Note that ||n?yi41 — 07 ,y:l|* has mean |(n? — n?,;)Az|? and is subgamma with variance

2 4 .4 2)\2 2 4 .4 2 2 RN
m (n2.n —nin?)” and scale n?_ i} — 5} n?. Thus, for ¢[|A[|2< 70(77211772“) we have

A2 (172yie1 — 02 wi 242 — 2. )2|| A4 R?
E  [oxp(2M,)] < E {Cxp (tll 12177 yit1 m+1g4ll n4(m niv1) 2l Al )}
1+1'1%

T,Yit1,Yi
2 40,2 4 4 2\2
< exp (2 (t [ Al (77i+17h‘ *77i+177i) m

N (n} — n?+1)2||A||4tR2)>
8 8 1 1
Niv1™; Mi1";
=ex (2 <t2||A||4(77§ _ 771-2+1)2m + (07 — 7712+1)2||A||4tR2>>
= &P A
i1
<||A||4(77i2 —n20)? - (tPm+ tR2)>
- P PR
i1
<1
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Lemma C.5. Let E be the event on y; such that TV(Q, Q') < i. Suppose
7721 7721+1
5

A|MT?*m + TR?) < 4L
I ) Cn7 —niiy)

Then,
~ AT A h|lA hl| Allv/mn:
E [TV(P’,P)} §1Pr[E}+ﬁ~<<L+ . )(hLR+ Al R; IAlVmn: /g >+€>
YiYi+1 1 3

Proof. Note that the bound is trivial when Pr[E] < 1/2. Therefore, we can use the fact that
E[- | E] < E[] throughout the proof. We have, for any ¢ € [t;,¢;41], .

AT A 2]
AT A

E [| s(a0) = (o )+ | 1)
- (ns(xt) St [ - o)

Yi Yit+1|E IfNP/

dpP
dQ’

d P 2 4
(dQ’(xt)> ] .y?\EExtNQ/ ‘|

The first term can be bounded using Lemma C.4. Now we focus on the second term. Note that

s Lw@' [lls (xt)/S\(il'tj)”Zl]} < E LwQ’ [l (xt)s(xtj)nﬂ E L E,, (s )g(xtj)ﬂ}

Since s is L-Lipschitz in B(0, R), and using Lemma C.3, we have

Yi,Yiy1|E xe~Q’

2)
ATA

Ista0) = o, o+ | 5% o = )

<
~J
YirYit1,Tt~Q’

AT A :
E - + —
ilE achQ’ Is(ze) = s(ae,)|* H 7 (¢ —21;) H
AT A 4
<E|(L E — ||t
~ Yi < + 7722 ) z~Q’ l:”xt xt] H }

2 ;
i Yi U

4
ATAN? Ally; + h||A|?

T A 2 4 4
<L+A ) (hLmhnAn R+ hllAllymn: | m) .

i %

Since Q' is a conditional measure of (), conditioned on E, we have ‘é : < m < 2
Therefore,
~ 4
| Ey llsten) — )| < B | 2 B, (Is(as) - 5ta:,)1"]

S [IEQ ls(ae,) — gmj)ﬂ

~ i
2‘|

T
(L+A A) (hLR+h”A” R+hA|fm+f>

<et

score
This gives that

- AT A
E E [ns(xt)—s(xtj)n%H - (m =)

Yi,Yit1|E e~ P’

n;

%
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Thus, by Girsanov’s theorem,

M-1

Z / Jj+1
Yi Yi+1 ’ZI/’tNP’

.7

E [KL (P’ I P

AT A
- 2
S(xe) — s(xy., =+
Vi Yi+1|E [| () ( fj)” H 7712

(z¢ — xt,-)

R A" R+ Bl A|/m,
2

z %

AQ
<T- (L+| ) (hLR+

By Pinsker’s inequality,

hAI* R+ hHAH\Fm
m;

E [TV(P’,ﬁ)] SVT- ((L+ ”A”2> (hLR+

YiYit1|E i

Hence,

E {TV(P’,?)} <1-Pr[E]+ E

YirYit1 YiYit1|E

{TV(P’, 13)}

hAIP R+ hHAH\Fm

T

2
+ vdh) + €2core

v dh) + 68607’6)

<1—Pr[E]+VT- ((L+

A 2
I 2“ ) hLR +
n; 77z

Then have the following as a corollary:

Corollary C.6. Suppose

4,4
i it

Al (T? .
1Al Cn? _771'2+1)2

m + TR?) <

Then,

E [TV(P, 13)} <E[TV(P, P’

YiYi+1

)]+ E[TV(Q,Q")]
+\/T. <<L+”AQ”2> <hLR h”A” R+h||A||fnz
n 771

7

Proof. We have that

E [TV(P,}A’)}g E [TV(P,P)+ E [TV(P,P).
YiYit+1 Yi Yi+1 Yi Yi+1
Furthermore,
E [TV(P',P)|

YiYi+1

<Pr [TV(Q,Q» > ;] VT ((m

i 4

E[TV(Q,Q")] + VT - <(L + |1422) (hLR +

where the last line follows from Markov’s inequality. The gives the result.

Proof of Lemma C.1. We note that by our definition of ~;,

77?7721“
C(nf —ni)?

77

All*(T?
[A[%( A2

m+ TR?) < — || A|}T?*m + TR?) <

30

R|A|* R+ h| A ;
| Al 2H [|v/mn V7

dh) + 88607’6) )

v dh) + 65007'6) g

O

Vv dh) + 53607"6) .

A2 Al? A -
4] )(hLR—|—h I B+ bl Al m>+>

O



Then, combining Corollary C.6 with Lemmas B.3 and C.2, we have
E_|TV(P,P)| SE[TV(P,P)] +E[TV(Q,Q")

YirYit1
Al|? h|A|? R+ || All/mm;
+VT - <<L+”2“> <hLR+ IAN R + Rl Al +x/%> +ssm>

%

)

A2 h||A|* R+ h||A ;
§5+\/T.<<L+ 2” ) <hLR+ 141 R+2” [ +\/%>+asme>

)

i
The conditions in Lemmas B.3 and C.2 are satisfied by our assumptions, noting that ;11 < 7;
implies the bound on R holds for both processes.

Applying Markov’s inequality and combining Lemma B.2 with the above, we conclude the proof.
O

D Admissible Noise Schedule

Recall that we can define process P; that converges from plx | yi)top(z | yip1): Let 0 = ¢t <
- <ty =T be the M discretization steps with step size ¢,11 —t; = h. For ¢ € [t;,t;41],

ATy, — AT Az,
dzy = (g(xtj) + Yit+1 Tt

771'2+1
We have already proven that we can converge the process from p(x | y;) to p(z | y;+1) with good
probability, as long as some conditions are satisfied. Those conditions actually depend on the choice
of the schedule of n; and T;. In this section, we will specify the schedule of 7; and T;.

) dt +V2dBy, o ~pla | y;) (10)

Now we specify the schedule of n; and T;.

Definition D.1. We say a noise schedule n; > - - - > ny together with running times T, ---, Tn_1
is admissible (for a set of parameters C, o, \, A, d,e,n, R) if:

s Forall v; = (n;/mis1)? — 1, we have v; < 1 and

my; + log()\/s)> .

7> C (
Furthermore,

4
i
AT+ 1) <

The reason we need to satisfy the last inequality is to satisfy the conditions in Lemma C.1. We

formalize this in the following lemma.

Lemma D.2. Let C > 0 be a sufficiently large constant and p be a (0,7, R, E, «) mode-centered
locally well-conditioned distribution. For any 0,& € (0,1) and A > 1, suppose

R>r4C <<m+1ag>f4l (141 + 1/ T Tog17R) + Wlog(d/axmﬂogwa)) |

(%

For any admissible schedule (1;);c|n) and (T;);e[n—1], running the process 2 for time T; guaran-
tees that with probability at least 1 — 1/ over y; and y;1:

1
TV(ar, (e | genn) S 2+ 20+ 2y P 108E)

2 _ 2
. <L N ||n| ) (hLaR+h|A R+h||A||¢7nn+m>_

: (Edis + ESCO’I‘G)?

where

,,72
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Proof. 1t is straightforward to verify that an admissible schedule satisfies the first two conditions of
Lemma C.1.

For the third condition regarding R, our assumption states:

R>r4C <(m+1;)g 2Al (|A||T+n\/nm) \/dlog(d/d)(m—l—log()\/a)))

o

Given that T; < 7HE/E) his choice of R is sufficient to satisfy the third condition in Lemma C.1.

Therefore, applying Lemma C.1 at each step ¢, we obtain that with probability at least 1 — 1/ over
yi and yiq1:

TV(zr,p(x | Yit1

)
1412\ (. ~ h|lA h||A ;
e+ A+ MT;- <<La+ | ” ><hLaR+ LAI" 2 + Bl AlLy/m, \/dh) +s>

n

Se+ A0+ A

m + log(\/e)
o (Edzs + 5score)-

We also want to prove the following two lemmas:

Lemma D.3. Let p be a d-dimensional (0,7, R, Z, «) mode-centered locally well-conditioned dis-
tribution. For any 6 € (0, 1), suppose

Then, suppose 11 > %\/g, with probability at least 1 — % over y1,
TV(p(z | y1), p(x)) S €+ A0

Lemma D.4. There exists an admissible noise such that

20 R2 m2 \[p
N S p*V/ml ra +log (24 2
S prvmlog(Ae) + vm + mlog(N/e) + aR2 8|2t

where p = %.

D.1 The Closeness Between p(x | 1) and p(z)

In this part, we prove Lemma D.3, showing that any admissible schedule has a large enough 7,
enabling us to use p(x) to approximate p(x | y1).

We have the following standard information-theoretic result.
Lemma D.5. Let X € R™ be a random variable, and Y = X + N(0 ( I,,). Then,

1 C
n?
Lemma D.6. For any distribution p with Ey,, [z — Ex||?] = m3, we have
Al
27]1

E[TV(p(z | y1),p(x))] <

Proof. Note that E [KL(p(z | y;) || p(x))] is exactly the mutual information between = and y;. In
addition, we have

2

n7 2n7

N~

E[KL(p(x [ yi) [ p(x))] = (25 9:) < [(Az;y;) <
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By Pinsker’s inequality, we have

B[V (oo | 1), p(o)) < L5172

O

Lemma D.7. Let p be a d-dimensional (6,7, R, E, «) mode-centered locally well-conditioned prob-

ability distribution. Assume
R>2 /é+ /21og(1/5).
@ @

BTV (s | ). p(e))] S L2020

Then

Proof. Lemma B.14 provides an a-strongly log—concave density p satisfying
TV(p,p) < 36.
For an a-strongly log—concave law the Brascamp-Lieb inequality yields Cov; < a~!I,; hence
d
ma(p) = (Ellz ~Exl?)'* < 4/~
p p «
Applying Lemma D.6 to p gives
~ ~ Al /d
E[TV , < /-
E[TV (e | ). 7)) < 500
Note that
TV(p(z | y1),p(x)) < TV(p(z | y1),p(z | y1)) + TV(B(2 | y1), P(x)) + TV (p(2), p(@))-

Integrating in y; and using the elementary fact

together with the above calculaion, yields

A d
E[TV(p(z | ), p(e))] <30+ L1 /94 35
y1 2m V a
This proves the stated bound. O

Now we prove Lemma D.3.

Proof of Lemma D.3. By Lemma D.7, we have

Al /d
EWV@QImLM@HSm¢a+&

Since all admissible noise schedules satisfy 1; > % \/g . This implies

Al [T
m Va = A

3

Consequently,

E[TV(p(x | ). p(x))] £ 5+

By Markov’s inequality, with probability at least 1 — % over y1,
TV(p(z [ 11), p(x)) S €+ AS,

which proves the lemma. O
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D.2 Bound for N Mixing Steps

In this part, we prove Lemma D.4.
Lemma D.8. Let a,zy > 0, and let ¢ > 0. Consider the number sequence

Zit1 = (1 + min((az;)%, 1))x;.
For every B > 0, let k(B) be the minimum integer i such that x; > B. Then

k(B) = 0O <(ax0)c + log (1 + B>) .

Zo

Proof. We show in two steps that the time to go from zg to 1/a, then to B. Define
ki =min{i e N:z; > 1/a},

Bound for k;. We first show that k1 < (axo) €. Consider the quantities
N; =min{i € N:z; > 271},

and let j* be the smallest j such that z, > 1 /a. If instead zy > 1/a already, then k1 = 0 and there
is nothing to prove.

Assume ¢ < 1/a. Foreach j < j* define
tj = (2ja:170)_c.
We claim that
Nj+1 — Nj < tj.
Indeed, for each 5 < 57,
Nj+tj—1

TN;+t; 2 TN H (1+(a$i)c)
i=N;

\

Nj+t;—1

Ty, H (1+(amNj)C) = zn, (1—&—(@1:1\[])0))5'7.

i=Nj

Y

Since ' 1
(azn,)¢ > (a-220)" = =
we get
IN;+t; 2 (1 + tlj)tj TN, > 2an, > 27T @,
B.y monotonicity of the sequence (z;), it follows that N1 < N, +¢;. Summing over j up to j* —1
gives

-1 J -1
Nje = > (Njj1—Nj) < > (2awg)™® < (amo) ™.
j=0 Jj=0

By definition, N;- is the first index  such that z; > 1/a, so k1 = N« < (azg) ™ °
Bound to achieve B. If B < 1/a, the bound already holds. Now we analyze how many steps
Note that for every ¢ > ki,

Zit1 = (1 + min((ax;) 1))z; = 2x;.

Therefore, we have
Thy 1oy () = 2052 P/ ) > B,
This proves that

B B B
k(B) < k1 + log, (1 + ) < ki + log, (1 + ) < (axo) ™ ¢ + log (1 + ) .
Ly Zo X0
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Lemma D.9. Given parameters zy,a,b > 0, consider sequence inductively defined by x;y1 =
(1 + 7;)x;, where

v =min{y; <1 : ay? + by < 2z} .
Given B, let k(B) be the minimum integer i such that x; > B. Then,

b B
k(B)§+a+1og<1+).
i) b o

Proof. We do case analysis.

Case 1: 79 > b?/a. We always choose v; = /x;/a. We can verify that

, : b2
a(ﬂ)+b ﬂé$i+\/*'$i§2$i7
a V a a

and this satisfies the requirement for ;. By applying Lemma D.8, we have that

172 B B
k(B) < (%) +log <1+xo> < % +log <1+> :

Zo

Case 2: 79 < B <b?/a. We always choose v; = min(z;/b, 1). We can verify that

a (%)2 +5b (%) <z (CZC;) +x; < 2wy,

and this satisfies the requirement for ~;. By applying Lemma D.8, we have that

E(B) < (20/b)! + log (1 + fi) .

Case 3: 1y < b? /a < B. We combine the bound for the first two cases, where we first go from x
to b2 /a, then go from b2 /a to B. Then we have

B B B

k(B) < (o) +10g (14 ) 4+ (“rtog (14 2)) <2 4 % h10g (14 2.
Zo b Zo Zo b Zo

O

Proof of Lemma D.4. Now we describe how we construct an admissible noise schedule. Consider
we start from 7} = 7, and for each 7, we iteratively choose 7, to be the maximum - < 1 such that

N4
LA 2 ()m + fr(n)R?) < 0

— C’YQ K
and then set ;_; = /(1 4 7})(n})?. We continue this process until we reach 7}, > % \/g. It is
easy to verify that (ny, ny_1,-..,7}) is an admissible noise schedule. Now we bound the number

of iterations N.
Since for all v, we have ||A[|*(f2(v)m + fr(v)R?) < [|A|*(vmfr(v) + %)2, a sufficient
condition for [[A[[*(f3(v)m + fr(7)R?) < W is that

(m)"

2
TR S APWmE) + 5=

SN

Therefore, fixing 7;, we have that -/ is at least

2, 1.5 2 2 p2 7\2
AL ' o <||A| VmlogOy) , A R )7 G }

1Al (v fr(7) +

<1:
max{’y_ Jm c
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Now we look at the inductive sequence starting from z; = n?, and xiy1 = (1 4+ 7;)x;, where

2 15 2 2 p2 )
AP 2 o <||A|| Vlog(3/e) | AL )W%}'

%:max{7<l :

Vm - C
By Lemma D.9, we know that for any 7¢q; > 0, we can achieve xny > ngoal within
Al /mlog(A A|? R? 2 0
v WESlogoye) | JAPRE | iy (g ),
an vmn mlog(A/e) + aR n
Taking in 14041 = % \/g , we conclude the lemma. O

E Theoretical Analysis of Algorithm 1

In this section, we analyze the algorithm presented in Algorithm 1. In Algorithm 1, the algorithm
initializes by drawing a sample from the prior distribution p(x) via the diffusion SDE, which intro-
duces sampling error. [CCL*22] demonstrated that this diffusion sampling error is polynomially
small, with the exact magnitude depending on the discretization scheme chosen for the diffusion
SDE. Since the focus of this paper is on enabling an unconditional diffusion sampling model to
perform posterior sampling, the choice of diffusion discretization and its associated error are not not
the focus of our analysis. Consequently, we omit the diffusion sampling error in the error analysis
presented in this section. This omission does not impact the rigor of the theorems in the main paper,
as the error is polynomially small.

We start with the following lemma:

Lemma E.1. Let C > 0 be a large enough constant. Let p be a (0,7, R, Z, «) mode-centered locally
well-conditioned distribution. For every 0,¢ € (0,1) and A > 1, suppose

Rzr+0<(m“c‘zg 24l (IMIHWW) \/dlog(d/a)(mﬂogu/e)))_

(&%

Then running Algorithm I will guarantee that

=

Pr

Y1, YN

log(A
TV(Xva(iE | y)) g N <€+ )\5+ A M+M : (Edis +€score)>‘| 2 1- X?

where

2 _ 2
Eais = <L + HZH ) (hLaRJr h Al R;:”AH\/%) JH/%)

Proof. Let e, 1= Cp | €+ A6+ A %()‘/E) - (eais + €score)), where Cj is a constant large
enough to absorb the implicit constants in Lemma D.3 and Lemma D.2.
We prove by induction that for each i € [N]:

7

Pr [TV(X“p(I | yz)) S 7 5step] 2 1—-—. (11)
Yi,--Yi A

For the base case (¢ = 1), since X; ~ p(z), Lemma D.3 gives that TV (p(x), p(x | y1)) < egep With
probability at least 1 — 1/\ over y;.

For the inductive step, assume the statement holds for some i < N. Let & be the event that
TV(Xi,p(z | yi)) <10 Egeps 50 Pr[ET] < i/

Let X ~ p(x | y;) and let X ;| be the result of evolving X for time T; using the SDE in
Equatlon (2). By Lemma D.2, the event F; 1 that TV (X, |, p( | yi11)) < egep has probability at
least 1 — 1/ over y;, y;+1 and the SDE path.
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By the triangle inequality and data processing inequality:
TV(Xit1,p(@ | yir1)) < TV(Xi, p(@ | 9:)) + TV(X7 0, p(@ | yit1))- (12)

If both &; and F; 1 occur, then TV(X;1,p(z | yit1)) < (i + 1)egep. The probability that this
bound fails is at most:

Pr(&; UF L] S Pr[€f] + Ey, .y [1e, PrFo [y 06l
) 1 141
< 24
=3 TA T
Thus, the induction holds for 7 + 1, and the lemma follows for : = N. O

Lemma E.2. Let S and So be two random variables such that
Pr [TV((SI | y17"'7yN)a(52 ‘ yla"'ayN)) S 6] Z 1-4.

Yi,--YN

Then we have 5
5}5 [TV((S1 |yn), (S2 | yn)) <2e] > 1~ -

Proof. Let E(y1,...,yn) be the event such that TV((Sy | E),p((S2 | E)) < e. Then, we have
that
TV((S1[yn), (S2 | yn)) < PrlE | yn] +e.

Since Pr[E] > 1 — 4, we apply Markov’s inequality, and have
E, [Pr[E | yn]] _ Pr[E]

Pr[Pr[E | yn] > ] < . .

<

M|

Hence, we have with probability 1 — 2 over Y,

((51 | yn), (S2 | yn)) < 2e.

Applying Lemma E.2 on Lemma E.1 gives the following corollary.

Corollary E.3. Let C > 0 be a large enough constant. Let p be a (6,7, R, E, «) mode-centered
locally well-conditioned distribution. For every 0,¢ € (0,1) and A > 1, suppose

RZT+C<On+?§)A|@Mh+n/m+bgﬂé) %m%umxm+bgyav_

[e%

Define Then running Algorithm 1 will guarantee that

N
Pr [TV(Xva(:L' | y)) < Eerror] >1- s
v )‘€CTTOT
with
m + log(\/e
Eerror SN <5 + A0+ A # “(edis + 5score)> )
where

2 " 2
» (L +||;1| ) <hLaR+h|A R:ZhnAan m)

1Al
f

~ (1 {p? ((m2p4+1)?2 +m3p? —i—dm) m

Lemma E.4 (Main Analysis Lemma for Algorithm 1). Let p =
exists

Forall 0 < g,0 < 1, there
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such that: suppose distribution p is a (3=,7/\/o, R, Z «) mode-centered locally well-conditioned

distribution with R > 7”1(@1, and € gcore < ”K25 ; then Algorithm 1 samples from a distribution
p(x | y) such that

Pr[TV((a | 9)p(o | ) <& 21
Furthermore, the total iteration complexity can be bounded by

9) (K?’(KQde +m2p+m"(mp® + DAL+ p*)? + K>m?p(L + pz)) .

Proof. To distinguish the € and § in the lemma and the one in Corollary E.3, we will use €., and
Oerror to denote the € and § in our lemma statement. We need to set parameters in Corollary E.3.
For any given 0 < Serrors Eerror, W St

c— 1 5= Eerror
- ) - )
Aerror A2

and we set \ to be the minimum ) that satisfies

20 R2 m2 )\\/Ep
2 /il pra log [ 2+ 21 ) < .
p m Og()\/f) + \/m + mlog()\/s) n aR2 + log + - > Aéerrorgerror

Now we verify the correctness. Taking in the bound for NV in Lemma D.4, we have

2 2 2
p aR m \fp

1 2 — T <\ -
Jm | mlog(Aje) + aR2 T 0g< + > < Merror€erro

N < p*Vmlog(Ne) +

By the setting of our parameters, we have Ne < ecrror, AJ S

~ 661"7"07"7 and N//\aerror 5 567"7‘07’"
This guarantees that

m + log(\/e)

TV(Xx,p(2 | 9)) S Eerror + AN -

Pr
y

: (gdis + €SCOT€)] Z 1-—- 667‘7‘07"

It is easy to verify our bound on R satisfies the condition in Corollary E.3. Note that if a distribu-

tion is (8,7, R, L, o) mode-centered locally well-conditioned, then it is also (6,7, R', L ; @) mode-
centered locally well conditioned for any R’ < R. Therefore, we can set R to be the minimum R
that satisfies the condition.

~ 1 ) /)204R2 m2
=0(—7F— 1
A © (667‘7‘07‘56’!‘7‘0’!’ (p \/% + \/E + m + aR? tlog d

= 1 p? ((m2p4+1)7:2+m3p2+dm) m
N O <€€TTOT6€TT‘OT ( \/ﬁ + E + logd

<K.

M (€dis + Escore) S Eerror- This can be satisfied when

- Va/m

error log )\/E K 687‘7”07‘

Therefore, we only need AN

Edis +5aco7e ~ 2 (5

Recall that

772

2 - 2
= (L(H 4] > (hLaR+ R AJ® R+ h|| Al /min +\/%>
n?

<a (E + p2> (hZaR + hp*aR + hpy/ma + \/ﬁ) .

Therefore, we need to set

h=0 min{ o/m 1 }
K%3error a(L + p?)[aR(L + p?) + py/ma)] K*0%popamd(L+p?)? ) )’
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Note that the bound for the sum of N mixing times can be bounded by

N-1
S 1 g MBI L) o g (Kb
i=1 @ a

KmberrorEerror )
ah ’

Therefore, the total iteration complexity is bounded by 6(

6 (Kgm(z + p2)[aR(Z + p2) + p V moz] V m/asgrrorée”or + K5m2d(i + pz)zgerl‘OI‘éSrror> .
We can relax it and make the bound be
9) <K3(K2m2d + Vm3aR)(L + p*)? + K*m?p(L + p2)> :

Take in R, and we have

9] (KB(KQde +m2p+m"?(mp? + DAL+ p*)? + K>m?p(L + pz)) .

E.1 Application on Strongly Log-concave Distributions

By Lemma B.12, any a-strongly log-concave distribution that has L-Lipschitz score is locally
well-conditioned distribution p is (4, 2\/g + 4/ 21%(1/5), 00, L/a, &) mode-centered locally well-
conditioned. Therefore, take this into Lemma E.4, we have the following result.

Lemma E.5. Let p(z) be an a-strongly log-concave distribution over R% with L-Lipschitz score.
Let p = %. Forall 0 < e,6 < 1, there exists

~ (1 (p?((m?*p*+m)d+m3p?) m
KSO(&:&( NG —i-g—i-logd

such that: suppose €geore < 7V]?2/5m, then Algorithm 1 samples from a distribution p(x | y) such that

PrTV(p(z | y)p(z |y) <el =21 -4
Furthermore, the total iteration complexity can be bounded by

0] (KS(KQde +m®p +m* (mp® + 1)Vd)(L/a+ p*)? + K3m?p(L/a + p2)> .

To enhance clarity, we state our result in terms of expectation and established the following theorem:
Theorem E.6 (Posterior sampling with global log-cancavity). Let p(x) be an «-strongly log-

concave distribution over R® with L-Lipschitz score. Let p = %. For all 0 < ¢ < 1, there

(1 (2 ((m2p* +m)d+m?) m

exists

Vea/m

such that: suppose € score < ~gzz—, then Algorithm 1 samples from a distribution p(x | y) such that

E[TV(p | y).p(z [y)] < e

Furthermore, the total iteration complexity can be bounded by

O (K*(K*m2d +m®p +m">(mp* + DWA)(L/a+ p*)? + K*m*p(L/a + %))
This gives Theorem 1.1.
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Theorem 1.1 (Posterior sampling with global log-concavity). Let p(x) be an «-strongly log-

concave distribution over R with L-Lipschitz score. For any 0 < e < 1, there exist K| =

A A .
poly(d, m, T"'—\/%, é) and K5 = poly(d, m, Tll‘—\/%, %, %) such that: if €score < }é—?

algorithm that takes K iterations to sample from a distribution p(x | y) with

E[TV(@( [y),p(z | y))] <e.

Remark E.7. The analysis above is restricted to strongly log-concave distributions, where
V2logp(z) < 0. However, this directly implies that we can use our algorithm to perform pos-
terior sampling on log-concave distributions, for which V?log p(x) =< 0.

then there exists an

Specifically, for any log-concave distribution p, we can define a distribution q(z) o~ p(z) -
2 2
exp (7%), where 0 is the mode of p and m3 is the variance of p. It is straightforward
2

to verify that TV (p,q) < e, and q is (€% /m3)-strongly log-concave. Therefore, by sampling from
q(z | y), we can approximate p(x | y), incurring an additional expected TV error of e.

E.2 Gaussian Measurement
In this section, we prove Theorem 1.2. In Algorithm 2, we describe how to make Algorithm 1 work
on the Gaussian case.

We first verify that suppose Assumption 1 holds, we can also have L*-accurate estimates for the
smoothed scores of p,,, so this satisfies the requirement of running Algorithm 1. We need to use the
following lemma, with proof deferred to Section E.5.

Lemma E.8. Let X, Y, and Z be random vectors in R, where Y = X + N(0, G‘%Id) and Z =
X + N(0,021,). The conditional density of Z given'Y, denoted p(Z | Y), is a multivariate normal
distribution with mean

_ 2/ 2 2\—1
pzy =03(01 +03)Y
and covariance matrix
2/ 2 2\—1 _2
Yz)y = 03(01 +03) o7

Then, the gradient of the log-likelihood log p(Z | Y') with respect to Y is given by

1 _
Vylogp(Z |Y) = = (Z—03(07 +03)7'Y).
1

Using this, we can calculate the smoothed conditional score given xg:

Lemma E.9. For any smoothing level t > 0, suppose we have score estimate Sy2 () of the smoothed
distributions p;2 (x) = p(x) x N'(0,t21,) that satisfies

E 5 (@) = s (@)]] <&t

— score”
p2(z

Then we can calculate a score estimate 3, 42 () of the distribution p,, 2(x) = pgy (z)* N (0,%14)
such that

E E [”‘/9\9307152 (37) = Szqg,t2 (!17)”4] < Egcore'
o pzo,tz (JC
Proof. Let () ~ p,2. Then, for any value of z(*), we have
Sz0,t2 (x(t)) = vz(t) logp(l‘(t) | .’E())
= Vo log p(a™) + V) log p(o | 217))
= S¢2 (x(t)) + Ve logp(zo | ff(t))~

Note that the second term is exactly in the form of Lemma E.8, so we can calculate this exaclty. For
the first term, we use our score estimate 52 (z(®)) for it. In this way, we have that for any z,

[820.62(2) = 80,2 (@)= (|52 (@) = s2(2) .
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Therefore,

E| E [I8502@) = swe@l| = E [l55:2@) — sue @) < o
T0 | Pyg 2 () P2 (x)

Applying Markov’s inequality, we have:

Corollary E.10. Suppose Assumption 1 holds for our prior distribution p. Then with 1 — § prob-
ability over xo: we have smoothed score estimates for p,, with L* error bounded by ¢%,,,./6; in

other words, Assumption 1 holds for p,,, where €score is substituted with €score /9 1/4,
To capture the behavior of a Gaussian measurement more accurately, we first define a relaxed version
of mode-centered locally well-conditioned distribution.
Definition E.11. Foré € [0,1) and R, Lac (0, +00], we say that a distribution p is (6,7, R, L, a)
locally well-conditioned if there exists 0 such that

* Pryplz € B(O,1)] >1-04.

« Forz,y € B(0, R), we have that ||s(z) — s(y)||< La ||z — y].

« Forz,y € B(6, R), we have that (s(y) — s(z),z —y) > o ||z — y||°.
Note that this definition can still imply that the distribution is mode-centered local well-conditioned,

due to the following fact:
Lemma E.12. Let p be a probability density on R%. Fix 0 < r < R and 6 € R? such that

Pr [z € B(8,r)] > 0.9, Vi—logp(x)) = aly (x € B(6,R)), a> 0.
z~p
If R > 4dr, then there exists 8' € B(0,4dr) with V1ogp(0') = 0.

We defer its proof to Section E.5. This implies the following lemma:

Lemma E.13. Let p be a (0,7, R, E, «) locally well conditioned distribution with R > 9dr and
§ < 0.1. Thenpis (0, (4d + 1)r, R — 4dr, L, &) mode-centered locally well conditioned.

This gives a version of Lemma E.4 for locally well-conditioned distributions as a corollary:
— lAl
T oo

~ (1 (p? ((m2p4 + 1) d?7? + m3p? + dm) m
< — _
K_O<56< NG +d+logd

such that: suppose distribution p is a (%, 7/v/a, R, E, «) mode-centered locally well-conditioned

distribution with R > 7”Kp\/m/a, and €seore < V;z/gn. Then Algorithm 1 samples from a distribu-

tion p(x | y) such that

Lemma E.14. Let p . Forall0 < ¢, < 1, there exists

PrTV(p(z | y)p(z | y) <e] =1 -4
Furthermore, the total iteration complexity can be bounded by
O (K*(K*md -+ m®p+m"*(mp* + D)L + p)* + K*m*p(L + 7)) .

The reason we want this relaxed notion of locally well-conditioned is that, this captures the behavior
of a Gaussian measurement. First note that:

Lemma E.15. Let p be a distribution on R%. Let T = Tipye + N(0, OQId) be a Gaussian measure-
ment of Tirye ~ p. Let pz(x) be the posterior distribution of x given T. Then, for any 6 € (0,1)
and §' € (0, 1), with probability at least 1 — §' over T,

Pr [x € B(z,r)]>1-9¢
T~pg
forr = o(\Vd+ /2log ).
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Algorithm 2 Sampling from p(z | o, y) given an extra Gaussian measurement

1: function GAUSSIANSAMPLER(p : R — R, 29 € R?,y € R™, A ¢ R™*% p, o € R)
2: Let py, (7) := p(z | 2 + N(0,0%1,) = w0).
3: Use Algorithm 1, return

POSTERIORSAMPLER(py,, Y, A, 7).

4: end function

Again, we defer its proof to Section E.5. This implies the following lemma.
Lemma E.16. For § € (0, 1), suppose p is a distribution over R? such that

Pr [Vz € B(z/,R): —LI; < V?logp(z) < (1?/R*)14] > 1—4.
x/~p
Given a Gaussian measurement xo = = + N(0,02%1,) of © ~ p with
o< R
~ 2Vd+ \/2log(1/8) + 21

Letxg = 2+ N(0,0%1,), where x ~ p. Then, suppose R. with probability at least 1 — 30 probability
over T, Py, is (6,0(v/d + /4 log 1), R/2,2L0? + 2, 513) locally well-conditioned.

Proof. Let us check the locally well-conditioned conditions with 8§ = xy one by one. The concen-
tration follows directly from Lemma E.15, incurring an error probability of 4.

By our choice of o, we have that
R
Pr [on —zI< 2} >1-4.

Therefore,
Pr [Va € B(xo, R/2) : —LI; < V*logp(z) = (1*/R*)14] > 1 — 26.
By direct calculation, we have that
1
—LIy 2 Vlogp(z) X (T°/R*)la = —(L+1/0%)1q < Vlogp(x) = (7°/R* = —5)Ia
By our choice of o, we have that whenever —L1; < V2 logp(x) < (72/R?)1,,
1 1
2 2
—(2Lo" + 2)ﬁjd < Vlogp(z) = —ﬁld

This satisfies the Lipschitzness and the strong log-concavity condition by giving an additional error
probability of 26. O

This gives us the main lemma for our local log-concavity case:
Lemma E.17. Forany é,¢,7,0, R, L > 0, suppose p(x) is a distribution over R such that

Pr [Va € B(2/,R): —LI; < V*logp(z) = (1?/R*)14] > 1—4.
' ~p

Hf:}””. There exists

~ (1 (p*((m*p*+1)d®+m?p* +dm) m
K§O<€5< NG +E+logd :

such that: suppose R?> > (Kp—z‘/m +47)0? and € 5eore < m, then Algorithm 2 samples from a

Let p =

distribution p(x | xg,y) such that
D [TV(p(z | z0,),p(w [ 0,y)) < ] 21— O(9).

Furthermore, the total iteration complexity can be bounded by

9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? 4 p* + 1)) .
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Algorithm 3 Competitive Compressed Sensing Algorithm Given a Rough Estimation

1: function COMPRESSEDSENSING(p : R? — R, 29 € RY,y € R™, A ¢ R™¥4 5, R € R)
2 Leto = R/4.

3: Sample z{, = zo + N (0,0%1).

4 Use Algorithm 2, return

GAUSSIANSAMPLER(p, x), y, A, 1, 0)

5: end function

Proof. Combining Corollary E.10 with Lemma E.16 enables us to apply Lemma E.14 and proves
the lemma. O

Expressing this in expectation, we have the following theorem.
Theorem E.18 (Posterior sampling with local log-concavity). For any e, T, R, L > 0, suppose p(x)
is a distribution over R such that

Pr [Va € B(z/,R): —LI; < V?logp(z) < (1?/R*)14] > 1—e.

z/~p

Let p = 1212 There exists

n
(1 ((m2p4+1)d3+m3p2+dm) m
K<O<€5< N +E+logd .

such that: given a Gaussian measurement o = z+N(0,021;) of x ~ p with R? > (K[;#JMIT)JQ,

and € seore < m then Algorithm 2 samples from a distribution p(x | xo,y) such that

E [TVl | z0,),p(x [ 0, y))] S &

Furthermore, the total iteration complexity can be bounded by
9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? 4 p* + 1)) .

This gives us Theorem 1.2:
Theorem 1.2 (Posterior sampling with local log-concavity). For any ¢, 7, R, L > 0, suppose p(x)
is a distribution over R® such that

Pr [Va € B(2/,R): —LI; < V*logp(z) X (1?/R*)14] > 1 —e.

z’~p

. A A
Then, there exist K1, K3 = poly(d, m, I n””, 1) and K3 = poly(d, m, I 77"”7 1 Lo?) such that:
Given a Gaussian measurement o = = + N(0,0%14) of x ~ p with o < R/(Ky + 27). If
Escore < K%ﬁ then there exists an algorithm that takes K3 iterations to sample from a distribution

p(x | xo,y) such that
E [TV(]/)\(.’E | m07y)7p(x | 'r07y))] 5 €.

Y,To

E.3 Compressed Sensing

In this section, we prove Corollary 1.3. We first describe the sampling procedure in Algorithm 3.
Now we verify its correctness.

Lemma E.19. Forany 5,7, R, R, L > 0, suppose p(z) is a distribution over R? such that
Pr [Va € B(z',R'): —LI; < V?logp(z) = (t/R')*14] > 1— 6.
x/~p

A .
I nHR. There exists

N 2 ((m2p* + 1) &3 3 2
K§O<1 (p ((m2p* + 1) d® + m?p +dm)+m+logd>>.

Let p =

52 Jm d
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such that: suppose (R')? > (Kp—‘ém +47)R? and €geore < m, then conditioned on ||xg — z||<
R, Algorithm 3 of Algorithm 3 samples from a distribution p (depending on x(, and y) such that

Pr [TV(5, p(e | 2+ N(0,02Ly) = 7, Az + € = y)) < 6] > 1 O().
T4,y
Furthermore, the total iteration complexity can be bounded by

9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? + p* + 1)) .

Proof. This is a direct application of Lemma E.17. The sole difference is that z{, follows o +
N(0,0%1,) instead of  + N(0,021,). Because ||zg — z||< R, x{, remains sufficiently close to =
for the local Hessian condition to hold, so the proof of Lemma E.17 carries over verbatim. O

Now we explain why we want to sample from p(z | z+N(0,0%1,) = z{, Az +& = y). Essentially,
the extra Gaussian measurement won’t hurt the concentration of p(z | y) itself. We abstract it as the
following lemma:

Lemma E.20. Let (X,Y) be jointly distributed random variables with X € R%. Assume that for
somer >0and 0 < <1

Pr [ X-X|[<r] > 1-4
Y, X~p(X|Y)

Define Z = X + € where ¢ ~ N(0,021,) is independent of (X,Y). If

o > T
- 257
thenfor)?rvp(X | Y, Z) one has
Pr [|X —X|| <] > 134

I

Proof. Fix Y and draw an auxiliary point X ~ p(X | Y). Let Z’ = X + ¢’ with & ~ N(0,021,)
independent of everything else. On the event

E={|X-X|<r},

Z and Z' are Gaussians with the same covariance ¢21; and means X and X. Pinsker’s inequality
combined with the KL divergence between the two Gaussians gives

- X - X| r
2 2y < | BTN
TV(N(X,O’ Id),N(X,O' Id)) ~ 2% =5, = 5

Hence
TV(L(Y, X, 2),L(Y, X, Z')) < Pr[E|+6 < 25,

because Pr[E¢] < § by the hypothesis on p(X | V).

By construction,
PX|Y)=Ezpyp(X |Y,2'),

SO
_Pr NX-X|<r] > 1-54.
v, 2/, R~p(X|Y,2")

For the set A = {(Y, Z, X) : | X — X|| > r} the total-variation bound gives

| Pr_[A]— Pr_[A] <20,
Y,Z, X v,z , X

whence R
Pr [|[X-X||<r] >1-6-25=1-30. O
X

IRk

This implies the following lemma:
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Lemma E.21. Consider the random variables in Algorithm 3. Suppose that

o Information theoretically, it is possible to recover T from y satisfying || T — x| < r with
probability 1 — § over x ~ p and y.

e Pr{ljlzo —z|| <R} >1-4.

Then drawing sample T ~ p(z | © + N(0,0%1,) = x, Az + & = y) would give that
Pr||lz —z||< 2r] > 1 — O(9).

Proof. By [JAD"21], the first condition implies that,

Pr [z —2[|<2r] > 124

z,y,2~p(z|y)
Then by Lemma E.20, suppose we have 2’ = x + N(0,021,), then

Pr [lz —Z||< 2r] > 1 — 64.
z,y,B~p(z|y,a+N(0,0214)=z")

Note that whenever ||z — x¢||< 7, we have

TV(2' | z,z0, 2 | ,20) <&

This proves that

Pr [lz —Z||< 2r] > 1 — 64.
z,y,2~p(z|y,z+N (0,02 14)=x()

O

Lemma E.22. Consider attempting to accurately reconstruct x from y = Ax + €. Suppose that:

o Information theoretically, it is possible to recover T from y satisfying ||T — x| < r with
probability 1 — § over x ~ p and y.

* We have access to a “naive” algorithm that recovers xq from y satisfying ||xo — z|| < R
with probability 1 — § over x ~ p and y.

_ AR

Let p = P There exists

~ (1 (p*((m*p"+1)d®+m3p*> +dm) m
K§O<62< NG +E+logd .

such that: suppose for R' = (R/6) - K/}éﬁ + 4T,

Pr [Vz € B(z/,R') : —=LI; < V?logp(z) 2 (1/R')*14] > 1 —0.

x/~p

Then we give an algorithm that recovers T satisfying |T — x| < 2r with probability 1 — O(9), in

A|R . . .
poly(d, m, %, %) time, under Assumption 1 with €score < W(R/é)'

Proof. By our assumption and Lemma E.19, we have that we are sampling from p(z | z +
N(0,0%1;) = z{, Az + & = y) with § TV error with 1 — O(J) probability. By Lemma E.21,
this would recover x within distance 2r with 1 — O(0) probaility. Combining the two gives the
result. O

Setting 7 = 0 would give Corollary 1.3 as a corollary.
Corollary 1.3 (Competitive compressed sensing). Consider attempting to accurately reconstruct x
fromy = Ax + £. Suppose that:

* Information theoretically (but possibly requiring exponential time or using exact knowledge
of p(x)), it is possible to recover T from y satisfying || — x|| < r with probability 1 — ¢
over x ~ p and y.
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* We have access to a “naive” algorithm that recovers xq from y satisfying ||xo — z|| < R
with probability 1 — § over x ~ p and y.

. _ IAIR 1
For R' = R - poly(d,m, al (15)
Pr [Vz € B(z/,R'): —LI; < V?logp(z) 2 0] > 1—6.

x/~p

Then we give an algorithm that recovers T satisfying ||Z — x|| < 2r with probability 1 — O(J), in
AIR 1
n 76

poly(d, m, ) time, under Assumption 1 with €ope <

1
poly (d,m, 12 L 1 p2) R’

E.4 Ring example

Let w € (0,0.01) and let py be the uniform probability measure on the unit circle S* = {z € R? :
||z||= 1}. Define the circle—~Gaussian mixture

[

1 [ 1 . (_ ||z — (cos 8, sin §)

p(@) = (pox N(0,wD2))(x) = 902

— de, € R2.
21 Jo  2mw? ) o

Lemma E.23. For any x € R? with radius r = ||x||> 0, the Hessian of the log—density satisfies

1 1
(2w4 o wQ)IQ’ 0<r<w?
2
\% logp(x) j 1 %)12, U}2 <r S 17

wir  w
0, r>1.

Proof. Rotational invariance gives p(z) = p(r) with

1 r? 41 r
p(r) = 2mw? exp(— 2uw? )Io(ﬁ)’ rz0.

Write f(r) = logp(r) and set z = r/w? > 0. Using I}(2) = I1(z), we get the first and second
derivatives:

—r+I1(2)/Ip(2) 1 Iy(2)12(2) —Il(z)Q.

f/(T') - 2 s f//(’l") = T3 + 'LU4IO(Z)2

w w

For r > 0, the eigenvalues of V2 log p are

7'(r)

r

Ar(r) = f"(r),  M(r) =

The Turén inequality I (2)? — In(2)I2(2) > 0 implies A\,.(r) < —1/w?; thus, the largest eigenvalue
is )\t (’]")

Since I1(z)/Io(z) < 1forall z > 0and I1(2)/Io(z) < z/2for 0 < z < 1,

1 1
-+ —, 0<r<w?
M) = -+ - ) T
)= ——— 4
: w2 w?r Iy(z) —EJFE, w? <r<1,
0, r>1.
O
Lemma E.24. For every x € R?, we have
1
2
\Y% logp(x) = —EIQ-
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Proof. Write u = (cos 0, sin @) and

@) = — /27r 1 e/t g
21 Jy  2mw?

Differentiating under the integral gives

Valo) = [ (~75") gr gmame I 40 = - p(e) (o~ Bl | ),

w? /) 27 2mw?
” Bl 2]
r—Elu|x
Viogp(x) = -

Differentiating once more,

I 1

2 _ 2
Velogp(z) = 2 + EVE[U | z].

A standard score—covariance identity shows

T—u 1

VE[u|z] = Cov ya(u, ?) =3 Cov )z (u),

hence

Since Cov | (u) = 0, it follows that

1
Vilogp(z) = — —
w
as claimed. O

Lemma E.25. For any w € (0,1/2), we have that

1 1
mIIDNrp Vo € B(z',1/2) : _Eld < V?logp(z) < ﬁld > 1 — e 1/,
Proof. Note that
2
Pr [||z]|> 3/4] > 1 — e~ /w7,
T~p

The rest follows by combining Lemma E.23 and Lemma E.24. O

Hence, we can apply Theorem 1.2 on our ring distribution p and get the following corollary:

Corollary E.26. Let A € RE*2 be a matrix for some constant C' > 0. Consider x ~ p with two
measurements given by

rog =12+ N(0,0°L) and y= Az + N(0,n°I).

Suppose ||Allw/n = O(1). Then, if 0 < cw and score < cw™" for sufficiently small constant
¢ > 0, Algorithm 2 takes a constant number of iterations to sample from a distribution p(x | xo,y)
such that

Zo,Y

E.5 Deferred Proof

Lemma E.8. Ler X, Y, and Z be random vectors in R, where Y = X + N(0,0%1,) and Z =
X + N(0,021,). The conditional density of Z given'Y, denoted p(Z | Y), is a multivariate normal
distribution with mean

pzyy = o03(o7 +03)7'Y
and covariance matrix
Sz)y = 03(07 +03) o7

Then, the gradient of the log-likelihood log p(Z | Y') with respect to Y is given by

1 _
Vylogp(Z |Y) = = (Z—03(07 +03)7'Y).
1
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Proof. Since Z | Y ~ N (piz}y, Xz|y ). the log-likelihood function is
1 _
logp(Z |Y) = ) ((Z - NZ\Y)Tzzﬁy(Z — pz)y) +logdet(Xzy) + dlog(%)) .
To compute the gradient with respect to Y, we focus on the term involving pz[y:

—% ((Z - MZ|Y)T2§|1y(Z - MZ|Y)) .

Differentiating with respect to Y gives:
Vy [(Z - ,UZ|Y)TZE‘1y(Z - ,UZ|Y)} = —QZ}ﬁy(Z —piz)y) - Vypizy.
Since jizy = 05(0F + 03) 'Y, we have
Vylzy =03(0f +03)" "
Thus, the gradient becomes
Vylogp(Z |Y) = —Zgﬁy(Z —fizy) - 03(0f +03) 7

Substituting the inverse of the covariance matrix Y 7y, we get
1
-1 _ 2 2
ZZ\Y =52 (‘71 +U2) )
1
and the final expression for the gradient is

1 _
Vylogp(Z |Y) = - (Z —o3(o7 +03)7'Y).
1

Lemma E.12. Let p be a probability density on R%. Fix 0 < r < R and 6 € R? such that
Pr [z € B(#,r)] > 0.9, Vi —logp(z)) = al; (x € B(,R)), a > 0.
z~p

If R > 4dr, then there exists 0’ € B(0,4dr) with V log p(6') = 0.

Proof. By Lemma B.13, there is a normalised density ¢ satisfying V1ogq = Vlogp on B(f, R)
and such that log ¢ is a-strongly concave on R?. The difference log p — log ¢ is therefore constant
on B(6, R); hence

p(z) =Cq(z)  (z€B(0,R))
for some C' > 0.

Let u = argmaxq; strong concavity gives Vl1ogq(x) = 0 and uniqueness of p. Assume for
contradiction that ||y — 0]|> 4dr. Set A = 2r /|| — 0||< 1/(2d) and define

T(z) = (1 =Nz + Ap.
Then det D7 = (1 — A\)? and 7(B(6,7)) = B(¢',(1 — \)r) with ¢ = 7(0) C B(#, R). Along
any ray starting at u the function t — log g(p + t(x — p)) is strictly decreasing for ¢ > 0; hence
q(7(x)) > q(z) for every x.
A change of variables yields
Pr[B(#', (1 —\)r)] = / q(t(z))(1 = N4dx > (1 = N\ Pr[B(6,r)].
4 B(0,r) q
Because A < 1/(2d), (1 — \)¢ > e~1/2 > 0.6. Multiplying by C and using p = Cqq on B(6, R)
gives
Pr[B(¢,(1 — \)r)] > 0.6 Pr[B(6,r)] > 0.54.
p p

The two balls B(6,r) and B(¢’, (1 — M\)r) are disjoint, so 1 > 0.9 + 0.54, a contradiction. Thus
[l — 0||< 4dr.

Because 4dr < R we have u € B(6, R) and here V log p = V log ¢; consequently V log p(u) = 0.
Putting 8’ = u completes the proof. O

48



Lemma E.15. Let p be a distribution on R Let T = Xppye + N(0, O'2Id) be a Gaussian measure-
ment of Tirye ~ p. Let pz(x) be the posterior distribution of x given T. Then, for any 6 € (0,1)
and §' € (0, 1), with probability at least 1 — &' over I,

Pr [x € B(z,r)]>1-9¢

T~PE

forr = o(Vd+/2log ).

Proof. Let Q(Z) = Pry~p. [||x — Z||> r]. We want to show that with probability at least 1 — ¢’ over
z, Q() < 4. This is equivalent to showing that Prz[Q(z) > 4] < ¢'.

We use Markov’s inequality. For any ¢ > 0:

Pr[Q(F) > 6] < m

Thus, it suffices to show that Ez[Q(Z)] < §¢'.
Let’s compute Ez[Q(7)]:

EIQ(#)] ~ E [ [ g)d%]
) /p(%) </nxlz|>rp(x1 | f)d””) di
B / </|I1E||>Tp(x1,§)dxl> dz.

Using p(x1,%) = p(T | z1)p(z1), we can change the order of integration:

IEE[Q(E)] = /P(fl) </I~— - p(T | xﬁd%) dz.

Given z1, the distribution of Z is N (z1,02%1,). Let Z = T — x1. Then Z ~ N(0,021,). The inner
integral is Pryn(0,021,)[||Z]|> 7]. Let W = Z/o. Then W ~ N(0, ;). The inner integral be-

comes Pg(r/o) = Privono, 1) [IIW|> 7/0]. So, Ez[Q(Z)] = [ p(x1)Ps(r/o)dxy = Pg(r/o).

We need to show Pg(r/o) < §§’. We use the standard Gaussian concentration inequality: for
W ~ N(0,I4)and t > 0,

Pr[|W|> Vd+1t] < e /2.
We want Pg(r/o) < 66'. So we set e=t"/2 = §§'. This implies ¢2/2 = log(1/(68")), so

21log(1/(6d”)). This choice of ¢ is real and non-negative since §,6’ € (0,1) implies
66" € (0,1), so log(1/(66")) > 0. We set /o = V/d +t = v/d+ /21og(1/(6")). Thus, for

r=o (\/c?—f— +/2log ﬁ), we have Pg(r/o) < 4.
With this choice of , we have Ez[Q(Z)] < §¢’. By Markov’s inequality,

~ EzlQ(x)] _ 60" _
P%r[Q(a:) > 5} < f < T =

§.
This means that Prz[Q(Z) < §] > 1 — §’, which is the desired statement:

Pr| Pr[llz—-2|<r]>1-6] >1-0"

 |z~p
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F Why Standard Langevin Dynamics Fails

As discussed in Section 3, after we get an initial sample Xy ~ p on the manifold, a natural attempt
to get a sample from p,, is to simply run vanilla Langevin SDE starting from X:

dX, = (?(Xt)+n‘2AT(y—AXt))dt+\/idBt, Xo ~p (13)

where $(z) is an approximation to the true score V log p(z). We now show that under any L? score
accuracy assumption, the score error could get exponentially large as the dynamics evolves.

Averaging over y does not preserve the prior law. We first consider the simplest
one—dimensional Gaussian case of (13). Suppose p = N(0,1), A = 1, and noise £ = N(0,7?);
soy ~ N(0,1+ n?). Then with the perfect score estimator 5(X;) = Vlogp(X;) = —X;, (13)
reduces to

dX, = (—Xt+n_2(y—Xt))dt+\/§dBt, Xo ~ N(0,1). (14)

Recall that the hope of guaranteeing the robustness using only an L? guarantee is that at any time
t, averaging X; over y will preserve the original law p. We now show that this hope is unfounded
even in this simplest case.

Lemma F.1. Let X, follow (14). Averaging over y ~ N(0,1 + n?), X, is Gaussian with mean 0

and variance
1— e—Qat (1 _ e—at)?

@ + 1472

Var(X;) = e 2 +

— )

1+7]2
02

2In2
> 1. In particular, Var(X;) = 1 — 5+ at time t* := nn

where o := S5 12

Proof. Write the mild solution of (14):

t

t —at t
]_ _
X, = Xoe*aun*zy/ e—o(t=9) ds+\/§/ e—o(t=9) g B, = Xoe*“t+%7e+\/§/ e=o(t=%) 4B,
0 0 n « 0

Because X, B are independent of y, conditional moments are

1— efat
%7, Var(X, | y) = e 2 4
n e @

1— 672(11‘/
E[X: [y] = S

Applying the law of total variance with Var(y) = 1 + n? gives the stated formula.

Since X and B are independent of y, conditioning on y gives
at 1— e—2at

1—e™ _2a
EX |y) = 45—,  Var(X|y) = e >+
n a a
By the law of total variance and Var(y) = 1 + 2,

1— 672at (1 _ efat)Z
e 1472

Var(X;) = e 2o +

Using a = (1 + n?)/n? and simple algebra, this simplifies to

2 e—at(l _ e—(xt)

Var(X;) =1 T2

b

which is at most 1 and attains 1 — 1/[2(1 + n?)] when e=®* = 1/2, that is at t*. O

Thus Var(X,;) first shrinks below 1 (by a constant factor bounded away from 1 when 7 is small) be-
fore relaxing back to equilibrium. The phenomenon is harmless in one dimension but is catastrophic
in high dimension.
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High-dimensional amplification. Let p = N(0, 1), take A = I, and set > = 0.1. Then with

the perfect score estimator, (13) reduces to

dX; = (thJr?fz(nyt))dtJr\@dBt, Xo ~N(0,14).

2In2
By Lemma F.1 applied coordinatewise, at time t* := % averaging over y yields
n
Xix ~ ppe = N(0 0'21,1) with 02:1_;22
t tr ) TRt

5)

Hence X+ is exponentially more concentrated in high dimension. We next show that this concen-

tration amplifies score-estimation errors exponentially with the dimension.

6
Lemma F.2. Let p = N(0, 1) and let py = N(0,0°14) with 0% = e For any finite k > 1 and

0 < & < 1, there exists a score estimate 5 : R% — R% such that
Eonp[lI5(z) — Viogp(a)||*] < &,
yet
Pr (|[5(z) — Viogp(z)|> e“’e) > 1 —2e
TAPy*

for some constant ¢ > 0 depending only on k.

6
Proof. Fixk > 1and0 < e < 1. Leto? = € (0,1) and choose p € (0, min{1/2, 1/0% — 1}).

Define the shell
S, = {m eRY: |||lz]?—0%d]| < pJQd}.

Write m := Pryp[z € S,] and ¢ := Pry.p,. [z € S,]. Since || X||?/o? ~ X2 under p;, the

chi-square concentration inequality Lemma A.11 gives

2d
q > 1—2exp<—p8> .

Since (1 + p)o? < 1, the Chernoff left-tail bound for x? yields

m < wlil;)[”:cHQg (14 p)o?d] < exp(—Id), I:= %((1 +p)o® —1—In((1 +p)02)> > 0.

Choose any unit vector u and set
e(r) == M1s,(z)u, S(z) :== Vliogp(z) + e(x), M :=em
Then
JE I5() = Vieg p(a)["] = E [lle(@)||*] = M*m = .

Moreover |e(z)||= M on S,, hence

Pr [||s(z) — Vlogp(z)||> M]= Pr [xeS,]>1- 2¢ " /8,

TP* T Pex

Using m < e~ 14 we have M = em =/ > ¢ elI/F)d_Setting
I p?
:=miny —, — ¢ >0,
c mm{ R }
which depends only on o and k, gives

Pr [||s(z) — Viogp(z)||> e“te] > 1— 2

TAPpx

This completes the proof.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Yes, the main claims are all reflected in the scope and contributions, as dis-
cussed in the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss limitations of our algorithm and theorems in the introduction.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

e The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The main paper contains proof overviews, and the appendices contain the full
rigorous versions of all proofs of all stated lemmas and theorems.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide details for reproducing the experiments in the paper.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide open access to the code. The datasets we use are open access.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide all details for the experiments in the paper
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We report error bars where relevant.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide information about the compute needed in the paper.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The authors read through and reviewed the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: Our contribution is domain-agnostic foundational research, so a detailed
societal-impact discussion would necessarily be high-level and speculative. We do not
believe it would be a useful use of reviewer time.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We are not releasing data or models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All the assets are properly credited and the license and terms of use are ex-
plicitly mentioned and properly respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA] .
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: There is no LLM usage in the core methods in this research.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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