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Abstract

We study a stochastic multiple-play multi-armed
bandit (MAB) problem under semi-bandit feed-
back, where a decision maker selects K arms
from the set of M arms under the fairness con-
straints requiring that each arm should be selected
at least a predefined fraction of time. The objec-
tive is to maximize cumulative expected rewards
while satisfying the fairness constraints. Under
mild conditions, we characterize an optimal policy
of the fair multiple-play MAB problem and pro-
pose a class of algorithms, called Fair-MMAB(K),
based on this characterization. We show that Fair-
MMAB(K) satisfies the fairness constraints at
each time step, regardless of any choice of UCB
index, and achieves an O(1) fairness-aware regret
when instantiated with UCB1 or KL-UCB. Nu-
merical experiments validate our theoretical find-
ings and demonstrate that FairMMAB(K) out-
performs existing fair multiple-play MAB algo-
rithms.

1. Introduction

As machine learning algorithms are increasingly deployed in
our daily lives, fairness has attracted significant attention in
the machine learning research community. Initially studied
in the context of fair classification, fairness considerations
have expanded to more complex settings, including fair
recommendation and ranking systems.

Recommendation systems are typically trained on user in-
teraction data, such as clicks or purchases, to predict user
behavior patterns. However, as users tend to follow the
recommendations provided by these systems, the systems
in turn influence user behavior, thereby creating a feedback
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loop between users and the system. Such feedback loops can
exacerbate existing biases when the recommendation sys-
tem is unfair, potentially leading to discriminatory outcomes.
Indeed, discrimination in online advertising was reported as
early as in 2013 (Sweeney, 2013) and more recent studies
have identified gender bias in music recommendations (Fer-
raro et al., 2021) and Facebook job advertisements (Imana
et al., 2021). These findings highlight the importance of
ensuring fair item exposure in recommendation systems.

This paper investigates fair item exposure in recommenda-
tion systems under a multi-armed bandit (MAB) framework.
In the standard MAB setting without fairness constraints,
a decision maker sequentially selects K arms from a set
of M arms based on past observations, with the goal of
maximizing the cumulative rewards without prior knowl-
edge of the reward distributions. When K = 1, the MAB
problem is referred to as a single-play MAB (SMAB) (Lai
& Robbins, 1985; Auer et al., 2002). When K > 2, it is
known as a multiple-play or combinatorial MAB (Anan-
tharam et al., 1987; Gai et al., 2012; Combes et al., 2015).
MAB problems are widely applied in various domains, in-
cluding online advertising, recommendation systems, news
feeds, clinical trials, routing, and cognitive radio networks
(Bubeck & Cesa-Bianchi, 2012; Cesa-Bianchi & Lugosi,
2006; Li et al., 2019).

In this paper, we study the problem of designing multiple-
play MAB algorithms that satisfy fairness constraints while
maximizing cumulative rewards. The fairness constraints
considered in the paper require that each arm be selected at
least a predetermined fraction of time as in (Li et al., 2019;
Patil et al., 2020; Liu et al., 2022). Our work extends the fair
single-play MAB framework, FAIR-LEARN, (Patil et al.,
2020), which achieves both constant regret and uniform
fairness (i.e., fairness constraints are satisfied at every time
step).

However, extending this framework from the single-play
setting to the multiple-play setting is fundamentally non-
trivial. The main challenge arises from the interaction be-
tween fairness constraints and the multiple-play setting. In
the single-play case ()X = 1), only one arm is selected in
each time step, and the evolution of selection counts across
arms is weakly coupled. In contrast, when K > 2, multi-
ple arms are selected simultaneously, which induces strong
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coupling among arm selection counts. Since fairness con-
straints are imposed on each arm individually, this coupling
significantly complicates the problem, requiring the deci-
sion maker to coordinate arm selections across all arms to
satisfy the fairness constraints and maximize cumulative
rewards.

In a standard MAB setting without constraints, the optimal
policy has a simple structure: selecting the top-K arms
with highest expected rewards. However, once fairness con-
straints are imposed, this top-K arm structure no longer
holds. Under fairness constraints, the problem remains rel-
atively simple when K = 1 because the decision maker
selects a single arm and only needs to identify the best arm.
In contrast, when K > 2, the decision maker must consider
combinations of arms that jointly satisfy fairness require-
ments while maintaining high rewards. This requirement
substantially increases the combinatorial complexity of the
problem, given the (% ) possible selections of K arms and
fundamentally complicates the design of optimal policies.

Our analysis further reveals that fairness constraints induce
a refined structural decomposition of arms (e.g., into three
subsets) which does not arise in the single-play setting. In
particular, our proposed fair multiple-play MAB framework
partitions the set of M arms into three subsets whereas
FAIR-LEARN in (Patil et al., 2020) partitions it into two
subsets (the best arm and the rest). Moreover, standard
single-play MABs and the multiple-play MAB without fair-
ness constraints also induce a two-set partition (top-K arms
and the rest). This demonstrates that the fair multiple-play
MAB setting exhibits a strictly richer structure and greater
sensitivity to the relative rankings, while still not a complete
ranking. This distinction reveals a fundamental structural
gap between our proposed fair multiple-play MABs and
FAIR-LEARN.

We briefly summarize our contributions as follows:

(i) We propose two classes of fair multiple-play MAB
algorithms, FairMMAB(K) and FairMMAB(K)-MF,
depending on the strength of fair exposure require-
ments. Both are simple and easy to implement.

(i) We prove that FairMMAB(K) satisfies uniform fair-
ness under any UCB index and achieves an O(1) re-
gret bound under commonly used UCB indices, UCB1
and KL-UCB. We also show that Fair-MMAB(K)-MF
satisfies uniform fairness under stronger fairness re-
quirements.

(i) Through numerical experiments, we demonstrate that
our algorithms outperform several state-of-the art fair
multiple-play MABs including LFG, UCB-LP, and
UCB-PLLP (Li et al., 2019; Liu et al., 2022) in terms
of fairness and regret.

2. Problem Formulation

There is a set of arms [M] = {1,2,--- ,M}. Let K be
a positive integer strictly smaller than M. A set of K
arms, {ai1,as,,...,ax | a; € [M], a; # a; fori # j},is
called by a super-arm. Since the set {a1, as,,...,ax | a; €
[M], a; # a; fori # j} can be uniquely expressed by a =
(a1, -+ ,ax) witha; < as < --- < ag, asuper-arm is rep-
resented by @ = (a1, -+, ax) in the whole paper instead
of {a, -, ax} with the convention that (a1, - ,ax) im-
plies a1 < as < --- < ag. Let Z be the set of all pos-
sible super-arms, Z = {(a1,as, ...,ax) | a; € [M]}, and
Ty the set of all super-arms containing the specific arm k,
Ip = {(a1,a2,...,ax) € T |a; = kforsome j € [K]}.
For given a = (a1, ag, - ,ax), wedenote i € aif i = ay,
for some 1 < k < K. For example, the set of arms {4, 1,5}
is equivalent to @ = (1,4,5) and 4 € a.

At each time step ¢, the decision maker selects a super-
arm, denoted by Z(t), which we also refer to as a rec-
ommendation list at time ¢. We assume semi-bandit feed-
back: when a super-arm a is selected at time ¢, each arm
i € a generates a random reward X;(¢) € [0, 1] drawn
from an unknown distribution with mean ;. We assume
that for each i € [M], the sequence {X;(¢)}¢>1 is inde-
pendently and identically distributed with mean 6;, and the
reward processes of different arms are mutually indepen-
dent. We denote by mgq_; the number of times that super-arm
a = (a1,a9, -+ ,ar) is selected up to time ¢ (including
t) and by n; ; the number of times that single arm i is se-
lected up to time ¢. Note that n;; = Zaez,; Mg Let
0 = (01, - ,0n). Without loss of generality, it is assumed
that1 > 6y >0 > --- > 0y > 0.

A policy, A, is a rule that decides Z(t) at each time ¢ based
on the history of selected arms and observed rewards. We
use mi " n;‘}t, or Z4(t) to explicitly mention policy A if
necessary.

Without any information on 6, the decision maker wants to
design a policy, .4, that maximizes the expected accumu-
lated rewards over the given time horizon 7', while simulta-
neously satisfying that each arm ¢ € [M] should be selected
at least |¢;T'| with ¢; > 0 for all ¢ over the time horizon
T. Recall that |y| is the biggest integer that is no more
than y. The fairness conditions are specified by a vector
¢ = (c1,...,cpr) and require that every arm ¢ should be se-
lected at least | ¢;T'| times. Note that the value ¢; specifies
the minimum fraction of times that arm ¢ should be exposed
or selected at least |¢;T'| times over 7. We assume that ¢;
is strictly positive for all ¢ € [M] and denote the fairness
constraints by ¢ = (¢, -+ , ).

If @ = (61, --,0k) is known, then the optimal policy
selecting a super arm can be found by solving the following
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maximization problem

Maximize Zma,T(aal + o+ 0a,) )
acl
subject to Z Ma,r > [T for k € [M]
acTy

0<mgr <Tforacl,

Zma’T =T.

acZ

Let my, 1 be the optimal solution of (1).

Since 0 is unknown to the decision maker, she wants to find
a policy A that minimizes the regret over time horizon T’
which is defined as

RAT) = mory 0= D Elmis] Y 6 (@)

acT k€a acT k€a

while satisfying the fairness constraints n;éT > |eT|
for all k € [M]. We call RA(T) by the c-fairness
aware regret which is the regret for our fair multiple-
play MAB setting. Note that RA(T) is different from
traditional regret of MABs without fairness constraints,
23:1 Zfil 0i — > act E[m:iﬂ > kca Ox since the opti-
mal policy always selects the K arms with the highest 6,
values when there is no fairness constraint. We use the re-
gret instead of the c-fairness aware regret for brevity in the
remaining of the paper.

Note that at the stage of problem formulation, the fairness
constraints do not require uniform fairness, i.e., nﬁt >
lext| forall t € [T) and all k& € [M] but only requires
nity > |e,T| forany k € [M]. Nevertheless, our proposed
algbrithms satisfy the stronger uniform fairness constraints,
as will be shown in subsequent sections.

3. FAIR-MMAB(K)

3.1. Optimal Policy and Fairness Aware Regret

Finding a closed-form solution to the optimization problem
in (1), m}, 1, is very challenging since the problem is an
integer program with (Alf ) variables. In general, solving an
integer program is NP-hard. A common approach is to relax
the integrality constraints and consider a real-valued opti-
mization problem. Specifically, one first solves the relaxed
problem and then converts the resulting solution into an
integer-valued one. To this end , we define 24,7 = £, 7.
Then (1) becomes a linear optimization (3) with constraints

(4)-(6):

Maximize Zxaj(ﬂal + o4 0,) 3)
ac’T

subject to Z Tar > forke[M], 4)
acly
0<zqr <1lforaci, 5)
> war =1 (©6)
acT

The linear optimization problem (3) with constraints (4) - (6)
has a unique optimal solution 7,  ((Boyd & Vandenberghe,
2004)). However, finding the closed-form expression for the
optimal solution remains still challenging due to the large
number of optimization variables, (% ), especilly when M
is large and K > 2.

Under mild and practical conditions, the optimal solution to
(3) is characterized in Theorem 3.1. All proofs are provided
in Appendices.

Theorem 3.1. Let ¢ = (¢, ¢a, -+ ,cpr) with ¢; > 0 for all
i. IfZ;-ViK c¢j < 1, then the optimal solution of (3) is

M . .
L=k i a=ag,
U if a=ag_,;
a,T K+1<j<M,
0 otherwise
where a3, = (1,2,..,K — 1,K) and ay_q; =

(1,2,.., K —1,j) for K+1<j <M.

We convert the real-valued 7y, , to the integer-valued mg, ;.

Corollary 3.2. If c; > 0 foralliand Y;" - ¢; < 1,

T - Zj‘\ilﬁl le;T] ifa=a},
mt g = Le; T fa=ay_,;,
’ K+1<j53< M,
0 otherwise.

The condition ¢; > 0 for all ¢ is mild. The primary
role of the fairness constraints is to ensure sufficient ex-
posure for arms with low expected rewards, namely those
in {K + 1,---,M}. Thus, requiring ¢; > 0 for i €
{K +1,---, M} is essential. In contrast, arms belonged
to the set € {1,--- , K} are naturally selected frequently as
the decision maker learns their high expected rewards over
time. Therefore, imposing ¢; > 0 does not significantly
restrict the problem. Moreover, when no prior information
on @ is available, it is common to choose ¢; > 0 for all  to
guarantee fairness in exposure.

The condition Z;‘i x ¢; < lisnot strong. It is satisfied by
several simple and practically relevant choices of ¢;. For
example, it holds if i) M ¢; < 1, i) ¢; < 4 for all



Submission and Formatting Instructions for ICML 2026

Algorithm 1 FairMMAB(K): ¢; <

Input: [M], (¢;)iepm
1: Initialize: 6; o = n; 0 = u;(0) = 0 for all i € [M].
2: fort =1to T do
3:  C(t) = { arms with K — 1 highest UCB indices
4. Fit)y={i¢Cl)| fi(t—1) >0}

where f;(s) = ¢;8 — n; 5.

)

1 .
M—K+1 for all ¢

5:  if F(t) # () then

6: t)= i t—1).
v(t) = arg Jnax filt—1)

7:  else

3: t) =arg max u;(t —1).
7(¢) = arg max it~ 1)

9: endif

10: Z(t) = C(r) U {(4(0)).
11:  Update n; s and 0; ,, , .
12: end for

i € [M], oriii) ¢; = ¢ < M%KH for all i € [M]. Such
choices are natural when there is no prior information on
6. In particular, since M is the total number of arms, the
condition ¢; < ﬁ for all 7 is often satisfied in practice,
which in turn implies ZJM:K ¢j < 1. When ¢; = cfor all ,

the condition ZJM: x ¢; < lisequivalent to ¢ < M+KH

Theorem 3.3. If ¢; > 0 for all i and ZJM:K ¢; <1, then it
holds that

K
Rf(T) = Z(ez — 0k )(T — E[n; 1))
iy
+ Y 0k — 0)(Elnyr] - T (D
j=K+1

Note that the first term Zf{:l (0; — 0k )(T — E[n; 7)) is the
regret incurred by selecting arm K instead of an arm 7 with
i < K. The second term Z;ZK_H(GK — 8;)(E[n;r] —
l¢;T']) represents the regret incurred by selecting arm j >
K instead of arm K.

3.2. Fairr-MMAB(K) Algorithm

We propose a class of algorithms, Fair-MMAB(K), in Algo-
rithm 1, based on the optimal solution mg, ..

Fair-MMAB(K) is based on u;(¢) and f;(t), the UCB index
and unfairness index of arm 4. The unfairness index, f;(t),
of arm ¢ at time ¢ is defined as f;(t) = ¢;t — n; . The UCB
index, w;(t), of arm ¢ at time ¢ is generally defined using
the empirical mean reward, éi,m,w obtained from arm ¢ up

1 Mgt .
> ool1 X s where

Nt

th selection.

to time ¢, which is given by émt =
X n, denotes the reward of arm ¢ at n

The main characteristics of FairMMAB(K) are as follows:
(1) it selects K — 1 arms using the K-1 highest UCB indices
and at most a single arm using unfairness indices and

(ii) the selection of K — 1 arms with the K — 1 highest UCB
indices precedes the selection of the remaining arm using
unfairness indices, thereby maximizing the total accumu-
lated reward. Note that if F'(t) = (), then Z(¢) consists of
the top-K arms with the K highest UCB indices.

Fair-MMAB(K) has several desirable properties. First,
Fair-MMAB(K) satisfies the uniform fairness property, i.e.,
n;¢ > |t for all ¢ and all ¢, regardless of the UCB in-
dex used. Second, FairMMAB(K) achieves an O(1) regret
upper bound, when either UCB1 index or KL-UCB index
is used. Third, Fairr-MMAB(K) is simple to implement in
that it uses only w;(¢) and f;(¢). The simplicity allows any
single-play MAB to be readily extended to a multiple-play
MAB satisfying the uniform fairness property.

Theorem 3.4 states the uniform fairness property of Fair-
MMAB(K).

Theorem 3.4. For given fairness requirements ¢ =
(c1,¢2,-++ ,em), if e €0, 7M_1K+1 ) for all i, then Fair-
MMAB(K) satisfies |c;t] < n;y for allt € [T] and all
i€ [M].

Sketch of Proof: The condition |cxt] < ny, is equivalent
to the condition ¢t — ny, < 1. Therefore, it is enough to
show that ¢t — n; < 1 holds for any £ and ¢. For this
objective, at each time step ¢, we define

W()’t = {k S [M] | th — ’I’Lk;’t < 0},
Wie = {ke[M]]gi—1 < et —nre < g},
forl < j < M- K+ 1 where ¢q; = mforog

j < M — K + 1, and show that (i) Vo ; = [M] and (ii)
Vit <M-K+2—jforal2<j<M—K+1and
‘/j,t — Ug;K+1W17t. D

Theorem 3.4 holds for any choice of UCB index, which
implies that using Fair-MMAB(K), any UCB-based single-
play MAB algorithm can be easily extended to a multiple-
play MAB satisfying n; ; > |¢;t] for all ¢ € [M] and all
t e [T].

Consider the condition that 0 < ¢; < M%KH for all 7. This
condition satisfies the assumptions of both Theorem 3.3 and
Theorem 3.4. We analyze the regret of FairMMAB(K) by
combining the closed-form expression of the regret R.(7T')
in Theorem 3.3 and the uniform fairness property in Theo-
rem 3.4.

For the regret analysis of FairMMAB(K), we consider two
well-known UCB indices from the UCB1 and KL-UCB
algorithms (Auer et al., 2002; Garivier & Cappé, 2011). We
will refer to the corresponding FairMMAB(K) algorithms
as Fairr-MMAB(K)-UCBI1 and Fairr-MMAB(K)-KL-UCB,
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respectively. The UCB1 index of arm i is given by

2Int
Nt

uit) = bin,, + @®)
for time ¢ > 1 and ¢ € [M] (Auer et al., 2002). The KL-

UCB index is the UCB index used in KL-UCB algorithm
proposed by (Garivier & Cappé, 2011), which is defined as

In(t1n" t) }

Tt

ui(t) = maX{ 4> 0, | d0in,, q) <

for t > 1 and some a > 0 where d(p, ¢) is the Kullback-
Leibler divergence. ! When ¢t = 0, we define u;(0) = 0 for
all ¢. For any p, ¢ € [0, 1], the Kullback-Leibler divergence
d(p, q) is given by d(p, q) = pln% +(1-p)ln % with
the convention, 0In0 =0, In 3 = 0, and zIn £ = oo for
any x > 0. We let u;(0) = 0 for all ¢ in either case UCBI
or KL-UCB index is used.

Theorem 3.5. Ifc; € (0, m) and c; is independent
of T for all i € [M)], then Fair-MMAB(K)-UCBI achieves
an O(1) regret upper bound for sufficiently large T and
satisfies the fairness constraints n;; > |c;t] for any arm
i € [M] and any time step t € [T.

Sketch of Proof: The basic ideas of the proof are: 1) for any
To < T, we can write R¢(T) = Re(To) + r(To, T), i) if
we properly select T, then we can show that (7, T) <
M, where M, is independent of 7" and depends only on
To. Such Ty(< T') can be found using fli>r£1<)“‘7t = 0. We
can interpret 7 as the learning time to discern good arms
from bad arms. The finiteness of r(7, T") comes from the
uniform fairness property and the term —|¢;7'| for K +1 <

j < Min (7). O

Theorem 3.6. If ¢; € (0, M+K+1) and c; is independent of
T for all i € [M), then Fair-MMAB(K)-KL-UCB achieves
an O(1) regret upper bound for sufficiently large T and
satisfies the fairness constraints n;; > |c;t| for any arm
i € [M] and any time step t € [T).

Sketch of Proof: The basic idea of the proof of Theorem 3.6

is similar to that of Theorem 3.5. The value of Toathat makes

r(Ty, T') bounded can be found using tlim w = 0 for
— 00

a=2. O

Typical cases that c; is independent of 7" include (i) when T'
is unknown and (ii) when ¢; is a constant independent of 7.

The work of (Patil et al., 2020) studies a fair single MAB
where the fairness constraints are n; ; > |¢;t| — o with

'Note that In(¢ In® t) = In(t+aInlnt). In (Garivier & Cappé,
2011), the authors use a = 3 for the proof of regret bound of
single-play KL-UCB algorithm and recommend to use a = 0 for
numerical experiments. We have used a = 2 in our proof and a =
0 in our numerical experiments following their recommendation.

a > 0 for all ¢ and ¢, where « controls the degree of the
unfairness tolerance. In this paper, we focus on the case
a = 0, which is consistent with several existing works on
fair MABs (Li et al., 2019; Liu et al., 2022). Under this
formulation, the fairness requirement is directly governed by
the parameters c;. Extending our results to the case a > 0
is straightforward.

When K = 1, FairMMAB(K) reduces to FAIR-LEARN
(with @ = 0) in (Patil et al., 2020). Specifically, FAIR-
LEARN selects a single arm with largest positive unfairness
index if any arm satisfies f;(¢ — 1) > 0, and otherwise,
selects the arm with the highest UCB index. For K > 2,
there are many possible extensions of FAIR-LEARN to the
multiple-play setting. Such extensions can be characterized
by choosing ny and ng such that ngy + np = K where
ny is the number of arms selected based on UCB indices
and n g is the maximum number of arms selected based on
unfairness indices. Moreover, the order in which these se-
lections are performed leads to different algorithms. Among
these possibilities, our proposed Fair-MMAB(K) adopts
ny = K —1and nyp = 1, selecting K — 1 arms using
the highest UCB indices first, followed by selecting the one
arm using unfairness indices. This design is motivated by
Theorem 3.1 and Corollary 3.2. Intuitively, prioritizing the
top K — 1 arms maximize cumulative rewards, while the
remaining selection ensures fairness.

Fair-MMAB(K) partitions the set of M arms into three sub-
sets, {1,2,--+ , K — 1}, {K}, and {K + 1,--- M}, as
characterized in Theorem 3.3. A standard multiple-play
MAB without fairness constraints partitions the arms into
two subsets: the top-K arms {1,2,--- , K'} and the remain-
ing arms {K + 1,--- ,M}. Although the multiple-play
MAB setting considered in this paper does not depend on
the ordering of arms within a recommendation list, the fair-
ness constraints implicitly induce a partial ordering among
the top-K arms: arms in {1,--- , K — 1} are selected more
frequently after sufficient learning, whereas arm K is se-
lected less frequently to meet the fairness requirements of
the bad arms { K + 1,--- , M }. In contrast, FAIR-LEARN
partitions the arms into two subsets, {1} and {2,--- , M},
which coincides with the structure of standard single-play
MABs without fairness constraints. This difference between
Fair-MMAB(K) and FAIR-LEARN indicates that fairness
requirements interact more intricately with the multiple-play
setting than with the single-play setting, resulting in a richer
structure and increased complexity.

4. Fair-MMAB(K)-MF

This section considers how to select K arms when there

exists at least one arm ¢ such that ¢; > 37—=7 I This
regime is more stringent than the case 0 < ¢; < M%K_H

for all ¢, as studied earlier. We propose Fai-MMAB(K)-
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Algorithm 2 Fair-MMAB(K)-MF: < Chax <

M- K+L i
L
M—K+L
Input: [M], (¢i)ie[m)
Initialize:
;.0 =0forall i € [M],
n;0 = 0forall i € [M],
u;(0) =0 for all i € [M].
fort=1to1 do
C(t) = { arms with K — L highest UCB indices
F(t)={i¢ C@)| fi(t —1) > 0}

)

where f;(s) = ¢;5 — n; 5.
B
(

)

nie = mind |F(1)], L}.
®p(t) = {i € F(t) | arms with np highest unfairness
indices f;(t — 1)}.
Do (t) = {i € F(t)\®r(t) | arms with L—np highest
UCB indices w;(t — 1)}
Z(t) = C(t) U ®x(t) U ®clt).
Update n; ; and émt

end for

MF (Multple unFairness indices), a class of generalized
algorithms for selecting K arms under these stricter fairness
constraints and analyze its performance.

for

_ o k—1 k
Let cpax = max c. Since MR i—T < —KTE

<i<
any positive integer k, there exists a unique integer L such

that

With this unique L, we have 0 < ¢; < M%KJFL forall 7 €
[M]. Note that the case of L = 1 corresponds to the setting
of Fairr-MMAB(K) in the previous section. FairMMAB(K)-
MF generalizes Fair-MMAB(K) and Fair-MMAB(K) can
be viewed as a special case of Fairr-MMAB(K)-MF with
L = 1. The pseudo-code of Fair-MMAB(K)-MF is given in
Algorithm 2.

Fair-MMAB(K)-MF selects K arms as follows;
1) Select K — L arms with the highest UCB indices.

2) Let np = min{|F'(t)], L}. Select nr arms with the
highest unfairness indices among those with positive
unfairness indices.

3) Select L — nr arms with highest UCB indices among
the arms which are not selected during steps 1) and 2).

If there are at most L arms with positive unfairness indices,
then FairMMAB(K)-MF selects all of them.

Recall the definition of nr and ny in the discussion of Sec-
tion 3.2: nr denotes the maximum number of arms selected
using unfairness indices and ng; denotes the number of arms
selected using high UCB indices. In Fairr-MMAB(K)-MF,

ngp = L and ny = K — L whereas in FairMMAB(K),
np = 1 and ny = K — 1. It implies that Fair-MMAB(K)-
MF selects more arms based on unfairness indices than
Fair-MMAB(K) in order to satisfy stringent fairness require-
ments. Moreover, since the value of ny in Fai-MMAB(K)-
MF is smaller than in FairMMAB(K), this suggests that
satisfying fairness requirements comes at the cost of reduced
cumulative rewards.

The set Pr(t) U P (t) in FairMMAB(K)-MF plays a
role analogous to {7(¢)} in FairMMAB(K). Similar to
Fair-MMAB(K), Fair-MMAB(K)-MF partitions the set of
M arms into three subsets. However, the partition of
the top-K arms differs: under FairrMMAB(K)-MF, the
top-K arms are partitioned into {1,2,--- , K — L} and

{K—-L+1,---, K}, whereas under Fai-rMMAB(K), they
are divided into {1,2,--- , K — 1}, {K}, after sufficient
learning.

Fair-MMAB(K)-MF, like Fai-MMAB(K), satisfies the uni-
form fairness property as stated in the following theorem.

Theorem 4.1. Let c; € [0, %) for all i € [M] and L be the
1 L

unique integer such that M_LT < Cmax < F—RTT
Fair-MMAB(K)-MF satisfies |cit| < n; ¢ for all i and all t.

Sketch of Proof: The proof is similar to that of Theo-
rem 3.4. At each time step ¢, we define W, = {k €
M]]qj—1 < ext—ngy < ¢;}for0<j<M-K+L
and show that (i) Vp; = [M] and (ii) |Vj41¢| < M — K +
L—jforL<j<M-— K+ Lwhereq; = mand
Vie= UM K+Lyy, .. Note that ¢; and the property of (ii)
are now dlfferent. O

5. Numerical Experiments

This section presents the results of numerical experiments
for FairMMAB(K) and Fair-MMAB(K)-MF. In all the ex-
periments, we set M = 8 and K = 3. For the reward gen-
eration of arm ¢, we use Bernoulli distribution with mean
6;. Recall that we refer to the arms {1,--- , K} as the good
arms and the arms {K + 1,--- ; M} as the bad arms. To
examine the effect of @, we consider two sets of 6; values.
The entries corresponding to the good arms are highlighted
in bold:

6, = (0.9,0.8,0.7,0.6,0.5,0.4,0.3,0.2), and
6, = (0.9,0.85,0.8,0.5,0.45,0.4,0.35,0.3).

Let Ai,j(e) =0; — 9j fori < j. In 04, Ai,i+1(01) =0.1
forall 7 € [M — 1]. In 0, Ai,i-{-l (92) = 0.05 for ¢ 7’5 K
and AK,K+1(02) = A374(02) =0.3.

This setting implies the following:
i) Under 0,, distinguishing the good arms, {1,2,3},
from the bad arms is more difficult than under 05, since



Submission and Formatting Instructions for ICML 2026

(a) when 8 = 6, (b) when 6 = 04

Figure 1. Rc(t) for FairMMAB(K)-UCB1

20 20
—— ¢=0.05 —— ¢=0.05
15 ¢=0.10 15 ¢=0.10

0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
T x10* T x10°

(a) when 8 = 6, (b) when 8 = 05

Figure 2. R(T) for FairMMAB(K)-KL-UCB

A374(01) =01< A374(02) =0.3.

ii) Under 64, identifying arm K among the good arms is
easier than under 65, since Az 3(01) = 0.1 > Ay 5(02) =
0.05.

For performance comparision, we use existing fair multiple-
play MAB algorithms, LFG in (Li et al., 2019), UCP-LP
and UCB-PLLB in (Liu et al., 2022). The existing algo-
rithms, LFG, UCB-LP and UCB-PLLP are designed to seek

asymptotic fairness satisfying litm inf @ > ¢; for all i.
—00
Appendix G provides a brief summary of LFG, UCB-LP,

UCB-PLLP and parameter settings for the plots.

5.1. Experiments for Fair-MMAB(K)

For Fair-MMAB(K), the fairness requirements are ¢; = ¢
for all ¢ € [M] with the choice of ¢ € {0.05, 0.10, 0.15}.
The value of ¢ € {0.05,0.10,0.15} satisfies the conditions
of Theorems 3.4-3.6,¢c; = c < M—1K+1 = % for all 7. Ad-
ditional experiments for non-constant ¢ for FairMMAB(K)
can be found in Appendix G.

5.1.1. REGRET OF FAIR-MMAB(K)

We first investigate the regret of FairrMMAB(K) and then
compare it with that of existing fair multiple-play MAB
algorithms.

Figures 1 and 2 exhibit the regret, R.(T"), of Fair-
MMAB(K)-UCBI1 and FairMMAB(K)-KL-UCB for 6 €
{61,05}. From Figures 1 and 2, we have the following
observations: (i) The graphs of R.(T") are bounded for all
choices of ¢ and 0, which verifies Theorems 3.5 and 3.6.

(i) A larger value of ¢ leads to higher R.(T) for sufficiently

—— FMMAB-UCB1 UCB-LP —— FMMAB-UCB1 UCB-LP
————— FMMAB-KL-UCB UCB-PLLP ----- FMMAB-KL-UCB UCB-PLLP
e LFG --- LFG
P Tl [ e
i 601 ¢
60 i
< S
S0 : STUE
® : :
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
T x10* T x 10

(a) when 8 = 64 (b) 8 = 65

Figure 3. Comparison of R¢(T") for FairMMAB(K) (¢ = 0.1)

large T' when ¢; = c for all . This observation suggests
the trade-off between fairness and performance (regret) for
large T'.

(iii) When t is large, we observe that R%: (t) > R (t) for
small ¢, whereas R9 () < R92(t) for large c. For small c,
identifying the good arms contributes more significantly to
the regret than identifying arm K. For high c, identifying
arm K contributes more significantly to the regret in the
following reasons. As c increases, the bad arm must be se-
lected more frequently to satisfy stricter fairness constraints,
suggesting the decrease in the selections of the good arms,
especially arm K which implies that identifying arm K
from the good arms gets difficult. Moreover under 65, iden-
tifying arm K" is more difficult than under 6.

(iv) Fair-MMAB(K)-KL-UCB has a lower regret than Fair-
MMAB(K)-UCB1, which is consistent with the well-known
fact that KL-UCB has a lower regret than UCB1 when there
is no fairness constraint (Garivier & Cappé, 2011).

We compare the regret of our proposed Fair-MMAB(K)
with that of the existing fair multiple-play MAB algorithms.
Figure 3 shows their regret graphs for 8 € {6,602} and
¢; = c¢=0.1for all s.

We observe that our FairMMAB(K)-UCB1 and Fair-
MMAB(K)-KL-UCB outperform the existing fair multiple-
play MAB algorithms. UCB-PLLP incurs the largest regret
among the considered algorithms, implying that UCB-PLLP
selects the bad arms frequently. In fact, this frequent selec-
tion of the bad arms is observed in Figure 4 which is to be
discussed in the subsequent Section 5.1.2.

Based on theoretical analysis, our algorithms and UCB-LP
achieve O(1) regret upper bound, whereas LFG and UCB-
PLLP achieve regret upper bounds of O(vVKMTInT)
and O(KvT InT), respectively. Although UCB-LP also
achieves an O(1) regret upper bound like our algorithms, it
fails to satisfy the uniform fairness property, whereas our
algorithms do, which is to be discussed in the subsequent
Section 5.1.2.
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(a) when 8 = 6, (b) when 0 = 605

Figure 4. Uniform fairness for Fair-MMAB(K) for ¢; = 0.1 for all
1 (pink line: y = 1): uniform fairness holds if _max] ¢ T—n;r <1

1€
for all T'.

5.1.2. FAIRNESS OF EXPOSURE OF FAIR-MMAB (K)

We examine the uniform fairness property, n;; > lcit]
for all ¢ and all ¢, of FairMMAB(K) and the existing fair
multiple-play MABs. Since the uniform fairness property
is not represented as an averaged quantity but as a property
for an instantiation, we do not use E[n; ;] but use n; , for a
specific instantiation.

Since n;; > |c¢;t] is equivalent to ¢;t — n;; < 1 (see
Lemma C.1 in Appendix C), it is enough to investigate
whether max;e(as ¢it — 1 ¢ < 1 holds for all ¢ in order to
check the uniform fairness property of FairMMAB(K).

Figure 4 plots the graphs of max;c(s ¢it — n; for 6 €
{61, 62} when ¢ = 0.1 (ie., ¢; = 1 for all 7). The
pink lines in the plots represent y = 1. The graphs of
max;e[ar ¢it — ny¢ of FairrMMAB(K)-UCB1 always lies
below the pink line of y = 1; Figure 4 verifies the uniform
fairness property of FairMMAB(K). The graph of UCB-
PLLB also lies below the pink line for all ¢. But the graphs
of LFG and UCB-LP lie above the pink line, y = 1,for
large ¢, which implies they do not have the uniform fairness
property.

We take a closer look at UCB-PLLP. As observed, UCB-
PLLP satisfies the uniform fairness property. In Figure
4, the value max;cpr) ¢;it — n; ¢ for UCB-PLLP remains
consistently below -5 for large ¢, suggesting that the bad
arms are frequently selected. Consequently, UCB-PLLP
incurs the highest regret among all considered algorithms,
as confirmed in Figure 3.

In contrast to UCB-PLLP, the graphs of Fai-rMMAB(K)-
UCBI1 and Fai-MMAB(K)-KL-UCB in Figure 4 stay below
1 but close to 1 as ¢ increase, indicating that the proposed
algorithms judiciously control the selection of the bad arms
while satisfying the fairness requirements. Such controlled
selection of the bad arms yields low regret as illustrated in
Figure 3.

UCB-LP
UCB-PLLP

—— FMMAB-MF-UCB1
«- FMMAB-MF-KL-UCB
—+ LFG

UCB-LP
UCB-PLLP

—— FMMAB-MF-UCB1
e~ FMMAB-MF-KL-UCB
—+- LFG

20 20
APy

Y

J

! o
M e

=

max ¢;T — n;p

i€[M]

P
max ¢;T — n; 7
i

€[M]
5

A PRI P Yo

0 25 5.0 70

T x10%

(a) when 8 = 0,

|
=
S

(b) when 0 = 60,

Figure 5. Uniform fairness of FairMMAB(K)-MF for ¢ =
(0.05,0.10,0.20,0.15,0.10,0.15,0.20, 0.25) (pink line: y = 1):
uniform fairness holds if ma}é( T —n;r < 1forallT.

i€[M]

5.2. Experiments for Fair-MMAB(K)-MF

We examine the uniform fairness property of Fair-
MMAB(K)-MF and the existing fair multiple-play

MABs. Recall that Fair-MMAB(K)-MF generalizes
Fair-MMAB(K) to handle stricter fairness require-
ments. The fairness requirements are given by ¢ =

(0.05,0.10,0.20,0.15,0.10,0.15,0.20,0.25). Note that
the bad arms have a stricter fairness requirement than
that of the good arms. In this case, cpax = 0.25 and
TFr=T < Cmax < g7 holds with L = 2, i,
+ < Cmax < 2.

Figure 5 plots the values of max;¢cas) ¢;t — n; ¢ over time.
The graphs exhibit behavior similar to those shown in Fig-
ure 4. Our algorithms and UCB-PLLP satisfy the uniform
fairness property whereas LFG and UCB-LP do not. The
graph of UCB-PLLP in Figure 5 takes lower values than the
corresponding graph in Figure 4 to meet the more stringent
fairness requirements.

6. Related Work

Fairness in MABs have been studied under various defini-
tions of fairness. In (Joseph et al., 2016), a variant of the
(single-play) UCB algorithm is proposed to ensure that an
arm with worse performance is never favored over an arm
with better performance with high probability, called merito-
cratic fairness. The work of (Wang et al., 2021) also studies
merit-based fairness of exposure and proposes single-play
MAB algorithms that ensure the exposure of each arm is
proportional to its expected reward.

Another widely studied notion of fairness requires each arm
be selected at least a predetermined fraction of time. This re-
quirement has been considered in (Li et al., 2019; Patil et al.,
2020; Liu et al., 2022) and is also adopted in this paper. The
works of (Li et al., 2019) and (Liu et al., 2022) study a com-
binatorial sleeping MAB (selecting at most K arms) prob-
lems under such fairness constraints. In (Li et al., 2019), Li
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et al. propose the LFG algorithm by integrating UCB-based
learning and virtual queue techniques, achieving a regret
bound of O(VKMT InT). In (Liu et al., 2022), Liu et al.
propose UCB-LP and UCB-PLLP which construct random-
ized policies based on UCB estimates. UCB-LP achieves an
O(1) regret bound, while UCB-PLLP, a low complexity ver-
sion of UCB-PLLP, achieves an O(K+/T InT') regret upper
bound. In contrast to these works, we consider a setting in
which exactly K arms are selected every time step and the
fairness constraints are satisfied at every time step (uniform
fairness). This is in contrast to (Li et al., 2019) and (Liu
et al., 2022) which allows fewer than K arms to be selected
and only require fairness to hold asymptotically.

Our work is close related to (Patil et al., 2020), which pro-
poses FAIR-LEARN, a fair single-play MAB framework
achieving uniform fairness and O(1) regret bound. We ex-
tend this framework from the single-play setting (K = 1)
to the multiple-play setting (X > 2). This extension is
fundamentally non-trivial due to the strong coupling among
arms induced by selecting multiple arms simultaneously.
Moreover the interaction between multiple-play and fair-
ness constraints leads to a substantial increase in combina-
torial complexity, making the problem significantly more
challenging. Our analysis reveals a qualitative structural
difference: our proposed algorithms partition the set of M
arms into three subsets, whereas FAIR-LEARN and and
standard single-play and multiple-play MAB algorithms
without fairness constraints induce only a two-set partition,
the set of good arms and the rest.

7. Summary

We propose Fair-MMAB(K) and its extension Fair-
MMAB(K)-MF for stronger fairness requirements. We
prove that Fair-MMAB(K) satisfies the fairness constraints
n; > |c;t] for all ¢ at every time step ¢ , regardless of any
choice of UCB index. Furthermore, we show that it achieves
a finite regret upper bound when instantiated with UCB1
and KL-UCB indices. We also prove that Fai-rMMAB(K)-
MF satisfies the uniform fairness property. Experimental
results demonstrate that the proposed algorithms, instanti-
ated with UCB and KL-UCB indices, outperform existing
fair multiple-play MAB algorithms in terms of both fairness
and regret, while ensuring uniform fairness and finite re-
gret bounds. Our framework assumes semi-bandit feedback,
where the decision maker observes the individual arms’ re-
wards whenever selected.

An interesting research direction for future work is to design
fair multiple-play MAB algorithms that achieve the uniform
fairness property and a finite regret bound under full-bandit
feedback where only the aggregate reward of selected arms
is observed.
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A. Proof of Theorem 3.1
Recall that @ = (a1, a2, ,ax) € Z and a;, € a for 1 < k < K. The unique optimal solution «* should meet the KKT
conditions (Boyd & Vandenberghe, 2004), which are the constraints of (4)-(6) and the following conditions
A (cr — Z Tar)=0 forl <k<M 9)
a€cTy
—UaTa,Tr =0 fora €7, (10)
Ba(Tar—1)=0 fora €T, (11)
YO @ar—1)=0 foracT, (12)
acl
K K
—ZGaj—Z)\ajfua+ﬂa+'y:0 foraeT, (13)
j=1 j=1

withy € R, \; > 0foralll € [M], pq > Oforalla € Z,and S, > Oforalla € Z.

By the constraint (4), Y
Therefore, (13) reduces

acTy, La,T > ¢y, for all k, it must hold that 24 7 < 1 for all a. Thus, by (11), B, =0foralla € Z.

K K
Y=tia+» 0o+ > A, forallacZ (14)

j=1 j=1
We guess that the super-arm (1,2, --- , K) will be very frequently selected to maximize the total sum of rewards. The
frequent selection of (1,2, , K) will yield large x4; 7 so thatboth xq: 7 > cxrand ) 7 Tar > ciforl <i < K—1

will be satisfied. From this observation, we first assume that Tar,, T > CK and ) acT, Tat = Ci forl <i¢< K —1,and
then, find the optimal solution x4 7 and dual variables under the assumptions. After finding them, we check whether or not
the assumptions and all of the KKT conditions are satisfied by the values of x4 7 and dual variables we have found.

Assume that ¥4: 7 > cx. By (10), f1q;. = 0 holds. Moreover, by (9), A, = 0 for k € [K] since ZaeIk Ta,T > Tai T >
CK.

Consider aj. If both fiq: = 0 and A\, = 0 for k € [K], then v = Zszl 0y, holds by (14).

Consider aj; _,; = (1,2--- K — 1,1) withl > K + 1. We have Paz,_,, = O0x — 0 — M\ by (14), v = Z,If:l 0, and
Ax = 0 for k < K. Following the requirement jiq > 0, we let pgx = 0forl > K + 1. Then \; = 0 — 6; holds for
K+1<I1<M. '

Consider a € {a}‘(,a*Kle with ! > K + 1}. There exists a unique integer m < K — 2 such that a,,, < K and
am+1 > K+ 1. Using v = Zle 0 and (14), we have

K K K
ta = 0= (D 0u+ D Aa) (15)
k=1 =1 =1

K m K
- Zek’_zoal_ Z (0o, + Aay) (A =0forl <k <K)
k=1 =1 l=m—+1
K
- Z Or — Z (Hal + Aaz)
1<k<K, k¢a l=m+1
K
> > 0k =00, — Aa)
I=m+1
K
= > Mg, (by (14))
I=m+1
= 0. (16)

11
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Since pq > 0, 24,7 = 0 holds by (10) for a ¢ {a}, ajy q,withl > K + 1}.

Now we are ready to find Tax.T and Taj_,,.T with [ > K + 1. Before finding them, we summarize the values found so far:
(i) zq,r =0 fora ¢ {a}(,aj(fl’l withl > K + 1}

(if) ¥ = Spr On

(iii) Bg = 0 for all a,

iv) \; = 0 — 0, for | > K + 1, otherwise, A\, = 0.

(V) o = O fora € {aj,ay_,; withl > K + 1}, otherwise, fiq is given by (15).

Consider (9), i.e., \j(¢; — Zaezl Zaqr) = 0forl > K + 1. Since 247 = 0 for a ¢ {a}, aj_,, withl > K + 1}, it
holds that ZaeL TaT = ZTar,_, 7 Hence (9) reduces to Ai(e — Tas. 1) =0.Since \; =0 — 0, > 0forl > K +1,
we have Tar T =0 for K +1<I<M.

Consider (6),1.e., ), c7 Za,r = 1. It holds that Tar. 7 =1~ Zl]V:[KH Tar 7 =1-— ZLIKH cbyusingre; 1=
¢ forl > K +1. ' ’

Finally we check whether the assumptions, Tay,, T > CK and ¢; < 5. acz; La,T for 1 < i < K — 1, indeed hold. For
1 < i < K — 1, note that ZaEL Zq,r = 1; the assumption ¢; < 1 = ZaEL- Zq,r holds. For k = K, we have

M . M
Y acTi TaT = Taz, 7 =1 =" € > cx by the assumption ) ,~ o c; < 1.
Now we have

M .
1= —gna ifa=aj,

ZTa,T = a ifa=aj ,withK+1<I<M,
0 otherwise.
Ba = OforacZ,
K
o= > bk
k=1
P 0 forl1 <k <K,
k= O — 0, forK+1<k<M,
0 ifa=ajora=aj ,,;withK+1<1<M,
fa Zle Ok — > pea(0x + Ax) otherwise.

It can be easily checked the values of x4 ¢, Ba, Ai, ta meet the KKT conditions.

B. Proof of Theorem 3.3
We derive (7). By definition of R (T'), we have
RAT) = W'=Y Emgr] (fa, + -+ bax)
acZ
K-1 M M
= 0T — Elnix)) + 0 (T — > aT| —Engr)) + > 0(laT] - Enr))
i=1 I=K+1 I=K+1
K M
= Y 6:(T—Eir) — > {0k — 0T + 0iE[ni 1]} (17)
=1 I=K+1

We rewrite Zf‘i x+11(0x —0)|aT] + 0,E[n; 7]} by adding and subtracting 0 E[n; 7] in the summand of the term;

M M
Z {((9}( — 91) LC;TJ + 6ZE[nl’T]} = Z {(9[{ — QZ)LCZTJ + 91E[nl$T] — QKE[TLI,T] + GKE[nLT]}
I=K+1 I=K+1
M M
= — Z (QK — 01)(E[nl,T] — LC[TJ) + 9[{ Z E[nlvﬂ. (18)
I=K+1 I=K+1

12
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Since we select K arms at each time step, the expected number of times the entire arms are selected up to time 7" is K7 In
other words, Zf\il E[n; ] = KT holds. Therefore, Zl]\iKH E[E; ] is given by

M M K
> Elugl = Y Eir]—> Elnigl
I=K+1 i=1 i=1
K
= KT - Elnir]
i=1
K
= > (T —Enizl). (19)
i=1
Combining (17), (18), and (19), RZ(T') can be written as follows.
K M K
RAT) = Y 60:(T—Eniz))+ Y (0x —0)(Elmr] — [aT]) — 6k > (T —Elnix))
i=1 I=K+1 i=1
K M
= Z(Gl — 0 )(T — E[nLT]) + Z (0 — 01)(E[nl7T] — |laT)). (20)
i=1 I=K+1

C. Proof of Theorem 3.4

Lemma C.1. The condition |cit] < ny . is equivalent to the condition cit — ny; < 1.

Proof. Let cxt = |cit| + hy for some 0 < hy < 1. If |ext] — ng < 0, then obviously ¢xt — ni; < 1 holds since
et —ngy = |ept] +h—nge < h < 1. Conversely, we prove that if ¢t —ny, < 1then |cxt] —ngy < 0. If et —ngy < 1,
then |cpt]| —ng, = cxt — hy —nge < 1— hy. Since |cxt| — ng, is an integer, the inequality |cxt| —ng . < 1 — hy implies
that [cxt| — ng,¢ < 0. We have proved Lemma C.1. O

Let g; = m for0 < j <M — K + 1. At each round ¢, we define Sy and Q)+ for 1 < j < M — K + 1 as below;
Wg,t = {k S [M] | cpt — Ner < O},
Wie = {ke[M][g-1 < at —nes < ¢;}

By Lemma C.1, if we show that ¢t — ng ¢ < 1 holds for any £ and ¢, then Theorem 3.4 is proved. To prove that
cxt —ngy < 1forall k € [M] and ¢, it is enough to show that (U;.ZBKH W; ) = [M] for any t. We will prove Lemma
C.2 using the mathematical induction.

Lemma C.2. LetV,, = Uf\i;KH Wi for0<j<M— K+ 1 Fort>1, it holds that

(a) Vo = [M]
(b) |Vie| <M —-K+2—jfor2<j<M-K+1.
To prove Lemma C.2, we need Lemma C.3 summarizing how W; ; changes after Fair-MMAB(K) is exected at time ¢. For

simple notation, we will use Z; instead of Z(¢) in FairMMAB(K) in this proof. Recall that A U B means a disjoint union
of Aand B (AN B = ).

Lemma C.3. Let Z,,1 be the set of arms selected at time step t + 1 by Fair-MMAB(K).

(a) Ifk € Zy11 N WO,t: then k € WO,t+1~

Wo,t+1 for1<j<M-K,
(b) Ifk' € Zt+1 n Wj,t: then k €
Wot UWi41 forj=M— K + 1.

13
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(c) Ifk' S WO,t \ Zt—i—l: then k € W07t+1 U W17t+1.
(d) Ifk S Wj,t \ Zt+1 for 1<5< M — K, then k € Wj)t+1 U Wj+17t+1.

Proof. Recall that ¢; < forall i € [M].

1
M—-K+1

(a) Letk € Zt+1 n WO,t- Since k € Zt+1, we have NEt4+1 = Nkt + 1. Then Ck (t + ].) — N t+1 = cpt — Nkt +cp — 1.
Since k € Wy, it holds that ¢t — ng; < 0. Therefore ¢t — ny + ¢, — 1 < 0, which means that k € Wy ;41.
(b) Since k € Z;q, wehave ng i1 =np e+ Land cp(t + 1) — ngeq1 = it —ng e+ — L

Consider the case that 1 < 7 < M — K. The assumption k € W} ; implies that we have g;_; < cit — ng < g;.
Hence,

c(t+1)—n =ckt—n +C—1<q’+c—1<‘j_(M_K+1)+C <0
k kt+1 = Ck kit T Chk i+ Ck MK+ 1 w <0,

since j < M — K and ¢ < Therefore, kK € Wo 111.

1
M—K+1°
Consider the case that j = M — K + 1. The assumption k¥ € Wys_g 41+ implies that ga—x < cpt — ngy < 1.

Therefore cxt — np +cp — 1 < ¢ < M%KH, which means that K € Wy ;1 U Wy 1.

(c) Since k ¢ Z;41, we have ny 411 = ny . Therefore, cx(t + 1) — ng 41 = cxt — g + cx. Since k € Wy 4, it holds
that ¢t — ny ¢ < 0, which means ¢t — ng ¢ + ¢ < ¢ < ﬁm Hence k € Wy 411 UWq 441.

(d) Since k ¢ Z;41, we have ny 41 = np ¢ and cp(t+1) —ng 41 = ¢ — gy +cg. Sincek € W for1 < j < M- K,
it holds that ¢;_1 < ¢t — ny ¢ < g;. Hence, we have

gi—1 < @gj—1+cx <cp(t+1) —npip1 =cp — N+ < g+ ek < gjga,

which implies that k € W; , U W1 4.
We have proved Lemma C.3. O

Now, we use the mathematical induction to prove Lemma C.2.

At time ¢ = 1: We should prove that Lemma C.2 holds.

Recall that ¢; < m forall i € [M].

(i) For k € Z; (arm k is selected), we have ¢t — ny ¢ = ¢, - 1 — 1 < 0, which implies that k € Wy ;. Hence Z; C Wy ;1.
(ii) For k ¢ Z; (arm k is not selected), we have ¢ - 1 — ng1 = ¢ < which implies that k& € W ;. Therefore
[M] — 71 C W171.

From (i) and (ii), it holds that [M] = Wy 1 U W 1. Moreover, (i) implies |Wp 1| > |Z1]| = K and (ii) implies |[Wy 1| >
M — K. Since |W0’1 @] W171| = M and WO,l N W171 = @, it must hold that |W011| = |Z1| = K and |W1,1| =M — K,
implying [W; 1| = 0 for j > 2. Therefore [V11] = | UM% W] = M — K and [V;1| = [ U754 W 4| = 0 for
7 > 2. We have proved that Lemma C.2 holds when ¢ = 1.

1
M-K+1°

At time ¢: We assume that Lemma C.2 holds at time ¢.
At time ¢ + 1: We have to show that Lemma C.2 still holds at time ¢ + 1.

We first show that Vj ;1 = [M]. From the induction hypothesis at time ¢, we have [M] = U} 51, ;. We denote [M]
as [M] = Wo. U (UMTH W) U V- k1, (recall that Vi, = U T2 ). The followings are hold

1) Wo, C Ullz()VVl,t-H by (a) and (c) of Lemma C.2,

iy UMTEW, N Zip1 € Wo 41 by (b) of Lemma C.2,

i) UM EW\ Zepr € U E W 444 by (d) of Lemma C.2, and

14
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iv) Wy—gy1e C Zygrand Wy gy14 C U}:owj,t-&-l-

We prove item iv) holds. By induction hypothesis, |[War— k14| = |[Var—k+1,] < 1 holds. Therefore, Ws_ 41, has
at most a single element. Recall that Z,; = C(t + 1) U {y(¢t + 1)}. If Was_g41, = 0, then item iv) holds. Suppose
that Was— g1+ # 0. Then Wy, K+1,+ has a single element, namely [*. This [* has the highest positive unfairness
index becase [War_gi14| = 1and [M] = Voo = UjmoWi. If I* € C(t + 1), then [* € Zy44. If I* ¢ C(t + 1), then
~(t + 1) = I* by the definition of (¢ + 1). In either case, {* € Z; ;. Thus Was_g41+ C Zy11. By (b) of Lemma C.2,
WM—K-&-Lt C Ujl‘:OWj,t-i-l- Item iv) holds.

By induction hypothesis, we have [M] = U}o X1 ;. Ttems i)-iv) imply that U2 W, , < UM 51 W, 441. Hence
[M] = U5 R W40 = Vo

We show (b), i.e, that |[Vj 1] <M —-K+1—jfor0<j<M-K.
From Lemma C.2, the set W, is partitioned to W,; = Wﬁ ltay U st;“y UWwreve for0 < j < M — K + 1, where
WY = W;y 0 Zygpr, W™ = Wi 0 Wi, and Wove = Wy — (WP U W),

Using Lemma C.2 and these notation, for j > 2, we can represent W11 as Wj ;11 = W5 U W;"tay Using
W1 =W U W;i“y, for j > 2, V; ;41 can be expressed as follows: for j > 2,

M—-K+1 _ M—K+1 o stay
Vi = UPSEOW = 0 (e o wyy)

=J

aniolvf (st;ay U Wﬂove) U--u (WijiyK,t U levr}gvle(,t> U WﬁiyK+1,t
Vicie — Ziga
Vicip — (Ziga N ViZ1e). 2n

N

Let jmax = max{j € [M] | W, # 0}. We set jmax = 0 if the set is empty. If jax 7# 0, then W, # 0. We will
show that W, # 0 induces W+ N Z;11 # 0 holds by the following reasoning. If C'(t + 1) N W, # 0, then
W

tNZy 0. EC(t+1)NW;,,. .+ = 0, then y(¢) must be the arm in W), ;¢ whose unfairness index is the
highest among the arms W, ¢, (i.e., y(t) = arg max f;(¢t) |: € W;
Wianit 0 Zi1 # 0:

+t) by the definitions of j,.x and (¢). Therefore
Assume jmax > 1. Then for j > jmax + 1, then W;; = 0 for j > jmax + 1. Thus Vj; = (0 for j > jmax + 1. Consider
J < Jjmax. Then Vj; # @ since W, + C Vj ;.

max

max ;

max

We are ready to show (b). For j > juax + 2, by Q1), Vj 141 C Vo1 — Z(t + 1) = O since Vi, = 0 for k > jiax + 1.

For2 < j < jmax+1,by (21),itholds that V} ;11 C V;_1+—Z(t+1) = Vj_1 1 — Z411NV;_1 4. Note that W
and W, .+ N Zyq # 0, implying |Z;11 N Vj_1| > 1. Hence |V 441| < |Vjo14| =1 <M - K+1—j,

Consider the case jmax = 0. i.e, the set {j € [M] | W, # 0} is empty. Then Wy, = [M], which implies that V; ; = () for
j > 1. Forj > 2, it holds that ‘/j,t+1 C ‘/j_Lt — Zt+1 =0 by (21). Thus |‘/2,t+1| =0< M-—-K +1.

‘We have proved (b).

CViie

max

D. Proof of Theorem 3.5

For simple notation, we use R(T") for the regret of Fair-MMAB(K)-UCB1. By Theorem 3.4, it is enough to show that R(T")
has O(1) fairness aware regret bound. Recall that Z(t) is the recommendation list, the set of arms selected at time ¢ by
Fair-MMAB(K)-UCBI1. Let By(t) be the set of arms whose UCB index is one of the the 15¢, 27 ... k' highest ones.
Hence By _1(t — 1) = C(t) for C(t) in Algorithm 1. Using T — E[n; 7] = Y1 E[1{i ¢ Z(t)}] = S.1_, P[i ¢ Z(t)]

15
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and E[n; r] = ZZ;I El1{j € Z(t)}] = 23:1 P[j € Z(t)], we can rewrite fairness regret R.(¢) given by (7) as follows;

K-1 M
Re(T) = > (6:i—0x)(T —Elniz))+ D (0 —0;)(Elnjr] — [¢;T))

i—1 j=K+1
K—-1 T ’ M T

= > 0i—0k)Y E[{i¢g ZWOY+ Y (6 — 9j)(z E[L{j € Z(t)]} - LchJ)
i=1 t=1 J=K+1 t=1
K—-1 T M " T

- 0 —6x) > Pli¢ ZW)]+ > (6x —6)) (ZPgeZ chjTD.
i=1 t=1 j=K+1 t=1

Letl <i<K-land K+1<j< M.
Consider P[i ¢ Z(t)]. Since i € Z(t) implies that ¢ € By (t — 1) or 7 has the highest positive unfairness index, it holds that

Pli¢ Z(t)] < Pli¢ Bg(t—1)]
= PEj>K+1stu(t—1)>u(t—1)]
M

< N Plu(t—1) >t —1)).

j=K+1

Hence for any positive integer 7y, it holds that

> Pli¢ Z(t)]

IN

To+ Y Pli¢ Z(t)

t=To+1

M
Ty + Z ®i;(To)

J=K+1

IN

where ;;(To) = Y2, _p, 4y Pluy(t — 1) > ui(t — 1)].
Consider P[j € Z(t)].
Pli€ Z() < Pl € Buc(t— 1)) +Plj € arg max fi(t — 1)
< Pl e Bg(t = DI+ Pnji1 <¢(t—1)]
= PljeBg(t—1)]+Pnji—1=[cj(t—1)]] (" njt—1 > |cj(t —1)| by Theorem 3.4)

IN

> Pluj(t—1) > ui(t — 1)] + Plnje—1 = [c;(t — 1)]].

i=1

Hence we can write Zthl Plj € Z(t)] as

Y Pliezt) < To+ > PljcZ)
t=1 t=To+1
K
= Tp+ Z 05 (To) + ¥ (To)-

where ¢;(Tp) = ZtT:TOH Pln;1—1 = |¢j(t — 1)]]. For simple notations, we use ¢;; and v; by dropping T from now on.

Summarizing all these, we have

Re(T)

IA

K-1 M
D Oi—0)A+ Y (6x —6;)As (22)
i=1 j=K+1

where A; =T + ij\ilﬁ_l ¢ij and Ay = Ty + I, ¢ij + ¥;(To) — |¢;T). Tf we properly select Tp, then we can show
that the followings hold

16
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D) gy < T fori<K—1,j>K+1,
i) ¥ <c¢;(T—Tp)+1forj>K+1.

If i) and ii) hold, then A1 < Ty + (M—K)m” K)W and Ay < (1 —¢;)T) 4 Kn? 4 2, hence R.(T') < oo, for T > Tp.

Int
t

O — 9K+1

We choose a proper T < T'. Let e < and cpin = ini<nMcl Since lim = 0, there exists a positive integer
1<:i< t—o0

To > lnt < % for any ¢t > Ty, which is the Ty we want if Ty < T. We check if Ty < T holds. Since

Cmin 18 1ndependent of T the value % (used in the condition T > - ) is also independent of 7" . Hence Ty < T'if T'is
sufficiently large. For this Ty, if t > Tp and s > |¢;t], then s > | ¢;t] 2 |¢mint| > 2 and

2Int 2Int 2Int t € [Cmint €
. <= < =, 23
V ¢ ¢ [eil] 4\/L =2 @)

With this choice of T, we prove that i) and ii) hold. Let éi 5 = i ZS"'_ X5 for 1 <4 < M. Recall that UCB index for
Fair-MMAB(K)-UCBI is u;(t) = émt + 21nt and that the unfalrness index is f;(t) = ¢;t — n; ¢ for arm 4.

Theorem D.1. (Chernoff-Hoeffding bound) Let X 1, Xo, -, X, be a sequence of independently identically distributed
random variables with a < X, < bwith E[X}] = 0 for all k. For any s > 0, it holds that

[ ZXk>9+€:|<€ (3"2)2
k=1

2ne?

[ ZX;C<0—5} <e ®-oZ,

Proof of 1):

We prove that ¢;; = ZtT:TOH Plu;(t—1) > u;(t—1)] < %2 fori < K—landj > K+1. Let X}, 5, = ék,sk—f—q/%i_l)
for k € [M]. Sincei < K —land j > K + 1, we have

bij = Z Pluj(t — 1) > u;(t — 1)]

- ¥ P[uj(t 1) > wit—1), njey > les(t— 1)), nigy > et — 1)J] (by Theorem 3.4)
t=Tp+1

Z Pl max Xj o > min Xis,]
le;(t—D<sj<t 777 7 le(t-1)]<si<t

IN

t=To+1
T t—1
< > X > P > Xl (24)

t=To+1s;=|c;(t—1)] s;=|c;(t—1)]

The event X ;, > X; ,, implies that at least one of the following events should holds

17
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Hence (24) becomes

T T t—1 t—1
> Pt -1 >ut-1] <> > > PE1] + P[E2] + P[E3
t=Tp+1 t=To+1s;=|ci(t—1)] sj=|c;(t—1)]

By Chernoff-Heoffding bound, P[E1] < (¢t — 1)~* and P[E2] < (¢t — 1)~*. We will prove that P[E3] = 0. Since
sj > |¢i(t —1)] and t > T + 1, we have

Bt <oy B

The first inequality holds by (23) and the last inequality holds because j > K + 1 (i.e., ; < ). From (25), we have
6; + 21/% < Ok < 0;. Hence P[E3] = 0. With P[E1] < (t — 1)7%, P[E2] < (t — 1)7%, P[E3] = 0, we have

O — 0
0; +2 <O te <+ T < bk (25)

T T t—1 t—1
¢= > Plut-D>uw-1 < Y Y S 21
t=To+1 t=To+1 s;=|c;(t—1)] s;=|c; (t—1)]

[e’e) t—1 t—1

<> > >, !
t=1s;=[c;(t=1)] sj=lc; (t—1)]
2 <1 2

< 5 (;ﬁ ) (26)

Proof of ii):
We should show that ¢; < ¢;(T" — Tp) + 1 for j > K + 1. Recall ¢; = Z;T:TOH Plnji—1 = |cj(t —1)]]. Let E¢(s) be
the event that arm j is selected at time s only when nj s_1 = |¢;(s — 1)|. Then ¢; = ZtT=T0+1 E[L{E;(t)}].

o E, E/- does not occur E,
does not  occurs A occurs
| occin' I {I I I\ |
I | I | | I |
7y-1 Ly 7p+1 1,+1+ 7

Figure 6. After to + 1, Ey occurs for the first time at to + 1 + 7 .

We will find an upper bound of ZtT:TO +1 I{E}(t)}. More specifically we find the maximum of ZZ;TO 41 I{Ef(t)}. For
this objective, we assume that n; ; increases by 1 only when E¢(t) occurs and count how many times event E'¢(t) occurs
during Ty + 1 < ¢t < T. We temporarily assume that n; ; does not increase when j € Bi_1(t) or j € Bg(t). If nj,
increases when j € Bi_1(t) or j € Bg(t), then the number that event Ey occurs gets reduced.

To find the maximum number that event Ey take places, we consider the following scenario for some given time to;

(a) Atto, event E'y does not occur. Therefore, nj o1 > |cj(to — 1)| + 1 and nj ¢y = nj1o—1.
(b) Atty + 1, event E¢ does occur. Therefore, nj ., = |¢;to] and nj¢g41 = 1, + 1.

(c) Lets =ty + 1+ n be the earliest time when E'y occurs after ¢y 4 1 (see Fig. 6); that is, s is the smallest positive integer
such that s > tg + 1 and n; s_1 = [¢j(s — 1)]. This means that n; = n; ,_1 = nj 411 and n; -1 # [¢;(7 — 1)]
(.e.,njr > |c;T|+Dfortg+2<7<s—1.

Let k = |¢jto]. Then ¢ty = k + hy, for 0 < hyy < 1. From (a) and (b), [¢;(to — 1) +1 < njo—1 = Ny, = |¢5to]
and 1 ¢y 11 = Nj¢, + 1. Summarizing this, we have n; ;1 = 14 = kand nj 41 = £+ 1. From x = nj ;1 =
lej(to — 1)) + 1 and nj4,—1 = K, itholds that k > |c¢;(to — 1)] + 1 = [k + hy, — ¢;| + 1, which implies that h, < ¢;
holds.

18
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From (c), it holds that n; s_1 = n; 4,41, Which implies that n; ;1 = k + 1. At time s, event E; occur, i.e., |¢j(s —1)| =
njs—1.Sincen;s—1 = r+1land [¢j(s—1)| = |¢j(to+n)| = £+ hy, +¢;n], it should hold k + 1 = [k + hy, + ¢,
which implies that 1 < hy + c¢;jn < 2. Note 7 is the smallest integer such that 1 < hy, + ¢;n < 2 since 7 is the smallest
integer such that E; occurs at £y + 1 + 7., Now 1 should meet

1 A 1
>———>—-1 he, < ). 27
n cj ¢ ¢ ( to CJ) 27)
Since 7 is the smallest positive integer satisfying (27), it must hold that n = [%] This implies that event E'y occurs every

n= (Ci} time steps. The maximum number that event E/¢ occurs during Ty +1 < ¢ < 7" at most T-To 4 < ¢;(T—To)+1.
y ‘ :

A

Therefore the following holds

T
¢j(T0) = Z P[njﬂg_l = Cj(t — 1)} < Cj(T — To) + 1. (28)
t=To+1

E. Proof of Theorem 3.6

For simple notation, we use R(T') for the regret of FairMMAB(K)-KL-UCB. Since uniform fairness property holds by
Theorem 3.4, it is enough to show that R(7T") has O(1) fairness aware regret bound. We need some lemmas on the properties
of KL-divergence d(p, ¢) with p, ¢ € [0, 1].

Lemma E.1. (Lemma 10.2 of (Lattimore & Szepesvdri, 2020)) Let p,q,0 € [0, 1].

i) The functions d(-,q) and d(p, -) are convex.

ii) For fixed p, the function d(p, q) is increasing with q € [p, 1] and decreasing with q € (0, p).
iii) For fixed q, the function d(p, q) is decreasing with p € (0, q] and increasing with p € [q, 1].
iv) d(p,q) > 2(p — q)? (Pinsker’s inequality).

v) Ifp < q—0 < q, thend(p,q — 8) < d(p,q) — d(q — 6,q) < d(p,q) — 26°.

Lemma E.2. (Lemma 10.3, Corollary 10.4, and Notes 1 on page 118 of (Lattimore & Szepesvdri, 2020)) Let
X1, Xo, -+, X, be a sequence of i. i. d. random variables with E[X1] = 0 and X; € [0,1] almost surely. Let
0= % 2?21 X, be the empirical mean. Then, the followings are hold;

i) Pl0>0+¢) <em0ted) fore [0, 1— 0]

ii) P[0 <0 —¢] <e 020 fore e [0, 0.

Naid
o
U

—~

>
s

~—

v

S
>
IA
>

| < e ™ foranya > 0.

iv) P[d(6,0) > a, 6> 0] < e ™ forany a > 0.

Recall that KL-UCB upper bound index is defined as u;(t) = max{q > ém” | d(ému ,q) < %} where f(t) = tIn*¢
and that R(T") is given by (22). As we did in the proof of Theorem 3.5, we will find each upf)er bound of ¢;; and 1,
fori < K —1and K + 1 < j after properly selecting Ty for FairMMAB(K)-KL-UCB. Since 1), is independent of the
definition of u;(t), (28) is valid for FairMMAB(K)-KL-UCB. It is enough to find a finite upper bound of @iy fori <K —1
and 7 > K + 1. More specifically, with a proper choice of T, we will show that fori < K —landj > K + 1,

T
1 1
S (To) = Plus(t—1) > wi(t —1)] <
ouT) = Y Pluli-12u-0] < g+
t=To+1
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where 1 = g}y} _01;0]» (note that 7 < K < jis equivalent to that4 < K — 1 and j > K + 1.) Then R.(T) is bounded as
iSK<)

below

K—1 M
< Z (0; — 0k )B1 + Z (Ox —6;)Bs
i=1 =K1

where By = Tp + (M — K)é(é + szO) and By = (1 —¢;)Tp + %(é + 1n2T0).
Note that 0; — 1 > 0; 4+ 1 fori < K < j by the choice of &1 (recall that §; > 0; fori < j.)

2
L(tin ) — 0, there exists Ty > —2— — such that (“n < £0Cmin

Let0 < gp < min d(f; +€1,6; —e1). Since lim
i<K<j t—o0

for any ¢ > Tj. Note that it holds Ty < T'if T is sufficiently large, since Ci is 1ndependent of T'. Then for any t > Ty,
s> |eit] and 1 <4 < M, it holds that

In f(t) In f(t ) In f(t) t €0 Cmint < &0 Cmint 1)
s = et t let] 4 let] T 4 |commt]

(29)

We are ready to show that ¢;;(Tp) < 4516 + m fori < K —1andj > K + 1. It obviously holds that
1

where

Moreover, G(t — 1) = G1(t — 1) + G2(t — 1) where

Gl(t—l) = P[Uj(t—l)Zui(t—l)zei—sl,éjn.t71<9‘+81}
Gg(t—l) = P[Uj(t—l)Z’U,i(t—l)zei—El,é]th129 +€1}

Hence ;(Th) = Yoy_py oy G1(t — 1) + Ga(t — 1) + H(t - 1).
We will prove that

. T
l) Zt:To—‘rl Gl(t — 1) == 0,
ii) EZ:TOJA G2(t - 1) < 45%%-’
T
1ii) Zt:Tg—i—l H(t-1) < 2e2 1nT0

Proof of i):
Recall that §; — e, > 0; + ;. Hence it holds that

Gi(t=1) = Plu(t—1) > w(t—1)>0,—e1 >0 +e1 >0, ]
< PLAByny s 05+ 21) < By, gt — 1)) = d(6 +er,0;(t — 1)) (by Lemma E.1)
N Inf(t—1
< P{d(ﬁjﬂwfl,ﬁj + 61) < M — d(ej +5179i — 61):|
Njt—1
(by the definition of u; (¢t — 1) and d(p, ¢) is decreasing with ¢ for fixed p and ¢ € [p, 1])
| t—1
< P{d(9j+51,0i751)< M}
njt—1
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Now we have

T T
Inf(t—1
Z G1<t—1> < Z P|:d(9j+61,9i—€1)<M =0
t=Tp+1 t=Tp+1 Mjt—1
0 0
since t > Ty + 1 and lnnfﬁ <ggfort> Ty, e9 < m<ind(9j +e1,0; —e1).
,t 1<j
Proof of ii)
Gg(t — 1) S P[éj,nj¢ Z Gj + 61}
t—1
= > Plfj,n4>0;+¢c1,m;, =5 (By Chernoff-Hoeffding bound)
s=|c;(t—1)]
t—1 R
< Y Pl 0+l
s=|c;(t—1)]
T T-1 t
Z GQ(t — 1) < Z Z P[Gj,s 2 0j +81]
t=To+1 t=Tp s=|c;t]
T-1 t
S Yy e
t=Tp s=|c;t]|
T-1 _2|c;t]|e?
e Jtl€r
< -
t=To
T=1 —2¢(t-1)et
< o (since |¢;t] = ¢jt — ho for 0 < hg < 1)
t=Ty 1
e—2¢i(To—1)ed
< -
- 4E%Cj
Proof of iii):
H(t—l) < P[ui(t—l) <9i—€1}
Plui(t —1) < 0; — 1, Oin,, y < ui(t—1)]
N Inf(t—1) -
< PldOin, ., 0i —c1) > %, Oin,,_, <b; —e1] (by the definition of u;(t — 1))
it—1
= X Inf(t—1) -
= P[d(9175,02 — 61) > _—, 01‘13 < 91 — €1, Nit—1 = S} (since LCl(t — ].) < Mg t—1 <t-— ].)
s
s=|c;(t—1)]
= A Inf(t—1) -
< Z Pld(0;s,0; —e1) > - ;s < 8; —e1]
s=|c;(t—1)]
= In f(t — 1)
< Pld(0;.s,0;) > — +263,0; 5 < 0; —¢7]. (by LemmaE.l)
s=|c;(t—1)]
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Therefore, we have

1 .
Z Z P 137 z nf(s ) +25%79i,s < ei _Eﬂ

t=To+1 t=Tp s= [cJtJ

(]
=
|
I

2352
< Z =
t=Toy s=|c;t] )
Y |
< 72/ 72dt
251 t=T, tin“t
1
< o
2611DT0

F. Proof of Theorem 4.1

We prove Theorem 4.1 in a similiar way as do Theorem 3.4.

L—1 L M
M—K+L—1 S Crax < M—K+L° and that 1 S l S K S 5. Hence
O<Ck<ﬁmf0ranyk6 [M]Then0<cz<ﬁmforze[M] Letqumfor()ngM—K—FL

At each round ¢, we define W; , for 0 < j < M — K + L as below

Recall that L is the unique integer such that

Woi = {ke[M]|ckt—ny: < 0},
Wit {ke[M]|gj-1 < ekt —niy < q;}, forl<j<M-K+L.

We will prove Lemma F.1 using the mathematical induction.

LemmaF.l. LetV;; = Ufwj K+l Wit for0<j <M — K+ L. Fort > 1, it holds that

(a) Vo = [M]
(b) Vip14| <M —-K+L—jforL<j<M-K.
To prove Lemma F.1, we need Lemma F.2 summarizing what happens when Fai-MMAB(K)-MF is applied. For simple

notation, we will use Z; instead of Z(t) in FairMMAB(K)-MF in this proof. Recall that A U B means a disjoint union of
Aand B(AN B =0).

Lemma F.2. Let Z;; be the set of arms selected at time step t + 1 by Fair-MMAB(K)-MF.
(a) If]{i S Zt+1 n WO,t: then k € W07t+1.

W, 1<j<M-K
(b) Ifk € Zoss N Wiy, thenk € § . 201 Jorl == ’
Ui—o Wo i UWiy1 forj=>M— K+ 1.

(c) Ifk € Woy \ Zegr, then k € Uj_g Wii1.

(d)I]CkGWJt\Zt+1f0r1<j<M Kﬂ’l@l’lk‘euj VVlt+1

Proof. (a) Since k € Z;14,itholds that ng ;41 = ny+1. Hence ¢ (t+1) —ng 41 = crt—ng 1+ —1 < go+cxg—1 <0
since k € Wy ; and M—#K-m < 1. Hence k € Wy ¢41.

(b) Since k € Z;41, it holds that cx (¢t + 1) — ng 141 = cxt — ng + ¢, — 1. From the assumption that k € W; ;, we have
gj—1 < cgt —ngy < gj. Hence it holds that gj_1 + ¢ — 1 < ¢ (t + 1) — ng 41 < gj + ¢ — 1, which implies that
QJ 1—1<Ck(t+1) nkt+1<m 11f1<]<M Kthenk€W0t+1 IfM K+1<]<M K+L

then k € U_M MW 4.
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(c) Note that ny 4+1 = ny ¢ since k ¢ Zy11. Consider ¢ (t+1) —ng 441. Itholds that ¢ (t+1) —ng 141 = cxt—ng i +cp <
¢y since k € Wy ;. Therefore, we have k € UILZOVVl,tH.

(d) Consider cx(t+1) —ng ¢11; ck(t+1) —ng 441 = cgt — g +cg. Since k € W, itholds that ¢;_1 < cxt —ng, < gj.
Hence we have ¢;_1 + ¢, < ¢i(t + 1) — ng 41 < ¢j + ¢k, which implies that gj_1 < ¢x(t + 1) — g1 < gjtr-
Therefore k € UfijLWu.

L]

Proof of Lemma F.1: We use the mathematical induction to prove Lemma F.1.

At time ¢ = 1: We should prove that (a) and (b) of Lemma F.1 hold. Recall that 0 < ¢; < M_#K_‘_L forall i € [M].

i) For k € Z; (arm k is selected), we have ¢t — ng s = ¢ - 1 — 1 < 0, which implies that £ € Wy, .. Hence Z; C Wy ;.

i) For k ¢ Z, we have ¢, - 1 — ng 1 = ¢ < qr, which implies that k € UJLZOW]‘J.

By the above results, i) and ii), we have [M] = UJI'I:0W7‘71 and W, 1 = 0 for j > L + 1, which means that |V} ;| =
| UlAi;KJFL Wl71| =0<M-—-K+L—j+1forj > L+ 1. We have proved that Lemma F.1 holds when ¢ = 1.

At time t: We assume that Lemma F.1 holds at time ¢.

At time ¢+ 1: We have to show that Lemma F.1 still holds at time ¢+ 1. We first show that V{ ;41 = [M]. From the induction
hypothesis at time ¢, we have [M] = Ul]”igK+lI/[/}7t. We denote [M] as [M] = Wy, ( Uf\il_K let) U Var— k41,4 (recall
that V. ; = UM ETEW, ). The followings are hold

(i) Wo, C UL Wi 441 by (a) and (c) of Lemma F.1,
(i) U5 Wi N Zigr € Woe41 by (b) of Lemma F.1,
(i) UM EWie\ Zepr € UMLK EW 440 by (d) of Lemma E.1, and

(v) Vm—k+41,t C Ziy1 and C UJL:()Wj,t—H-

We prove item (iv) holds. Since the induction hypothesis holds at time ¢, we have |Vs_k 1 +| < L, which implies that
Vrv—k+1t C Zip1 because Vi_ 1, is the set of arms with |Vas_ k41| highest positive unfairness arms and Fair-
MMAB-MF(K) select arms with np highest positive unfairness indices; Let k be an arm k inVyy_g 41, If k € C(¢t + 1),
then k¥ € Z;11. Suppose that k& ¢ C(t + 1). Then k € F(t + 1) N Vay—k41,+. Hence k is one of the arms with
|F(t) N Var—k+1,+| highest positive unfairness indices. Obviously |F(t) N Var— k41| < np since |[Var—x41,4] < L.
Hence k € Z, 1 By (b) of Lemma F.1, it holds that Va;_x11+ C U§:0Wj’t+1. By (i)-(iv), it obviously holds that
[M] = Vot41.

We will show part (b), |V414| < M — K+ L —jforL < j < M — K. Consider [ such that L < j < M — K.
Note that V1, = Uﬁ;HWl,t U VM —k+1,¢ by the definition of V; ;. Using item (iv) and Lemma F.1, we know that
Vit1,441 C Vjp1—r¢. Then, it holds that Vj 1 441 N Var—gi1, = O by (iv) and L < j < M — K, which implies that
V}'+1,t+1 C (‘/}‘4,17[@ \ VM7K+1,t) = U{V:I;_ﬁ_Llet. Note that Ulﬂi;—i(l—LWli N Zyy1 C WO,t+1 by (d) of Lemma F.1.
Hence V11441 C Vjti—rt — Zi+1.

If |Vjt1-r4| < L, then Vj41_ 4 C Zy41 according to Fairr-MMAB(K)-MF. Hence |V +1_p, 4+1] = 0.

If |Vi41-1 > L, then FairMMAB(K)-MF selects at least L arms among V11—, ;. Thatis |Z;41 N Vjy1-1¢| > L.
Therefore, |‘/]'+17L,t — Zt+1| S |‘/j+lfL,t| - L S M- K -+ L —j

We have proved the part (b). O
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G. Additional Experiments
G.1. Brief Summary of LFG, UCB-LP, and UCB-PLLP
We provide a brief summary of LFG of (Li et al., 2019), UCB-LP and UCB-PLLP in (Liu et al., 2022). LFG, UCB-LP, and

UCB select multiple arms, but no more than K arms and they seek long-term fairness requirements, lij{n inf % > ¢; for
— 00

all i € [M].

* LFG integrates virtual queue techniques (Neely, 2010) and UCB algorithm to address the MMAB with the fairness
constraints. LFG has O(vV KM LT InT') regret bound. For the plots of LFG, we use the value of = 50 for 6.

e UCB-LP is a UCB-based randomized algorithm. It consists of two stages at each time step ¢. At the first stage, it
finds an optimal sampling distribution over arms, y;(¢) for arm ¢ with the fairness constraint y; (t) > ¢;. At the second
stage, it constructs a distribution 7y () over the set of super-arms, B = {b | b € {0,1}, ||b||; < K}, such that
> ben Tb(t)b = yi(t) with 3, 2 mp(t) = 1 for all i € [M]. UCB-LP selects b according to the distribution 7p(t).
UCB-LP has O(1) regret upper bound.

* UCB-PLLP is a low-complexity version of UCB-LP and has O(m+/T InT') regret upper bound. UCB-PLLP also uses

virtual queues as LFG does. For the plots of UCB-PLLP, we use a; = % and e; = 07% for 6 = 0.

G.2. Experiments for non-constant

We run FairMMAB(K) algorithms with two different ¢ settings and 8 = 6;

* ¢4 = [0.03,0.05,0.07,0.09,0.11,0.13,0.15,0.17],
* ¢; =1[0.17,0.15,0.13,0.11,0.09,0.07,0.05, 0.03].
In the choice of c4, the fairness requirement c; of bad arms (arms 4-8)is higher than that of good arms (arms 1-3), while in

the choice of ¢, the fairness requirement c; of bad arms (arms 4-8)is lower than that of good arms (arms 1-3). Since ¢4
impose high exposure on bad arms, the regrets of ¢4 is higher than that of ¢5 for large 7', which is observed in Figure 7.

20
301 'Ql e 4 e
:|| e 1 151 =TT G
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5101
&
101 y
AT AT P 51
0 2 4 6
T x10*
(a) Fair-MMAB(K)-UCB1 (b) Fair-MMAB(K)-KL-UCB

Figure 7. R(T') for non-constant fairness constraints when 8 = 6

Figure 8 show R, and max;ep) Cit — Nt for FairMMAB(K)-UCB1/KL-UCB, LFG, UCB-LP, and UCB-PLLP for ¢ = ¢4
and @ = 0,. Figure 9 is for ¢ = c5. We observe similar behaviors of the graphs as for the case of constant fairness
constraints in the figures. Our FairMMAB(K) algorithms outperform the existing fair multiple-play MABs, LFG, UCB-LP,
and UCB-PLLP.

N
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—— FMMAB-UCB1 o UCB-LP
_____ FMMAB-KL-UCB wx UCB-PLLP — FMMAB-UCB1 wee JCB-LP
——— LFG --e-- FMMAB-KL-UCB ~ JCB-PLLP
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Figure 8. Performance Comparison for ¢ = ¢4, 8 = 61
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(a) Re(T) (b) Uniform Fairness

Figure 9. Performance Comparison for ¢ = ¢5, 8 = 6,
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